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HYPERCYCLIC ABELIAN AFFINE GROUPS

ADLENE AYADI

ABSTRACT. In this paper, we give a characterization of hypercyclic abelian
affine group G. If G is finitely generated, this characterization is explicit. We
prove in particular that no abelian group generated by n affine maps on C™
has a dense orbit.

1. INTRODUCTION

Let M,,(C) be the set of all square matrices of order n > 1 with entries in C and
GL(n, C) be the group of all invertible matrices of M,,(C). Amap f: C* — C" is
called an affine map if there exist A € M,,(C) and a € C" such that f(z) = Az +a,
x € C". We denote f = (A, a), we call A the linear part of f. Denote by M A(n, C)
the set of all affine maps and GA(n, C) the set of all invertible affine maps of
MA(n,C). MA(n,C) is a vector space and for composition of maps, GA(n, C) is
a group.

Let G be an abelian affine subgroup of GA(n, C). For a vector v € C", we
consider the orbit of G through v: G(v) = {f(v): f € G} CC". A subset E C C"
is called G-invariant if f(E) C E for any f € G; that is FE is a union of orbits.
Before stating our main results, we introduce the following notions:

A subset H of C™ is called an affine subspace of C™ if there exist a vector subspace
H of C" and a € C" such that H = H + a. For a € C", denote by T, : C"* — C™;
x — x + a the translation map by vector a, so H = T,(H). We say that H has
dimension p (0 < p < n), denoted dim(#) = p, if H has dimension p.

Denote by A the closure of a subset A C C". A subset E of C" is called a
manimal set of G if E is closed in C™, non empty, G-invariant and has no proper
subset with these properties. It is equivalent to say that F is a G-invariant set such
that every orbit contained in F is dense in it. The group G is called hypercyclic
if there exists a vector v € C™ such that G(v) is dense in C". For an account of
results and bibliography on hypercyclicity, we refer to the book [E] by Bayart and
Matheron.

Define the map

® : GA(n, C) — ®(GA(n,C)) CcGL(n+1, C)
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1 0
f=(4a) — Ll A]
We have the following composition formula
1 0]t o] [ 1 0
a A||b B| |Ab+a AB|’
Then @ is a homomorphism of groups.

Let G be an abelian affine subgroup of GA(n, C). Then ®(G) is an abelian sub-
group of GL(n+1,C).

Denote by:

e C* = C\{0} and Ny = N\{0}.

Let n € Ny be fixed. For each m =1,2,...,n + 1, denote by:

e By =(e1,...,ent1) the canonical basis of C"*! and I, 41 the identity matrix of
GL(n+1,C).

e T,,(C) the set of matrices over C of the form

o 0
a2.1 1%
(1)
am,1 .- Umm—-1 M

e T% (C) the group of matrices of the form (1) with u # 0.

Let »r € N and n = (n1,...,n,) be a sequence of positive integers such that
niy +---+n, =n+ 1. In particular, r < n + 1.

Write

e K£)r(C):=T,, (C)®---®Ty,, (C). In particular if r = 1, then ;) ; (C) = T\,41(C)
and n = (n+1).

e K . (C) =K, (C)NnGL(n+1, C).

Define the map
U : MA(n, C) — Y (MA(n,C)) C Mp4+1(C)

0 0
f=(A,a) — L A]
We have ¥ is an isomorphism.
o Fri1 =Y (MA(n,C)).

o exp: M,41(C) — GL(n + 1,C) is the matrix exponential map; set exp(M) =
eM.

There always exists a P € ®(GA(n,C)) and a partition n of n 4+ 1 such that
G' = P7'GP C K}, .(C)N®(GA(n,C)) (see Proposition R.9). For such a choice of
matrix P, we let

e g = exp H(G) N (P(K,y(C)P') N Fuyr. If G C K;,(C), we have g =
exp H(G) N Ky (C) N Frgr.
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eg,={Bu: Beg}, ueCti

°og="""(g).

eg,={f(v), feg}, veCm

o uy=ler1,...,er1]T € C"*! where e = [1,0,...,0]7 € C™, for k= 1,...,7.
One has ug € {1} x C™.

e py: C""1 — C" the projection defined by pa(z1,...,Tnt1) = (T2, ..., Tpi1)-

e vg = Pug. As P € (GA(n,C)), vg € {1} x C".
e wy = pavg € C™.
[ ]

e® = [ eNT e CrH where
k) | 0€C™ if j#k il <
e; = { et it =k for every 1 <4, k<r.

For groups of affine maps on K" (K = R or C), their dynamics were recently
initiated for some classes in different point of view, (see for instance, [{], [, [B,[H]).
The purpose here is to give analogous results of that theorem for linear abelian
subgroup of GL(n,C) proved in [ (see Proposition B.1)). Our main results are the
following:

Theorem 1.1. Let G be an abelian subgroup of GA(n,C). The following are equiv-
alent:

(i) G is hypercyclic.

(i) The orbit G(wy) is dense in C"

(#1) guw, is an additive subgroup dense in C™

For a finitely generated abelian subgroup G C GA(n,R), let introduce the follow-
ing property. Consider the following rank condition on a collection of affine maps
fi,.... f, € GA(n,C), where f{,..., f} € g such that e?¥) = &(f), k=1,...,p.

We say that fi,..., f, satisfy property D if for every (si1,...,8p; t1,...,tr) €
7P\ {0}:
Re(fi(wo)) ... Re(fy(wo)) 0 . 0
rank | Im(f{(wo)) ... Im(fy(wo)) 2mpzo Pe® .. 21pyoPe™ | =2n+1.
S1 N Sp tl N tr

For a vector v € C", we write v = Re(v) +ilm(v) where Re(v) and I'm(v) € R™.
In this case, the Theorem can be stated as follows:

Theorem 1.2. Let G be an abelian subgroup of GA(n,C) generated by f1,..., fp
and let fi,...,f, € g such that YU = @(fl),...,eq’(fz;) = ®(fp). Then the
following are equivalent:

(i) G is hypercyclic.

(i1) the maps fi,..., fp satisfy property D

p r
(11) Guwo = > Zff(wo) + 2im S Z(pa o Pe®)) is an additive group dense in C™.
k=1 k=1

Corollary 1.3. If G is of finite type p with p < 2n —r + 1, then it has no dense
orbit.
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Corollary 1.4. If G is of finite type p with p < n, then it has no dense orbit.

2. NOTATIONS AND LEMMAS

Denote by Lg the set of the linear parts of all elements of G and vect(F') is the
vector space generated by a subset F' C C"*!. In the following, denote by I,,, the
identity matrix of GL(m,C), for any m € Ny.

Proposition 2.1. ([[l], Proposition 2.3) Let L be an abelian subgroup of GL(n,C).
Then there exists P € GL(n,C) such that P~'LP is a subgroup of K,y ,+(C), for

’
somer' <nandn = (ny,...,n.,) eNy.

Proposition 2.2. Let G be an abelian subgroup of GA(n,C) and G = ®(G).
Then there exists P € ®(GA(n,C)) such that P~'GP is a subgroup of K} .(C) N
®(GA(n,C)), for some r < n+1andn = (n1,...,n,) € Nj. In particular,
Pug € {1} x C™.

Proof. We have Lg is an abelian subgroup of GL(n,C). By Proposition @, there
exists Q € GL(n,C) such that Q~1LsQ is a subgroup of Ky .+ (C) for some " <n
and ' = (nf,...,n.) € N5 such that nj + ...,n., = n. For every A € Lg,
Q1AQ = diag(Ay,...,Ay) with Ay € T;, and fia, is the only eigenvalue of Ay,
k=1,...,r. Let J={ke{l,...,r"}, pa, =1, VA€ Lg}. There are two cases:

- Casel: Suppose that J = {k1,..., ks} for some s < r’. We can take J = {1,..., s},
otherwise, we replace P; by RP; for some permutation matrix R of GL(n,C). Let
P, = diag(1,Q), so P, € ®(GA(n,C)) and

1 0
Q'a Q7'AQ |
Write E = vect(Cy,...,Cs) and H = vect(Cs41, - . .,Cpr), so E and H are G-invariant
vector spaces. Moreover, for every f = (A, a) € G the restriction A5 has 1 as only
eigenvalue and we have

Prlo(f)P =

1 0 0
PI'o(f)Pr=| a1 A 0 |, (1)
as 0 AQ

where A1 = A/p € T;(C), A2 = Ay € T;,_,(C), a1 € CP, a2 € C""P, p =
ny +---+nf. On the other hand, there exists fo = (B,b) € G such that By = B,y
has no eigenvalue equal to 1, so By — I,,_,, is invertible. As in (1), write

1 0 o0
PIro(fo)PL=| by By 0
by 0 By
1 0 0 L0
Let P, = | 0 I, 0 and P = P,P;', then P = [d P}
bo 0 By—1I, 0
®(GA(n,C)), where Py = Q.Q7*, Q1 = L 0 and d = — P[0, ba] 7.
0 By—1In
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For every f = (A,a) € G we have by (1),
P'o(f)P = BP0 (f)P Py

1 0 0
=Pl a A 0 [Pyt
as 0 Ag
1 0 0
= aiq A1 0 (2)

—(Ag - In_p)bg + (32 - In_p)ag 0 A2

Since G is abelian, so by the equality P ®(f)®(fo)P, = P, ®(fo)®(f) Py, we
find 7(142 - In,p)bg + (BQ - In,p)ag =0.

It follows by (2), that P~'GP is a subgroup of Kj (C) N ®(GA(n,C)), where

r=r—s+landn=(p+1,n,,...,n,).

- Case2: Suppose that J = (), and denote by Fix(G) = {x € C"*! : Bx =

x,VB € G}, then Fiz(G) = Cv for some v = (1,v1), v7 € C". For every

f = (Aaa) € gv one has (I)(f)(lavl) = (Lf(vl)) = (1,’[)1) SO f(vl) = Avi +a =01
1 0

Let P = [ o P ] € (GA(n,C)), then

_ 1 0 1 0 1 0
qu)(f)P|:—P1_1U1 P1_1:||:a A:||:’U1 P1:|

1 0
B |: Pl_l(A’Ul—f—a—?}l) Pl_lApl :|

710

“ |0 PtAP |
It follows that P~'GP is a subgroup of K .(C) N ®(GA(n,C)), where r = ' + 1
and n = (1,n],...,n.).

s 1opt

Since ug € {1} x C™ and P € ®(GA(n,C)), so Pug € {1} x C". O

Denote by:

e G'=PGP.

e g =exp ' (G')NK,,(C)N Fpyr.
eg = exp_l(G) N (P/CW,T((C)P_l)

Lemma 2.3. ([, Proposition 3.2) exp(K, . (C)) = K - (C).

Lemma 2.4. If N € PK, .(C)P~! such that e € ®(GA(n,C)), so N—2ikml, 1 €
Fn+1, for some k € Z.

Proof. Let N' = P"'NP € K, .(C), M = eV and M’ = P"*M P. We have eN' =
M’ and by Lemma P.3, M’ € K}, (C). Write M’ = diag(M{,..., M) and N’ =
diag(N},...,N!), M}, Ni € T,,,(C), k =1,...,7. Then eV = diag(eM,...,eMNr),
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so eNi = M]. As 1 is the only eigenvalue of M, N/ has an eigenvalue p € C such
that e# = 1. Thus u = 2ikn for some k € Z. Therefore, N’ = N’ — 2iknl,11 €
Fn+1 and satisfying eN" = e2ikmeN' — N/ Tt follows that N — 2ikml 1 =
PN"P~t € PF, 1P~ = F, 41, since P € ®(GA(n,C)). O

Lemma 2.5. ([, Lemma 4.2) Under above notations, one has exp(gi) = G.

As consequence, we obtain

Proposition 2.6. We have:
(’L) g1 =g + 2i7TZIn+1.
(ii) exp(g) = G.

Proof. (i) By Lemma R.5, exp(g1) = G € ®(GA(n,C)), then by Lemma P.4 we
have g1 C g+ 2inZI,41. Conversely is obvious since g + 2inZI,, 11 C K, »(C) and
exp(g+ 2inZI, 1) = exp(g) C G.

(ii) By Lemma R.5 and (i) we have G = exp(g1) = exp(g+2inZI,41) = exp(g). O

3. PROOF OF THEOREM [L.1|

Let G be the group generated by G and H = {\.I,+1 : A € C*}, and write
g=ecap(GN Ky,r(C)). Then G is an abelian subgroup of GL(n+ 1,C). See that
Idcn+1 € exp™ (H) C g, so g\¥(MA(n,C)) # 0.

Denote by:
- (81)v, ={Bwo : B g}
- 8v, ={Bvy : Beg}

Proposition 3.1. ([[l], Theorem1.1) Let G be an abelian subgroup of GL(n+1,C).
The following are equivalent:

(i) G has a dense orbit in C"*!

(ii) The orbit G(vo) is dense in C"1

(iii) (g1)w, is an additive subgroup dense in C"T1

Lemma 3.2. The following assertions are equivalent:
(i) Gy = C".

(i) Buo = {0} x C".

(i14) gy, = C™HL.

Then {0} X guw, = v, and the equivalence is proved.

(i1) < (di7) : Firstly, remark that § = g1 + H and vy € {1} x C", then
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Zuo = (21)vo +Cuo. By Proposition R.6.(1), (g1)vy = Zuy +2i7Z00, SO 8y, = Bog +Cro.
Secondly, suppose that g,, = {0} x C". Since vg ¢ {0} x C" and Idcn+1 €
exp~'(HN K, ,(C)) C g, then C,, C gy, Therefore C"+! = g0 @ Cvg C gy,
Conversely, suppose that g,, = C"*!. Since g,; C {0} x C"* and CvoN ({0} x C")
{0}, then g, ® Cvg = C"*1, thus g,, = {0} x C".

ol

Lemma 3.3. Let x € C™. Then the following assertions are equivalent:
(i) G(z) = C™.
(i) G(1,z) = {1} x C™.

(iii) G(1,z) = C L,

Proof. (i) <= (i1) : The proof is obvious, since {1} x G(x) = G(1,z) by construc-
tion.

(ii) <= (iii) : Suppose that G(1,2) = C"*1. If G(1,z) # {1} x C", then there
exists an open subset O of C™ such that ({1} x O)NG(1,z) = 0. Let y € O and
(9m)m be a sequence in G such that Z_Z>T gm(l,z) = (1,y). Since G is abelian

then ¢, = A\ fm, with f,, € G and \,, € C*, thus lim A, = 1. Therefore,

m——+oo

lim fn(l,2) = lim s-gn(1,2) = (1,y). Hence, (1,y) € G(1,z) N ({1} x O),

m——+0o0 m——+00 Am

a contradiction. Conversely, if G(1,z) = {1} x C", then

c = a1 xcm
xeC
= (JXG(1,2)
AeC

C G(1,x)

O

3.1. Proof of Theorem . The proof of Theorem @ results directly from
Lemma @, Proposition and Lemma @ (]

4. FINITELY GENERATED SUBGROUPS

4.1. Proof of Theorem E
Let Jy = diag(Jg,1, ..., Jkr) with Jg; =0 € T, (C) if i # k and Jg , = L, .

Proposition 4.1. ([, Proposition 8.1) Let G be an abelian subgroup of GL(n +

1,C) generated by Ai,...,A,. Let By,...,By, € g such that A, =eP, k=1,...)p
and P € GL(n + 1,C) satisfying P~'GP C K} .(C). Then:

p T P r
g1 =Y ZBj +2iry ZPJP~" and (g1)u, = » ZBivo+ Y _2inZPe®).
k=1 k=1 k=1 k=1
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Proposition 4.2. (Under notations of Proposition @) Let G be an abelian sub-
group of GA(n,C) generated by fi1,..., fp and let fi,..., f, € g such that ®(fy) =

ell'(fflﬂ), k=1,..,p. Then:

p T
Guwo = O _Lfi(wo) + > _2inZ(ps 0 Pe®).
k=1 k=1

Proof. Let G = ®(G). Then G is generated by ®(f1),...,®(f,). By proposition [£.]
we have

p T
g1 =Y ZU(fp)+ Y 2inZPJ*H P71,
k=1 k=1

Since P € ®(GA(n,C)) then PJVP~1 ¢ F, 1 and PJ® P! ¢ F, ., for every
k=2,...,r. Asg=g1 N Fnt1, then

P T
S ZU(f}) + 3 2inZPI WP if r > 2
— k=1 k=2
&= p
k=1

By construction, one has g, = p2 (gu,); vo = Pug, JFug = e® and pao (¥(f1)vo) =
f.(wo). Then

P r
SN ZfL(wo) + X 2inZ(ps 0 Pe®), if 1> 2

ng — k;l .k:2 (3)
> Lfi(wo), if r=1
k=1
The proof is completed. (I

Recall the following Proposition which was proven in [ﬂ]

Proposition 4.3. (cf. [ﬂ], page 35). Let F = Zuy + -+ + Zu, with up, =
(Uk,1s--yUkn) € C" and up,; = Re(ug;) +ilm(ug,), k=1,...,p, i =1,...,n.
Then F' is dense in C™ if and only if for every (s1,...,sp) € ZP\{0} :

[ Re(ui1) ... ... Re(upi) ]
Re(uin) ... ... Re(upn)
rank | Im(uiq1) ... ... Im(upi) | = 2n+1.
Im(uip) ... ... Im(upn)
L S1 N N Sp 1

Proof of Theorem |1.3: This follows directly from Theorem E, Propositions Q
and
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4.2. Proof of Corollaries [[.J and [L.4.

Proof of Corollary IE We show first that if F = Zuy + - -+ 4+ Zuy,, up € C™ with
m < 2n, then F' can not be dense: Write ux € C", up, = Re(ux) + iIm(uy) and
v = [Re(ug); Im(ug); ]t € R2"*1 1 < k < m. Since m < 2n, it follows that
rank(vi,...,vn) < 2n, and so F' is not dense in C™ by Proposition .

Now, by applying Theorem and the fact that m = p+r—1 < 2n (since r < n+1)
and by (1), the Corollary follows. O

Proof of Corollary : Since p < n and r < n+1then p+r—1 < 2n. Corollary E
follows from Corollary [[.3. O

5. EXAMPLE

Example 5.1. Let G the group generated by f1 = (A41,a1), fa = (A3, a2), f3 =
(As,a3) and f4 = (A4, as), where:

Ay =1, ay = (1+14,0), Ay =diag(l,e *™), ay= (0, 0).

i () (3 ()

Ay =1, and ay = (2im, 0).
Then every orbit in V = C x C* is dense in C2.

Proof. Denote by G = ®(G). Then G generated by

1 00 10 0
(f)=1|1+i 1 0|, ®(f)=|0 1 0 ,
0 0 1 0 0 e 2%t
1 0 0
V3,
O(f3) = 2—71'3+Z(75_2_7§) 1 0 :
0 0 eifﬂ.(i’?*g)
and
1 0 0
O(f)) =1 2ir 1 0
0 0 1
Let f{ = (B1,b1), f3 = (Ba,b2) and f, = (Ba,ba) such that e¥Ui) = Aj

k=1,2,3,4. We have
= diag(0, 0),b; = (1 + 1, 0) ,
= diag(0, —2+1) =

el 2 () (B (5 8))

B, = diag(0,0) and by = (2im, 0).

Here, we have:
- (G is an abelian subgroup of ICZ‘2 1 5(C).



10 ADLENE AYADI

-P=1I3,7r=2,U=C"xCxC* uy=(1,0,1), e = (1,0,0) and e® = (0,0,1)
-V:(CX(C*,’LUO:(O,l).

In the other hand, for every (s, s2,s3,54,t2) € Z°\{0}, one has the determinant:

Re(Blwo + bl) Re(BQ'LUO + bg) Re(ngo + bg) RG(B4’LUO + b4) 0
A= Im(B1w0 + b1> Im(B2w0 + b2) Im(ngo + bg) Im(B4w0 + b4> 27’(6(2)
S1 So S3 S4 to
-¥5 1 0 0 0
~¥2 9 2 0 0
=S5 -¥B 1 0 2t 0
2T 9 1 0 27
s1 Sy 83 Sa4 ta

= —2r ((481)7T — (253)V2+ (252)V3 + s4VB + tz\ﬁ) :

Since 7, V2, v/3, V5 and /7 are rationally independent then A # 0 for every
(s1,82,83,t1,t2) € Z5\{0}. It follows that:

~¥8 1 0 0 0
X2 0 -2 0 0
rank | M5 _¥3 1 9 27 o | =5
Vi i
s1 S2 83  S4 1o

and by Theorem [.3, G has a dense orbit and every orbit of V is dense in C2. [
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