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On the Solvability Conditions for Some
non Fredholm Operators

V. Vougalter'*, V. Volpert?

! University of Toronto, Department of Mathematics, Toronto, ON, M5S 2E4, Canada
2 Institute Camille Jordan, UMR 5208 CNRS, University Lyon 1, 69622 Villeurbanne, France

Abstract. We obtain solvability conditions for some elliptic equations involving non Fredholm
operators, which are sums of second order differential operators with the methods of spectral theory
and scattering theory for Schrodinger type operators.
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1. Introduction

Fredholm type solvability conditions, which affirm that an operator equation is solvable if and
only if its right-hand side is orthogonal to solutions of the homogeneous adjoint equation, are used
directly or indirectly in the most methods of linear and nonlinear analysis. If the operator does not
satisfy the Fredholm property, applicability of these solvability conditions is not established. In
this work we study solvability conditions for some class of non Fredholm operators. We consider
the equation

Hu=-Au+W(z)u —au=f (1.1)

with a non-negative constant a and with some conditions on the potential W (x) which will be
specified below. If W (z) — 0 as |x| — oo, the case studied in our previous work [23], then the
essential spectrum of the operator H consists of the half-axis [—a, c0) [15, 16, 21, 9]. Since it
contains the origin, the operator does not satisfy the Fredholm property, and the usual solvability
conditions for equation (1.1) are not applicable.
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There are two distinct cases, @ = 0 and a > 0. Let us first discuss the case ¢ = 0. It is known
that homogeneous elliptic operators with constant coefficients satisfy the Fredholm property if
considered in some specially chosen polynomial weighted spaces. For the operator A given by
(1.1) this is the case if a = 0 and W (x) = 0, that is for the Laplace operator. Lower order terms
with the coefficients decaying at infinity represent compact operators if the decay rate is sufficiently
high. Therefore the operator /1 in the weighted spaces remains Fredholm under some conditions on
the potential. This allows one to make some conclusions about its index and solvability conditions.
This approach is based on a priori estimates of solutions obtained in [17]. The Fredholm property
of this class of operators in Sobolev spaces is studied in [13], [14]. Similar problems for elliptic
operators in Holder spaces are investigated in [3], [4]. Exterior problems for the Laplace operator
in weighted Sobolev spaces are considered in [1], [2], and for more general operators in Holder
spaces in [5]. The dimension of the kernel and the Fredholm property of elliptic operators of the
first order are studied in [24], [25].

The case of positive a is qualitatively different. The method described above is not applicable.
In the 1D case we can introduce exponential weighted spaces where the operator will satisfy the
Fredholm property [21]. However, in R" with n > 2 this method is not applicable neither. The
reason for this can be already seen for the case W (z) = 0. If the equation is solvable, then the
right-hand side is orthogonal to all functions €12, where p? + ¢*> = a, x = (v1,72) € R
Hence there is a continuous family of solvability conditions while the Fredholm property implies
only a finite number of them.

The method developed in our previous work is based on the spectral theory of self-adjoint
operators [23]. Similar to the case W (xz) = 0 where we can use the Fourier transform and explicitly
find the solution, in the case of nonzero potential we use spectral decomposition with respect to the
functions of the continuous spectrum of the operator Hyu = —Awu + Wu. This allows us to obtain
solvability conditions as orthogonality to the functions of the continuous spectrum. To the best
of our knowledge, this is the first result on solvability conditions for this class of operators. This
method is applicable both for a = 0 and a > 0. Though these solvability conditions are similar to
the usual ones, we should not forget that the operator does not satisfy the Fredholm property which
limits their application to nonlinear problems.

In this work we continue the investigation of equation (1.1) under different assumptions on
the potential. We will assume that it can be represented as W (z) = Wi(z') + Wa(2”), where
r = (21,...,x,), & = (21, ...,2%), 2" = (Tk41, -.-, Tn). Though the potential does not converge to
zero as |x| — oo, we can apply the method of [23] using separation of variables. A particular case
of such equations with W (2’) = 0 arises in reaction-diffusion problems [22].

2. Formulation of the results

For the sake of convenience we will denote independent variables by = and y and put W (x,y) =
V(x) 4+ U(y). We begin with the operator H, on L*(R"), such that

Hou=—-ANu+V(z)u—Aypu+U(y)u —au



with the Laplace operators A, and A, inz = (x1, Z2, x3) and y = (y1, Y2, ¥3), @ > 0is a parameter,
the potentials V' (x) and U(y) decay to zero as x,y — oo. We investigate the conditions on the
function f(z,y) € L?(R%) under which the equations

Hou = f 2.1)

and
Hou = f, (2.2)

the second one is the limiting case of the first one as @ — 0, have the unique solution in L?*(R%).
Thus the case of a single Schrodinger operator studied in [23] is being generalized to the case of
the sum of two such operators. We will use the spectral decomposition of self-adjoint operators.

For a function v(z) belonging to a LP(R%) space with 1 < p < oo, d € N its norm is being
denoted as ||| ,»(ra). As technical tools for estimating the appropriate norms of functions we will
be using, in particular Young’s inequality

1y Folloe oy < [l filloo I foll 4 oy fr € LH(RY), fo € L3(RY),

where * stands for the convolution. The inner product of functions on L*(R¢), d € N is being
denoted as

(fi(x), fa(x ))L2 Rd) = - fl(l’)fz(a?)d%

for a vector function A(z) = (A1(z), As(x), As(x)), x € R? the inner product (fy(z), A(x))12(r3)
is the vector with the coordinates [,5 f1(z)A4;(z)dz, i = 1,2,3. Note that with a slight abuse we
use the same notation even when functions may not be square integrable, for instance the functions
wi(x) and n,(y) of the continuous spectrum of the operators —A, + V(z) and —A, + U(y)
respectively are normalized to Dirac delta-functions (see (3.1) and (3.2) in Section 3).

We make the following technical assumptions on the potential functions involved in the equa-
tions (2.1) and (2.2) and on the right sides of these equations.

Assumption 1. The potential functions V(z),U(y) : R* — R satisfy the bounds |V (z)| <

and |U(y)| < with some € > 0 and z,y € R® a.e. such that

3.54¢ 1 + ’y‘3.5+€

1+ |z

1 9 1 9
495(4@ VI (B9) ||VH9 Lian < 495(4@ U3 (B9) i, <1

3 L3 (R?’

‘/CHLSHVHL%(H@) < 471', \/CHLSHUHL%(RS,) < A4r

Here cy 15 is the constant in the Hardy-Littlewood-Sobolev inequality

’/ \x \2)d dy| < CHLS”flan(Rs . i€ L3 (RY) (2.3)
R3 JR3 —

and given on p.98 of [12].



Assumption 2. The function f(x,y) € L*(R®) and |z|f(z,y) € L*(R®), |y|f(z,y) € L*(RO).

Here and further down C' denotes a finite positive constant. Due to our assumptions on the po-
tentials the essential spectrum o.s5(H,) of the Schrodinger type operator H, = Hy — a fills the
interval [—a, oo) (see e.g. [9] ), the Fredholm alternative theorem does not work. The problem
can be trivially handled by the method of the Fourier transform when the potential terms V' (x) and
U(y) vanish. We prove that the method can be generalized in the presence of shallow, short-range
V() and U (y) replacing the standard Fourier harmonics by the functions ¢ (z)n,(y), k,q € R3
of the continuous spectrum of the operator H,. These functions satisfy the Lippmann-Schwinger
equations (see (3.1), (3.2)) in Section 3 and the explicit formulas (3.3).

While the wave vectors k, ¢ attain all the possible values in R3, the functions ¢o(x) and 7y (y)
correspond to k, g = 0 in the formulas (3.1), (3.2) and (3.3). The sphere of radius r in R?, d € N
centered at the origin is being designated as S¢, the unit one as S¢ and |S?| denotes its Lebesgue
measure. Our first main theorem is as follows.

Theorem 3. Let Assumptions 1 and 2 hold. Then
a) Problem (2.1) admits a unique solution u(x,y) € L*(R®) if and only if

(f(z,9), or(x)ng(y)) 2oy =0 for (k,q) € S0 ae.
b) Problem (2.2) has a unique solution u(x,y) € L*(R®).

Remark 4. Note that as distinct from the single Schrodinger operator case studied in [23], part
b) of Theorem 3 does not require any orthogonality conditions at all.

In the second part of the article we study the operator L, on L?(R"™3), n € N, such that
Lou=—Ayu—Ayu+U(y)u —au

with z = (21,29, ...,2,) € R", y = (y1,y2,y3) € R®, a > 0 and the potential U(y) satisfy-
ing the same assumptions as before. We establish the solvability conditions in L*(R™*3) for the
inhomogeneous elliptic problems

Lou=¢ (2.4)

and
Lou = ¢, (2.5)

where L is the limiting case of the operator L, when a — 0 and ¢(z,y) € L?(R""®). We impose
the following technical conditions on the right side of the equations (2.4) and (2.5).

Assumption 5. We have ¢(x,y) € L*(R"™3), |z|¢(z,y) € L*(R™™3) and |y|¢(x,y) € L' (R"3).

As for the potential term U (y) involved in the left sides of the equations (2.4) and (2.5), we assume
the same technical conditions to hold as in the first Theorem. Thus for the operator L, the essential
spectrum coincides with the semi-axis [—a, co) and the Fredholm alternative theorem fails to work.



Theorem 6. Let Assumption 5 hold and the function U (y) satisfy Assumption 1. Then
a) Equation (2.4) possesses a unique solution u(x,y) € L*(R""3), n € N if and only if
ik

e mn
e Ne(Y))r2@ntsy =0 for (k,q) € S\/g?) a.e.

(o(z,y),

b) When n = 1 equation (2.5) admits a unique solution u(z,y) € L*(R*) if and only if

(@(z,y),mo(y)) r2ms) = 0
c) When n > 2 equation (2.5) admits a unique solution u(x,y) € L?(R"*3),

Remark 7. Note that the solvability conditions for equation (2.5) depend on the dimensions of the
problem, such that we have the explicit one in case b) and no orthogonality conditions are required
at all in higher dimensions as stated in case c).

In the third part of the article we consider the operator £ = —A,+V (z)—A,+V(y) on L*(R**™)
with the Laplacian operators A, and A, such that = (z1,22,23) € R?, y = (y1,92, .., Ym) €
R™, m € N and prove the necessary and sufficient conditions for the solvability in L*(R3t™) of
the following inhomogeneous problem

Lu=g(z,y), (2.6)

where g(z,y) € L?(R*™™). Note that problem (2.6) is the extension of the elliptic equation studied
in the second part of [23] to the case of the potential function V'(x) explicitly present in it, which
is assumed to satisfy the same assumptions as in the first part of our article and # € R3. The
assumptions on the second potential function V(y) are analogous to those in [23].

Assumption 8. The function V(y) : R™ — R is continuous and lim,_..V(y) = V4 > 0.

Thus for the operator h := —A, + V(y) on L*(R™) the essential spectrum o.55(h) = [V, 00).
Let us denote the eigenvalues of the operator h located below V, as e;, e; < €j41, j > 1 and the
corresponding elements of the orthonormal set of eigenfunctions as zﬁg, such that h@bﬁ- = ejq/)é-, 1<
I <my, (Y wj) r2rm) = 0;0;s, where m; stands for the eigenvalue multiplicity, which is finite
since the essential spectrum starts only at V; and 9, ; denotes the Kronecker symbol. We make the
following key assumption on the discrete spectrum of the operator A relevant to the problem (2.6).

Assumption 9. The eigenvalues e; < Oforall1 < j < N —1, N > 1landey = 0.

Hence under our assumptions the operator L is not Fredholm. The bottom of the essential spectrum
of the operator —A, + V' (x), which is unitarily equivalent to the free Laplacian in our problem
(see Section 3) is zero and h has the square integrable zero modes. Furthermore, the operator
h has the negative eigenvalues e;, j = 1,...,N — 1 and —A, + V() has the functions of the

continuous spectrum ¢y, (), such that k € S3 — However, equation (2.6) can be solved on the
—€j
proper subspace with the orthogonality conditions stated precisely below. Our third main result is

as follows.



Theorem 10. Let the potential function V (z) satisfy Assumption 1, Assumptions 8 and 9 hold,
g(z,y) € L*(R3**™) and |z|2 g(x,y) € L*(R3*™) with some o > 5. Then equation (2.6) admits a
unique solution u(x,y) € L*(R*™™) if and only if:

(9(2,9), o) (y)) r2@a+my =0, 1<I<my and
(9(z, y), oe(@)Vs (V) 2@aemy =0, 1<1<my, ke Si/_— ae,1<j<N-1

Establishing solvability conditions for linear elliptic problems involving non Fredholm operators
plays the significant role in various applications including the existence of travelling wave solutions
of reaction-diffusion systems (see e.g. [22]).

3. Properties of the operator H; and proof of Theorem 3

The functions of the continuous spectrum of the operator —A, + V' (x) are solutions to the Lipp-
mann-Schwinger equation (see e.g. [18] p.98)

ikx

e 1 etlkllz—yl v p .
o) = =g Ly Ven 6.1

with the orthogonality conditions (¢ (), ¢k, (%)) r2@ms) = 6(k — k1), Kk, ki € R®. Let us define
the integral operator

pilkllz—y]
Qo) = —3- [ T Velan, o L¥(E)

Similarly the functions of the continuous spectrum of the operator —A, + U(y) satisfy

elay 1 etlally—=|

1g(y) = (27) T in s |y — 2| (Ung)(2)dz (3.2)

Njw

and the orthogonality relations (7,(y), g, () r2r3) = 6(¢— 1), ¢, q1 € R?. Therefore, it makes
sense to define the integral operator

etlally—=|
(Pow) = —3 [ S U ne 17®)

For the potentials V' (z) and U (y) satisfying Assumption 1 we have the estimates for the operator
norms of Q : L®(R3) — L>®°(R?®) and P : L>°(R?®) — L*°(R?) denoted as ||Q||« and ||P|s
respectively. These k and ¢ independent bounds are proven in Lemma 2.1 of [23], namely

8
9

19 2 1
QU < 43 264m)E IV [y IVIE, <1

L3 (R?)



and
P <4$9 4 -3 U 5 U 0 1
|| “oo > g( 7T) || ||L°°(]R3)|| ||L%(R3) <5

via Assumption 1 which enables us to express the functions of the continuous spectrum as

B eikm B eiqy
pr(@) =1 -Q) ' —=, ny)=(I—-P)'—5, kqgeR’ (33)
(27)2 27)2
and obtain the trivial estimates on their norms (see Corollary 2.2 of [23])
1 1 1 1
Cr(T)||Loor3) < , Ne(Y) || Loo(r3) <
lor()|z (B%) =7 _ Q1] (27T)% 1nq(y)| (R?) =77 1P| oc (27r)%

We revise the argument of Lemma 2.3 of [23]. By means of inequality (2.3) and Assumption 1
the Rollnik norms for both potentials V( ) and U(y) (see e.g. [20]) given by

|V (x HV / / U (2)[|U(y)
v _/ / V@IV, dy, ||U||% := TN, dy
|| ||R &3 R ‘2 || ||R r3 R |$_y|2

are bounded above, such that
|V[r < 47, |U||g < 47

which yields the self-adjointness of the operators —A,+V (z) and —A,+U (y) on L*(R?) and their
unitary equivalence to —A, and —A, respectively (see [10], also [19]) via the wave operators

H—AFV) Gith  F o A+U) gitA
9 U —

Q‘i/ =5 — limy_ e hmt_qgooe t-

with the limits understood in the strong L? sense (see e.g. [18] p.34, [6] p.90). The spectral
theorem implies that any function in L?(IR®) can be expanded through the products of the functions
of the continuous spectrum ¢k (x)n,(y), k,q € R* which form the complete system in L*(R®).

Let f(k,q) denote the generalized Fourier transform of the function f(z,y) with respect to these
functions , namely

f(ku q) = (f(xay)7 on(x)nq<y))L2(R6)a k? q < Rg
We have the following auxiliary statement.

Lemma 11. Let Assumptions 1 and 2 hold. Then
(Vi + V) f(k q) € L=(R)
Proof. Clearly we need to estimate the sum

(f (@, y), Vieor(@)ng(y)) r2we) + (f(2,9), or(2) Vna(y)) L2 (rs) (3.4)

From the Lippmann-Schwinger equations (3.1) and (3.2) we easily obtain

eikx Zx L 'lc:v . I . - I 1 eikx
2n)? +(-Q)" Q(> +(=Q) (V:Q)(I -Q) )

Vipr(z) = (3.5

Nlw



“(V,P)(I - P)! (;: (3.6)

N

and
V() = iy 4+ (I = PY P iy + (1 — P)
y) = iy+ (I —P)” iy + (I —
O o) (2n)3
with the operators V;Q : L>°(R3) — L>*(R?;C?) and V,P : L=(R?) — L>(R3; C?) having the
integral kernels
’ k
\V4 y, k) = ——¢llklle—vl; Ly
Q(,y, k) = — ur ()
and
. .. 9
V,P(y,z,q) = dally==l; L r7( 5
respectively. A trivial computation gives the upper bounds for their norms
1
and ||V, P|le < EHUHU(R?’) < 00

1
196 < —IIVllzrges) < 00
by means of the rate of decay of the potentials V' (z) and U(y) stated explicitly in Assumption 1
By means of representation (3.5) the first term in (3.4) can be written as the sum of the three terms

Ti(k,q) + Ta(k, q) + Ts(k, q), where the first one is
eikw .

Tl(ka Q) = (f(xa y)7 —gzan(y))LQ(RG)
(2m)2

Clearly we have the bound
: —1P /d/‘””f )<
Iy ylz||f(z,y 00
)31 ” Hoo R3 R3

T (k <
| 1( ’(:Z)| — (27T
due to Assumption 2. The second term
. eikx .
- Q) Q@T)%Z N4(Y)) 12 (wo)

TZ(k>Q) = (f($7y)7 ([

1 ikx
£ 1122 oy | Q™| oo )

can be estimated as
1 1

T5(k <
| 2( 7Q)| —= (271')31— ||P||oo

We obtain the upper bound using the definition of the operator () and Young’s inequality
1
12 (et = W@kl + (fpresn) * IV @)llel} <

W, _ 1
4

zkx
e |_47T rs |7 — Y
1
<—mwnmmm/4ww+mmm”wwmm«mmw¢<w
0
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and k-independent since V (z)z € L>(R%)N L3 (R?) by means of the rate of decay of the potential
function V'(z) given in Assumption 1. Here and further down x4 stands for the characteristic
function of a set A. By means of Assumption 2 and Fact 2 of the Appendix f(z,y) € L'(R®).
Hence Ty(k, q) € L>(R®). The third term is given by

eikac

Ts(k,q) := (f(z,9), (I = Q)" (V:Q)(I = Q)" (%)g%(y))pmfﬂ)
We estimate from above
1 1 1
T5(k, q)| < meHLl (RS) HVHU(R3 ( — Q)21 =P <

uniformly for all k,q € R3. Thus T3(k,q) € L>°(R®). Similarly we express the second term in
(3.4) as the sum of the terms Ry (k, q) + Ra(k, q) + R3(k, ) with

Rl(ka(J) = (f<x>y)790k(x)

5 1Y) £2(RY)
2

Obviously
1

1
k d d
Rkl < Grsr—igre [ 4 [ i) <

The next term is given by

elay

y 2(TR6
27T2 )L(R)

RQ(ka(D = (f(l'ay)a@k(ﬂﬁ)(f - P) P(

such that ] ] ]
2m)* 1 = |@llcc 1 = [ Plloo
The definition of the integral operator P along with Young’s inequality yield

V(=) 1 1
iqy = = — <
pemy| < - [ SRz = (vien o) W@+ (v ) * 0@ <

11122 oy [ PE ™y 0w )

1
< E{HU(?J)?JHLOO(RS)/ dmrdr + ||X{|y\>1}ﬂ”L4 E U4 sy b < 00

and g-independent since U(y)y € L>®(R®) N L3(R®) due to the rate of decay of the potential
function U(y) stated explicitly in Assumption 1. Thus Ry(k,q) € L>(IR®). Therefore, it remains
to estimate the term

., ety
Rs(k, q) = (f(x,y), ex(x)(I — P)" (V,P)(I — P)™* 27r)%)L2(R6)
for which we easily obtain the bound uniform in %, ¢ € R?
R(h, )] < — 21 2o IU] ! L <
3(~, 4 _— 1(R6 L1(R3) o
4z (2m)s T EOTE IR E P 1= Qs



Armed with the technical lemma above we proceed to prove Theorem 3.

Proof of Theorem 3. Assume first that equation (2.1) admits two solutions u;, uy € L*(R®). Then
their difference w(z, y) := ui(z,y) — us(z,y) € L*(RY) satisfies the homogeneous equation

Haw=0

Since the operator H, on L*(R%) is unitarily equivalent to —A, — A, —a, it has no nontrivial square
integrable zero modes, and therefore w(x,y) vanishes a.e. The analogous uniqueness argument
works for the square integrable solutions of equation (2.2). By applying the generalized Fourier
transform with respect to the functions of the continuous spectrum ¢y (z) and 7,(y) to equation
(2.1) we easily obtain

k,q) = w——"—
For technical purposes we will be using the spherical layer in the space of six dimensions

Ay ={(k,q) eR*:Va—oc <2+ @ < Va+o}, 0<0o<+a,

such that x 4, and x4, ¢ denote the characteristic functions of the layer and its complement respec-
tively. Thus we arrive at
k. — — _— c 3.7
U( 7Q> k'2 + q2 _ aXAa k2 q2 _ aXAc ( )

For the second term in the right side of the identity above we have the estimate

f(k,q)

k2 +q2 — S |f(k7Q)| c LQ(RG)

ova

~ x VE+E 9 7
Clearly, we have the representation f(k,q) = f(v/a,w) + / W
a s
ther down w stands for the angle variables on the sphere and dw denotes integration with respect
to these variables. This enables us to split the first term in the right side of (3.7) into the sum
u1(k, q) + us(k, q) with

XA

d|s|. Here and fur-

- VE2+a2 9f(|s| w
x f(\/a7 W) = f a ! 8fg|3|‘ )d|$’
(k. q) = Bt ta(k,q) = == Y —a A

By means of Lemma 11
= XAO' 2 6
k,q)| <C=% e L*(R
‘UZ( Q)’ = \/a ( )

Therefore, it remains to estimate the norm ||, (k, q) H%Z’(RG) equal to

vato (\/W)S 7 2
d(\/k? + ¢? dw a,w)|*,
/ﬁ_a VBT P) e unﬁ)z/y F(Vaw)

10




which is finite if and only if (f(z,y), ¢r(2)ne(y)) L2msy) = 0 for (k,q) € Sf/a a.e, which completes
the proof of Part a) of the Theorem. Similarly for equation (2.2)

f(k,q)
k? + ¢

u(k,q) =
Again we split the expression into the nonsingular and the singular parts, such that

. f(k f(k,q
u(k, q) k‘(+ )QX{k 244251} T k2(+ )QX{k2+q2<1}

Obviously 5
fk,q)
k2 + ¢

The remaining expression will be estimated with the help of the identity

fwo = fo)+ [ %dm

0

S Xy | < 1F(k, ) € LA(RY)

Lemma 11 yields

VE+e 8f(s
fO ! g|s| d’ ‘

k2 + ¢

O 2 RG)

WX{k2+q2§1} € L*(

X{k24+q2<1}| <

Thus it remains to estimate

|

since | f(k, q)| < Il 22 sy || orll oo w3y | Mg | Lo (m3) < 00, K, ¢ € R® which means that no orthog-
onality conditions are required for Part b) of the theorem.

f(0)
k2 + ¢2 X{k’2+q2§1}

2 ~

- for [ |7 < o0

L2(RS)

|

4. Properties of the operator L, and proof of Theorem 6

The operator Ly is the sum of two operators. The first one is —A, acting on L*(R"), n € N
ikx

and the functions of its continuous spectrum are the Fourier harmonics W, k € R". The sec-
T2

ond one is the Schrodinger operator —A, + U(y) on L*(R?) unitarily equivalent to —A,, via the

wave operators which is discussed in Section 3 and the functions of its continuous spectrum are

ne(y), ¢ € R3. Let g/g (k, q) denote the generalized Fourier transform with respect to the products of

11



ikx

the functions of the continuous spectrum qu(y) forming the complete system in L?(R"+3),
T)2
namel
¢(k7 Q) = (¢($, y)7 Wﬁq(y))LQ(R”+3)7 ke Rn? qc R

We establish the following auxiliary statement.

Lemma 12. Let Assumptions 1 and 5 hold. Then

(vk + vq)¢(k7 Q) € LOO(Rn+3)7 n €N

Proof. Obviously we need to take care of the following sum

eikx ikx
((,y), VkWﬁq(y))m(RnH) + (¢(,y), qunq(y))m(ww) 4.1)
For the first term by means of Assumption 5 we have the finite and &, ¢ independent upper bound
e*rig 1 1
£IZ‘, PN 2(Rn S Py Xz 1(Rn
(¢(z,y) (27T>577q<y))L (Rn+3) @) 1 [Pl [zl 21 n+s)

The second term in (4.1) can be written as the sum of three expressions Si(k,q) + Sa(k,q) +
Ss3(k, q), such that the first one

eik:x eiqy

Si(k,q) = (¢(z,y), 2% (2n)

3 iy)LQ(R””)
2

1
can be easily estimated as |51 (k, q)| < WHW)HU(WH) <ooforallk € R*, ¢ & R3due
to Assumption 5. For the second expression
eikx B 6'iqy »
(271_)% (I — P) 1P(27T)g Zy)LQ(Rn+3)

SQ(kv Q) = (¢<I7y)7
we obtain the upper bound

1 7
|Sa(k, q)| < —n#H(ﬁHLl(RHB | Pe" ™y || oo (m3)

(27)
The function ¢(z,y) € L'(R"3) via Assumption 5 and Fact 2 of the Appendix. The estimate on
the term || Pe'®y|| 0 (gs) established in the proof of Lemma 11 yields Sy(k, q) € L>(R""3). We
complete the proof of the Lemma with the estimate on the third expression

1
"T— 1P|l

etk B B etay
Sg(k,(]) = (¢(I,y), n (I - P) 1(VQP)(] - P) ! §)L2(R"+3)
(2m)z (2m)2
such that
130k, )] < = 10 sy s bl s
TR am g T P2
Hence S3(k, q) € L= (R"?). O

12



Establishing Lemma 12 enables us to prove Theorem 6.

Proof of Theorem 6. Assume that equation (2.4) admits two solutions u;, us € L*(R""3) such
that their difference w(x,y) := uy(x,y) — ug(x,y) € L*(R™"3) is a solution to the homogeneous
equation

L,w=0

Since the operator L, on L*(R""3) is unitarily equivalent to —A, — A, — a, it possesses no
nontrivial zero modes w € L*(R™"3), we arrive at w(x,y) = 0 a.e. Analogously the uniqueness

argument works for the square integrable solutions of problem (2.5). We apply the generalized
ikx

Fourier transform with respect to the functions of the continuous spectrum W, k € R™ and
T)2
n,(y), g € R? to equation (2.4) and obtain
X a k7 q
fith, o) = 52t
+q°—a

Let us introduce the auxiliary spherical layer in the space of n + 3 dimensions

By ={(k,q) eR"™: Va—-0 <K+ ¢@<Va+o}, 0<o<a

such that xp, and xp: denote the characteristic functions of the layer and of its complement
respectively. This enables us to split the right side of the equality above into the singular and the
regular parts, such that

o(k, q) N ok, q)

u(k, q) = ‘ 4.2
u(k, q) T A e a (4.2)
Obviously 3 .
———xp| < € L*(R"3
k2 + q2 _ CLXBG f— \/ao_ ( )
s> VIR 935, )
We will make use of the representation ¢(k,q) = ¢(v/a,w) + / Tid|s|. Thus the
Vva S

first term in the right side of (4.2) can be written as @; (k, ¢) + @3 (k, ¢) with

~ 2 2 =
) 5@/& W) ) V kg a¢(|s|’“’)d|s|
@ik q) = 5y, Gk, g) = 2 T s
) k2+q2_a o ) k2+q2_a o

XB,

€ L*(R™*3). Finally we estimate
a

By means of Lemma 12 | @3 (k, q)] < C

Va+to 7'”+2

= 2 _ - 2
L I e v LG L
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if and only if ng(\/&,w) = 0 ae. on S\”/g?’ which is equivalent to the orthogonality condition

(o(x,y), 71q(Y)) L2ty = 0 for (k,q) € S\%’?’ a.e., n € N as stated in part a) of the

(2r)3
theorem.
Then we analogously apply the generalized Fourier transform with respect to the functions

ezkx

(2m)2

ikx

——, k € R" and n,(y), ¢ € R to equation (2.5) which yields

= 6(k, q) 6(k, q)
U( aQ) = k2 1 qQX{k2+q2>1} + m)({k%ﬁg}

The first term in the right side of the identity above is nonsingular and can be easily estimated as

kQ + qQX{k2+q2>1} | (k7Q>| € LQ(RH+3)

- L EE )
We write ¢(k, q) = 6(0) + /0 30?%8!‘ w)

bility of the sum of two terms us(k, q) + @4 (k, ¢) such that

N VE+E 96(s|.w)
L ¢(0) = ) Jo T os| dfs|
( q) k2 +q T2 o 2 X{k* g2ty U4(k’, Q) = k2 + q X{k2+q2<1}

d|s|. Hence it remains to study the square integra-

C

Vit ¢

s 22 gmss) = [B(0)[25™+9 / P2y

Using Lemma 12 we arrive at [ty (k, ¢)| < X{k24q2<1) € L*(R™™?). Finally we compute

1
W||nq||Loo(R3)HngLl(RnH) < 00, k € R", ¢ € R®. The L? norm above is
T)2
finite in all dimensions n > 2. When dimension n = 1 this norm is finite if and only if 5(0) =0
which is equivalent to the orthogonality condition (¢(x,y), 10(y)) L2(rs) = 0.

Note that |p(k, ¢)| <

5. Properties of the operator £ and proof of Theorem 10

By means of the spectral theorem the identity operator on L?(R™) can be written as [ = P, +
Py + P_, where P, and F, denote the orthogonal projections onto the positive, negative and zero

14



subspaces of the operator h. Then problem (2.6) can be easily related to the equivalent system of
three equations

Liuy =gy 5.1)
L u_=gqg_ (5.2)
Louo = go (5.3)

with the operators L. = Py LP. and Ly, = P,LF, applied to the functions v+ = P,u and
ug = Pyu respectively and the right sides of these equations g+ = Pyg and gy = Fyg. For the first
of the equations above we have the following statement.

Lemma 13. Let assumptions of Theorem 10 hold. Then equation (5.1) admits a solution u, €
L*(R3*™), m e N,

Proof. The orthogonal decomposition g = g, + go + g— yields [|g,| r2rs+m) < ||g]| r2(gs+m). For
the operator £, on L?(R?) @ Ran(P, ) we have the following lower bound in the sense of quadratic
forms

Li>PihPe > enyr >0

where ey stands for either the smallest positive eigenvalue of the operator A or the bottom of its
essential spectrum, whichever is smaller. Ran( P, ) denotes the range of the projection operator P, .
Hence the self-adjoint operator £, has the inverse £' : L*(R*) ®@Ran(P,) — L2(R3*™) with the

norm estimated from above by . Therefore, equation (5.1) admits the solution u; = Ejrl g+

EN+1
such that

HU,_;,_HL2(R3+m) < —||g||L2(R3+'m) < o0
EN+1

]

Next we turn our attention to equation (5.3). Without loss of generality it is being assumed that
g0(x,y) = vo(¥)¥n (y) = (9(x,), ¥n(Y)) r2@myn (y)-

Lemma 14. Let assumptions of Theorem 10 hold. Then equation (5.3) possesses a solution ug €
LA(R¥™), m € N if and only if

(g<x>y>v 900(33)%]?/@))9(11%““1) =0,1< E<mpy

Proof. Since the operator —A, + V' (x) has no nontrivial square integrable zero modes (see Section
3), we have ug(z,y) = £(x)1k (y). This allows us to relate equation (5.3) to the problem

(=8 + V(2))(x) = vo(2) (5.4)

For its right side using Schwarz inequality we establish the square integrability

Jenlesy = [ 1ot 9k iogen s < glaonny < o0

15



To show the finiteness of another norm Schwarz inequality is being used as well

fewlls = [ lolltoo, ) v ()emlde <

] /
dr—————=+/1+ |z|® dylg(z,y)|?
o Tt || l9(

with some a > 5 such that |z|2 g(z,y) € L*(R**™). By means of Schwarz inequality this can be
estimated from above as

°° 47rr4

1+ e

A/ 191132 go oy + 112 1E 91122 g0y < 00

Hence Assumption 1.1 of [23] holds for equation ( 5.4) and therefore by means of Theorem 1
of [23] we obtain the necessary and sufficient solvability conditions in L?(R?) for it, namely
(vo(7), po(w))2msy = 0, which yields the statement of the lemma. O

Lemma 15. Let assumptions of Theorem 10 hold. Then equation ( 5.2) possesses a solution u_ €
L2(R3*™) m € N if and only if

(9(z, ), or(@)s () p2gaemy =0, 1<1<m;, ke Si/_— ae, 1<j<N-1

Proof. We denote the orthogonal projections onto the eigenspaces correspondent to the negative

eigenvalues {e] "",! of the operator  as {P_ ] ', such that
N-1
P.=Y P PP =P i, 1<jm<N-1
j=1

Application of these projections to equation ( 5.2) easily yields the system of equations equivalent
to it

(A, +V(x)+hu_;=9g-5, 1<j<N-1 (5.5)
with P_ju_ = u_j and P_;g_ = g_ such that u_ = ZN Ju_jand g = Zév g, We
assume that g ; (v ) = 0, (@)0ly) = (gle,y), 0} () oeml(y), 1 < j < N — L. Then

equation (5.5) becomes

(—As +V(2) +ej)uy = v;(2)9j(y), 1<j<N-1

We write u_ ;(x,y) = &;(2)9;(y) since the operator —A, 4 V() has no positive eigenvalues with
corresponding eigenfunctions in L?(IR?) (see Section 3), which yields

(A, +V(z)+e)éi(z) =vi(z), 1<j<N-1 (5.6)
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For the right side of the equation above by means of Schwarz inequality

v311Z2 gs) = /RS [(9(,9), %5 (¥) 2 [Pz < [lgl72@sem) < 00

To estimate the norm below Schwarz inequality is being used as well

lzvs (@) || rey = /Rd dz|z||(g(z, y), ¥ () 2mmy] <

|| /
dr————= + |z|@ (x,y)|?dy
e )

with some o > 5 such that |z|2g(z,y) € L*(R*™). Schwarz inequality yields the following
upper bound for the expression above

o 47r7’4
Tt Mooy + el B ol oen, < o0

Therefore, Assumption 1.1 of [23] is satisfied for equation (5.6) and Theorem 1 of [23] yields the
necessary and sufficient solvability condition in L?(IR?) for it, namely

(vj (), @k(x))m(RS) =0 for k€ Si/—_ej

a.e. which implies the statement of the lemma. U

Proof of Theorem 10. The solution of equation (2.6) is being constructed as v := uy + ug + u_,
such that the existence of u , ug, u_ € L*(R*™™) is proven in Lemmas 13, 14 and 15 respectively.

Suppose problem (2.6) possesses two solutions w1, uy € L?(R3T™). Then the function v :=
uy — uy € L*(R¥™) is a solution of the homogeneous problem with separation of variables

Ly=20

which solutions are linear combinations of functions cg (x)¢§(y), 1<i<my, 1<j<N
since equation ( 5.1) with vanishing right side admits only the trivial solution in L?(R3*™™) (see
Lemma 13). But cé-(x), 1 <1<m;, 1< j <N vanisha.e. since the operator —A, + V' (z)
does not have nonnegative eigenvalues with corresponding eigenfunctions in L?(R?) (see Section
3).

17



Appendix
Fact 1 Let f(z) € L*(R") and |z|f(z) € L*(R™), n € N. Then f(z) € L'(R").

Proof. We estimate the norm || f|| ;1 &~y from above using Schwarz inequality by

\// If(I)Pde\// dl’+/ |z[|f(z)|dz < || fll 2@ VI Bnl + 12 f]lL1@ey < 00
lz|<1 lz|<1 |z|>1

where | B,,| denotes the Lebesgue measure of a unit ball in the space of n dimensions.

O

Fact 2 Let f(x,y) € L*(R™™™), |z|f(z,y) € LY(R"™) and |y|f(z,y) € L'(R"™™) with
r€R"andy € R™, n,m € N. Then f(x,y) € L*(R"™™).

Proof. It can be easily estimated that

/wm |22 + [y f(z, y)|dvdy g/

Rn+m

21z, )| dxdy + / yl1 ()| dedy < o0

Rner

Therefore, f(x,y) € L*(R™"™) by means of Fact 1.
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