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CARLEMAN ESTIMATES FOR ANISOTROPIC ELLIPTIC
OPERATORS WITH JUMPS AT AN INTERFACE

JEROME LE ROUSSEAU AND NICOLAS LERNER

ABSTRACT. We consider a second-order selfadjoint elliptic operator with an anisotropic
diffusion matrix having a jump across a smooth hypersurface. We prove the exis-
tence of a weight-function such that a Carleman estimate holds true. We moreover
prove that the conditions imposed on the weight function are sharp.
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1. INTRODUCTION

1.1. Carleman estimates. Let P(z, D,) be a differential operator defined on some
open subset of R™. A Carleman estimate for this operator is the following weighted
a priori inequality

(11) HewaHLz(Rn) Z H@T@w“LQ(Rn),

where the weight function ¢ is real-valued with a non-vanishing gradient, 7 is a large
positive parameter and w is any smooth compactly supported function. This type
of estimate was used for the first time in 1939 in T. Carleman’s article [12] to handle
uniqueness properties for the Cauchy problem for non-hyperbolic operators. To this
day, it remains essentially the only method to prove unique continuation properties
for ill-posed problems', in particular to handle uniqueness of the Cauchy problem for
elliptic operators with non-analytic coefficients®. This tool has been refined, polished
and generalized by manifold authors. The 1958 article by A.P. Calderén [11] gave
a very important development of the Carleman method with a proof of an estimate
of the form of (1.1) using a pseudo-differential factorization of the operator, giving
a new start to singular-integral methods in local analysis. In the article [17] and in
his first PDE book (Chapter VIII, [18]), L. Hérmander showed that local methods
could provide the same estimates, with weaker assumptions on the regularity of the
coefficients of the operator.

For instance, for second-order elliptic operators with real coefficients® in the prin-
cipal part, Lipschitz continuity of the coefficients suffices for a Carleman estimate to
hold and thus for unique continuation across a ¢! hypersurface. Naturally, pseudo-
differential methods require more derivatives, at least tangentially, i.e., essentially
on each level surface of the weight function ¢. Chapters 17 and 28 in the 1983-85
four-volume book [20] by L. Hérmander contain more references and results.

Furthermore, it was shown by A. Pli§ [12] that Holder continuity is not enough to
get unique continuation: this author constructed a real homogeneous linear differen-
tial equation of second order and of elliptic type on R? without the unique continua-
tion property although the coefficients are Hélder-continuous with any exponent less

IThe 1960 article by F. John [26] showed that, although Hadamard well-posedness property is a
privilege of hyperbolic operators, some weaker type of continuous dependence, called in [26] Hélder
continuous well-behaviour, could occur. Strong connections between the well-behavior property
and Carleman estimates can be found in an article by H. Bahouri [3].

2For analytic operators, Holmgren’s theorem provides uniqueness for the non-characteristic
Cauchy problem, but that analytical result falls short of giving a control of the solution from
the data.

3The paper [1] by S. Alinhac shows nonunique continuation property for second-order elliptic
operators with non-conjugate roots; of course, if the coefficients of the principal part are real, this
is excluded.
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than one. The constructions by K. Miller in [11], and later by N. Mandache [39] and
N. Filonov in [15], showed that Holder continuity is not sufficient to obtain unique
continuation for second-order elliptic operators, even in divergence form (see also [9]
and [11] for the particular 2D case where boundedness is essentially enough to get
unique continuation for elliptic equations in the case of W2 solutions).

The results cited above are related to the regularity of the principal part of the
second-order operator. For strong-unique-continuation properties for second-order
operator with Lipschitz-continuous coefficients, many results are also available for
differential inequalities with singular potentials, originating with the seminal work of
D. Jerison and C. Kenig [21]. The reader is also referred to the work of C. Sogge [17]
and some of the most recent and general results of H. Koch and D. Tataru [28, 29].

In more recent years, the field of applications of Carleman estimates has gone
beyond the original domain. They are also used in the study of inverse problems
(see e.g. [8, 23, 21, 27]) and control theory for PDEs. Through unique continuation
properties, they are used for the exact controllability of hyperbolic equations [5].
They also yield the null controllability of linear parabolic equations [35] and the null
controllability of classes of semi-linear parabolic equations [16, 4, 11].

1.2. Jump discontinuities. Although the situation seems to be almost completely
clarified by the previous results, with a minimal and somewhat necessary condition
on Lipschitz continuity, we are interested in the following second-order elliptic op-
erator L,
(1.2)

Lw = —div(A(z)Vw), A(z) = (an(2))i<jren = AT(x), inf (A(2)E &) >0,

e

in which the matrix A has a jump discontinuity across a smooth hypersurface. How-
ever we shall impose some stringent —yet natural— restrictions on the domain of
functions w, which will be required to satisfy some homogeneous transmission con-
ditions, detailed in the next sections. Roughly speaking, it means that w must
belong to the domain of the operator, with continuity at the interface, so that Vw
remains bounded and continuity of the flux across the interface, so that div(AVw)
remains bounded, avoiding in particular the occurrence of a simple or multiple layer
at the interface®.

The article [13] by A. Doubova, A. Osses, and J.-P. Puel tackled that problem,
in the isotropic case (the matrix A is scalar cId) with a monotonicity assumption:
the observation takes place in the region where the diffusion coefficient c¢ is the ‘low-
est’. (Note that the work of [13] concerns the case of a parabolic operator but an
adaptation to an elliptic operator is straightforward.) In the one-dimensional case,
the monotonicity assumption was relaxed for general piecewise ¢! coefficients by
A. Benabdallah, Y. Dermenjian and J. Le Rousseau [0], and for coefficients with
bounded variations [30]. The case of an arbitrary dimension without any mono-
tonicity condition in the elliptic case was solved by J. Le Rousseau and L. Robbiano
in [32]: there the isotropic case is treated as well as a particular case of anisotropic

“In the sections below we shall also consider non-homogeneous boundary conditions.
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medium. An extension of their approach to the case of parabolic operators can
be found in [33]. A. Benabdallah, Y. Dermenjian and J. Le Rousseau also tackled
the situation in which the interface meets the boundary, a case that is typical of
stratified media [7]. They treat particular forms of anisotropic coefficients.

The purpose of the present article is to show that a Carleman estimate can be
proven for any operator of type (1.2) without an isotropy assumption: A(z) is a
symmetric positive-definite matrix with a jump discontinuity across a smooth hy-
persurface. We also provide conditions on the Carleman weight function that are
rather simple to handle and we prove that they are sharp.

The approach we follow differs from that of [32] where the authors base their anal-
ysis on the usual Carleman method for certain microlocal regions and on Calderén
projectors for others. The regions they introduce are determined by the ellipticity or
non-ellipticity of the conjugated operator. The method in [7] exploits a particular
structure of the anisotropy that allows one to use Fourier series. The analysis is
then close to that of [32, 33] in the sense that second-order operators are inverted
in some frequency ranges. Here, our approach is somewhat closer to A. Calderén’s
original work on unique continuation [11]: the conjugated operator is factored out
in first-order (pseudo-differential) operators for which estimates are derived. Natu-
rally, the quality of these estimates depends on their elliptic or non-elliptic nature;
we thus recover microlocal regions that correspond to that of [32]. Note that such a
factorization is also used in [22] to address non-homogeneous boundary conditions.

1.3. Notation and statement of the main result. Let 2 be an open subset of
R™ and ¥ be a € oriented hypersurface of 2: we have the partition

(1.3) =0, UXUQ_, Qy=0,.UX, Q4 open subsets of R,
and we introduce the following Heaviside-type functions

(1.4) H,=1q,.

We consider the elliptic second-order operator

(1.5) L=D-AD = —div(A(z)V), (D =—iV),

where A(z) is a symmetric positive-definite n x n matrix, such that
(1.6) A=H A_+H A, ALecE> Q).

We shall consider functions w of the following type:

(1.7) w=H w_+ H,wy, wyeEN).

We have dw = H_dw_ + H,dw, + (wy —w_)dsv, where Jx, is the Euclidean hyper-
surface measure on X and v is the unit conormal vector field to X pointing into 2.
To remove the singular term, we assume

(1.8) wy =w_ at X,
so that Adw = H_A_dw_+ H{ A, dw, and
div (Adw) = H_div (A_dw_) + Hy div (A dw,) + (A dwy — A_dw_, v)ds.
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Moreover, we shall assume that

(1.9) (Aydw, — A_dw_,v) =0 at X, ie (dwy,Ayv) = (dw_,A_v),
so that
(1.10) div(Adw) = H_div(A_dw_) + H div (A dw,).

Conditions (1.8)-(1.9) will be called transmission conditions on the function w and
we define the vector space

(]‘]‘1) W = {H—w— + H+w+}w16%”°°((2) satisfying (1.8)-(1.9)-

Note that (1.8) is a continuity condition of w across ¥ and (1.9) is concerned with
the continuity of (Adw, v) across X, i.e. the continuity of the flux of the vector field
Adw across Y. A weight function “suitable for observation from €2,” is defined as a
Lipschitz continuous function ¢ on {2 such that

(L12) o=H_o_+Hipp, 0 €C™(Q), pr=¢p_, (dps,X)>0 atZ,
for any positively transverse vector field X to ¥ (i.e. (v, X) > 0).

Theorem 1.1. Let Q, %, L, W be as in (1.3), (1.5) and (1.11). Then for any compact
subset K of S0, there exist a weight function ¢ satisfying (1.12) and positive constants
C, 1 such that for all T > 1 and all w € W with suppw C K,

(113) CH@TL'DLU)HLQ(Rn) >
T2 w|| 2@y + TV Hy e NV wy || 2y + 72 H-e™ V| 2 ny

+ 7_3/2|<67'<pw)‘2|L2(2) + 7_1/2|(67<pvw+>‘2|L2(2) + Tl/2|(6Tl’Dvw—)|E|L2(E)-

Remark 1.2. The proof of Theorem 1.1 provides an explicit construction of the
weight function ¢. The precise properties of ¢ are given in Section 2.4, viz., (2.22),
(2.24) and (2.26). The weight function is at first constructed only depending on x,.
Dependency upon the other variables, i.e. convexification with respect to {z,, = 0},
is introduced in Section 4.5

Remark 1.3. It is important to notice that whenever a true discontinuity occurs
for the vector field Av, then the space W does not contain €*°(2): the inclusion
¢>(Q) C W implies from (1.9) that for all w € €>°(Q), (dw,Ayv — A_v) =0
at X so that A,v = A_v at X, that is continuity for Av. The Carleman estimate
which is proven in the present paper takes naturally into account these transmission
conditions on the function w and it is important to keep in mind that the occurrence
of a jump is excluding many smooth functions from the space YWW. On the other hand,

we have W C Lip(Q2).

Remark 1.4. We can also point out the geometric content of our assumptions,
which do not depend on the choice of a coordinate system. For each x € 2, the
matrix A(x) is a positive-definite symmetric mapping from 7, (€2)* onto T, (€2) so that
A(x)dw(z) belongs indeed to T,(2) and Adw is a vector field with a L? divergence
(Inequality (1.13) yields the L? bound by density).
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1.4. Examples of applications. Here we mention some applications of the Car-
leman estimate of Theorem 1.1, namely controllability for parabolic equations and
stabilization for hyperbolic equations.

Following the work of [35, 37] (see also [32]) we first deduce the following interpo-
lation inequality. With o € (0, X(/2), we set X = (0, Xo) xQ, Y = (a, Xo — ) x {2

Theorem 1.5. There exist C > 0 and § € (0,1) such that for v € H'(X) that
satisfies uy = ul(o,xo)x0. € H*((0,Xo) x ),
uy =u_  and (duy,Aiv) = {du_,A_v) at(0,Xy) x X,
and
u(zo, )|zean =0, xo € (0,Xp), and u(0,z)=0, x €,
we have
lull vy < Cllulld e (1(D2, + L)ullzecey + 1050, 2) | 2) ' -

This interpolation inequality was first proven in [35, 37] for second-order elliptic
operators with smooth coefficients and in [32] in the case of an isotropic diffusion
coefficient with a jump at an interface. Here, a jump for the whole diffusion matrix
is permitted.

Remark 1.6. In fact, the interpolation inequality of Theorem 1.5 rather follows
from the non-homogeneous version of theorem 1.1 stated in Theorem 2.2 below.

From Theorem 1.5 we can prove an estimation of the loss of orthogonality for the
eigenfunctions ¢;(x), j € N, of the operator £, with Dirichlet boundary conditions,
when these eigenfunctions are restricted to some subset w of Q (see [37, 25] and also
[31]). We denote by p;, j € N, the associated eigenvalues, sorted in an increasing
sequence.

Theorem 1.7. There exists C > 0 such that for any (a;)jen C C we have:
a1 (2 f) =] S ws > a6
i< L

M <p
In turn this yields the following null-controllability result for the associated anisotropic
parabolic equation with jumps in the coefficients across ¥ (see [35, 37, 32] and also

[31])-

Theorem 1.8. For an arbitrary time T’ > 0 and an arbitrary non-empty open subset
w C Q and an initial condition yo € L*(Y), there exists v € L*((0,T) x Q) such that
the solution y of

< CeCVE
L2(Q) ~

, >0
i <p (w)

Oy + Ly =1,u in (0,T) x Q,
(1.15) y(t,z) =0 on (0,T) x 08,
y(O,:E) = yO(x) in Q>

satisfies y(T) = 0 a.e. in Q.
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The interpolation inequality of Theorem 1.5 also yields the stabilization of the
following hyperbolic equation

(1.16) Oy + Ly + a(x)dyy =0 1in (0,T) x £,
' y(t,z) =0 on (0,77) x 09,
where a is a nonvanishing nonnegative smooth function. From [34, 36], we can obtain

a resolvent estimates which in turn yields the following energy decay estimate (see
[10, Theorem 3]).

Theorem 1.9. For all k € N there exists C > 0 such that we have

C
101y (D) 2 + 1y ()| a1 () < m(||aty|t:o||m£§)+||y|t:0||D(£&;1)), t>0,

for y solution to (1.16).

The same decay can also be obtained in the case of a boundary damping (see
[36]).

Remark 1.10. Exponential decay cannot be achieved if the set O = {a > 0} does
not satisfy the geometrical control condition of [13, 5]. Because of the jump in
the matrix coefficient A(x) here, some bicharacteristics of the hyperbolic operators
Oy + L can be trapped in €2, or €2_ and may remain away from the stabilization
region O.

1.5. Sketch of the proof. We provide in this subsection an outline of the main
arguments used in our proof. To avoid technicalities, we somewhat simplify the geo-
metric data and the weight function, keeping of course the anisotropy. We consider
the operator

(L17) Lo= ). Djc;D;y, ¢i(x) = Hocf +H ¢}, c?c> 0 constants, Hy = 11,50},

1<j<n
with D; = %, and the vector space W of functions Hyw, +H_w_, wy € €X°(R™),
such that
(1.18) at z, =0, wy = w_, ¢ Owy = ¢, Oyw_ (transmission conditions across z, = 0).
As a result, for w € Wy, we have D,w = H, D,w, + H_D,w_ and
(1.19) Low =Y (H ¢ Diwy + H_c; Djw_).

J

We also consider a weight function®
(1.20) 0= (ayx, + B22/2) Hy + (a_z, + B22/2) H., ar >0, (>0,

ot o

a positive parameter 7 and the vector space W, of functions H v, + H v_, vy €
% >°(R™), such that at z,, =0,

(1.21) vy =0,
(1.22) cH(Dyvy +itagvy) =c, (Dyv_ +ita_v_).

®In the main text, we shall introduce some minimal requirements on the weight function and
suggest other possible choices.
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Observe that w € W, is equivalent to v = e™?w € W,. We have
e Low = P Loe” (e w)
c
so that proving a weighted a priori estimate ||e™Low|[z2@n) 2 ||€7?w||L2mny for
w € Wy amounts to getting || L v||L2mny 2 ||V 2ny for v € W,
Step 1: pseudo-differential factorization. Using Einstein convention on repeated
indices 7 € {1,...,n — 1}, we have
L. = (D, +it¢")en(Dy +i1¢") + Djc; D,
and for v € W;, from (1.19), with my = my(D') = (¢it)"/*(c; D)/,
Lv=H.c) (D, +ire)* +m3)vy + Hoc, (Dn+ 79 )* + m* )v_
so that
et I+
T Veraiuwe T
(1.23) Lrv=H.c (D, +i(r¢, +my)) (D, +i(r¢], —my))vy
+ H_c, (D, +i(r¢" —m_)) (D +i(r¢" +m_))v_.
T —_——

Note that ey are elliptic positive in the sense that ex = Tag +my = 7+ |D'|.
We want at this point to use some natural estimates for first-order factors on the
half-lines Ry: let us for instance check on ¢ > 0 for w € €°(R), A, v positive,

(1.24)

Dy + i(A + v w72, )
= D72,y + |OX + 0wl T2m, ) + 2 Re(Dyw, iH (£) (A + yt)w)

> T (A0 + )@t + Mol 2 (0 + ) [wlBage,) + ()P
= g v w = v L2(Ry) w )

which is somehow a perfect estimate of elliptic type, suggesting that the first-order
factor containing e, should be easy to handle. Changing A in —\ gives

IDyw + (=X + 7wl Z2@,) > 2Re(Dyw, iH ()= + yt)w)
400 9 9
= TPt = N0,

so that [[Dww + i(—\ + 7t)w||%2(R+) + Mw(0)]* > 7““”%‘2(1@”7 an estimate of lesser

quality, because we need to secure a control of w(0) to handle this type of factor.

Step 2: case fy > 0. Looking at formula (1.23), since the factor containing e, is
elliptic in the sense given above, we have to discuss on the sign of f,. Identifying the
operator with its symbol, we have f, = 7(a,+0z,)—m ('), and thus Ty > m, (£)
yielding a non negative f,. Iterating the method outlined above on the half-line R,
we get a nice estimate of the form of (1.24) on R, ; in particular we obtain a control®

6Tn the case f (0) = 0, one needs to consider the estimation of

1(Dn + ie4 ) (D + i f4 )vil 2@y + [|(Dn + if) (D + ieq Jog [l L2 we)
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of v (0) and D,v,(0). From the transmission condition, we have v, (0) = v_(0)
and hence this amounts to also controlling v_(0). That control along with the
natural estimates on R_ are enough to prove an inequality of the form of the sought
Carleman estimate.

Step 3: case fi < 0. Here, we assume that 7o, < m,(&'). We can still use on R
the factor containing e, and by (1.23) and (1.24) control the following quantity

=V,
(1.25) (D +if)vs(0) = ¢ (Dyvs +imay vy (0) —cFim v, (0).
Our key assumption is
(1.26) f+(0) < 0= f_(0) <0.

Under that hypothesis, we can use the negative factor f_ on R_ (note that f_ is
increasing with x,,, so that f_(0) < 0= f_(z,) <0 for z, < 0). We then control

(1.27) ¢y (D +ie_)v_(0) = ¢, (Dpv— +iTa_)v_(0) +c,im_v_(0).

4

—y_
Nothing more can be achieved with inequalities on each side of the interface. At

this point we however notice that the second transmission condition in (1.22) implies
V_ = V., yielding the control of the difference of (1.27) and (1.25), i.e., of

¢, im_v_(0) + ¢timy vy (0) = i(c, m_ + ¢;my ) v(0).

Now, as ¢, m_ + ¢ m is elliptic positive, this gives a control of v(0) in (tangential)
H'-norm, which is enough then to get an estimate on both sides that leads to the
sought Carleman estimates.

Step 4: patching estimates together. The analysis we have sketched here relies
on a separation into two zones in the (7,¢’) space. Patching the estimates of the
form of (1.13) in each zone together allows us to conclude the proof of the Carleman
estimate.

1.6. Explaining the key assumption. In the first place, our key assumption,
condition (1.26), can be reformulated as

!/

1.98 \/ / Sn—Q O[_+ > m+(£)
(1.28) ¢ e a2 @)
In fact 7, (1.26) means Tay < mi(¢') = 7ta_ < m_(¢) and since oy, my are
all positive, this is equivalent to having m, (£')/ay < m_(£')/a—, which is (1.28).

from below to obtain a control of v (0) and D,v(0) with the previous estimates used in cascade.
Indeed the first term will give an estimate of D, v (0) and the second term one of v (0).
7 For the main theorem, we shall in fact require the stronger strict inequality

(1.29) o, me(E)
o~ m(©)
This condition is then stable under perturbations, whereas (1.28) is not. This gives freedom to
introduce microlocal cutoff in the analysis below.
However, we shall see in Section 5 that in the particular case presented here, where the matrix
A is piecewise constant and the weight function ¢ solely depends on z,, the inequality (1.28) is
actually a necessary and sufficient condition to obtain a Carleman estimate with weight .
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An analogy with an estimate for a first-order factor may shed some light on this
condition. With

f(t)=H(t)(tay+6t—my)+H(=t)(ta_+pt—m_), 7, ax,, my positive constants,

we want to prove an injectivity estimate of the type || Dyv +if(t)v| r2m®) 2 ||v] L2(®)s
say for v € €2°(R). It is a classical fact (see e.g. Lemma 3.1.1 in [38]) that such
an estimate (for a smooth f) is equivalent to the condition that ¢ — f(¢) does
not change sign from + to — while ¢ increases: it means that the adjoint operator
Dy — if(t) satisfies the so-called condition (¥). Looking at the function f, we see
that it increases on each half-line R, so that the only place to get a “forbidden”
change of sign from + to — is at ¢ = 0: to get an injectivity estimate, we have to
avoid the situation where f(07) < 0 and f(07) > 0, that is, we have to make sure
that f(07) < 0 = f(07) < 0, which is indeed the condition (1.28). The function
f is increasing affine on Ry with the same slope $ on both sides, with a possible
discontinuity at 0.

Ficure 1. f(07) <0; f(07) <O.

When f(0%) < 0 we should have f(07) < 0 and the line on the left cannot go
above the dotted line, in such a way that the discontinuous zigzag curve with the
arrows has only a change of sign from — to +.

//

A

FIcure 2. f(07) = 0; f(0*) > 0.

When f(0) > 0, there is no other constraint on f(07): even with a discontinuity,
the change of sign can only occur from — to +.

We prove below (Section 5) that condition (1.28) is relevant to our problem in
the sense that it is indeed necessary to have a Carleman estimate with this weight:
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if (1.28) is violated, we are able for this model to construct a quasi-mode for L.,
i.e. a 7-family of functions v with L?*mnorm 1 such that ||[£,v]z2 < [Jv||p2, as T
goes to 0o, ruining any hope to prove a Carleman estimate. As usual for this type
of construction, it uses some type of complex geometrical optics method, which is
easy in this case to implement directly, due to the simplicity of the expression of the
operator.

Remark 1.11. A very particular case of anisotropic medium was tackled in [32] for
the purpose of proving a controllability result for linear parabolic equations. The
condition imposed on the weight function in [32] (Assumption 2.1 therein) is much

more demanding than what we impose here. In the isotropic case, cf = ¢4 for all
j € {l,...,n}, we have m; = m_ = |¢’| and our condition (1.29) reads a; > ar_.
Note also that the isotropic case c_ > ¢, was already considered in [13].

In [32], the controllability result concerns an isotropic parabolic equation. The
Carleman estimate we derive here extends this result to an anisotropic parabolic
equation.

2. FRAMEWORK
2.1. Presentation. Let 2, ¥ be as in (1.3). With
= = {positive-definite n x n matrices},
we consider Ay € €°(Q;E) and let £, ¢ be as in (1.5) and (1.12). We set
Li=D-ALD=—div(ALV).

Here, we generalize our analysis to non-homogeneous transmission conditions: for
f and © smooth functions of the interface ¥ we set

(2.1) wy —w-_ =460, and (Aydwy —A_dw_,v) =0 at X,
(compare with (1.8)-(1.9)) and introduce

0,0 _
(22) WU - {H_w_ + H+w+}wie<€§’°(ﬂ) satisfying (2.1).
For 7 > 0 we define the affine space
(2.3) Wf’e = {6T@w}wewg,e.

For v € W%® we have v = e¢™w with w € W(?’@ so that, using the notation
introduced in (1.4), (1.7), with vy = e™**w,, we have

(2.4) v=H_ v_+ Hivg,
and we see that the transmission conditions (2.1) on w read for v as
(2.5) vy —v_ =0, (dvy—TU4dos, Ay —(dv_ —Tv_dp_,A_V) =0O,, atX,
with
(2.6) 0, =¢e"">0, ©O,=e*>0.
Observing that €™+ De™ ™%+ = D + itdyy, for w € W?®, we obtain
€t Liwy =€ D - AL De ™oy = (D +itdpy) - A (D +itdps ) vt
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We define
(2.7) Pr=(D+irdpy) - Ar(D +itdpy).

Proposition 2.1. Let Q, %, L, W® be as in (1.3), (1.5) and (2.3). Then for any
compact subset K of ), there exist a weight function ¢ satisfying (1.12) and positive
constants C, T such that for all T > 1 and all v € W, with suppv C K

C(IIH-P-v_|| 2@ + | Hy Prog 2@y + Too) = 7% vl 2 + 7'2|(Vos) 2
+ Tg/zHUHLQ(R") + Tl/zl‘H+vv+”L2(R") + 71/2HHfVU—HL2(Rn),

where Tpo = 73/2|9¢|L2(2) + 7'1/2|V26’¢,|L2(E) + 7'1/2|@¢|L2(2).

Here, Vy denotes the tangential gradient to 3. The proof of this proposition will
occupy a large part of the remainder of the article (Sections 3 and 4) as it implies
the result of the following theorem, a non-homogenous version of Theorem 1.1.

Theorem 2.2. Let Q. %, LW be as in (1.3), (1.5) and (2.2). Then for any
compact subset K of ), there exist a weight function ¢ satisfying (1.12) and positive
constants C, T, such that for all T > 1 and all w € W with suppw C K,

(28) C’(||H_ew*£_w_||L2(Rn) + ||H+GT¢+£+M+||L2(R71) + T97@)
> 7'3/2||67‘pw||L2(Rn) + 7'1/2(||H+67“‘°Vw+]|L2(Rn) + HH_ewVw_HLz(Rn))

+ 73/2\6”"wi|L2(2) + Tl/Q\eWVwi\Lz(z).

where T97@ = 73/2|€T¢‘26|L2(2) + 71/2|€TW‘EV29|L2(2) + 7'1/2|€T¢|E@|L2(E).

Theorem 1.1 corresponds to the case # = © = 0 since by (1.10) we then have
||€T§O,Cw||L2(Rn) = ||H_€T(’07£_w_||L2(Rn) + ||H+€T¢+£+w+||L2(Rn)

Remark 2.3. It is often useful to have such a Carleman estimate at hand for the
case non-homogeneous transmission conditions, for examples when on tries to patch
such local estimates together in the neighborhood of the interface.

Here, we derive local Carleman estimates. We can in fact consider similar ge-
ometrical situation on a Riemannian manifold (with or without boundary) with a
metric exhibiting jump discontinuities across interfaces. For the associated Laplace-
Beltrami operator the local estimates we derive can be patched together to yield a
global estimate. We refer to [33, Section 5] for such questions.

Proof that Proposition 2.1 implies Theorem 2.2. Replacing v by e™?w, we get

(29) HH,QTQO_E,’UJ, HL2(R”) + HH+€T§0+£+U)+HLQ(R7L) + T97@
> 73/2HewwHLz(Rn) + 71/2(]|H+Veww+HLz(Rn) + HH_Veww_HLz(Rn))

~Y

+ 7'3/2|6T@w:|:|L2(2) + 7'1/2|V6T§Dwi|L2(g).
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Commuting V with €% produces

C([[H-e™ Low_||r2@n) + [|He™ " Lyw| 2wy + Tho)
+ 017'3/2||eww||L2(Rn) + Cor3/? (|e“"wi‘E|Lz(g))
> r'2||H e Dw_|| p2gny + 72| Hy €™ Dwy || 2y + 722 €70 12
+ 7'1/2|67“0Dwi|,;2 + 73/2|ewwi|L2

but from (2.9) we have

0173/2||eww|] + 027'3/2]eww|
< Cmax(Cy, Co) ([[H_e™ Low_ || r2mn) + [|Hye ™ Lyw| 2wy + The),
proving the implication. ]

2.2. Description in local coordinates. Carleman estimates of types (1.13) and
(2.8) can be handled locally as they can be patched together. Assuming as we may
that the hypersurface ¥ is given locally by the equation {z,, = 0}, we have, using
the Einstein convention on repeated indices j € {1,...,n — 1}, and noting from the
ellipticity condition that a,, > 0 (the matrix A(x) = (a;x(z))1<jr<n);

L = Dypap, Dy, + DyaniD; + Djajn Dy, + Djaji Dy,
= Dy,au, (D + a;rlbanij) + Dja;n Dy, + Djaji Dy,
With T = a,,a,;D; we have
L= (Dy+T")anm(Dn+T) = T*ann Dy, — T*annT + Djajn Dy, + DjaxDy.
and since T* = D,a_ anj, we have T*a,,D,, = D;an;D,, = D;a;,D, and

J¥nn
(2.10) L = (Dy+T*")ann(Dn +T) + Djbj Dy,

where the (n—1)x (n—1) matrix (bjx) is positive-definite since with & = (&1, ..., &,-1)
and § = (£, &),
<B£/7€/> = Z bjkfjé_k = <A€7 £>7

1<jk<n—1
where a,,&, = — Z1§jgn—1 an;&;. Note also that bjr = aji — (njank/ann).

Remark 2.4. The positive-definite quadratic form B is the restriction of (Ag, &) to
the hyperplane H defined by {(A&, &), z,} = 0k, ((A¢,€)) = 0, where {-,-} stands
for the Poisson bracket. In fact the principal symbol of £ is (A(z)¢, &) and if 3 is
defined by the equation ¢ (x) = 0 with dy # 0 at X, we have

S 1A@)E. 6,0} = (A@)e v )

so that H, = (A(x)dw(x))L = {¢€ € T:(Q), (&, A(x)dY(2))72@) 7o) = 0}. When
x € 3, that set does not depend on the choice of the defining function ¥ of > and
we have simply

L *
Mo = (A(2)v(2))” = {€ € T7(Q), (& A(@)v(2))1:(0) 1.(2) = O}
where v(z) is the conormal vector to ¥ at = (recall that from Remark 1.4, v(x) is a
cotangent vector at z, A(x)v(x) is a tangent vector at z). Now, for x € 3, we can
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restrict the quadratic form A(x) to H,: this is the positive-definite quadratic form
B(z), providing a coordinate-free definition.

For w € W.©, we have
(2.11) Liwy = (Dn+T5)an, (Dy + T )ws + Djbly Dyw
and the non-homogeneous transmission conditions (2.1) read

(2.12) wy —w_ =6, a (D,+THwy —a, (D, +T )w_ =06, at.

2.3. Pseudo-differential factorization on each side. At first we consider the
weight function ¢ = H, ¢ + H_¢_ with ¢ that solely depend on z,,. Later on we
shall allow for some dependency upon the tangential variables 2’ (see Section 4.5).
We define for m € R the class of tangential standard symbols &™ as the smooth
functions on R™ x R™"~! such that, for all (o, 3) € N* x N*~1,

(2.13) sup (&) HN|(850a) (x,€)] < oo,

(z,&)€R™ xR 1

with (£') = (1 + |§’|2)%. Some basic properties of standard pseudo-differential oper-
ators are recalled in Appendix 6.1. Section 2.2 and formulae (2.7), (2.11) give
(2.14) Pr = (Do + it + Tt ar, (Dn + it + T) + Djbey Dy

We define m4 € S* such that

b 1
(215)  for[¢) =1 me = (2g6)7, me = ClE), Me=op“(ms).

We have then M2 = D;b%, Dy mod op(S*).
We define

(2.16) Ul = op(Sh) + 70p(S°) + op(S°)D,,.
Modulo the operator class U! we may write

(2.17) P, = Pria Pry, P_ =Pr_a,,Pr_,
where

(2.18) Pey =D, + St + ’i(TgOIj[ + Mi), Pry=D,+ 5L+ i(TgOIi — Mi),
——_——— ——_———
E4 Fy
with
(2.19)
+

a,,; 1.
Sy =s"(x, D), s+= Y &, sothat S} =5, Sp=T.+ divTy,
1<j<n—1 Qo 2
where
at.
(2.20) T, is the vector field > —0;

1<j<n—1 105,
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We denote by fi and e, the homogeneous principal symbols of F.. and F, respec-
tively, determined modulo the symbol class S! + 78°. The transmission conditions
(2.12) with our choice of coordinates read, at z,, = 0,

on) {vrmr-=8e=evmg
. at (Dp,+ Ty +ite vy —ay, (D, +T- +it¢" Jv_ = O, = €7¥l2n=00.

Remark 2.5. Note that the Carleman estimate we shall prove is insensitive to terms
in U! in the conjugated operator P. Formulee (2.17) and (2.18) for P, and P_ will
thus be the base of our analysis.

Remark 2.6. In the articles [32, 33], the zero crossing of the roots of the symbol of
P+, as seen as a polynomial in &,, is analyzed. Here the factorization into first-order
operators isolates each root. In fact, fi changes sign and we shall impose a condition
on the weight function at the interface to obtain a certain scheme for this change of
sign. See Section 4.

2.4. Choice of weight-function. The weight function can be taken of the form
(2.22) oi(r,) = asz, + B22/2, ayx >0, B>0.

The choice of the parameters ay and S will be done below and that choice will
take into account the geometric data of our problem: a4 will be chosen to fulfill a
geometric condition at the interface and § > 0 will be chosen large. Here, we shall
require ¢’ > 0, that is, an “observation” region on the rhs of ¥. As we shall need
B large, this amounts to working in a small neighborhood of the interface, i.e., |z,
small. Also, we shall see below (Section 4.5) that this weight can be perturbed by
any smooth function with a small gradient.

Other choices for the weight functions are possible. In fact, two sufficient condi-
tions can be put forward. We shall describe them now.

The operators M, have a principal symbol m4(z,&’) in 8!, which is positively-
homogeneous® of degree 1 and elliptic, i.e. there exists )\3[, )\fE positive such that for
€'l > 1,2 e R",

(2.23) Ao lE'T < me(x,€) < AT

We choose ¢, g+ = ax such that

m xlu ! Tn=
(224) O[_+ > sup +< , 5,)‘ n O"r.
- ot Mo (@, &) g, =0~
lg'1>1

The consequence of this condition will be made clear in Section 4. We shall also prove
that this condition is sharp in Section 5: a strong violation of this condition, viz.,
ay /o < sup(my/m_)|g,—o, ruins any possibility of deriving a Carleman estimate
of the form of Theorem 1.1.

Condition (2.24) concerns the behavior of the weight function at the interface.
Conditions away from the interface are also needed. These conditions are more

8The homogeneity property means as usual m. (xz,p€) = pmy(z,&) for p > 1,|¢| > 1.
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classical. From (2.14), the symbols of P, modulo the symbol class S* 4+ 78° + S,
are given by ps(z,&,7) = af, (g3 + 2igy), with
bt
G = (& +52) + a%kfj&; —THP% 6 = TP (6 + ss),

nn

for ¢ solely depending on x,,, and from the construction of m., for |{'| > 1, we have

(2.25) Gy = (& +52)’ +mi — (19})° = (& + 55)* — frew
We can then formulate the usual sub-ellipticity condition, with loss of a half-derivative:
(2.26) ¢y =0and ¢y =0 = {g.q1}>0,

which can be achieved by choosing [ sufficiently large. It is important to note that
this property is coordinate free. For second-order elliptic operators with real smooth
coefficients this property is necessary and sufficient for a Carleman estimate as that
of Theorem 1.1 to hold (see [18] or e.g. [31]).

With the weight functions provided in (2.22) we choose . according to condi-
tion (2.24) and we choose 5 > 0 large enough and we restrict ourselves to a small
neighborhood of X, i.e., |x,| small to have ¢’ > 0, and so that (2.26) is fulfilled.

Remark 2.7. Other “classical” forms for the weight function ¢ are also possible.
For instance, one may use o(z,) = ¢’#(*») with the function ¢ depending solely on
T, of the form

¢p=H ¢_+H oy, ¢+ CR),
such that ¢ is continuous and |¢/_ | > C' > 0. In this case, property (2.24) can be
fulfilled by properly choosing ¢1$n:0i and (2.26) by choosing [ sufficiently large.

Property (2.26) concerns the conjugated second-order operator. We show now
that this condition concerns in fact only one of the first-order terms in the pseudo-
differential factorization that we put forward above, namely Ppg...

Lemma 2.8. There exist C' >0, 71 > 1 and 6 > 0 such that for T > m
fel <0A = O\ <€ <Cr and {& + s+, fr} = O
with \* = 72 + [¢'|%.
See Appendix 6.2.1 for a proof. This is the form of the sub-ellipticty condition,

with loss of half derivative, that we shall use. This will be further highlighted by
the estimates we derive in Section 3 and by the proof of the main theorem.

3. ESTIMATES FOR FIRST-ORDER FACTORS

Unless otherwise specified, the notation || - || will stand for the L?*(R")-norm and
| - | for the L?*(R"1)-norm. The L?*(R") and L?*(R"!) dot-products will be both

denoted by (-, ).
In this section we shall use the following function space

Fo(R") ={ue S R"); L >0, supp(u) C R"" x (—L,L)}.
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3.1. Preliminary estimates. Most of our pseudo-differential arguments concern a
calculus with the large parameter 7 > 1: with

(3.1) N=7 4¢P,
we define for m € R the class of tangential symbols S as the smooth functions on

R" x R"1, depending on the parameter 7 > 1, such that, for all (o, 8) € N* x N*~1,

(3.2) sup xmﬂﬁ'\(a;af,a)(x,g’m)\ < 0.

(z,6')eER" xRn—1
Some basic properties of the calculus of the associated pseudo-differential operators
are recalled in Appendix 6.1.2. We shall refer to this calculus as to the semi-classical
calculus (with a large parameter). In particular we introduce the following Sobolev
norms:

(3.3) [l

e = [|A%ul|p2@n-1y,  with A® :=op(\°).

For s > 0 note that we have ||u|
that we have

ws ~ T°||ul| 21y + |[(D')*u|| L2n-1). Observe also

we < O || s<¢.

lul '

In what follows we shall often refer implicitly to this inequality when invoking a
large value for the paramter 7.

The operator M, is of pseudo-differential nature in the standard calculus. Observe
however that in any region where 7 2 |{'| the symbol my does not satisfy the
estimates of S!. We shall circumvent this technical point by introducing a cut-off

procedure.
Let Cy, Cy > 0 be such that ¢’ > Cy and
+ +,112
(3.4) (Myiu, H u) < C1||H u||L2(R;H%(Rn71)).

We choose ¢ € €°°(R") nonnegative such that 1) = 0 in [0, 1] and ¢ = 1 in [2, +-00).
We introduce the following Fourier multiplier
€T

(3.5) be(T, €') = zp(@) €89, with0 <e< e

such that 7 2 (¢’) /e in its support. We choose € sufficiently small so that supp(¢.) is
disjoint from a conic neighborhood (for |¢'| > 1) of the sets { f+ = 0} (see Figure 3).

The following lemma states that we can obtain very natural estimates on both
sides of the interface in the region |¢’'| < 7, i.e. for e small. We refer to Appendix 6.2.2
for a proof.

Lemma 3.1. Let ¢/ € R. There exist 1 > 1, 0 < €1 < €g and C > 0 such that
CllHy Avop(Ye)wl| Lo moey = |OP(¢E)W|M=0+|H@+% + [[Hyop(Ve)w | 2r0e+1),
C(HH*A*OP(Q/%)C‘)HL%R;HZ) + |0p(we)w|xn=0_‘Hl+%> > HH*Op(we)wHLQ(R;’He*l)v

for 0 < € < e, with A, = Pgy or Ppy, A. = Pg_ or Pp_, for 7 > 17 and
w € Z(R").
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1 €|

FIGURE 3. Relative positions of supp(¢.) and the sets { fx = 0}.

3.2. Positive imaginary part on a half-line. We have the following estimates
for the operators Pp. and Pg_.

Lemma 3.2. Let ¢ € R. There exist 7, > 1 and C > 0 such that

(3.6) CHH+7DE+WHL2(R;HL’) > |W\xn:0+‘ + HH+WHL2(R;H€+1) + HH+DnWHL2(R;Hf)a

iy
and

(3.7) C<||H,7DE,CU||L2(R;H2) + |Wiz,=0- |H2+%>

> [|H-wl| 2@perry + [ Hy Dpw|| 2 ineey

fort>1 and w € L (R").

Note that the first estimate, in R, is of very good quality as both the trace and
the volume norms are dominated: we have a perfect elliptic estimate. In R_, we
obtain an estimate of lesser quality. Observe also that no assumption on the weight
function, apart from the positivity of ¢, is used in the proof below.

Proof. Let 1), be defined as in Section 3.1. We let 1) € €>°(R") be nonnegative and
such that ¢) = 1 in [4,400) and ¢ = 0 in [0,3]. We then define 1), according to
(3.5) and we have 7 < (&) in supp(1 — 1)) and supp(1 — 1) Nsupp(he) = 0. We set
my =my(1l — 1&6) and observe that m. € S!. We define

br =719+ €8, Ey=op“(éL),
Observe that from the definition of 1), we have
(3.8) éx > CA.
Next, we note that

-]\4:|:Op(1 - ¢e)w = Opw(mi)op(l - we)w + Opw(miIZJE)Op(l - ¢e)w7
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and, since myy), € S' and 1 — 4 € 8P with the latter vanishing in a region
(¢'y < C7, Lemma 6.4 yields

(3.9) Miop(l —¢)w = op”(my)op(l — Y )w + Riw, with Ry € op(S; ™).
We set u = op(1 — ¢ )w. For s = 20 + 1, we compute,

(3.10)

2Re(Pg, u, tH  Nu) = (i[Dy, Hi|u, N*u) + (i[S4, A®Ju, Hiu) + 2Re(E u, Hi AN u)

> Juymo+ 2,y + 2Re(Bu, HoAw) = ClH

By (3.9) we have E u = E u+ Ryw. This yields

Re(Eyu, HyNu) + | Hyw||* Z Re(Eyu, HoAu) 2 HHJruH%%R;HHl)’

for 7 sufficiently large by (3.8) and Lemma 6.2. We thus obtain

Re(Pr.u, il Au) + | Hyul?, oy + ([H ]

HTT)
2 Nt 2y + Il
With the Young inequality and taking 7 sufficiently large we then find

[ H4Pp,ull 2@y + [ Hiw|| 2 gz, =0+ ] + ([ Hrull 2 epessy.-

1
Hita

We now invoke the corresponding estimate provided by Lemma 3.1,

’|H+PE+0P(¢e)W||L2(R;W) 2 |0p(¢e)w|xn=0+|#+% + ||H+0P(¢e)w||L2(R;HH1)-

Adding the two estimates, with the triangular inequality, we obtain

|H:+Pp,op(1 — ve)wl 2@y + |1 H Ppswll r2@aey + [ Hyw]]

2 |W\xn:0+|Hz+% + | Hywl| 2oy
Lemma 6.4 gives [Pg,,op(1 — ¢.)] € op(S?). We thus have

1H+Prop(l — ve)w|[r2@mey S [[Hrop(1 — ) Ppyw| r2@me) + ([ Hiwl| 2@
S H Pewll 2@y + [[Hywl| L2 ey

By taking 7 sufficiently large, we thus obtain

(3.11) I1H+Pe, wll 2@y R [ Win=ot ey + H w0l 2@aes)-

The term ||H{ Dypw|| 23 can simply be introduced on the rhs of this estimates,
to yield (3.6), thanks to the form of the first-order operator Pg,. To obtain es-
timate (3.7) we compute 2 Re(Pgr_w,iH_w). The argument is similar whereas the
trace term comes out with the opposite sign. |

For the operator Pr, we can also obtain a microlocal estimate. We place our-
selves in a microlocal region where f, = 7™ — m_ is positive. More precisely, let
x(z,7,&) € 8 be such that |¢'| < C7 and f, > CiA in supp(x), C; > 0, and
|€’'| > C'7 in supp(1l — x).
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Lemma 3.3. Let ¢ € R. There exist 7, > 1 and C > 0 such that

C(IH s Prop” ()l 2y + [ Hawl)
> |0pw(X)W|zn=0+|He+% + ”H—&-Opw(X)WHLQ(R;H"H) + ||H+Dn0pw(X)w||L2(R;Hf),
for v > 7 and w € Z.(R").

As for (3.6) of Lemma 3.2, up to a harmless remainder term, we obtain an elliptic
estimate in this microlocal region.

Proof. Let 1. be as defined in Section 3.1 and let 1), be as in the proof of Lemma 3.2.
We set
(3.12) fe=1¢ —m, € S F, = opw(fi).
Observe that we have
fr=1¢ =y =19 —mi(1 —P) = fu + Yemy > fu.

This gives fy > CX in supp(y).
We set u = op(1 — 1. )op” (x)w. Following the proof of Lemma 3.2, for s = 20+ 1,
we obtain

Re(Pryu il A%w) + | Howl + [Houl?, oy

e |u|xn:0+|i{l+% + Re(Fpu, Hy Au)

Let now y € S? satisfy the same properties as x, with moreover Y = 1 on a neigh-
borhood of supp(y). We then write

fe=Fetr with fy =[x +M1-%) €S, r=(fi —N1-X) €S
As supp(1 — X) Nsupp(x) = 0, we find r4(1 — )iy € S-®. Since f, > C\ by

construction, with Lemma 6.2 we obtain

Re(Pryu, il Au) + || Hyw|[* + | Houl?, oy

2 Hijaumor 2y Il By
With the Young inequality, taking 7 sufficiently large, we obtain
1 Hy Pryull 2@y + 1 Hrwl| 2 |z, —o+|

eyt [ ul| Lo ety

Invoking the corresponding estimate provided by Lemma 3.1 for op™(x)w,
| Hy Pryop(e)op” (X)wl| 2 ey 2 |0P(¥e)op™ (X)Wiw, =0+ |, o1 3
+ [|H rop(e)op” (X )w|l 2+,
and arguing as in the end of the proof of Lemma 3.2 we obtain the result. |
For the operator Pr_ we can also obtain a microlocal estimate. We place our-
selves in a microlocal region where f_ = 7o~ — m_ is positive. More precisely, let

x(z,7,&) € 8 be such that |¢'| < C7 and f_ > Ci\ in supp(x), C; > 0, and
|€’'| > C'7 in supp(1l — x).
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Lemma 3.4. Let ¢ € R. There exist , > 1 and C > 0 such that

(3.13) C(HH—PF_UHL?(RM) + [[H-w|[ + [[H-Dywl| + |U\xn:0*!He+%>
> || H ull p2mypesry,
for 7> 1 and u = a,, Pg_op”(x)w with w € .7 (R").

Proof. Let 1 be defined as in Section 3.1. We define f_ and F_ as in (3.12). We
have f_ > f_ > C\ in supp(x). We set z = op(1 —¢)u and for s = 20 + 1 we
compute
2Re(Pp_z,iH_N°z)
= (i[Dp, H_ |2, N°2) +i([S_,A°]z, H_z) + 2Re(F_z, H_N\°z)

> —]z|mn:07\ig+% +2Re(F_z, H_ A°z) — CHH,,ZH;(R;HH%).

Arguing as in the proof of Lemma 3.2 (see (3.9) and (3.10)) we obtain
2Re(Pr_z,iH_N°z) + C||H_ul]* + |2z, —o- yj{ul +CH-z|?

3 2R 2)
> 2Re(F_z, H_\°z).
Let now y € S? satisfy the same properties as x, with moreover Y = 1 on a neigh-
borhood of supp(x). We then write
fo=f4r with ff=f3+MX1=-%) €S, r=(f-N1-yx) eS.

As f_ > CX and supp(1 — ¥) Nsupp(x) = 0§ with Lemma 6.2 we obtain, for 7 large,

o+

2Re(Pp_z, iH_A°z) + C||H_ul]* + |2}, -0 yi + CHH,ZH;(

R;H“'%)
[ H P + | H-Dyol* > C'|H 2 aqggpensy
With the Young inequality and taking 7 sufficiently large we then find

VH_ P2l 2wy + 1Houll + 2,0 | pery + | H-wo]| + || H- Dy

S
2 1H-z|| L2 @epery.-
Invoking the corresponding estimate provided by Lemma 3.1 for u yields
[H-Pr_op(Ye)ull 2@ + |op(Ve) e, =01, 043 T [[H-0D(Ve)ul| p2mpess).
and arguing as in the end of Lemma 3.2 we obtain the result. ]
3.3. Negative imaginary part on the negative half-line. Here we place our-
selves in a microlocal region where f- = 79~ — m_ is negative. More precisely, let
x(z,7,¢") € 82 be such that |¢'| > C7 and f- < —C) A in supp(x), C; > 0. We have
the following lemma whose form is adapted to our needs in the next section. Up to
harmless remainder terms, this can also be considered as a good elliptic estimate.

Lemma 3.5. There exist 71 > 1 and C' > 0 such that
(314)  C(IH_Pr ull + [ Hoso]| + |H-Dyoll) > [t a1, 3 + vl ageen,
fort > and u = a,, Pp_op”(x)w with w € L. (R™).
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Proof. We compute
2Re(Pr_u, —iH_Au)
= (i[Dy, —H_Ju, Au) — i{[S_, A'u, H_u) + 2 Re(—F_u, H_A'u)

> [tz 0= L,y + 2Re{—F_u, HAu) = CllHul}, ).

Let now y € S? satisfy the same properties as x, with moreover Y = 1 on a neigh-
borhood of supp(x). We then write

f*:fv*—i_ra with .]E*:ffi_)«l_)z)? T:(f*—i_)\)(l_i)

Observe that f_¥ € S! because of the support of Y. Hence f_ € SI. As —f_ > C\
with Lemma 6.2 we obtain, for 7 large, Re(—op® (f_)u, H_Au) > [H w2 m0):
Note that r does not satisfy the estimates of the semi-classical calculus because of
the term m_(1 — x). However, we have

op”(r)u = op”(r)a,,op" (x) Dnw + op" (r)a,, S-op" (x)w + iop" (r)a,, E-op” (x)w.
Applying Lemma 6.4, using that 1 —y € SY € §°, yields

op“(r)u=Rw  with R € op(S})D,, + op(S?).
As supp(1 — x) Nsupp(x) = 0, the composition formula (6.7) (which is valid in this

case — see Lemma 6.4) yields moreover R € op(S;>°)D,, + op(S,>°). We thus find,
for 7 sufficiently large

Re(Pp u, —iH_A'u) + ||H_wl||® + ||H_Dyw|?* > |u‘xn:0—|i% + | H ullf2 @),

and we conclude with the Young inequality. |

3.4. Increasing imaginary part on a half-line. Here we allow the symbols f. to
change sign. For the first-order factor P, this will lead to an estimate that exhibits
a loss of a half derivative as can be expected.

Let 1), be as defined in Section 3.1 and let . be as in the proof of Lemma 3.2.
We define f, and Fy as in (3.12) and set 75F¢ =D, + Sy +iFy.

As Supp(gze) remains away from the sets {f+ = 0} the sub-ellipticy property of
Lemma 2.8 is preserved for fi in place of fi. We shall use the following inequality.

Lemma 3.6. There exist C > 0 such that for p > 0 sufficiently large we have
pe=pufi+T {fn + 54, fj:} > CON,

with \* = 72 + [¢'|%.

Proof. Tf |f.| < ), for & small, then fo = fi and T{§n+si, fi} > O by

Lemma 2.8.

If |f.| > 6\, observing that 7 {ﬁn + 54, fi} € 78! C 82, we obtain py > CA? by
choosing p sufficiently large. |

We now prove the following estimate for Pp, .
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Lemma 3.7. Let ¢ € R. There exist 7, > 1 and C > 0 such that

C(IHsPrwl o) + Wm0t Ly )
_1
> 7 (|| Hewlpampen) + | HeDotollpaans ).
fort>1 and w € S (R").

Proof. we set u = op(1 — ¥ )w. We start by invoking (3.9), and the fact that
[Pr., AY] € op(SY), and write
(3.15) |H Py M|l S | Hy A Pryull + || Hy [Pry, Aul
S N H Pryull oy + | Hy vl 2oy
S H Pryullpa@aey + [ Hywl| + ([ Hiwll 2o
We set uy = Au. We then have

| Hy Pryuel* = | Hy (Do + Sy )ul|* + || Hy Fyugl|* + 2Re((Dy + Sy ug, i Hy Fyug)
> 71 Re((,uﬁ’i +ir[D, + Sy, F+] Yue, Hiwg) + (i[ Dy, H Juy, FLuy),

if u7=! < 1. As the principal symbol (in the semi-classical calculus) of uﬁfjtir [Dn—i—
Sy, flr] is pp = ,uf?r + 7 {fn + 54, f+}, Lemmas 3.6 and 6.2 yield

| H Prug® + |W|i% 2 T_1||H+UKH%2(R;H1)7
for p large, i.e., 7 large. With (3.15) we obtain, for 7 sufficiently large,

_1
| Hs Priull omae) + [[Hiwl| + [ul 2 7 2| Hyull ooy

1
Hita

We now invoke the corresponding estimate provided by Lemma 3.1,

[Hy Priop(ve)wl 2@y 2 10P(Ve)wia, =0+ |, ey + [[H10P(Ve)wl| p2mpeer)

and we proceed as in the end of the proof of Lemma 3.2 to obtain the result for
Pri. The same computation and arguments, mutatis mutandis, give the result for

Pr_. [ ]

4. PROOF OF THE CARLEMAN ESTIMATE

From the estimates for the first-order factors obtained in Section 3 we shall now
prove Proposition 2.1 which gives the result of Theorem 1.1 and Theorem 2.2 (see
the end of Section 2.1).

The Carleman estimates we prove are well known away from the interface {z,, =
0}. Since local Carleman estimates can be patched together, we may thus assume
that the compact set K in the statements of Theorem 1.1 and Theorem 2.2 is such
that |x,| is sufficiently small for the arguments below to be carried out. Hence we
shall assume the functions wy in Theorem 2.2 (resp. vy in Proposition 2.1) have
small supports near 0 in the z,-direction.
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4.1. The geometric hypothesis. In section 2.4 we chose a weight function ¢ that
satisfies the following condition

/ !/
(41) Oé_+ > Sup m‘f‘(x 75 )‘Jin:0+

o _ ol ¢! m_(ﬂf/,g/)wn:O* ’
[&'1>1

oy = aznipiun:oi-

Let us explain the immediate consequences of that assumption: first of all, we can
reformulate it by saying that

m mla ' Tp=
(4.2) Jo > 1, Ot _ 2 sup + - 6/)| =0t
g -

Let 1 < 09 < 0.
First, consider (2/,&,7) € R"! x R"™! x R™* |¢’| > 1, such that

(4.3) Tay > ogmy (2, &) g =0+

Observe that we then have

(4.4)

o9 — 1 o9 — 1
0 TO(++ 0

Ty —ma (2, ) pmor = Tai (1 —05) >

> O

oo my (xla 5/)\xn:0+

We choose 7 sufficiently large, say 7 > 75 > 0, so that this inequality remains true
for 0 < [¢'] < 2. It also remains true for z, > 0 small. As f, = 7(¢' —ay) +
Tay —my(x, &), for |z,| small, we obtain f, > C\, which means that f, is elliptic
positive in that region.

Second, if we now have |£/| > 1 and

(4.5) Tay < omy (o §/)|xn=0+;

we get that Ta_ < o7 'm_(2/, &), —0-: otherwise we would have Ta_ > o~ 'm_(2/, &), =0
and thus

M@, ez T im0

— I

oa_ Q.
implying
/ ! / !/
a mo(x _o+ mo(x —0+ o« L ,
= <5 +( ,af/)lxn " <62 sup + /75/)|xn 0" — =" which is impossible.
Q— m— ('T 7§ )\xn=0* ‘zl/é’l m— (CL’ 75 )l:vn=0* a_

As a consequence we have

(46) TO— — M (ZL‘/, £I)|zn:0* < -—-m_ (l'/, §/)|In:07 (U — 1)

o
—1 -1

< _m—(mlafl)m:m l ) - (o )Toz_ < -C\.
20 2

With f- = 7(¢' — a_) + Ta_ — m_(z,§), for |z,| sufficiently small, we obtain
f- < —C\, which means that f_ is elliptic negative in that region.

We have thus proven the following result.
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.
et = (£')
Tog = omy(2',€),, —o+
L r
70 T = Jom_,.(m/,f/)‘xnzo_{.
Fy
elliptic +

F_
elliptic —

Ty
.

FiGURE 4. The overlapping microlocal regions I',,, and fa in the
7,|¢’| plane above a point 2’. Dashed is the region used in Section 3.1

which is kept away from the overlap of I',,, and T,.

Lemma 4.1. Let 0 > 09 > 1, and o, be positive numbers such that (4.2) holds.
For s > 0, we define the following “cones” in RZ,‘I X ]Rg,_l x R%L by

L, ={(2,7,¢); [€] <2 orTay > smi(a),&)z,—0+ },

T, = {(93',7‘, &) 1€ > 1 and Ty < sm+(x',§')|zn:0+}.

For |x,| sufficiently small and T sufficiently large, we have R"™1 x R"™! x R =
Iy, UL, and

Loy C{(2, &, 7)e R X R" !X RY;  fi(2,&) > CNif 0 <z, small},

T, C {(m’,é/,T)ER"_lx R R fo(2,&) < =CA, if |zn| small, x, < 0}.

N.B. The key result for the sequel is that property (4.1) is securing the fact that the
overlapping open regions I',, and T, are such that on I';,, f+ is elliptic positive and
on fg, f— is elliptic negative. Using a partition of unity and symbolic calculus, we
shall be able to assume that either F, is elliptic positive, or F_ is elliptic negative.

N.B. Note that we can keep the preliminary cut-off region of Section 3.1 away from
the overlap of I',, and I', by choosing e sufficiently small (see (3.5) and Lemma 3.1).
This is illustrated in Figure 4.

With the two overlapping “cones”, for 7 > 75, we introduce an homogeneous
partition of unity

(47) 1= Xo({lf/, 6,7 T) + Xl(xlv fla 7_)7 Supp(XO) C FUO ) Supp(Xl) C I-_‘0' .
~ ~ d N—
|€"|<T, f+ elliptic >0 |€"1ZT, f- elliptic < 0

Note that X;, j = 0,1, are supported at the overlap of the regions I',, and fo, where
7 < |€'|. Hence, xo and x; satisfy the estimates of the semi-classical calculus and
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we have Yo, x1 € S°. With these symbols we associate the following operators.
(4.8) =, =o0p”(xj), 7=0,1 and we have = + =; = Id.

Remark 4.2. Here we have chosen to let xo and y; (resp. Zg and =) be independent
of x,. As the functions vy have supports in which |z, is small (see the introductory

paragraph of this section), we can further introduce a cut-off in the z,, direction.
The lemmata of Section 3 can then be applied directly.

From the transmission conditions (2.21) we find
(49) Ejv+|x":0+ - E]"U*\a;nzof = E]HSO?
and

(D + Ty 479" )Ej04 gt — (D + T i1 )Zj0-, -

= E]®<p + Opw(’io)wwn:o+ + Opw<l%0>9<p7 ] - 07 ]-7

with kg, kg € S? that originate from commutators and (4.9). Defining
(4.10) Vji = (Ii:n(Dn + St + iTgOl:t)Ej’Ui‘mn:Oi
and recalling (2.19) we find
(411) V]H_ - Vj’_ = EjG)LP + Opw(/ﬁ)v|xn:0+ + Opw(fﬁ)ﬁ(p, K1, I’%l c 87(_)
We shall now prove microlocal Carleman estimates in the two regions I',, and fg.

4.2. Region I';,: both roots are positive on the positive half-line. On the
one hand, from Lemma 3.2 we have

(4.12)  [[HyPyZovi || 2 o+ — ia:L_nM+EOU+|zn:O+‘H% + | H+ PraZove | 2,
where the operator P, is defined in (2.7) (see also (2.17)). The positive ellipticity
of F, on the supp xo Nsupp(v,) allows us to reiterate the estimate by Lemma 3.3
to obtain
[H Py || + | Hyvi || 2 Vo — dam, MyZovsyy, o |, 3 + [Z0vs 0,0+ o2

+ HH+EOU+”L2(R;’H2) —+ ”H+DnEov+HL2(R;'H1).
Since we have also
(4.13) Vorl, s S Vot — i, MyEgvs, oel, 3 + [0V, o+ laer2,
writing the 72 norm as HH% ~ 72| + |-|,,3 and using the regularity of M, €
op(S8h) in the standard calculus, we obtain
(4.14) N H PiZov]| + [ Hive |l 2 DVotl, s + 1Z0vs g, —o s

+ HH+EOU+HL2(R;'H2) —+ ”H+EOD7LU+HL2(R;H1)-

On the other hand, with Lemma 3.7 we have, for k =0 or k = %,

|H-P-Zov_lr2@p-r) + Vo~ + iy, M_Eov_p, o1, 1+

> 773 || HoPe_Zov_|| 2.
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This gives

|H-P_Zqv_ ||+ Vo, +ia,, M_Zqv_, _o-|
which with Lemma 3.2 yields

1 —
’H%ik Z Tkii HprEf:[)/U, HL2(R;H1_]“)7

|H_P_Zov_|| + 7% |Vo _ +ia,, M_Zqv_ =0 |HT’“ + 7 2|~0U |20 =0- |HT
Z T k=3 <||H—EOU—||L2(]R;H2*1€) + ||H—EOD7L,U—||L2(]R;'H1*]‘“))'
Arguing as for (4.13) we find

(4.15) [[H-P-Zov- || + 7" Vo, |35 + 7*|Z0v- 1, o- |, 3
1 - -
Z Tk 5 (HHinfoLQ(R;H?*’V) + ||H750DnUfHL2(R;H1*k)>-
Now, from the transmission conditions (4.9)—(4.11), by adding £(4.15) + (4.14) we
obtain

||H_7>_Eov_||+||H+7D+Eov+||+r’“(|9¢|m,k+|@ b

o Va0t |y ) + 1 H v |
<|Vof‘ 3o+ Vol 3o+ [B00-p,—0- L34 + ’EOU+|zn:0+‘H%—k>

+ 7 _5 (HEOU”L?(R;}P*’“) + HH_EODnU_ HLQ(R;’HP’“) + ||H+EODn’U+||L2(R;'H17k)>.

by choosing € > 0 sufficiently small and 7 sufficiently large. Finally, recalling the
form of V), 1, arguing as for (4.13) we obtain

(4.16)

| HP_Zgu_ |+ Hy Py Zgue |47 (10019 + 1Ol g s+ om0t g ) + I Hios]

H?
Z Tk<|._0D v_ |2 =0~ |’H*—k+|“0DnU+|$n*0+’ 7—k+’—‘0f0 |2 =0~ |H*—k+|'_'ov+|l’n*0+”;.[§—k)
+7572 (HEOUHL?(R;H%’“) + [[H-EoDpv—|| L2@pr-+) + ||H+50Dnv+||L2(R;H1*k)>=

fork=0or k= %

Remark 4.3. Note that in the case &k = 0, recalling the form of the second-order
operators P, we can estimate the additional terms 72| HyZoD2vy ||.

4.3. Region T,: only one root is positive on the positive half-line. This
case is more difficult a priori since we cannot expect to control v|,, o+ directly from
the estimates of the first-order factors. Nevertheless when the positive ellipticity of
F, is violated, then F_ is elliptic negative: this is the result of our main geometric
assumption in Lemma 4.1.

As in (4.12) we have

=) P =) =
= ~ 1M, n =104 1z, =0+ 14,3 = M)
[H PiZvog || 2 [Vis —ian, MyErvg, o+l 1 + [ He PreErvs | 2ean)
and using Lemma 3.5 for the negative half-line, we have

[H-P-Eqv_| + [[H-v_| + [[H-Dno_|
Z ’VL* + ia;nM,Elv,m:O,\H% + HH*,PE'fEIUfHLQ(R;Hl)-
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A quick glance at the above estimates show that none could be iterated in a favorable
manner, since F; could be negative on the positive half-line and E_ is indeed positive
on the negative half-line. We have to use the additional information given by the
transmission conditions. From the above inequalities, we control

<|V1— +2a M_u_le |zn=0~ | _k +| V1+ ‘I‘Za M+u_41'U+|r _0+|%7, ),

HE
for k = 0 or %, which, by the transmission conditions (4.9)—(4.11) implies the control
of

Tk|V1,— - VL-F + Z.ar_m]\4—Elv—|aen:0— + iaInM+51U+|xn:O+|
> Tk|(a_ M-+ ang+)Elv+\xn:O+|

TR
H2h
- Crt (‘Gw‘ 1+ 10, |HT’“ + ‘U+|:cn:0+’%%fk)'
Let now y; € S? satisfying the same properties as x;, with moreover y; = 1 on a
neighborhood of supp(1). We then write
my =my +7r, with e =myex1 + M1 —x1), 7= (mge+N)(1—x1)

We have my > CX and my € S} because of the support of Y;. Because of the
supports of 1 — x7 and i, in particular 7 < || in supp(x1), Lemma 6.4 yields
rix1 € §-°°. With Lemma 6.2 and (4.9) we thus obtain

’Vl _+ ZCL Mfu_l'U |zn=0- ‘ ——k + ’ - V1,+ + ia:{nM+Elv+|mn:0+’H%_k
+ |@¢’H%7k + ‘9@’7{@*16 + |v+|af:n:0+|ﬂ%*k Z |Elv*|mn:07‘fH%*k + ’Elv‘i’ll‘n:OJr"H%*k'

From the form of V; ; we moreover obtain

|V1 _+ Za M_u_alv |zn=0~ | _k + | - Vl + + Za M+u_41U+|‘,E _0+|

H2 ik
+ |@¥,|H%7,€ + |09"|H%*’“ + |’U+|In:0+|H%fk = |~1“—\xn:0*|H%fk + |“1U+|wn=0+|?{%*’“
FIED o Lyt [E1Dut o

We thus have

VP Za0 |+ H P a0 |7 (1018 gt 1o g0 ) + 10|

Ik
O o (R I RN I > R
+ |ElD"U+\$n:0+"H%*k + ”H,’PE,E{U,HLQ(R;Hl—k) + HH+PF+510+HL2(R;H1_’“))7

for k=0 or % The remaining part of the discussion is very similar to the last part
of the argument in the previous subsection. By Lemmas 3.2 and 3.7 we have

HHf,PEfElUfHL?(R;Hlf’“) + ’51U,|xn:0_ |H%_k
Z HH751U7HL2(R;H2*]V) + HHfaanU,“LQ(R;Hlfk)
and
| H+Pr, E104 || L2epr -y + “—'1U+\m —o+|HT

_1 - —
2T <||H+:1U+||L2(R;H2—k) + ||H+:1Dnv+||L2(R;Hl—k)>-
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Since ‘Elvi\xn:oi ]H 3, are already controlled, we control as well the rhs of the above
inequalities and have

(4.17)
VP Za0 |+ Py |7 (1010 gt 04 o g0 ) +IH |

FNH-Duo | 2 7 (1210 o gk + (104 ot Lo+ E1 Do oLy

- 1= -
+ |51DnU+|xn=o+|H%w> +7h <||51U||L2(R;H2—k) + [[H-E1Dno— || 2@
+ |\H+Eanv+HL2(R;H1,k)).

Remark 4.4. Note that in the case k = 0, recalling the form of the second-order
operators Py, we can estimate the additional terms 72 | HLZ; D2vy ||.

4.4. Patching together microlocal estimates. We now sum estimates (4.16)
and (4.17) together. By the triangular inequality, this gives, for £ = 0 or %,

5 (- P-Zgo- |+ 1P Zjo ) + 7100 oo+ elgoF o, ov s 1)
.]: b

| Hyvil| + [|Hov || + | H-Dyo_|
Z Tk<|'l}_‘xn:07|%%,k + |U+|In=0+|’}-{%*k + |Dnv—‘xn:0*|7_‘%7k + |Dnv+|zn=0+|%%fk>

_1
o+ 7% (ol paqma—sy + IH-Dyv_lagugn—sy + 1H Dyl )

For 7 sufficiently large we now obtain

5 (1P VP Ee]) + 74 (100 o+ 0] -0)
e 7k<|v—\xn=0— |H§z—’“ + |U+|xn:0+|Hg_k + |DnU—\xn:o— |H%—k + |Dnv+|xn=O+|H%—k>

_1
+ Tk 2 (HUHLQ(R;HQ—I@) + ”H_anU_HLQ(R;’Hl—k) + HH-i-Dn'U-i-HLQ(]R;’Hl—k))-

Arguing with commutators, as in the end of Lemma 3.2, noting here that the second

order operators Py belong to the semi-classical calculus, i.e. Py € S?, we otbain,

T
for 7 sufficiently large,

VP |+ P+ 7 (10l + 181,51
2 Tk(|vf\zn:07|7{%—k + |U+|mn:0+|H%—k + |Dnv,‘zn:0, |H%—k + |Dnv+|xn:0+|7{%—k>
_1
+ Tk 2 (HUHLQ(R;Hsz) + ||H—Dnv—|lL2(R;’H1*k) + ||H+Dnv+||L2(R;H1*k)> .

In particular this estimate allows us to absorb the perturbation in ¥! as defined by
(2.16) by taking 7 large enough. For k = % we obtain the result of Proposition 2.1,
which concludes the proof of the Carleman estimate.

N.B. The case k£ = 0 provides higher Sobolev norm estimates of the trace terms
. _1 2 .
Uiy, —ot and Dyvy, _ox. It also allows one to estimate 77 2| HiDjv+|| as noted in



30 J. LE ROUSSEAU AND N. LERNER

Remarks 4.3 and 4.4. These estimation are obtained at the price of higher require-
ments (one additional tangential half derivative) on the non-homogeneous transmis-
sion condition functions ¢ and ©.

4.5. Convexification. We want now to modify slightly the weight function ¢, for
instance to allow some convexification. We started with o = H, ¢, + H_p_ where
o+ were given by (2.22) and our proof relied heavily on a smooth factorization in
first-order factors. We modify (. into

1
Oy (2, x,) = arx, + éﬁxi +r(2' x,), K€ FC(ULR), |dk| bounded on .

N————
o+ (zn)

We shall prove below that the Carleman estimates of Theorem 1.1 and Theorem 2.2
also holds in this case if we choose ||K’|| = sufficiently small.

We start by inspecting what survives in our factorization argument. We have
from (2.7), Py = (D +i7d®4) - AL(D + iTd®,), so that, modulo W',

(418) P = ak, ([Du+ Silw, D) +ir (0,0 + Si (v, 0,002))]°
+
+ Lik(DJ + ZTaJCDi)(Dk + ZTakq)i>) .

(See also (2.10).) The new difficulty comes from the fact that the roots in the
variable D,, are not necessarily smooth: when ® does not depend on 2/, the symbol
of the term bfk(Dj +170;91)(Dy+i70, P4 ) equals bﬁfjgk and thus is positive elliptic
with a smooth positive square root. It is no longer the case when we have an actual
dependence of ® upon the variable z’; nevertheless, we have, as 0, ®4 = Oy/k,

bl bl bl
Re (a%(gj +i70;K) (& + iTORK)) = aLifjék - TQGLiajmakn
2112 _ 20\ E)2 2o S22 : Ao e
= W)IET = ) 0wwl” 2 2O0)IET, i 70wkl < iF 1€,
1

where

TR -
= _ Ir e, + _ I e,
Ao = glf (aﬁnéjgk>|xn:0i’ A S;/lg) (aﬂfnéjgk>

1
2
l¢'|=1 €’ |=1

)
2, =0%

+

As a result, the roots are smooth when 7|0, k| L= < ;‘T°£|§’|
1

In this case, we define m; € S! such that

b3 :
for |¢/] 2 1, mu(2,€) = (25 +irdm) (G +im0k) )", ma(a, &) = O,

nn
Here we use the principal value of the square root function for complex numbers.
Introducing

ey = T(an@i + Si(37a 81/5)) + Remi(m,f/),
fr=7(0n®s + Sx(w,0k)) — Rems(z,&)
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27 (|0 6l Lo = AT 1€
4T |0pr k]l Loe = AT 1€

roots
non sSmog

Top = om4 (2, fl)\zn:oJr

Tag = oom (2',€),, —o+

-
elliptic —

€'l

FI1GURE 5. The overlapping microlocal regions in the case of a convex
weight function.

we set €1 = op(ex) and §F+ = op(f+) and
Per = D,y + Si(x,D') —op”(Immy) + i€y,
Pzr = D, + Si(z, D) +op”(Immy) + iF+.
Modulo the operator class W', as in Section 2.3, we may write
Pi = Peray, Ps+ P- = Pyt Pe-,

We keep the notation m for the symbols that correspond to the previous sections,
i.e., if kK vanishes:

bt 1
ma(e,€) = (Zrga) s 1€1=1,

As above, see (4.1), we choose the weight function such that the following property
is fulfilled

o4 mi (2, &)}z, =0+

— > su ar =0 _

o Ix//é? m._ (LU,, 5,)|zn:0* ; + xngoi|xn—0i7
g'>1

and we let ¢ > 1 be such that

oy 2 m+($,7£,)\xn:0+
— =0’ sup

a_ et Mo (@ &) zpm0-
lg'|>1

We also introduce 1 < 0p < 0. As in Section 2.3 we set fi = 79/, —my (compare
with fi above).

We can choose a /||0, k|| L large enough so that

O-ml—;nZOJr )\glé‘/’
and
)\+
(4.19) fe>CN if > ¢ 0 for |z,| sufficiently small.

AN )| Owr k]| oo
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We may then consider the following cases.
(1) When 7ay < om™(2',¢') s, =0+, then arguing as for (4.5)-(4.6) we find

(2) When

T(O[_ + an) - m—(x/aé./)\:vn:(]* S _C)\7

if |x,,| is sufficiently small. It follows that F_ is elliptic negative, if ay /||K'||
is sufficiently large. In this region we may thus argue as we did in Section 4.3.
L o w8)
2A1 ||a$/fi||Loo a
as in (4.3)-(4.4) we find that
(o + fn) = ma (2, €) 2 O,

if |2,| is sufficiently small. Tt follows that §, is elliptic positive, if ay /||K'|| 1

, the factorization is valid. Arguing

is sufficiently large. In this region we may thus argue as we did in Section 4.2.
It is important to note that for § large and ||K'||~ and ||K"|| = suffi-
ciently small the weight functions ®. satisfy the (necessary and sufficient)
sub-ellipticity condition (2.26) with a loss of a half derivative. Then the
counterpart of Lemma 2.8 becomes, for |||z~ sufficiently small,

fol < 0N = O ' <|¢|<Or and {&, + s+ +Im(me),fu} > O,

(3) Finally we consider the region 7 > ||

(4.20)

(4.21)

(4.22)

(4.23)
(4.24)

for some 9 > 0 chosen sufficiently small. This allows us to then obtain the
same results as that of Lemma 3.7 for the first-order factors Pz .
Ay
AN (|0 | o
longer smooth, but we are well-inside an elliptic region; with a perturbation
argument, we may in fact disregard the contribution of .
From (4.18) we may write

. There the roots are no

+
= o= ([Dy+ S, D) + irdps]® + 22D, D
Pﬂ:—ann |: n + i(l‘, )+ZT nSO:I:] +ai j Mk +Ry,
P

with Ry = Ry (2, D', 7)D,,+ Ro+(x, D', 7), where R, + € op”(S7), j = 1,2,
that satisfy
1Ryt (@, D, m)u|| < C|[K]| o [|ul| n2ri0)

The first term P? in (4.20) corresponds to the conjugated operator in the
sections above, where the weight function only depended on the z,, variable.
This term can be factored in two pseudo-differential first-order terms:

P—(f)— = PE-l-a’:nPF-i-? Pg = PF_(Z,:”PE—,
with the notation we introduced in Section 2.3. In this third region we have
f+ > CX by (4.19). Let xo € SY be a symbol that localizes in this region
and set Zy = op™(xa2)-
For ||| L bounded with (4.23) we have
|HiRy Dy Eove || S 781K || oe || He D Zove || 2+ + C(5) | He Do |,

| HaRo i DnZovac || S 78|16 | oo (| H e Zov || 2 mage+ + C(w) | Hav ],
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for k=0 or 1.
On the one hand, arguing as in Section 4.2 we have (see (4.14))
(4.25) | H PYZovy || + | Hyvill 2 Vol 3 + [Z2vs ot b
+ [[HiEovy | r2®mz) + [[H4 Z2 Dnvs || 2y,
where Vs 4 is given as in (4.10).
On the other hand, with Lemma 3.4 we have
||H—PEEQU—||L2(R;'H71“) + ||H_U_|| + ||H_DnU_||

+ Vo + Za;nM_:QU_|In:0_|,H%_k e ||H—PE—:2U—‘|L2(R;H1*’€):
for k=0 or %, which gives

| H-POZp0_ | + 7| Hov_|| + 7| H_Dyo_|
7 Vo - g, M_Esvy, -1, 4 2 T H-Pr-Z0v || 2+
Combined with Lemma 3.2 we obtain
(4.26)
|H P Zyu |+ 7 (1 v + | H-Dov_ | + Vo |,y + (B0 - |31
2 T H-Eov_ || p2agez—r) + 7" | H4 Za Dov | 2 -+

Now, from the transmission conditions (4.9)—(4.11), by adding £(4.26)+(4.25)
we obtain, for € small,

(4.27) ||H+/P?LE2U+|| + | H-P 50 || + Tk<|9¢’H%—k + |@‘P|H%"“ + |U\wn=0+|H%—k>
+ 7 (HH—v- || + [[H-Dyo_|) + [|H v || + [ Hy Do |
z 'Tk <|52Dnv_‘xnzo_ |'H%7k + |EQDnU+|xn:0+|,H%7k

+ B2 gm0l gk + 1B2v4 g, ot L, 3 + [1E20] 2@z

+ | H 2Dy | o) + ||H+52Dnv+||Lz(R;H1_k)).

With (4.23)—(4.24) we see that the same estimate holds for Py in place of
P2 for ||| chosen sufficiently small. This estimate is of the same quality
as those obtained in the two other regions.

Summing up, we have obtained three microlocal overlapping regions and estimates
in each of them. The three regions are illustrated in Figure 5. As we did above we
make sure that the preliminary cut-off region of Section 3.1 does not interact with
the overlapping zones by choosing e sufficiently small (see (3.5) and Lemma 3.1).

The overlap of the regions allows us to use a partition of unity argument and we

can conclude as in Section 4.4.

5. NECESSITY OF THE GEOMETRIC ASSUMPTION ON THE WEIGHT FUNCTION

Considering the operator £, given by (1.23), we may wonder about the relevance of
conditions (1.28) to derive a Carleman estimate. In the simple model and weight used
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here, it turns out that we can show that condition (1.28) is necessary for an estimate
to hold. For simplicity, we consider a piecewise constant case ¢ = Hocy + H_c_ as
in Section 1.5.

Theorem 5.1. Let us assume that (1.29) is violated, i.e.,

ay < m (&)
-
a-  m—(&)
Then, for any neighborhood V' of the origin, C > 0, and 19 > 0, there exists

(5.1) 3¢, e R\ 0,

v=Hv,+H v, vye@ R"),
satisfying the transmission conditions (1.21)—~(1.22) at x,, = 0, and 7 > 79, such that
supp(v) C V' and C|L:v||r2@n-1xr) < ]| 22(Rn-1xR)

To prove Theorem 5.1 we wish to construct a function v, depending on the pa-
rameter 7, such that ||[£,v] 2 < ||v||z2 as 7 becomes large. The existence of such
a quasi-mode v obviously ruins any hope to obtain a Carleman estimate for the
operator £ with a weight function satisfying (5.1). The remainder of this section is
devoted to this construction.

We set

(5.2) (M) (€, z,) = Hy ()¢} (D, + ieq) (Dy +ify ) uy
+ H_(z)c;, (Dy +ie_) (Dy +if-)u_,

that is, the action of the operator £, given in (1.23) in the Fourier domain with
respect to /. Observe that the terms in each product commute here. We start by
constructing a quasi-mode for M., i.e., functions u (&', x,,) compactly supported in
the x,, variable and in a conic neighborhood of & in the variable £’ with || M, u||2 <
|||z, so that u is nearly an eigenvector of M. for the eigenvalue 0.

Condition 5.1 implies that there exists 9 > 0 such that

/ !/
m-(&) <71 < m+(&) — 1oy —m (&) <0< mpa_ — m_(&).
o _ o
By homogeneity we may in fact choose (79,&)) such that 7& + |€)|> = 1. We have

thus, using the notation in (1.23),
Foltn = 0) = 70y —mo(€) <0< f (0= 0) = 7a_ —m_(¢),
for (7,€') in a conic neighborhood T' of (79,&)) in R x R*™. Let x; € €°(R),

0 < x1 <1, with x; =1 in a neighborhood of 0, such that supp(¢)) C I" with

).

(1, &) = Xl(m - TO)Xl(’m )

We thus have
Ji(2n =0) < =C7, C'r < f_(x,=0) in supp(y).
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Let (7,¢') € supp(¥)). We can solve the equations
(D +ifr(zn,€)ar =0 on Ry, fi(wn, &) =7¢ (xn) = my(&) = f1(0) + 7Bz,
(Do +if-(20,€)))g- =0 onR_, [f(2,,&)=7¢"(2,) —m_(£) = f-(0) + 7Bz,
(D +ie_(2,,8)))G-=0 onR_, e_(2,,&)=1¢ (xn) +m
that is

eafn (f+ (O)_"Tﬁ%)

Q+(£/7$n) = Q+(£,>xn)Q+<£/70)7 QJr(g/?xn)
(& 2n) = Q—(§', 2n)q-(£,0),  Q—(£,n)

G-, 2n) = Q-(§,2.)3-(€,0), Q-(,2n)
Since fy(0) < 0 a solution of the form of ¢ is a good idea on z, > 0 as long as
T8z, +2f(0) <0, ie., z, < 2[f1(0)]/78. Similarly as f_(0) > 0 (resp. e_(0) >
0) a solution of the form of ¢_ (resp. ¢_) is a good idea on x, < 0 as long as
T8z, +2f-(0) > 0 (resp. 7z, + 2e_(0) > 0). To secure this we introduce a cut-off
function o € €>((—1,1);[0,1]), equal to 1 on [—% 1] and for v > 1 we define

?

pon (1-©0)+7522)

)

oo (e,(O)-‘rTﬁ%) )

(53 s (€)= Q€ )(m o T
and
(5.4)
(€)= Q- (€00l € o (FGE) +0Q- (€t o (50,

with a,b € R, and

u(£/7 In) = H+(l’n)u+(£l, xn) + H- (xn)u* (5/7 .T}n)

The factor v is introduced to control the size of the support in the x,, direction.
Observe that we can satisfy the transmission condition (1.21)—(1.22) by choosing
the coefficients a and b. Transmission condition (1.21) implies

(5.5) a+b=1.
Transmission condition (1.22) and the equations satisfied by Q, @_ and Q_ imply
(5.6) cimy =c_(a—bym_.

In particular note that a — b > 0 which gives a >
We have the following lemma.

N =

Lemma 5.2. For 7 sufficiently large we have
IMeullF2@ntxmy < C(F + 72)yr" e T
and

HUH%Q(R"*XR) > Cr (1 - 6—0’7/7)'
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See Section 6.2.3 for a proof.
We now introduce

—(n— 1 X —(n— 1 ~
vi(a' @) = 2m) " xo (|72 )as (@, 20) = (2m) " Do (|72 is (2, 20),

that is, a localized version of the inverse Fourier transform (in ') of uy. The
functions vy are smooth and compactly supported in R7 ' x R and they sat-
isfy transmission conditions (1.21)—(1.22). We set v(2,z,,) = Hy(zp)vi (2, xy,) +
H_(z,)v_(2',x,). In fact we have the following estimates.

Lemma 5.3. Let N € N. For 7 sufficiently large we have
1£-0) Zagn-1xmy € OO + 727" e @70 4 Oy
and

HUH%%RnﬂxR) > CTniz(l — e*C/T/’Y) _ C%NTfN.

See Section 6.2.4 for a proof.

We may now conclude the proof of Theorem 5.1. In fact, if V is an arbitrary
neighborhood of the origin, we choose 7 and ~ sufficiently large so that supp(v) C V.
We then keep ~ fixed. The estimates of Lemma 5.3 show that

H,CTU’|L2(RW*1><R)||,UHZ21(RW*1><R) 2 0.

Remark 5.4. As opposed to the analogy we give at the beginning of Section 1.6,
the construction of this quasi-mode does not simply rely on one of the first-order
factor. The transmission conditions are responsible for this fact. The construction
relies on the factor D,, +if, in x, > 0, i.e., a one-dimensional space of solutions (see
(5.3)), and on both factors D, +if_ and D, +ie_ in x,, > 0, i.e., a two-dimensional
space of solutions (see (5.4)). See also (5.5) and (5.6).

6. APPENDIX

6.1. A few facts on pseudo-differential operators.

6.1.1. Standard classes and Weyl quantization. We define for m € R the class of
tangential symbols 8™ as the smooth functions on R™ x R""! such that, for all

(a, B) € N* x N*~1,
(6.1) Nog(a) = sup (&)™ W|(0205a) (2, )| < oo,

(z,&")eR? xR —1
with (£)? = 1 + [¢/]2. The quantities on the Lh.s. above are called the semi-norms
of the symbol a. For a € 8™, we define op(a) as the operator defined on .(R") by
(6.2)

(op(a)u) (2, z,) = a(z, D u(x',z,) = [ em/'gla(:v',xmg)ﬂ(ﬁ',xn)dé/(%r)l_”,
Rnfl

with (2/,z,) € R"! x R, where @ is the partial Fourier transform of u with respect
to the variable 2’. For all (k,s) € Z x R we have

(6.3) op(a) : H*(R,,; H*"™ (R ")) — H*(R,, ; H*(R? ")) continuously,
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and the norm of this mapping depends only on {Nag(a)}a|+18<utk,s,mn), Where p :
ZxRxRxN-—=N.

We shall also use the Weyl quantization of a denoted by op®(a) and given by the
formula

(6.4)  (op“(a)u)(2,x,) = a*(x, D"u(z', x,)
:L./ _'_ y/

= ] @

R2n—2

T, EVuly, ) dy'dg (2m)

Property (6.3) holds as well for op”(a). A nice feature of the Weyl quantization
that we use in this article is the simple relationship with adjoint operators with the
formula

(6.5) (op*(a))” = op”(a),

so that for a real-valued symbol a € 8™ (op”(a))* = op™(a). We have also for
a; eS8, j=1,2,

(6.6) op”(ay)op®”(az) = op”(aifias), aifas € S™ ™2,
with, for any N € N,
(6.7)
(alﬁa2) (2,8) — > (iU(Dx’a D¢ Dy, Dyy) [2) a1 (, §)as(y, U)/j!|(y n)=(,£) esm Y,
j<N ’ ’

where o is the symplectic two-form, i.e., o(z,&;y,n7) =y - £ — x - n. In particular,

(6.8) op®(ay)op”(az) = op”(araz) + op®(ry), € S™MTm
1
(69) with r = 2— {ala a2} +ry, 1o E Sm1+m2—2’
i
1
(6.10) [op*(a1), 0p*(az)] = Opw(z {a1,a2}) +0p®(r3), 713 € S™MTMT,

where {ay,as} is the Poisson bracket. Moreover, for b; € $™,j = 1,2, both real-
valued, we have

(6.11) [op™(b1),i0p®(ba)] = op™ ({b1,ba}) + 0op™(s3), s3 real-valued € S"™* 7273,

Lemma 6.1. Let a € 8! such that a(x,&") > p(&’), with p > 0. Then there exists
C > 0 such that

op”(a) +C > p(D"),  (op"(a))’ +C > p*(D')".

Proof. The first statement follows from the sharp Garding inequality [19, Chap. 18.1
and 18.5] applied to the nonnegative first-order symbol a(z,£’) — p(€’); moreover
(op¥(a))* = op¥(a?) + op¥(r) with r € S8Y, so that the Fefferman-Phong inequal-
ity [19, Chap. 18.5] applied to the second-order a* — p?(¢’)? implies the result. W



38 J. LE ROUSSEAU AND N. LERNER

6.1.2. Semi-classsical pseudo-differential calculus with a large parameter. We let T €
R be such that 7 > 75 > 1. We set A2 = 1+ 72+ |¢'|?. We define for m € R the class
of symbols 8™ as the smooth functions on R™ x R"~! depending on the parameter
7, such that, for all (o, 3) € N* x N*=1,

(6.12) Nasla) = sup  A"P(0200a)(z, &, 7)| < o0.

(z,&')ERM xRN —1
T>T(0

Note that SY € §°. The associated operators are defined by (6.2). We can introduce
Sobolev spaces and Sobolev norms which are adapted to the scaling large parameter
7. Let s € R; we set
ullggs == [[A%u|| p2@n-1y, with A® := op()\?)

and

H = HI(R") = {uec . (R"); |ul
The space H?* is algebraically equal to the classical Sobolev space H*(R"™1), which
norm is denoted by ||.||zs. For s > 0 note that we have

Hs < OO}

lullzes ~ 7*l|ull p2gen-1) + (D) "l p2(gn-1)-

If a € S then, for all (k,s) € Z x R, we have
(6.13) op(a) : H¥(R,, ; H*"™) — H*(R,,; H*(R" ")) continuously,

and the norm of this mapping depends only on {Naﬂ(a)}|a‘+|5|5u(k,57m7n), where u :
Z xR xRxN-—=N.

For the calculus with a large parameter we shall also use the Weyl quantization
of (6.4). All the formulee listed in (6.5)—(6.11) hold as well, with 8™ everywhere
replaced by 8. We shall often use the Garding inequality as stated in the following
lemma.

Lemma 6.2. Let a € 8 such that Rea > C\™. Then
w 2
Re(op (a)u7 U) Z ”uHLQ(R;H%)’

for T sufficiently large.

Proof. The proof follows from the Sharp Garding inequality [19, Chap. 18.1 and
18.5] applied to the nonnegative symbol a — CA™. |

We recall the following definition.

Definition 6.3. The essential support of a symbol a € 8, denoted by esssupp(a),

is the complement of the largest open set of R x R"~! x {7 > 1} where the estimates

for S7°° = NyerS hold.
For technical reasons we shall often need the following result.

Lemma 6.4. Let m,m’ € R and a,(x, &) € 8™ and ay(x, &', 7) € ST such that the
essential support of as is contained in a region where (¢') 2 1. Then

op“(a)op®(az) = op®(b1), op*(az)op”(a1) = op“(by),
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with by, by € S™™ . Moreover the asympotic series of (6.7) is also valid for these
cases (with S™ replaced by S ).

Proof. As the essential support is invariant when we change quantization, we may
simply use the standard quantization in the proof. With a; and a, satisfying the
assumption listed above we thus consider op(aj)op(az). For fixed 7 the standard
composition formula applies and we have (see [19, Section 18.1] or [2])

(al © (1,2) (.23', fla 7_) = (27T)1_n ff 6—iy’~77’a1 (.T, 5/ - 77/)(12(33/ - y,7 Ly 6/7 T)dy/dn/'

Properties of oscillatory integrals (see e.g. [2, Appendices 1.8.1 and 1.8.2]) give, for
some k € N

(a1 0 as)(z,&,7)| < C | \Sl|1;sI|)<k ((y’,n'))“m”@j,af,al(:x,f' —nay(x' — 20, &, 7)),
al+|B8|<
(y’,n’)ER2n72

In a region (¢’) 2 7 that contains the essential support of a; we have (£') ~ A. With
the so-called Peetre inequality, we thus obtain

(a1 0a2) (2, 7)| S () 1IE =)A< (€A S A
In a region (¢') < 7 outside of the essential support of as we find, for any ¢ € N,
(a1 0 a2) (2,8, 7)< () "HE = )" A S (E)mATE S A
In the whole phase space we thus have |(a1 o a2) (z,&)] < A™+™ . The estimation of
0285 (a1 0 az)(z,&,7)| can be done similarly to give
|8§8§ (a1 o ag)(a:, &) S A =18

Hence a; o ay € 8™, Moreover, we also obtain the asymptotic series (following
the references cited above)
(CL1 © a2) (xa 5/7 T) - Z (ZDS ’ Dy>ja’1 (I, £)a2(y7 7, T)/ﬂ‘@ n)=(z,€) S S:ner 7N7
J<N ’ ’
where each term is respectively in S™+™~7 be the arguments given above. From
this series the corresponding Weyl-quantization series follows.
For the second result, considering the adjoint operator (op(as)op(ai))” yields a

composition of operators as in the first case. The second result thus follows from
the first one. [

Remark 6.5. The symbol class and calculus we have introduced in this section can
be written as S = S(A\", g) in the sense of the Weyl-Hérmander calculus [19, Sec
18.4-18.6] with the phase-space metric g = |dx|? + |d€|* /A2

6.2. Proofs of some intermediate results.

6.2.1. Proof of Lemma 2.5. For simplicity we remove the 4 notation here. We first
prove that there exist C' > 0 and n > 0 such that

(6.14) o] <nr? and |qi| <nr? = {q, ¢} > C7°
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We set
- b .
G=(+s)+ 66— (@), a=dE+s).
We have q;(z, &) = 72G;(x, £ /7). Observe next that we have {qa, q1 }(z, &) = 73{q2, 41 } (2, &/7).
We thus have o =0 and 3 =0 = {G, ¢} > 0. As ¢2(x,€) =0 and G (2,£) =0
yields a compact set for (x, ) (recall the x lays in a compact set K here), for some
C > 0, we have
q}annd =0 = {QQ,QH}>C.
This remain true locally, i.e., for some C’ > 0 and n > 0,
G2] <mand |G| <n = {G@a}>C"
Then (6.14) follows.
We note that ¢ = 0 and ¢ = 0 implies 7 ~ |¢/|. Hence, for 7 sufficiently large
we have (2.25). We thus obtain
GG =0and¢f =0 < & +s:=0and 7y, =m..
Let us assume that |f| < 6\ with § small and A\* = 1+ 72 + |¢/|>. Then
(6.15) Skl ST

We set &, = —s, i.e., we choose ¢ = 0. A direct computation yields

{q27QI}:Tegp’{’fn"’&f}+Tf90/{£n+87€} if fn—i-S:O
With (2.25) we have |ga| < Co7%. For § small, by (6.14) we have {q,q} > C73.

Since fry'{&, + s,e} < C673 we obtain er¢'{£, + s, f} > C73, with C' > 0, for §
sufficiently small. With (6.15) we have 7 < e < 7 and the result follows. |

6.2.2. Proof of Lemma 3.1. We set s = 2¢ + 1 and w; = op(¢.)w. We write
2Re(Ppiwr, tH i1 w)
= (i[Dy, Hy|wi, T°w1) + 2(Frwy, Hm°wy)
= Ts|w1|mn:0+|%2(R"—1) +2(r o, Hywn) — 2(r" My, Hywn)

2 7 Wija, =0+ [gann) +2(7 Cown, Hye wn) = 2007 1 Hown [y s
by (3.4). We have

2(7_8"1‘100&}17 H+ Wl) — 2CITS||H+WI||iQ(R,H%(Rn*1))

= 27-8(27T)1_n Ofo f (COT - Cl <€,>) WJE(Tv €/>@(§/7 xn)|2d€,dxn

0 Rn—1

As 7> C(&) /e in supp(¢,), for e sufficiently small we have

2(7_5-1—1610"()17 H, Wl) — 2017_8||H+w1Hi?(RH%(R"*l))

2 ofRf—l AN (1, €V, ) 2dE dayy > HHJleH%Q(R;HHl).

Similarly we find 7'5|w1|zn:0+|%2(Rn,1) > ]wl‘xn:m@ The result for Pg, follows

e+t
from the Young inequality. The proof is identical for Pg, .
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On the other side of the interface we write

2Re(H_Pp_wi,iH_T°w)
= (i[Dp, H w1, T°w1) + 2(F_wy, H_T°w1)

= —Ts‘w”xn:o— ‘%Q(Rnfl) + 2( 5+1gp’w1, H,wl) — 2(TSM,UJ1, H,wl),

which yields a boundary contribution with the opposite sign. |
6.2.3. Proof of Lemma 5.2. Let (7,¢&') € supp(v). We choose 7 sufficiently large so

that, through supp(¢), |¢'| is itself sufficiently large, so as to have the symbol m4
homogeneous —see (2.15).

We set
e (€'30) = Qu (€' anbo (T,
(€)= Q- (¢ o () Q-6 o ()
On the one hand we have i(D,, +if; )ys = 725:Q. (€ xn)xg(@?gw, and

(MTy‘f‘)(g,? xn) = 27—5704_7’”4_

Q+(&, xn (Tﬁvxn
\f+( |f+(0)

)
o S )

as D, +iey = D, +i(fy + 2m,), so that

+oo ﬁ 2+Oo/7-5xﬂ2x THhT
P 1Moy )€ )P < 8Em2 (£00) T () €GO da,

f+(0) | f+(0)]
7—57 4+00 " Tﬁ")/l’n 2 Zn (2f+(0)+7B8zn)
w24 (Fy) | () oo

On the support of x{ (7321). 7 = 1.2, we have | £ (0)]/(2r57) < 2, < | £ (0)|/(57)
and in particular 2f, (0) + 78yx, < —|f+(0)| and which gives

s / 2
F 1My )€ ) P
TB")/ ( 2 - 0)|z
< 8m ~ +2 oo) e~ 1f+(0)] "dx,
+<f+(0)> ol ( J+(0 )> Ixollz |J;+g>>l<f<f+ﬁ<0)|

s TPY ( 2112 _Ir0”
< i 1 + () Il )55
Tron\ Ml 7)ol

Similarly, we have

= roven (4G () - )

o Q&) By Q(Er) By,
—e () < e ()
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and because of the support of Xéj) (%), resp. Xfﬂ(ﬁf?) j =12 for z, <0,

we obtain

’ ! 7Bya? TPy \2\ _f-®?
T UM )€ ) Py < 22 T (a2 Il + NG (F5) ) 55

- /-(0) 7-(0
T b T 2 e_(0)2
+2c2 eﬁ’gm ( 2IIxol17e + lIxG IILoo(eﬁ(g)) )e S0

Now we have (M, u)(&, x,) = (1, ) (Myy) (&, x,). As |€'| ~ 7 in supp(v)) we

obtain

1Mot F2ggn1xmy < COF +72)pe” 77 [ (7, €)2de'.

Rn—1
With the change of variable ¢’ = 71 we find
(6.16) [ o(r, &) =t
Rn—1
which gives the first result.
On the other hand observe now that
2 n
y :foanX()( )dxn
|| +HL2(]R+) 0 +( ) ’f—l—( )‘
1
> (o 2O +7820) g £+ (0)] f e LN (rr @+ 52 4y
0<[r <3 hY o
- £+ (0)] fée @2 1 (1 B e_lft;?l2>
T8y b 2| f+(0)]

We also have

0 TBYT, ~ 78yr Y\
Hyf\@a&) = 7/ (aQ(g”a:n)Xo( 0) > + bQ*(f’,iﬂn)XO( e (0) ) dzx,,
> f exn(Qf_(O)JrT,an) (CL + be:vn(e—(o)f—(o)))zdxn7
—és}ﬁﬁ? <0

and as e_(0)—f_(0) = 2m_ >0, a+b = land a > 1, we have a+be™ (=~ (O=/-(0) >
and thus obtain

1 FOK
2 In(Qf ( "FT/B:Cn s T T
ly-l72@_) = )da,, > 370 )<1 e~ >,

arguing as above. As a result, using (6.16), we have

||U||%2(Rn_1><R) Z CTn_Q(l _ e—C’ ’T/’y).
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6.2.4. Proof of Lemma 5.5. We start with the second result. We set
2 =(1- Xo(\T%x’D)ﬁJr(x',xn), for x,, > 0.

We shall prove that for all N € N we have ||z¢||z2@n-1xr,) < Cyn7 .
From the definition of x, we find

Iz 122 @n-1xmy < f iy (2, ) [P da’ da,,.
/

Recalling the definition of u, and performing the change of variable ¢ = 7n we
obtain

(@) =77 [ mne( Lo,

R~ |F+ ()]
where the complex phase function is given by
/ . re /Bwn . rs
¢ =—a'-n— iz, (fr(n) + 5 ), with fi(n) = ay —my(n),

and

)

Here 7 is chosen sufficiently large so that m, is homogeneous. Observe that 1; has
a compact support independent of 7 and that f+(77) + ’B% < —(C < 0 in the support
of the integrand.

We place ourselves in the neighborhood of a point " such that ’T%l’/ | > % Up to

- 1 )
¥(n) = Xl(m - TO)Xl(‘m —&

a permutation of the variables we may assume that |72z, > C. We then introduce
the following differential operator

a771

_iwl - anamm+(77) ’

L=1"1

that satisfies Le'™® = €. We thus have

~ / _ .n—1 iT t n 67$n
i) =701 (T ) Jan,

and we find

1
More generally for [722| > 5 we have

n—1.,N

N T
iy (2, 2,)| < CNWe rim.
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Then we obtain

n— 1 —2CTx
<1 ) ()
IT2a’|>3

1
S C]/V,}/ZNT%anf% f

wizd |2

dz’

/|2N '

X

Similarly, setting z_ = (I—Xo(\T%x’D)u, (2', z,,) for z,, < 0 we obtain ||z_||2@n-1xr_ <
C, ~7V. The second result thus follows from Lemma 5.2.
For the first result we write

—(n— 1 X —(n— 1 X
Loy = (2m) " Dyo(r2a’|) Lot + (27) "V [Lr, xo(|722])] s

The first term is estimated using Lemma 5.2 as

(n—

1) <
2 ”['TU:N:HLZ(]R{"*lxRi) = ||MTU:I:||L2(R"*1><R:E)-

(2m)”

Observing that L, is a differential operator the commutator is thus a first-order
differential operator in z’ with support in a region |T%CL’/ | > C, because of the
behavior of y; near 0. The coefficients of this operator depend on 7 polynomially.
The zero-order terms can be estimated as we did for z, above with an additional
74 factor.

For the first-order term observe that we have

ap (2T =7" [ UjeiT(m/'n_m”(f*(nHﬁy))@Z(U)Xo( el )dn.
R |f+(n)]

We thus obtain similar estimates as above with an additional 72 factor. This con-

%

cludes the proof. |
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