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SHAPE OPTIMIZATION WITH STOKES CONSTRAINTS OVER THE SET OF
AXISYMMETRIC DOMAINS*

MAITINE BERGOUNIOUX' AND YANNICK PRIVAT!

Abstract. In this paper, we are interested in the study of shape optimizations problems with Stokes constraints
within the class of axisymmetric domains represented by the graph of a function. Existence results with weak
assumptions on the regularity of the graph are provided. We strongly use these assumptions to get some topological
properties. We formulate the (shape) optimization problem using different constraints formulations: uniform bound
constraints on the function and its derivative and/or volume (global) constraint. Writing the first order optimality
conditions allows to provide quasi-explicit solutions in some particular cases and to give some hints for the treatment
of the generic problem. Furthermore, we extend the (negative) result of [16] dealing with the non optimality of the
cylinder.

Key words. Shape optimization, Dissipated energy, Stokes system, First order optimality conditions.

AMS subject classifications. 49Q10, 49J20, 49K20, 35Q30, 76D05, 76D55

1. Introduction. The applications of shape optimization to fluid mechanics are numerous.
Some well-known and studied situations may be encountered in industry for instance airplane
optimization, where the drag is often minimized under a lift constraint (see e.g. [6, 2, 22, 26] for
examples of such applied studies). More generally, the study of shape optimization problems in the
context of fluid mechanics constitutes a challenge. Most of time, works on this topic are numerical
point of view studies, because of the intrinsic difficulty of Stokes or Navier-Stokes equations.
Among the well known and studied problems of shape optimization for fluids, one can mention, for
instance, the reduction of the drag of an airplane wing in order to ensure hydrodynamic stability
or the minimization of the noise of vortex shedding for designing the shape of an airfoil trailing
edge.

The partial differential equation describing the behavior of the fluid appears then as an ad-
ditional constraint for the optimization problem. For first references on this topic, we refer to
[12, 14, 26, 29, 30].

In [15, 16], a theoretical study on the shape minimization of the dissipated energy in a pipe
has been led. In particular, the first order optimality conditions for the optimization problem
were written and exploited to prove that, under some given particular boundary conditions chosen
to model trachea in human beings, the cylinder is not an optimal solution. Nevertheless, some
numerical computations done in the same papers let us think that the optimum is very close to a
cylinder.

This paper is motivated by a simple question coming from the conclusions of [15]: indeed,
it was proven that the cylinder does not optimize the dissipated energy through a pipe, when
the fluid inside is driven by Stokes or Navier-Stokes laws. Moreover, the problem of knowing if
the optimal solution has or does not have a cylindrical symmetry is pointed out and still open.
Another point of view consists in imposing the cylindrical symmetry in the class of admissible
shapes for this optimization problem. Such a choice can be justified by the fact that, in some
situations, it is natural to make this assumption. For instance, if we assume that the shape of the
(human being) trachea minimizes the energy dissipated by the air through the geometry (thanks
to a natural selection process), it is reasonable to consider only simply connected domains with
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cylindrical symmetry. With such a restriction on admissible shapes, we may hope simplifications
of the system driving the behavior of the fluid to obtain existence of optimal shape results more
easily and a simple expression of the first order optimality conditions. In this paper, we decided
to make the (strong) hypothesis that a transversal slice of an admissible domain is the graph of
a function z — a(z). Our goal is to investigate the question of the existence of optimal shapes
over the class of such cylindrical domains, with Stokes partial differential equations constraints
and write the first order optimality conditions. This study may be seen as a preliminary study
specially in view of a refined study of the qualitative properties of the optimum (for instance, the
very difficult question of the free boundary regularity) and numerical computations.

As it will be emphasized in the following sections, it is quite easy to prove the existence
of an optimal shape for three dimensional domains and to ensure a strong convergence of the
terms of the minimizing sequence of domains to the optimum. Nevertheless, the applications,
theoretical and numerical, previously mentioned need a precise frame adapted to the domains
having a cylindrical symmetry. One of the difficult parts of our work lies in the determination
of a variational formulation taking into account the cylindrical character of the domain and the
symmetry properties of the solution of Stokes partial differential equations.

The paper is organized as follows: next section is devoted to optimal shape existence. We
use the cylindrical symmetry assumption to give a 2D formulation of Stokes equation, using cylin-
drical coordinates. We use a fictitious domain technique to get result without strong regularity
assumptions on the shape boundary. Proofs are given in Section 3. Optimality conditions are
investigated in the last section. We first give a generic abstract result, and then a specific result in
the “axisymmetric graph” case. If no volume constraint is added, we prove a generic monotonic-
ity result of the cost functional for the inclusion of domains. As a result, the problem becomes
purely geometrical which allows to provide a precise characterization of the optimum. The same
shape optimization problem with an additional volume constraint appears rather difficult. We are
nevertheless in position to establish the non optimality of the cylinder in that case (extending by
the same the results of [16]). Moreover, we propose some hints to write the first order optimality
conditions and prepare a future numerical work on that topic.

2. Some shape existence results.

2.1. Preliminaries. Let L, ag and aj, be three strictly positive real numbers such that
ag < a1. Let us introduce the set of admissible parametrizations

Ao = {a € WH™(0,L) | ap < a(z) < a for z € (0,L)} . (2.1)

We consider a generic domain 2., assumed for the moment simply connected, bounded, with
Lipschitz boundary and axisymmetric with respect to the (Oz)-axis. More precisely, the domain
expressed in standard cylindrical coordinates is

Qo ={(r0,2) e Ry xTxRy |0<r<a(z),0<z<L}, (2.2)

where T denotes the torus R/27 and a € A.. We denote by D,, the bounded open set, whose
closure is

D, ={(z,r) ERy xR, |0<2< L,0<r <a(2)}, (2.3)

so that €2, is obtained by a rotation of D, around the axis {r = § = 0} denoted from now (Oz).
We write

00y = B, UY, U Sy,

where E, = Q4 U {z = 0} is the inlet surface, S, = Q4 N {z = L} is the outflow surface and
¥, = 00\ (E, US,) is the lateral surface. Similarly, we write 9D, = T'o UT';, UT, UT,, where
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a(0)}, T = {(L,r) | 0 <r < a(l)}, Ty = {(2,0) | 0 < z < L},
L}. The notations used are summarized on Figure 2.1.

Fia. 2.1. A cylindrical admissible domain and its slice in two dimensions

The same model of fluid as in [15, 16] is studied, for instance to model the flow of the air
inside the trachea represented by D,. More precisely, denoting by u the velocity of the fluid, p its
pressure, the Stokes system is written as

—pAu+Vp=0 in €,
V-u=0 in Q,

u=0 onX, (2.4)
u=ug onk,
o(u,p) - n=h onS,

where p > 0 stands for the viscosity of the fluid, ug is a Dirichlet datum, h a Neumann like datum
which will be made precise later, and where the standard tensorial notations of fluid mechanics
are used, i.e.

o(u,p) = —pls + 2ue(u)

is the stress tensor of (u,p) and

E(L’l) =3 (Vu+ (Vu> ) - <2 (a.’L'] * (’)xi)>1§i,j§37

is the strain tensor of u (symmetric part of the gradient tensor). We also define the trace inner
product of two vector fields A and B of R%, d = 2,3 by

In the whole paper, the bold letters stand for vector fields of R? or R3.
The existence of solutions for System (2.4) is well known (see for instance [3, 13]).

THEOREM 2.1. Let a € As. Assume that ug € (H3/2(Ea))3, h e (Hl/Q(Sa))3, then problem
(2.4) has a unique solution (u,p) € (H'(2,))> x L*(Qy).

Since we are dealing with stokes equations, we have to assume that a (roughly speaking the
boundary of the domain) is smooth enough (say for instance a € A) to get regular solutions.
The existence and regularity of solutions to Stokes equations in non smooth domains has not been
investigated so much. Let us nevertheless mention the works [7, 8, 24, 25, 32].



4 M. BERGOUNIOUX AND Y. PRIVAT

The assumption that a € A, will be relaxed in the sequel using a weak variational formulation
to define solutions of (2.4).

For the inlet boundary condition, we will choose ug = (0,0, uo(r))", where ug is a positive
function of the polar variable r = /2% + 3.

For the outlet boundary condition, we will choose in the sequel of the paper h = —pgn, where
n denotes the outward-pointing normal vector, and pg > 0 is a real number. In particular, this
boundary condition can model the human bronchial tree (see e.g. [23]). With such a choice,
introducing p = p — po, that is easy to see that the pair (u,p) is solution of System (2.4), where h
has been replaced by 0 in the boundary condition on S,. For this reason, we will actually choose
h = 0 in the sequel.

Then, it is relevant to wonder whether we are able to rewrite the Stokes problem (2.4) using only
cylindrical coordinates (r, z), as we can easily have this intuition, since the geometry is cylindrically
symmetric. Moreover, the functional we want to minimize is the energy dissipated by the fluid (or
viscosity energy) defined by

Jo(2) = 2p ; le(u) *dz, (2.5)

where u is the solution of System (2.4), in a certain class of admissible shapes parametrized for
instance by the elements of A.

We end this subsection with a standard, but essential ingredient for the coming existence
study. The solution of the Stokes problem (2.4) can be seen as the unique minimizer of an energy
functional j. We recall this fact and its proof for the sake of completeness.

LEMMA 2.2. ugq, is the (unique) solution of (2.4) if, and only if uq, is a solution of

min j(u) = QM/ le(w)|*dx
Qq
u€ Haiv(Q) ={ve[HY (W) |V - v=0inQu,v=00n% and v=(0,0,u9) on E}.
(2.6)

Proof. Let (un)nen be a minimizing sequence of the optimization problem (2.6). Notice that,
by virtue of Korn’s inequality combined together with a Poincarés inequality (see [3]), the standard
[H'(Q4,)]3-norm is equivalent to the norm || - || induced by the inner product

(f,g)e = /Q e(f) : e(g)dz.

where f and g denote two regular vector fields having the same dimension as (2.
The sequence (j(upn))nen is bounded, and thus, there exists u* € [H*(£2,)]3 such that

L*(Q HY(Q
u, ﬁ()u*andun L)u*, as n — +o0o.

Moreover,
|- < lim inf ).,

which proves the existence of a minimizer. To characterize it, we will use the standard De Rham’s
lemma (see e.g. [33]), stipulating that to take into account the divergence pointwise constraints,
it is enough to work with test functions chosen in the space

V(Q)={weD(Q,);V-w=0in Q,},



SHAPE OPTIMIZATION WITH STOKES CONSTRAINTS OVER AXISYMMETRIC DOMAINS 5

where D(£,) stands for the set of C°°(Q)-functions having compact support in Q,. Let w € V(£,).
One has, by virtue of a well-known intergration by parts formula (see later Formula (3.9))

ju* +tw) — j(u*)

lim = /Qs(u*) ce(w)dx

t—0 t

[ (9T ) wis

The use of De Rham’s lemma proves the existence of p* € L?(€),) such that u* satisfies in the
sense of distributions —uAu* + Vp* = 0. The boundary conditions are derived as usual, using the
variational formulation obtained thanks to De Rham’s lemma. O

2.2. An abstract shape existence result in dimension 3. To prove an existence result,
we need to make the class of admissible domains precise. We denote by D the cylindrical box
defined by D = {(z1,72,73) € R3 | 23 + 25 < R3, 0 < a3 < L}, with Rg > 0. Imposing
some kind of regularity condition is a very classical feature in shape optimization, since these
problems are often ill-posed, see [1, 14]. We will consider quasi-open sets included in the string
B = {(x1,22,23) € R® | 0 < 23 < L}. Let us recall that a subset Q C D is said to be quasi-open
if there exists a nonincreasing sequence of open sets (wy, )nen such that

lim cap(w,) =0 and Vn € N, QU w, is an open set,
n—-+oo
where cap denotes the standard capacity defined for compact or open sets (see e.g. [4, 14]). We
fix E C {z3 = 0}, a disk whose center is crossed by the axis {1 = 22 = 0} and define

O = {Q quasi-open included in D;
Iw € [H'(D)]® with Q = {w # 0}, w,, = (0,0,uo) and cap (2N {x3 = L}) #0}.

THEOREM 2.3. The problem

min Jy(Q) = 2/1/ le(ug)|*dx
Q
NeO (2.7)
1 < Vo
ugq solution of (2.4)

has (at least) one solution, whose volume may be chosen equal to Vp.

Proof. Let (2,)nen, be a minimizing sequence. Let us denote by m the infimum. By virtue of
Korn’s inequality combined with a Poincaré like inequality (see [3]), and since all the admissible
domains are contained in a compact set D, we know that u, = ug, is bounded in [H!(D)]? (indeed
e(ugq,) is L2-bounded). Consequently, there exists u* € [H!(D)]? such that (u,) converges to u*
up to an extraction, weakly in [H!(D)]® and strongly in [L?(D)]?. Using a compactness property
of the trace in [L*(E)]?, the condition u = (0,0, ug) is preserved on E. It remains to prove that
cap (Qu* N{zs = L}) # 0. For that purpose, let us use the fact that ug, is solution of (2.4).
Integrating the “divergence-free” condition on € yields

—/ uods:/ U3, nds.
Supp (uo) Dn{z3=L}

Using the convergence results established previously and a compactness property of the trace, one
gets that the above equality remains valid for u* and hence, ensures that ,« belongs to O.
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Then, the quasi-open Q,+ = {u* # 0} belongs to O. Furthermore, since u* = 0 quasi-
everywhere on D\Qy-, by weak H!-convergence, one has, by Lemma 2.6,

/ le(u*)[2da < liminf/ le(un)[Pdz = m < /
Q n—-+oo Qn Q

u*

e(ug,)|2dz < / le(u*)Pde,
Q

u* u*

whence the equality of these quantities.
Finally, thanks to the almost everywhere convergence of u, to u*, one has also

|Qu+| < liminf |Q,| < V5.
n—-+0o0o

Now, if [Q+| = Vo, then € := Qq« is solution of (2.7). If [Qu+| < Vg, let us consider any quasi-open
 such that

Qu € Q, Q] = Vh.
Thanks to Lemma 2.2, rewriting the objective function Jy under energetic form
Jo(€2) = 2pmin{j(u),u € Haiv()}

shows immediately that Jp is a decreasing function with respect to the inclusion of sets. By mono-
tonicity of this functional, one has [g[e(ug)* < [, , le(ug ,)|?, which proves that  is solution

of (2.7). 0

REMARK 1. The solution is a priori not unique and we have to set additional “physical”
constraints on the domain to get an acceptable solution from the physical point of view. That is why
we embedded the problem in the class of cylindrical domains so that we may expect (in particular)
uniqueness and more reqularity of the optimal graph. Moreover, the choice of admissible shapes
we will make in next section will simplify the study of the related optimization problem and to
characterize quite precisely the solution.

2.3. Symmetry of solutions for Stokes problems in cylindrical domains. Before re-
garding the question of the existence for the shape optimization problem with Stokes constraint,
over the set of axisymmetric domains, we need to point out some symmetry properties of the so-
lutions of the Stokes system (2.4). We associate to the classical Cartesian coordinates (z1,xa, z3),
the cylindrical coordinates, denoted (r, 0, z), defined by

L2 .
- /ZL'% + ZL'%, 9 — 2 arctan (m—m> if (5017:02) ¢ R_ x {0} and z = xs.

T else

PROPOSITION 2.4. Let a € As,. Let us assume that ug only depends on the variable r. Then,
the solution (u,p) of (2.4) posed on ), satisfies
1. us and p are functions of the variables r and z.
2. There exists o € H'(D,) such that

up = a(z,r)cosd and us = az,r)sin . (2.8)

Proof. See Section 3.1. O
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Let us write us = us(r,z), p = p(r, z) and introduce w = (u3, @) = (w1, wz). As a direct
consequence of the above proposition, System (2.4) rewrites in cylindrical coordinates

(AW—}—%%—Y—%(U?Q ))—l—Vﬁ:OinDa (2.9a)

V-w+ 72 =0in D, (2.9b)

w(0,7) = (up(r),0) a.e r € (0,a(0)) (2.9¢)

(% + 8;;1) (L,r) =0, ( —p+ 2ua(;ul) (L,r) = h(r) a.e r € (0,a(L)) (2.9d)
Own —(2,0) =0, wa(z,0) =0, w(z,a(2)) =0 a.ez € (0,L). (2.9e)

r

The details of this computation are given in the proof of Proposition 2.4, in Section 3.1. Further-
more, the existence of a solution for such a system is guaranteed by the following proposition.

PROPOSITION 2.5. The two dimensional problem (2.9) has a unique solution (Wa,Dps) in
[HY(D,)]? x L*(D,), if a € Ax

Proof. By Theorem 2.1, problem (2.4) has a unique solution (u,p) in [H(Q4)]® x L?(Q).
Using the result stated in Proposition 2.4, we know that the solution (u,p) of (2.4) writes u =
(wa cos @, wy sinf, wy1) and p = p where (w,p) is solution of (2.9), which ensures the existence of
a solution to (2.9). The uniqueness for problem (2.9) follows immediately from the uniqueness of
solutions for problem (2.4). O

Notice that this system has to be understood in a variational sense, which will make precise
in Theorem 2.6.
Using these results, it will be useful to rewrite objective function Jy replacing u by (ws cos 8, ws sin 6, wy),
where w is solution of (2.9). If Q = Q,, with a € A, (in a first time), we denote by J(a, w) the
new expression of Jo(€,). A simple but tedious computation (similar to the one of Lemma 3.1)
yields

a(2) Ows w3 owy 2 Ows  Owy 2
Jaw-47w// l( ) +T2+(8z) +§(W+W) rdrdz. (2.10)

In view of the use of shape optimization techniques, we need to avoid, as much as possible to take
into account the regularity constraint on the free boundary. That is why we will state in the next
section, an existence result using the variational formulation of (2.9) after extending the solution
to a fixed compact set.

REMARK 2. It may be noticed that solving such a Stokes system is equivalent to inverse a
fourth order elliptic operator, close to the bilaplacian.

Indeed, since D, is a two-dimensional domain, one can introduce the so-called stream function
P (see for instance [33]). Since the divergence-free condition may be rewritten

0 — (rwy) + g(rwg) =0 in D,

0z or
we are led to define ¢ by the relations
rw; = —g—lf in Dg,
W g—f n D,.

=0 on Ty.
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A tedious computation shows that equations (2.9a)-(2.9b) rewrites in terms of the function 1

3(162_¢) Py 1oy 10

or \r or2 3 or

- =01in D, 2.11
0z20r 3 Or + w0z (rp) = 0 in (2.11)
Py 0 [10% 10p
—t+=—|-=—7— | ——==0inD, 2.12
0z3 + or (7’ 87"82) wor " (2.12)
In order to make the pressure term vanish, let us form the equation % (%(2.11)) + %(2.12). One
gets

0. (2.13)

0z4  rort  r0z20r2 r2 3 ) 9r3  r29r20r 3 or2 15 or

M 1% 2 9Ny (2+1)63¢ 2 Oy 20% A0

Moreover, since w =0 on Iy, 1 satisfies

¢:Oanda—w:0 on Iy.
on

2.4. Main result: shape existence in the class of cylindrical domains. In Subsection
2.2, a general shape existence result for three dimensional domains has been stated. Unfortunately,
this result is hardly workable, since the boundary of the quasi open set {2 may be very irregular
(roughly speaking, when the boundary of the domain is locally represented by the graph of a
function which regularity is less than WP p > 2). In such a case, it is sometimes possible to
define a solution of the Stokes or Navier-Stokes system, as it is emphasized in [7, 8, 24, 25, 32].

This section is devoted to the a shape existence results for domains enjoying a cylindrical
symmetry property. We do not assume any longer that the free boundary is W, Let hg : R = R
and hz : R — R be two given continuous functions.

Let us introduce the class of admissible domains U,, for p > 2 by

U, ={Ds ={(2,a(2)) |0<z<L}|aclUy} (2.14)
where U, = {a € A, | |la'||rr < M, ho(a(0)) = hr(a(L)) =0}, (2.15)
and A, = {a € W'P(0,L) | ap < a(z) < ay for z € (0,L)}, (2.16)

where hy and hjp are chosen to be compatible with the pointwise constraint satisfied by each
element of A,.

It may be noticed that the compact embedding W (0, L) < C%([0, L]) for the standard L°°-
topology yields in particular the existence of aps > ao such that ||a||ec < aa for any a € Up. In
what follows, we will make the assumption that

3n > 01[0,n] C supp(uo).

We will see in the sequel that it permits to neglect the pointwise constraint a > ag almost every-
where.
For a given p > 2, we consider the shape optimization problem

min Jo(€2) 517
Qe 0f, ={(rcosf,rsing,z),3a €U,,0<r <a(z2),0 €T, 0<z< L}, (2.17)

where, the functional Jo(£2) denotes the dissipated energy, defined, in the case of a sufficiently
regular domain €2, for instance with Lipschitz boundary, by equation (2.5). Nevertheless, in the
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case where the boundary is not regular enough, we can define Jo(€2) using Lemma 2.7 by

Jo(Q) =2u inf / le(u)[*dz.
uc[HY(Q)])3, V-u=0.Jq
u=ug on E
u=0on X

An other way to define Jo(£2) consists in defining ug thanks to a weak formulation, well adapted for
the class of axisymmetric domains with respect to the (Oz)-axis. In particular, since any domain

Qe Ofyl is contained in the fixed compact set
D = {(rcosf,rsinf, z),r € [0,an],0 € T,z € [0, L]},

we have the temptation to write a weak formulation of the Stokes system on D which lateral
boundary is quite regular.

For that purpose, let us define, the Sobolev spaces
Hy(Da) = {¢ = (¢1.¢2) € [H' (D] | V- o+ 22 =000 D, |, (2.18)
Hao(Da) = {& = (¢1,92) € [H' (D) | V- 0+ 22 —0on D, and ¢ = 0 on Iy UTa}.

The following result plays a crucial role in the proof of the existence of solutions for the shape
optimization problem (2.17).

THEOREM 2.6. Let p > 2 and Q) € Ofyl, associated with a two-dimensional domain D, in
cylindrical coordinates.
1. Leta € A,. If wa € Hy(D,) is solution of (2.9), then, the function w defined by

| wa D,
=10 inD\D,

satisfies

Vz € Hy(Dy) N C(Do\), QM/ w22

) rdrdz = 0. (2.19)
D

(22(w)  22(2) +
and w =0 on Ty, w = (up,0) on Ty.
2. Conversely, let w € [H'(D))?. If there exist a € A, and wa such that

W — wa in D,
10 in D\ D,

and if w satisfies (2.19) for any ¢ € Hq(Dy) NCZ(D,\I'n), then wa is solution of (2.9).

Proof. See Section 3.2. 0

The result stated in Theorem 2.6 combined with the results of Section 2.3, (in particular
Proposition 2.4) drives us to consider a new shape optimization problem, over axisymmetric do-
mains, directly deduced from the initial general shape optimization problem (2.17). Indeed, let us
introduce the problem

min J(a, wa)
W, is solution of (2.19) (2.20)
a € Up,
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T A
w1 =0 D\D,
we =0
—HIHH-~\
gEEESERsESn owy  Bw _
wy(0,7) =0 |_F D, X B ™) or Maz
w, (0,7) = to(r) i p+ 45, =0
T[] )
0 | L 2
0
75%1(270) ::07 102(270) =0

FiG. 2.2. Domains D and D, with boundary conditions

where J(a,w) is defined by (2.10).
In fact, keeping in mind that it seems better to write all the integrals on the fixed compact set D,
it is possible to extend w, by 0, so that the shape optimization problem becomes

min J(wy)
W, is solution of (2.19) (2.21)
acl,
where
B Owsy 2 w% owy 2 Owy  Ow; 2
J(w) = 471',u/D [(W) + 2 + rr + ARG + B rdrdz. (2.22)

The following theorem constitutes the main result of this section.
THEOREM 2.7. Let p > 2. Problem (2.21) has (at least) a solution.
Proof. See Section 3.3. O

Note that, in general, we do not have uniqueness of the minimizer in shape optimization (see
e.g. [1, 14]).
Furthermore, for the needs of future numerical computations of the optimal shape, one may neglect
the pointwise constraint a > ag and replace it by a > 0 for z € (0, L). Indeed, the result stated in
Theorem 2.7 is a bit more general since it may be noticed that, because of the “divergence-free”
constraint, one has for z € (0, L) fixed,

a(z)
/ uo(r)rdr = / wy (r, Z)rdr,
supp(uo) 0

where supp(ug) denotes the support of the data ug that is supposed of strictly positive measure.
This identity comes directly from the integration of the “divergence-free” condition on the restric-
tion of the domain €2, between the hyperplane z = 0 and z = z. Thus, the optimal graph a cannot
vanish because else, the above identity would not be guaranteed.

3. Proofs.
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3.1. Proof of Proposition 2.4. It is assumed that ug only depends on r. The pair (u,p)
denotes the unique solution of System (2.4). Let £ be the operator

0

L=2x07— —T17—
8$27

axl

the partial derivatives being understood in the sense of distributions. This operator stands actually
for the differentiation with respect to the polar angle 6, applied to a function expressed in cylindrical
coordinates. We easily check that

Ov\ _0L(v)  0Ov ov'\ _0L(w) 0Ov dv '\ _ 0L(v)
E(axl) B 8961 + (9:62 ’ (8562) B 8x2 (9:61 and £ (9:63 o (9:63 '

Let us introduce U = L(u) = (41, U2, u3) and p = L(p). By applying £ to System (2.4), we get

0
—pA — 4+ —=0 inQ,
pAu + %@l + %x2 0 in
~ p P .
—uA — = Qa
HAU + s %@1 0 in
—pATs + —2 =0 in Q, (3.1)
ou O
~ Uy U2 .
it o Q.
V-u+ 02s 01 in
u=0 onY,UL,
o(d,p) -n=(Vuz)t onS,,

where (Vuz)t = Do s G

variable r has been used to obtain the homogeneous Dirichlet boundary condition for u on X, U FE,,.

.
(—% Qug 0) . Notice that the initial hypothesis that ug is a function of the

Let us now introduce the following new functions:
v = 171 — U, V2 = ag +’LL1, and V3 = ag.

Then, System (3.1) rewrites in terms of vq, va, v3 and p,

—pAV+Vp=0 inQ,
V-v=0 1in Q,

v=0 onX,UEFE, (3.2)
o(v,p)-n=0 onS,

It is well known (see e.g. [3, 13, 33]) that this system has a unique solution, therefore,
V1 = V2 = V3 :]/?\EO

The fact that L£(ug) and L(p) vanish proves the first point of Proposition 2.4. We deduce the
existence of u3 and p such that

p(x1,x2,23) = p(z,r) and ug(z1, x2,x3) = Us(z, 1) for (z1,22,23) € Qq ,

where (z,r7) has been defined by (2.8). Furthermore, it has been proved that L£(u;) = ug and
L(uz) = —uy. Therefore, applying once more the operator £ yields £ o L£(u1) + u; = 0 and then,
there exist two functions a and 3 of the variables r and z, in the space H'(D,) such that

up = afz,r)cosd + B(z,r)sin @ and us = a(z,r)sind — B(z,r) cos 6.
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To end the proof, it remains to prove that the function § vanishes identically. For that purpose,
let us write down the partial differential equations satisfied by a and . Using standard change of
variable formula, we get for almost every 6 € (0,27) and (z,r) € (0,a(z)) x (0, L),

?a 10a o 0%« op o’ 103 B 9B
— W—i_;g_r_?—’—ﬁ cos@—i—a—COSH— W—F;E———i—ﬁ sinf =0
?a 10a o 0« op 0?8 108 B 9*B\ .
(W*FE 2 +az)5m9+a—m9+ (Wﬁa‘rﬁﬁ)sme—o’
which formally yields
o 10a o 0O« dp
_ VL2 _oin D, .
u<8r2+r6r r2+822>+8r 0in (33)
B 108 B %8 .
WﬁL;E*ﬁJFaZQ—OIDDa (3.4)

The divergence condition rewrites

a OJa  Ous
— 8T+ % =0in D, (3.5)

Now, let us precise the boundary conditions on o and S.
e u=0on X, provides

a(z,a(2)) = B(z,a(2)) = us(z,a(z)) =0, for z € (0, L).
e u=(0,0,ug) on E, provides
a(0,7) = B(0,r) =0, u3(0,7) = ug(r), for r € (0,a(0)).

o(u,p) -n =0 on S, provides

dax O 0B o 0us B
P —(L,r) + —— B (L,r) = E(L’T) =0, =P+ 2u—- (L,7) =0, for r € (0,a(L)).

e Furthermore, in order to obtain a well-posed system on « and 3, we have to add a transmis-
sion boundary condition, directly coming from the symmetry property proved previously,
without any additional regularity assumption on u, that is

93, 0= 0, for 2 € (0, L),
T

obtained by writing that for almost every x3 € (0, L), (21, z2) such that 22 +23 <€, e > 0,
one has uz(x1,x2,23) = ug(—x1, 22, r3), and making an Taylor expansion with respect to

x1 and xo at the first order. Similarly,

da, 0B
o »0 =75

Moreover, using the divergence condition (3.5), we get, by making r tend to zero,

(2,0) =0, for z € (0, L),

a(z,0) =0, for z € (0, L).
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Now, let us prove that 8 = 0. Let us recall that, according to the previous analysis, [ is solution
of

Aﬁ—f—la—ﬂ—%:OinDa

B(z,a(=)) = 0, for = € (0, 1), B(0,r) = 0 for r € (0,a(0)),

0 7]
a—f(L,r) =0 for r € (0,a(L)), a—f(z,O) =0 for z € (0, L).

We use 23 € HY(D,) as a test function to perform an integration by parts. Indeed, the first
equation of the above system has to be understood in the variational sense. We get

0:7/ 7’2|Vﬂ|2drdzf/ Tﬂa—ﬂdrdzf/ B2drdz
D p, Or D,

a

1
= f/ r?|VB|? drdz — —/ BZdrdz.
D, 2 Jp,

Hence,
op 9B
=—=—=0.
g 0z  Or
Finally, the solution (u,p) of System (2.4) satisfies
u; = a(z,r)cosb,us = a(z,r)sin b, uz = uz(z,7),p = p(z,7), (3.6)

and according to the previous analysis, by setting w = (u3, ) = (w1, wz), we prove moreover that
w is solution of the two dimensional system (2.9).

3.2. Proof of Theorem 2.6. Let us begin with an integration by parts formula, adapted for

the special case of the Stokes operator defined on domains having a cylindrical symmetry.

LEMMA 3.1. Let a € WHP(0, L), with p > 2, and w be a H? vector field defined on the domain
D,. Let us assume that w satisfies the “divergence-free condition for cylindrical domains”, that is

(’)wg 10
e = D,. .
P + - (rw1) =0 for (r,z) € D, (3.7)
Then for any z € [H*(D,)]?, one has
2/ (EQ(W) ce9(z) + wQ;Q) rdrdz = —/ Lw - zrdrdz + 2/ g2(w) -1 - zdo, (3.8)
D, r D, oD,
where
o &2(w) =1 (Vw+ [Vw]T), and Vw denotes the Jacobian matriz with respect to the vari-
ables (z,r);
0 0
_ 9 .
QLA+6T%2<O 1 I;

e do is the surface measure associated with the measure rdrdz.

Proof. A direct way may be used to prove this identity. Nevertheless, we decided here to use
the well known identity (see e.g. [3])

Y(u,v) € [H*(Q))?, A g(u) re(v)de = — /Q (Au+V (V- u))- vdr + /6(2 g(u) -n-vds, (3.9)
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where  is a bounded regular (for instance Lipschitz) domain of R3. We will rewrite this formula
in the particular case where 2 = €, and there exist («,u3) and (v, v3) in [H?(D,)]? such that

u = (ar,z)cos,ar,z)sind,u3) " and v = (y(r, z) cos 6, y(r, z) sin 0, v3) .

Nevertheless, we have to pay a bit attention to the regularity of the boundary of €2,, and more
precisely to ¥,. Indeed, since a € W1P(0, L) with p > 2, a is a priori not Lipschitz. The only
restriction on the function a for writing the above formula lies in the fact that we must define the
normal vector n almost everywhere on the boundary ¥, and the boundary integrals must exist.
In fact, this formula remains true in our case. Indeed, one easily checks

1 cos 6
n=——— sin 6 on X,.

\/1—|—a’2(z) 701/(2)

Now, z — belongs to L>(0, L) while z ~— a’(z) belongs to L?(0, L), since a € W1?(0, L)

1
V/1+a2(z)
with p > 2. Therefore, n is defined almost everywhere on ¥, and belongs to L?(X,). Hence, the
boundary integral in the previous integration by part formula is well defined, as a product of three
functions in L?(3,), thanks to the usual trace theorems. Easy, but lengthly computations prove

that

T D00y 1 00w, (da O\ (0v, 90
/(as(u) ' s(v)dxw/pa [2 <8r or + r2a7+ 0z 0z ) + <8z + or ) (6,2 * or )] rdrdz
= 27r/ (52(W) te9(z) + %a’y) rdrdz,
Da r

where w = (@3, ) and z = (73,7) . Using the new notation we get

/( g(u) : g(v)de =27 /Da <52(w) te9(z) + r—12w222> rdrdz. (3.10)

a

Similarly, using the well known expression of the Laplace operator in polar coordinates permits
to recover easily the right hand term in equation (3.8).
Now, let us make the boundary integrals precise. Noticing that n = (n, cosf, n, sin,n,), we show
that

da 1 da | Ous
cosﬁngqu%cosH(aa + ar)nz
e(u)-n=| sinf%%n, + ssinf (92 + )n, |,

Oa  Odus dug
(82+ 8r)nr+ anz

|QN

Sl

driving easily to the boundary expression in the right hand side of (3.8). O
The following proposition is the key point of the proof of Theorem 2.6.

PROPOSITION 3.2. Let w € Hy(D,) be solution of problem (2.9). Then, one has

(sz(w) teo(z) + ijZQ) rdrdz = 0. (3.11)

Vz € Hd7O(Da), 2/1/
Da

Conversely, if w € Hq(D,,) satisfies Relation (3.11) and if w =0 on T, and w = (ug,0) on Ty,
then w is the unique solution of problem (2.9).
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Proof. Let us formally multiply the first equation of (2.9) by z and then integrate by parts,
using the identity stated in Lemma 3.1. We obtain

W2 z2

2u/D (sg(w) te9(z) + 2 )rdrdz

a

a(L) a(0)
+2u/ go(W) n-z— / D21 |z=r rdr +/ D21 |z=r rdr =0,
D, 0 0
which proves that (3.11) is satisfied. The converse sense is immediate. O

We are now in position to end the proof of Theorem 2.6. It remains to extend the variational
formulation (3.11) to D and to prove the well-posed character of this problem.
For any function w, defined on D,, we denote by w, the extension of w, by 0 in D, that is

~ | wa on D,
Wa=10 onD\D,.

Let A be the bilinear form defined on [H4(D)]? by

(sz(w) eo(z) + wj;Q) rdrdz (3.12)

A(w,z) =2u /

D
and £ the identically zero linear form defined on Hy(D), so that we are interested in the solution
of

A(w,z) = L(z) =0,

where w and z are chosen as in the statement of Theorem 2.6.

Existence and uniqueness of a solution for the variational formulation (2.19) come from a direct
application of Lax-Milgram’s Theorem, using Korn’s inequality on D to get the ellipticity of A (see
e.g. [15]).

3.3. Proof of Theorem 2.7. Let (a,)nen be a minimizing sequence. (a,)nen is bounded
in W1P(0, L) and then, converges weakly in W'?(0, L), strongly in L*°(0, L) to a € U,, because
of the compactness of the embedding W'P(0,L) < L>(0, L), for p > 1, and of the fact that hg
and hy, are continuous real functions. Let us denote by wy, the weak solution of problem (2.9) in
D,, = D,, . The convergence holds up to a subsequence that we denote similarly in the sequel,
with a slight abuse of notations. Now, let us recall that, because of Korn’s inequality applied on
D, the norms H', Hi and | - || are equivalent (see for instance [3, 15]). Therefore J is coercive.
As (J(Wn))nen is bounded ((Wpn)nen is a minimizing sequence), then the sequence (Wn)nen is
bounded in H!(D) and then converges weakly to some w in H'(D) up to a subsequence. The
whole problem consists in showing that w vanishes on D\D, and that its restriction on D, is
solution of (2.9) in D,.

Let us show that w = 0 on D\D,. Let € > 0. As a consequence of the uniform convergence of a,
to a, one can find n. > 0 such that

Yn > ne,Vz € [0, L], an(z) < a(z) +e.

Let z € [0, L] and r € [a(z) + €, ap]. For any n > ne, (z,7) € D\D,, and then, wy(z,r) = 0. Since
Wn(z,7) converges to wW(z,r) almost everywhere, we have

Ve > 0,Vz € [0, L],Vr € [a(z) + €, an], W(z,7) =0.
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Making e tend to 0 yields w = 0 on D\D,. Since the divergence condition is preserved, it is easy
to see that w = w|p_ belongs to Hy(D,). Moreover, the same reasoning holds too for the Dirichlet
condition and one has w = (g, 0) on T'y.

It remains now to prove that w satisfies the variational formulation (2.19). Let us consider a
test function z with compact support “below” T', and arbitrarily close to I'y. Thanks to the L*°
convergence of a, to a, one can find n. such that the support of z lies below I'), := I, for any
n > ne (see figure below). Let us write (2.19) for such a n > n.:

Ty

D\D,

F1c. 3.1. Choice of test functions

Wan 22

QM/D (Eg(Wn) cea(z) + 3 ) rdrdz = 0.

Using that the norms H} and || - || are equivalent, and the fact that w, converges weakly-H!(D)
and strongly-L?(D) to w, one deduces

/ (52 (Wn) @ e2(z) + w22Z2) rdrdz —— (52 (W) :ea(z) + w2222) rdrdz.
D T T

n—-+oo D

In other words,

WaZo

<52(v~v) ea(2) + > rdrdz = 0.

Vz € Hy(Dy) NCP (D, \Ta), 2u/
Da

and w =0 on I'y, W = (ug,0) on T'g. The conclusion follows, applying Theorem 2.6.
4. Qualitative and quantitative properties of the optimum.

4.1. Shape derivative for Problem (2.7) in the case where () is regular. We are now
in position to define the derivative of the functional Jy with respect to the shape Q. In this
section, let us assume that 2 has a Lipschitz boundary, to ensure the differentiability of Jy at €.
Let us consider a regular (C1:°° for instance) vector field V : R3 — R3 with compact support
inside the strip {0 < 3 < L}. For t small enough, we define ; = (I + tV)S, the image of Q
by a perturbation of identity and f(t) = Jo(€2:). We recall that the shape derivative of Jy at §2
exists (already mentioned in [10, 17, 18, 15, 26, 29]) and is f'(0). We will denote it by dJo(Q; V).
To compute it, we first need to compute the derivative of the state equation, using the classical
results on shape derivatives (see [14, 27, 31]). The material derivative of (u,p) denoted (u,p) is
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the solution of the following linear system,

—pAu+Vp=0 inQ,
V-u=0 in{,
u=-2(V-.n) on3, (4.1)
u=0 onFE,
o(a,p) - n=0 on S,.

The shape derivative with respect to the domain is classically given by the formula

Ah(@:V) = an [

Qs(u):a(u)dx—i—/ (W) 2(V - n)ds. (4.2)

o0

In general | it is more convenient to work with another expression of the shape derivative and
to write it as a distribution with support ¥ = 9Q\(E U S). For that purpose, we need in general
to introduce an adjoint state. Nevertheless, the Stokes operator is self-adjoint and we will show
that the adjoint problem of (2.4) is the same.

PROPOSITION 4.1. Let Q € O, a domain with C? boundary. Then, the functional Jy is
shape-differentiable at ) and one has

AJo( V) = —24 /BQ (W) 2(V - n)ds. (4.3)

As a consequence, the first order optimality conditions for problem (2.7) write

Q solution of problem (2.7) with C* boundary = |e(u)|* = constant on ¥. (4.4)

Proof. The differentiability has been already studied, as mentioned above. Let us now prove
(4.3). Since the boundary X is assumed to be C?, e(u) belongs to L%(X) and the normal vector n
exists everywhere. Let us multiply equation (2.4) by @ and then integrate by part. We get

QM/QE(ILI) ce(u)de = /{m o(u,p)n - uds.

Ju Ju
= /Epn~ %(V -n)ds — 2u/25(u)n~ %(V -n)ds.

Since u is “divergence-free” and vanishes on 3, we have on this boundary
o u.p— 0;

on
o c(u)n- 98 = |g(u)|?

These remarks permit immediately to recover the expression of the shape derivative of Jy given

in (4.3) using in particular (4.2). Now let us write the first order optimality conditions. Because
of the volume constraint, there exists a Lagrange multiplier A € R such that

—2u /asz le(u)]*(V - n)ds = 72u/\/E(V -n)ds.

Since this equality holds for a generic element V € C1°°(R3, R3) with compact support inside the
strip {0 < x3 < L}, the first order optimality conditions (4.4) follow. O
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In the case where the two disks E' and S have the same radius R > 0, the prescribed volume
is equal to the one of the finite cylinder between the two disks £ and S, h is chosen so that the
standard Poiseuille flow! solves (2.4) and if we assume that the flow at the inlet E is parabolic,
one could naturally think that the cylinder solves the shape optimization problem (2.7). Indeed,
in this case, one has for ¢ < 0

ug = c(z} + x5 — R?), e(u) = 0 0 cxa |, |e(w)*=2¢°R* onT.

The first order optimality conditions (4.4) are then satisfied. Nevertheless, the cylinder is not
optimal for this particular choice of h as emphasizes [16, Theorem 2.5]. Furthermore, let us notice
that the optimal domain €2 is solution of an overdetermined system, that is

—pAu+Vp=0 inQ
V-u=0 in{}

u=0 onX

le(u)]? = constant on X
u=ug onk
o(u,p) - n=h onS.

The question of the determination of £ (or some qualitative properties of ) is very linked to the
question of the unique continuation property for the Stokes system. Indeed, the optimal domain 2
satisfies a Cauchy system near the “free boundary” 3. It may be noticed that, in dimension two,
a positive answer was given in [28], but for generic domains only.

4.2. Shape derivative for the axisymmetric problem (2.21) in the case p € [2, +o0]
and a € C?([0,L]). Let us define the derivative of the functional J with respect to the shape
represented by a. It is well known [1, 14] that assuming a € A, ensures the differentiability of J
at wa and the fact that a is assumed furthermore to be in C2([0, L]) justifies that w belongs to
[W22(D,))? and permits to use integration by parts formula. Let us consider éa € W1P(0, L), a
perturbation of a@ with compact support, support which does not meet neither {z = 0} nor {z = L}.
For t small enough, we define a; = a + tda, the image of a by a perturbation of the identity and
f(t) = J(wa, ). We recall that the shape derivative of J at w, exists and is f/(0). In what follows,
we will prefer the notation J(a) to designate the functional J(w4,); similarly f'(0) will be denoted
(with a slight abuse of notations) dJ(a; da). Let us first define the derivative of the state equation,
using the classical calculus of variation results. The material derivative of w, denoted w is the
solution of the linear system, written under variational formulation
Wa 2o

(EQ(W) ea(2) + ) rdrdz = 0, (4.5)

Vz € Hy(Dy) N C®(D\La), 2u /

Da
da(z)  Owy,

V1+a2(z) On
sional representation of our shape optimization problem, following the notations summed up at
the left hand side of Figure 2.1, that is easy to see that on %,

and w = — on 'y, w = (0,0) on I'y. Indeed, coming back to the three dimen-

1 cos

n— —— Sin9
1+a’2(z) 7(1/(2)

1The Poiseuille flow is such that u = (0,0, ug(r)) for (z,7) € (0, L) x (0, Ry) and p is an affine function of the
variable z.
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da cosf
and the perturbation field applied at any point of the boundary ¥, is V = dasinf |. It is
0
very common in shape optimization to differentiate a Dirichlet boundary condition with respect
to the domain (see e.g. [4, Chapter 4] or [14, Chapter 5]), and one has

ow,

~ on

(V-n)onT,,

W:

providing the expected result. Using relation (3.10), we claim that the shape derivative with
respect to the domain is given by the formula

dJ(a;da) = 87ru/

Da

= 87ru/
oD

—d(2)

0
f— —1 ey
where ny = Tra ( 1 ) , Vg = ( sa(z) ), and do stands for the curvilinear measure on

|:€2(W) cea(wy) + %} rdrdz + 47m/ lea(wa)|? (V2 - ng)do

Ia

ea(Wo)ng - wdo + 47ru/ lea(Wa)?(V2 - ng)do,
T,

a

Ty, that is do = /1 + a’?(z)d=.
Now, since w = 766"‘7’15 (V2 - ngz) and ea(wy)ng - 65‘7’; = |e2(w,)|? (due to the fact that wa

vanishes on T',), one gets

dJ(a;da) = —471',u/ lea(Wa)|?(V2 - nz)do.
Fa

To rewrite this shape derivative as an integral with respect to the variable z, we use the previous

expressions of Vg and ns.This is done in the following proposition.

PROPOSITION 4.2. Let a € C%([0,L]). Then, the functional J is shape-differentiable at wu
and one has

dJ(a;da) = —47w/0 lea(Wa)|?da(z)dz. (4.6)

As a consequence, if a* € C%([0, L]) is the optimal solution to problem (2.21), then for any a € U,,

/0 sl )

4.3. Explicit solution of problem (2.21) without regularity assumption on a. This
section is devoted to the proof of a useful property of the functional J, that will appear essential
to explore the necessary first order optimality conditions for problem (2.21). In particular, we will
give the explicit solution of this optimization problem in the case hy = hy, = 0 where no condition
is imposed on the inlet and outlet.

For that purpose, let us use the natural order relation < defined for two elements of the set
Ay, p € 2, +0o0], by

(a(z) —a*(z))dz <O0. (4.7)

a<b<=a(z) <b(z), for z € (0, L).
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PROPOSITION 4.3. The functional a € A, — J(a) is a strictly decreasing function with respect
to the order relation <.

Proof. The fact that J is monotone decreasing is easy to see. It suffices to adapt the end of
the proof of Theorem 2.3, noticing that

2
_ . 2, W3
J(a) =2p mm(D )/Da |:|52(W)| + T—Q} rdrdz,

weEH2 aiv

where Hs qiv(D,) = {w € [Wh3(D,)]? | w satisfies (3.7), w, = (uo,0) and w. = 0}. The mono-

tonicity of J follows then from the inclusion of the Sobolev spaces: a < b = Ha 4iv(Da) C
Hj div(Ds).

It remains to prove the strict character of the decreasing property for J. Let us argue by
contradiction, considering a € A, and assuming that there exists b € A, such that a < b and
J(b) = J(a). Let us denote by w, the unique (see Lemma 2.2) minimizer that realizes J(a) and
by wyp, the unique minimizer that realizes J(b). We will again designate by w, the extension by
0 of this function to the whole domain D;. In particular, it is easy to see that this extension by
continuity belongs to [W12(Dy)]? and satisfies again (3.7). Hence, because of the uniqueness of
the minimizer (underlined in Lemma 2.2), necessarily w, = wp. It implies that at the same time,
the minimizer wy, is solution of a Stokes system and vanishes in an open ball included in Dy\D,,.
By virtue of the analyticity of the Stokes operator (see for instance [20]), this is absurd, and one
deduces that the inequality between J(a) and J(b) is strict. O
A direct consequence of Proposition 4.3 is the fact that our shape optimization problem with Stokes
constraints rewrites as a purely geometrical problem. As a result, we immediately deduce from
this result the following corollary.

COROLLARY 4.4. In the case hg = hy, =0, the optimal solution of problem (2.21) is

a* =aj.

Proof. Proposition 4.3 yields that the unique solution to

{ max J(a)

a€c A,
is a* = a;. Since a* is feasible for problem (2.21), the conclusion follows. O

Let us now investigate the case where p € [2,400] and the inlet and outlet are prescribed as
follows

ho(z) =z —ag and hp(z) = — ag, (4.8)

with (@g,a1) € (ag,a1)?. So far, the cylinder is not the optimal shape any longer [16]. It may
be noticed that taking into account some inequality constraints of the kind ho(a(0)) < 0 and
hr(a(L)) < 0 would be very easy since, because of Proposition 4.3, these constraints would be
reached, so that we would be led to study the case we investigate now. Notice that, since a is
a non negative function, finding the maximal element in a given class for the order relation < is
equivalent for instance to the maximization of the L' norm of a. Therefore, a* solving problem
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(2.21) is in fact solution of

L
max/ a(z)dz
0

a € Wh(0, L) (4.9)
la'|l, < M and ap < a(z) < a; for z € (0,L)
a(0) =ag and a(L) =ag.

Because of the simplicity of this new geometrical problem, we are in position to give a quasi-
explicit expression of its solution a* in the case p < 400 and the explicit expression of a* in the
case p = +00.

THEOREM 4.5. Let hy and hy, given by (4.8).
1. Case p < 4o0. Problem (2.21) has a unique solution a* that is the solution of problem
(4.9). Moreover,
o There exists (z1, z2) € [0, L]Q, z1 < zo such that a* s strictly monotone increasing and
concave on (0,z1), constant equal to a1 on (21, 22) and strictly monotone decreasing

and convez on (za,L).
e One has ||a*'||, = M.
o There exists (m,c1,ca) € Ri such that

a_Oer((ercl)ﬁfcfj) if z € (0,21)
a*(z) =< a if z € (21, 22)

E—l—m(cﬁ—(z—L—l—cQ)ﬁ) if z € (22,L).

2. Case p = +o0o. Problem (2.21) has a unique solution a* that is the solution of problem

(4.9). More precisely:
(a) Case min(ag,a7) > a1 — LM . The solution a* is defined by

Mz +ag if z € (0, 25%)
a*(z) =< @ if z € (—“1A_4W,L — ‘“;;TL)
~M(z—L)+ar ifze (L—%54L).

(b) Case min(ag,ar) < a1 — LM. The solution a* is defined by

_ ) ar—ag+ ML
= Metm e (0 S
—M(z—L)+ar ifze (2=2HHE L),

L
Proof. In this proof, we denote by F(a) the quantity F(a) = / a(z)dz.

0
1. Case p < +oo. This proof will be detailed into several steps. Let us recall that the
admissible set is convex and is denoted U,.

e Step 1: existence of a solution a*.
Let (an)neny be a maximizing sequence for problem (4.9). (an)nen is uniformly
bounded in W1?(0, L) because of the L>-constraint on a and the LP-constraint on
a’. Therefore, there exists a* such that, up to a subsequence,

L*>°(0,L) whr(0,L)

an, — ~a* and a, a* as n — +oo.
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Furthermore, the weak-W1? convergence of (a,)nen to a* implies

la™"llp < lim inf af, [, < M.
—+0o0

This yields that (J(an))nen converges to J(a*) as n — +oo and that a* belongs to
U,. The existence follows.

Step 2: the constraint “||a*’'||, < M7 is reached.

Let n > 0, small enough. Since a* is continuous, and since a*(0) = @y < a1, there
exists an open subset w on which ag+n < a*(2) < a3 —n for z € w. Let us argue
by contradiction, assuming that the constraint “||a*'(|, < M” is not active. For any
admissible perturbation da with compact support included in w (the existence of
such perturbations da is obvious), one can write the first order optimality condition.
One has for k£ > 0 small enough, F(a* + kda) > F(a*), where F(a*) = fOL a*(z)dz.
Dividing the previous inequality by « and making x go to zero yields

dF(a*;da) > 0.

Furthermore, if x is small enough, perturbations a + kda are admissible and the same
reasoning as before proves that the derivative of F' at a* in direction da vanishes so
that

dF(a;da) = / da(z)dz = 0.

w

Any choice of admissible da with nonzero mean provides a contradiction.

Step 3: the optimum a™* is unique.
The reason of this uniqueness comes from the fact that the convex functional F
defined on U, is strictly locally convex around the optimum a*. Indeed, let us assume
the existence of two elements a; and as of U, such that

max F'(a) = F(a1) = F(a2).

ac€Up
Because of the linearity of F, for any ¢ € (0,1) the function a; = tai + (1 — t)as
is also a solution of problem (4.9). As a consequence of Step 2, we necessarily have
||a2||g = MP, ie. |ta) + (1 — t)a'QHg = MP. Moreover, t||a’1||g +(1- t)||a’2||g = MP,
and since p > 2, the function x — 2P is strictly convex on R;. Hence, by virtue of
Jensen’s inequality, a1 = ao providing the expected result.

Step 4: profile of the optimum a*.

Let us notice that the number of connected components of the set {a = a1} is, at
most equal to 1. Indeed, assume that the set {a* = a;} has two disjoint connected
components w; and ws, and that there exists a set of nonzero measure between these
two sets on which a < a; — n for a given 1 > 0 small enough. Let us denote by @ the
convex hull of w; and ws. That is easy to see that we strictly improve the objective
function F' replacing a* by @ such that

ai ifzew

a(z) = { o(z) ifz¢m,

in other words, F(a) > F(a*), which contradicts the optimality of a*. As a conse-
quence, there exists (z1,22) € [0, L]?, 21 < 2o such that a* constant equal to a; on
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(21, 22) and a* < ay on [0, L]\[z1, #2].

Let us now prove that a* is monotone increasing on (0, z1). We denote by afo Iy the
restriction of a* on (0, z1). For that purpose, let us introduce a’, the monotonically
increasing rearrangement of az‘o 1) that is defined by

Vz € (0,21), a'(z — z) = inf{t € R, m(t) < z},

where m denotes the distribution function of az‘o 1)

t}). Notice that, since af, . ) belongs to WP on the connected set (0, 21), then this

Le. m:t € R meas ({af, ) >

is also the case for a’ (see for instance [19, 14]). By virtue of Polyd’s inequality,
la?||, < ||a2‘0’21)'||p < M and because of the equimeasurability property of the mono-

tone rearrangement, fozl al(z)dz = Ozl .a*(z)dz. Denoting again by a’ the extension
of the function a* to (0, L) satisfying a' = a* on (21, L), it follows from the previous
remarks that a’ and a’ both realize the maximum of F over the set U,. This is in
contradiction with the uniqueness result of Step 3, whence the conclusion. An adap-

tation of the previous reasoning proves that a* is monotone decreasing on (z2, L).

e Step 5: first order optimality conditions.
Because of the previous conclusions, one can choose n > 0 and w C (0, z1), open,
such that for any z € w, ag + 7 < a*(z) < a; — . Since the global LP-constraint is
attained at the optimum, the first order optimality conditions yield in particular the
existence of a Lagrange multiplier A > 02 such that

Véa € WhP(w), /5a(z)dz = —)\p/(a*/)p_l(z)(éa)’(z)dz,

where WP (w) denotes the set of functions living in the Sobolev space W1?(0, L),
with compact support included in w. Now, let 21 and z2 be two elements of w, £ > 0
small enough and let us consider particular perturbations da with support (z1, )
such that

x—x1 ifz€(z1,21+¢)
da(z) =1 ¢ ifz€ (1 +e,22—¢)
xo—x if z € (9 — &, 29).

Hence, we clearly have (6a)'(2) = X[z1,214¢] — X[ws,at<]- Lhe optimality condition
rewrites then

e(xa—x —e)=Ap </[11,11+8] (a*)P~1(2)dz — /[12—87z2](a* )P (z)dz> .

Let us divide this identity by € and then, make € tend to 0. The Lebesgue’s density
theorem yields

(@) (az2) = (@) (21) = Ap(@z — 21).

Since x; and xy are chosen arbitrarily, this identity implies obviously that A # 0
(else, a* would be constant on (0, z1) which is not compatible with a(0) = a¢ and

2) is associated with the global inequality constraint on a’ (that is in fact an equality constraint), whence its
sign
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a(z1) = ai), that a*’ cannot vanish on (0, 21), that a*’ is a monotone decreasing
function, so that a* is concave on (0, 21), that a*' is differentiable on (0, 21) and that

(0 — Da*"(2)(a” ()% = =, 2 € (0,21).

Ap
Notice that one can establish in the same way that
1
~(p = 1)a*"(2)(=a"(2))"* = =, 2 € (22, L).
P

Now, the expressions given in the statement of the theorem follows directly from the
integration of these two differential equations. These computations are a bit tedious
but easy and are left to the reader.

2. Case p = +o0o. The existence of a solution a* follows from a direct adaptation of the
previous case. The case “p = +o0” can been studied by a geometrical way. Indeed, let
us assume that there exists a nonzero measure subset of (0, L) on which the constraints
la’| < M and a < a; are not active. Hence, it is easy to see that one can find a perturbation
da with compact support in w such that |(a + da)’| < M on w and fOL(a(z) + da(z))dz >
fOL a(z)dz. It proves that (0,L) = {a = a1} U{]a’| = M}. The same argument as in the
previous case proves that the number of connected components of the set {a = a1} is at
most 1. Therefore, there exists (21,22) € [0, L]?, 21 < 23 such that a* is affine increasing
on (0, z1), constant equal to a; on (21, 22) and affine decreasing on (z2, L). The end of the
proof is a direct calculus.

d

REMARK 3. Unfortunately, we are not in position to give an explicit expression of the constants
that appear in the expression of a* given in the first case of Theorem 4.5, since these constants are
solutions of strongly nonlinear equations resulting from the fact that a* belongs to U, and from the
quasi-explicit expression of a* given in this theorem.

REMARK 4. Role of the global or pointwise constraint on a’. If one neglects the constraint
on a' in problem (4.9), we claim that there does not exist a solution anymore. Nevertheless, there
exists a mazximizing sequence (an)nen such that (J(an))nen converges to Lay, although a,(0) = ag
and a, (L) =ar. Indeed, let us denote by c: [0,1] — [0,1], the Cantor function, also referred to as
the Devil’s staircase. Let us recall that c is continuous, but not absolutely continuous and has zero
derivative almost everywhere. Now, considering as minimizing sequence

ao + (a1 — ag)e(nz) if z€(0,1/n)
VneN, an(z)=¢ a1 if z€ (1/n,L —1/n)
a1+ (a1 —arn)e(n(L —2)) ifze(L—1/n,L),

that is easy to verify the convergence result mentioned above.

In [16] was investigated the question of the optimality of the cylinder, with a volume equality
constraint on set of admissible domains and a negative answer was given. Intuitively and from
a physical point of view, an explanation of this non optimality comes from the fact that the
considered shape optimization problem was too constrained. Indeed, not only the volume of the
admissible domains was prescribed, but also some particular “outlet pressure conditions”, that
strongly influenced the optimal shape. In problem (2.21), the situation is quite different, since
only global W'P-conditions on a and LP-conditions on a’ are imposed, that only provides an
upper bound on the volume of the admissible domains. In the following section, we wonder, a bit
as in [16], what become the optimal graph of the function a* with an additional area constraint
forbidding the situations described above, M being a positive arbitrarily large constant.
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4.4. Problem (2.21) with an additional area constraint. Let us introduce the functional
Vol? defined by for any a € A, by

L
Vol(a)/o a(z)dz.

The quantity Vol(a) stands for the total measure of the two dimensional domain D,.
Let Vo > Lag. We consider the new optimization problem

min J(a)
a €U, (4.10)
VOI((I) = Vo.

If we had considered, instead of problem (4.10), problem (2.21) with an inequality constraint on
the volume, we would have obtained the same solutions since, by virtue of Proposition 4.3, the
constraint is necessarily active at the optimum.

Since the functional Vol is obviously continuous for the usual strong L°°(0, L)-topology, we
derive from Theorem 2.7 the following corollary.

COROLLARY 4.6. Let p € [2,400]. Problem (4.10) has (at least) a solution a*.

Finally, let us notice that the main result of [16] yields a non trivial information on the solution
of problem (4.10) for a particular choice of boundary condition at the outlet that does unfortu-
nately not apply in our case. Indeed, a condition of the kind o3(w,p)n = h with h = (—p1, 2ur)
is considered,in [16] so that the standard Poiseuille flow solves System (2.9) whereas in our case,
h = (0,0) and the analytic expressions of the flow w and the pressure p are not known.We are all
the same in position to prove a similar theorem in our case.

THEOREM 4.7. Let p € [2,+00]. Assume that a(0) = a(L), Vo = La*(0) and u}(a(0)) # 0
(this is in particular the case if uo(r) = c(R* —r?) with ¢ > 0 for instance). Then, the constant
function a = a(0) does not solve problem (4.10).

Proof. Let us set Ry = a(0) = a(L) and a the constant solution equal everywhere to Ry. We will
argue by contradiction, assuming that the constant function a = Ry solves the shape optimization
problem (4.10). First notice that the first order optimality condition writes |e2(w)|?> = constant
on I',. Because of the divergence condition, 8522 . = 65;2 e, = 766“;1 . = 0. Therefore, the first
order optimality condition leads to the existence of a constant £ € R such that

6w1

— =&onT,.

an E a
Let us consider the three dimensional Stokes system (2.4), before taking into account the symmetry
of the solutions and rewriting this system into (2.9) (this point of view appears simpler for the
following manipulation). Then, applying the divergence operator to the main equation proves that
the pressure p is a harmonic function. Integrating the Laplacian of p on the domain €, leads to

the relation
op
— =0. 4.11
/ k- (4.11)

3The so-called volume constraint is in fact an area constraint since we reduced the 3D problem to a 2D-one
thanks to the symmetry. However, we use the same terminology to keep in mind that the problem is generically 3D.
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Using the symmetry of the function p underlined in Proposition 2.4, this implies

/ op _ / 9p
To 0z I 0z
Indeed, from the cylindrical symmetry underlined in Proposition 2.4 and from (4.11) fFo 9 4

r, gf = fFL gp Let r go to Ry in the partial differential equation of (2.9) with solution wq y1elds

1 6]7 82w2

;E\Fa - Or? Ira

a

since wy vanishes on I', so that all the derivatives of ws with respect to z vanish on I', and we have

already seen that 65‘;2 e, = 0. Now, differentiating the “divergence-free” condition with respect to

r and making r — Ry yields

62w2

2%
or? |, ’

since the function % remains constant on I', (optimality condition).

The end of the proof consists in computing each integral fFo g—f , fFL gz , which will lead to a
contradiction since we will obtain two dlfferent values.
o Computation of the integral fF o
Let us differentiate the “d1vergence free” relation with respect to z. We get

62’11)1 10 a’wQ
52 T ror (a—) =0

Let us now consider the partial differential equation in w; and integrate it on I'y. Using
the last above identity, we obtain

8w1 8211)1
/Fo {r or (TW> + 0z2 ] rdr
A
- or 0z

)
= Rou/(Ro) — R (;”2 (0, Ro).

Using the fact that the partial differential equation in w; is set on a very regular domain
(a rectangle), one has

8 8102
0z (0 Ro) = 0z TorT. 0.
Finally,
1 op
— = 4.12
L] o= rot). (412)

e Computation of the integral fFL g—f.
Let us differentiate the boundary condition on I'y, with respect to the variable r. We
obtain

82101 7782102
or? ., 020r|,

(4.13)

r'r
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Let us differentiate the “divergence-free” condition with respect to z. It yields

Pus P 10w
0z0r 022 r Oz

(4.14)

The combination of equations (4.13), (4.14) and of the partial differential equation in w;
(equation (2.9)) provides

1 617 62w1 2 awl

;&m T oy, r or Ir,

Let us integrate this relation with respect to r, we obtain

1 op Ro1 9 [ ouy dwr dws
,u/p0 0z /0 ror (T or " Fo or (Ro, L) Fo 0% |r,nry 0. (415)

The combination of (4.12), (4.15) and the fact that uj(Ry) # 0 provide a contradiction, which
concludes the proof. O

5. Conclusion. It is very common in shape optimization to get an existence result among
domain verifying a kind of Lipschitz uniform regularity property called “c cone property” (see
[4, 5, 14]). In this paper, the assumption that the optimal shape Q is parametrized by a graph
function a has permitted to get an existence result among domains being less regular as usually (less
than Lipschitz in particular). This issue being clarified, it would be now interesting to investigate
the question of the general writing of the necessary first order optimality conditions. In particular,
the differentiability of the criterion for domains having a low regularity (for instance, the case where
a belongs to W12([0, L])) appears not so clear and we chose in this paper to write the first order
optimality conditions with an additional regularity assumption on the boundary of the optimum.
We were also in position to make a refined study of the shape optimization problem (2.21) and in
particular to exploit the first order optimality condition to obtain a quasi explicit expression of the
optimum. Nevertheless, our approach fails when an additional volume constraint is considered, as
in problem (4.10). In every cases, a general existence theorem has been stated, but getting some
qualitative properties on the optimum appeared highly difficult to lead in presence of a volume
constraint.

We have now in mind a Lagrangian algorithm approach to compute optimal shapes numerically.
As a consequence of Section 4.4, we will have to deal with nonsmooth constraints, treated with
the introduction of subdifferentials, and with standard pointwise constraints. This will need a
consequent analysis and will be done in a forthcoming work.

Let us mention that a first numerical study, where the same shape functional were minimized
over three dimensional domains with a global volume constraint, has been led in [11].
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