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Abstract

In this Note, we study some properties of the div-curl-grad operators and elliptic
problems in the half-space. We consider data in weighted Sobolev spaces and
in L.
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1. Introduction

The purpose of this Note is to give some estimates for div-curl-grad operators
and elliptic problems with L'-data in the half-space. We know that if f €

L™(R7), there exists w €W J™(R?) such that diva = f holds, but does

u €W Z‘)"(Rﬁ) N L*(R?%) hold? This is indeed true. In section 2, we give
new estimates for L'-vector fields, which improve estimates for the solutions of
elliptic systems in R’} with data in L*.

In this Note, we use bold type characters to denote vector distributions or
spaces of vector distributions with n components and C' > 0 usually denotes
a generic constant (the value of which may change from line to line). For any
q € N, Z, (respectively, gqu) stands for the space of polynomials (respectively
harmonic polynomials) of degree < ¢. If ¢ is strictly negative integer, we set
by convention &, = {0}. Let Q be an open subset in the n-dimensional real
Euclidean space. A typical point in R™ is denoted by & = (z1,...,2,) and its
norm is given by r = |z| = (22 + ... + 22)2. We define the weight function
p(x) =14 7r. For each p € R and 1 < p < oo, the conjugate exponent p’ is

1 1
given by the relation — + — = 1. We now define the weighted Sobolev space
p p

WAP(Q) = {u € D'(Q), — € LP(Q), Vu € LP(Q)}, where wy =1 +rif p £ n
w1
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and w; = (147) In(2+r) if p = n. This space is a reflexive Banach space when
endowed with the norm:

u
el ey = U1y + 1V )

\Y
We also introduce the space WaP(Q) = {u € D'(Q), wi € LP(Q), w—u €

2 1
L?(Q), D*u € LP(Q)}, where wy = (1+7)2ifp ¢ {-,n} and ws = (1 +
7)?2 In(2 + 7) in the remaining case. This space is a reflexive Banach space
endowed with its natural norm given by

U Vu
el ey = ==+l oy + 1020l )

We note that the logarithmic weight only appears if p = n or p = %7 and all

the local properties of Wy(Q) (respectively, Wy*(€2)) coincide with those of
the corresponding classical Sobolev space W1P(Q) (respectively, W2P(Q)). For
m = 1or m = 2, we set I/IO/Z)"”’(Q) = D(Q)WO @
space of W 0P () by WP /(Q), which is the space of distributions. When

o

Q2 =R", we have Wj""(R") = W 3" ?(R"™) (see [2] for more details).

and we denote the dual

2. The div-grad-curl operators and elliptic systems

First of all, we set Bf = {& € R"; || < a} with a > 0. In this section, we
consider the case n > 2. We introduce the following theorem.

Theorem 2.1. Let f € L"(R"}). Then there exists u E\;V(l)’”(Ri) NL>(R%)
such that divu = f. Moreover, we have the following estimate

lullioe@n) +llwllwingn) < ClFllener)- (1)

Proof. Let (fi)ren C D(R}) converges towards f € L™(R%) and B! C R’}
such that supp fr C B . We set g(x) = 7 f(rr ). Thanks to Theorem 3
[4], there exists v € W™ (Bf) N L>°(B;) satisfying dive = ¢ in B} and the
following estimate

|| v HLOO(Bf') + [ Vo ||Ln(B;“) < C”QHL"(BT)'
We now set ug(z) = 'v(%) with & € B;f. It is easy to show that uj €
W(l)"(qu;) NL> (B} ) satisfies div u, = fi and we have the following estimate
1K ||Loc(3jk) + || Vug HL"(B:rk) < Cllf HLn(Bjk) < Cllf ||L"(R1)

where C' depends only on n. By extending uy in R} by zero outside B;: and
denoting wuy its extended function, we have || w [[Le®nr) = || wk [l (p+ ) and
Tk



[e]
— ~ . . 1,
[| wr ||Wé‘”(R1) = || ug ||WC1),n(B:rk). Then (uy), is bounded in W " (R%) N
L*>(R?) and we can deduce that there exists a subsequence, again denoted by

(uwr)g such that wr — u in VOV(IJ"(Ri) and up — w in L>(R%). Hence, we
have divu = f and the estimate (1). O

The conclusion of Theorem 2.1 is equivalent to the estimate

Vu € LV ""D(RY), || u|

Ln/ (=D (R7) < CnHVU||L1(MHWO—LWM—U(M)-

(2)

Indeed, let us consider the following unbounded operator
A=-v.:LYODRE) - LYRY) + Wy O TY (R,

Then the domain D(A) is dense in L™/ ("~D(R"%) and A is closed. Because the
adjoint operator

A* =div: W™ (RT) NL®(RY) — L™(R?)

is surjective, we deduce the estimate (2).

It follows from (2) and that range A is closed in L' (R’.) +W0_1’n/("_1)(Ri).
Then (Ker A*)* = Im A and as consequence we obtain the following ver-
sion of De Rham’s Theorem: for any f belonging to the space Ll(Ri) +

W, Lin/ ("_1)(RTJF) and satisfying the following compatibility condition
Yo € Wy™(R%) NL*®(RY), with divw =0, < f,v >= 0, (3)

then there exists a unique 7 € L™/ ("1 (R") such that f= V.

The following theorem, given without proof, is proved by J. Bourgain - H.
Brézis [5] (see also [6]) in the case where R”} is replaced by a bounded smooth
domain §2.

Theorem 2.2. i) Let ¢ € Wy (R?). Then there exists 9 = (Y1,...,0,) €
Wén(Ri) NL>(R%) and n € WOQn(Ri) such that 1, =0 on T = R""1 x {0}
satisfying

p=1v%+Vnp
and the following estimate holds

Ik ||L°°(JR1) +1lv ||Wé'”(Ri) + 1l ngv"(m) < Clle Hwé*"(m)- (4)

ii) If p € VOVLI)"(R?._), then the same result holds with 1 € VOV(IJ"(]R?._) NL>®(RY)

andn € I/?/S"(Rﬁ) and the corresponding estimate.

Define the space X(R?) = {v € L*(R}); dive € WO_2’"/(n_1)(RQL_) }. Let

f € X(R?). Thanks to Theorem 2.2, the linear operator F : ¢ — /n fpdx

R%

satisfies
Ve € DY), | <F.p>| < ClIf lIxllellwin-



As D(R?) is dense in VOV (l)n(Ri) and by applying Hahn-Banach Theorem,
we can uniquely extend F by an element F € W, Ln/ ("_1)(R1) satisfying
[| F ngl,n/(nq)mm < CIIf llx(ry)- Besides, the following linear operator
f — F from X(R"}) into Wofl’n/(nfl)(R’j;) is continuous and injective. There-
fore, X(R?) can be identified to a subspace of Wofl’n/(nfl)(R”) with contin-
uous and dense embedding. Thanks to [3], we can then deduce that for any
f € X(R?%), the following problem

—Au =f inR} and w =0 onT, (5)

has a unique solution u € W(l)’n/ (n=1) (R7}) satisfying the following estimate
|| u ||Wév"'/(”*1)(Ri) < CH f ||X(Ri)

The first statement of the following corollary is the equivalent of Theorem 2.1
for the curl operator and the second statement gives a Helmholtz decomposition.

Corollary 2.3. i) Let f € L3(R3) such that divf = 0 in R and f3 = 0 on

T'. Then there exists v EVOVéB(Ri) NL>(R3) such that f = curley and we
have the following estimate

H‘/’Hw}fa(m) T L=y < Cl Flluoes)- (6)
i) Let f € L3(R3). Then there exist ¢ eW (I)S(Ri) NL®[R3) and m €
Wg’g’(Ri) unique up to an additive constant and satisfying
f=curlp+ V. (7
Moreover, we have the following estimate
e ||wé=3(111<3;) +1le ||L°°(1R3_) + ||V7THL3(R3_) <Clf ||L3(]R3_)- (8)

In the following proposition, we improve the estimate given by Corollary 1.4
of Van Schaftingen [8].

Proposition 2.4. Let f € L'(R3) such that divf = 0. Then we have the
following estimate

Ve eWP(RY), |<fie>| < Clfllueslleurlollysgs).  (9)

Proof. First remark that from the hypothesis, we deduce f € W 1,3/2 (R3).
Let ¢ € \;\/'(1)’3(]1{‘3_). Then we have curlp € L*(R%). Thanks to Corollary 2.3,

there exists EW (1)’3(Ri) N L>(RY) such that curly = curly with the
following estimate

19wt 11 lomqety < Clleurle ), (10)

4



Besides, there exists n € W02’3(Ri) such that ¢ =¥+ Vnin Ri. Then we have

< > o
f7 ¥ WJI’S/z(Ri)XWé’S(Ri)

/]Rif’l)b—‘r <f7V77 >W[;1’3/2

o
(R3)x Wy (RS)

/Rgfw-

Therefore, the estimate (9) is deduced from the estimate (10). (]

Here is a variant of Theorem 2.2.

Theorem 2.5. Let ¢ € Vi/‘é’%Ri). Then there exist ¢ € X%fé’?’(Ri)ﬂLoo(Ri)
and n €W§’3(Rﬁ_) such that

. . 2 . 3
¢ =1 +curln with divA®p = 0in RY.
However, we have the following estimate
H‘/’vagﬂ(ﬂgi) + ||1/’||Loc(ua§r) + ||77||w§v3(R3+) <C H80||w3)v3(R3+)-

Proof. From the hypothesis, we have dive € L3(R3). Thanks to Theorem

2.1, there exists 1 in W 5’3(]1%‘1) N L>(R%) such that divep = dive and we
have the following estimate

Hd’HLOO(]Ri) + ||’¢||w3~3(R§;) < CHdiV‘PHLif(Ri;y

Weset f = @ —1p, then f EVOVé’?’(Ri) and divf = 0. We extend f to R? as
follows

. B f(z', z3) if x3 >0,
Flr) = {<f1<w',—x3>,f2<z',—x3>,—f3<:c',—xs>> i 75 <0

Then we have f € W§*(R3) and divf = 0 in R3. Thanks to [2], there exists
y € W23(R?) such that —Ay = curlf in R3. As divy € W} *(R3) and is
harmonic, then divy = a where a is a constant. Thus, we have curl (curly —
f) = 0. Therfore, we deduce —A(curly) = curlcurl}' = —Af, it means
that } —curly € Wé’3(R3) and again, f —curly = b where b is a constant
vector in R3. Thanks to Lemma 3.1 [7], there exists a polynomial s € %
such that curls = b and divs = —a. The function z := y + s belongs to
WP (R?) and f = curlz in R? with divz = 0 in R3. Let w be the vector
field defined on R by w(z',x3) = (—z1(x’,23), —22(z’, 3), z3(z’, x3)) with
x3 < 0. It is easy to show curl w = curl z in R? . Then we have

w =z + V6 in R (11)

with § € D'(R3). As V6 belongs to W *(R?), we can show 6 € WZ*(R?).
Let 6y € W;°(R2) (cf. [3]) such that Afy = 0 in R3 and 6y = 6 on . We



set { = z — %VHO. Then we have curl{ = f and div¢{ = 0 in Ri. Remark
now that from (11), we deduce 2z’ = V'§ = V'6y on T, i.e., ¢’ = 0 on
. Let x € W03’3(]R3_) be a solution of the system: A%y = 0in R3, x =

0 and aa—x = (z3onl. Weset h = {—Vyx. Then h € W(Q)’g(Ri) such that
x

3
f = curlh and divAh = 0 in R?’H h = 0 on I'. We know that there
ou % _ Ohs

exists u € Wg’?’(Ri) satisfying A%y = 0 in R}, o 0 and 922 = Oms on

I' Wesetn = h — Vu. Then i € Wg’?’(Ri), curlp = f in R} andnp = 0
0 o

on I'. It is easy to show that a—n = 0Oon I and then n €W 3’3(R3’r). The
3

proof is finished. U

We introduce the following proposition.

Proposition 2.6. Let f€ L' (R3) such that div f=0 in R3.. Then there exists
a unique @ € L3/2(Ri) such that curl ¢ = f, dive =0 in Ri and p3 = 0 on
I satisfying the following estimate

lellusrwy) < ClIflles).

Proof. It is easy to show the uniqueness of ¢. We now try to prove the
existence of ¢. We know that f € ng’S/Q(Ri). Then, there exists a unique
z € VoVé’S/z(Ri) satisfying —Az = f, with div z = 0 in R3. The function
¢ = curl z is the required function. U

A variant of this result can be obtained. If f € L'(R3}) such that divf = 0
in Ri and f3 = 0 on I', then we can prove the existence of a unique ¢ €
L3/2(R%) such that f = curly with divey =01in R and ¢’ =0 on I.

More generally, we can prove the following result.

Theorem 2.7. i) Let f € L'(R3) + ng’g/z(Ri) such that divf = 0. Then
there exists a unique ¢ € L3/2(R3) such that curl ¢ = f with dive = 0 in R
and p3 = 0 on T satisfying the following estimate

|| 14 HL3/2(]R1) < C||f HLl(ler)_;'_Wo—lﬁ/?(Ri)-

i) Let f € X(R%). Then there exists a unique ¢ € L3/%(R3) such that dive = 0
with p3 =0 on T and a unique m € L¥?(R3) satisfying f = curlp + Vr with
the corresponding estimate.

Combining the above results with [1] and [3], we can solve the follow elliptical
systems.

141 n_
Theorem 2.8. i) Let ¢ € L'(T') and g,, € W, M (T") satisfying the com-

— 1 _n_
patibility condition [g = 0 and < g,,1 >= 0. Ifdiv'g € W, P (1),
then the system
—Au=0 inR} and w=gonTl (12)



; : ~1
has a unique very weak solution u € L™ (™ )(R;)

i) Let f€ LY(R%), ¢ € LY(T) and g, € W(;H;’ﬁ(r) satisfying the compat-
ibility condition [o, f + [p g = 0 and [pn fat+ < gn,1>= 0. If
¥ T

‘fRif’v€+de'v/£|

[f.d] = sup < o0
EEWS™(RY), 70 ||5||W§’"(R1)
then the system
—Awu=f inR} and ﬁ:gonF (13)
0xy,
; ; Ln/(n—=1) mn
has a unique solution u € W (R7%).
iii) Let £€ LY(R™) such that div f € [W2"(R")N W (R?)) and [ f, =0.
RY
Then f € ng’"/("_l)(Rﬁ) and the system
: n ’ uy,
—Au=f inR}; «'=0 and — =0 onT (14)
ox,
. . 1,n/(n—1) /myn
has a unique solution u € Wy (R%).
w) Let fe L*(R) such that/ f'=o0.1I
RY
| f]Rn .f Vf'
If] = sup — < 0
EED(RY), 52-=0 on T 1€ ||W02’"(Rj_)
holds, then the system
u/
—Au = f inR}, u,=0 and oz, =0 onl
. . 1,n/(n—1) /myn
has a unique solution u € W, (R%).

Proof. We will prove only the first point i).

Step 1: The proof will be started by showing g’ € ng+ﬁ’ﬁ(F). Let p €
D) and ¢ € Wé"(R’fr) such that ¢ = p on I'. Thanks to Theorem 2.2,
there exist ¥ € W™ (R?) N L®(R%) and 5 € Wy (R ) such that 1, = 0 on
I' satisfying ¢ = ©¥ + V7 and the estimate

Wl + llwzn ey + [l gy < Cllelhwing.  (15)
Then

< g,k >p()xD(I) = / g Y -<divig',n> i1 a a1,
r W, T)yxw, ™ ()

+ < Gns Pn > R 1-L o,
Wy T mxw, ()



and

|<g,p >D/(T)xD(T) | <Ilgllw r)||¢ HLOO(R ny + ||div'g’]| —2+1 "1(F)><

X||"7||W2"R" + 1|gnll —1+1 n_ ||90nH [
O n’'n— (1“)

Thanks to the density of D(T") in Wé_%’n(l“) and (15), we can deduce g’ €

WO 1+n n— 1 (F).

Step 2: The system (13) is equivalent to the following one: Find u belonging
L"/(=1(R") such that for all v € W2"(R?)N W L7 (R™),

ov
u-Av=-<g,— > ERWE R -1, -
n on = w, TTTI@)xw, ")

But for all F € L™(R"), there exists v € Wy (R%)N V({/'l_?(RT}r), unique up to
an element of x,R", such that —Av = F in R, v = 0 on I" and the following
estimate holds

lvllwzn@ny /o mn < ClF|ln@s)

Then, we have for all a € R",

<g. 22 |
9 0z, w, T () ew ()
d(v + ax,)
=|<9787> 1l omo T
T, w, " I(mxw, ()
< Cllgl| —1+;,” ||v+axn||wz"(w)

0

Consequently, taking the infinum, we have

ov
|<gi5—> i1 1 | < Cllgll 141,

F n
axn Wo nynil(F)XWéiq’n(F) WO "nl || ||L"(R

Then, the linear operator

ov
T F — < 5 _1 1 _n_ _ 1,
g &rn W, +%’“fl(r)xwé 71L’"(r)

is continuous on L™ (R"} ) and thanks to the Riesz reprensentation theorem, there
exists a unique u € L™/ ("~Y(R7) such that T(F) = / u- F, ie., uis the
solution of (13). O
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