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Abstract

We prove continuity properties for the Oseen potential. As a consequence, we show
some new properties on solutions of the Oseen equations. The study relies on weighted

Sobolev spaces in order to control the behavior of functions at infinity.
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1 Introduction and Notations

The purpose of this paper is to establish some new continuity properties in weighted
Sobolev spaces for the fundamental solution of Oseen in two and three dimensional. We
focus on those operators when they act on LP-functions and on distributions that belong to
a weighted Sobolev space that will be specified latter. We then use the continuity proper-
ties we obtained to find a representation of solutions, to the Oseen equations in R™, n = 2
or 3. It is well known that in unbounded domains, it is important to control the behavior
of functions at infinity. This is the mathematical reason for dealing with weighted spaces.

In previous papers (see for instance [1], [2] and [7]), some weighted inequalities for the



Oseen potentials are proved under suitable assumptions on the weights. The aim of this
work is to improve those results by eventually a modification of the Oseen potentials. The
paper is organized as follow. In the next section, we introduce the weighted Sobolev spaces
and their main properties for this work. Section 3 is devoted to prove some preliminary
results that we will need to establish our main results. Finally in Section 4, we deal with

continuity properties of the fundamental solution of Oseen.

We end this section with the Notation that we will use all long this work. We denote
by N the set of all positive integer and Z the set of all integers. In what follows, p is
a real number in the interval |1, +oo[ and n is an integer number equal to 2 or 3. The
dual exponent of p denoted by p’ is defined by the relation % + z% = 1. We will use bold
characters for vector or matrix fields. A point in R™ is denoted by x = (z1,...,2,) and its
distance to the origin by

r=|z = (:):% + ... —|—x%)1/2.

We denote by [k] the integer part of k. For any ¢ € Z, P, stands for the space of polynomials
of degree less than or equal to ¢ and IF’ZA the harmonic polynomials of Py. If £ is a negative
integer, we set by convention P, = {0}. We denote by D(R") the space of C*> functions
with compact support in R™. We recall that D’(R") is the well known space of distributions
and LP(R™) is the usual Lebesgue space on R™. For m > 1, we recall that W"P(R") is
the well-known classical Sobolev spaces. Given a Banach space B with its dual space B
and a closed subspace X of B, we denote by B’ L X the subspace of B’ orthogonal to X,
i.e.,

B'1X ={feB, YweX, (fv)=0}=(B/X).

Finally, we will use the symbol C for generic positive constant whose value may change at

each occurrence even at the same line.

2 Weighted Sobolev spaces

We introduce the weight function p(x) = (1 + 72)!/2. For a nonnegative integer m and

a € R, we set

-1 if n/p+ad¢{l, ., m}
k= k(m,n,p,a) =
m—n/p—a if n/p+aec{l,..,m}

and we define the weighted Sobolev space

W (RY) ={u € D'(R");¥A € N,0 < [A| < k, 2P (In(1 + p?)) 10> € LP(R™),
k+1< [N <m, p* " Mor e LP(R™)},



which is a Banach space equipped with its natural norm given by

lullwmegny = > 0™ A (In(1 + p?))” 13AUHLp (R")
0<|N[<k

1/p
- Al oA
> TN gy
k+1<|A[<m

We define the semi-norm
1/p
’U‘W;”’P(R") = Z ||PQ8AUHLP R™)
|A[=m

Notice that the logarithmic weight function in the definition of Wg"*(R™) only appears
for the critical case n/p + a € {1,...,m}. We shall now point out some properties of
those spaces that will be used all long this paper. For a detailed study we refer to [3] and
references therein. All the local properties of the space W' (R™) coincide with those of the
Sobolev space W™P(R™). The space D(R") is dense in Wg"?(R™). As a consequence, its
dual space, denoted by W:Ocn’p/ (R™) is a space of distributions. When n/p+a ¢ {1,...,m},

we have the algebraic and topological inclusions
WIP(R™) ¢ W YP(R™) € ... € WP (R™).
Let ¢ be defined as follow:

g= [m—n/p—a], if n/p+a¢Z”
g= m-—1—n/p—a, otherwise. (2.1)

Then P, is the space of all polynomials included in Wg"?(R™). Moreover, the following
Poincaré-type inequality holds:

Vu e WIPRY, inf [lu+ Alwgogen) < Clulwg s, (2.2)

q/
where ¢’ = min(g,0). From (2.2) and the Sobolev’s embedding theorems, we have the

algebraic and topological identities
WIPR™) = {v e Lv7(R"), Voe LP(R")}, ifl<p<n (2.3)

and furthermore for the case n = 3,

0%v

27 (R3 L5555 (R3 L35 (R%), — 2%
Wir ) = {o e L @), Voe L@, G2

€ LP(R?’)}, if 1 <p<3/2.
(2.4)



3 Preliminary results

Let us recall that the main goal of this work is to prove some new continuity properties for
the Oseen potentials by eventually a slight modification of their definition. To that end, we
first need to prove some new results on the fundamental solution of the Laplace operator
by eventually a modification of their definition. We recall that if £ is the fundamental
solution of the Laplace operator, then particularly, for n = 2, we have £(x) = % In || and

forn =3, E(x) = —ﬁﬁ. Next, for any interval I C R, let 17, be the function defined by

1 iftel,
1(t) =
0 iftel.

Now if f € LP(R™), we set

0
/ E(@—y)f(ydy, if1<p<n,
R3 8-7;2

/RB (815(‘” Ohs aif(y)) f(y)dy ifp>n.

The previous definition will be summarised by the following one:

P @)= [ (G Ela— i)~ luwi) o EC0)) Sy (5

For fe LP(R™), we also introduce the operator P defined by:

Pif(x) =

Pflx) = Pifi(z) (3.6)

where the pair of identical indices implies implicit summation. Observe that, if f € LP(R"™)
with p > n, then the Riesz potential of first order I; f and also g—; * f are not defined.
Indeed, let f be a function defined by

1
f(x)=0 if |zl <1 and f(:z:):m if |z > 1.

Then clearly f € LP(R™) if p > n and, for any |z| < 1, we have

Ilf(m)zl/l éld >C/ idy:—i-oo.

7.4y =
YD) Jigs1 [z —y" 7 [yl (1) Jigisa I
This is the reason of introducing the operator P;. Note that the constants belong to
W, P(R™) if and only if p > n (see (2.1)).

Theorem 3.1. The operators
Pi: LP(R") — Wy P(R™) and P : LP(R") — WP (R")
are contiuous for any 1 < p < oco. Moreover, we have

AP f=div f in R™



Proof. i) Assume first p < n. Let (fix)ren C D(R™) be a sequence that tends to f in

LP(R™). We have
5fk)
8%2‘ ’

where I5 is the Riesz potential of second order. The above equality implies that %PZ- fi =
a%j[gg—’;’z = R;R;fr. Thanks to the continuity of the Riesz transform from LP(R™) into
itself (see [12]), we have

Pi fr(z) = Ix(

T%Pifk < Cka:”LP(R")- (3~7)

|
Lr(R™)

Since |Pifr(z)] < C|I1 fr(x)|, according to the continuity of the operator I : LP(R™) —
L%(R™) (see [12]), then we have the following estimate:

1 1 1
P W< C o, with - —=-— = 3.8
|Pi ficll Loy | fiell Lo () <> n (3.8)
We deduce from (3.7) that
0
loaeit| < Cliflusen (39)
Lj LP(R™)

Since the norm of VVO1 P(R™) is equivalent to its semi norm when p < n, the statement is
proved.

ii) Assume now p > n. We set

0 0 Ti — Yi —Yi
K(z,y) = Elx—1y) — E(—y) =C(n — .
(z,y) oz, ( ) oz, (-y) ()(|x—y\n ,y|n)
Let us show that )
U K (z, y>|p’dy]p < Claf' 5. (3.10)
We have:
1 L S
/ ? / p / p
[ | K@ y)!”] <|[ K@yl | Keyp dy]
n ly[>2]a| lyl<2|a|
We set

1 1

Ky = [/ | K (, y)!”'dy] and K = [/ | K (, y)!p'dy]
|yl >2]a] |yl <2]a]

P p
For any y such that |y| > 2|x|, we have, by the means values theorem, the inequality

||
|K(z,y)| < C|y‘n+1-
It follows that )
1 v _n
Ky < |z [/ HTp’d ] < Clal'"7. (3.11)
ly|>2|2| |Y

5



For K5, we can write

1 1
Ky < / | I gy - / L gy .
| Jyl<2la 12—y lyl<2la| |Y"

For any |y| < 2|z| we have | — y| < 3|z| and

1

K(x, <C—-—.
K (z, y)| P

Then

3 e

|<2af |9l
From (3.11) and (3.12) we obtain (3.10). Next from (3.10) and the Holder’s inequality, we
get for any f € LP(R™)

1 _n
Ky <2 [/ p,dy] <Claf' v, (3.12)
ly

Pif (@) < Cla]'™ || £l o (any- (3.13)

Let (fx)ken € D(R™) be a sequence that tends to f in LP(R™). We have

O fr Yi
Pate) =k (G) - [ iy
g k
This implies that %Pifk = %12‘3—{;’:. As in the first case, %Pifk tends to %IQ% in

LP(R™). On the other hand, from (3.13), P; f tends to Igg—gi in WE’f_E(R”), for any € > 0.
Thus we deduce that %P@ f= %IQ% and

Pif < Ol fllze@ny

|
Lp(R")

Oz

Besides, since P; f(0) = 0, we have (see [3] Lemma 3.2)

0
Pflwsgan < [Pl <l

Lp(R")

whith implies that the operator P; : LP(R") — I/VO1 P(R™) is continuous.

iii) Finally, for p = n, we show that
[ 1K@yl < 00+ Lu(z +[4)

and we proceed as previousely to prove the statement. [

Next for f € LP(R™), we introduce the operator

Tof@) = [ (E@=9) = gt () (=) — o) 2 VECD) )y (314)

By proceeding as for Theorem 3.1, we prove the following result.



Theorem 3.2. The operator Jy : LP(R™) — Wg’p(Rn) is continuous for any 1 < p < oo.
Moreover, if f € LP(R"™), then the solutions of the Poisson’s equation

—Au=f inR"

are in the form

u=Jof + A, A€ P[Q_n/p].

4 The two and three dimensional Oseen potentials

In this section, we consider the Oseen problem in R™:

Aut 2% L Vr = fin R
81‘1 (4.15)

divu=g in R",
where k£ > 0. For the investigation of (4.15) in weighted Sobolev spaces, we refer to [8],
[9], [5], [7], [11] and [2]. Further works can be found in [6].
We first recall briefly the definition of the fundamental of Oseen by following [10]. We
denote (O, e) the fundamental solution of Oseen defined by
52
Oij(z,y) = (%‘A - ) o(z,y)

9yi0y; (4.16)

0 0

where i, j = 1,...n and ®(x, y) is a smooth function for  # y. In order to have (4.16) a
singular solution to (4.15), we require that
0
AlA+k— | P(x,y) = Al(|lz—y|), (4.17)
oI
where we recall that £ is the fundanental solution to the Laplace equation. We search the

solution to (4.17) in the form

@y =7 [ [ )
P(x,y :/ Do(T,Y2 — T2, -, Yn — Ty
k (4.18)
—@1(7'7 Yz — T2, ...y Yn — xn)]dT7
where ®; and ®2 must be selected suitably. From (4.17), we formally get
0 o€
AlA+E— | (Po—P1)=kA | —|. 4.19
(A iy )@= =na (55 (1.19)

Choosing ®o(z, y) = £(|]x — y|), it is sufficient to take

(A + ka) b = A€
o

7



Moreover, from (4.17) and the second equation of (4.16), we have

0
; = —— — . 4.
ej(z,y) 8%5(!&: yl) (4.20)
We take
e —k(p—m1)
Dy (z,y) = 72f()\|$—y\) (4.21)
lz—y| >

and we deduce

<A+k§1)@muw=e@”ﬁfF%%@+wf@w—(V;2r+xﬁf@1

[z—y| 2
e 5 1—w1)

= W[’(f)’ (4.22)
r— Y| 2

where z = §|m — y| and the prime denotes differentiation with respect to z. The equation
L(f) = 01is the Bessel’s modified equation which admits two independent solutions I»—2 (z)
2
and Kn-2(z) called modified Bessel’s functions. We have for z > 0
2

Koo =~z 2=y - (5) S s (5)
k=1
e 1 2\ 2k
Ki(2) = (22>1/ ~*ifp = 3. (4.24)

Since K1 has a simpler form than Ky, we shall only give here the expression of ¢ when
2
n = 3. From (4.21) and (4.24), we have

1 k 1/2 k
Hy—  — [~ Mo k(y1—=1)/2 4.9
! 2w<mm—m) %< o m) (4.25)

Inserting (4.25) to (4.18),

O(x—y) = dr.

1 /ylwl I —exp {-% [\/T2 + (22 — y2)? + (23 — y3)? +TH
Ak VT2 (22— y2)? + (23 — y3)°
We may now fix the constant up to which ® is defined by taking ®(0) = 0. Therefore,
when n = 3, the fundamental velocity O can be written in the form:

0 90
Oi 57, A a @ 9

where
1 ks(z)/2 1— e—t

= dt.
47Tk 0 t




Observe that O;; € LP(R3) if 2 < p < 3 and VO,;; € LP(R?) if 4/3 < p < 3/2 (see for
instance [1] and [7]). Next, since in this work, we are really interested in the asymptotic
behavior of the fundamental solution of Oseen, we shall give such properties when n = 2.

the behavior of the tensor O for r — 0 is given by:

@ﬂ@:ii< ﬁ?)+ouy

]
Now let r — oo, then we have:

cos 0 . 1
2rr 4\/77

sinf  sinf __, 3
012(1’)2021(1’):—27W +4W6 ()/2[14-47’4-0(7")},

O11(x) = — ()/2[14-0059—1—41 (3cosf —1)+o(r )],

cos 0 1 s(z) 1
- _ —s(@)/2| _ 2\Y)
Oga(x) Sy —1—4\/%6 [ 5 +4r( +3cosf) + o(r )}
where
d*o —2-k
W:O(T ) asr — oo, k>0and s(x) =r— .

We have the summability properties (see [2] ) Oz; € LP(R?) if p > 2 and Oy; € LP(R?) if
p > 3. Note that the fundamental pressure e is given by

oy _85(:13) B 1 T
¢j(@) = Oz - 2(n—Dmrn’

i=1,..,n. (4.26)

Now it also well known that if the data (f, g) € D(R™) x D(R™), then the Oseen problem
(4.15) has an explicit solution (u*,7*) € C*°(R"™) x C*°(R™) defined by

. o€
Ui:Oij*fjJr%*g
o€ o€

T 0z litg- (31: *9

(4.27)

It is now natural to inquire about the validity of (4.27) if f € LP(R™) and if g belongs
to a subspace of VVO1 P(R™) that will be specified in the remaining of the paper. For
convenience, we introduce the notation O x f which denotes the vector field defined by

O;j * fj, 1 = 1,...,n. We first have the following properties.

Proposition 4.1. Let f € LP(R™). Then ar am *fe LP(R™) and *fe LP(R™) for
any 1 < p < 0o, where 82?82]- x fe IP(R™) and 92 oz, O 4 fe LP(R") are deﬁned in the sense

of principal value, and we have the estimate
2

00O 200 ‘

8$ial’j 8331

«f

< C|| Il (ry-

IP(R") ’ P (R7)

Moreover,



a) let n =2, then VOq; * f; € LP(R") and

(i) if 1 < p < 2, then Oy; * f; € L>7 (R2) N L™ (R?),
(i) if 1 < p < 3/2, then O11 * fi € L% (R2) N L(R2).

b) Let n = 3, then

(i) Oxfe LR if 1 <p<3/2 and Oxfe L5 (R") if 1 < p <2,
(i) VO« fe L5 (R") if 1 < p < 3 and VO  f& L5 (R") if 1 < p < 4.
In all the cases, we have the corresponding estimates.
The proof of the above proposition can be found in [2] when n = 2. For n = 3 it is proved

by combining results proved in [1] and [7].

Note that from the previous proposition, for n = 2, the operator f— Oa;* f; from LP(R?)
into L%(Rz) N L% (R?) is continuous if 1 < p < 2 and the operator f— Oj; * f; from
LP(R?) into L%(RQ) N L>®(R?) is continuous if 1 < p < 3/2 . For n = 3, the operators
f— O« ffrom LP(R3) into L%(Rg‘) and f+— VO x f from LP(R?) into L%(Rg) are
continuous if 1 < p < 2. Thus we observe that if f € LP(R"), then the explicit forms

(4.27) are not necessarily defined for any 1 < p < oo. This is the reason of introducing
the modified operator O defined by for fe LP(R"):

o If n =2, then O = (01, 03), where
Olf(w)=/ [01'(36—1/)—13 2,400 (P) O15(—y) — 113 (p)mﬁ()r(—y) fi(@) dy
- J [3/2,+00] J [3,+00] e J J )
00) = [ |025(2 )~ 1p12(9) O )] (o)
e If n =3, then

(Of(@))i = Oi; fi(x)
= /R?’ (04(® = y) — 12,00[(P) Oij (=) = Lia,00((p) Z.V'Oij(—)) fi(y) dy,
where @ = (0, z2,23) and V' = (0, 8%2, 6%3).

Let us now introduce the following anisotropically weighted spaces

X, = {ve @), L ewgtnen),
8$1
Lpmn Lp/mn v —Lp/mn
Y07(R): UGW(]’(R),%GWO’(R)
1

10



and

o

T

Z2P(R™) = {v e WP (R™), S LP(R”)} :

These are Banach spaces when endowed respectively with the norms

ol ol + || o
v ny = ||V n a_ ?
Xp(R") L@ By W 2P (R)
B ov
HU||Y01’p(Rn) - HUHWOLP(R") T aixl WP (Rn)
0
and
B ov
||U||Z§”’(]R“) = H’UHWOQ’?(R”) + 671»1 Lr(RM) )

Proceeding now as in Theorem 3.1, we have the following result.

Theorem 4.2. The operator
O : IP(R") — ZJP(R™)
is continuous for 1 < p < oco.

In order to give an explicit form for the solutions of the Oseen problem (4.15), when the
data (f, g) do belong to the space LP(R™) x Yol’p (R™), we need the following preliminary

lemma.

Lemma 4.3. Assume g € Yol’p(R”) and let P; be defined by (3.5).
1,22
(i) If 1 < p < n, then VPjg € YyP(R") N W, "7 (R™), Pjg € Zg’p(R”) and we have the

estimate

IVPsolhgoan +IVPigl g, o+ WPiglzgogmn < Clalhgomny: (429)

Additionally, if n =3 and 1 < p < 3/2, then Pjg € LS%P(R?’) and the following estimate
holds

1Pigl oy < Clgllyogs) (4.29)

(R3)
(ii) If p > n, then Jg%’j € Zg’p(]R”), where the operator Jo is defined by (3.14), and we

have ’

Proof. (i)If 1 <p <mn,thenge Yol’p(R") implies that g € L%(Rg) (see (2.3)). Thanks
1,2
to Theorem 3.1, P;g € W, "7 (R"™) and we have

dg
Jgai"]jj

< Cliglly2rgny-
ZyP (") Yo T

IPsol 122, g < Ol

" ()

11



Besides, due to the fact that Vg € LP(R"™), we also have P;Vg € Wol’p(R"). Now, let
(9k)ken € D(R™) be a sequence that tends to g in Yol’p(]R”). We know that we have

0 . 8gk
9y 19k = Pig,

Moreover, sirllcspl < p < n, then g tends to g in L%(R?’) which implies that P;gy tends
to P;g in W, "7 (R3), in particular %Pjgk tends to %Pjg in L%(R?’). Besides, since
g—g’; tends to a%gl in W, "P(R"), then P; ag’“ tends to 79 in LP(R™). This implies that
a%lpjg = Pj(%gl. By the same way, we prove that VPjg = PjVyg. Thus, we deduce
that VP;g € Wé’p(R") and 3%173]-9 € LP(R™). Thus, we have that P;g € Zg’p(RS),
VPjg € Y(l)’p(R?’) and the estimates (4.28) and (4.29) hold. Additionally if n = 3 and
1 <p < 3/2, then VPjg € Wé’p(R?’) and %Pjg € LP(R3) implies that Pjg € Liﬂiigp(]l@)
(see [6]).

(ii) Since 8875(]]- € LP(R"), from Theorem 3.2, we have Jgaa—gfj € Wg’p(R”). Proceeding as in

the first part (i), we prove that

0 dg 0 dg
0xy 2 <8$]> Ox; 2 <ax1>
Since -2 I € Wy 'P(R™) with p > n, then we have JQ(a—g) € W&’p(]R”) and %Jz (63791) c
IP(RY). O

We now introduce the pair (u*, 7*) defined by

0
uf = Oyfj+ Pig, 7 =Pifj+g—Ex> ifl<p<n,
a$1
" (4.30)
U::Oijfj_b%, ™ =Pi(fj+Gj)+g ifp=>n,

where G € LP(R") is a (non unique) vector field such that div G = (%f’ . Next, for the

case n = 3, we introduce the notations used in [5] (see also [4]) for the resolution of the
Oseen problem (4.15). Let v, § € R be such that v € [3,4], v > p, d € [%,2], 0> p. we

define two real numbers r = r(p,7), s = s(p, d) as follow:

1 1 1 1 1 1
—=-—— and —-=--—-.
rop s p 6

Finally, we also introduce the space of polynomials
A oA .
N =3 (A p) € P x Py, A)\—i—a——l—Vu:O, divA=0;.
1

Combining Theorem 2.6 of , Proposition 4.1, Theorem 4.2 and Lemma 4.3, and results
obtained in [2] for the case n = 2 and in [5] for the case n = 3, we easily prove the following

result which gives an explicit form for the solutions of the Oseen equations for f € LP(R").

12



Theorem 4.4. Let (f,g) € LP(R™) x Y}Jl’p(R"). Then the Oseen problem (4.15) has at
least one solution (u,7) € Z2P(R™) x WP (R") defined by

u=u" +A p=p" +u,

where (u*,p*) is given by (4.30), (A, 1) € Njo_y,/p and we have the estimate

Additionally,

0%u
O0x;0x;

+ 198l @y < € (Iflmen) + lgllyoeny ) -

LP(R™) Ha T LP(R™)

o Ifn =2, then we have

* 3p_
1)if 1 <p<3, then ‘3% c L (R?), in particular
i) when 1 < p < 2, then 3“ € L5 P(]R2) and satisfies

our
6952

out
3332

e <O lore) + 19l tre)

3p ’
L5 (R?) L7P (R2)
i1) When p =2, then 8” € LY(R?), for any q > 6 and

ou*
8.7}2

U ey + lglly o gy

L9(R?)
iii) Finally when 2 < p < 3, then g—;‘; € L>*(R?) and

ou*
8952

out
8332

< C(If 2y + 9lly 22 gey)-

3p
L3-7 (R2) L™ (R2)

_3p_
2)If1 <p< %, then w* € L3-2r (R?) N L®(R?) and the following estimate
holds

1 35, oy ) < C (Il eo) + lallyoqes)-
e Ifn =3, then we have
1) If1 <p< 3, then u* € L¥(R®) and
I sy < € (Iflmes) + lgllyroes) ) -
2) If 3 < p < 3, then Vu* € L"(R3) and satisfies
1V 1) < € (IFlnces) + g llytoges)) -
We now extend the definition of O  fin the case where fe W Lp (R™) by setting
Vo e DRY), (Oxfo)=(£Oxy),

where O(z) = O(—x).

5 P (R x WP (R7)
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Lemma 4.5. Assume 1 <p < oo and f € Wo_l’p(RQ)J_IP’[l_Q/p/]. Then O« f € WIP(R?)

and the following estimate holds
HOQj * fHWLP(]W) < CHfHW(;l’P(R2)-

3
Assume now 1l < p < 3, then O11xf € Lﬁ(RQ), VOuxf € LP(R?), %Lwlll*f € Wo_l’p(RQ)
and satisfy:

0011
*

<C _1, .
Oxy HWOI,P(]R2) - ”fHWo bP(R2)

10012 71 g, o + 19O * Fliogesy + |

The proof this lemma can be found in [1].

4
Lemma 4.6. Assume 1 < p < 4 and f € Wal’p(R:g)J_IP’[l_g,/pq. Then O x f € Lis (R3),
VO € IP(R3) and we have

10 % £l o, o + VO * Flizian) < Ol sz

Moreover, the following assertions hold.
() If1 < p<3, then O % fe L5 (R%) and

10 % £l o, o < O oy

R3)
(ii) If p = 3, then O x f€ LI(R3), for any q > 12.
(iii) If 3 < p < 4, then O x f& L™(R?).

Proof. The above properties are proved for the fundamental solution O (see [1], Theorem

4.9) and the proof is similar for the Oseen fundamental solution ©. [

Remark 4.7. For a given f in Wo_l’p(RZ)LIP’[l,Q/p/], then Oq;* f exists for any 1 < p < oo,

while O11 * f has no sense for p > 3.

Forp >3 and fe W, Lp (R?%), we now define the operator Q11 f as follows:

Onf(x) = /R2 <6690j011(m_ Y) — aijon(—y)) Fj(y) dy, (4.31)

where F € LP(R?) is a vector field such that f = div F.
Similarly for p > 4 and f € W LP(R3), we define the following operator © such for any
Z‘? j = 17 27 3’

0uf(@) = [ (4 Outa9) - 5-05(-9)) Fily (482

where F' € LP(R") is a vector field such that f = div F. Thanks to Theorem 4.2, we have

the following result.
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Theorem 4.8. i) Assume n = 2, then for any p > 3, the operator
O : Wy "P(R?) — WP (R?)

18 continuous. In addition, we have

0011

VOonuf=V oz,

* I
1) Assume n = 3, then the operator

O Wy "P(R?) > Wy P(R®)
is continuous if p > 4.

Before stating our last result, we need two preliminary lemmas that take into account the

second equation of (4.15).
Lemma 4.9. Assume g € WO_Q’p(R”)J_P[Q,n/p/}. Then € x g € LP(R™) and we have
1€ % gllzo(an) < Cllglhy 2oz

Proof. For any ¢ € D(R"), we have

(Exg, 90>D/(Rn)xD(Rn) = (g,& * <P>W52,p(Rn)XWO2,p/(Rn).
Next, since g € W(TQ’p(]R")J_IP’[Q_n/p/], for any A € Pp_,, /.y, we have
(9,5 @)y 2 @y s’ mmy = (9 €9+ Nyyr2 gy

It follows that

< CHQHWO—Q’P(Rn) Aepinf 1€+ + )\||W§,p'(Rn)-

‘(.975 *90> —2,p mn 2,p" (o
Wy 2P (R x WP (Rn) S

Using now (2.2) and the Calderén-Zygmund inequality we can write

0*(E * ¢)

8xi8xj

|<9, & * ‘P>D/(]R")><D(R")‘ < CHQHWJZP(RTL)
Lv'(Rm)

< CHQHWO*Q»P(Rn)HA(S * SO)HLP’(Rn)
< CHgHWJZP(RH)HHSOHLP,(Rn)a
which ends the proof. [J

Lemma 4.10. Assume 1 < p < oo and g € X,(R"™) such that

99
0z’

Then Pjg € YOLP(R") and there exists C > 0 such that

VA € P[an/p’]v ( )\> = 0.

W(;27P(Rn) ><W02’p/ (R)

1Psglly o ggny < Cligllx, @n)
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Proof. Since g € X,(R"), then from Theorem 3.1, P;g € Wol’p(R”) and we have

1Psgllyso gy < Cllloen)

It remains to prove that %Pjg € ng’p(R”). For any ¢ € D(R"), we have

9

0 0 =
<87’jg, s0> <g, 5p P x s0)>
Ty D/(R")x D(R™) x1 LP(R™)x L' (R™)

where P;j(z) = Pj(—x). It follows that

<<99, £« 090>
81’1 8-%'] WO_Q’p(Rn)XWOQJ)/ (Rn)

0
<87’jg, s0>
1 D’ (R") xD(R™)

- <39 ‘&) 380>
dxy D Lp(R?)x LY’ (R7)

From Lemma 4.9, we get

o g
—P.g, <Cl|l= 2 o - 4.33
|< 3 0) oo | SO T s Wl 059
Thus we deduce that ;2-P;g € Wy P(R%) and
0 0
2l 2.
8ZE1 Wofl’p(R") 8131 W(;2’p(R")
For fe Wo_l’p(}R")J_]P’[l,n/p/] and g € X,(R"), we now define the pair (u*,p*)
ui =0 x fj+Pjg ifl<p<n, u =0fj+Pjg ifp>n,
(4.34)
p*=—Ex divf—i—ﬁ +g.
8331

Combining results of [2] for the case n = 2, [5] for the case n = 3, Lemma 4.6, Theorem

4.8 and the previous lemmas, we easily prove the following result.

Theorem 4.11. Let (f,g) € WO_LP(R") x Xp(R™) satisfy the following compatibility con-
ditions

VA € ]P)[l—n/p’]a =0

A Wy P (R x WP (R7)
and 5
g
VA€ P[2—n/p’}, <61’1, A
Then the Oseen problem (4.15) has at least a solution (u,p) € Yol’p(R”) x LP(R™) defined
by

=0.
>W02’p(R”)><WO2”’/ (R")

u=u +X p=p,
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where the pair (u*,p*) is given by (4.34) and X € P_,, /). The following estimate holds

sl Al oy + 1 mey < € (e + ol )

Moreover, if n =3 and 1 < p < 3, then u* € L"(R3) and we have
Il ey < € (Il ogms, + gl @) ) -
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