N

N

Determination of an unknown source term and the
temperature distribution for the linear heat equation
involving fractional derivative in time
Mokhtar Kirane, Salman Amin Malik

» To cite this version:

Mokhtar Kirane, Salman Amin Malik. Determination of an unknown source term and the temperature
distribution for the linear heat equation involving fractional derivative in time. 2010. hal-00549130

HAL Id: hal-00549130
https://hal.science/hal-00549130

Preprint submitted on 22 Dec 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00549130
https://hal.archives-ouvertes.fr

Determination of an unknown source term and the temperature distribution for
the linear heat equation involving fractional derivative in time

Mokhtar Kirane, Salman A. Malik

Laboratoire de Mathématiques, Image et Applications, Université de La Rochelle, Avenue M. Crépeau, 17042 La Rochelle Cedex, France.

Abstract

We consider the inverse problem of finding the temperature distribution and the heat source whenever the temperatures
at the initial time and the final time are given. The problem considered is one dimensional and the unknown heat source
is supposed to be space dependent only. The existence and uniqueness results are proved.
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1. Introduction

In this paper, we are concerned with the problem of finding u(x, ) (the temperature distribution) and f(x) (the
source term) in the domain Q7 = (0, 1) x (0, T') for the following system

Dy (u(x, 1) —u(x,0)) —un(x,n) = f(x),  (x,0)€Qr, )]
ux,0) =) uxT) = ¢,  xel0,1], 2
u(l,0=0, u0,1) = ul,n, tel0,T], 3)

where D& stands for the Riemann-Liouville fractional derivative of order 0 < @ < 1, ¢(x) and ¥(x) are the initial and
final temperatures respectively. Our choice of the term D& (u(x,.) — u(x, 0))(¢) rather then the usual term D& u(x, .)(t)
is to avoid not only the singularity at zero but also to impose meaningful initial condition.

The problem of determination of temperature at interior points of a region when the initial and boundary conditions
along with heat source term are specified are known as direct heat conduction problems. In many physical problems,
determination of coefficients or right hand side (the source term, in case of the heat equation) in a differential equation
from some available information is required; these problems are known as inverse problems. These kind of problems
are ill posed in the sense of Hadamard. A number of articles address the solvability problem of the inverse problems
(see [11, [21, [3], [4], [5], [6], [7], [8] and references therein).

From last few decades fractional calculus grabbed great attention of not only mathematicians and engineers but
also of many scientists from all fields. Indeed fractional calculus tools have numerous applications in nanotechnology,
control theory, viscoplasticity flow, biology, signal and image processing etc, see the latest monographs, [9], [10], [11],
[12], [13] articles [14], [15] and reference therein. The mathematical analysis of initial and boundary value problems
(linear or nonlinear) of fractional differential equations has been studied extensively by many authors, we refer to [16],
[17], [18], [19], [20] and references therein.

In the next section we recall some definitions and notations from fractional calculus. Section 3 is devoted to our
main results; we provide the expressions for the temperature distribution and the source term for the problem (1)-(3).
Furthermore, we proved the existence and uniqueness of the inverse problem.
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2. Preliminaries and notations

In this section, we recall basic definitions, notations from fractional calculus (see [11], [12], [13]).
For an integrable function f : R* — R the left sided Riemann-Liouville fractional integral of order 0 < o < 11is
defined by

1
1 f@
J2 f(@r) = dr, t>0, 4
b.10= 5 [ Lo > @
0
where ['(@) is the Euler Gamma function. The integral (4) can be written as a convolution
Jo, J(0) = (Ba * [)(D), 5)

where

YT, >0,
Pa 1= { 0 1<0. ©

The Riemann-Liouville fractional derivative of order 0 < a < 1 is defined by

t

« . i -« _ 1 i f@)
Do, 10 = 300 = 5 dtf(r—r)adT' 7
0

In particular, when @ = 0 and @ = 1 then Dg+ f@® = f(r) and D(l)+ f(®) = f'(¢r) respectively; notice that the Riemann-
Liouville fractional derivative of a constant is not equal to zero.
The Laplace transform of the Riemann-Liouville integral of order 0 < @ < 1 of a function with at most exponen-
tially growth is
LUG f@): sy = Lif@) 2 s}/s".

Also, for 0 < @ < 1 we have
Jo, D5, (f(f) - f(O)) = f(@® - f(0). (8)

The Mittag-Leffler function plays an important role in the theory of fractional differential equations, for any z € C
the Mittag-Lefller function with parameter £ is

+00 k
_ Z
Ef(2) = ; rasy  (Re©>0. ©)

In particular, E{(z) = €°
The Mittag-Leffler function of two parameters E¢(z) which is a generalization of (9) is defined by

+0co k
Z
Eep(z) = _ (z,B € C; Re(¢) > 0). (10)
i ; Tk +p)

3. Main Results

Let es(t, ) := Eg(—,ut‘f ) where E¢(?) is the Mittag-Lefller function with one parameter & as defined in (9) and u is
a positive real number. Let us state and prove the

Lemma 3.1. The solution of equation
() + g v(t) = (1) (11
for u € R satisfies the integral equation
t
V(1) = f g (t = Deo(t, pdr + g(0)en (1, ), (12)
0
2



Proof. Taking the Laplace transform of both sides of the equation (11), it follows

s*L{g(®) ;s
L{v(@) : s} = & 13)
SY+ U
There are different ways for getting the solution from the equation (13) by the inverse Laplace transform.
Writing the equation (13) as

a—1 a—1

Livs) = — +M(sﬂg(t) s} - g<0)) +

0);
S(,wg()

and using the inverse Laplace transform, we obtain

t

v(t) = f g (t = Dea(T, wydt + g(0)ey (1, ),
0

which is (12). O

3.1. Solution of the inverse problem

The key factor in determination of the temperature distribution and the unknown source term for the system (1)-(3)
is the specially chosen basis for the space L?(0, 1) which is

{21 = x), {4(1 — x)cos2nnx}. {4 sin 27nx};” ). (14)

n=1*

In [21], it is proved that the set of functions in (14) forms a Riesz basis for the space L?(0, 1), hence the set is
closed, minimal and spans the space L*0,1).
The set of functions (14) is not orthogonal and in [22] a biorthogonal set of functions given by

[
n=1°

{1, {cos2mnx} {xsin27nx};” ), (15)

is constructed.
The solution of the inverse problem for the linear system (1)-(3) can be written in the form

u(x, 1) = 2up(t)(1 — x) + Z (D41 = x) cos 27nx + Z o ()4 sin 27nx (16)
n=1 n=1
() =2fo(1 = x) + Z Find(1 = x) cos 2znx + Z fondk sin 27nx (17)
n=1 n=1

where uo(t), uy,(t), u2, (%), fo, fi, and f>, are to be determined. By plugging the expressions of u(x, ) and f(x) from
(16) and (17) into the equation (1), the following system of fractional differential equations is obtained

D (uan(t) — uzn(0)) — Artnuy, (1) + 4°n*uz (1) = fou, (18)

D§ (uin(t) = urn(0) + 47 n°ur,(t) = fin, (19)

D§ (uo(t) — up(0)) = fo. (20)

Since Jg+1 =t*/T(1+a)andforO < a < 1, ]&D& (uop(t) — up(0)) = uo(?) — up(0) then the solution of equation (20) is
3 jbft

uo(t) = T+ + up(0). 21

Setting A := 4n%n?, F(t) := fi,t*/T(1 + @) + uy,(0) then equation (19) can be written as

u (1) + Ay, uin(t) = F(2),
3



and using lemma (3.1), the solution of the equation (19) is given by

t
uin(t) = r({l’fa) f (1= )" ea(r, Dt + ury(O)eqr, D). (22)
0
Noticing that equation (18) can be written as
Uz (1) + Ay uny(t) = h(t) (23)

where h(t) := J(‘i ( Jon + 47mu1n(t)) + u,(0), so its solution by virtue of lemma (3.1) is

t

Uz, (t) = f W (t — T)eq (1, Ddt + h(0)e, (2, ). 24)
0
As h(0) = uy,(0) and
d
K = E[J& (fon + 4mnuy, (1) — uzn(O)]

= D& (fz,, + 47rnu1,,(t)).

From equation (22), we have

flna’
I'(+a)

D uia(t) = D§ 17! % eq(t, D) + uin(0)D§ eq(t, D),
since D&t"" = 0 and D e,(t,2) = e41-a(t, 2), Where eqp(1, A) = #VE, s(—A1%); consequently the equation (24)

becomes
t

Uz, (1) = f s(t = T)eo (T, VAt + u2,(0)e, (1, ). (25)
0
where we have set

-

5(t) := dnnuy(0)eq,1-o(t, D) + f2nﬁ'

The unknown constants are u5,(0), u1,,(0), ug(0), fo, fin and fy. In order to get these unknowns, we use the initial
and final temperatures as given in (2)

o

2up(0)(1 —x) + Z 11,(0)4(1 — x) cos 27nx + Z Usn(0)4 sin 27mx = 20(1 = x)

n=1 n=1

+ Z ©1,4(1 — x) cos 2mnx + Z ©2,4 sin 2ntnx,

n=1 n=1

00

2up(TY(1 —x) + Z u1,(TY4(1 — x) cos 2nnx + Z U, (T)4 sin 2anx = 2p(1 — x)
n=1

n=1 =

+ Z Y1,4(1 — x) cos 2nx + Z Wo,d sin 2tnx.
n=1 n=1

By identification we get

u2n(0) = @2 uln(o) = Pln> MO(O) = ¢o, (26)
4



u(T) = You,  u1n(T) = Y1, uo(T) = o,

27

where {¢0,01,, ©2,} and {Yo,¥1,, Y2, } are the coeflicients of the series expansion in the basis (14)of the functions ¢(x)

and y(x), respectively. In terms of the biorthogonal basis (15) these are

1 1 1

wo = ftp(x)dx, Qi = fga(x) cos2nndx, ¢y, = f(p(x)xsiHZJTndx,

0 0 0

1 1 1
Yo = f y(x)dx, ¢, = f Y(x)cos2rndx, Yo, = f Y(x)x sin 2nndx.
0 0 0

By virtue of (21), (22), (25), and conditions (27) we have the expressions of unknowns fy, fi, and f>, as

f o= Td+a) ‘”"T_f"},
fn = T(+a) f”_%”“nﬂ }
a f(T — 1) ley (1, Ddr
0
T
Yan = ©mea(T, ) = [ Q1neq1-o(T = T, Deg(t, D)dT
fu = Tl-w 2

T
J(T = 1) eo(t, Hdr
0

(28)

(29)

(30)

The unknown source term and the temperature distribution for the problem (1)-(3) are given by the series (17) and
(16), where the unknowns 1((0), u1,(0), u»,(0) are calculated from (26), while fy, fi., f>» are given by (28)-(30). In

the next subsection we will show the uniqueness of the solution.

3.2. Uniqueness of the solution

Suppose {u1(x, 1), fi ()}, {ua(x, 1), f2(x)} are two solution sets of the inverse problem for the system (1)-(3). Define
u(x,t) = u; —up and f(x) = fi — f> then the function u(x, ¢) satisfies the following equation and boundary conditions

Df u(x,1) — (1) = f(0), (x,1) € Or,
u(x,00=0 ulx,T) 0, x € [0, 1],
u(l,n) =0, u,(0,7) u,(1,1), tel0,T].

Using the biorthogonal basis (15), we have
1

up(t) = f u(x, t)dx,
0

1
u(t) = fﬁ(x, t)cos2mnxdx, (n=1,2,..),
0

and

1
Uy, (1) = fﬁ(x, Hxsin2mnxdx (n=1,2,..).
0

€19}
(32)
(33)

(34)

(35)

(36)



Alike,

1
fo= f f(x)dx, (37)
0
1
]_‘ln = ff(x)cos 2nnxdx, (m=1,2,..), (38)
0
and
1
7‘2n = f?(x)x sin2mnxdx (n=1,2,...). (39)
0

Taking the fractional derivative Dj under the integral sign of equation (34), using (31), (37) and integration by parts,
we get

D u(1) = fo, (40)
with the boundary conditions
up(0) =0, uy(T)=0. 41)
The solution of the problem (40) is
_ =
H=———fo;
W) = Fir g’

taking into account the boundary conditions (41), we get
fo=0, = (1) = 0. (42)

Taking the fractional derivative D& under the integral sign of equation (35) then by using (31), (32), (38) and
integration by parts, we obtain _
Dy uin(t) + Ar(1) = f1,3 43)

the associated boundary conditions are
u1n(0) =0, wu(T) = 0. (44)

The solution of the problem (43) is _
ﬁln(t) = ea,a(t, /1) * fln'

Using (44) we have

fin=0, = u,( =0, m=12,..).
In the same manner from (36), we obtain the equation
€D (1) + 407102 (1) = Arntin(8) + fo,: (45)

the associated boundary conditions are
u2,(0) = 0,  u2n(T) = 0. (46)

Taking account of u;,(f) = 0 then the solution of the equation (45) satisfies
Uon(t) = €aa(t, ) * [

using (46) we have _
f2n =0, = ﬁZn(t) =0, (f’l = 1,2, )
For every ¢t € [0, T], the functions u(x, t) and J_‘(x) are orthogonal to the system of functions given in (15), which
form a basis of the space L*(0, 1), consequently,
ux, =0, f(x)=0.
6



3.3. Existence of the solution

Suppose ¢(x) € C*[0, 1] be such that ¢’'(0) = ¢’(1), ¢”’(0) = ¢”(1). As ¢y, is the coefficient of the cosine Fourier
expansion of the function ¢(x) with respect to basis (15), from (26) the expression for u;,(0) can be written as

1

u1,(0) = f @(x) cos 2nnxdx
0

which integrated by parts four times gives

1

f ga4 (x) cos 2nnxdx,
0

uln(o)

16m4n*
1

4
Tow e

where go‘l‘n is the coefficient of the cosine Fourier expansion of the function ¢*(x) with respect to the basis (15).
Alike, we obtain

u2,(0) = (47)

1 4
16t £
where cpén is the coefficient of sine Fourier transform of the function ¢* with respect to the basis (15).

The set of functions {go‘]‘n, go‘z‘n n = 1,2,...} is bounded as by supposition we have ¢(x) € C*[0, 1], and due to the
inequality

D@ <ClE® gy, i=12

n=1

which is true by the Bessel inequality of the trigonometric series. Similarly, we have for y(x) € C*[0, 1] the set of
functions {Wl‘n, Wz‘n n=1,2,...} is bounded and

D < ClP W IR, =12
n=1

The Mittag-Leffler functions e,(f; u) and eqg(t;u) for u > 0and 0 < @ < 1,0 < a < B < 1 respectively, are
completely monotone functions (see [23] page 268). Furthermore, we have

E(Y,B(llta) S M9 re [a9 b]7 (48)
where [a, b] is a finite interval with a > 0, and

1

f (t = ) E, p(Ut™)dT < 0,

0

(see [24] page 9).
The solution u(x, t) becomes

u(x,r)

2(1 - x)(fot"/F(l +a)+ 900)

N flﬂa a—1 SDél‘n

+ Z(mt * €g(t, ) + T e (1. ) JA(1 ~ x) cos 2mnx
&) 4 —a 4

+ Pl 0+ ek ea(ts A) + —2 e (£, 1) A sin 2nx (49)
£ 471_3”3 a,1-a\ls ZnF(l —G,’) alls 1671’4}’14 alls

7



Setting M = max{M;, M,} where
leol < My, leai-ol <M, te[0,T],T is finite.

Taking into account the values of fy, fi,, f>, from (28)-(30) and the properties of Mittag-Leffler function, the
series (49) is bounded above by

2(1 - X)(ll//ol + (1 - —)|¢0|)

T(l/
- <plnjw I (,D?n
Z({ T }ﬁ + Tt M AL = x) cos 2mnx
&) 4 4
"Dln l'Z’Zn - (’0211 "DlnM QOan :
- + 4 sin 27nx. 50
Z(47r3n3 TI- a{ 167 } T T At °0)

n=1

For every (x, ) € Qr the series (50) is bounded above by the uniformly convergent series

00 4 + 4 M > /(4 -1 4 M 41—t 2M
Z('wl”' |(,01n| )+ Z(( n )|901n| n |¢2n| |‘p2n| ) (51)

16744 167404 16744

n=1 n=1

By the Weierstrass M-test, the series (49) is uniformly convergent in the domain Q7. Hence, the solution u(x, t) is
continuous in the domain Q7.

The uniformly convergent series doesn’t provide any information about the convergence of the series obtained
from its term by term differentiation. Now take the Df derivative from the series expression of u(x, ) given by (49)

DD U = 21— x)(fo + ¢
n=1

@
ra- a))

=gt
" Z( 167 4 4eal —a(t, /l))4(1 — Xx)cos 2mnx
n=1
= 904 -a 904
+Z(4 o LT 20ED)  + f2n—r(1 ~2 * €q1-o(t, D) + Teria Cal- o(t, ) |4 sin 27nx, (52)

we have used D" 7l =0, Da eo(t, 1) = eq1-4(t, ), D“ €a1-a(t, ) = €q1-24(2, ) and U, (x, 1) is defined by the right
hand side of the series (16).
The series (52) is bounded above by the uniformly convergent series

i W3, | + (drn + D] M
167404 ’

n=1

hence it converges uniformly, so D" u,(x,t) = Z D" U, (x,1).

Take the x-derivative of the series expressmn of u(x, t) from (49), we obtain

—2(f0f’/r(1 +a) +¢0) Z(r({ "f - Uk e, 1) + 6"011 —ea(t, )

i U, (x,1)
n=1

(87m sin 27tnx + 4 cos 27rnx) ( 4¢;" 3 €a,1-a(t, A)

-

t
f2nr(1 — * eq(t, 1) +

) 690 ¢l /l))87rn sin2nnx. (53)



(o]

N - flﬂa, a—1 (’Dln
;fun,“(x,t) = ;(—r( i * ea(t, ) + T el /l))

0 4
(16772112 sin 2mnx — 16712n2(1 — X)cos 27rnx) 2(4 3 3ea1 _o(t, Q)
— 4

t
S ke (t, ) +

ri—a) Ton 4 4(3@(1‘ /l))167r sin 27tnx. (54)

The series (53) and (54) are bounded above by the uniformly convergent series

i((l + 2ﬂn)|zﬁ‘1‘n| + 27rn|zﬁ‘2‘n| + (47°n® + 67n + 2)M|go?n| +(1+ M)Znnlgognl)

4rtnt
n=1

i(WI‘,J +2lys |+ (L+ TM)Mg} |+ Mltp‘z‘,,l)

m2n?
n=1

respectively, then ), U, ,(x,?) and 3, U, (x,t) converges uniformly; consequently

n=1 n=1

Uy(t, X) = Z (Lln,xx(x, 1),
n=1

is uniformly convergent.
Hence the term by term differentiation of the series (49) with respect to time ¢ and x is valid. Similar we can show
that f(x) obtained by series (17) is continuous.

Remark 3.2. The above analysis remains valid if the boundary conditions given by (3) are replaced by

wO,1) =u(l,0, u0,t) = u(l,1), tel[0,T],
or

u(l,0=0, u0,) = 0, tel0,T].
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