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Abstract

Let W denote a family of probability distributions with parameter space I', and W¢ be a subfamily of W depending
on a mapping G : © — I'. Extremum estimations of the parameter vector 9 € © are considered. Some sufficient
conditions are presented to ensure the uniqueness with probability one. As important applications, the maximum
likelihood estimation in curved exponential families and nonlinear regression models with independent disturbances
as well as the maximum likelihood estimation of the location and scale parameters of Gumbel distributions are
treated.

KEYWORDS: Extremum estimation, Sard’s theorem, nonlinear regression, curved exponential families, Gumbel
distributions.
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1 Introduction

Extremum estimation designates a principle often used for estimating unknown parameters: Starting from data
those parameter vectors are selected which maximize or minimize a certain function defined over the parameter
space. Some estimation methods currently applied in practical situations of estimation are subsumed under the
principle of extremum estimation, for example the maximum likelihood and least squares estimation. Employing
the extremum estimation in practice causes the problem to choose some parameter vector if the related maximation
(or minimation) problem has more than one solution. Under general conditions the question of the uniqueness
of extremum estimation seems to be still open. A known result of some special cases was presented by Pazman

(cf. [8]). He showed that in some curved exponential families the maximum likelihood method has at most one
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solution with probability one.

The present paper is an attempt to generalize the result of Pazman to a greater variety of applications, with respect
to the extremum estimation.

Since there is no essential difference between maximation and minimization, we shall restrict ourselves to estimation
that maximizes a certain function which is dependent on the parameters. After introducing some general notations
we shall present in section 3 our main result. We shall deal with the estimation of parameter vectors of distributions
which are dominated by Lebesgue measures. The fundamental idea is to employ Sard’s theorem to ensure that
almost surely the estimation has at most one solution, adapting the line of reasoning that Pazman followed in the
above mentioned paper. It may be simplified when considering uniqueness of nonlinear least squares estimation.
So the reader is referred to Pazman’s monograph on nonlinear regression (cf. [9]) to get a first idea.

The main result of the paper relies on the assumption that for almost every observation from the sample space
the respective objective function has only non degenerated critical points. In section 4 this assumption will be
replaced by some conditions to restate the main result. The obtained criteria to ensure uniqueness of extremum
estimation almost surely will be applied to the maximum likelihood estimation in nonlinear regression models
with independent disturbances (section 5) as well as curved exponential families (section 6), and also to maximum
likelihood estimation of the location and scale parameter of a Gumbel distribution (section 7). Appendix A provides
a crucial auxiliary result, whereas appendix B deals with the proof of the main theorem. Finally appendix C reviews

Lindel6f’s theorem and useful special versions of Sard’s theorem.

2 Notations and preliminaries

For a differentiable mapping f : H — R’ defined on an open subset H of R®, the Jacobian of f at x will be denoted
by J(f), its rank will be symbolized by rank(J,(f)). As usual f will be called a C"—mapping (r € N) if it is r
times continuously differentiable. f is said to be a C"—immersion/C" —submersion (r € N) if it is a C"—mapping
with rank(Jz(f)) = s/rank(J.(f)) =t for all z € H. If t = n, and if f is an homeomorphism from H onto the
open subset f(H) such that f : H— f(H) and its inverse f~* : f(H) — H are C"—immersions, then f is called a
C" —diffeomorphism onto f(H). The Jacobians of a C”—diffeomorphism are nonsingular. In the case of t =1 V, f
stands for the gradient of f at x, whereas VV f will be used for the Hessian of f at x if f is twice differentiable.
If V. f = 0, then we shall speak of z as a critical point, which will be called degenerated provided that VV,f is
singular.

For m € Ng and r» € N a subset A C R? is called a m—dimensional C"—submanifold of R?® if for any = € A there
exists a C" —diffeomorphism f from an open neighbourhood U of z in R® onto the open subset f(U) of R® such
that f(UNA) = f(U)N{(z1,....,2s) € R® | Zmg1 = ... = x5 = 0} (cf. [1], Definition 2.1.1). Note that in view



of Lindeldf’s theorem (cf. appendix C, Proposition C.2) a 0—dimensional C"—submanifold of R® is an at most
countable set. If g : U — R’ denotes a C"—submersion from an open subset U of R® into R?, then we know by the
regular value theorem (cf. [4], p.14 or p.22, Theorem 3.2) that for each y € R’ the fibre g~ ({y}) is empty or a
(s — t)—dimensional C"—submanifold of R’.

The transpose of a vector z in a standard euclidean space or a matrix M will be indicated by ' and M’ respectively.
Furthermore the notation A’ will be employed for the Lebesgue measure on RY.

Throughout the paper we shall consider the following setting of extremum estimation: Let Y be a random vector
with measurable space (X, B(X)), where X is an open subset of R", and B(X) denotes the oc—algebra of Borel
subsets of X. We suppose that the distribution Qy of Y may be parameterized by a mapping G : © — R™, i.e.
it belongs to a familiy Wg = {Pgg) | ¥ € O} of probability distributions, which in addition we assume to be
dominated by A" | Borel(X). Of course the parameter ¥ should be identified, which implies

(2.1) G is injective.

Starting from a realisation y of the random vector Y, we are interested in estimating the (unknown) vector ¢ by
maximizing the mapping I(y;-) o G =: lg(y;-) defined by a given mapping I(-;-) : X x I' — R, where I stands for
an open subset of R™ enclosing G(©). Additionally, it will be assumed
(2.2) G(©) = |J G7(©7), where G’ denotes a C*>—~mapping defined on an open subset @’ of R/,

j=1

(2.3) 1(;-) is a C*—mapping.

3 Statement of the main result

The main result relies on the following additional assumptions.

(3.1) Under (2.2), (2.3) the set L;, consisting of all y € X such that I(y,-) o G’ has degenerated critical points, is
a A" —null set for each j € N.

(3.2) Under (2.2), (2.3) every set Ly (i,5 € N) of all y € X with Vyil(y,") o G* = 0,Vy;l(y,") o G = 0 and
Vyl(-, GH(9Y)) = Vi (-G (7)) for some (9,97) € @' x ©7,G*(9¥") # G7(¥7), is a A" —null set.

Later on we shall replace (3.1) by some sufficient conditions.

Theorem 3.1 Let the assumptions (2.1) - (2.8) be fulfilled. If the mappings G° (j € N) are C*— immersions,
and if the conditions (3.1), (8.2) are valid, then

K:={yeX|la(y;?) =la(y;9) = rglaglg(y;ﬂ) for some different 9,9 € ©} € B(X)
€

with Qy (K) =



The proof is delegated to appendix B.

In the following we try to substitute condition (3.1). Our main tool will be provided by Lemma A.1 (cf. appendix
A). Unfortunately, it can be applied directly only in the case that the dimension n of the sample space X coincides
with the dimension m of the parameter space I'. But if we are in the position to modify the maximization problem

in a suitable way we would be able to draw on Lemma A.1. We shall treat the cases n > m and m > n separately.

4 Specializations

In the case of n > m we can use Lemma A.1 if we may reduce the dimension of the sample space by the following

condition:

(4.1) There exist a C*—submersion T : X — R™ and a real-valued C?—mapping [* on T(X) x T such that
l(y;-) =1"(T(y); -) holds for arbitrary y € X.

Since T is a C'—submersion, T'(X) is an open subset of R™, and moreover, \"(T~%(B)) = 0if A™(B) = 0 (cf.

[8], Proposition A3). Then a direct application of Theorem 3.1 with Lemma A.1 leads to the following result

concerning the uniqueness of the extremum estimation of 9.

Theorem 4.1 Let the condition (4.1) as well as the assumptions (2.1) - (2.3) be valid, let the mappings G (j € N)
be C*—immersions, and let condition (3.2) be fulfilled. If there ezist some C"—diffeomorphism g from an open
subset U of R™ onto an open subset g(U) of R™ and a C*—mapping ¢ : T — R™ such that t — ¢(y) € U and
VU (L) = g(t — ¢(7)) hold for (t,v) € T(X) x I, then

K:={yeX|la(y;9) =lc(y;9) = %leaé(lG(y; 9) for some different 9,9 € ©} € B(X)
with Qy (K) = 0.

Remark 4.2 If n = m, condition (4.1) is satisfied, choosing for T  the restriction of the identity mapping on R™

to X. Therefore we may restate in this case Theorem 4.1 without condition (4.1).

Now let m > n. For reduction of the dimension of I' we want to assume:

(4.2) Under (2.2), (2.3) there exist an open subset H of X x R™ with nonvoid H, := {& € R" | (y,z) € H}
(y € X), a C>—mapping I* : H — R and a sequence (FY); of mappings F’ : A7 — R™ such that the
following properties are satisfied

a) F? is a C?>—immersion on an open subset of RP/ for every j € N.

b) If for y € X and arbitrary j € N the mapping I(y,-) o G has a degenerated critical point, then the
mapping *(y, ) o F7|(F7)~'(H,) has a degenerated critical point too.



Under condition (4.2) the combination of Theorem 3.1 and Lemma A.1 (cf. appendix A) reads as follows.

Theorem 4.3 Let the condition (4.2) as well as the assumptions (2.1) - (2.8) be valid, let the mappings G7 (j € N)
be C*—immersions, and let condition (3.2) be fulfilled. If there exist some C'—diffeomorphism g from an open

subset U of R™ onto an open subset g(U) of R™, an open subset V of R™ with V.2 |J Hy, and a C'—mapping
yeX
¢V — R"™ such that y — ¢(v) € U and VI*(y;-) = gy — ¢(7)) hold for (y,7) € H, then

K:={yeX|la(y?) =la(y;9) = I;lea.é(lc(y; 9) for some different 9,9 € O} € B(X)
with Qy (K) = 0.

Proof: Due to Lindelof’s theorem (cf. appendix C, Proposition C.2) we may find a sequence (U; x V}); of open

subsets of R™ x R™ with |J U; x Vi = H. In view of Lemma A.1 (cf. appendix A) the set By; of all y € U; with
=1
I*(y,-) o F9|(F7)~*(V}) having a degenerated critical point is a A™—null set for I,j € N. Then, condition (4.2)

implies condition (3.1), and the statement of Theorem 4.1 follows from Theorem 3.1. ]

5 Maximum likelihood estimation in nonlinear regression mod-
els

Let Y = F(a) + U be a nonlinear regression model with nonstochastic regressors, where

(6.1) Y denotes the random vector of the endogenous variables,

(6.2) F:A— R" stands for the regression function defined on a subset A of R",r < n,

(6.3) U =: (Un,...,Uy,)" symbolizes the random vector of the disturbances U; which are supposed to be indepen-
dently and normally distributed with

EU =0, Var(Ui)ye., Var(U,)) =: F(3), F:(]0,00))! = R", B+ (Biy, -, Bin)

(1, ..., in fixed values with {41, ...;in} = {1, ..., ¢}).
It is easy to see that the parameter vector (o, 3) is identified if and only if
(6.4) the injectivity of the regression function F' is supposed.
Moreover, we assume that
(6.5) a sequence (p;); of positive integers p; < n, a sequence (A7), of open subsets A’ of R/ and a sequence

(Fj)j of mappings F7 : A7 — R" exist with

F(A) = U F7(A7).



W denotes the family of normal distributions with independent marginal distributions. I' := R™ x (]0,00[)" is a

parameter space of W. We can now apply our results of extremum estimation to the maximum likelihood estimation

of (e, 8).

Theorem 5.1 Let us retake assumptions (6.1)-(6.5), let l(y,-) denote the log likelihood function w.r.t. W and the
realization y of Y. Furthermore let G : A x (]0,00)? — T' be defined by G(a, ) := (F(a), F(B)).

If the mappings FV are C*—immersions, then
K :={y eR" | lg(y;9) = la(y; ) = gléig(lc(y; 9) for some different 9,9 € ©} is a Borel subset of R"
with Qy (K) = 0.

Proof:
Let for a positive integer j the mapping G’ : A7 x (]0,00[)? — T be defined by G7 (¢, 8) = (F7(197), F(3)). Then
by assumption G fulfills the conditions (2.1), (2.2).

Next let us introduce the open subset H := {(y,u) € R" x R™ | 3 (y+ — ue)® # 0 forall i € {1,...,q}} of
teT;

R™ x R", where T; := {t € {1,...,n} | Fi(B) = Bi} for i € {1, ..., q}. Furthermore let us consider the mappings
h: H — (]0,00))?, defined by h(y, 1) = (g X [ye — pul® ., giz 3 [ye = pul?), and the mapping I* : H — R,
teTy teET,

defined by
_ 1 4
U (y, 1) 1= Uy, 1, F o hly, ) = =3 (n(ln(%) + D)4 DT (e — p0)”) - hl(ﬁTi)J) :
=1 teT;
By routine procedures it can be shown that I* and (F7); satisfy condition (4.2). Note that we have

Velly; pp, ) o F=0& 8= (ﬁ% Z [ye = p1e]”, ooy ﬁ Z [ye — p1e])°), for all (y,p) € H.

teT) teET,

Moreover we can define on U := {z. € R" | S 27 # 0 forall i € {1,...,¢}} the mapping g : U — R" by
teT;

a
glz)y=> > %et, where {e1,...,e,} denotes the standard basis of R™. We get for arbitrary (y,u) € H
i=1teT; s&1; °

y—p €U, Vil (y;1) = gy — p), Vyl"(5p) = —g(y — ),
g is a bijective indefinitely differentiable function from U onto U with ¢g=' = ¢g. Thus V,I*(:; u) # V,I*(-; i) for

arbitrary p # fi, which means that condition (3.2) is fulfilled. The statement of the theorem follows from Theorem
4.3. |



6 Maximum likelihood estimation in curved exponential families

Let v be a o-finite measure on the oc—algebra B(R"™) of Borel subsets of R™ which is dominated by the Lebesgue
measure on R"™. Additionally, let N' := {y € R* | 0 < f]R" exp(y'y)v(dy) < oo} and T be an open subset of
R™ enclosed in V. Introducing ¢ : N' — [—o0, 00],y — In( 5, exp(y'y)v(dy)) we consider a minimal exponential

family W := {P, | v € I'} of probability distributions having densities

fy R =R, y—exp(y'y— (7)) (yeT)

with respect to v. The parameter vector «y is identified since W is a minimal exponential family with parameter
space I' € N (cf. [2],Theorem 1.13). G : ©® — T denotes an injective mapping which induces the subfamily
Wa = {Pgw) € W |9 € ©} of W. Now we may consult Theorem 4.1 concerning the uniqueness of the maximum

likelihood estimation of the parameter vector 9.

Theorem 6.1 Let the mapping G satify the conditions (2.1), (2.2), let Y be a random vector with distribution
Qy € Wg, and let I(y;-) : I' — R denote the log likelihood function with respect to W and y € R™. If the mappings

G7 (j € N) are C®—immersions, then
K:={yeR"|lg(y;9) = la(y; 9) = r;lea(_))clg(y; ¥) for some different 9,9 € ©} is a Borel subset of R"
with Qy (K) = 0.

Proof:

9|I is indefinitely differentiable (cf. [11], Satz 1.164), which implies that ¢ : I' — R", v — V4, and I(+;+) | X x [':
X x int(T') — R, defined by I(y;v) = 7'y — ¥(7), are indefinitely differentiable. Moreover, for arbitrary y € X and
different v,4 € I we may observe V,I(:;v) = v.# 4 = V,l(-;7), and furthermore V,I(y;:) = y — V4. Thus the

statement is a direct consequence of Theorem 4.1. |

Remark:
Theorem 6.1 retains the result of Pazman (cf. [8], Theorem) mentioned in the introduction, which in turn also
encompasses Pazman’s criterion concerning the uniqueness of nonlinear least squares estimation in nonlinear re-

gression models with nonstochastic regressors and i.i.d. disturbances (cf. [7], Theorem 3 and [9], Corollary 4.4.6).

7 Maximum likelihood estimation of location and scale param-

eter of a Gumbel distribution

Gumbel distributions build a subfamily of the so called extreme value distributions which play an important role

in extreme value theory. The Gumbel distribution with location parameter u € R and scale parameter o > 0 is



defined by the Lebesgue density

1 z— z—
Juo R =R, 2 —exp(—T—E —exp(-ZH))

(cf. [5], p. 76). We want to investigate the uniqueness of the maximum likelihood estimation of (u, o) based on a
random sample Y := (Y1, ...,Y,) (n > 2) from a Gumbel distribution.

For this purposes let us introduce the mapping

1(5+) s R" x (Rx]0,00) = R, ((y1,-,¥n); (71,72)) = nln(y2) + > Inofo1)(yow: — 1)

=1

Since ¢ : Rx]0, co[— Rx]0, 00[, (1, 0) — (£, 1) is bijective, we may check easily that for every realization (y1, .., yn)

of (Y1,...,Y1) the maximum likelihood estimation of (u,o) has at most one solution if and only if the mapping

I((y1,..-;Yn); ) has at most one maximizing point. Therefore we might try to apply Theorem 3.1 to I(-;-) and the

identity mapping G on Rx]0, co[. Obviously, both mappings together satisfy the assumptions (2.1) - (2.3), and G

is a C%2—immersion.

dfo,1)
z

Observing that T(z) = f0,1)(2)(exp(—2) —1) holds for z € R, routine calculations lead to the following partial

derivatives of first and second order for I((y1,...,yn);*) © G ((y1,...,yn) € R™)

AM((y1, . yn);) 0 G

(11,72) =n —exp(1) > exp(=324:)

a’yl =1
ol yesYn); )0 G n = =
(G ay Ji) oG () ey = 2 >y +exp(11) Y i exp(—r2yi)
72 JLE i=1
ol e Yn); )0 G =
(G 872 Ji) oG (1 ) = —exp(m1) Y exp(—12y:)
1 i=1
82l((y1,...,yn);-)oG _ ~
T (M,72) —exp(w);yz exp(—72y:)
0%l ey Yn)ie) oG n -
(& 5 Y )1 (1,72) = ——5 —exp(n) Y _ i exp(—72u:)
V2 72 i—1
Now let (v1,72) be a critical point of the function I((y1,...,yn;-) © G. Then exp(¥1) = ™ aswellas

o

exp(—9eyi)

=1

|
I
o

n
yi —exp(91) X yi exp(—92y:), and hence
=1

S}
S
o

Il
-

> exp(—d2y:) (nwi = 3 v5)°
det VV 5, 5y (Y1, o Yn); ) 0 G = = =

o

exp(—92y:)

i=1

Thus the set L of all (y1,...,yn) € R™ with I((y1,...,yn);*) © G having a degenerated critical point coincides with

n
the subvector space of all (y1,...,yn) € R™ with ny; = > y; for i = 1,...,n. In particular L is a A" —null set.
j=1



Let us now consider for (yi,...,yn) € R™ different critical points (91,%2) and (31,%2) of I((y1,...,91);:) © G
satisfying V(y, ...l (91,%2)) = Vg, um)l(5 (31,72)). This means that for each ¢ € {1,...,n} the equation
Yo (exp(F1) exp(—F2ys) — 1) = AFa2(exp(J1) exp(—F2y;) — 1) is valid. Hence J2 # A2, say Y2 > %2, and addi-
tionally 42 exp(§1) = (§2 — A2) exp(J2yi) + F2 exp(J1) exp((§2 — F2)y:) for ¢ = 1,...,n, which in turn implies
(A2 — F2) exp(J2y:) + Y2 exp(F1) exp((F2 — F2)yi) = (B2 — F2) exp(F2y1) + F2 exp(F1) exp((§2 — F2)y1) for i = 1, ..., n.
The mapping g : R — R, = — (52 — 72) exp(J2x) + F2 exp(F1) exp((§2 — F2)z), is differentiable, and its derivatives

satisfy
d R . - - N
2 (@) = (32 — A2) A2 exp (o) + 52 exp(31) exp((32 — F2)a)] > 0 (z € R)
Therefore g is injective, and we may conclude y1 = ... = y,. Then we know that the set L of all (Y1, .-y Yyn) such

that Vg, ,...u.)l( (91,%2)) = Vigy,....yn)l(-; (51, 72)) holds for some couple (91,42) and (51, 42) of different critical
points of I((y1, ..., y1); -) oG is enclosed in the subvector space of all (y1, ..., y») € R™ with y1 = ... = y,. In particular
L is a A" —null set.

Altogether we have shown that [(+;-) and G fulfill the conditions (3.1), (3.2), and this yields the following result

concerning the uniqueness of the maximum likelihood estimation of (i, o) due to Theorem 3.1.

Theorem 7.1 Let Y := (Y1,...,Yn) (n > 2) be a random sample from the Gumbel distribution with the location
parameter p € R and scale parameter o > 0, and let L(y1, ..., yn;-) denote the likelihood function w.r.t. the family
of Gumbel distributions and the realization (yi, ..., Yn). Furthermore let the distribution of Y be symbolized by Qy .
Then

K :={(y1,..;yn) €ER" | L((y1,.-.,yn);*) has at least two mazimizing points}

s a Borel subset of R"™ with Q, (K) = 0.

A Appendix

Lemma A.1 Let Hy, Hy be open subsets of R*, and let f : Hy x Hy — R be a C*—mapping. Moreover there exist
some C*—diffeomorphism g from an open subset U of R* onto an open subset g(U) of R* and a C'—mapping
¢ : Hy — R* such that t — ¢(y) € U and V., f(t;-) = g(t — ¢(7)) hold for (t,v) € Hi x Hz.

If F denotes a C*—immersion from an open subset A of RP into Ha, then \¥(Bp) = 0, where Br is defined to
consist of all t € Hy such that Vo f(t,-) o F =0 and det VVaf(t,-) o F =0 for some a € Hs.

Proof:

For p = k we have

Vaf(t;:)oF =0, detVVaf(t;:)oF'=0 <  Vpwf(t) =0, det VVrf(t;:) =0.



Thus, defining, ¢ : U — Rt +— ¢(t) + g~ (0), we may conclude Br C ¢({t € U | det J;(¢) = 0}). Note that g is
a diffeomorphism with

Ve f(t) =gt —¢o F(a)).
Sard’s theorem (cf. appendix C, Proposition C.1) leads to A\*(Br) = 0.
Now let p < k.
Since F is a C?—immersion, we may conclude from the rank theorem together with standard orthonormalization
that for an arbitrary o € A there are C'— mappings hl, ..., hE™P defined on an open neigbourhood U, of o in A
satisfying

ha(@)' Ja(F) =0, ho(&)'ha(@) =1, ha(@)hy,; (@) =0 (i # q)

for every & € U, and arbitrary 4,q € {1, ...,k — p}.
By Lindel6f’s theorem (cf. appendix C, Proposition C.2) we may select a sequence (a(s))s in A such that (Ua(s))s

7
a(s)

is a cover of A. For abbreviation we set Us := Uq(s), hi:=h (i =1,...,k—p). Furthermore z, : R* — R denotes
the projection on the v—th component (v € {1,...,k}).
We observe for (t,a) € Hy x A
Vaf(t;-) o F = Ja(F) V@) f(t;-)
and

k

VVaf(t;:)oF = Z %T(F(a))vvamy o F + Ja(F)'VV p(a) [ (t; ) Ja(F)

v=1

k
= Zmy 0g(t—¢oF(a)VVat, o F — Jo(F) Ji_por(a)(9)Ja(d o F).
v=1

k—p )
Let for s € N the mappings ¢°, ¢° : W5 — R* be defined by ¢°(c,b) := 3 b;hi(a) and ¢*(a,b) := po F(a)+g ‘o
i=1
k—p X
g°(a, b), where W, consists of all (a, b) € Us x R¥ P with 3 b;hi(a) € g(U). Notice that W; is an open subset of
i=1
R*, and that ¢° is a C'—mapping, which implies that ¢° is a C*—mapping.
Now let (£,&) € Hy x A with Vaf(f;-) 0 F = 0. Then there exist some s € N and a vector b := (by, ..., bx_p) from
R*~P with
k—p )
gt — o F(&)) = Vi@ f(E) =D bihi(a).
=1

In particular (&,b) € Ws, and g(f — ¢ o F(&)) = ¢° (6, b). Hence £ = ¢°(&, b).

As a consequence of J,(F) hi(a) =0 for a € Us as well as i = 1,...,k — p we obtain

k
> w0 hi()VVazy, 0 F = —Jo(F) Ja(hy),

v=1
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and therefore
VVaf(ti-) o F = —Ja(F) Ji_goray(9)Ja(¢° ().
Following the rules for determinants of partioned matrices ( cf. [3], p.43, equation (II)), we get

| det[Ja (F), hy(&), ... B (] Ty gor(a) (96 ()] = |det Ja(F) Ji_gomia)(9)Ja(4"(5D))]

= |detVVaf(;-) o F|
[Ja(F),hL(&), ..., hfip(d)]/in(PoF(&)(g) has rank k since F' is an immersion. Therefore we can conclude
det VVa; f(i;) 0 F7 =0 & detJ 45 (6°) =0

Thus BF C N := {J ¢*({(a,0) € W, | det J(o,5)(¢") = 0}). Applying Sard’s theorem (cf. appendix C, Proposition
=1

C.1), we get N as a set of Lebesgue-measure zero, which completes the proof. |

B Appendix

Proof of Theorem 3.1:
Let us retake notations and assumptions from Theorem 3.1. Furthermore let us introduce for positive integer i, j
the set M;; consisting of all y € X with Vil(y, ) o G* = 0, Vyil(y,-) oG = 0 and I(y, G*(¥9")) = I(y, G (7)) for

some 9%, with G*(9°) # G’ (7). Obviously, K C |J  Mj;. Therefore it remains to show
(4,5) ENXN

(1) M;; is a A" —null set for arbitrary ¢,j € N.

(2) K is a Borel subset of X.
proof of (1):
Let us define for 4, j € N the open subset U := {(¢",¢,y) € ©' x &7 x X | G'(¥") # G’ ()} of ©' x ©7 x X, and
the set Z := h™1({0}) N ©" x ©7 x (R™\ (L; U L; U L;;)), where

h:U — RO (@97 )i (Vil(y; ) 0o GY, Visl(y; ) 0 G2, 1(y; G*(9°)) — U(y; G7 (9))).

Let (9°,97,y) be an element of Z and s € {1,...,n} with al(giyls(ﬁi))(y) # az(%;@i))(y). Using the Laplace-

expansion of determinants and the rules of partioned matrices (cf. [3], p.43, equation (I)), we obtain

det[‘](@i,ﬁj)(h('7'7y))7 g;s (ﬁi’&j’y)]
= det(VVyuil(y;-)o ah det(VV,1(y;-) o G?) [ 8l(-;aGy:(191)) (y) — 8l(.;§;8wj)) (y) ] #0,
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noticing y & L; U L;. Thus Z is a subset of U := {(¢°,97,y) € U | rank of Jegi 93 4 (h) =13 +r; + 1}, which is an
open subset of R" 7"+ Therefore h | U is a C* —submersion and Z := (h | U)~*({0}) is empty or a (n — 1)—dim.

C'—submanifold of R™*7i+" We have

Ml'j \ (Ll U Lj U L”) = PT‘(Z) g PT(Z),

where Pr denotes the canonical projection from R 7™ onto R™. By Sard’s theorem (cf. appendix C, Proposition

C.1) we get A" (Pr(Z)) = 0 and, due to assumptions (3.1), (3.2),

N'(Mij) = A" (Mi; \ (Li U L; U Liz)) + A" (Li UL; U L) = 0.

proof of (2):

For positive integers i,j we define the open subset N;; := {(9°,97) € ©' x @7 | G*(¥Y) # GI(¥)} of O x
©7 respectively R""75. Applying Lindelof’s Theorem (cf. appendix C, Proposition C.2) and using the local
compactness of N;; we get a sequence (U, X V,), of compact sets U, x V,, satisfying N;; = fjl U, xV,.

Since each set U, x V, is sequentially compact, every y € X being an accumulation point of the set
G ={ye X |l(y;G'(¥")) = Uy; G (¥)) = %ggzg(y; ) for some (9°,9”) € U, x V,, }

is also an element of G¥, i.e. the sets G are closed in X and therefore Borel subsets. Then K is a Borel subset
because

K = G

s

U

j=1lv

s

1
—

7 1

Therefore (2) is shown, which completes the proof. |

C Appendix

Proposition C.1 (Special versions of Sard’s theorem) Let f: U — R* denote a C"—mapping (r € N) from
an open subset U of R® into RY. Then we can state:

1 Ifs=t, then f({z €U | det J.(f) =0}) is a \'—null set.

.2 If A C U is a m—dimensional C"—submanifold of R® with 0 < m < t, then f(A) is a \'—null set.

These versions of Sard’s theorem may be found in [1] (Corollary 3.3.17.4 and Theorem 4.3.1) or in [4] (p. 69) or
in [10] (remark on Definition 3.3 and Theorem 3.1).
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Proposition C.2 (Lindel6f’s theorem) Let (2, 7) denote a topological Hausdorff space such that T has a count-

able base. Then every open cover of a subset A C Q has a countable subcover.

For a proof cf. e.g. [6] (p.49).
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