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❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ ❛❝❝✉r❛t❡❧② ❣❛s✲
❧✐q✉✐❞ ❝♦♠♣r❡ss✐❜❧❡ ✢♦✇s✱ ✇✐t❤♦✉t ♣r❡ss✉r❡ ♦s❝✐❧❧❛t✐♦♥s ❛t t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥✲
t❡r❢❛❝❡✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ▲❛❣r❛♥❣❡✲♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ ❜❛s❡❞ ♦♥ ❛ r❛♥❞♦♠
s❛♠♣❧✐♥❣ t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❜② ❈❤❛❧♦♥s ❛♥❞ ●♦❛t✐♥ ✐♥ ❬❈●✵✼❪✳ ❲❡ ❝♦♠♣❛r❡
✐t t♦ ❛ ●❤♦st ❋❧✉✐❞ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❲▲❑✵✻❪ ❛♥❞ ❬▼❇❑❑❍✵✾❪✳ ❉❡s♣✐t❡
t❤❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❢❡❛t✉r❡ ♦❢ t❤❡ s❝❤❡♠❡s✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r✲
❣❡♥❝❡ t♦✇❛r❞s t❤❡ r❡❧❡✈❛♥t ✇❡❛❦ s♦❧✉t✐♦♥✱ ❢♦r s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥ t❡st
❝❛s❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❛♣♣❧② t❤❡ ♥❡✇ s❝❤❡♠❡ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s
♦❢ ❛ s♣❤❡r✐❝❛❧ ❛✐r ❜✉❜❜❧❡ ✐♥s✐❞❡ ✇❛t❡r✳

■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❜❛❞ ♣r❡❝✐s✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ●♦❞✉♥♦✈ s❝❤❡♠❡s ❛♣♣❧✐❡❞ t♦ t✇♦✲✢✉✐❞ ✢♦✇s
✐s ❛ s✉❜❥❡❝t t❤❛t ❤❛s ❜❡❡♥ st✉❞✐❡❞ ♥♦✇ ❢♦r ♠♦r❡ t❤❛♥ t✇❡♥t② ②❡❛rs ✭s❡❡ ❬❆❜❣✽✽✱
❑❛r✾✹✱ ❙❆✾✾❛✱ ❇❍❘✵✸✱ ▼❇❑❑❍✵✾❪ ❛♥❞ ✐♥❝❧✉❞❡❞ r❡❢❡r❡♥❝❡s✮✳ ❚❤✐s ❜❛❞ ♣r❡❝✐s✐♦♥
✐♠♣❧✐❡s ♣❡rt✉r❜❛t✐♦♥s ♦♥ t❤❡ ♣r❡ss✉r❡ ♣r♦✜❧❡s✱ t❤❛t ❛r❡ ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ✏♣r❡ss✉r❡
♦s❝✐❧❧❛t✐♦♥s✏ ♣❤❡♥♦♠❡♥♦♥✳

❋♦r t❤❡ ♠♦♠❡♥t✱ ✐t ❤❛s ♥♦t ❜❡❡♥ ♣♦ss✐❜❧❡ t♦ ❞❡s✐❣♥ ❛ s✐♠♣❧❡ ❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡
t❤❛t ♣r❡s❡r✈❡s t❤❡ ❝♦♥st❛♥t ✈❡❧♦❝✐t②✲♣r❡ss✉r❡ st❛t❡s✳ ❚❤✐s ♣r♦♣❡rt②✱ ✇❤✐❝❤ ❛♠♦✉♥ts
t♦ ♣r❡s❡r✈✐♥❣ t❤❡ ❝♦♥t❛❝t ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s✱ s❡❡♠s t♦ ❜❡
♠❛♥❞❛t♦r② ❢♦r ♦❜t❛✐♥✐♥❣ r❡❧✐❛❜❧❡ s❝❤❡♠❡s✳ ❚❤✉s✱ ♠❛♥② ❛✉t❤♦rs ❤❛✈❡ ♣r♦♣♦s❡❞
♠♦❞✐✜❡❞ ●♦❞✉♥♦✈ s❝❤❡♠❡s ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤✐s ♣r♦♣❡rt②✳ ❑❛r♥✐✱ ✐♥ ❬❑❛r✾✹❪
♣r♦♣♦s❡s t♦ s♦❧✈❡ t❤❡ ♣r❡ss✉r❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✐♥st❡❛❞ ♦❢ t❤❡ ♠❛ss ❢r❛❝t✐♦♥ ❡✈♦✲
❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❛t t❤❡ ✐♥t❡r❢❛❝❡✳ ❆❜❣r❛❧❧ ❛♥❞ ❙❛✉r❡❧ ❬❆❜❣✽✽✱ ❙❆✾✾❛❪ ♣r♦♣♦s❡ t♦
s♦❧✈❡ t❤❡ ♠❛ss ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ✐♥ ❛ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ✇❛② ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡
♣r❡s❡r✈❛t✐♦♥ ♦❢ ❝♦♥st❛♥t ✈❡❧♦❝✐t②✲♣r❡ss✉r❡ st❛t❡s ✭❙❆ ❛♣♣r♦❛❝❤✮✳ ❋❡❞❦✐✇ ❛♥❞ ❝♦❧✲
❧❛❜♦r❛t♦rs ❬❋❆▼❖✾✾❪ ✐♥tr♦❞✉❝❡ t❤❡ ●❤♦st ❋❧✉✐❞ ✭●❋✮ ♠❡t❤♦❞✿ ❛t t❤❡ ✐♥t❡r❢❛❝❡✱
t❤❡② ♣r♦♣♦s❡ t♦ ✐♥tr♦❞✉❝❡ t✇♦ ✈✐rt✉❛❧ ✢✉✐❞s ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ s❝❤❡♠❡ t❤❛t
♦♥❧② r❡q✉✐r❡s ❛ ♦♥❡✲✢✉✐❞ ❘✐❡♠❛♥♥ s♦❧✈❡r✳ ❚❤❡ ●❋ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♠♣r♦✈❡❞ ✐♥
♠❛♥② ✇♦r❦s✳ ❲❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ❤❡r❡ ✐♥ ♦♥❡ ✈❛r✐❛♥t✱ t❤❡ ❘❡❛❧ ●❤♦st ❋❧✉✐❞ ▼❡t❤♦❞
✭❘●❋▼✮ ❬❲▲❑✵✻✱ ▼❇❑❑❍✵✾❪✳ ■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ s✉r✈❡②
♦❢ t❤✐s ✜❡❧❞✱ ❜✉t ♠❛♥② ♦t❤❡r ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✿ ❝❤❛♥❣✐♥❣ t❤❡ t✇♦✲✢✉✐❞
♠♦❞❡❧ t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♦♥❡ ❬❙❆✾✾❜✱ ❲❑✵✺✱ ❑▲✶✵❪✱ ✉s✐♥❣ ❛ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤
❛t t❤❡ ✐♥t❡r❢❛❝❡ ❬❍▼▼✵✽❪✱ ❡t❝✳

❆ ❝♦♠♠♦♥ ❢❡❛t✉r❡ ♦❢ ❛❧❧ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❛♣♣r♦❛❝❤❡s ✐s t❤❛t t❤❡ s❝❤❡♠❡s ❛r❡
❣❡♥❡r❛❧❧② ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ✈❡r② ❡①♦t✐❝ s❝❤❡♠❡s t❤❛t ❛r❡
❝♦♥s❡r✈❛t✐✈❡ ❜✉t t❤❡② ❛r❡ t❤❡♥ ✈❡r② ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ♦♥❧② ❢♦r ❛❝❛❞❡♠✐❝
t❡st ❝❛s❡s ❬❍▼▼✵✽❪✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛r✐s❡s✱ ✇❤✐❝❤ ✐s ✇❤❡t❤❡r t❤❡s❡ s❝❤❡♠❡s

❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ❋✐♥✐t❡ ✈♦❧✉♠❡✱ ●♦❞✉♥♦✈ s❝❤❡♠❡✱ ●❤♦st ✢✉✐❞ ♠❡t❤♦❞✱ ❧❛❣r❛♥❣❡✲
♣r♦❥❡❝t✐♦♥✱ ●❧✐♠♠ s❝❤❡♠❡✱ ❣❛s ❜✉❜❜❧❡ ♦s❝✐❧❧❛t✐♦♥s✳

✶



❘❆◆❉❖▼ ❙❆▼P▲■◆● ❘❊▼❆P ❋❖❘ ❈❖▼P❘❊❙❙■❇▲❊ ❚❲❖✲P❍❆❙❊ ❋▲❖❲❙ ✷

❝♦♥✈❡r❣❡✱ ♦r ♥♦t✱ t♦✇❛r❞s t❤❡ r❡❧❡✈❛♥t s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ t✇♦✲✢✉✐❞ ♠♦❞❡❧s✳ ■♥✲
❞❡❡❞✱ ❣❡♥❡r❛❧❧②✱ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡s ❝♦♥✈❡r❣❡ t♦✇❛r❞s ✇r♦♥❣ s♦❧✉t✐♦♥s✳ ■t ✐s ❛
♣✉r❡❧② ♥♦♥✲❧✐♥❡❛r ❜❡❤❛✈✐♦r ❬❍▲✾✹❪✱ ✇❤✐❝❤ ✐s st✐❧❧ ♥♦t ②❡t ✇❡❧❧ ✉♥❞❡rst♦♦❞ ❜❡❝❛✉s❡ ❛
♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ▲❛①✲❲❡♥❞r♦✛ t❤❡♦r② ❞♦❡s ♥♦t ❡①✐st ✭❢♦r ❛ r❡❝❡♥t ✇♦r❦ ♦♥ t❤✐s ❛s✲
♣❡❝t✱ s❡❡ ❬❆❑✶✵❪✮✳ ❍❡r❡✱ t❤❡ s✐t✉❛t✐♦♥ ✐s r❛t❤❡r s✉❜t❧❡ ❜❡❝❛✉s❡ t❤❡ ♥♦♥✲❝♦♥s❡r✈❛t✐♦♥
♦❢ t❤❡ s❝❤❡♠❡s ✐s ❣❡♥❡r❛❧❧② ❧♦❝❛t❡❞ ❛t t❤❡ ❝♦♥t❛❝t ❞✐s❝♦♥t✐♥✉✐t②✱ ✇❤✐❝❤ ✐s ❛ ❧✐♥❡❛r❧②
❞❡❣❡♥❡r❛t❡❞ ✜❡❧❞✳ ❲❤❡♥ ❛❧❧ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ✇❛✈❡s ✭s❤♦❝❦s ❛♥❞ ❝♦♥t❛❝ts✮ ❛r❡ ✇❡❧❧
s❡♣❛r❛t❡❞✱ ✐t ✐s t❤✉s ♥♦t ❛ ❢✉❧❧ ♣❛r❛❞♦① t♦ ♦❜s❡r✈❡ ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s t❤❡ ❣♦♦❞ s♦✲
❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ❝♦♠♣❧✐❝❛t❡❞ ♥♦♥✲❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s✱ ✇❤❡♥ ❛❧❧ t❤❡ ✇❛✈❡s
❛r❡ ♠✐①❡❞✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ✉♥❞❡rst❛♥❞ ✇❤② t❤❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦
✇❡❧❧ ❝♦♥✈❡r❣✐♥❣ s❝❤❡♠❡s✳ ❋♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ✇❛✈❡ ♠✐①✐♥❣ ♦❝❝✉r ✐♥ ✈❡r②
s✐♠♣❧❡ s✐t✉❛t✐♦♥s✿ ❛t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ ♦❢ ❛ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠✱ ❢♦r ✐♥st❛♥❝❡✱ ♦r ✇❤❡♥
❛ s❤♦❝❦ ✇❛✈❡ ✐s s❡♥t ♦✈❡r ❛ ♠♦✈✐♥❣ ✐♥t❡r❢❛❝❡✳

❖✉r ✜rst ♦❜❥❡❝t✐✈❡ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡
❢♦r s♦❧✈✐♥❣ t✇♦✲✢✉✐❞ ✢♦✇s✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ♣r❡✈✐♦✉s ✇♦r❦s ♦❢
●♦❛t✐♥✱ ❈❤❛❧♦♥s ❛♥❞ ❈♦q✉❡❧ ❬❈●✵✼✱ ❈❈✵✽❪ ♦♥ ▲❛❣r❛♥❣❡✲♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡s✳ ❚❤❡
✐❞❡❛ ✐s t♦ ✉s❡ ❛ ♣r♦❥❡❝t✐♦♥ st❡♣ ❜❛s❡❞ ♦♥ r❛♥❞♦♠ s❛♠♣❧✐♥❣ t❡❝❤♥✐q✉❡s✱ ✈❡r② s✐♠✐❧❛r
t♦ t❤❡ ●❧✐♠♠ s❝❤❡♠❡ ♠❡t❤♦❞✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ●❧✐♠♠ s❝❤❡♠❡ ❬●❧✻✺❪ ✐♠♣❧✐❡s ❛♥ ❡①✲
❛❝t ❘✐❡♠❛♥♥ s♦❧✈❡r✳ ❍❡r❡✱ ❜❡❝❛✉s❡ t❤❡ r❛♥❞♦♠ s❛♠♣❧✐♥❣ ✐s ♦♥❧② ♣❡r❢♦r♠❡❞ ✐♥ t❤❡
♣r♦❥❡❝t✐♦♥ st❡♣✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❧② ♦♥ ❛♣♣r♦①✐♠❛t❡ ❘✐❡♠❛♥♥ s♦❧✈❡rs ✐♥ t❤❡ ▲❛✲
❣r❛♥❣❡ st❡♣✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ ♣r❡s❡♥❝❡ ♦❢ str♦♥❣ s❤♦❝❦s✱ ♦✉r ❛♣♣r♦❛❝❤ ❤❛s t♦ ❜❡
❛❞❛♣t❡❞✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ ♥♦♥✲❝♦♥✈❡r❣❡♥❝❡✿ ✇❡ s✐♠♣❧② ♣r♦♣♦s❡ t♦
♣❡r❢♦r♠ t❤❡ r❛♥❞♦♠ s❛♠♣❧✐♥❣ str❛t❡❣② ♦♥❧② ❛t t❤❡ t✇♦ ✢✉✐❞s ✐♥t❡r❢❛❝❡✳ ❆s ❢♦r ♦t❤❡r
s❝❤❡♠❡s✱ ♦✉r r❛♥❞♦♠ s❛♠♣❧✐♥❣ ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ ✐s ♥♦t ❝♦♥s❡r✈❛t✐✈❡✳ ▲❡t ✉s r❡❝❛❧❧
t❤❛t t❤❡ ●❧✐♠♠ s❝❤❡♠❡ ✐s ♥♦t ❝♦♥s❡r✈❛t✐✈❡ t♦♦✱ ❜✉t ♣♦ss❡ss❡s st❛t✐st✐❝❛❧❧② ❝♦♥s❡r✲
✈❛t✐♦♥ ♣r♦♣❡rt✐❡s ❬●❧✻✺❪✳ ❲❡ ❤♦♣❡ t❤❛t s✉❝❤ ♣r♦♣❡rt✐❡s st✐❧❧ ❤♦❧❞ ❢♦r ♦✉r s❛♠♣❧✐♥❣
♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡✳

❖✉r s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣❡r❢♦r♠ ❛ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ❢♦r s❡✈❡r❛❧
❝❧❛ss✐❝❛❧ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡s ❢♦r t✇♦✲✢✉✐❞ ✢♦✇s✱ ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ t♦ ♦✉r ♥❡✇
s❝❤❡♠❡✳ ❲❡ ✇✐❧❧ ♦❜s❡r✈❡✱ s✉r♣r✐s✐♥❣❧②✱ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s s❡❡♠ t♦ ❝♦♥✈❡r❣❡
t♦✇❛r❞s t❤❡ ❣♦♦❞ ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s✱ t❤✐s
❜❡❤❛✈✐♦r ✐s ❛❜s♦❧✉t❡❧② ♥♦t ♦❜✈✐♦✉s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ♥❡✇ s❝❤❡♠❡ t♦ t❤❡
❘●❋▼ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❧❡① ❝♦♥✜❣✉r❛t✐♦♥✳ ❲❡ ♣r❡s❡♥t ❛ ❤❛r❞ t❡st ❝❛s❡ ❝♦♥s✐st✐♥❣ ✐♥
❝♦♠♣✉t✐♥❣ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❛ s♣❤❡r✐❝❛❧ ❣❛s ❜✉❜❜❧❡ ✐♥ ❛ ❝♦♠♣r❡ss✐❜❧❡ ❧✐q✉✐❞✳ ❲❡
♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❘●❋▼ ❛♥❞ t❤❡ r❛♥❞♦♠ ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡✳

✶✳ ❚❤❡ t✇♦✲❢❧✉✐❞ ♠♦❞❡❧

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊✉❧❡r s②st❡♠ ❢♦r ❛
❝♦♠♣r❡ss✐❜❧❡ t✇♦✲✢✉✐❞ ♠✐①t✉r❡✳ ❚❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠✐①t✉r❡ ✐s ρ✱ t❤❡ ✈❡❧♦❝✐t② ✐s u ❛♥❞
t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ✐s e✳ ❲❡ ❞❡♥♦t❡ ❜② E t❤❡ t♦t❛❧ ❡♥❡r❣② ❞❡✜♥❡❞ ❜② E = e+u2/2✳
❚❤❡ ♣r❡ss✉r❡ ✐s ♥♦t❡❞ p✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❜✉t ✇✐t❤♦✉t ❧♦ss ❛ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♦♥❧②
❝♦♥s✐❞❡r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s✳ ❚❤❡ ✉♥❦♥♦✇♥s ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛t✐❛❧ ♣♦s✐t✐♦♥ x
❛♥❞ ♦❢ t❤❡ t✐♠❡ t✳ ❚❤❡ P❉❊ s②st❡♠ ✐s ♠❛❞❡ ♦❢ ♠❛ss✱ ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥❡r❣②
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s

∂tρ+ ∂x(ρu) = 0,✭✶✳✶✮

∂t(ρu) + ∂x(ρu
2 + p) = 0,✭✶✳✷✮

∂t(ρE) + ∂x((ρE + p)u) = 0.✭✶✳✸✮
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■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♦♥❡✲✢✉✐❞ ✢♦✇✱ t❤❡ ♣r❡ss✉r❡ ✇♦✉❧❞ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t②
❛♥❞ t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣②

p = p(ρ, e).

❇❡❝❛✉s❡ ✇❡ ❝♦♥s✐❞❡r t✇♦✲✢✉✐❞ ✢♦✇s✱ ♦✉r ♣r❡ss✉r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ❛♥❞
t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ❜✉t ❛❧s♦ ♦❢ ❛ s✉♣♣❧❡♠❡♥t❛r② ✉♥❦♥♦✇♥ ϕ✱ t❤❡ ❝♦❧♦✉r ❢✉♥❝t✐♦♥

✭✶✳✹✮ p = p(ρ, e, ϕ).

❚❤❡ ❝♦❧♦✉r ❢✉♥❝t✐♦♥ ✐s tr❛♥s♣♦rt❡❞ ✇✐t❤ t❤❡ ✢♦✇

∂tϕ+ u∂xϕ = 0.

❈♦♠❜✐♥✐♥❣ t❤✐s tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✶✳✶✮ ❣✐✈❡s ❛
❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ♦❢ t❤❡ ❝♦❧♦✉r ❢✉♥❝t✐♦♥ ❡q✉❛t✐♦♥

✭✶✳✺✮ ∂t(ρϕ) + ∂x(ρϕu) = 0.

❋✐♥❛❧❧②✱ ❞❡✜♥✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ✈❛r✐❛❜❧❡s ✈❡❝t♦r

W = (ρ, ρu, ρE, ρϕ)T ,

❛♥❞ t❤❡ ✢✉① ✈❡❝t♦r

F (W ) = (ρu, ρu2 + p, (ρE + p)u, ρϕu)T ,

t❤❡ s②st❡♠ ✭✶✳✶✮✲✭✶✳✸✮✱ ✭✶✳✺✮✱ ✭✶✳✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥

∂tW + ∂xF (W ) = 0.

❋♦r ♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♣r❡ss✉r❡ ❧❛✇ ♦❢ ❛ ♠✐①t✉r❡ ❛ st✐✛❡♥❡❞
❣❛s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❣❛s ❛♥❞ ❛ ❧✐q✉✐❞ s❛t✐s❢②✐♥❣ st✐✛❡♥❡❞ ❣❛s ❧❛✇s

p = (γi − 1)ρe− γiπi,

✇✐t❤ i = 1 ❢♦r t❤❡ ❣❛s ❛♥❞ i = 2 ❢♦r t❤❡ ❧✐q✉✐❞✳ ❚❤❡ ♣❛r❛♠❡t❡rs γi > 1 ❛♥❞ πi ❛r❡
♦❜t❛✐♥❡❞ ❢r♦♠ ♣❤②s✐❝❛❧ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ♠✐①t✉r❡ ♣r❡ss✉r❡ ✐s ❞❡✜♥❡❞ ❜②

✭✶✳✻✮ p(ρ, e, ϕ) = (γ(ϕ)− 1)ρe− γ(ϕ)π(ϕ).

❚❤❡ ♠✐①t✉r❡ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❜②

1

γ(ϕ)− 1
= ϕ

1

γ2 − 1
+ (1− ϕ)

1

γ1 − 1
,

γ(ϕ)π(ϕ)

γ(ϕ)− 1
= ϕ

γ2π2
γ2 − 1

+ (1− ϕ)
γ1π1
γ1 − 1

,

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ϕ = 1 ✐♥ t❤❡ ♣✉r❡ ❧✐q✉✐❞ ♣❤❛s❡ ❛♥❞ ϕ = 0 ✐♥ t❤❡ ♣✉r❡ ❣❛s ♣❤❛s❡✳
❚❤✐s s②st❡♠ ❤❛s ♥✐❝❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s✿ ✐t ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞ t❤❡ ❘✐❡♠❛♥♥
♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❡✈❡♥ ✇✐t❤ ❧❛r❣❡ ❞❛t❛ ❬❇❍❘✵✸❪✳

❖♥ t❤❡ ♥✉♠❡r✐❝❛❧ s✐❞❡✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❋♦r ✐♥st❛♥❝❡ ✐t ✐s ♥♦✇
✇❡❧❧✲❦♥♦✇♥ t❤❛t st❛♥❞❛r❞ ❝♦♥s❡r✈❛t✐✈❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡s ❤❛✈❡ ❛ ♣♦♦r ♣r❡❝✐s✐♦♥
✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤✐s ❦✐♥❞ ♦❢ ✢♦✇✳ ❊✈❡♥ ✇♦rs❡✱ ✐♥ s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ❧✐q✉✐❞✲❣❛s
✢♦✇s✱ t❤❡ ❡①♣❧✐❝✐t ●♦❞✉♥♦✈ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❜❡❝❛✉s❡ ✐t ❧❡❛❞s t♦ ♥❡❣❛t✐✈❡ ❞❡♥s✐t✐❡s✳
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✷✳ ❚❤❡ ▲❛❣r❛♥❣❡✲♣r♦❥❡❝t✐♦♥ ❛♣♣r♦❛❝❤

❋♦r t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡s tn✱ n ∈ N✱
s✉❝❤ t❤❛t t0 = 0 ❛♥❞ τn = tn+1 − tn > 0✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ♠❡s❤ ♣♦✐♥ts xni+1/2 ❛t

t✐♠❡ n✳ ❚❤❡ ❝❡❧❧ Cn
i ✐s t❤❡ ✐♥t❡r✈❛❧ ]xni−1/2, x

n
i+1/2[✳ ❲❡ ❞❡♥♦t❡ ❜② xni t❤❡ ❝❡♥t❡r ♦❢

❝❡❧❧ Cn
i

xni =
xni−1/2 + xni+1/2

2
.

❚❤❡ ❧❡♥❣t❤ ♦❢ ❝❡❧❧ Cn
i ✐s ♥♦t❡❞ hni = xni+1/2 − x

n
i−1/2✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦t❛t✐♦♥s✱

t❤❡ ♠❡s❤ ✐s ♠♦✈✐♥❣ ❜✉t ❛t s♦♠❡ t✐♠❡ st❡♣ ✇❡ ✇✐❧❧ ❣♦ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ ♠❡s❤ ❛t
n = 0✳ ❲❡ ♥♦t❡

xi = x0i , Ci = C0
i , hi = h0i , etc.

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ W ✐♥ t❤❡ ❝❡❧❧ Cn
i

Wn
i ≃W (x, t), x ∈ Cn

i , t ∈]tn, tn+1[.

❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥✱ ✇❡ ♥❡❡❞ ❛♥ ✭❡①❛❝t ♦r ❛♣♣r♦①✐♠❛t❡✮ ❘✐❡♠❛♥♥ s♦❧✈❡r✳
❚❤❡ ✭❡①❛❝t ♦r ❛♣♣r♦①✐♠❛t❡✮ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠

∂tV + ∂xF (V ) = 0,

V (x, 0) =

{
WL ✐❢ x < 0,
WR ✐❢ x > 0,

✐s ♥♦t❡❞

R(
x

t
,WL,WR) = V (x, t).

❊❛❝❤ t✐♠❡ st❡♣ ♦❢ t❤❡ ▲❛❣r❛♥❣❡✲♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ ✐s ♠❛❞❡ ♦❢ t✇♦ st❛❣❡s✳ ■♥ t❤❡
✜rst st❛❣❡✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ❛ ▲❛❣r❛♥❣❡ s❝❤❡♠❡

h
n+1/2
i W

n+1/2
i − hni W

n
i + τn

(
Fn
i+1/2 − F

n
i−1/2

)
= 0.

❚❤❡ ▲❛❣r❛♥❣❡ ✢✉① ✐s ❞❡✜♥❡❞ ❜②

Fn
i+1/2 = F (Wn

i+1/2)− u
n
i+1/2W

n
i+1/2,

Wn
i+1/2 = R(uni+1/2,W

n
i ,W

n
i+1),

✇❤❡r❡ t❤❡ ❝❡❧❧ ❜♦✉♥❞❛r② xni+1/2 ♠♦✈❡s ❛t t❤❡ ✈❡❧♦❝✐t② uni+1/2 ♦❢ t❤❡ ❝♦♥t❛❝t ❞✐s❝♦♥t✐✲

♥✉✐t② ✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥WL =Wn
i ❛♥❞WR =Wn

i+1

x
n+1/2
i+1/2 = xni+1/2 + τnu

n
i+1/2.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❞❡✜♥❡s t❤❡ ♥❡✇ s✐③❡ ♦❢ ❝❡❧❧ Cn
i

h
n+1/2
i = x

n+1/2
i+1/2 − x

n+1/2
i−1/2 = hni + τn(u

n
i+1/2 − u

n
i−1/2).

❚❤✐s ❢♦r♠✉❧❛ ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ■t
♣❡r♠✐ts t♦ ❛✈♦✐❞ t❤❡ ❛❝t✉❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦✈❡❞ ♠❡s❤✳

❆❢t❡r t❤❡ ▲❛❣r❛♥❣❡ st❛❣❡✱ ✇❡ ❤❛✈❡ t♦ ❣♦ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ ❊✉❧❡r ♠❡s❤✳ ❚❤✐s ❝❛♥
❜❡ ❞♦♥❡ ✇✐t❤ s❡✈❡r❛❧ ♠❡t❤♦❞s
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✷✳✶✳ ❚❤❡ ❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❛✈❡r❛❣❡ ❜❛❝❦ ♦♥ t❤❡ ❊✉❧❡r
❣r✐❞✱ ✇✐t❤ ❛ s✐♠♣❧❡ L2 ♣r♦❥❡❝t✐♦♥

Wn+1

i =
τn
hi

max(uni−1/2, 0)W
n+1/2
i−1

−
τn
hi

min(uni+1/2, 0)W
n+1/2
i+1

+

(
1−

τn
hi

max(uni−1/2, 0) +
τn
hi

min(uni+1/2, 0)

)
W

n+1/2
i .✭✷✳✶✮

❆♥❞ ✇❡ ❣♦ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ ❊✉❧❡r ❣r✐❞

Cn+1

i = Ci, hn+1

i = hni .

■t ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥

Wn+1

i =W
n+1/2
i −

τn
hi

(
max(uni−1/2, 0)(W

n+1/2
i −W

n+1/2
i−1

)+

min(u
n+1/2
i+1/2 , 0)(W

n+1/2
i+1

−W
n+1/2
i )

)
.✭✷✳✷✮

■♥ t❤✐s ✇❛②✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ st❡♣ ✐s ❛♥ ✉♣✇✐♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

∂tW + u∂xW = 0.

❚❤✐s ♠❡t❤♦❞ ✐s ❢✉❧❧② ❝♦♥s❡r✈❛t✐✈❡ ❛♥❞ t❤✉s ❤❛s ❛ ❜❛❞ ♣r❡❝✐s✐♦♥ ❢♦r ♠✉❧t✐✢✉✐❞ ♣r♦❜✲
❧❡♠s ❬❇❍❘✵✸❪✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ❜② t❤❡ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♣✲
♣r♦❛❝❤✳ ■t ❝♦♥s✐sts ✐♥ ♣❡r❢♦r♠✐♥❣ ❛ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ❝♦❧♦✉r ❢✉♥❝✲
t✐♦♥✳ ■♥st❡❛❞ ♦❢ ♣r♦❥❡❝t✐♥❣ ρϕ ❛s ✐♥ ✭✷✳✶✮ ✇❡ ♣r♦❥❡❝t ❞✐r❡❝t❧② ϕ✱ ✇❤✐❝❤ ❣✐✈❡s

ϕn+1

i = ϕ
n+1/2
i −

τn
hi

(
max(uni−1/2, 0)(ϕ

n+1/2
i − ϕ

n+1/2
i−1

)+

min(u
n+1/2
i+1/2 , 0)(ϕ

n+1/2
i+1

− ϕ
n+1/2
i )

)
.

❚❤✐s ❛♣♣r♦❛❝❤ r❡s✉❧ts ✐♥ ❛ ❣❧♦❜❛❧❧② ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡✿ ✐t ✐♥❞✉❝❡s ❛ ♥✉♠❡r✐❝❛❧
♠❛ss tr❛♥s❢❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❤❛s❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ st✐✛❡♥❡❞ ❣❛s ♣r❡ss✉r❡ ❧❛✇
✭✶✳✻✮ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ♣r❡s❡r✈❡s ❝♦♥st❛♥t (u, p) st❛t❡s✳

✷✳✷✳ ❚❤❡ ●❧✐♠♠ ♣r♦❥❡❝t✐♦♥✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥✲
❞♦♠ ♦r ♣s❡✉❞♦✲r❛♥❞♦♠ ♥✉♠❜❡rs ωn ∈ [0, 1]. ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ♥✉♠❜❡r ✇❡ t❛❦❡

Wn+1

i =W
n+1/2
i−1

✐❢ ωn <
τn
hi

max(uni−1/2, 0),

Wn+1

i =W
n+1/2
i+1

✐❢ ωn > 1 +
τn
hi

min(uni+1/2, 0),

Wn
i =W

n+1/2
i ✐❢

τn
hi

max(uni−1/2, 0) ≤ ωn ≤ 1 +
τn
hi

min(uni+1/2, 0).✭✷✳✸✮

❆♥❞ ✇❡ ❣♦ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ ❊✉❧❡r ❣r✐❞

hn+1

i = hni .

❚❤✐s ♠❡t❤♦❞ ✐s ♦♥❧② st❛t✐st✐❝❛❧❧② ❝♦♥s❡r✈❛t✐✈❡ ❬●❧✻✺❪✳ ■t ♣r❡s❡r✈❡s ❡①❛❝t❧② ❝♦♥st❛♥t
✈❡❧♦❝✐t②✲♣r❡ss✉r❡ st❛t❡s✳ ❚❤❡ ❝♦♥t❛❝ts ❛r❡ s♦❧✈❡❞ ✐♥ ♦♥❡ ♣♦✐♥t✳ ❚❤❡ ❞r❛✇❜❛❝❦ ✐s
t❤❛t t❤❡ s♦❧✉t✐♦♥ ♠❛② ❜❡ ♥♦✐s②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r str♦♥❣ s❤♦❝❦s t❤❡ ✇❤♦❧❡ ♠❡t❤♦❞
❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦✇❛r❞s t❤❡ ❝♦rr❡❝t ❡♥tr♦♣② s♦❧✉t✐♦♥✳

❆ ❣♦♦❞ ❝❤♦✐❝❡ ❢♦r t❤❡ ♣s❡✉❞♦✲r❛♥❞♦♠ s❡q✉❡♥❝❡ ωn ✐s t❤❡ (k1, k2) ✈❛♥ ❞❡r ❈♦r♣✉t
s❡q✉❡♥❝❡✱ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❈ ❛❧❣♦r✐t❤♠
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❋✐❣✉r❡ ✸✳✶✳ ❙❦❡t❝❤ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ ❛♥❞ ❣❤♦st ✢✉✐❞
st❛t❡s ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝✐❛❧ st❛t❡s uI ✱ pI ❛♥❞ ρIL✱ ρIR ❞❡t❡r♠✐♥❡❞
❜② s♦❧✈✐♥❣ ❛ t✇♦✲♣❤❛s❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ st❛t❡s uL ❛♥❞ uR✳

❢❧♦❛t ❝♦r♣✉t✭✐♥t ♥✱✐♥t ❦✶✱✐♥t ❦✷✮④

❢❧♦❛t ❝♦r♣✉t❂✵❀

❢❧♦❛t s❂✶❀

✇❤✐❧❡✭♥❃✵✮④

s✴❂❦✶❀

❝♦r♣✉t✰❂✭❦✷✯♥✪❦✶✮✪❦✶✯s❀

♥✴❂❦✶❀

⑥

r❡t✉r♥ ❝♦r♣✉t❀

⑥

■♥ t❤✐s ❛❧❣♦r✐t❤♠✱ k1 ❛♥❞ k2 ❛r❡ t✇♦ r❡❧❛t✐✈❡❧② ♣r✐♠❡ ♥✉♠❜❡rs ❛♥❞ k1 > k2 > 0✳ ❋♦r
♠♦r❡ ❞❡t❛✐❧s✱ ✇❡ r❡❢❡r t♦ ❬❚♦r✾✾❪✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ (5, 3) ✈❛♥ ❞❡r ❈♦r♣✉t
s❡q✉❡♥❝❡✳

✷✳✸✳ ▼✐①❡❞ ♣r♦❥❡❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ●❧✐♠♠ ❛♣✲
♣r♦❛❝❤✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❢♦❧❧♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐①❡❞ ♣r♦❥❡❝t✐♦♥ st❡♣✳ ■❢ ❝❡❧❧ Ci ❛♥❞
✐ts t✇♦ ♥❡✐❣❤❜♦✉rs ❛r❡ ✐♥ t❤❡ s❛♠❡ ✢✉✐❞✱ ✐✳❡✳ ✐❢

(ϕn
i−1 −

1

2
)(ϕn

i −
1

2
) > 0 ❛♥❞ (ϕn

i −
1

2
)(ϕn

i+1 −
1

2
) > 0,

t❤❡♥✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦❥❡❝t✐♦♥ ❣✐✈❡♥ ❜② ✭✷✳✷✮✳ ■♥ ❛❧❧ t❤❡ ♦t❤❡r ❝❛s❡s✱ ✇❡ ❢♦❧❧♦✇ t❤❡
●❧✐♠♠ ♣r♦❥❡❝t✐♦♥ ✭✷✳✸✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ❛ ❜❡tt❡r ♣r❡❝✐s✐♦♥ ❛t t❤❡ ✐♥t❡r❢❛❝❡
❜❡❝❛✉s❡ ✐t ✐s r❡s♦❧✈❡❞ ✐♥ ♦♥❧② ♦♥❡ ♣♦✐♥t✳

✸✳ ❚❤❡ ♠♦❞✐❢✐❡❞ ❣❤♦st ❢❧✉✐❞ ❛♣♣r♦❛❝❤

❚❤❡ r❡❛❧ ●❤♦st ❋❧✉✐❞ ♠❡t❤♦❞✱ ❞❡✈❡❧♦♣❡❞ ❜② ❲❛♥❣✱ ▲✐✉ ❛♥❞ ❑❤♦♦ ✐♥ ✷✵✵✻
❬❲▲❑✵✻❪ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❤♦st ✢✉✐❞ ♠❡t❤♦❞ ♦❢ ❋❡❞❦✐✇✳

■♥ t❤✐s ♠❡t❤♦❞✱ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞ ❛♥❞ t❤❡ ❣❛s ✐s ❧♦❝❛t❡❞ ❜② ❛
❢✉♥❝t✐♦♥ ψ✳ ■♥ t❤❡ ❧✐q✉✐❞✱ ✇❡ ❤❛✈❡ ψ > 0 ❛♥❞ ✐♥ t❤❡ ❣❛s✱ ψ < 0✳ ❆♥❞ t❤✉s✱
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t❤❡ ✐♥t❡r❢❛❝❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❡✈❡❧✲s❡t ψ = 0✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞✱ t❤❡
❧❡✈❡❧✲s❡t ❢✉♥❝t✐♦♥ ψ ✐s tr❛♥s♣♦rt❡❞ ✐♥ t❤❡ ✢♦✇

✭✸✳✶✮ ∂tψ + u∂xψ = 0.

❆♥❞ ✇❡ s✇✐t❝❤ ❢r♦♠ t❤❡ ♣r❡ss✉r❡ ❧❛✇ ♦❢ t❤❡ ❧✐q✉✐❞ t♦ t❤❡ ♣r❡ss✉r❡ ❧❛✇ ♦❢ t❤❡
❣❛s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐❣♥ ♦❢ ψ✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❝♦❧♦r
❢✉♥❝t✐♦♥ ♠♦❞❡❧ ❛♥❞ t❤❡ ❧❡✈❡❧✲s❡t ♠♦❞❡❧ ❛r❡ ♦♥❧② ❢♦r♠❛❧✳ ❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❡r✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ r❛t❤❡r ❞✐✛❡r❡♥t✳

❚❤❡ ❧❡✈❡❧✲s❡t ❢✉♥❝t✐♦♥ ψ ✐s ❛♣♣r♦①✐♠❛t❡❞ ✐♥ ❝❡❧❧ Ci ❛t t✐♠❡ tn ❜② ψn
i ✳ ❚❤❡ s♦❧✉t✐♦♥

✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ●♦❞✉♥♦✈ s❝❤❡♠❡

✭✸✳✷✮ Wn+1

i =Wn
i −

τn
hi

(
Fn,−
i+1/2 − F

n,+
i−1/2

)
,

✇✐t❤ ❛ ♣♦ss✐❜❧❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ✢✉① Fn,−
i+1/2 6= Fn,+

i+1/2✳ ■❢ t❤❡ t✇♦ ❝❡❧❧s Ci ❛♥❞ Ci+1

❛r❡ ✜❧❧❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣❤❛s❡✱ ✇❤✐❝❤ ✐s tr✉❡ ✐❢

ψn
i · ψ

n
i+1 > 0.

❚❤❡♥✱ ✇❡ t❛❦❡ t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥s❡r✈❛t✐✈❡ ●♦❞✉♥♦✈ ✢✉①

Fn,−
i+1/2 = Fn,+

i+1/2 = Fn
i+1/2 = F (R(0,Wn

i ,W
n
i+1)).

■❢ t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r② ✐s ❧②✐♥❣ ❜❡t✇❡❡♥ ❝❡❧❧ i ❛♥❞ ❝❡❧❧ i+1 ✇❤❡r❡ ❝❡❧❧ i ❝♦rr❡s♣♦♥❞s
t♦ ✢✉✐❞ A ❛♥❞ ❝❡❧❧ i+ 1 t♦ ✢✉✐❞ B✱ t❤❡♥ ✐t ♠❡❛♥s t❤❛t

ψn
i · ψ

n
i+1 < 0.

t❤❡♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t st❛t❡ ❛r❡ t❛❦❡♥ ❢r♦♠ ❝❡❧❧s i − 1 ❛♥❞ i + 2✱ r❡s♣❡❝t✐✈❡❧②✱ t♦
❡♥s✉r❡ ❛❝❝❡ss t♦ st❛t❡s ♦❢ t❤❡ ♣✉r❡ ♣❤❛s❡s

WL =Wn
i−1, WR =Wn

i+2.

❲❡ s♦❧✈❡ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥WL ❛♥❞WR✳ ▲❡t uI ❜❡ t❤❡ ❝♦♥t❛❝t ✈❡❧♦❝✐t②
✐♥ t❤✐s ❡①❛❝t s♦❧✉t✐♦♥✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ✐♥t❡r❢❛❝✐❛❧ st❛t❡s t♦ t❤❡ ❧❡❢t ❛♥❞ t♦ t❤❡ r✐❣❤t
♦❢ t❤❡ ❝♦♥t❛❝t ✇❛✈❡ ❜②

WIL = lim
ξ→u−

I

R(ξ,WL,WR), WIR = lim
ξ→u+

I

R(ξ,WL,WR).

❲❡ ❤❛✈❡ t❤✉s ❛❝❝❡ss t♦ ✐♥t❡r❢❛❝✐❛❧ st❛t❡s ❢♦r ❞❡♥s✐t✐❡s ρIL✱ ρIR✱ ♣r❡ss✉r❡ pI ❛♥❞
✈❡❧♦❝✐t② uI ❧❡❢t ❛♥❞ r✐❣❤t t♦ t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r②✳ ❋♦r ✢✉✐❞ A✱ t❤❡ st❛t❡ (ρIL, uI , pI)
r❡♣❧❛❝❡s t❤❡ st❛t❡s ♦❢ t❤❡ ❝❡❧❧ ✐ ❛♥❞ ❞❡✜♥❡s t❤❡ ❣❤♦st st❛t❡s✳ ❚❤❡ ✢✉①❡s ❛r❡ t❤✉s

F−

i+1/2 = F (R(0,WIL,WIL)), F+

i+1/2 = F (R(0,WIR,WIR)).

❚❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✐s ❛❧s♦ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ❜②

Wn+1

i =WIL −
τn
hi

(
Fn,−
i+1/2 − F

n,+
i−1/2

)
,

❛♥❞

Wn+1

i+1
=WIR −

τn
hi+1

(
Fn,−
i+3/2 − F

n,+
i+1/2

)
,

❚❤✐s ♣r♦❝❡❞✉r❡ ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✳ ✸✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❧② s✐♥❣❧❡✲♣❤❛s❡ ❘✐❡♠❛♥♥
♣r♦❜❧❡♠s ❛r❡ s♦❧✈❡❞ ❢♦r ❡❛❝❤ ❝❡❧❧ ✐♥t❡r❢❛❝❡ ♦❢ ✢✉✐❞ A t♦ ♣r♦✈✐❞❡ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①❡s
✇✐t❤ t❤❡ ❣❤♦st ❝❡❧❧s ❛s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r②✳ ❚❤❡♥ t❤❡ s❛♠❡
♣r♦❝❡❞✉r❡ ✐s ✉s❡❞ ❢♦r ✢✉✐❞ B✳

❚❤✉s ♥❡❛r t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r②✱ t✇♦ ✢✉①❡s Fn,±

i+ 1
2

✱ ♦♥❡ ❢♦r ❡❛❝❤ ✢✉✐❞✱ ❛r❡ ❞❡✜♥❡❞✳

❆✇❛② ❢r♦♠ t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r②✱ ✇❤❡r❡ ♦♥❧② ♦♥❡ ♥✉♠❡r✐❝❛❧ ✢✉① ✐s ❝♦♠♣✉t❡❞ ❛t ❛
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❝❡❧❧ ✐♥t❡r❢❛❝❡✱ t❤❡ s♣❛t✐❛❧ ♦r❞❡r ✐s ✐♠♣r♦✈❡❞ ❜② ✉s✐♥❣ ❛ s❡❝♦♥❞✲♦r❞❡r r❡❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ♣r✐♠✐t✐✈❡ ✈❛r✐❛❜❧❡s ρ✱ u✱ p✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ❛❞✈❛♥❝❡❞ t♦ t❤❡ ♥❡①t t✐♠❡ st❡♣
❜② t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ s❝❤❡♠❡ ✭✸✳✷✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥ ❤❛s ❛❧s♦ t♦ ❜❡ ❛❞✈❛♥❝❡❞✳ ❚❤✐s ✐s ❞♦♥❡
✜rst ❜② s♦❧✈✐♥❣ ♥✉♠❡r✐❝❛❧❧② ✭✸✳✶✮ ✇✐t❤ ❛ st❛♥❞❛r❞ ✉♣✇✐♥❞ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ✜♥✐t❡
✈♦❧✉♠❡ s❝❤❡♠❡

ψn+1,−
i = ψn

i −
τn
hi

(
max(uni−1/2, 0)(ψ

n
i − ψ

n
i−1) + min(uni+1/2, 0)(ψ

n
i+1 − ψ

n
i )
)

P❡r✐♦❞✐❝❛❧❧②✱ t❤❡ ❧❡✈❡❧✲s❡t ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s r❡✐♥✐t✐❛❧✐③❡❞ ✐♥ s✉❝❤ ❛ ✇❛②
t❤❛t ✐t r❡♠❛✐♥s ❛ s✐❣♥❡❞ ❞✐st❛♥❝❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤✐s ✐s ❢♦r♠❛❧❧② ♦❜t❛✐♥❡❞ t❤r♦✉❣❤
t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ❛♥ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥

∂τ ψ̃(x, τ) + a(ψ̃)∂xψ̃ = S(ψ̃),

a(ψ̃) = S(ψ̃)
∂xψ̃∣∣∣∂xψ̃

∣∣∣
,

S(ψ̃) =





−1 ✐❢ ψ̃ < 0,

0 ✐❢ ψ̃ = 0,

1 ✐❢ ψ̃ > 0,

ψ̃(x, τ = 0) = ψn+1,−
i , x ∈ Ci.

❚❤❡ ❧❡✈❡❧✲s❡t ❢✉♥❝t✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ r❡✐♥✐t✐❛❧✐③❡❞ ❧❡✈❡❧✲s❡t ❢✉♥❝t✐♦♥✱ ✐✳❡✳ ✇❡ t❛❦❡

ψn+1

i = ψ̃(x, τ =∞), x ∈ Ci.

❚❤✐s ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬▼❇❑❑❍✵✾❪✳
❋✐♥❛❧❧②✱ ❞✉r✐♥❣ t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ❧❡✈❡❧ s❡t ❢✉♥❝t✐♦♥✱ ❛ ❝❡❧❧ ♠❛② s✇✐t❝❤ ❢r♦♠ ♦♥❡

✢✉✐❞ t♦ t❤❡ ♦t❤❡r✳ ❚❤✐s s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ s✐❣♥ ❜❡t✇❡❡♥ t✐♠❡
st❡♣n ❛♥❞ t✐♠❡ n + 1✱ ✐✳❡✳ ✇❤❡♥ ψn

i · ψ
n+1

i < 0✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦

❛❧s♦ ✉♣❞❛t❡ Wn+1

i ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧✳ ❚❤❡ ✢✉✐❞ ✈❛r✐❛❜❧❡s ❛r❡ r❡❝❛❧❝✉❧❛t❡❞
✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ♦❢ t❤❡ ♥❡✇ ✢✉✐❞✳ ❚❤❡ ❝❡❧❧ ❜❡✐♥❣ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♣❤❛s❡
❜♦✉♥❞❛r②✱ t❤❡ ✈❡❧♦❝✐t✐❡s ❛♥❞ t❤❡ ♣r❡ss✉r❡✱ ✇❤✐❝❤ ❛r❡ ❝♦♥st❛♥t ❢♦r ❜♦t❤ ✢✉✐❞s ❛t t❤❡
♣❤❛s❡ ❜♦✉♥❞❛r②✱ ❛r❡ ♣r❡s❡r✈❡❞✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✇❛s s✉❣❣❡st❡❞ ❜② ❇❛r❜❡r♦♥❬❄❪✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s ❛♣♣r♦❛❝❤✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t②✳ ❆s ♥♦
❡①❛❝t ✈❛❧✉❡ ❢♦r t❤❡ ❞❡♥s✐t② ✐s ❦♥♦✇♥✱ t❤❡ ❞❡♥s✐t② ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❞❡♥s✐t② ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❣❤♦st ❝❡❧❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ψn

i · ψ
n+1

i < 0✱ ❛♥❞ ✐❢ ψn
i · ψ

n
i+1 < 0✱

t❤❡♥✱ ❜❡❢♦r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♥❡①t t✐♠❡✲st❡♣✱ ✇❡ s✉❜st✐t✉t❡ t❤❡ ❞❡♥s✐t② ❜②

ρn+1

i ← ρIR

❛♥❞ t❤❡ ❡♥❡r❣② en+1

i ✐s ❛❧s♦ ♠♦❞✐✜❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

pn+1

i = p(ρn+1

i , en+1

i , ψn+1

i )

✐s ♥♦t ❝❤❛♥❣❡❞✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ✇❤♦❧❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ✇✐❧❧
♣r❡s❡r✈❡ ❝♦♥st❛♥t (u, p) st❛t❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t t❤❡ s❝❤❡♠❡
✐s ♥♦t ❝♦♥s❡r✈❛t✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❧❛st ✉♣❞❛t❡ ✐♠♣❧✐❡s ❛ ♠❛ss ❛♥❞ ❛♥ ❡♥❡r❣②
tr❛♥s❢❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ ✢✉✐❞s✳
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❋✐❣✉r❡ ✹✳✶✳ ❈♦♥✈❡r❣❡♥❝❡ st✉❞②✿ ●❧✐♠♠ ♣r♦❥❡❝t✐♦♥ ✈❡rs✉s ❛✈❡r✲
❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥✱ ❛❝❛❞❡♠✐❝ ✈❛❧✐❞❛t✐♦♥✳

✹✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

✹✳✶✳ ❆❝❛❞❡♠✐❝ ✈❛❧✐❞❛t✐♦♥✳ ❚❤❡ ✜rst t❡st ❝♦♥s✐sts ✐♥ ❛ t✇♦✲✢✉✐❞ s❤♦❝❦ t✉❜❡✳ ❚❤❡
st✐✛❡♥❡❞ ❣❛s ♣❛r❛♠❡t❡r ❛r❡

γ2 = 2, π2 = 1,

γ1 = 1.4, π1 = 0.

❲❡ t❛❦❡ ❢♦r t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ✐♥✐t✐❛❧ ❞❛t❛

(ρL, uL, pL, ϕL) = (2, 1/2, 2, 1),

(ρR, uR, pR, ϕR) = (1, 1/2, 1, 0).

❋♦r t❤❡ ▲❛❣r❛♥❣❡✲♣r♦❥❡❝t✐♦♥ ❛♣♣r♦❛❝❤✱ t❤❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡
●❧✐♠♠ ♣r♦❥❡❝t✐♦♥ ❛r❡ ❝♦♠♣❛r❡❞✳ ❲❡ ♦❜s❡r✈❡ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ L1

♥♦r♠ ❢♦r t❤❡ t✇♦ ♠❡t❤♦❞s ❛♥❞ t❤❛t t❤❡ ●❧✐♠♠ ♣r♦❥❡❝t✐♦♥ ✐s ♠♦r❡ ♣r❡❝✐s❡ t❤❛♥ t❤❡
❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥✳ ❙❡❡ ❋✐❣✉r❡ ✹✳✶✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r t❤❡ t✇♦ ♠❡t❤♦❞s ✐s
❛♣♣r♦①✐♠❛t❡❧② 0.6✳

✹✳✷✳ ✶❉ ❛❝❛❞❡♠✐❝ s❤♦❝❦✲✐♥t❡r❢❛❝❡ ✐♥t❡r❛❝t✐♦♥✳ ❆♥ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ✢✉✐❞s
✐s ❧♦❝❛t❡❞ ❛ t✐♠❡ t = 0 ❛t ♣♦s✐t✐♦♥ x = 1✳ ❚❤❡ t✇♦ ✢✉✐❞s ❛r❡ ♠♦✈✐♥❣ t♦ t❤❡ ❧❡❢t
❛t t❤❡ ✈❡❧♦❝✐t② v = −1✳ ❚❤❡ ✢✉✐❞ ✭✷✮ ✐s ♦♥ t❤❡ ❧❡❢t✱ ✇❤✐❧❡ t❤❡ ✢✉✐❞ ✭✶✮ ✐s ♦♥ t❤❡
r✐❣❤t✳ ❆ s❤♦❝❦ ✐s ❛rr✐✈✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t ❛t ✈❡❧♦❝✐t② σ = 4✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢
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❋✐❣✉r❡ ✹✳✷✳ ●❧✐♠♠ ❛♣♣r♦❛❝❤✱ ❞❡♥s✐t② ♣❧♦t✳ ❇❱ ❡①♣❧♦s✐♦♥ ❞✉❡ t♦
✇❛❧❧✲❤❡❛t✐♥❣ ❡✛❡❝t ♣r♦♣❛❣❛t✐♦♥✳

t❤❡ ❝♦♥t❛❝t ❛♥❞ t❤❡ s❤♦❝❦ ❛r❡ ❝❤♦s❡♥ ✐♥ s✉❝❤ ✇❛② t❤❛t t❤❡② ✇✐❧❧ ♠❡❡t t♦❣❡t❤❡r ❛t
t❤❡ ❛❜s❝✐ss❛ x = 0 ❛t t✐♠❡ t = 1✳ ❚❤❡ ❊❖❙ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣

γ1 = 1.4 π1 = 0,

γ2 = 2 π2 = 7.

❚❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡✱ ✐❢ x < −4

(ρL, uL, pL, ϕL) = (3.4884, 1.1333, 23.333, 1),

✐❢ x > 1

(ρR, uR, pR, ϕR) = (1,−1, 2, 0),

❛♥❞ ✐❢ −4 ≤ x ≤ 1

(ρM , uM , pM , ϕM ) = (2,−1, 2, 1).

❆❢t❡r t❤❛t t❤❡ s❤♦❝❦ ❛♥❞ t❤❡ ❝♦♥t❛❝t ✇❛✈❡s ❤❛✈❡ ♠❡t ❛t t✐♠❡ t = 1✱ t❤❡ s♦❧✉t✐♦♥ ✐s
s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ t✇♦✲✢✉✐❞ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ st❛t❡s (L)
❛♥❞ (R)✳ ❚❤❡ s♦❧✉t✐♦♥s ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❞❛t❛ ❛r❡ r❡❝❛❧❧❡❞
✐♥ ❚❛❜❧❡ ✶✳

✹✳✷✳✶✳ ▲❛❣r❛♥❣❡ ♣❧✉s ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ●❧✐♠♠
❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡✳ ❚❤✐s ❜❡❤❛✈✐♦r ❞❡♣❡♥❞s ♦♥ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ s❤♦❝❦
✇❛✈❡✳ ❆ t②♣✐❝❛❧ ♣❧♦t ✐s ❣✐✈❡♥ ♦♥ ❋✐❣✉r❡ ✹✳✷✱ ✇❤❡r❡ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❡①❛❝t ❛♥❞ t❤❡
❛♣♣r♦①✐♠❛t❡❞ ❞❡♥s✐t✐❡s ❛t t✐♠❡ t = 1.5✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ t❤✉s ❝♦♠♣❛r❡ t❤❡ ❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥ ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❡ ♠✐①❡❞
♣r♦❥❡❝t✐♦♥ ❛♣♣r♦❛❝❤✳ ❲❡ ♦❜t❛✐♥❡❞ t❤❡ r❡s✉❧ts ♦❢ ❋✐❣✉r❡ ✹✳✸ ❚❤❡ ♠✐①❡❞ ♣r♦❥❡❝t✐♦♥
❤❛s ❛ ❜❡tt❡r ♣r❡❝✐s✐♦♥ t❤❛♥ t❤❡ ❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥✳

❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ♦♥ ❋✐❣✉r❡ ✹✳✹ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠✐①❡❞ ❛♥❞ ❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥
s❝❤❡♠❡s ❢♦r t❤❡ ❞❡♥s✐t✐❡s ❢♦r ❛ ♠❡s❤ ♦❢ ✺✵✵ ❝❡❧❧s ♦❢ t❤❡ ✐♥t❡r✈❛❧ [−5; 2]✳ ❚❤❡ ❈❋▲
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❋✐❣✉r❡ ✹✳✸✳ ❆❝❛❞❡♠✐❝ s❤♦❝❦✲✐♥t❡r❢❛❝❡ ✐♥t❡r❛❝t✐♦♥✳ ❈♦♥✈❡r❣❡♥❝❡
st✉❞②✳ ▼✐①❡❞ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❛✈❡r❛❣✐♥❣ ♣r♦❥❡❝t✐♦♥✳

♥✉♠❜❡r ✐s ✜①❡❞ t♦ 0.7✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ✐s
✈❡r② ✇❡❧❧ r❡s♦❧✈❡❞ ✭✐♥ ♦♥❧② ♦♥❡ ♠❡s❤ ♣♦✐♥t✮ ❜② t❤❡ ♠✐①❡❞ ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ ❛♥❞
t❤❛t t❤✐s ❣♦♦❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ✇❛✈❡ ❛❧s♦ ✐♠♣❧✐❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡
♣r❡❝✐s✐♦♥ ✐♥ t❤❡ ❧❡❢t r❛r❡❢❛❝t✐♦♥ ✇❛✈❡✳

✹✳✷✳✷✳ ▼♦❞✐✜❡❞ ●❤♦st ✢✉✐❞ ❛♣♣r♦❛❝❤✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡
♠❡t❤♦❞s ♦❢ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♥❞ t❤❡ ❘●❋▼✱ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ❝♦♠✲
♣❛r❡❞ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛♥❞ ❛ ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ✐s ♣❡r❢♦r♠❡❞✳ ❚❤❡ ❝♦❛rs❡
❞✐s❝r❡t✐③❛t✐♦♥ ❝♦♥s✐sts ♦❢ ✶✵✵ ❝❡❧❧s ♦♥ ✇❤✐❝❤ t❤❡ ♠✉❧t✐s❝❛❧❡✲❜❛s❡❞ tr❛♥s❢♦r♠❛t✐♦♥ ✐s
❛♣♣❧✐❡❞ ❬▼❇❑❑❍✵✾❪✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ st✉❞② ✐s ♣❡r❢♦r♠❡❞ ❢♦r ❣r✐❞s ❤❛✈✐♥❣ ❢r♦♠ ✺
t♦ ✶✸ r❡✜♥❡♠❡♥t ❧❡✈❡❧s L✱ ✐✳❡ t❤❡ ✉♥✐❢♦r♠ ❣r✐❞ ♦♥ t❤❡ ✜♥❡st ❧❡✈❡❧ ❝♦♥s✐sts ♦❢ 2L ∗100
❝❡❧❧s✳ ❚❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ✐♥ t❤❡ ❣r✐❞ ❛❞❛♣t❛t✐♦♥ ✐s ❝❤♦s❡♥ ❛s ε = 10−5✳ ❚❤✐s s♠❛❧❧
✈❛❧✉❡ ✐s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ r❡❣✐♦♥s ❝♦♥t❛✐♥✐♥❣ t❤❡ ✜♥❡st ❣r✐❞ ❝❡❧❧s ❛r❡
❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❛✈♦✐❞ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r ❢r♦♠ ❧❛r❣❡r ❝❡❧❧s✳ ❚❤❡ ❡rr♦rs ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ ♠✉❧t✐s❝❛❧❡ ❣r✐❞ ❛❞❛♣t❛t✐♦♥ ❛r❡ t❤✉s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤♦s❡ ♦❜t❛✐♥ ✇✐t❤ ❛ ✉♥✐✲
❢♦r♠ ❣r✐❞✳ ❚❡sts ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ❈❋▲ ♥✉♠❜❡r ♦❢ 0.9✳ ❙✉♠♠❛r②✿Ω❂❬✲✺❀✷❪♠✱
t ∈❬✵❀✶✳✺❪s N0 = 100✱ 5 ≤ L ≤ 13✱ ǫL❂✶✳❡✲✺✱ ❈❋▲❂✵✳✾

■♥ ✜❣✉r❡s ✹✳✻ ❛♥❞ ✹✳✼ ❛r❡ s❤♦✇♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ❢♦r t❤❡ t✇♦ ❛♣✲
♣r♦❛❝❤❡s ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✱ t❤❡ ❞❛s❤❡❞ ❧✐♥❡✱ ❛t t = 1.5 ♠s✳ ❚❤❡ ✜rst ✜❣✉r❡
❝♦rr❡s♣♦♥❞s t♦ ❛ ❣r✐❞ ✇✐t❤ s❡✈❡♥ r❡✜♥❡♠❡♥t ❧❡✈❡❧s ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ t♦ ❛ ✈❡r② ✜♥❡
❣r✐❞ ✇✐t❤ t✇❡❧✈❡ r❡✜♥❡♠❡♥t ❧❡✈❡❧s✳ ❚❤❡ ❣❧♦❜❛❧ r❡s✉❧t ✐s ♣✐❝t✉r❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ❛♥❞
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❋✐❣✉r❡ ✹✳✹✳ ❉❡♥s✐t②✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠✐①❡❞ ❛♥❞ ❛✈❡r❛❣✐♥❣
♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡s✳

❋✐❣✉r❡ ✹✳✺✳ ■♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❛✐r✲❛✐r s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥

UW UWS UW∗ UA∗ UA

ρ ❬❦❣✴♠3❪ ✸✳✹✽✽ ✷ ✷✳✽✾✹✶✺ ✸✳✷✾✺✸ ✶
v ❬♠✴s❪ ✶✳✶✸ ✲✶ ✶✳✽✼✻✼✷ ✲✶
p ❬P❛❪ ✷✸✳✸✸ ✷ ✶✸✳✽✽ ✶✸✳✽✽ ✷
❚❛❜❧❡ ✶✳ ❆✐r✲❆✐r s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥✳

❛ ③♦♦♠ ♦❢ t❤❡ s❤♦❝❦ ♣♦s✐t✐♦♥ ♦♥ t❤❡ ❜♦tt♦♠ ❧❡❢t✱ ❛ ③♦♦♠ ♦❢ t❤❡ ♣❧❛t❡❛✉ ❜❡t✇❡❡♥
t❤❡ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ❛♥❞ t❤❡ ❝♦♥t❛❝t ♦♥ t❤❡ t♦♣ ❧❡❢t ❛♥❞ ❛ ③♦♦♠ ✈❡r② ❝❧♦s❡ t♦ t❤❡
❝♦♥t❛❝t ♣♦s✐t✐♦♥ ♦♥ t❤❡ r✐❣❤t✳ ■♥ t❤❡ ❧❛st ♦♥❡✱ ❝❡❧❧ ❝❡♥t❡rs ❛r❡ ♠❛r❦❡❞ ❜② ❞✐❛♠♦♥❞s
❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

❚❤❡ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♣♣r♦❛❝❤ ❣❡♥❡r❛t❡s ♦s❝✐❧❧❛t✐♦♥s ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ r❛r❡❢❛❝✲
t✐♦♥ ✇❛✈❡ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❤♦❝❦ ❛♥❞ t❤❡ ❝♦♥t❛❝t✳ ❚❤✐s ✐s ♥♦t
t❤❡ ❝❛s❡ ❢♦r t❤❡ ❘●❋▼ t❤❛t ❝♦✐♥❝✐❞❡s q✉✐t❡ ✇❡❧❧ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ❲✐t❤ ✜✈❡
♠♦r❡ ❣r✐❞ r❡✜♥❡♠❡♥t ❧❡✈❡❧s✱ s❤♦✇♥ ✐♥ ♣✐❝t✉r❡ ✹✳✼✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s
❧❛r❣❡❧② r❡❞✉❝❡✳

❆t t❤❡ ❝♦♥t❛❝t✱ t❤❡r❡ ✐s ❛ s♠❡❛r✐♥❣ ♦❢ t❤❡ ❞❡♥s✐t② ❢♦r t❤❡ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♣♣r♦❛❝❤✳
❚❤✐s ✐s ❡❛s② t♦ s❡❡ ✐♥ t❤❡ ③♦♦♠ ♦♥ t❤❡ r✐❣❤t ✐♥ ✇❤✐❝❤ t❤❡ ❞❡♥s✐t② ❢♦r t❤✐s ❛♣♣r♦❛❝❤
❞❡❝r❡❛s❡s s❧♦✇❧② ✐♥st❡❛❞ ♦❢ ♣r❡s❡♥t✐♥❣ ❛ ❥✉♠♣ ✇✐t❤ t❤❡ ❘●❋▼ ♠❡t❤♦❞✳ ❉✉❡ t♦ t❤❡
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❋✐❣✉r❡ ✹✳✻✳ ❘❡s✉❧ts ♦❢ t❤❡ s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥ ❢♦r ✼ r❡✜♥❡✲
♠❡♥t ❧❡✈❡❧s ❛t t❂✶✳✺ ♠s

❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❤♦st ✢✉✐❞ ♠❡t❤♦❞✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❥✉♠♣ ❛t t❤❡ ❝♦♥t❛❝t
❜✉t t❤✐s ❥✉♠♣ ✐s ❛ ❧✐tt❧❡ ❜✐t s❤✐❢t❡❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ❆s t❤❡ ❝❡❧❧
❝❡♥t❡rs ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❞✐❛♠♦♥❞s ♦♥ t❤❡ ♣✐❝t✉r❡s✱ ❢♦r ✼ r❡✜♥❡♠❡♥t ❧❡✈❡❧s✱ ✇❡
❝❛♥ s❡❡ ❛ s❤✐❢t ✐♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ♦❢ ✷ ❝❡❧❧s ❛♥❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤
t✇❡❧✈❡ ❧❡✈❡❧s ♦❢ r❡✜♥❡♠❡♥t✱ t❤❡ s❤✐❢t ✐s ❛❜♦✉t ✹ ❝❡❧❧s✳ ❚❤✐s ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡
✸✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❤♦❝❦✱ ✇❤✐❝❤ ✐s ♦♥❧② ✈✐s✐❜❧❡ ✐♥ t❤❡ ③♦♦♠ ❜❡❝❛✉s❡
♦❢ t❤❡ ❜✐❣ ❥✉♠♣ ♦❢ ❞❡♥s✐t②✱ ✇❡ r❡♠❛r❦ t❤❛t ✐ts ♣♦s✐t✐♦♥ ✐s ✇❡❧❧ ♣r❡❞✐❝t❡❞ ✇✐t❤ t❤❡
❘●❋▼ ♠❡t❤♦❞ ❢♦r ❜♦t❤ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤❛t ✐s ♥♦t r❡❛❧❧② t❤❡ ❝❛s❡ ❢♦r t❤❡ ❙❛✉r❡❧✲
❆❜❣r❛❧❧ ❛♣♣r♦❛❝❤✳ ❯♥❞❡r ❣r✐❞ r❡✜♥❡♠❡♥t✱ t❤❡ s❤✐❢t r❡❞✉❝❡s ❛s ♠✉❝❤ ❛s t❤❡ s♠❡❛r✐♥❣
r❡❣✐♦♥ ❛t t❤❡ ❝♦♥t❛❝t✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♣♣r♦❛❝❤✱ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ t❤❡ ❡rr♦r ✐♥ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ s❤♦❝❦ ✐s ♦♥❧② ❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥✳ ❲❤❡♥
♦♥❧② t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ✐s ❝♦♠♣✉t❡❞✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ st❛rts ❛t t = 0.5
♠s✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧ts ♦❢ ❋✐❣✉r❡ ✹✳✾✳ ■♥ t❤✐s s✐♠♣❧✐✜❡❞ s✐t✉❛t✐♦♥✱ t❤❡ r❡s✉❧ts ❛r❡ ✐♥
❣♦♦❞ ❛❣r❡❡♠❡♥t ❡✈❡r②✇❤❡r❡ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳ ❆ ❝♦♠♣❛r✐s♦♥ ✭s❤♦❝❦✲❝♦♥t❛❝t
✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞✐r❡❝t r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠✮ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✽✳

❚❤❡ L1 ❡rr♦r ♦❢ t❤❡ ❞❡♥s✐t② ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r
t❤❡ ❙❛✉r❡❧✲❆❜❣r❛❧❧ ❛♣♣r♦❛❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② 0.5✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❘●❋▼✱ t❤❡ ❡rr♦r
s❡❡♠s t♦ t❡♥❞ t♦ t❤❡ s❛♠❡ ♦r❞❡r ✉♥❞❡r ❣r✐❞ r❡✜♥❡♠❡♥t✳

✹✳✸✳ ❆✐r✲✇❛t❡r t❡st ❝❛s❡✳ ❋♦r t❤❡ ❘●❋▼✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡st ❝❛s❡
❝♦♥s✐st✐♥❣ ✐♥ ❛ s❤♦❝❦ ✇❛✈❡ ♦❢ ▼❛❝❤ ♥✉♠❜❡r 0.67 ❛t t❤❡ ♣♦s✐t✐♦♥ x = −3 ♠ r✉♥♥✐♥❣
✐♥ t❤❡ ❧✐q✉✐❞ t❤❛t ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ❛✐r ❛t t = 0.5♠s ❛t t❤❡ ♣♦s✐t✐♦♥ x = 0 ♠✳ ❚❤❡
✇❛t❡r ❛❤❡❛❞ ♦❢ t❤❡ s❤♦❝❦ ❛♥❞ t❤❡ ❛✐r ❛r❡ ♠♦✈✐♥❣ t♦✇❛r❞s t❤❡ s❤♦❝❦ ❛t t❤❡ ✈❡❧♦❝✐t②
♦❢ 100 m/s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s [−4; 2]♠✳ ❚❤❡ t❡st ✐s s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡
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❋✐❣✉r❡ ✹✳✼✳ ❘❡s✉❧ts ♦❢ t❤❡ s❤♦❝❦✲❝♦♥t❛❝t ❢♦r ✶✷ r❡✜♥❡♠❡♥t ❧❡✈❡❧s
❛t t❂✶✳✺ ♠s

❋✐❣✉r❡ ✹✳✽✳ ❘❡s✉❧ts ❢♦r ✼ r❡✜♥❡♠❡♥t ❧❡✈❡❧s ❛t t❂✶✳✺ ♠s

✹✳✾ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t st❛t❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✭✹✮✳ ❚❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❢♦r t❤❡
✢✉✐❞s ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳
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❙❛✉r❡❧✲❆❜❣r❛❧❧ ❘●❋▼
▲❡✈❡❧s L1 ❡rr♦r ❖r❞❡r L1 ❡rr♦r ❖r❞❡r
5 ✶✵✳✷✵ ✲ ✶✳✽ ✲
7 ✹✳✽✶ ✵✳✺✹ ✵✳✺✶ ✵✳✾✶
8 ✸✳✷✼ ✵✳✺✻ ✵✳✸✶ ✵✳✼✷
9 ✷✳✷✹ ✵✳✺✹ ✵✳✶✼ ✵✳✽✼
10 ✶✳✺✺ ✵✳✺✸ ✵✳✶✶ ✵✳✻✼
11 ✶✳✵✾ ✵✳✺✶ ✻✳✾✵❊✲✵✷ ✵✳✻✷
12 ✵✳✼✼ ✵✳✺✶ ✹✳✺✹❊✲✵✷ ✵✳✻✵
13 ✵✳✺✹ ✵✳✺ ✸✳✵✺❊✲✵✷ ✵✳✺✼

❚❛❜❧❡ ✷✳ ❲❛t❡r✲❆✐r ❣❧♦❜❛❧ L1 ❡rr♦r✳

❙❛✉r❡❧✲❆❜❣r❛❧❧ ❘●❋▼
▲❡✈❡❧s hL ❬♠❪ ❊rr♦r ❖r❞❡r ❊rr♦r ❖r❞❡r
✺ ✶✳✽✼❊✲✵✸ ✼✳✶✷❊✲✵✸ ✲ ✸✳✺✺❊✲✵✸ ✲
✼ ✹✳✻✾❊✲✵✹ ✸✳✺✶❊✲✵✸ ✵✳✺✶ ✶✳✵✸❊✲✵✸ ✵✳✽✾
✽ ✷✳✸✹❊✲✵✹ ✷✳✹✻❊✲✵✸ ✵✳✺✶ ✺✳✷✺❊✲✵✹ ✵✳✾✼
✾ ✶✳✶✼❊✲✵✹ ✶✳✼✷❊✲✵✸ ✵✳✺✷ ✷✳✾✸❊✲✵✹ ✵✳✽✹
✶✵ ✺✳✽✻❊✲✵✺ ✶✳✷✵❊✲✵✸ ✵✳✺✷ ✶✳✺✾❊✲✵✹ ✵✳✽✽
✶✶ ✷✳✾✸❊✲✵✺ ✽✳✹✷❊✲✵✹ ✵✳✺✶ ✾✳✷✶❊✲✵✺ ✵✳✼✾
✶✷ ✶✳✹✻❊✲✵✺ ✺✳✾✷❊✲✵✹ ✵✳✺✶ ✺✳✹✸❊✲✵✺ ✵✳✼✻
✶✸ ✼✳✸✷❊✲✵✻ ✹✳✷✷❊✲✵✹ ✵✳✹✾ ✸✳✸✽❊✲✵✺ ✵✳✻✽

❚❛❜❧❡ ✸✳ ❲❛t❡r✲❆✐r ❡rr♦r ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ✇❤❡r❡ hL ✐s t❤❡
❣r✐❞ s✐③❡ ❢♦r L r❡✜♥❡♠❡♥t ❧❡✈❡❧s✳

UW UWS UW∗ UA∗ UA

ρ ❬❦❣✴♠3❪ ✶✻✷✵✳✻ ✶✵✵✵ ✾✵✵ ✺✳✺✼ ✶
v ❬♠✴s❪ ✶✵✽✼✳✶ ✲✶✵✵ ✷✸✻✶✳✹ ✷✸✻✶✳✹ ✲✶✵✵
p ❬P❛❪ ✸✳✻✽✵✶❊✰✵✾ ✶❊✰✵✺ ✼✳✹✽✺✵✻❊✰✵✻ ✼✳✹✽✺✵✻❊✰✵✻ ✶❊✰✵✺

❚❛❜❧❡ ✹✳ ❲❛t❡r✲❆✐r s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥✳

γ ❬✲❪ π ❬P❛❪
❲❛t❡r ✸✳✵ ✼✳✹✾✾❡✰✽
❆✐r ✶✳✹ ✵

❚❛❜❧❡ ✺✳ ▼❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❢♦r ✇❛t❡r ❛♥❞ ❛✐r✳

✺✳ ●❛s ❜✉❜❜❧❡ ♦s❝✐❧❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♣♣❧② t❤❡ r❛♥❞♦♠ ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ t♦ ❛ ❜✉❜❜❧❡ ♦s❝✐❧❧❛✲
t✐♦♥s t❡st ❝❛s❡ ❞❡s❝r✐❜❡❞ ✐♥❬❍▼▼✵✽✱ ▼❇❑❑❍✵✾✱ ▼❛✶✵❪✳ ❉❡s♣✐t❡ t❤❡ q✉❛s✐ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ t❤❡ t❡st ❝❛s❡ ✐♠♣❧✐❡s ✈❡r② ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✈❡r② ✜♥❡
♠❡s❤❡s✳ ❲❡ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❘●❋▼ ♦♥ ❛r❜✐tr❛r② r❡✜♥❡❞
❣r✐❞s✳
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❋✐❣✉r❡ ✹✳✾✳ ■♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✇❛t❡r✲❛✐r s❤♦❝❦✲❝♦♥t❛❝t ✐♥t❡r❛❝t✐♦♥

✻✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ s❝❤❡♠❡ ❢♦r ❝♦♠♣✉t✐♥❣ t✇♦✲✢✉✐❞ ✢♦✇s✳
❚❤❡ ♣r❡ss✉r❡ ♦s❝✐❧❧❛t✐♦♥s ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❛r❡ ❛✈♦✐❞❡❞ t❤❛♥❦s t♦ ❛ ▲❛❣r❛♥❣❡ ❛♥❞
♣r♦❥❡❝t✐♦♥ ❛♣♣r♦❛❝❤✳ ■♥ t❤❡ ▲❛❣r❛♥❣❡ st❡♣✱ t❤❡ ❝♦♥t❛❝t ✇❛✈❡s ❛r❡ ♣❡r❢❡❝t❧② r❡s♦❧✈❡❞
❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡ ✐s ♥♦t s♠❡❛r❡❞✳ ■♥ t❤❡ ♣r♦❥❡❝t✐♦♥ st❡♣✱ ✇❡ ❡♠♣❧♦② ❛ r❛♥❞♦♠
s❛♠♣❧✐♥❣ str❛t❡❣②✳ ❚❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ♣r❡s❡r✈❡s t❤❡ ❝♦♥st❛♥t ✈❡❧♦❝✐t②✲♣r❡ss✉r❡
st❛t❡s ❛♥❞ t❤❡ ✐♥t❡r❢❛❝❡ ✐s s♦❧✈❡❞ ✇✐t❤✐♥ ♦♥❡ ❣r✐❞ ♣♦✐♥t✳

❚❤❡ ✇❤♦❧❡ ❛♣♣r♦❛❝❤ ♣❡r❢♦r♠s ✇❡❧❧ ❢♦r ✇❡❛❦ s❤♦❝❦s✳ ❇✉t ✐♥ ♣r❡s❡♥❝❡ ♦❢ str♦♥❣
s❤♦❝❦s✱ ✐t ❛♣♣❡❛rs t♦ ❜❡ ♦s❝✐❧❧❛t✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛❞ t♦ ❛❞❛♣t t❤❡ ♣r♦❥❡❝t✐♦♥ st❡♣
❛♥❞ ♦♥❧② ❛♣♣❧② ✐t ❛t t❤❡ t✇♦✲✢✉✐❞ ✐♥t❡r❢❛❝❡✱ ✇❤✐❝❤ ✐s ❧♦❝❛t❡❞ t❤❛♥❦s t♦ t❤❡ ❥✉♠♣s
♦❢ t❤❡ ❝♦❧♦✉r ❢✉♥❝t✐♦♥✳ ❲❡ ♣r♦♣♦s❡❞ t❤❡♥ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❤❛t ❞❡♠♦♥str❛t❡ t❤❡
❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡✱ ❞❡s♣✐t❡ t❤❛t ✐t ✐s ♥♦t ❝♦♥s❡r✈❛t✐✈❡✳ ❲❡ s✉r♣r✐s✐♥❣❧②
♦❜s❡r✈❡❞ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ❢♦r ♦t❤❡r ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ s❝❤❡♠❡s ❢♦r t✇♦✲✢✉✐❞
✢♦✇s✳

❋✐♥❛❧❧②✱ ✇❡ ❛♣♣❧② ♦✉r s❝❤❡♠❡ t♦ ❛ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥
t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❣❛s ❜✉❜❜❧❡ ✐♥ ❛ ❝♦♠♣r❡ss✐❜❧❡ ❧✐q✉✐❞✳ ❖✉r s✐♠♣❧❡
s❝❤❡♠❡ ❣✐✈❡s ❣♦♦❞ r❡s✉❧ts✱ ❡✈❡♥ ✐❢ ✐ts ♣r❡❝✐s✐♦♥ ✐s ❧❡ss t❤❛♥ t❤❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞
❘●❋▼ ❝♦✉♣❧❡❞ ✇✐t❤ ❛r❜✐tr❛r② ♠❡s❤ r❡✜♥❡♠❡♥t✳

❖✉r ♣r♦s♣❡❝ts ❛r❡ ✐♥ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s✿

• ✜rst ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡✳
❚❤❡ ✜rst ♦❜✈✐♦✉s ✇❛② t♦ ❞♦ ✐t ✐s t♦ ❝♦✉♣❧❡ ✐t ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ▼❯❙❈▲
❡①t❡♥s✐♦♥✳ ❚❤✐s ❡①t❡♥s✐♦♥ ❤❛s t♦ ❜❡ ❞❡❛❝t✐✈❛t❡❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡✱ ✐♥ ♦r❞❡r
t♦ ❛✈♦✐❞ ♦s❝✐❧❧❛t✐♦♥s✳ ❋♦r t❤❡ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡ ❝♦♠♣✉t❛t✐♦♥s✱ ❛♥♦t❤❡r ✇❛②
t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ✐s t♦ ♠♦❞✐❢② t❤❡ s❝❤❡♠❡ ✐♥ ♦r❞❡r t❤❛t ✐t ❜❡❝♦♠❡s
✇❡❧❧✲❜❛❧❛♥❝❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛❞❛♣t✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥
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