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Abstract

This paper establishes two results for complete convergence in the law of large numbers for
arrays under g-mixing and g-mixing association in rows. They extend several known results.
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1. Introduction

Let {X,,,n > 1} be a sequence of random variables defined on probability space (2, F, P). A
sequence {X,,,n > 1} is said to converge completely to a constant C' if

> P[|X, - C|>¢€] < o00,Ve > 0.

n=1

Hsu and Robbins (1947), who introduce this concept, proved that the sequence of arithmetic means
of independent identically distributed random variables converges completely to the expected value
of the summands, provided the variance is finite. The converse theorem was proved by Erdos.

The extensions of Hsu-Robbins-Erdos’s result, due to Katz (1963), Baum and Katz (1965),
Chow (1973), form a complete convergence theorem with a Marcinkiewicz-Zygmunt type normal-
ization (see Gut (1983)).

Theorem 1.1. Let {X,,,n > 1} be a sequence of independent identically distributed random
variables and let ar > 1, a > % The following statements are equivalent:

(i) E|X1|" < o0, and, if r>1, BX; =0,

oo n
(i1) Z n® 2P| ZXZl > n%] < oo, Ve >0,

n=1 =1

[e%e) k
ar—2 a
(#11) ng_ln P[r@ﬂ ;1 Xi| > n%] < o0, Ve > 0.

Ifoar >1, a> % the above are also equivalent to

00 k
(iv) z n*" ?Plsup k ZX,] > g] < o0, Ve > 0.
n=1 kzn i=1
Many authors generalized and extended this result without assumption of identical distribution
in several directions. They studied the cases of independent, stochastically dominated random
variables, triangular arrays of rowwise independent, stochastically dominated in the Cesaro sense

random variables and sequences of independent random variables taking value in a Banach space
( Pruitt (1966), Rohatgi (1971), Hu, Moricz and Taylor (1989), Gut (1992), Wang, Bhaskara Rao
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and Yang (1993), Kuczmaszewska and Szynal (1988, 1991, 1994), Sung (1997) Bozorgnia, Patterson
and Taylor (1993), Hu, Rosalsky, Szynal and Volodin (1999), Hu, Szynal and Volodin (1998), Hu
and Volodin (2000), Ahmed, Antonini and Volodin (2002), Kuczmaszewska (2004), Sung, Volodin
and Hu (2005), Témacs (2005)).

In this paper we consider a complete convergence in the strong law of large numbers for arrays
of dependent random variables. We study the complete convergence for - mixing and g-mixing
sequences of random variables. The obtained results extend some previous known. Some results
for complete convergence for p-mixing and g-mixing random variables one can find in Zhengyan
and Chuanrong (1996) (Shao, Kong and Zang, Section 8.4), Shao (1995), Shixin (2004).

Definition 1.1. A sequence of random variables {X,,,n > 1} is said to be a o-mizing
sequence if the maximal correlation coefficient

XY

o(n) = sup ‘COU( )‘ — 0, (1.1)
k>1,XeL2(FF),yeL(F ) V VarX - VarY

as n — oo, where F" is the o-field generated by random variables X,,, Xyt1,..., X

Definition 1.2. A sequence of random variable {X,,,n > 1} is said to be a p-mizing sequence
if there exists k € N such that

- cov(X,Y
o(k) = Sup( sup X Y) )
S, T \XeL2(Fs),Yel2(Fr) V Var X - VarY

where S, T are the finite subsets of positive integers such that dist (S,T) > k and Fw is the o-field
generated by the random variable {X;,i € W C N}.

1, (1.2)

The g-mixing conception is similar to the g-mixing, but they are quite different from each
other.

In our further consideration we need the following definition and lemmas.

Definition 1.3. A real valued function l(x), positive and measurable on [A,o0) for some
A >0, is said to be slowly varying if
l{x-)\)

lim =1, for each A > 0.
z—00 l(x)

Lemma 1.1. (Shao, (1995)). Let {X,,n > 1} be a p-mizing sequence of random variables
such that EX,, =0, n > 1. Then for any q > 2, there exists a constant K = K(q, o(-)) depending
only on q and o(-) such that

[Inn]
Blmax |Si[}" < K (n? exp{K ; o(2) } max(BX})"/?
[Inn] .
+nexp{ K Z 92/‘1(2’)}11?<aXE|Xk|q). (1.3)
i=0 =

Lemma 1.2. (Yang Shanchao, (1998) and Peligrad and Gut, (1999)). Let {&,,n > 1} be a
o-mizing sequence with p(1) < 1. Let X,, € 0(&,i > 1), EX,, =0, E|X,|P < oo, n>1,p> 1.
Then there exists a positive constant C such that

E‘i X,
=1

q n
<CY EIXiY, Yn>1, 1<q<2, (1.4)
=1
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E‘i X,
=1

s C[i E|Xi|7 + (i EXQ)i] Vn>1, ¢>2. (1.5)
=1 =1

We also assume that in our consideration constant C isn’t the same constant in each case.

2. The main results

In this paper we consider arrays of random variables.

Let 0,(i) denotes the maximal correlation coefficient defined in (1.1) for the n-th row of an
array {Xpi,7 > 1,n > 1} i.e for the sequence X1, Xp2, Xpn3, ..., n > 1.

Similarly, we will use the notation p, (k) for denoting the coefficient defined in (1.2) for the
sequence X, 1, Xp2, Xpngy--., n > 1.

Moreover, let {¢,,n > 1} be a sequence of nonnegative, even, continuous and nondecreasing
on (0,00) functions ¢, : R — RT with wh_}ngo @n(z) = 0o and such that

on(x)/x 2 and @, (x)/2? N\, as x — oo. (2.1)

Theorem 2.1. Let {X,;,i > 1,n > 1} be an array of random variables, which are o-mizing
sequences in each row, and such that E@,(|X,;|) < 00, i > 1, n > 1, where ¢, is defined in (2.1).
Assume that for the constant K defined in (1.3), 0 < t < 2, ¢ > 2, some sequence {c,,n > 1}
of positive real numbers and some strictly increasing sequence {by,n > 1} of positive integers the
following conditions are fulfilled

oo bn L
@) D en > PlXni| > bi] < o,
n=1 =1

0 [log br] % %
() Y caexp{K Y 0u(2)}bi =t [ESD"(X"Z)I[LXM‘ <hll” 00,
n=1 i—1 [on(bi)]?
> [logbn] 2 q 1
(iii) Y caexp{K > 0a(2)}bu * max 7| X | T[] Xni| < 04] < 0.
n=1 i=1 ="
k
Then for Sy = ZXM and any e > 0
i=1
00 ¢ . )
cnp[?é%x\sm = Y EXpiI[|Xni| < bi]| > bie] < oo (2.2)
n=1 =3 j=1

1
Proof. Let X!, = Xy I[| X < bi], Vi = X/, — EX!, and S', = 32 | V...
Using Lemma 1.1 we obtain

7
1 1
Pmax|Sni - jz_:l EX i (| Xn;] < bi][ > bie]

bn
< Do PId 2 0] + Plaage IS, 2 bie]
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[logb.,] .
< S P[[Xnl > bE] +20Kby " {bh exp (K Z 0a(2)) mae (E| X 111Xl < bl A

<>
3

logba]
+hpexp(K Y 0d(2) )maxE|meqI[mey <], (2.3)
=0

Therefore, by (2.3) and the assumptions (i) and (iii), it is enough to show that

[log b, ]
ch (b exp(K Z on(2 max(E|Xm| 1) X ] < b2]) 2} < oo.

Indeed we see

00 [log by ] .
> cabu (b7 exp(K D7 on(2")) max (BN P1[| Xnil < bi])"}
n=1 i=0 =On
o0 (log br] 5 g
<Y cbbexp(K Y 0,(2)) izt (E1X0 P L Xi] < b a)
= i=s (vi)3
00 [log b, ] 1 g
. i E n X,’” I ni bﬁ 2
Z b2 exp Z Qn(2l)) max;<p,, ( en(| 1|) £| | < ]) ¢ oo
! =0 (pn(br))z

This completes the proof.
From Theorem 2.1 we get the following result.

Corollary 2.1. Let ap > 1 and in the case (a) r = 2 if 1. < p < 2 or in the case (b) r > 2
5__;. Let {Xni,i > 1,n > 1} be an array of identically distributed random
variables, which are p-mizing sequences in each row, and such that EX;; = 0 and E|X11|P < oo.

Assume that

[ee)
2

Z of (29) < . (2.4)

Then
Zn“p 2P[max\5m| > en®] < oo, (2.5)
n=1
for any e > 0.
Proof. Let ¢ :=r, 1 := @, ¢, := n® 2, b, = n and ¢, (x) := 22. Then, by the assumption

1
E|X11|? < 0o, we obtain

oo n . (o o]
D en Y PlXni| 2 nt] =D 0P P[|X1| > nf]
n=1 i=1 n=1
n

o0 o0
=D Y Pl < [ Xnl < (G +1)° ZP” <[Xnl<(n+1)7] )i
j=n

n=1 i=1

o0
< C’ZnapP[no‘ <|X1| < (n+1)%] = CE|X11]P < .

n=1



Moreover, we note that in the case (a) (r = 2,1 < p < 2) the conditions (ii) and (iii) from
Theorem 2.1 are identical. So, by (2.4) we get

[log n]

an ?exp{K Z on(2') }n' ™2 masc [ B] Xl [ Xi] < ]

=C ) n*PIT R PTETP|X | < n?] < oo

n=1

In the case (b) ( ) by (2.4) and the assumption E|X;;P < oo, we have

logml g maXica [Bpn (X 11 Xl < nt])?

cpexpi K on(2 g
Z { Z [on(nt)]*?

=C Z neP=HEO (B X ) E < oo

n=1

and
[log n]

2
(i11) ch exp{ K Z on (2 nlfgr?<a5<E|Xm]qI[]Xm] < n%]

=C Z n P B X [PHOP I X | < n®] < oo,
n=1

To complete this proof, it enough to show that

i
n~® Y EXI[|X11| <n®]— 0, n — 00

n=j

for each 1 <17 < n.
This fact immediately follows from the assumptions EX13 = 0 and E|X;1|P < oc.

Indeed we see

i 4
In"* > EX I X1| <n?]] <07 EIX T[] X1| > n®]

i .
_ E| Xy |P » N . i
<n O‘Z(n‘a);l_’lgn “n O‘p+azE|X11|=CnTp—>O, n —> 0.
j=1

This proves that (2.5) holds.

This corollary generalizes Shao’s result (1995) obtained for g-mixing sequences of identically
distributed random variables. As a consequence of the above result we can get the following
Marcinkiewicz- Zygmunt law of large numbers.

Corollary 2.2. Let 1 < p < 2, ap > 1 and {X,;,i > 1,n > 1} be an array of identically
distributed random variables, which are g-mixing sequences in each row, and such that EX{; = 0
and E|X11|P < co. Assume that

Z 01(2") < >
i=1



Then

n
n= ¢ ZXM — 0, a.s., n— 0.
i=1

The next corollary we get for identically distributed random variables putting in Theorem 2.1
¢, = n*?"2l(n), where I(n) is a slowly varying function.

Corollary 2 3 Let ap > 1 and in th case (a) r =2 if 1 < p < 2 orin the case (b) r > 2 if r >
. Let {X,,;,i > 1,n > 1} be an array of identically distributed random variables,

whzch are g—mm:mg sequences in each row, and such that EX1; = 0 and E|X11[Pl(|X11]) < ooc.
Assume that (2.4) holds

Then -
Z nap_?‘l(n)P[m<ax |Spil > en®] < oo, (2.6)
for any € > 0.
Proof. Putting ¢ := 7,  := @, ¢, 1= n*?~2l(n), b, := n and ¢, (z) := 2, by the assumption
E|X11|pl(|X11|é) < 00, we obtain
[e.0] [e¢]
Znap 2l(n ZP | Xni| > 0] < (@2M2P128) Y P(29)* < [ Xu| < (271)]
k=1 j=k

S CE|X11|pl(|X11|E) < 0
In the case (a) (r =2,1 < p < 2) we have
[log n]

Zn”‘p *I(n) exp{ K Z 0,(29) Int™ 2‘J‘maX[E|Xm| 1| X ] < n%]]

< 0Z(Qk)o‘(p*Q)l(?'“)E!Xu!21[!X11! < (29
k=1

<OZ (2F)p=2) 12k 2/ 22dF (x
2i—1)

omya

(2™) L .
<03 (@mee [ ey < CBXu Xl < o,

- (2m-1)=
which proves that (ii) and (iii) hold.
In case (b) (r > p > 2) we have

[log ]

Zn”‘p ?I(n) exp{ K Z on(29)}

» max;<, [Egon(Xm)IHf(m <n])®
[(Pn (”a>] R

_ Cznap72+§farl(n)(E|X11’ 5 CZ 2k alp—r)— 1+21<2k) < 00
k=1

n=1

and
(#i1) Zno‘p *I(n) exp{ K Z gn nt~ ‘”maXE|Xm| 1| Xi| < n®]

o0

_CZ 2kyalp=r)j(2k) Z/ |z|"dF (z)

i— l)a



gm e

<C Y (@mern /< : [(Jz|=)z"dF (z) < CE| X1 |PL(| X1 |%) < 0.
m=1 m-l)e

Moreover, we see that EX1; = 0 and E|X1;|P1(|X11]%) < oo imply

‘n_o‘ ZEXHIUXul < na” —0,asn — oo for each 1 < i < n.
j=1
This completes the proof.
The case ap = 1 was considered by Shao for identically distributed random variables and

by Kong and Zhang for non-identically distributed random variables (see Zhang and Chuanrong
(1996)).

Let now ¢ : RY — RT be a nonegative continuous and increasing function, satisfying (2.1)
and let ¢! be an inverse of ¢. The consideration similar to presented in proofs of Theorem 2.1
and Corollary 2.3 and the fact that

Plmax(|Spil) > en] < P[max(|Snil) > ¢ (en)]

allow us to formulate the following result.

Theorem 2.2. Let ap > 1 and {Xp;,i > 1,n > 1} be an array of identically distributed
random variables, which are g-mizing sequences in each row, and such that EX11 =0 and
E(o(IX11])*?l(p(|X11]) < 0o. Assume that (2.4) with r = 2 holds.

Then

Zno‘pﬂl(n)P[mgx ©(|Snil) > en] < oo,
o— SN

for any € > 0.
Shao proved the analogous result for ap = 1 (Zhengyan and Chuanrong (1996) Section 8.4).

In the next part of this section we consider arrays of random variables, which are p-mixing
sequences.

Theorem 2.3. Let {X,;,i > 1,n > 1} be an array of random variables, which are ¢ -mizing
sequences in each row with 0,(1) < 1, n > 1. Assume that for some sequence {c,,n > 1} of positive
real numbers, some strictly increasing sequence {b,,n > 1} of positive integers and 0 < t < 2 the
following conditions are fulfilled

oo bn

1
(1) cn ) PllXnil > ba] < o0,
n=1 =1
oo a b, )
(ID) > enbn ™ Y EXi| (| Xpi| < bi] < o0,
n=1 =1
ad _a b 1.4
(I11) > enbn " () E|XniP 1| Xnil < bA])* < o0,
n=1 =1

bn
Then for S, = Z X and any e >0

i=1

o0 bn 1 1
D enP[|Sn = EXpid[|Xni| < bi]| > bie] < oo. (2.7)
n=1

i=1



Proof. Let X, = X,,;,I[| Xn;| < bn] wi = X,; —EX) . and S], = Zf;l Y.
Using Lemma 1 2 we obtain

PS4 > bie] < Ce b, ¢ ZE| ZE\ 2)#}

=1
q bn g
< Ce b, ' {>_ E|X,|" + ZE;X )7} (2.8)
i=1
Moreover, we see that
on 1 1 , 1 bn 1
P|Sn =D Xnil[| Xnil <bi]| > bie] < P[|S)| > bae] + > P[|Xpi| > bi]. (2.9)
i=1 i=1

Therefore, by (2.8), (2.9), (I), (1I) and (ILI) we see that (2.7) holds.

Corollary 2.4. Let {X,;,i > 1,n > 1} be an array of random variables, which are ¢ -mizing
sequences in each row with 6,(1) < 1, n > 1. Moreover, let Ep,(|Xni|) < o0, i > 1, n > 1,
where oy, is defined in (2.1). Assume, that for some sequence {c,,n > 1} of positive real numbers,
some strictly increasing sequence {b,,n > 1} of positive integers and 0 < t < 2 (I) holds and the
following conditions are fulfilled

e bn
_4 1
(I1) Y cnbn Z B|X i | I[| X ] < bh] < 00
n=1 ]

[ee] by, i—1
(I1I') ch‘ton ZZESOn | X ) B (| Xns]) <
n=1 i=2 j=1

Then for any € > 0 (2.9) holds.
Proof. Putting ¢ = 4 in Theorem 2.3 we see, that condition (IT) is fulfilled and

'] 4 bn \
> enbnt (O BIXLP)
n=1 =1

b i—1
<0{ch Z E|X%| +chb tZZEp(m\ E|X,,*}
i=1 i=2 j=1
o0 “ by b, i—1
<C{) eabnt > E|X, |4+ch4pn ZZE% | X i) Eon (| Xns]) } < o0,
n=1 i=1 =2 j=1

by (IT’) and (IIT).

Therefore (2.9) holds.

Corollary 2.5. Letap > 1, ¢ > 2 and in the case (a) 1 < p < 2 or in the case (b) 2 <p<q
and o > 2(qq—_2p)' Let { Xy, > 1,n > 1} be an array of identically distributed random variables,

which are g-mizing sequences in each row with ¢1(1) < 1 and such that EX1; = 0 and E|X1:1|P < 0.
Then for any € > 0 we have

> nP2P[|> " Xpi| > en®] < oo, (2.10)
n—1 =1



Proof. Put ¢, = n® 2, % := « and b,, = n in Theorem 2.3. Then we have

oo n [o¢]
(D) > e Y PlXnil 2ni] =Y 0" P Xy| > n°]
n=1 =1 n=1
oo o0
=Y Y Pl <Xl < (G+1) an < X < (n+1)° Zzwl
n=1 j=n n=1

o0
< CZn‘“’P[n”‘ < |X11| < (n+1)%] = CE|X11]P < o0 and

n=1
s _a bn 1
(1) Y ealbn) © > E|Xnil I Xi] < bi]
n=1 =1
< PO EIX PROP|XG | < nf < oo
n=1

To show that condition (III) is fulfilled we must consider the cases (a) and (b) separately.
In the case (a) we have

(ITT) ch ZE|X )2

< Zno‘p_Qn_aqn%n@_p)a'%(E\X11|p 5 CZn(O‘p H1-3)-1
n=1 n=1

and in the case (b)

(I11) chb i ZE|X )?

n=1

q

SZnap_zn_aqn%(E|X11| 5 C’Zna(p D243 £ g,

n=1 n=1
Thus we have established that all assumptions from Theorem 2.3 are fulfilled. Moreover, we
see
n n
"> EXpid[| Xp| < ]| <09 |EX [ 1| Xni| > 0]
i=1 =1
E|X 1P
= 7“f°’”rlu =n'""PE|X11|” — 0, as n — oo,
(ne)r-!
because ap > 1. Therefore (2.10) holds.
Corollary 2.5 is more general than result obtained by G. Shixin (2004). The condition (2.10)
is stronger than this presented by Shixin.

Corollary 2.6. Let {Xy;,i > 1,n > 1} be an array of identically distributed random variables,
which are g-mixing sequences in each row with ¢1(1) < 1 and such that EX1; = 0 and E|X11]* < .
Then for any € > 0 we have

o0 n
anlPHZ Xm-‘ > en®] < oc. (2.11)
n=1 i=1

Proof. Putting ¢, =n~%,t=1,b, =n, p=2 and ¢,(z) = 2 in Corollary 2.4 we get

9



(1) Zn—IZPlxmw >n]=Y > P[j<|Xu|<j+1]

n=1j=n

0o n
Z n§]X11]<n+1}2i<CE\X11\2<oo,

=1
(11" Z Y EIX X <n] <Y nTEXnP=C) n? <o
n=1 =1 n=1 n=1

and

o] n i—1
(Irry Ny et S (BlXuP) = C’Zn

n=1 =2 j=1
Moreover

In™' > EX11 1] X1 < nl|
=1
& E| X1 |?
n' > EIX I Xn] > 0] = |n“| — 0, as n — oo.

i=1

Corollary 2.7. Let {X,;,i > 1,n > 1} be an array of random variables, which are ¢ -mizing
sequences in each row with ¢,(1) < 1, n > 1 and such that EX,; = 0,7 > 1, n > 1. Assume that
for some sequence {\,,n > 1} with 0 < X\, < 1 we have E| X ;'™ < 00, 1 < i < by, n > 1,
where A = sup,, A, and {b,,n > 1} is a strictly increasing sequence of positive integers. If for some
sequence {cp,n > 1} of positive real numbers and 0 < t < 2 the following condition is fulfilled

S ea(bn) ™ TN ZE|Xm|1“n < o0, (2.12)
n=1 =1
then ,
S aP[|S Xpil > bie] <00, Ve > 0. (2.13)
n=1 i=1

Proof. Note, that if {c,,n > 1} is such that the series ) | ¢, converges then (2.13) holds.
Therefore it is enough to consider only such sequences {c,,n > 1} which satisfy the condition

Z ¢p = 00. Then (2.12) implies

n=1

bn
N
(05) Y Bl < L

i=1

By Corollary 2.4 we see that-in order to show (2.13), it is enough to prove that if (2.12) holds and
on(x) = |z|* ™™ the assumption (I), (IT’) and (IIT) are fulfilled.

Indeed we have

oo « 00 b,
) Z “A ZP[lX”i‘ z b’?t] < Z Cn(bz)_l_An ZE‘XM\H}‘" < 00,

(11 Z ZE|Xm|4 [1X i < B3] <ch T ZE|XM|1+’\”<00

n=1 =1

10



bn i—1

(11 3 eapn08) S (X nil) Bl X ng)

i=2 j=1
[e%) . b, i—1
<D en(br) PR Y D B Xl B |
n=1 i=2 j=1
0 ) b,
<D en (i) T (3 BIX ) < oo,
n=1 i=1

Moreover, we see

bn

|

=1

b, 1

< by * ZE|Xm,I”Xm| > brtl]
i=1

b
= (bi)_(H)‘") ZE|Xm'|1+>‘" — 0, as n —> 0.
i=1

The corollary is proved.
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