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Abstract

Approximating joint smoothing distributions using particle-based methods is
a well-known issue in statistical inference when operating on general state space
hidden Markov models (HMM). In this paper we focus on non-asymptotic bounds
for the error generated by the computation of smoothed additive functionals. More
precisely, this contribution provides new results on the forward filtering backward
smoothing (FFBS) Lg-mean errors under appropriate mixing conditions on the
Markov kernel’s probability density function. The algorithm used has a computa-
tional complexity depending linearly on T'N where 7" is the number of observations
and N the number of particles. The main improvement concerns the rate of con-
vergence of these norms which depends on 7" and N only through the ratio T'/N for
additive functionals (i.e. with norm proportional to T"). This paper relies mainly
on recent exponential deviation inequalities on the smoothing error.

1 Introduction

State-space representations play a key role to model non-linear non-Gaussian time series
in statistics, information engineering and financial econometrics; see [E, @, @] Let X be
a general-state space endowed with a countably generated o-field B(X). Let (My, 0 € O)
be a family of transition kernels on (X, B(X)) depending on some (finite or infinite
dimensional) parameter 6. For § € ©, consider a Markov chain {X!};>0 on (X, B(X))
with initial distribution x and transition kernel My. The transition kernels are assumed
to be dominated: there exists a probability measure A on (X, B(X)) such that for all
€0, xeX, My(x,) < A(-). We denote the transition density function mg(z,-).
The observed time series {Y;}1>0 takes values in a space Y endowed with a countably
generated o-field B(Y). It is assumed that the observations {Y;}:>o are independent
conditionally to {X;};>¢ and that the conditional distribution given {X;};>o depends
only on X;. Tt is also assumed that there exist a probability measure v on (Y, B(Y)) and
a family of probability densities on (Y, B(Y)), (go,6 € ©), such that for any bounded
and measurable function h on Y and any t € N:

E, [h(Y})|X,] = / h(y)go(Xe, y)v(dy) -
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For T + 1 observations, T € N* and (s,t) € N2,s < t < T, the joint smoothing
distribution is defined, for all bounded and measurable function h on X!=5+1 by

0 ozl € Ey [h(Xo) [Your]

— fX d-TO)gG(-TOaYO)szl Me(xs—ladxs)ge(xsa}/s)h(xs:t)
[ x(dzo)ge(zo, Yo) TTiy Mo(ws—1,dxs)ge(@s, Ys)

3

0 def

where a,., is a short-hand notation for (a,,---,a,). We denote by ¢ o S‘ the
filtering distribution and by gbs‘T = Z:S‘T the marginal smoothing distribution.

For any T' € N*, the log-likelihood of the observations Yy.r may be written as

T
0 — ((Yo.r,0) = log [/X(dx0)99($05 Yo) [ [ Mo(we—1, d)go(a, Y)

Parameter estimates can be obtained by maximizing the log-likelihood function with re-
spect to the parameter § € O using either a gradient ascent algorithm or the Expectation-
Maximization (EM) algorithm introduced in [§]. Under appropriate regularity condi-
tions, the score function can be computed using the so-called Fisher identity:

T T
Vol(Yor,0) = > ¢hr[Valogge( Y + > 1 1.r[Velogmel(-,-)] . (1)
t=0 t=1

The estimation of the score function therefore requires the computation of a path-space
smoothed additive functional. Similarly, the E-step of the EM algorithm requires the
computation of the conditional expectation of the complete-data log-likelihood defined,
for any (6,60") € ©2, by:

Q0,0) = Z@w%%5@+2@ume(ﬂ (2)

The computation of (f]) and () may be scen as a specific example of estimation of a
smoothed additive functional

Go.77(ST) = Z¢t 17 (he) (3)

where for a family of bounded measurable functions {h;,t > 0}, h; : X — R, Sr is
defined on the path-space X7+, for any zo.r € X7, by

7(zo.1) th Tp_1,Tt) (4)

Except for simple models such as linear Gaussian state-space models or when X is a
finite set, such smoothed additive functionals cannot be computed explicitly.

In this paper, we consider Sequential Monte Carlo algorithms, henceforth referred to as
particle methods, to approximate these quantities. These methods combine sequential
importance sampling and sampling importance resampling steps to produce a set of
random particles with associated importance weights to approximate the fixed interval
smoothing distributions and to estimate smoothed additive functionals defined in ().



Implementations of such procedures are detailed in [, E, E, @]; the convergence of
such approximations is addressed in [E, ﬂ]

The most straightforward implementation of fixed-interval smoothing estimation is
based on the so-called genealogical tree. The complexity of this algorithm per time-
step grows only linearly with the number N of particles. However, as shown in [@],
even under favorable mixing conditions on the kernel Mpy, the variance of the estimate
grows at least quadratically with the total number of observations T'. Heuristically, the
associated particle approximations becomes inaccurate when T goes to infinity since
the genealogical tree estimates become progressively impoverished from the successive
resampling steps: the number of distinct particles representing ¢.¢y ¢ for any t < T'
diminishes as T' — t increases. Hence, whatever the number N of particles is, ¢.¢1¢7
will eventually be approximated by a single path when T" becomes large. This problem
is known in the literature as the path degeneracy issue; see [E, E] for a discussion.

Several solutions have been proposed to solve this degeneracy problem. In this paper
we consider the forward filtering backward smoothing algorithm (FFBS) and the forward
filtering backward simulation algorithm (FFBSi) introduced in [[L]] and further devel-
oped in [@] These can be seen as extrapolations to the non-linear hidden Markov model
context of the Rauch-Tung-Striebel algorithm introduced for linear gaussian state-space.
As shown in [H], when applied to additive functionals, the FFBS algorithm can be im-
plemented forward in time, but its complexity grows quadratically with the number of
particles. This algorithm has been applied in ] to approximate the score function.
The FFBSi algorithm uses a backward simulation step, and is thus mainly adapted for
batch estimation problem: as shown in [E], it is possible to implement the FFBSi with
a complexity growing only linearly with the number of particles.

It is conjectured in [@] that the variance of the FFBS score estimator grows only
linearly with the number of observations 7' (instead of quadratically) under strong
mixing conditions for the kernel My (which guarantee the uniform convergence of the
filtering distribution). In an unpublished paper by [ﬂ], a more general result is shown:
the FFBS estimator variance of any smoothed additive functional is upper bounded by
terms depending on T' and N only through the ratio 7/N. Finally, in [E], for any ¢ > 2,
a Lg,-mean error bound for smoothed additive functional is established. When applied
to strongly mixing kernels, this bound amounts to be of order T'/v/N (see [f], Eq. (3.8),
pp. 957]).

In this paper, we establish L,-mean error and exponential deviation inequalities of
both the FFBS and FFBSi smoothed additive functionals estimators. We show that, for
any q > 2, the L,-mean error for both algorithms is upper bounded by terms depending
on T and N only through the ratio 7'/N under the strong mixing conditions. We also
establish an exponential deviation inequality with the same functional dependence in T’
and N.

This paper is organized as follows. Section E introduces further definitions and
notations and details the FFBS and FFBSi algorithms. In Section E, upper bounds for
the Lg-mean error and exponential deviation inequalities of these two algorithms are
presented. In Section @, some Monte Carlo experiments are presented to support our
theoretical claims. The proofs are presented in Sections E and E

2 Framework

To keep the notation simple, the dependence on the parameter  is omitted and we define
g:+(x) = g(x,Y:). In its original version, the FFBS algorithm work in two passes. In the

forward pass the filtering distributions (¢;),. {0,..., T} are approximated using weighted

samples (wiv’é, fiv’é)ee{lﬁ__y N}, where T' is the number of observations and N the num-



ber of particles: all sampled particles and weights are stored. In the backward pass
of the FFBS, these importance weights are then modified (see [@, @, @]) while the
particle positions are kept fixed. The importance weights are updated recursively back-
ward in time to obtain an approximation of the fixed interval smoothing distributions
(¢s:1)7)o<s<T. The particle approximation is constructed as follows.

Forward pass Let {fév "IN be ii.d. random variables distributed according to the
instrumental density po (which we denote §év "~ pg) and set the unnormalized im-

portance weights wp’ def dx/dpo(&)"") go(€5°"). The weighted sample {(£5", wd" NI,

then targets the initial filter ¢g in the sense that ¢ (h) def Zévzl wi th(El 2221 wt
is a consistent estimator of ¢g(h) for h € F,(X).

Let now {(fév_zl,wiv_zl) N | be a weighted sample targeting ¢s_1, we aim at comput-
ing new particles and importance weights targeting the probability distribution ¢t

defined, for any bounded measurable function h on X, as

N71 [Mgsh]

N,th —
o5 () ¥ [Mgd

(5)

in order to produce an updated particle sample approximating ¢,. Following [@], this
may be done by considering the auxiliary target distribution
wes Mgsh(€273)
N,¢ N,¢
Zé 1Ws— 1Mgs(§ )
on the product space ({1,...,N} x X,P({1,...,N}) ® B(X)). By construction, ¢2"*
is the marginal distribution of ¢2*® with respect to the particle index. The target

distribution ¢t is approximated by simulating pairs {(I2'!,¢M9)}N | of indices and
particles from the instrumental distribution:

oy (i h) oc w0 (€00 Pa(€l 1) (7)

s—1»

oA (i, n) < : (6)

on the product space {1,..., N} x X, where {9,("%)}N | are the adjustment multiplier
weights and P is a Markov1an proposal transition kernel In the sequel, we assume for
simplicity that Ps(z, ) has, for any « € X, a density ps(x, -) with respect to the reference
measure \. For any i = 1,..., N we associate to the particle ¢! its importance weight
defined by:

Vo def m(el 6795 (€7
(€N py (e ey

Finally, the indices {I™*} | are discarded and {(§ Noilw )}fil is taken as an approx-

imation of ¢s. Setting for all z € X, Js(z) = 1 and pS( ,1) = m(x,-) leads to the
bootstrap particle filter algorithm proposed by [@]

(8)

Backward smoothing For any probability measure n on (X, B(X)), denote by B
the so-called backward smoothing kernel given, for all bounded measurable function h
on X and for all z € X, by:

aet [ n(da’) m(a’, x)h(a’)
By (z,h) = J"n(dx/) m(z', z)

For all 0 < s < T and for all bounded measurable function h on X7 —5+1, ¢sr)7(h) may
be computed recursively, backward in time, according to

bs.rir(h) = /"'/qus (Ts11,d2s) dspr:mr(d2Tst1.7) P(28T) | (10)

(9)




2.1 The forward filtering backward smoothing algorithm

From the weighted samples {(&",w")}N |, 1 <t < T drawn in the forward pass, an

approximation of the joint smoothing distribution can be obtained using

¢ivT|T(h) = / : /B¢§] (szrl;dzs) (bé\;LT‘T(dstrl:T) h(xs:T) ) (11)

and starting with ¢¥:T|T(h) = ¢ (h). Now, by definition, for all x € X and for all
bounded measurable function h on X,

N N,i N,i
wy 'm(€ ", x) N
By (w,h) = 3 e 10 B (e,
: i=1 25:1 wév,em(gév,evx)

and inserting this expression into (@) gives the following particle approximation of the
fixed-interval smoothing distribution ¢o.r7(h)

N T Nzu 1 Njiu—1 ¢Nii,
¢(J)\{T|T (h) = Z Z <H m(§UIN,/§uN,iu))>
io=1

=1 \u 122 1wu 1m(€u—1a u

x “Len (&0, e)  (12)
where h is a bounded measurable function on XZ+! and

N
N EN Y (13)
i=1

The estimator of the fixed interval smoothing distribution qbé\fT‘T might seem impractical

since the cardinality of its support is N7 1. Nevertheless, the FFBS algorithm might
be used to compute the fixed interval smoothing distributions of additive functionals of
the form () In addition, perhaps surprisingly, as shown in [E], FFBS estimator of an
additive functional can be computed forward in time.

Let {R¢}¢>1 be the family of Markov kernels on X x B(X)®(+1) defined, for any
t > 1, any 2; € X and any measurable function h on X**!, by

Ri(ze, h) = /B¢t71 (wy,dzi—1) ... By (21, dz0) R(20:t) -

For any ¢ > 1, by definition of the joint smoothing distribution ¢g.¢; we have, for any
measurable function h defined on X+, ¢,Ry(h) = ¢o.4¢(h). For an additive functional
St of the form ([l), the function R (-, St) can be computed forward in time as follows

Ry (zr, St) = /Bd,p1 (xr,dzr_1)...Bg, (x1,dx0) ST(T0:7)
= /B¢T71 (xr,dzr—1)...Bg, (x1,dzo) ST—1(T0:7-1)
+/B¢T,1 (xr,dzr—1) hr(zr—1,27)
= /B¢T,1 (xp,dxr—_1)Rp—1(zr-1,S7-1)

+/B¢T71 (zr,dzp_1) hr(zr—1,27)



The particle approximation of this forward recursion may be computed by replacing
¢7—_1 in the last equation by its particle approximation ¢ . For any 1 <i < N,

N N,i

i wy. m(fT wér)
RY (&7, Sr) = = ;
! J; Yol wramlEnt, &)

[RT 1(§T 1vST 1)+hT(§T 1 Tz) ;

and then, the forward-backward recursion defined by (E) can be computed in forward
direction only.

Example 1: The Fisher score Going back to equation () the computation of the
Fisher score relies on an additive function of the form @ where for any 1 <t < T,
hi(xi—1, 1) = Vologme(zi—1,x¢)+ Ve log go(xs, Yz), leading to Algorithm [I|. This algo-

Algorithm 1 Computation of the Fisher score

Require: Parameter 6 and observations Yy.7
Ensure: Estimate of the Fisher score V(N (Yy.r, 0)
INITIALIZATION
Simulate (£)",wg"")Y., under 6
For all 1 <7 < N, compute

RY (€%, 50) = Vglog ge(€y", Yo)

FORWARD RECURSION
fort=1to T do
Simulate (&7, w;"")Y | under 6
For all 1 <i¢ < N, compute

RN(gN,i S)*ZN W 17”0(§t 15 ST Z)
t t ’
= 12@ 1Wi— 1m0(§t 1v§t )

% [RYL(EX, Si1) + Vo logma(64,€7) + Vo log go (€, ¥3)|

end for

Set
N N,i

w l
VolN (Yor,0) = QT Ry (&2, S1)
T

i=1

rithm is exactly the one presented in [B] as an alternative to the use of the genealogical
tree method. Therefore, the results outlined in Section Pl hold for this method and
confirm the conjecture mentioned in [[I]



Example 2: The EM algorithm In the same way equation (E) can be under-
stood as an instance of the same problem where for any 1 < t < T, hy(xi—1,2¢) =
logme(zi—1,2¢) + log go (24, Yz), leading to Algorithm E

Algorithm 2 Computation of the intermediate quantity of the EM algorithm

Require: Parameters 6 and 6’ and observations Yy.1
Ensure: Estimate of the intermediate quantity Q™ (6, 6")
INITIALIZATION
Simulate (£)",wg )Y, under ¢’
For all 1 <7 < N, compute

Ry (&, So) = log ga (&) Yo)

FORWARD RECURSION
fort=1to T do
Simulate (&7, w;")N | under ¢’
For all 1 <¢ < N, compute

N,i al Wivimf)/(gt 15 JZYZ)
RY (&Y, 80 =
= 12@ 1 Wi 1m0/(§t 17§t )

% [R5, Sim1) + logmo (€7, €7 + log 9o (€1, Y3)|

end for
Set

NN
Z TN ", Sr)
T

i—1

2.2 The forward filtering backward simulation algorithm

The FFBS algorithm both in the forward and backward interpretations outlined in
Subsection gives an approximation of smoothed additive functionals with a compu-
tational cost growing quadratically with the number N of particles. In many instances
this complexity is prohibitive and the FFBS algorithm cannot be used. However, the es-
timator ) may be understood alternatively by noting that the normalized smoothing
weights define a probability distribution on the set {1,..., N}T*! of trajectories asso-
ciated with an inhomogeneous Markov chain. This interpretation leads to an algorithm
whose complexity grows only linearly with the number of particles but the backward
pass cannot be bypassed. Indeed, consider, for ¢ € {0,...,T—1}, the Markov transition
matrix {AY(i,7)}};—, over the state-space {1,..., N} given by

A o @ "
t Z?] = A ) Z7j PRI ] .
22:1 WtNlm(‘EtN’évftN#l)

For 1 <t < T, we define

N o (Yo, (€07 @) )0<s <1 <i <N} | (15)

The transition probabilities defined in (@) induce an inhomogeneous Markov chain
{J.}T_, evolving backward in time as follows. At time 7', the random index Jr is drawn



from the set {1,..., N} such that Jp takes the value i with a probability proportional
to w]TV’Z. For any time 0 < t < T — 1 the index J; is sampled in the set {1,..., N}
according to AN (Jy41,). The joint distribution of Jo.r is therefore given by, for jo.r €
{1,...,N}T+L,
N wp T N

P [Jo:r = jo.r |[F7 | = W/\TA(JT,JT—H - Ag (1 do) - (16)
Thus, and this is a key observation, the FFBS estimator (@) of the joint smoothing
distribution may be written as the conditional expectation

Wy () = E [ h (77, 687 ) | Y] (17)

where h is a bounded measurable function on X7+, We may therefore construct an
unbiased estimator of the FFBS estimator given by

N

- _ N,JE N,J:

(b(Z)VT\T(h):N 1Zh(§0 0)'-'5 T T) ) (18)
=1

where {J¢.}), are N paths drawn independently given F2 according to ([Ld) and
where A is a bounded measurable function on X7 1. This practical estimator was intro-
duced in [E] (Algorithm 1, p. 158). The computational complexity for sampling a single
path of Jo.r is linear in the number of particles; therefore, the overall computational
effort spent when estimating ¢é\:[T|T using the FFBSi sampler grows with N2. Following
[E] this complexity can be reduced so that it grows only linearly with N using a specific
form of acceptance-rejection method.

3 Main results

In this Section, the L,-mean error bounds and exponential deviation inequalities of the
FFBS and FFBSi algorithms are established for additive functionals under the following
assumptions.

(A1) (i) Forallt >0 and all z € X, g;(x) > 0.

(ii) sup|gi|eo < 00, sUP|¥i|oo < 00 and sup|wy|ec < 0o where
>0 t>1 >0

;y def m(xz,2")ge (")
@)go(@), wi(z, o) = Vi (x)pe(, 2) =t

def dx

wo(z) B dpo

(A2) (i) |m|oo < 00 and sup|pt|eo < 0.
t>0

(A3) (i) There exists (o_,04) € (0,00)? such that o_ < o and for any (z,2') € X?,
o_ <m(x,2') <oy.
(ii) There exists c— € R% such that [ x(dz)go(z) > c_ and for any t € N*,
infyex [(M(z,da’)gi(a') > c—.

The last assumption, referred to as the strong mixing condition, is crucial to de-
rive time-uniform exponential deviation inequalities and a time-uniform bound of the
variance of the marginal smoothing distribution (see [ and [ff)).

For all function h from a space E to R, osc(h) is defined by:

osc(h) & sup |h(z) — h(Z)] .
(z,2")€EE?



For sake of simplicity, our results are established for additive functionals of the form

T

St(zo.r) = th(l't) ; (19)
t=0
where {h;;0 <t < T} is a family of bounded measurable functions on X. Note that

St being defined in (1), osc(S7) < ZtT:o osc(h:). In the sequel C' denotes a constant
whose value may change upon each appearance.

Theorem 1. Assume Aﬂﬂ Then, for all ¢ > 2, there exists a constant C (depending
only on q, o—, o4, c—, sup|¥¢|eo and suplw,|eo) such that for all T < oo and for all
t>1 >0

additive functional St ofithe form (E), the Lqy-mean error of the FFBS algorithms
satisfies:

T+1 T+1
H(bé\:rT\T (57) — ¢0:T|T(ST)Hq < C’Orélﬂng {osc(ht)} (, / % + %) _

The result provided in Theorem ﬂ can be extended to the FFBSi algorithm:

Corollary 1. Under the assumptions of Theorem E, the Ly-mean error of the FFBSi

algorithm satisfies:
IT+1 T+1
< L T
a CogltE%XT {osc(he)} < N TN ) ’

The proofs of these results are postponed to Section E We provide below a brief
outline of the main steps. Following [@, the proofs rely on a decomposition of the
smoothing error. For all 0 < ¢ < T and all bounded and measurable function h on
XT+1 define the kernel Ly 7 : Xt x B(X)®T+1 — [0, 1] by

H¢0:T|T (ST) - (Ab'(])\:[T\T (ST)

where St is defined in ([19).

T
Lt,Th(zO:gd:ef/.--/ [T Mzur,dza)g(zu, y)h(zor) . (20)

u=t+1

The joint smoothing distribution may then be expressed, for all bounded and measurable
function h on X7+, by
ot [Le, 7]

Goutye [Le, 7]

and this suggests to decompose the smoothing error as follows

(bO:T\T(h)

AN € 67 (B) = dourir (R) (21)

_ a ¢(])\:[t\t [Li7h] (b(])\:[tfl\tfl [Li—17h]
[

- N Y )
=0 ¢0:t\t Lthl] ¢0:t—1\t—1 [Lt*LTl]

where we used the convention

9011 Larh] g [Lorh) 0.7 (h)
¢é\{71‘,1 [L—I,Tl] b0 [LO,Tl] 0:T|T .




Furthermore, for all 0 <t < T,

Q%\:[t\t [Le,rh] = /"'/(bé\;]tn(dwO:t)Lt,Th(-TO:t)

[ [ o @By (ondais) By (o1, dao)Lurh(aos)

— [ o e tiipht)
where £, and L, 1 are two kernels on X x B(X)®(T+1) defined for all z; € X by
Loah(z) % / . / By, . (21, dwi_1) - - By (21, dzo)Le rh(zox) (22)
£ph(r) < / . / Byy (26, dwe 1)+ Byy (o1, deo)Lorh(zon) . (23)

For all 1 <t < T we can write

¢(J)\:[t\t[Lthh] B d)(])\:[t—1|t—1[Lt*11Th] _ ¢£v[££\,fTh] B ¢££1[£’££1,Th]
¢(])\{t\t[Lt7T1] ¢(])\{t71|t71[Lt—1,T1] Qﬁév[ﬁi\le] ¢1€\£1[££1,T1]

1 (biv—l[‘czztv—lTh] Ni{pN
= ————— | NN h]) - ———— N[N 1]
TR ( TS TR
and then,
1N £ N
TN o G h(E™) o

A7 [h] = N Nt Ny
; Ny wy  Lerl(§)
with GP'p. is a kernel on X x B(X)®(T+1) defined, for all z; € X and all bounded and
measurable function k on X7 +!, by

¢iv—1 [EiV—LTh]

GNph(ar) € Lph(xy) — ot
t, T (:Ct) t, T (‘Tt) ¢£1[££17T1]

El{YT]‘(‘Tt) .

Two families of random variables (Ct]YT(f))OStST and (Di\,[T(f))OStST are now in-
troduced to transform (@) into a suitable decomposition to compute an upper bound
for the L,-mean error. The idea is to replace N~! Zé\]:l wiv’eﬁtyTl(fiv’e) in (24) by
its conditional expectation given ¥, to get a martingale difference (provided that
w) ’1G£YT (€YY is centered given F{,). This conditional expectation is computed
using the following intermediate result. For all measurable function h on X and all
0<t<T,

o (Mgih)

[ (g™ | AL = o (25)
t—

10



Indeed,
E [ (el A

NN N N1
m(§ " 56 )96 )
N,IN N,INt ,
9oy Py &)

=E &\ FY

N, x)ge T
<Zw 1916 ffﬁ)) Z/Wt 1191: EtN; pt(&tNi’ )19M((£t-1’d )g ( )h(x)

65\2;)1715(55\2;) w)

- (Sarinen) ¥ [t annne
_ ¢t—1 (Mgih)
AR

This result, applied with the function h = £; 71, yields

¢z]sv—1 (Mgtﬁt,Tl) _ ¢iv—1 (Etfl,Tl)
ARCY) ¢4 (D)

For any 0 < t < T, define for all bounded and measurable function h on X7+,

E o Lot FY | =

B N N
oy 25 [u By | s S ST
= d)tl— —1% NéGévTh(gtNe)
ol () TLortle
N (h) % 1 S (1)
NTEL Nz% O (\%,7;17:0)
GNrh(&")

Nl NZ ) 2
< Z Tooie 2D

And then (@) is rewritten :

T T

AT [h] = Z Dz{YT(h) + Z Ct]YT(h) . (28)

t=0 t=0

For any q > 2, the derivation of the upper bound relies on the triangle inequality:

s

T
)| +2_lek s, (29)
t=0

where St is defined in ). The proof is completed by using Proposition m and Propo-
sition E According to (RY), the smoothing error can be decomposed into a sum of two
terms which are considered separately. The first one is a martingale whose L,-mean
error is upper-bounded by /(T + 1) /N as shown in Proposition []. The second one is
a sum of products, Ly-norm of which being bounded by 1/N in Proposition E

11



The end of this section is devoted to the exponential deviation inequality for the
error A¥[S7]. We use the decomposition of A¥[S7] obtained in (R§) leading to a
similar dependence on the ratio (T' 4 1)/N. The martingale term D}V, (St) is dealt
with using the Azuma-Hoeffding inequality while the term C’tJYT (ST) needs a specific
Hoeffding-type inequality for ratio of random variables.

Theorem 2. Assume Aﬂﬂ Then, there exists a constant C' (depending only on o_,
o4, c—, sup|Vt|ee and sup|w;|ec) such that for all T < oo, all additive functional St of
t>1 >0

the form @), all N > 1 and for all e > 0:

CN¢?
P . St) — o) St)| >er <2exp | —
{‘%'TlT( 7) 0T ( T)’ } o P max {OSC(ht)}2 (r'+1)
0<t<T
+8exp | — ONe
Joax {osc(ht)} (T + 1)

The extension of this theorem to the FFBSi algorithm is given in the following
corollary.

Corollary 2. Under the assumptions of Theorem @, there exists a constant C' (depend-
ing only on o_, oy, c—, sup|¥¢|e and suplw,|so Jsuch that for all T < oo, all additive
t>1 t>0

functional St of the form (E), all N > 1 and for all e > 0:

- CN¢g?
P . St) — oY, St)| >er <dexp | —
{‘%'TlT( 7) P07 ( T)‘ } o P max {OSC(ht)}2 (r'+1)
0<t<T
+ 8exp | — CNe
Joax {osc(h))} (T + 1)

4 Monte-Carlo Experiments

In this section, the performance of the FFBSi algorithm is evaluated through simulations
and compared to the so-called genealogical tree method. The main application of the
estimation of smoothed additive functionals is the parameter estimation in non-linear
and non-gaussian state-space model; see [@, @] for an overview of such methods.

4.1 Linear gaussian model

Let us consider the following model:

X1 =Xy +o,Us,
Y: =Xt +o Vi,
where Xo ~ N (0, 1%23)—2), (Ut)e>0 and (V3)i>0 are two sequences of independent and

identically distributed standard gaussian random variables (which are independent from
Xo). The parameters (¢, 0,,0,) are assumed to be known. In Figure m the FFBSi
algorithm is compared to the path-space method to compute the smoothed value of
the empirical mean (7 + 1)~! ZtT:O E [X:|Yo.r]. Data were generated using the linear

12



gaussian model with (¢ =0.9,0, = 0.6,0, = 1). The true value of this quantity was
computed using the Kalman smoother. We display in Figure ﬂ the box and whisker
plots of the estimations obtained with 100 independent Monte Carlo experiments. The
FFBSi algorithm clearly outperforms the other method for comparable computational
costs. In Table EI, the mean CPU times of each iteration corresponding to the two
methods are given as a function of the number of particles (for 7= 500 and T' = 1000).
Note that, as shown in Figure ﬂ, the computational cost of the FFBSi algorithm grows
linearly with the number of particles. In Figure E the score is computed under the same
model with (¢ =0.9,0, = 0.6,0, = 1). Using the Fisher identity, the score (gradient
of the log-likelihood) can be expressed as the conditional expectation of the gradient of
the logarithm of the complete data likelihood given all the observations up to time 7:

T
0 1
90 log p(Yo.r) = *1_;252 + 5k $X5 + ZXtA(Xt — ¢Xi1)|Yor
u t=1
T
0 T+1 1
552 logp(Yor) = ———= + o3 E (1 - ) X3+ (Xe — 6Xi-1)*|Yor
U u u =1
9 T+1 1 _ [« )
952 logp(Yo.r) = — 552 T @E Z(Yt - Xo)*|Yor
v v v =0

The box and whisker plots obtained with 100 independent Monte Carlo experiments
give the same results as in the previous case.

T
oF ]
i -
-0.05[ —]
' True value = —0.0469
_Oll,
-0.15¢ ! ‘ ‘ ‘
Genealogical tree  Genealogical tree  Genealogical tree FFBSi
N =500 N = 5000 N = 10000 N =500
0.45f - b
0.4r { i | : ] e T
True value = 0.3983
0.35¢ —— . . . b
Genealogical tree  Genealogical tree  Genealogical tree FFBSi

N = 1000 N = 10000 N = 20000 N = 1000

Figure 1: Computation of smoothed additive functionals in a linear gaussian model.
The variance of the estimation given by the FFBSi algorithm is the smallest one in both
cases. The first figure corresponds to the case T'= 500 and the second to 7" = 1000.
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T =500 FFBSi

Path-space method

N 500
CPU time (s)  4.87

500 5000 10000
0.24 247  4.65

T = 1000 FFBSi

Path-space method

N 1000
CPU time (s)  16.5

1000 10000 20000
0.9 8.5 17.2

Table 1: Average CPU time to compute the smoothed value of the empirical mean in

the LGM
:
_80— i -
i — |
-100F ; i : —
-110r B
i ‘ ‘ ‘
Genealogical tree  Genealogical tree  Genealogical tree FFBSi
N ="1000 N = 10000 N = 15000 N = 1000
-50F 1 i

100} =]

-150p . 1
| I I I
Genealogical tree  Genealogical tree  Genealogical tree FFBSi
N = 1000 N = 10000 N = 15000 N = 1000
1000F  —— ]
500f 3 ; 1
or i
\ |
-500¢ : 3 ‘ 1
| | I I
Genealogical tree  Genealogical tree  Genealogical tree FFBSi
N = 1000 N = 10000 N = 15000 N = 1000

Figure 2: Computation of the score using the Fisher identity, 7" = 1000. These plots
correspond to the partial derivatives with respect to ¢, o, and o,.

4.2 Stochastic Volatility Model

Stochastic volatility models (SVM) have been introduced to provide better ways of
modeling financial time series data than ARCH/GARCH models ([Rd]). Despite its
apparent simplicity, parameter inference for this model proved to be challenging (see



[R5 and references therein) and we focus on estimating the parameter 0 def (p,0,8) €©
characterizing the following SVM:

Xig1=0X¢ +0Upqq
Xt
Y =Be=V,,

where Xg ~ N (0, %), U; and V; are independent standard gaussian random vari-

ables, and © ef (—1,1) x (0, 00) x (0,00). The unknown parameter §* can be recursively

estimated according to the EM algorithm by a sequence (6,,),>0 defined by:

Ont1 = argmaxycgEj [logpe (Xo:r, Yo.r)|Yor| -

In this particular case, the sequence (én)nZO can be computed by using the following
updating formulas:

sy = ZtT:;EEfn [Xi—1X¢|Yo.r]
-0 B4, [X?|Yo.r]

Orp1 = % (Zthl Eg, [X?|Yor] + G241 S Es (X2, |[Yor] (30)
_2¢§"+1 Zthl Eén [Xt—lXt|YO:T]) ;

i YPE;, [oxp (~X0)[Your] -

A 1
2 —
Bn+1_T+1

This algorithm has been applied to foreign exchange data (EUR/USD) over the last five
years. EUR/USD daily spot and returns (detrended according to [R]) are plotted in
figure .

a1

1.

16

1.4

1.2

b 200 400 600 800 1000 1200 200 400 600 800 1000 1200

Figure 3: Daily spot (left) and daily detrended returns (right). EUR/USD data for the
period 16/11/2005-16/11/2010

The path-space method and the FFBSi algorithm are used to approximate the con-
ditional expectations of ) with different numbers of particles N. The convergence of
this EM algorithm is shown in Figures ], J and . The number of particles has been cho-
sen to be equal to the number of observations for the FFBSi algorithm, i.e. N = 1300.
In order to make a fair comparison, the number of particles for the path-space method is
such that the CPU time is almost the same (see Table fl), i.e. N = 20000. For the same
CPU time, the FFBSi algorithm leads to better results in the sense that the variance
of the estimator is lower than the one obtained with the path-space method. This can
be seen through the smoother convergence of the EM algorithm when using the FFBSi
rather than the path-space method.
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FFBSi Path-space method

N 1300 1300 20000
CPU time (s) 27 1.6 23

Table 2: Average CPU time for one EM iteration in the SVM

- - -FFBSi (N=1300)
0.2 — Path—space method (N=1300) |
' —— Path—-space method (N=20000)

O0 50 100 150 200 25C
1
0.99
0.98
0.97
- - -FFBSi (N=1300)
0.96- — Path—space method (N=1300)
— Path—-space method (N=20000)
0.95

100 150 200 250

Figure 4: Estimation of ¢ with 7"= 1270 in the SVM. EM iterations from 0 to 250 and
zoom on EM iterations from 80 to 250.
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-~ ~FFBSi (N=1300)
—— Path—space methode (N=13
—— Path—space method (N=200

0.6

0.4

0.2

0 50 100 150 200 25C
0.2

-~ -FFBSi (N=1300)
—— Path—space method (N=130

0.18 —— Path—space method (N=200

Oy
~

0)

0.16- J

0.14- ) 1

0.12- 1

0.

00 150 200 250

Figure 5: Estimation of o with 7" = 1270 in the SVM. EM iterations from 0 to 250 and
zoom on EM iterations from 100 to 250.

0.7 ‘ ;
- - -FFBSi (N=1300)
— Path—-space method (N=1300)
0.65 | — Path—space method (N=20000) ]

0.6

0.55

0

.5 1 1 1
0 50 100 150 200 250

Figure 6: Estimation of § with 7" = 1270 in the SVM.
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Finally, Figure E outlines the linear complexity in the number of particles. It dis-
plays the empirical average CPU time needed to perform the FFBSi algorithm over 500
simulations for each number of particles in a stochastic volatility model with time hori-
zon T = 1. Compared to the quadratic complexity of the classic FFBS algorithm, this
will allow us to compute conditional expectations of additive functionals of the hidden
states using a large number of particles.

159

Measured CPU time
— — Lnear regression (R2=0.94) -

CPU time (s)

05 1

Number of particles

0 2500 5000 7500 10000

Figure 7: Computational cost

5 Proof of Theorem [] and Corollary

We preface the proof of Propositionﬂl by the following Lemma:
Lemma 1. Under assumptions Aﬂﬁ, we have, for anyt > 0:

weGlrSr6™)

(i) The random variables <wt ys) ) are, for all N € N:
L7l 1<6<N

(a) conditionally independent and identically distributed given Fi, ,
(b) centered conditionally to F{~ , ,
(¢) bounded:

GRrSr(&™)| _ 200 —o
|C 710 - o_ Orél?gXT {osc(he)} - (31)
(ii) For all x € X, Lyrllz) > 7= and Liorrl(@) >c =
|Lirlloe — 04 |Le, 7100 oy

Proof. Proof of (i) (a) and (b) are directly given by B, Lemma 3]. Define I, the
operator from F3(X) to F,(XT+1) by

Y(xo,...,x7) € XTI+, s rh(xo.1) o h(zs) .

Using this notation we may write St = ZZ:O II; rhs and GiYTST = ZZ:O GirILs 7hs.
Furthermore, [E, Lemma 10] shows that

|G£YTHS,ThS|OO < plt=slosc(ho)|Ltr1]oe , V(s,t) €{0,...,T}?,

18



where p =1 — o_/o. Consequently,

T T
|GéYTST‘OO < Z |Gt7THS,ThS|oo < Zp‘tis‘osc(hs)wt,THoo )
s=0 s=0

which implies that, for all 7" € N and all N € N,

GNpSt

1+p
max {osc(h ,
|£t,T1|oo N { ( t)}

1 —po<e<T

which shows (c).
Proof of (i) From the definition (PJ), for all z € X and all t € {1,...,T},

EtTl /m X -Tt+1)gt+1 $t+1 H M $u ladwu)gu(wu))\(dxt—i-l)
u=t+2

hence, by assumption AE,

ILerl] o <ot [ g1 (1) Logpr, 7L (@ep1)N(dTig1)

Lirl(x) >0 | grp1(xes1)Lorr,r1(@ep1)A(dzegr)

\\

which concludes the proof of the first statement. By construction, for any x € X and
any t € {1,...,T},

Loyl /Mx da')ge (') Lo 1 () (32)

and then, by assumption AH,

Li171(w / Ly 71(z) o_
M (z, d:c >c_— .
|£t T1|oo )|£t T1|00 04

O
Proposition 1. Assume AI}E Then, for all ¢ > 2, there exists a constant C' (depend-

ing only on q, o, o4, c—, sup|¥|eo and suplw,|) such that for all T < oo,
t>1 >0

T

S Do

t=0

T+1
< -
< Coréltzg(T {osc(ht)} , (33)

q
where D} (St) is defined in (Bd).

Proof. Since (D;} N (S7))i<T is a sequence of F}'-measurable random variables such that,
for all 0 < t < T, E[D);(S7)|FY 4] = 0, (DiVT(ST))KT is a forward martingale dif-
ference. Hence, since g > 2, Burkholder’s mequahty see E Theorem 2.10, page 23])
states the existence of a constant C' such that:

q

< CE
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Moreover, by application of the last statement of Lemma ,

¢é\£1(79t) < 0+ SUP¢>q [Ut] oo

¢N Li1,71 - o_c_ ’
t=1 \ [L: 71]00
and thus,
T 7
oL su 9 4
ZDtT(ST)2 < ( + Pt20| t|oo>
pord o_c_

q

which implies, using the Jensen inequality,

SC(T+1)%‘1XT: l

T q

5 |3 picsn)

=0

T N N 2
GorST(& )
cx |3 (3 ,
=0 =1 Ll
N,¢
1 Z N er]sVTST( )
|£t,T1|oo
. . NgG ST( ) ..
Since for any ¢ > 0 the random variables | w; 7| Cord] are conditionally
t,TL|co
’ 1<0<N

independent and centered conditionally to 77, using again the Burkholder and the
Jensen inequalities we obtain

N 4 N N N,y |4
G ST( ) G TST( t )
B || w2l e | < onazmt SR |V ) g
ezzl t |£t,T1|oo t—1 ézzl t |£t,T1|oo t—1
< q nrq/2
< Cogltang {osc(hy) }E NY= |
where the last inequality comes from the first statement of Lemma . O

Proposition 2. Assume AE«B Then, for all ¢ > 2, there exists a constant C (de-
pending only on q, o_, o4, c—, sup|V¢|e and sup|w;|e) such that for all T < oo and
t>1 >0

0<t<T:

HCISZYT(ST)H < %Omax {osc(ht)} (34)

where C[Y(St) is defined in D).
Proof. According to (R7), CNp(S7) can be written

CtJYT(ST) = UtJ,VTV;:],VTWt],VT ) (35)
where

N,e
-1 NfGtTST(ﬁt )
Yl w

1L+ 71]o0
UtNT =
) N—lQ){V
N N1 Nt
_ Lyr1(7) N Ler1(E)
VN _ N1 E N,1~t, t F_ _ ) > t
. é—zl< [wt Corlle |77 7% TLrlle
W — Ny
P R [N Ler @D | £ ] 15N N Lert€N)
Wt L r1le t—1 D=1 Wi Lozl
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Using the last statement of Lemma , we get the following bound:

N,1£t,T1(‘ftN’1)

E

] Oy (Loo1.701/|Le 71 o0)
]:t—l =

w
K |£t,T1|oo (biv_l(ﬂt)
c_o_
N |19t|ooo-+
Lorl(&) | oo
Lorlle ~or
which implies
N 71\ [Yil
|Wt,T|§ - o - (36)
Then, the Cauchy-Schwarz inequality leads to
N N N
[Cir (S0, < Clloezlly, 1Virl,, - (37)
The random variables ( E wNJM F —wN’ew being con-
T e e =y

ditionally independent, centered and bounded given F7 ;, following the same steps as
in the proof of Proposition EI, there exists a constant C' (depending only on ¢, o_, o,
c— and sup|w, |~ ) such that

t>0

c
Verll, < o -

In order to handle the first norm of the RHS of (@), we use Lemmaﬁ in the appendix

14
15 a1 N | NeGYrsr(EN)
with Zy = N7' 30,0 w57

GNrsr(el)

_ Nt _
XZ,N = Wy and YZ,N = [Corlloc

By Lemma EI, E[EN‘]-}]L} = 0, |2N| <

20, —0_ 20, —0_
29+ 0 27 7 9= max {osc(hy)} %

0<t<T << o_  0<t<T
K. Using the same arguments than in the proof of Propostion EI, we have,

def
hy)} = K’ and Yin| <
lwt | oo max {osc(ht)} an 11711€z?§v| | <

2q

1/2q
E UZN }"ﬁl} < — max {osc(hy)} o

_ 4 1/4q C
EUWNWN’ q}_tNl} def

This Lemma gives

WE [|Ut,T|2q

N (kK)o
t—1 >~ UN Wn UN -

According to assumptions AEI and AE and to @),

N
_ ¢1{V—1 (Mg:) C_
Wy =E [ N7'S oA | =B [w 7Y, ] = > ,
; S Lot Oy (0:) T sup ||
= >0
and then o
251, =~ s foscth) )
O
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We preface the proof of Corollary by the following Lemma. We first define the

backward filtration (ggYT)te{O _____ T41) by
gYJy-i-l,T - quy )
N N 14 (39)
G =FYVo{Jl,1<t<Nit<u<T}, VO<t<T.

Lemma 2. Under assumptions AE«E, we have for all bounded measurable function h
onX, allte{l,...,N}, and all u,t, T such that 0 <t <u <T,

o [n (&) o] 2 o (67 o

where p=1—0_/o4.

Proof. According to Section P.3, for all £ € {1,..., N}, {JNV4}T_ is an mhomogeneous

]| < ot

Markov chain evolving backward in time with backward kernel {AN}TZ4. For any
0<t<u<T, wehave
NIt NIt
Bl (6")lov] ~B [ (&")]gan

N, ju
. w
= Z [ .t ]u - (A“(Jﬁelaju)lu<T + 5,1—; 1u-T>]

Jtiu W
X ANy (Gus Ju=1) - - - AL (g1, )b (gtN,jt) .

The RHS of this equation is the difference between two expectations started with two
different initial distributions. Under AE, the backward kernel satisfies the uniform
Doeblin condition,

O'_W

iy ] 1,...,N}? AYN
W63 € (NP AN ) 2 Tas

and the proof is completed by the exponential forgetting of the backward kernel (see
B B O

To compute an upper-bound for the L,-mean error of the FFBSi algorithm, we may
define the difference between the FFBS and the FFBSi estimators:

5]Tv = (Eé\:[T\T (S1) — ¢é\:[T|T (ST) - (40)

Proof of Corollary E The difference between the FFBS and the FFBSi estimators, o,
defined in ([i), can be written

M( U)o [ (&) |
S (0 Y] ()

u=t

ZIH
M= T[V]=

Grr]

2|H
~
ﬂ‘

1= 1M~ 11

Q»N,e

u ?

I
==
WE

~
I

1 u=0

where ¢N-¢ 4 ZE [ht ( NI )

3 o] o (2 ]

For all £ € {1,...,N} and all w € {0,...,T}, the random variable ¢ is g{jT-
measurable and E [C;V’f]gjjﬂj} = 0 so that ¢/ can be seen as the increment of a
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backward martingale. Hence, since ¢ > 2, using the Burkholder inequality (see [[LY,
Theorem 2.10, page 23]) and the Jensen inequality, there exists a constant C' (depend-
ing only on ¢, o, o4, c—, sup|¥¢|s and sup|w,|o) such that:

t>1 >0

T N q

RO

. N 2| %
<CNTE [|> < cé”)
(=1
N

T
<SONTI(T+ 1) R l >t

£=1

] . (41)

Then, since the random variables (¢ 75)56{1,_” ~y are conditionally independent and
centered conditionally to G +1,7» using the Burkholder inequality once again implies:

u=0

q

N

E u+1,T

N
< ON/2-1 ZE [’Ci\/,z‘q
(=1

M) - (42)

N
S
=1
Furthermore, according to Lemma E,
u N2 N,¢
[SEESS ]E (e (€77 ) o] =B [ (£777)
t=0

u

< Zpu_tosc(ht) < Z* max {osc(ht)} . (43)

o_ 0<t<T
t=0 -

Putting (1)), (1) and () together leads to

N
u+1,T

T+1
H(%YHq < c N O%iXT{OSC(ht)} )

and the announced result is derived from the triangle inequality:

[é0ir (1) = dimpr (5| < AR IS, +I15%, -

6 Proof of Theorem B and Corollary

We preface the proof of the Theorem by showing that the martingale term of the error
AN[S7] satisfies an exponential deviation inequality in the following Proposition.

Proposition 3. Assume Aﬂﬂ Then there exists a constant C' (depending only on o_,
o4, c—, sup|¥¢|se and sup|w,|e) such that for all T < oo, all N > 1 and for all € > 0,
t>1 t>0

"

where DiYT(ST) is defined in (PQ).

CNe¢?

Joax {osc(he)}* (T + 1)

> Dir(Sr) ; (44)
t=0

>€} <2exp | —
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Proof. According to the definition of DiYT(ST) given in (R4), we can write
T N(T+1)
> Dir(St)= > TV
=0 k=1

where forall 0 < ¢t <T and 1 </ < N, T%Hé is defined by

O 1 (V¢) N1 N Gg\,[TST(‘EtN’Z)

_ P1\U) -1 N ZETTTNE
o | (L=rrl ‘ ILe71l]oe
t=1 \ [L¢,71]c0 ’

T%He =
and is bounded by (see Lemma EI)
‘T%He’ < CN_logl%XT {osc(hs)} .

Furthermore, we define the filtration (H,]CV )
by:

1SkSN(T+1),foraHO§t§Tandl§€§N,

H%tw :ft]\ilva{(wt]\[’iaft]\[’i) )1 Siﬁf} )
with the convention F%, = o(Yp.r). Then, according to Lemma EI, (Tk)1§k§N(T+1) is

martingale increment for the filtration # and the Azuma-Hoeffding inequality completes
the proof. O

Proposition 4. Assume Aﬂﬁ Then there exists a constant C' (depending only on o_,
o4, c—, sup|V¢|eo and sup|w;|eo) such that for all T < oo, all N > 1 and for all € > 0,
t>1 t>0

T
P { > i (Sr)
t=0

where Ct]YT(ST) is defined in (7).

CNe

Joax {osc(h)} (T +1) | ~

(45)

>€} <8exp | —

Proof. In order to apply Lemma E in the appendix, we first need to find a exponential
deviation inequality for Ct]YT(ST) which is done by using the decomposition Ct]YT(ST) =
UM VN WL given in (BY). First, the ratio Ul is dealt with through Lemma ] in the
appendix by defining

def .,
an =N WV GN S (6 ) Lk

o EN S

def
b iE[w%Ifﬁl] = ¢z]sv—1 [M g4] /(bz{\il(ﬁt) )
B =Ze /9o -

Assumption Af|shows that b > 8 and Lemma [ (i) shows that |ay /bn| < 2ZE="=0sc(h).

Therefore, Condition (I) of Lemma [ is satisfied. The bounds 0 < w} < |w;|s and the
Hoeffding inequality lead to
]

2Ne?
< 2Zexp Tl )

Pllby —b| >c] =E >

N
P HN > (@ — Bl FL)
=1
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establishing Condition (II) in Lemma ] Finally, Lemma [[ (i) and the Hoeffding in-
equality imply that
]
Ne?

2
2lwe|2, (M) max {osc(h)}’

7- 0<t<

IP’[|aN|25]:E[IP > ¢

N
NS WM GN S (6 /1L oo
/=1

<2exp | —

Lemma E therefore yields

Ne?

2
oA {osc(hs)}

IP’{‘Ut{VT’ > 5} <2exp | -C

Then Vt ' is dealt with by using again the Hoeffding inequality and the bounds 0 <

N Lor1(E) )<|wt|00
]:tl‘| ZE]

t ‘l:t Tl‘
Li71(w ’Z) L 1(§N’1)
-1 N, ¢ ~t,T t N,1~t,T t N N
E 2 ) g VA S e 3
H ( |£t T1|oo [ ¢ |£t,T1|oo | =1 =1

< 2exp (—CN€2) .

12 NeLyTl (& ) [@Nlﬁﬂl(égﬂ)

|L:,71]o0 [L:71 o0

> €

Finally, Wt{VT has been shown in () to be bounded by a constant depending only on
o_, 04, c—, sup|¥i|s and suplw;|ec: [WP| < C so that
t>1 t>0 ’

P{|Cir(9r)| > e} < P{|UTVilx| > e/C}

{’UtT‘ > \/5 max {osc(ht)}/C} —l—IP’{’Vt 7| > \/E/CogltiXT{OSC(ht)}}

<doxp | -—CNe
- Joax {osc(h:)}
The proof is finally completed by applying Lemmaﬁ with
CN
X, = CNA(S A=4, B=———— =1/2.
t t,T( T) ) s max {OSC(ht)} y /

0<t<T

Proof of Theorem E The result is obtained by writing

o)
g

and using ([14) and([t). O

T

D a

P {|A¥[S7]| >5}<IP’{
t=0

T

> D

t=0

St) >€/2} ., (46)
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Proof of Corollary E We recall the decomposition used in the proof of Corollary EI:
LT
¢
CRED B
=1 u=0
Since (¢)V*) teq1,..Ny A€ gij measurable and centered conditionally to QZLVJFLT using

the same steps as in the proof of Proposition E, we get

e20_N

20, (T + 1)013?4<XT {osc(h)}?

IP{‘(SZTV’>5}§2eXp — (47)

The proof is finally completed by writing ¢o.j7 (St) — (ES{T‘T (S7) = AN[Sr] + 6% and
by using Theorem E O

A Technical results

Lemma 3. Let N € N*, ¢ > 2 and (X¢)eqr,...ny and (Ye)ieqr,...Ny two sequences of
random variables. Define Zn = N1 Zévzl XenYen, Wy = N1 Eévzl Xin, Zn =
E {EN} and Wy = E {WN} Assume that Zn = 0 and that there exist some constants

‘Z\NH <won, |[Wn —Wn
2q

K, K" andvy and vy (depending only on N ) such that ‘ <
4q
vy, max |Yyn| < K and ‘ZN’ <K', then

1<e<N

Iy

—

W

Wi

1
<uwun + (—K’-ﬁ-K) ’U?V .
W
2q
Proof. We use 1, Lemma 1] to establish that, for any 0 < o < 1,
Z
Wiy | =
W

| |WN _ /W\Nll—i-a

. |2N| _
<1z —‘W W \ Y,
<|Zn|+ W VN N +12142%XN| "N TG

By using this inequality with e = 0 and the Hélder inequality,

ZN

W

W

~ 1 ~ —~
<2, + g 2], [ =]
2% 2q WN 4q 4q

max |Yen| Wy — Wy

1<<N

+

2q

Hence

1 _
< R Y .
_UN+WNK vNJrH11<neag(N| LN W — W]

2q 2q

1
< — K'vly + K}
_UNJrWN vy + KUy,

as HWN—WNH gHWNfWNH < vl O
2q 4q

Lemma 4. Assume that ay, by, and b are random variables defined on the same
probability space such that there exist positive constants B, B, C, and M satisfying
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(1) lan/bn| < M, P-a.s. and b > 3, P-a.s.,
(IT) For all e >0 and all N > 1, P[|by —b| > €] < Be=CNe

(III) For all ¢ >0 and all N > 1, P[lay| > €] < Be ON(/M)*,

(il =ron(ov(5) )

Proof. See [B, Lemma 4]. O

Then,

Lemma 5. For T >0, let (X;)o<i<r be (T'+ 1) random variables. Assume that there
exist two constants A > 1 and B > 0 such that for all 0 <t < T and all e > 0

P{|X,| > ¢} < Ae= B¢ .

Then, for all 0 < v < 1 and all € > 0, we have

"

Proof. By the Bienayme-Tchebychev inequality, we have

T
P{ >5} P{exp tH >67B€/(T+1)}
t=0

T

S

t=0

ool oA By
<7

S

T
—yBe/(T+1) B

< VB E |exp TT1 ;XtH. (48)
It remains to bound the expectation in the RHS of @ . First, by a convexity
inequality,

T o T g
Byt
E — X = —F X

T
<1+ E[|X|?
Z T+1 ; K

Moreover, for ¢ > 1, E [| X;]|?] can be bounded by

0o 0o v Ag!
E[|X.| = / P{|X,| > eY/7}de < A / e P e = 20
0 0 B
Finally,
T o]
B A
E — X <A 4= —
[exp T+1 ; t = ;7 11—~
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