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Sharp rate for the dual quantization problem

Gilles Pages* Benedikt Wilbertz!
December 15, 2010

Abstract

In this paper we establish the sharp rate of the optimal dual quantization problem. The
notion of dual quantization was recently introduced in the paper [8], where it was shown that,
at least in an Euclidean setting, dual quantizers are based on a Delaunay triangulation, the
dual counterpart of the Voronoi tessellation on which “regular” quantization relies. Moreover,
this new approach shares an intrinsic stationarity property, which makes it very valuable for
numerical applications.

We establish in this paper the counterpart for dual quantization of the celebrated Zador
theorem, which describes the sharp asymptotics for the quantization error when the quantizer
size tends to infinity. The proof of this theorem relies among others on an extension of the
so-called Pierce Lemma by means of a random quantization argument.

Keywords: Quantization, Rate, Zador’s Theorem, Pierce’s Lemma, Dual Quantization, Delaunay
triangulation, Random Quantization.

MSC: 60F25

1 Introduction

In [8], we introduced a new notion of vector quantization called dual quantization (or Delaunay
quantization in an Euclidean framework). The principle of dual quantization is to map an R?-
valued random vector (r.v.) onto a finite grid I' € R? using an appropriate random splitting
operator Jp : Qg x R? — T' (defined on an exogenous probability space (Qq,So,Po)) satisfying
an intrinsic stationary property

V¢ e conv(T), Ep, (Jr(§)) = Jr(wo, &) Po(dwo) = €. (1)

Qo

Then, for every random vector (r.v.) X taking values in conv(I") defined on a probability space
(Q,S,P) (once canonically extended on (o X 2, Sy ® S, Py @ P)),

Ep,ep(Jr(X) ] X) = X.

This means that the resulting approximation Jr(X) of X always satisfies a reverse stationarity
property which can be compared to the one satisfied by the nearest neighbour projection Projp(X)
of X onto T, namely E(X | Projp (X)) = Projp(X) which is mainly satisfied by optimal grids for
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the mean (regular) quadratic quantization error (see below) in an Euclidean framework. It has
been emphasized in [8, 6, 7] how to take advantage of this intrinsic stationary property to produce
more accurate cubature formulae for (conditional) expectation approximation regardless of any
optimality property of the grid(s). This new quantization modulus leads to an optimal dual
quantization problem

dnp(X) = inf {| F,(X; T),, TC RY, [T <},
where F}, denotes the local dual quantization error function

Fp(&;F)inf{(zkxlléxll”)p, Ae€[0,1], ) N =6 A= 1}.

zel xzel xzel

Since this notion only makes sense for compactly supported r.v. X, we also consider the extension
to unbounded r.v. X (see [8]) defined by

Fp(f; F) = Fp (5, F) lconv(F) (5) + diSt(Xa F) ]‘COHV(F)C (5)

and the extended dual quantization error given by
dp(X) = inf {| F,(X;T)ll,, TCRY, 7] <.

Recall that the “regular” Voronoi optimal quantization problem reads

en,p(X) = inf { (Emilg (IX — x||p) ,TCRY I < n}
TE
It is well-known that e, ,(X) | 0 as soon as n — oo and X € LP(P). Moreover, this rate of

convergence to 0 of e, ,(X) is ruled by the celebrated Zador Theorem (see [3])

Theorem 1. Let X € Lgd (P), p' > p. Assume the distribution Px of X is decomposed as
Px =hXg+v, v L AN Then

=

. 1 v
i n7enp(X) = Qfyp.allll

d
n— o0 pd

where )

Qm,p,d = nll}gona enp(U([0, 1]%)) € (0, 00).
This rate depending on d is known as the curse of dimensionality. Its statement and proof go back
to Zador in 1954 for uniform distribution, with an extension to possibly unbounded absolutely
continuous distributions by Bucklew and Wise (see [1]). It has been finally established rigourously
(as far as mathematical standard are concerned) in [3] in 2000. A comprehensive survey of the
history of quantization can be found in [4].

The aim of this paper is to prove for any p > 0 and any norm oniRd a counterpart of Zador’s
Theorem in the framework of dual quantization for both d,, , and d,, ; error moduli.

Theorem 2. (a) Let X € L5 (P). Assume the distribution Px of X reads Px = h.\q + v,
v L Ag. Then
_ 1
lim nd dy,(X) = lim nd d,,(X)=Q |h]"s
p+d

N300 n—oo lI-ll.p,

where
QM = inf ndd,,(U([0,1]%) € (0,0).

I-llpd = 50



(b) Let X € Lﬁld (P), p’ > p. Assume the distribution Px of X reads Px = h g+ v, v L 4.
Then

. 1< d =

lim ndd, ,(X)= QH.qH,p,d HthTdd

n—oo

(¢) Ifd=1, then

dnp (U([0,1])) = ( 2 ) )

p+D(p+2)) n—-1

1
. . . dq _ (2PtI\ P g
which implies Q[") ,, = (%) Q1"

Moreover we will also establish in Section 4 a upper bound for the dual quantization coefficient
d
Q) p,a When ||l = [-fer.

Proposition 1. Let r,p € [1,00) and r < p. Then it holds for every d € N

dg T.Q%u
Q\‘\zmnd <d QH,p,l'
Since this upper bound realizes the same asymptotic rate as in the case of regular quantization
1
(cf. Cor. 9.4 in [3]), we believe the rate of d+ to be also the true one for Qﬁj‘ pa 88 d— 0.

The paper is entirely devoted to the proof of Theorem 2. Our global strategy of proof is close
to that adopted in [3] for the original Zador’s Theorem. However, it differs at some points when
dealing with the extended modulus d,, ,(X). In one dimension the exact rate O(n=1) for d,, ,(X)
and d, ,(X) follows from a random quantization argument detailed in Section 3 which is an
extension of the so-called Pierce Lemma d,, ,(X) (in fact, we even state a slightly more general
result than requested for or purpose). This rate can be transferred to O(n_é) in a d-dimensional
framework using a product (dual) quantization argument (see Section 2.2). Finally the sharp
upper bound is obtained in Section 4 by successive approximation procedures of the density of X
which follow the approach developed in [3] to prove the corresponding part of Zador’s Lemma,
whereas the lower bound relies on a new “firewall” Lemma.

NOTATIONS: conv(A) stands for the convex hull of A, |A| for its cardinality and |2] will denote
the (lower) integral part of the real x.

2 Dual quantization: definition and basic properties

2.1 Definitions

Assume R? equipped with a norm |[|-||. First we recall the definition of the regular quantization
problem for a random vector (r.v.) X : (,S,P) — (R%, B%) and

Definition 1. Let X € L, (P) and I’ C R%.
1. We define the LP-mean regular quantization error for a grid I' as
ep(X:T) = (Emin|X —a||")!/7 = [|d(X, D).
xr
2. The optimal regular quantization error, which can be achieved by a grid T of size not ex-
ceeding n is given by

enp(X) =inf{e,(X;T): T C R4, || < n}.



Following [8], the dual quantization error can be introduced as follows.
Definition 2. Let X € LP(P) and ' C R?.

1. We define the local p-dual quantization error for a grid I' as

Fye) =it (Al —al?)" € 01), Y hw =& 3 = 1

zel zel’ zel’

2. The LP-mean dual quantization error for X induced by a grid I is then given by

dp(X;T) = [[Fp(X;5T) e
1/p
- <]Einf{z Aollé =2 : Ao €0,1] and Y Nor =63 Ao = 1}) .
zel xel xel

8. The optimal dual quantization error, which can be achieved by a grid I' of size not exceeding
n will be denoted by

dnp(X) = inf{d,(X;T): T C R%,|I| < n}.

4. The extended LP-mean dual quantization error induces by a grid I' is defined by

dp(Xv F) = HF;D(X; F) ]-conv(F) (X) + diSt(Xa F) ]-Comv(F)C (X)’

e

5. The optimal extended dual quantization error, which can be achieved by a grid I' of size not
exceeding n will be denoted by

dpp(X) = inf{d,(X;T): T C R%,|T| < n}.

Remarks. 1. Since the above quantities only depend on the distribution of the r.v. X we will
also write d,(P,T") for d,,(X,T') and d, ,(P) for dy, ,(X) where P = Px.

2. To alleviate notations, we will use throughout the paper FP, d? and d?, ...instead of Fp,
db and db,. ..

In fact the terminology dual quantization refers to a canonical example of intrinsic stationary
splitting operator: the dual quantization operator.

To be more precise, assume R? is equipped with a norm ||.|| and let p € [1,4+00). Let I' =
{x1,...,2,} C R? be a grid of size n > d + 1 such that aff.dim(T") > d + 1.

The idea is to “split” £ € conv(I") among at most d 4+ 1 affinely independent points in I (which
convex hull contains &) proportionally to its barycentric coordinates. There are usually many
possible choices so we introduced a minimal inertia based criterion to select the most appropriate
“neighbours” of £, namely the function F},({;I") defined for every £ as the value of the minimization
problem

1

: - ! i £
F&D) = if (g Ain«s—xinp) Az TN HEH

Owing to the compactness of constraint set, there exist at least one solution A*(£) and for any such
solution, one shows using convex extremality arguments that the set I*(£) := {i€ I s.t. Af(§) >
0} defines an affinely independent subset {x;, i€ I*(£)}.



When this solution is always unique, the dual quantization operator is simply defined on conv(T")
by
ve€ comv(l), Ywo € Do, JF(w0,8) = Y Tilisiot s (6 <0un)<i_, A3 ()
i€l (§)”
Thus in the quadratic (p = 2) Euclidean case and when T is in the so-called “general position”,
then {{§ st. I[*(&) =1}, |I| <d+ 1} makes up a Borel partition of conv(I") (with possibly empty

elements), known in 2-dimension as the Delaunay triangulation of T' (see [10] for the connection
to Delaunay triangulations). In a general framework, we refer to [8] for a construction of dual
quantization operators.

These operators plays the role of the nearest neighbour projections for “regular” Voronoi quan-
tization and one checks that

170 (X) = Xl rosry = [Fp(X5D)l|Lep)
. & v iz X
E inf <Z)\i||X:L'i|p> ,Aizo,z/\i[ ) } = { | ]
1=1 7

The second step of the optimization process is to find grids which are optimally “fitting” (the
distribution of) X i.e. that are solution to the second level optimization problem

dn p(X) = inf{||j1f(X) — X zr@oepy, Jr 1 Qo x conv(I') — T', conv(I") D suppPx, |I'| < n} .

Note that if X € L>®(P), dnp(X) < 400 iff n > d + 1 (and is identically infinite if X is not
essentially bounded). The existence of an optimal grid (or dual quantizer) has been established
in [8] as well as the following characterization d,, ,(X) as the lowest LP-mean approximation error
by r.v. taking at most n values and satisfying the intrinsic stationary property i.e.

dup(X) = inf {|IX = X lzoeer), 1X(Q0 x Q)] < 1, Epyep (X X) = X}

A stochastic optimization procedure is devised in [8] based on a stochastic gradient approach to
compute optimal grids w.r.t. various distributions.

When a random vector X is not essentially bounded, the above approach cannot be developed
since no finite grid can contain its support. In that case, we need to extend the definition of our
splitting operator Jr outside the convex hull of I'. One way to proceed (see [8]) is to consider
again a (deterministic) nearest neighbour projection Projp

V¢ e R\ conv(T),  Jr(wo,§) = Projp(€).

We loose the intrinsic stationary property, however we were able to show the existence of an
optimal grid solution to the resulting minimization problem

dnp(X) = inf { || F (X5 T) 1 {xeconv(ry} + dist(X, D) Lix¢conv(ry o) } -
It is clear that d,, ,(X) and d,, ,(X) do not coincide even for bounded r.v. but one can show that
min(dn,p(X), Czn,p (X)) = enp(X)
where e, ,(X) is the “regular” Voronoi LP-mean quantization error at level n defined by
enp(X) = inf {[| X — Projp(X)| 2o, IT| <n}.

The above dual quantization problem is characterized in terms of best approximation in LP by
the following theorem established in [8].



Theorem 3. Let X € L°(Q,S,P) and n € N. Then

dnp(X) = inf{E||X — Tp(X)||ze : Tr: Qo x R = T, intrinsic stationary,
supp(Px) C conv(D), |T| < n}
= inf{E|X — X|1r: X : (Q x 2,8 ©8,Py @ P) = RY,
1X(Q0 x Q)] <n, E(X]|X) = X} < +oc.
These quantities are finite iff X € L>°(Q,S,P).

As already mentioned, we established in [8] the existence of dual quantizers at level n € N for
the LP-norm when p € (1, 00). We reproduce this result only for the reader’s convenience:

Theorem 4 (Existence of optimal quantizers). Let X € LP(P) for some p € (1, 00).

(a) If supp(Px) is compact, then there exists for every n € N a grid T € R%, |T| < n such
that dy(X;L7) = dyp(X).

(b) If Px is strongly continuous in the sense that it assigns mass zero to all hyperplanes in R¢,
then there exists for every n € N a grid I}t C RY, [T < n such that dp(X;T) = dp p(X).

If furthermore |supp(Px)| > n, then the above statements hold with |If| = n.

2.2  Local properties of the dual quantization functional

We establish in this paragraph some general properties for the local dual quantization functional
FP, which will be needed for the final proof of Theorem 2.

Proposition 2. Let I'y, T'y C R? be finite grids and let £ € RY. Then
'y CTy = F,(&T2) < Fp(&Th).

Proof. Assume It = {z1,..., 2y} and Tv = {21,..., Zm, Tm+1, ..., 2n}. Then

FP(G 1) = Jnin Z Aill§ = zill” < /\:I?/\i?o Z Ail[€ — @il
i=1 =1

se [T P=[f]az0 s [ a=[f] a0

m

— 3 . _ .||P

= AIQBEI#;AZ 1€ — il
=

st [0 ””{”’]A:[ﬂ.,)\zo

= FP(&§ ).

Moreover, we will make use of the following three properties established in [8].

Proposition 3 (Scalar bound). Let I' = {z1,...,2,} CR with 1 < ... < x,. Then

Tit1 —.Ti)p
4 P& T) < — .
¢ e [wl,xn], F («E,F) 1<Zm<ax 1( 9



Proposition 4 (Local product Quantization). Let ||-|| = |-|¢» defined for every & = (£1,...,¢%)€

L N\1/p d
Re by |€]er = (Zlgigd |§Z|p) and T' = HI‘j for some T'; C R. Then
=1

P

d
Fp(&T) = | D FP(¢.Ty)
j=1

One then may derive in the next proposition a first upper bound for the asymptotics of the
optimal dual quantization error of distributions with bounded support when the size of the grid
tends to infinity.

Proposition 5 (Product Quantization). Let C = a + £[0,1]%, a = (a1,...,aq) € R?, £ > 0,
be a hypercube, parallel to the coordinate axis with common edge length l. Let T' be the product
quantizer of size (m + 1)¢ defined by

d it
F]]:[l{aqua,iO,...,m}.

There exists a positive real constant Cg .| such that

l
VEeC, FP(&D) <Cyp- (5)10 -m~P. (2)

3 Extended Pierce lemma and applications

The aim of this section is to provide a non-asymptotic upper-bound for the optimal dual quanti-
zation error in the spirit of [9], which achieves nevertheless the optimal rate of convergence when
the size n goes to infinity. Like for “regular” Voronoi quantization this upper-bound deeply relies
on a random quantization argument. In fact, it can be established for a (slightly) more general
family of error functionals than the ones cosidered so far for dual and regular quantization.

3.1 One dimensional extended Pierce Lemma
Let

In = {(zla"'v:rn)ERna —00 <X STy < Sy <+OO}
be the set of “non-decreasing” n-tuples of R™.

Definition 3. Let (20, A) be a measurable space and let n > 1 be an integer. A measurable
functional @, : (Qo X I, x R, A® BorZ, ® Bor(R)) — (R, Bor(R)) is called a splitting functional
at level n if it satisfies:

V(x1,...,xn)EL,, VEER,

(1)  f€lrimiza],i=1,....n—1 = VYweQy, O,(w,z1,...,2,,8) € [T5, Tit1],
(”’) 56 (7007:61] = VWGQO; (I)n(w,xl,---,l'n,g) = I,
(4i7) € [z, 00) = Vwe Qo, Pp(w,z1,...,20,8) =y
EXAMPLES: (a) Nearest neighbour/Voronoi quantization. For every i = 1,...,n — 1, let Tipl =
itxi
TEZEL Set '
T if (€ [ziazu-%)a
q)n(w7$17---,1'n,§): G{:Ci,l'i+1} lfgz'rl"r%’
Tit1 if §€ (wip 1, @il



(b) Dual quantization. Qo = [0, 1] and

n—1
‘I)n(w,$1,...,$n,€) = § (xi]-{w< “’i+1*§}
P ST

+1'i+1 1{ -z, Zmn}) 1[I¢,Z¢+1) (5) + 1"11{§<$1}(§) + xnl{gzln} (5)

Tij41—Tg

It follows from (7) that a splitting functional at level n satisfies for every p > 0, w € Qo,
(xla"'axn)ezna geRa

d(&v {561, cee 7xn})p < |§ - (I)n(wazla R 7xn7§)|p < Apyn('rlv .- '51'7155)1) (3)

where

1
n—1 P
Apn(1, ..., 20,8) = (Z(%‘H — i) g, <e<aiy T (€ —2n) Ligsa,y + (21 — §)p1{5<z1}> .
i=1
Let X be random variable defined on (o, A4, P).

XelP(P) = X —0,(,21,...,2n,X), A(z1,...,24,X)€ LP(P).

Furthermore, it follows from (3) that

inf A X > inf
o, 0f L MApn(@n sz, Xl > inf

X — @, (21, ..y 20, X)|| e > €np(X).
The functionals A, , share two important properties extensively used in what follows:
e Consistency : if, for every (z1,...,2,) € I, and for every £ € R,
Vie{l,...,n—=1}, Ay n(x1,.. ., 20, &) = Ap a1 (T1, - o, Tic1, Tiy Tiy Tige1s -« -, Ty, §).

As a straightforward consequence, it follows that

n inf lApn(z1,..., 20, X)|zr is non-increasing. (4)

L1, Tn ) €L,
e Scaling: Ywe Qo, YV (z1,...,2,) €L, VEER, Vae Ry, VBER

Apn(@zy + py..yaxy +6,8) = adpn(rr,..., 20, 8),
Ap,n(xla---axna_g) Apm(—mn,...,—fﬂl,f).

The main result of this section shows the existence of a universal non-asymptotic upper bounds
for the error induced by splitting functionals which appears as an extension of the so-called
Pierce Lemma established in [3] (see also [5]) as crucial step towards Zador’s Theorem for regular
Voronoi quantization.

Theorem 5. Let p, n > 0. There exists a positive real constant Cp,, > 0 and an integer ny, , > 1
such that for any random variables X : (Q, A,P) = R and any sequence of splitting functionals
(Pp)n>1 defined on a probability space (o, Ao, Po)

VnZ?’me, inf HX—@n(.,xl,...,xn,X)HLp S Cp7nHXHLp+n([p0®[P)n_1
(Z1yeeey Tn)EL,

(where X and ®,, have been canonically extended to Qp x Q).



Proof. STEP 1. We first assume that X is [1,4+o00)-valued. Let (Y;,),>1 be a sequence of i.i.d.
Pareto(d)-distributed random variables (with probablhty density fY( ) = 6y°~ 1{y>1}) defined
on a probability space (€', A", P’). By considering Q=QxV, A=A A, P=PaP, one
may assume without loss of generality that X and the sequence (Y;,),>1 are independent (and
defined on the same probability space (£2,.4,P)). For convenience we will denote throughout the
proof by ||.||zr the LP-norm on (Qy x Q, Ay ® A, Py @ P).

Let 6 = d(p,n) € (0, %), let £ ={(p,n) = For every n > £(p,n), let n =n — £ + 2.

_p
a(psm)°

inf ||X D (21, ey, X)|| Lo g( inf ||Ap, (1, xn, X)|Le

(1,20 ) €Ly T1,..Tn)EL

< inf HApyﬁ(l,.’L'g,...,(Eﬁ,X)HLp

(L,22,...,x5) €Ly

< Apa, Y™ Y X)) |

where, for every n > 1, Y = (Yl("), e Yn(")) denotes the standard order statistics of the first

n terms of the sequence (Y;,),>1. For notational convenience we set YO(") = 1. Then, using that
X and (Yj)r>1 are independent, we get

EAPﬁ(l’Yl(n) Y(n ZE( z+1 Yi(n)) {XG[Yi(")Y("))})

i1

“E(( V) v, )

STEP 3. Now we will compute the successive terms of the above sum. Set x = p+ 7. Let
ie{l,...,n—{}.

(") (n)\P (n) (n)\p
(0 V) xawerveny) S B0 - Y) vy
< E((v] -y o)X,

where we used that X and (Yj)r>1 are independent. Now, denoting by F, (u) = (1 —u=%)1{,>1y
the distribution function of the Pareto(d)-distribution, elementary computations show that

B((v = ) ))

= [ dudout o= F ) = ) 00
= 6B —i+L)B((n i) —rr+ 1)%

T(n—i+DT@E) D((n—i)d—r)D(p+1) Tln+1)

=9 T(n+ 1) T(n—i)d+1) T@)I(n—1)

where the functions
o0 1
I(t) = / u'"le™"d, t >0 and B(a,b) = / w11 —w)"Ydu, a, b >0
0 0

T(a)T'(b)
T'(a+b) *

One checks likewise that the above equality still holds for ¢ = 0.

are known to satisty B(a,b) =



Then one derives

n—~ n—~_ . .
_ I'n+1) Fn—i+ 1T ((n—14)d —r)
E( Y(") Y(”) P Y(") n) — T 1 5
D E((V - ) (p+ )r(n+g); T((n — )3 + DT(n 1)
r 1) ~=T( + 16 —
VRNURS | B 8 (RS DGt}
I'(n+1) p (16 + 1)T'(4)
T
Using that, for every a > 0, (s(Jr)a) ~ % as x — 0o, we derive that
x
I+ %) n T@d —r)
~ 0 ~ (16 — )~ o (55~ (et ;
@) 9, T+ 1) (i0 —r) (9) as i — 00
and
F(TL+ 1 1—1
~n 3 as n— o0
Fn+1)
Consequently,
()P (y-(m) ay !
ZE( AR A N(E )_“) ~onee 26 v )Zp+1__
(o) 10 i d—r—1
- 5 -p -z
i (3)
! n
~ 57(7”“)7171’/ uws " ldu as n — oo
0
<+oo since £ >p
so that

n—~0
ZE( Yz(fl) Yi(n))p(Yi(n))iﬁ) ~ Cpyn™" as i — oo
The remaining term can be treated as follows.

(n) P
E((X Y, e+1) 1{X>Y(")+1}) < EXPI{X»,T&)H}

= EXY (n)
(Yn—ﬂ-i-l)n
= EX*EY,",,)7"
Note that
1
() y—n  _ %/ o\n—€, (+1-1
E(Y, Ze41) Tn— (1 DI(0) Jo (1 —v)" "5 tdy

_ Mn+1) Fin—(+ 1T+ %)

P(n—0+1)T(0) I(n+ %)
+3)

since 4 > r. Finally

n—~¢
hmsupnp ( E( Yl(fl 4 n)) ( i(n))_ﬁ) +E(Yn(n)e+1)_n> < 400
1=0



so that
n—~
sup nP E((Yiglll)iyi(n))P(Yi(nhfn) +E(Yn(ﬁ)g+1)7n < 400.
n>£(p,n) i—0

This shows that for every n > n, , = £(p,n),

X[l
inf A X <o A2 Npetn
(wh-..lgn)ezn I p,n($1, s, X)L < . "

STEP 4. If X is a non-negative random variable, applying the second step to X + 1 and using
the scaling property satisfied by Ay, ,, yields for n > n, , (as defined in Step 3),

(1112}.1115”61” 1Apn(1, e, ... zn, X)|r = (O,ch,.%.r,lnfn)eln 1Apn(z1,. . Tn, X +1)||Lr

1+2
114+ Xl oty

> D,

n
1+2
(1 + ([ Xl o)
/ Lp+n
< G

We may assume that || X||;p+n € (0,00). Then, applying the above bound to the non-negative

random variable X = ——2%— yields using positive homogeneity
||X”Lp+n
1+1
inf Ay (0 X <||X c —.
(O,mz,}?zn)ezn 14500 22, s 2, D)l < I X 0 Gy n
STEP 5. Let X be a real-valued random variable and let for every integer n > 1, zy,..., 2, €
(=0,0), pt1 =0 and T2, ..., 22,41 € (0,+00). It follows that
Ap,2n+1(-rla-- -ax2n+1aX)p = Ap,n—i—l(xl;- --axn-i-laX-l-)pl{XZO}
FAp (T, g1, =X )P lix <oy
= Ap,nJrl(l'l; e 7xn+17X+)p + Ap7n+1(7$n+1, ey 7$1,X,)p.
Consequently, if p > 1, we get using that ur + v < (u+ v)%, u, v >0,
inf A ey , X < inf A 0,29,..., , X
(11,---@2131)61271“ | Ap,2n+1(z1 Ton+1, X)|lLr < (07Z27...,;2+1)ezn+1 [ Ap,n+1(0, 22 Tpt1, X4)|[ L
+ inf Ap (0,29, ..., , X .

R Ry [Apn (0,22, . ngr, X)L

Hence, it follows from Step 3 that, for every n > n, , — 1,
1
. !
(1, mf}i)elmwrl HAp72n+1(.T1, reo Pantls X)HLP = Cp’n (HX_HLP+TI + HX+HLP+TI) TL—H’
1
_ !
- CP,WHX||LP+"n +1

where we used that | X||po+n < || X_||pp+n + [| X4 || pp+n. Finally, the monotonicity property (4)
implies that, for every n > 2n,, ,,

X
inf o |Ap n(x1, ..y @n, X)L < QCIIJWHHﬁ_

If pe (0,1), one obtains using directly (5) that

1

it Mpans(enzanin, Xl < () (1 + X 04) o

+ +
(21,20 t1)E€EL2n 41 P b

11



Now
_p
X+ Xl s < UX N0+ IX ) 75 = X

so that the conclusion remains the same. O

3.2 A d-dimensional non-asymptotic upper-bound for the dual quanti-
zation error

Using Proposition 4 one easily shows the following d-dimensional version of the extended Pierce
Lemma.

Proposition 6 (d-dimensional extended Pierce Lemma). Let p, n > 0. There exists an integer

Napn > 1 and a real constant Cqyp, such that, for every n > ny, and every random variable
X e LB (Q, A, P),
dnp(X) < Cd,p,nHXHLP*"”_l/d-

If supp(Px) is compact then the same inequality holds true for d,, ,(X).

Proof. d = 1. In this one dimensional setting one may consider only ordered m-tuples v =
(x1,...,2n). One derives from Theorem 5 and the example (b) that follows that, for every
n .z Npy, _

dup(X) = inf |1X = (U, < Cpi X o107~
where U ~ U([0,1]) is independent of X.

d > 2. Let « be an optimal quantizer of size ny - --n4 < n. Then if X = (X', ..., X%) denote the
components of X, one has if mingny > n,, ,, (from the one dimensional case) using Proposition 4

dhp(X,T5) = EF,,(X:7)
d
< Gl ) EFup(X5n0)
/=1
d
< Ca.0Cpin D NIX | oenny
/=1
1, _
< Capn 02X | X | oo x d [0 ]!
_1
< Coptanl 1K gsnn ™

4 Proof of the sharp rate theorem

On the way to proof the sharp rate theorem, we have to establish few further propositions.

Proposition 7 (Sub-linearity). Let P =3" s;P;, > 0" si=1 and > i~ n; <n. Then
d ,(P) <> s;idh (Py).
i=1

Proof. For ¢ >0 and every i = 1,...,m, let I, C R?, |[}| < n; such that

12



Then by Proposition 2 and with I' = (!, T,

dn, ,(P) <dp ,(P;T)

tnﬁs

sl/F]ngdP (©)

i=1

SZ/F]ffF ) dP; (€)

1=1

<(1 +€)Zsz . (P),

=1

so that sending € — 0 yields the assertion. O

Remark. Proposition 7 does not hold for d?, which causes substantial difficulties in the proof of
the sharp rate compared to the regular quantization setting.

Proposition 8 (Scaling property). Let C = a + p[0,1]? be a d-dimensional hypercube, parallel
to the coordinate axis, with edge length p > 0. Then

dyp(U(C)) = p - dypU([0,1]7)).

Proof. We have

_dxi(E)

dP<U<c>;{a+px1,...,a+pxn}>=/[0 d mmZAn«s ol S,

AER™

[P0 220 [ €] 330

- /[0 1]d Anel%agb Z N ||p€ — pas||P AN (€)
. —

st [TV P”{"’]/\:[Pg],kzo

. gﬁgzx I~ x> ax‘(e)
st [ ﬁ"]k—[?]»zo
=pP - dPU([0,1)9); {1, za}),
which yields the assertion. |

The following Lemma shows that also for d,, , the convex hull of spanned by a sequence of “semi-
optimal” quantizers asymptotically covers the interior of supp(Px), a fact which is trivial for d,, ,
and compact support.

—_—— .
Lemma 1. Let K = conv{ay,...,ar} C supp(P) be a set with K # 0 and let T}, be a sequence
of quantizers such that Jn,p(P,Fn) — 0 as n — oo. Then there exists ng € N such that for all
n > ng

K C conv(Ty,).

Proof. Set ag = 1 Zle a; and define for p > 0

R(p) = conv{ar(p),...,an(p)} with & =ag+ (1+ p)(a; — ao).

13



Since K C supp(P) there exists a po > 0 such that K = K (pg) C supp(PPx). We then also denote
ai(po) by a;. Since moreover a; € supp(Px), there exists a sequence (a}),>1 having values in
conv(I},) and converging to @;. Otherwise there would be 5 > 0 and a subsequence (n’) such
that B(a;,e0) C conv(Iy ). Then dy (X, T) > ()" P(B(as,20/2)) since & € supp(P) which
contradicts the assumption on the sequence (I};,)n>1.

Since K has a nonempty interior, it follows that aff. dim{aq,...,a;} = aff. dim{as,...,ax} = d.
Consequently, we may choose a set I* C {1,...,k}, |[I*| = d+1 so that {a; : j € I*} is an affinely
independent system in R? and furthermore there exists a ng € N such that the same holds for
{a} :j € I"} and every n > ng. Hence, we may write for n > ng

=3 pray, > ptt=1, i=1,... k (5)

jer* jeI*

This linear system has the unique asymptotic solution u;o’i = ¢;; (Kronecker symbol), which
implies M;” — 8,5 for n — oo,
Now let £ € K C K and write

k k
£ = Z)‘iai for some \; > O’Z)‘i =1.

i=1 i=1

One easily verifies that it also holds

k k
T - S £0 i £0 <
= Nia; for \; = + > >0 and A = 1,
; E(1+po)  1+po — k(1+ po) ;
and we furthermore may choose a ny > ng such that for every n > n;
1 Po
— d —V
pit > 5 and g |_4/,€(1Jr )J#@
Using (5) this leads to
k
=3 ()
Jjers i=1
and
Z pit > Nl = T Nl > fo P P oy jer.

Tk 2k(1+po)  4k(1+po)  2k(1+ po)

Thus, noting that
PRI Z Nyt =
jer* i=1 = Jjer*

finally completes the proof. O

As already said, Proposition 7 does not hold anymore for Jnyp. As a consequence we have
to establish an asymptotic firewall Lemma, which will help us in the sequel to overcome this
problem also in the non-compact setting.

14



Lemma 2 (Firewall). Let K C R? be compact and convex with K # (. Moreover, let e > 0 such
that
K. ={z € K : dist(z, K°) > e} # 0,

and denote by T,, . a subset of the lattice aZ? with edge length o > 0 satisfying
K\ K. C conv(Iy.e).

and for every x € K\ K, dist(z,['s ) < C. o where C). | > 0 is real constant which only depends
on the norm |-||.
Then, for every grid T C R, n € (0,1) and € € K., it holds

1

FP(ET) > m

Fp(g; (F N ID() U Fa,s) — (1 + %)pé”‘”ap.

Remark. An almost minimal choice for I, . is

L.=aZ'N(K\K.)+{0,+ae’i=1,...,d}

where (e!, ..., e?) denotes the canonical basis of R.

Proof. Let T' = {x1,...,2,} and let £ € K.. Then we may choose I = I(§) C {1,...,n},
|[I| < d+ 1 such that

F>:Z/\j”§*zz‘”p, Z)\ixizg, A >0, Z/\izl'

i€l el iel

Assume now that there is a ig € I such that z;, € T'\ K and Aip > 0 (otherwise the assertion
is trivial). Note that there are at most d such components in I(£) and choose § = 6(ig) € (0,1)
such that

jio :§+9(1'10 *5) S K\KE

Setting
~ A6 ~ A
No— T eI\ N — 7o
i 9"")\1'0(1_9)716 \{ZO}v 10 9+)\10(1_9)
we arrive at _ _
NEig+ Y, Mai=6 M >0 Y MN=1
i€l\{io} el
so that
A\ gp
MllE = Zig P+ D NlE—ail? = 701 g €Tl
0+ X; ( 0)
Je\{io}
A0
+ > g0 g lE il
zGI\{z 0+ A5 (1 - 0) (6)
<— 3\ P
(=] 2l =il
< FP(&GT)

where we used that 67 < 6 since p > 1. Repeating the procedure (at most d times) for every
x;€ T'\ K finally yields by induction the existence of Z;€ K \ K. and \;, i € I such that

SooXNEi+ Y =6 M=0, ) N=1

iGI:zl&Iw( iclz; €K el

15



and 5 -
FP&T) > Y ANllE—@llP+ Y Mg — |

iEI:miéf( ie]:zief(

Let us denote I . = {a1,...,a,} and let Z;, be a “modified” z;,(€ T'\ K). By construction
Z;, € K\ K: C conv(I,,.) and there is J;, C {1,...,m} such that

FP (%4, 10 E :ugollxm ajl?, E ,ujx]_xloaﬂj >0, E M
J€Jig J€Jig J€Jig

and
Vi€ Jigs T —ajl| < Cpp o

for a real constant C. > 0, which only depends on the norm ||-||.
A possible explicit construction (when Ip, . is as in the above remark) is the following: one may
select k € Z% such that ak is the nearest neighbour of #;, in I, . N K \ K. . Then there exists

5{“, . ,sff € {£1} such that
Z4y € conv(ak, ok + E;Uej).

The resulting index set J;, clearly satisfies the above claim.

Using the elementary inequality
1\P
Vn >0, Vu,v >0, (u+0)’ <(1+n)Pu?+ (1 + —) vP
n
we conclude for every je€ J;,

1€ = ajl” < (1€ = Fioll + 1 Ei0 — a511)"
1\P
S (T+n)PlE =@ l” + (1 + ;) Cf
As a consequence,
io P P 5. ||P NP
> ule - aslP < (1 a)Plle - w4+ (14 5) CF o
J€Jig K
which in turn implies
- i P
6= 2all” 2 T 2 e 0l - (1+2) o
JEJIU "
Plugging this inequality in (6) yields

FP&T) > Y Ale—al?

iel: zlef(

T L M sl ol

zEImZQEK jeJi
1\?
fd(1+ )C” |
1

D (¢ L\? /4
Z mF (5, (F\{xjo}) UF&,E) - (1 + E) CHH @

where Cff | = dC[ | > 0. O
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Now we can establish the sharp rate for the uniform distribution U/([0, 1]%).

Proposition 9 (Uniform distribution). For every p > 1,

QU = im0 d, (10.11Y) = T ¥/, (((0.1]%).

n>0 n—o00

Proof. Let n,m € N, m < n and set k = k(n,m) = L(ﬂ)l/dJ.

Covering the unit hypercube [0,1]¢ by k¢ translates C1,...,Cya of the hypercube [0, ﬂd, we
arrive at ¢ ([0, 1]%) = k~4 Zil U(C;). Hence, Proposition 7 yields

kd
v (U([0,1]%) < k‘dden(u(Ci)).

Furthermore, Proposition 8 states
dm,p(u(ci)) = k_l dm,p (U([O, 1]d))a
so that we may conclude for all n,m € N, m <n
o (U([0,1]%)) < B (U([0,1]) ).
Thus, we arrive at
!y, ([0, 1]%)) < k10t dip (U(0,1]7))

k+1
< Tt W(0,1]%),
which yields for every integer m > 1

limsupn'/?d,, ,(U([0,1]")) <m?dn, , (U([0,1]%)),

n—oo

since lim,, o k(n,m) = 4o0.
This finally implies

lim n'/4d,,(U([0,1]%)) = glrlzfoml/d i (U([0,1]7)).

n—r oo

Proposition 10. For every p > 1,

Qlt\i'ql\,p,d = lim n'/‘ dn,p (U([O, 1]d)) = lim n'/? dn.p (U([O, 1]d))

n— o0 n— o0

Proof. Since we have d,, ,(X) < d,, ,(X) it remains to show

QTH\ pod = 1inngi£f n'/¢ dn.» (U ([0, 1]d))'
Let (I,) be a sequence of optimal quantizers for d, ,(([0,1]%)) and
For 0 < e <1/2let C. = (1/2,...,1/2) + 155[—1,1]¢ be the centered hypercube in [0, 1]¢ with
edge length 1 — ¢ and midpoint (1/2,...,1/2). Moreover let (I},) be a sequence of quantizers
such that

dp U ([0,1]);T,) < (1 + €)dnp(U([0,1]%)).

17



Owing to Lemma 1, there is an integer n. € N such that
Vn >n., C. C conv(l},).
We therefore get for any n > n.
(1+)dnp (U([0,1]7)) = dp (U ([0, 1)7); Ta) = dp (U([0,1]%) 1, 1 Tn) = dp (U([0,1]%) 5 Tn).-
Normalizing ¢ ([0, 1]%) . into a probability distribution and applying Proposition 8, we get
(142)dn,p (U0, 1)) = dop (U([0,1]7) ) = AU(Ce)) Pl p (U(C2)) = (1=)+/7d, , (U ([0, 1]%)).

Hence, we obtain for all 0 < e < 1/2

1/d d (1—g)t+dlr
hnrr_1>10%fn / dp. (U([O, 1] )) > T4z IIjI,p,d’
so that letting € — 0 yields the assertion. O

Proposition 11. Let P = Y7 s, U(C;), > s; = 1, 8; > 0, i = 1,...,m, where C; =
+0,019, i =1,...,m, are pairwise disjoint hypercubes in R? with common edge-length . Set

dP &
= 1= Zsil_dlci.
i=1
Then

. d 5
(a) limsupn/?d, ,(P) < Q”?”,p’d AN gy -

n— o0
. . d »
(b) l%rznigf nl/d dn,p(P) Z Q”_q”’p’d . ||h||d/(d+P)
Proof. (a) For n € N, set

s/ (@+p)

tl:m and nl:Lth 1<z<m
Zjlj

Then, by Proposition 7 and Proposition 8, we get for every n > maxi<;<m(1/t;)

m

& (P) < Zsz Ci) =17 s db (U([0,1]%)).

1=1

Proposition 9 then yields

i d? (U([0,1)%)) = <3) Y a, @(0,1)%) — £, 7QY . asn oo,

%

Noting that ||h||d/(d+p) =[P

(d+p)/d
(Z sf/(dﬂ))) , we get

i a4r P *5
s o, (P) < Q7 Yt

n—oo

< QH Il,p,d Hth/(der)-

18



(b) Let ¢ € (0,1/2) and denote by C; . the closed hypercube with the same center as C; and

edge-length | — e. For a € (0,£/2), we denote by 74, ¢, the lattice with edge-length & = H/loJ

covering C; \ Cj ..
We then get for every i € {1,...,m}

Yan,e,il = (é 4 1)d _ (é B 2{5(12-‘ B 1)d
and define for € € (0,1/2),a € (0,£/2)

gie(a) = 04d|')’an,s,z'| = (Oéé + Oé)d — (Ozé — 204[642—‘ — a)d.

Since 2 — 1 and QQF/Q—‘ — £ as a — 0, we conclude

QR

Ve € (0,1/2), lim gio(a) = 19— (1—¢e). (7)

Let 1) € (0,1) and denote by I, a sequence of n-quantizers such that d?(P;T;,) < (14n)d2(P). It
follows from Proposition 6 that d?(P;T,) — 0 for n — oo so that Lemma 1 yields the existence
of ne € N such that for any n > n,

U C;e C conv(T,,).
1<i<m

We then derive from Lemma 2

PQCT) =17 [ (T, Aae)
—d P (¢ d _7—d D(¢. d
> /C T ) = /C PET) M)
174 (1 —¢)?
(1+mn)r

At this stage, we set for every p > 0

AP (U(C;2); (Tr N Ci) Uryareys) — 174 (1 = E)d(l + %)p Oy - a”.

1/d
o=, = (ﬂ) (8)
on
and denote
n; = |(L, mc)u7an61|

Since dp, ,(U(Cie)) = (I — €)dn, U ([0,1]7)) owing to Proposition 8, we get

= 1 &= 53
nidk (P)> m;sind dP(U(C;);T,)

= —e)? & » .
& sind dP (U(Ci,s); (Fn N Cz) U 70%,5,1’)

— 1
(1+nptt
_ (1+77)p+1 - P
—1 d(l*é)dT E Si'C||‘||'ap'n'i
1=1
1741 —g)ditr & (1 +n)rtt m\ 4
P _]—d(] _ ~\d . N
1+77p+1 Zszndd ])) l (l E) 7]p C”.” (p) .
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Since

ni L0Gl L grelom) _ [L0G
n = n na? n
we conclude from (7) and (8)

mgl (an),

hmsupZ— <1+4p(%—(1—e)).

n—r oo

We may choose a subsequence (still denoted by (n)), such that

nt9d, ,(P) - liminfn'/?d, ,(P)  and % S €01+ p1t—(1—¢e)b)].

n—roo

As a matter of fact, it holds v; > 0, 1 <14 < m: otherwise Proposition 9 would yield

als

- =4 —g)dtr & ni\—43 o
nt dip(P) ZW Z:Si (g) nit dy, U((0,1]))
p+1 m g
gD t;zj) Oy - (;)
— +o00,

which contradicts (a).
Consequently, we may normalize the v;’s by setting

~ (7
R S )
so that 2111 v; < 1. We conclude from Proposition 9

(1+p(14—
P
%zﬁzfz sind d, Z& JLH;O( n

_P
DR
Qlfjpua

=1

(1 —e)%) ) “nd @ (u((0,1%)

7

m

dq . -z
> inf sy, @
= Qn‘u,p,dziyiglﬁwé sl

=Yi=1
LA (d+p)/d
= Qlfpua (Z i/t +p)) :
i=1
Hence, we derive from (9)
=4 —¢e)tr mn (d+p)/d
liminf n 7, (P) > o @l (L)
n—0co (1+ n)erl(l + p(ld — (1 - E)d)) d PN

1 p+1 P
*l’d(l*é‘)di( +1) Cyy - (ﬂ)d
nP P
so that sending ¢ — 0 implies

P m (d+p)/d 1 p+1 »
lim inf n 4 dp »(P) > 17(,2 E Sf/(der) — %CH'H(ﬂ)d
n—00 (1 + n)rtt II- H7P7 gt nP P)

— 1 dq (14 Pt m
= W@H.|\7p7d'”h”d/(d+p) - TCH»H(;)

D
d

and, finally, letting successively p go to co and 7 go to 0 yields the assertion.
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Proposition 12. Assume that P is absolutely continuous w.r.t. \* with compact support. Then

(a) limsupnd dn,(P) < Q4 - 1117 (440

n—oo

.. P = d %
(b)  liminfnednp(P) 2 Q) g 1013 @ip)y
Proof. Let C = [~1/2,1/2]? be a closed hyper hypercube centered at the origin, parallel to the
coordinate axis with edge-length I, such that supp(P) C C. For k € N consider the tessellation
of C into k% closed hypercubes with common edge-length I/k. To be precise, for every i =
(i1,...,1q) € Z%, we set

Ci:H{*éJr%l,—lJrM}

it 2 k
Set h = % and
dPy, P(Cy)
icZ i€Z -
0<ir <k 0<ir<k

By differentiation, of measures we obtain hj, — h, A%a.s. as k — co. which in turn implies owing
to Scheffé’s Lemma

lim ||hgx — h|l1 =0,
k—o0
and
0 ([hllayatp) = hllascasp),

since [[hy — hllq/(a+p) < ()\d(C)) ! lhi — |1, owing to Jensen’s Inequality applied to the proba-

bility measure % Moreover, by Proposition 11 we have

lim n'/?d, ,(Pr) = Q) o 1Pk (a)- (11)

n—o0
Likewise, we define an inner approximation to P: Denote by
cr= J o
—_——
c;csupp(P)

the union of the hypercubes C; lying in the interior of supp(P). Setting

Pr= Y PCHUC),
/—/A
c:csupp(P)
. dPy
hk = W = hk]].ck,

we have as above that )
hie — h, X —as. for k — .

Consequently ) )
Jim Ay —hlli=0 and  lim [hxlla/ap) = [hlla/ap)-
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We get likewise by Proposition 11 that, for every k € N,

lim '/ dy, (Pr) = Q1% g [1kll2) (g (12)

n—roo
(a) Let 0 < e < 1 and n > 2¢/e. If we divide each edge of the hypercube C into
m= L(En)l/dJ -1

intervals of equal length I/m, the interval endpoints define m + 1 grid points on each edge.
Denoting by Iy = T’ (g, n) the product quantizer made up by this procedure, we clearly have

Ty = (m+ 1) = |(en)V4]? = ny.
For this product quantizer it holds for all £ € C' by Propositions 4 and 3

d
FP&ETY) <Oy Y (ﬁ)
=1

lp
<Clipa e

For ny = [(1 —¢)n] let I; be a ny-quantizer such that d?(Py;I3) < (14 ¢)db, (Pr). We clearly
have |I7 UTy| < n and

P
nd

/Fp(f;l—‘l UTL)dPy (&) — /Fp('f;n UIy)dP(§)
<k / FP(6;T) UTy)[he(€) — h€)|dA‘e

lp
< Cyypd =5 1k — hll1
cd

= Cl,sHhk - hHl

for k € Nand n > max{%, 1—;} This implies

nhds (P) < n' / FP(€:Ty UTL)dP ()

als

<n /Fp(é;rlUFQ)de(§)+Cl||hk7hH1

<nt [ P26 L)au(E) + el — bl
< (1+e)nidl, (Py) + crellhu — b1,
so that we conclude from (11)

. 2 1+e¢
limsupnddy, ,(P) < ——= (@} o) Innllasarp) + c1ellhr = hllr.
n—00 (1 — E)d w

Letting first k£ go to infinity and then letting £ go to zero yields

limsupn'/?d, ,(P) < QY L 1Pkl (-

n—r oo
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(b) Assume that I'; is a ng-quantizer such that d?(P;I3) < (1 4 ¢)d?_ (P). Again it holds
IT7 UTs| < n and we derive as above

P
nd

/ FP(&:Ty UTh)dP, (€) — / FP(&:T) U rg,)dP(g)\ < cacllin — hl1. (13)

Moreover, Lemma 1 yields for every k£ € N the existence of n, . € N such that, for all n > nj,

(140 d,,(P) = BT = [ PGP

conv(Ty)

> /Ck FP(&T3)dP (&) 2/ FP(&;T) UTy)dP(€).

Ck

Thus, we derive from (13) that, for every n > max (nkys, %, 1—;),

nz,p

(1+e)nk d.(P)>nk /C FP(&:T) UTy)dP(¢)

Y

wf [ PETUTAPLE) — caclie — bl
C

di, ,(Pr) = el — b1,

als

>n

which yields, once combined with (12),

1+e . . . 2~ d o s
a—of liminf g d7,, ,(P) > Q| ,.allhkllascasp) = c2.ellbe — Rl

Letting first £ go to co and then letting € go to 0, we get

.. 1< d %
liminfn d, ,(P) > Q|4 dHth/(der)'

n—00 [I-1l,ps

O

Proposition 13 (Singular distribution). Assume that P is singular with respect to A% and has
compact support. Then
lim sup n 4 dnp(P) = 0.
n—oo
Proof. (closely follows Step 4 in Graf and Luschgy’s proof of Zador’s Theorem). Let A be a Borel
set such that P(A4) = 1 and A\%(A) = 0. Let € > 0; by the outside regularity of A\? there exists an
open set O = O(e) set such that A\4(O) < ¢ (and P(O) = 1). Let C be an open hypercube with
edges of length ¢ parallel to the coordinate axis containing the closure of A.
Let Cy = H?Zl [¢k.is cki+1i), k€ N be a countable partition of A consisting of nonempty half-open
hypercubes, still with edges parallel to the coordinate axis (see, e.g. Lemma 1.4.2 in [2]).
Let m = m(e) € N such that Z P(Cy) < e,
k>m+1
Let ne N, n > 2d+1 and let ni,...,Nq > 2 be integers such that the product n‘f—i—- . -+n% <n/2.
One designs a grid I' as follows.

For every k€ {1,...,m}, we consider the lattice of Cj, of size n¢ defined by
d .
[T{cki+ —=bri=0,ome=1,i=1,....d}.
i=1 k=1
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Then one defines likewise the lattice of C' of size nd, ., <n/2
d
T .
H{ck’i+ 761', r, = 0,...,7Lm+1 - 1, 1 = 1,,d}
i=1 Mt — 1

The grid I' is made up with all the points of the m + 1 above finite lattices.
Now let £€ A. It is clear from the definition of the function F}, that

. Ciy(be/me)? if € Uiy Cr
BET S{ Cly(t/nmr)” i €€ C\ UL, Ch

where C || > 0 is a real constant only depending on the norm.
As a consequence

@@ = 3 /

PEnaP© + [ PEniee

6/l P(Ci) + (¢/mms1)"PC\ | C)).

k=1 k=1
. { le(n/2) J
(Sl )
d

> o= ixd(ck) < MN(A) <e.

k'=1 k=1

IA
s
=
NE

Set for every ke {1,...,m},

and nm41 = |(n/2)7|. Note that

Elementary computations show that for large enough n all the nj are greater than 1 and that

A.I't!

i (i /101 )P P(C)+(€ /M1 )P P( C\U Ci) < Z 4)a(n/2)" (ulgkgmck)+(n/2)—%epp(0\6 Cr)
k=1 k=1 k'=1 k=1

so that
limsupnid? (P) < Cj(e/2)4

n

which in turn implies by letting € go to 0 that

lim sup n 4 dp, ,(P) =0.

n

O

ProOF OF THEOREM 2: The assertion (a) follows directly from Propositions 12 and 13 and the
fact that it holds d,, ,(X) < dp p(X) for every n € N. Furthermore, part (¢) was derived in [§],
Section 5.1. Hence, it remains to prove (b).

Proof. STEP 1. (Lower bound) If X is compactly supported, the assertion follows from Proposi-
tion 12. Otherwise, set for every Re (0, 00),

C.=[-R R
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and for k € N
hle,

P(-|Ck) = P(Ck))\d'
Proposition 12 yields again
. i - d %
im0t dy (PCICK) = QY 4 1o, PCOIS g (14)

so that db, ,(P) > P(-|Cy)dh ,(P(-|Cy)) implies for all k € N

liminfna d, ,(P) > Q% . |hle,

1
M :
n— oo [IIl,p,d d/(d+p)

Sending k to infinity, we arrive at

1 »
liminfnd d, ,(P) > leﬁpﬁd NG ()

n—oo

STEP 2 (Upper bound, supp(P) = R%). Let p€ (0,1). Set K = Cy4, and K, = Cj. Let Ty o,
be the lattice grid associated to K \ K, with edge a > 0 as defined in the remark that follows
the firewall lemma. It is straightforward that there exists a real constant C' > 0 such that

VkeN,Vpe (0,1),Yae (0,p): [T, <Cdpk?ta™
Let € (0,1). For every n > 1, set a,, = @on ™4 where dg € (0,1) is a real constant and
10 = Canpl, m=[1=-¢e)(n—mno)], n2=l[e(n—mno)l,
so that «,, € (0.p), no +n1 +n2 < n and n; > 1 for large enough n. For every £ € K, = C}, for
every grid I' C R?, we know by the firewall lemma that
FP(&(TNK)UT,,) < (L+0)PFPET) + (1+n)P(1+1/n)PC) af.

Let It = I'(n1,k) be a ni quantizer such that df (P(.|Ck);T1) < (1 + n)dE, (P(.|Ck)). Set

=Ty N é‘k+p) UTk o, ,p)- One has I C Cpy2, for large enough n (so that o, < p).
Let moreover I = I'y(n2, k) be a ng quantizer such that df_(P(.[C});T2) < (1 +n)db, (P(.|C})).
For n > n,, we may assume that Cy2, C conv I, owing to Lemma 1 since Cyy2, = conv(Cl2, \

—_——~
Ciyzp) and Cryzp \ Cppz, C suppP(.|C}). As a consequence I'f C conv(I:) so that conv(Iy) C
conv(Iy) = conv(I') where I' = T U Tband

Cltp C conv(I') = conv(Iy).

Now

szz,p (P) < /C Fp(g; 1—‘)1{§€conv(1“2)} + d(f, F)pl{fgzconv(FQ)} dP(f)
k

=0

+/C (Fp(g; 1—‘)1{§€conv(1“2)} + d(f, F)pl{fgzconv(FQ)}) dP(E)

c
k

Using that, for every &€ Cy,
FP(&T) < FP(&TY)
(L4 m) (FP(&T1) + (1+ 1/n)7 Cy o)

IN
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implies

& ,(P) < PCA+ny((L+n)d, ,(PLIC)) + (L+1/n) Cydon+ )

ni,p

+P(CF) (1 + 1) dn, p(P([CF)).

Consequently

als

i@ () < PO+ )dn?dﬁl,pa)uck))+<1+1/n>”0|.|do

e (

s =

1t (ﬁ)dez)ré e (PLICD))

n2

which in turn implies, using the d-dimensional version of the extended Pierce Lemma (Proposi-
tion 6),

(1 4m) P/
(1 — Cdpki-tag?)

%
. 2 dq
limsupndd) ,(P) < P(Ck)(1+mn)” (((1 ) ) QII-H”th’“HL#p

n

+(1+1/n)PCy . do)

1 d
+P(Cy) (1 +n) Cpall X1 a7, < ) .
(©O) (4 0) Coa I X ixeep) s | 7 =g miae

One concludes by letting successively p, & and 7 go to 0, sending k — oo and finally ¢ to 0.
SteP 3. (Upper bound: general case). Let p€ (0,1). Set P, = pP + (1 — p)Py where Py =
N(0;14) (d-dimensional normal distribution). It is clear from the very definition of dy, that
dnp(P) < %dn,p(Pp) since P < % < P,. The distribution P, has h, = ph + (1 — p)ho (with
obvious notations) and one concludes by noting that

;iﬂ% HhPHd/(d-i-p) = Hth/(d-i-p)
owing to the Lebesgue dominated convergence Theorem. 0

PROOF OF PROPOSITION 1:

Proof. Using Hoelder’s inequality one easily checks that for 0 < r < p and = € R? it holds
1_1
|2|er < d7 77 |2ew.

Moreover, for m € N set n = m and let I be an optimal quantizer for dy, ,U([0,1])) (or at
least (1 + €)-optimal for € > 0). Denoting I' = H?Zl I, it then follows from Proposition 4 that

d
nf U ([0.1)%) < ¥ d@(0, 1)) = m? 37 ([0, 1)5T) = dm? db, @ ((0. 1])).

Combining both results and reminding that Qﬁjl pd holds as an infimum, we arrive for 0 <r <p
at

@, p)" <drtwidy | @([0,1]7) < d”

m? b, (U([0,1])),

which finally proves the assertion by sending m — oo. O
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