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Using ray theory, long range propagation of infrasound through the atmosphere is modeled in the fra-
mework of the Comprehensive Nuclear-Test-Ban Treaty. In atmospheric propagation, the high frequency
hypothesis is based on the assumption that space and time scales of atmospheric properties (temperature,
wind, density) are much larger than acoustic wave scales. An operational 3D nonlinear ray tracing code is
developed to compute the temporal pressure signature at receivers. The global pressure signature at the
receiver is the sum of eigenray contributions that link the source to the receiver. They are obtained by
solving a generalized Burgers’ equation along each eigenray taking into account nonlinear effects, shear
and bulk viscosity absorption and molecular vibrational relaxation mechanisms. This equation is solved
using a Fourier Galerkin spectral scheme. Specific developments are performed to pass through caustics
and take into account ground reflection. The propagation of infrasound emitted by a motionless point
source in a realistic atmosphere will illustrate the analysis. To quantify the validity limits of our approach,
we investigate effects of the wind, atmospheric absorption, nonlinearities, refraction and scattering by
small atmospheric scales on observed phase kinds, their travel time and their waveform. To estimate
the nonlinearity effects relative to the linear dissipative effects we evaluate the Gol’dberg number. We
note that nonlinear mechanisms are important to model the evolution of infrasonic waveform signatures.
The ’N’ and the ’U’ measured waveform shape of, respectively, thermospheric and stratospheric paths are
associated with nonlinear mechanisms. Nonlinearities are weak but the development of nonlinear models
is necessary in order to characterize the source yield. Comparisons will be made with results available in
the literature and recent numerical simulations based on Navier-Stokes equations.

1 Introduction

A strong motivation for continuing infrasonic re-
search is for understanding atmospheric acoustics in the
context of the Comprehensive Nuclear-Test-Ban Treaty.
The International Monitoring System develops a sixty
barometric stations network which should be able to de-
tect one kiloton yield explosion anywhere on the globe.
Explosion studies are necessary to evaluate the detec-
tion capability of this network and to develop tools for
infrasound record analysis. In this context, the Com-
missariat à l’Energie Atomique, in collaboration with
the Laboratoire de Mécanique des Fluides et d’Acous-
tique, has developed a capability for discrimination and
characterization of large explosive sources.

In this article, we investigate the long range propaga-
tion of infrasound in the conditions of a High Explosive
experiment named Misty Picture [11]. We study links
between the source yield and microbarometric station
pressure signatures. First we present the Misty Picture
experiment, its modelisation and the ray tracing method
used to model the evolution of nonlinear pressure signa-
tures along rays. Second, we quantify influence of nonli-
near effects. Last, we perform comparaison between si-
mulation, empirical law and measurements of infrasound
signature maximum overpressure and energy.

2 Misty Picture experiment

Misty Picture was a high explosive test sponsored
by the US Defense Nuclear Agency. It was detonated at
10 :00MDT (16 :00UT) on the 14th May 1987 at White
Sands Missile Range in New Mexico (US). The explosive
charge consisted of 4685 tons of ANFO (Ammonium Ni-
trate and Fuel Oil) arranged into a 27-meters diameter
fiberglass hemispheric container installed on the ground.
The resulting airblast provided the scaled equivalent air-
blast of an 8 kT nuclear device. The primary objective
of the test was to provide an airblast, dust cloud and
ground shock environment for the US Department of
Defense [11].

Three laboratories recorded infrasound emitted by
this explosive test at distances from 7 km to 1200km
as presented in Figure 1 : the Sandia National Labora-
tory [15], the Los Alamos National Laboratory [19] and
the French Commissariat à l’Energie Atomique [1, 5, 6].
The event was instrumented with 23 barometric sta-
tions. Because of background wind noise, only 21 of the
23 pressure signatures allow an observation of arrivals.
Six stations between the source and 100 km detected a
tropospheric arrival. Five stations between 100 km and
220 km detected both stratospheric and tropospheric ar-
rivals whereas the four stations between 220 km and
450 km detected thermospheric arrivals. The six farthest
stations, between 700km and 1,200km towards West,
detected multiple stratospheric arrivals only.
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Fig. 1: Maximum overpressure map of stratospheric
and thermospheric phases simulated with nonlinear ray
tracing method. Infrasonic measurements perform by
(�) Los Alamos National Laboratory [19], (�) Sandia
National Laboratory [15] and (•) Commissariat à

l’Energie Atomique [1].

3 Infrasound modeling

In this section, we describe the source, the atmos-
phere and the nonlinear ray tracing model used to mo-
del the long range propagation of infrasound generated
by the Misty Picture event.

3.1 Explosion modeling

The Misty Picture explosion yield is equivalent to
3840 tons of trinitrotoluene (TNT) [10, 15]. The shock
wave pressure signature close to the source is descri-
bed by the maximum overpressure, the positive phase
duration and the waveform which are estimated using
the Kinney & Graham empirical models [9, 5]. 4,000m
away from Misty Picture ground zero, maximum over-
pressure is 3040Pa and time duration is td = 0.67 s.
Main frequency is around 0.3Hz. This signature is used
as initial condition in infrasound models as presented in
details by Gainville [5, 6].

3.2 Atmospheric model

To model the long range propagation of infrasound,
we use an inhomogeneous stratified atmosphere which
is a combination of measurements [15] with empirical
models [8]. Temperature and winds profiles are given
for altitudes between the ground and 19 km by the
rawinsonde launch from Stallion station and between
29 km and 73 km by the rocketsonde launch from White
Sand Missile Range. These measurements are completed
by statistical temperature MSIS-90 and wind HMW-93
profiles up 73 km. Composition profiles, thermodynamic
relations and atmospheric sound absorption coefficients
of Sutherland & Bass [17] are also used. Absorption and

wave dispersion take into account shear viscosity, bulk
viscosity and molecular vibrational relaxation. See Gain-
ville [5, 6] for a detailed presentation of atmospheric
profiles.

3.3 Nonlinear ray tracing method

The ray tracing method models the propagation of
acoustic waves in the geometrical acoustics limits. Geo-
metrical acoustics is the study of acoustic wave fronts
propagating in the high frequency hypothesis. In atmos-
pheric propagation, the high frequency hypothesis as-
sumes that space and time scales of atmospheric proper-
ties (temperature, wind, density) are much larger than
acoustic wave scales. For a detailed presentation of the
geometrical acoustic theory, we refer the reader to Can-
del [2]. For a detailed presentation of the ray tracing
code and its validation, we refer the reader to Gainville
& al. [7, 5, 6]. Our ray tracing code solves ray tracing
equations and geodesic elements equations to compute
ray trajectory and amplitude variations using wave ac-
tion conservation law. We use an efficient shooting me-
thod to determine all the eigenrays that link the source
to the station. Each eigenray is associated with an arri-
val at the station. The group velocity of the ray at the
station provides the trace velocity and the azimuth of
the wave. The global pressure signature at the receiver
is the sum of eigenray pressure signature contributions.
These pressure signatures are obtained by solving a ge-
neralized Burgers’ equation along each eigenray. This
generalized Burgers’ equation takes into account non-
linear effects, shear and bulk viscosity absorption and
molecular vibrational relaxation mechanisms. The pres-
sure signature p′ is normalised using the wave action
conservation law as :

u(ξ, t) =

(
ν

kρ0c3
0

)1/2

p′ (�x(t) + ξ�n/k, t) , (1)

where ξ is a scaled distance, t is the time curvilinear
abscissa along the ray and ν is the convected volume [5]
which is proportionnal to the classical ray tube sec-
tion [14]. �x(t) is the trajectory of the wave front and
�k = k�n the local wave vector. c0 is the sound speed
and ρ0 is the density. The extended Burgers’ equation
is solved using a Fourier Galerkin spectral scheme :

∂ũ(q, t)

∂t
= −Γ(kq, t)ũ− ıβ

(
c0k

ρ0ν

)1/2
kq

2
(̃u2), (2)

where kq is the acoustic wavelength. The dissipative
and dispersive part of Γ(kq, t) models thermoviscous and
molecular relaxation mechanisms [17, 5]. The coefficient
β = 1+γ

2 is the nonlinear coefficient. Variables depend
on the underlying atmospheric state at the position x(t).
This differential equation system is integrated along rays
from the source to the receiver. Specific developments
are performed to pass through caustics and take into
account ground reflection. This method is particularly
efficient in modeling the propagation of infrasound, par-
ticularly in three dimensions. But it is limited in the
case of low frequency sources, such as the Misty Picture
event, because the model does not incorporate wave dif-
fraction.



4 Nonlinearity and atmospheric

absorption effects

Nonlinear and atmospheric absorption effects are in-
vestigated on the pressure signature evolution along ray
paths for the Misty Picture event. The shock forma-
tion time tshock quantifies nonlinearity effects relative to
the propagation distance. The Gol’dberg number G [16]
quantifies nonlinearity effects relative to linear dissipa-
tive effects for a given pressure signature. These num-
bers are defined from the Burgers’ equation as :

tshock =
ρ0c

2
0

βfwpw

, and, G =
βpw

δρ0fw

,

where β is the nonlinear coefficient, δ = |Γ|/kq is the ab-
sorption coefficient [14], pw is the wave amplitude and
fw is the wave central frequency. These two numbers
are evaluated for the Misty Picture event along eigen-
rays which arrived at Alpine, White River and Roosevelt
stations. Pressure signatures computed along these rays
by solving the generalized Burgers’ equation are used
to evaluate the central frequency fw and amplitude pw.
The shock formation time and the Gol’dberg number
are plotted in Figure 2.
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Fig. 2: Nonlinear effects for the Misty Picture event.
From top to bottom, ray paths, the shock formation
time and the Gol’dberg number are plotted for
Alpine (248km), White River (324km) and

Roosevelt (431km) station eigenrays.

Shock formation time mainly increases during the
propagation whereas the Gol’dberg number decreases.
This is associated to the increase of the pressure si-
gnature duration and the decrease of its amplitude.
The shock formation time evolves quickly close to the
source from 0 s to 100 s and after 10 km of propagation
it remains between 100 and 1000 s except near caus-
tics where it decreases to 0 because of caustic signature
amplitude singularity. The Gol’dberg number evolves
symmetrically with a singularity near caustics and the
source.

As presented on Figure 2, the shock formation time
is of the order of 100 s, i.e. a distance of 30 km. With
only nonlinear mechanisms, after a propagation time of
100 s, the pressure signature evolves as a ’N’ wave, inde-
pendently of the waveform source shape. Nonlinearities
are weak and it is a cumulative process efficient at long
range. The propagation time to the barometric station
(∼1000 s) is 10 times the shock formation time. Then,
pressure signatures at the station, in absence of compe-
titive processes, are close to an ’N’ wave.

For the Misty Picture experiment, the Gol’dberg
number is greater than approximatively 17 (cf. Fi-
gure 2), which means that non linearities are dominant
relatively to linear absorption mechanisms. This Gol’d-
berg number limit is obtained by Rogers & Gardner [16]
by equalizing nonlinear absorption with linear viscosity
and molecular relaxation absorption mechanisms. This
number can be found numerically by a parametric study
of the Burgers’ equation. The pressure signature at re-
ceiver is mainly dependent on nonlinearities, but absorp-
tion mechanisms are important to study the shock rise
time or for lower amplitude sources. When, in an appli-
cation, the Gol’dberg number is a priori unknown, the
full generalized Burgers’ equation should be solved.

5 Waveform signature analysis

Phase identification at barometric station located
between 200km and 400 km in the West direction of the
source allows us to find two stratospheric paths IsI and
IsII and a thermospheric path Ita at White River (Fi-
gure 3). However, the ray tracing method predicts only
one stratospheric path and one thermospheric path at
White River. Pressure signatures measured and compu-
ted using linear ray tracing, nonlinear ray tracing and
parabolic equation [3] for the White River station are
plotted in Figure 3. Comparisons to finites differences
method are also performed in Marsden & al. [12].

Arrival times are globally in agreement between mea-
surements, ray tracing and parabolic equation methods
except for modeled thermospheric paths which arrived
approximatively 50 s before measurements. This diffe-
rence is due to the atmospheric models which should
under estimate effective celerity in the high atmosphere.
Signature amplitudes are globally in good agreement
except near caustics where the amplitude is overesti-
mated with the ray tracing method. This is the case
of the first stratospheric path. Ray tracing simulations
over estimate the amplitude whereas the parabolic equa-
tion method amplitude is realistic. Linear simulations
over estimate the amplitude of the thermospheric arri-
val whereas nonlinear ray tracing agrees with the mea-
surements. The nonlinear computation of the waveform
allows the reconstitution of a ’U’ pressure signature for
the stratospheric path and of a ’N’ pressure signature
thermospheric path.
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Fig. 3: Pressure signatures at White River
station (324 km).

6 Maximum overpressure and

energy signature analysis

To estimate the source energy from infrasonic measu-
rements, empirical laws which link source yield W to the
maximum overpressure are often used [4]. These empiri-
cal laws are based on a cylindrical scaling law R/W 1/2,
with R the distance to the source. Whitaker & al. have
calibrated such law using explosion experiments [13, 18].
This law take into acount of the mean wind in the stra-
tosphere and are defined for stratospheric paths.

Comparison between measured, Whitaker’s empiri-
cal law, linear ray tracing, non linear ray tracing and
parabolic equation maximum overpressure is presented
in Figure (4). Computations are performed in the West
direction for the Misty Picture configuration. Measured
maximum overpressure of each arrival of each station
in the West direction are plotted with direct arrivals in
blue, stratospheric arrivals in green and thermospheric
arrivals in red. For ray tracing methods, each arrival is
visible and caustics appear as peaks of the maximum
overpressure. For the parabolic method, only the maxi-
mum overpressure of the full signal at the station is com-
puted.

In the first shadow zone, i.e. between 30 and
80 km/kt1/2 in Figure (4), the empirical law over esti-
mates the maximum overpressure whereas the parabolic
equation method is more in agreement with measure-
ments. For stratospheric arrivals, empirical law, para-
bolic equation method and nonlinear ray tracing results

are in agreement with measurements (green points) bet-
ween 80 and 130. For stratospheric arrival observed at
the station at 150 and for thermospheric arrivals (red
points), only the nonlinear ray tracing method agrees
with measurements. In addition, linear ray tracing and
linear parabolic method are not in agreement for all ar-
rivals. This allows us to conclude that the maximum
overpressure is quite dependant on the signal sampling
both for measurements and for simulations. However,
this signature caracteristic is more usefull to evaluate
the source yield than a direct comparison of pressure
signature as performed in the section 5. The map of
the maximum overpressure for stratospheric and ther-
mospheric phases is also presented in figure (1). This
illustrate wind effets on the maximum overpressure.
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Fig. 4: Maximum overpressure as a fonction of the
horizontal propagation distance.

In addition to the maximum overpressure, the ener-
gies of arrivals are computed for measurements and code
simulations and presented in Figure 5. This energy is
evaluated in the 0.05 to 0.5 frequency bandwidth in
which parabolic results are available. First we obser-
ved a very good agreement between linear ray tracing
and linear parabolic method results. For stratospheric
and thermospheric arrivals linear simulations overes-
timate measurements whereas nonlinear simulation is
quite more in agreement.

It appears from simulations that the frequency band
energy is a more robust signature caracteristic than the
maximum overpressure. This last one is too sensitive to
signal sampling and to sensor pass-band.

7 Conclusion

We observe that both nonlinearity and scattering
have influence on infrasonic pressure signature at sta-
tions. Nonlinearities allow to find the ’N’ and the ’U’
waveforms measured for respectively thermospheric and
stratospheric paths. Nonlinearity is a weak mechanism
which dominates linear absorption effects during the
propagation, for an event of the Misty Picture energy
class. Scattering influences both the overpressure signa-
ture waveform and energy, especially for the stratos-
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Fig. 5: Phase energy in the frequency range 0.05 to
0.5Hz as a fonction of the propagation distance.

pheric paths. We also observed that the energy in a
frequency band seems a robust signature caracteristic
to evaluate the source yield from infrasound measure-
ments. In spite of these results, comparisons between
simulations and measurements remain difficult because
meteorological conditions remain uncertain.
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