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Shape optimization with Stokes constraints over the set of
axisymmetric domains®

Maitine Bergounioux' Yannick Privat?

Abstract

In this paper, we are interested in the study of shape optimizations problems
with Stokes constraints within the class of axisymmetric domains represented by the
graph of a function. Existence results with weak assumptions on the regularity of
the graph are provided. We strongly use these assumptions to get some topological
properties. We formulate the (shape) optimization problem using different constraints
formulations: uniform bound constraints on the function and its derivative and/or
volume (global) constraint. Writing the first order optimality conditions allows to
provide quasi-explicit solutions in some particular cases and to give some hints for the
treatment of the generic problem. Furthermore, we extend the (negative) result of
[16] dealing with the non optimality of the cylinder.

Keywords: Shape Optimization, Dissipated Energy, Stokes Problem, First order opti-
mality conditions.

AMS subject classifications: 49Q10, 49J20, 49K20, 35Q30, 76D05, 76D55.

1 Introduction

The applications of shape optimization to fluid mechanics are uncountable. Some well-
known and studied situations may be encountered in Industry for instance airplane opti-
mization, where the drag is often minimized under a lift constraint (see e.g. [6, 2, 22, 26]
for examples of such applied studies). More generally, the study of shape optimization
problems in the context of fluid mechanics constitutes a challenge. Most of time, works on
this topic are numerical point of view studies, because of the intrinsic difficulty of Stokes
or Navier-Stokes equations. Among the well known and studied problems of shape opti-
mization for fluids, one can mention, for instance, the reduction of the drag of an airplane
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wing in order to ensure hydrodynamic stability or the minimization of the noise of vortex
shedding for designing the shape of an airfoil trailing edge.

The partial differential equation describing the behavior of the fluid appears then as
an additional constraint for the optimization problem. For first references on this topic,
we refer to [12, 14, 26, 29, 30].

In [15, 16], a theoretical study on the shape minimization of the dissipated energy in a
pipe has been led. In particular, the first order optimality conditions for the optimization
problem were written and exploited to prove that, under some given particular boundary
conditions chosen to model trachea in human beings, the cylinder is not an optimal so-
lution. Nevertheless, some numerical computations done in the same papers let us think
that the optimum is very close to a cylinder.

This paper is motivated by a simple question coming from the conclusions of [15]:
indeed, it was proven that the cylinder does not optimize the dissipated energy through
a pipe, when the fluid inside is driven by Stokes or Navier-Stokes laws. Moreover, the
problem of knowing if the optimal solution has or does not have a cylindrical symmetry
is pointed out and still open. Another point of view consists in imposing the cylindrical
symmetry in the class of admissible shapes for this optimization problem. Such a choice
can be justified by the fact that, in some situations, it is natural to make this assumption.
For instance, if we assume that the shape of the (human being) trachea minimizes the
energy dissipated by the air through the geometry (thanks to a natural selection process),
it is reasonable to consider only simply connected domains with cylindrical symmetry.
With such a restriction on admissible shapes, we may hope simplifications of the system
driving the behavior of the fluid to obtain existence of optimal shape results more easily
and a simple expression of the first order optimality conditions. In this paper, we decided
to make the (strong) hypothesis that a transversal slice of an admissible domain is the
graph of a function z — a(z). Our goal is to investigate the question of the existence of
optimal shapes over the class of such cylindrical domains, with Stokes partial differential
equations constraints and write the first order optimality conditions. This study may be
seen as a preliminary study specially in view of a refined study of the qualitative properties
of the optimum (for instance, the very difficult question of the free boundary regularity)
and numerical computations.

As it will be emphasized in the following sections, it is quite easy to prove the existence
of an optimal shape for three dimensional domains and to ensure a strong convergence
of the terms of the minimizing sequence of domains to the optimum. Nevertheless, the
applications, theoretical and numerical, previously mentioned need a precise frame adapted
to the domains having a cylindrical symmetry. One of the difficult parts of our work lies in
the determination of a variational formulation taking into account the cylindrical character
of the domain and the symmetry properties of the solution of Stokes partial differential
equations.

The paper is organized as follows: next section is devoted to optimal shape existence.
We use the cylindrical symmetry assumption to give a 2D formulation of Stokes equation,
using cylindrical coordinates. We use a fictitious domain technique to get result without
strong regularity assumptions on the shape boundary. Proofs are given in Section 3.
Optimality conditions are investigated in the last section. We first give a generic abstract



result, and then a specific result in the “axisymmetric graph” case. If no volume constraint
is added, we prove a generic monotonicity result of the cost functional for the inclusion of
domains. As a result, the problem becomes purely geometrical which allows to provide a
precise characterization of the optimum. The same shape optimization problem with an
additional volume constraint appears rather difficult. We are nevertheless in position to
establish the non optimality of the cylinder in that case (extending by the same the results
of [16]). Moreover, we propose some hints to write the first order optimality conditions
and prepare a future numerical work on that topic.

2 Some shape existence results

2.1 Preliminaries

Let L, ap and aq, be three strictly positive real numbers such that ag < a;. Let us
introduce the set of admissible parametrizations

Ao ={a € WH*(0,L) | ap < a(2) < ay a.e. z € (0,L)}. (1)

We consider a generic domain §2,, assumed for the moment simply connected, bounded,
with Lipschitz boundary and axisymmetric with respect to the (Oz)-axis. More precisely,
the domain expressed in standard cylindrical coordinates is

Qy={(r0,2)) e Ry xT xRy |0<7<a(z),0<z<L}, (2)

where T denotes the torus R/27 and a € Ay,. We denote by D,, the bounded open set,
whose closure is

Dy ={(2,7) € Ry xRy [0< 2 < L0 < <af2)}, (3)

so that €2, is obtained by a rotation of D, around the axis {r = § = 0} denoted from now
(Oz). We write
0y =E,UX,US,,

where E, = Q4U{z = 0} is the inlet surface, S, = Q4N{z = L} is the outflow surface and
Yo = 0Q,\(E,US,) is the lateral surface. Similarly, we write 9D, = I'(UT' L UT',Ul",, where
o ={0,7) |0<r<a(0)}, Tz ={(L,r)|0<r<all)}, Ty ={(20)]0< 2z < L},
', ={(#,a(z)) | 0 < z < L}. The notations used are summarized on Figure 1.

The same model of fluid as in [15, 16] is studied, for instance to model the flow of the
air inside the trachea represented by D,. More precisely, denoting by u the velocity of the
fluid, p its pressure, the Stokes system writes

—pAu+Vp =0 in €,
V-u=0 in Q,

u=0 onX, (4)
u=ug onF,
o(u,p) - n=h onS,



I'={(a(z),2) | 0<2< L}

o

Figure 1: A cylindrical admissible domain and its slice in two dimensions

where 1 > 0 stands for the viscosity of the fluid, ug is a Dirichlet datum, h a Neumann
like datum which will be made precise later, and where the standard tensorial notations
of Fluid Mechanics are used, i.e.

o(u,p) = —pl3 + 2pe(u)

is the strain tensor of (u,p) and

1 1 (0u; Ouy
e(u) == (Vu+ (Vu)') = <— < “ 4+ j)) ;
2 ( > 2 8.%']' 31‘2 1<i,5<3

is the stretching tensor of u (symmetric part of the gradient tensor). We also define the
doubly contracted product of two vector fields A and B of R?, d = 2,3 by

d
A:B= Z AijBij = tI‘(A X BT)

1,7=1

In the whole paper, the bold letters stand for vector fields of R? or R3.
The existence of solutions for System (4) is well known (see for instance [3, 13]).

Theorem 1. Let a € Ay,. Assume thatug € (H*?(E,))3, h € (HY%(S,))3, then Problem
(4) has a unique solution (u,p) € (H*(Q4))? x L2(Qy).

Since we are dealing with stokes equations, we have to assume that a (roughly speaking
the boundary of the domain) is smooth enough (say for instance a € Ay) to get regular
solutions. The existence and regularity of solutions to Stokes equations in non smooth
domains has not been investigated so much. Let us nevertheless mention the works [7, 8,
24, 25, 32].

The assumption that a € Ay, will be relaxed in the sequel using a weak variational
formulation to define solutions of (4).

For the inlet boundary condition, we will choose ug = (0,0,up(r))", where ug is a
positive function of the polar variable r = \/z$ + 3.
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For the outlet boundary condition, we will choose in the sequel of the paper h = —pgn,
where n denotes the outward-pointing normal vector, and pg > 0 is a real number. In
particular, this boundary condition can model the human bronchial tree (see e.g. [23]).
With such a choice, introducing p = p — pg, that is easy to see that the pair (u,p) is
solution of System (4), where h has been replaced by 0 in the boundary condition on S,.
For this reason, we will actually choose h = 0 in the sequel.

Then, it is relevant to wonder whether we are able to rewrite the Stokes problem (4)
using only cylindrical coordinates (r,z), as we can easily have this intuition, since the
geometry is cylindrically symmetric. Moreover, the criterion we want to minimize is the
energy dissipated by the fluid (or viscosity energy) defined by

() = 24 /Q e(u) 2d, (5)

where u is the solution of System (4), in a certain class of admissible shapes parametrized
for instance by the elements of A...

We end this subsection with a standard, but essential ingredient for the coming exis-
tence study. The solution of the Stokes problem (4) can be seen as the unique minimizer
of an energy functional j. We recall this fact and its proof for the sake of completeness.

Lemma 1. uq, is the (unique) solution of (4) if, and only if uq, is a solution of

min j(u) = 2,u/ le(u)[>da
Qq
u € Hyio(Q) ={ve[HY QWP |V -v=0inQu,v=0o0n3 and v = (0,0,u9) on E}.
(6)

Proof. Let (up)nen be a minimizing sequence of the optimization problem (6). Notice
that, by virtue of Korn’s inequality combined together with a Poincarés inequality (see
[3]), the standard [H'(£,)]3-norm is equivalent with the norm || - || induced by the inner
product

(.8 = [ <(0):el)a.

where f and g denote two regular vector fields having the same dimension as €.
The sequence (j(up))nen is bounded, and thus, there exists u* € [H'(£,)]? such that

L2(Q HY(Q
U, —(>)u*andun i)u*, as n — 400.

Moreover,
[lu*]|c < liminf |Jugle,
n—-+4oo

which proves the existence of a minimizer. To characterize it, we will use the standard
De Rham’s lemma (see e.g. [33]), stipulating that to take into account the divergence
pointwise constraints, it is enough to work with test functions chosen in the space

V(Q)={w € D(Q,); V-w=0in Q,},



where D(2,) stands for the set of C°°(£2)-functions having compact support in €,. Let
w € V(). One has, by virtue of a well-known intergration by part formula (see later
Formula (31))

J(u* + tw) — j(u¥)

lim = /Qa(u*) ce(w)dx

t—0 t

- _M/Q(Au*—i—V(V-u*))-wdm

The use of De Rham’s lemma proves the existence of p* € L?(£),) such that u* verifies
in the sense of distributions —uAu* + Vp* = 0. The boundary conditions are derived as
usually, using the variational formulation obtained thanks to De Rham’s lemma. O

2.2 An abstract shape existence result in dimension 3

To prove an existence result, we need to make the class of admissible domains precise. We
denote by D the cylindrical box defined by D = {(x1,29,23) € R? | 22 + 23 < R%, 0 <
x3 < L}, with Ryp > 0. Imposing some kind of regularity condition is a very classical
feature in shape optimization, since these problems are often ill-posed, see [1, 14]. We
will consider quasi-open sets included in the string B = {(21,72,23) € R® | 0 < 23 < L}.
Let us recall that a subset 2 C D is said to be quasi-open if there exists a nonincreasing
sequence of open sets (wy, )nen such that
lim cap(w,) =0 and Vn € N, QU w, is an open set,
n—-+00

where cap denotes the standard capacity defined for compact or open sets (see e.g. [4, 14]).
We fix E' C {xz3 = 0}, a disk whose center is crossed by the axis {z; = x5 = 0} and define

O = {Q quasi-open included in D;
Jw € [HY(D)]? with Q = {w # 0}, w|, = (0,0,u) and cap (2N {z3 = L}) #0}.

Theorem 2. The problem

min Jy(Q2) = 2u/ le(ug)|?dx
Q

Neo (7)
Q] < Vo
ugq solution of (4)

has (at least) one solution, whose volume may be chosen equal to Vj.



Proof. Let (2,)nen, be a minimizing sequence. Let us denote by m the infimum. By virtue
of Korn’s inequality combined with a Poincaré like inequality (see [3]), and since all the
admissible domains are contained in a compact set D, we know that u, = ugq,, is bounded
in [H!(D)]? (indeed (ugq, ) is L?-bounded). Consequently, there exists u* € [H'(D)]3 such
that (up) converges to u* up to an extraction, weakly in [H!(D)]3 and strongly in [L?(D)]3.
Using a compactness property of the trace in [L?(E)]3, the condition u = (0,0,uq) is
preserved on E. Then, the quasi-open Q,+ = {u* # 0} belongs to O. Furthermore, since
u* = 0 quasi-everywhere on D\Qyu+, by weak H'-convergence, one has, by Lemma, 6,

/ le(u*)2dz < lim inf/ le(un)?dz = m < /
Q Qn Q

n—-+o00

e(uty, )2z < / e(u*)|2de,

u* u* u*

whence the equality of these quantities.
Let us now prove that cap (Q N{xs = L}) # 0. For that purpose, let us use the fact
that ugq is solution of (4). Integrating the “divergence-free” condition on 2, yields

—/ upds :/ Uz pds.
Supp (uo) Dn{z3=L}

Using the convergence results established previously and a compactness property of the
trace, one get immediately that the above inequality remains valid for u* and hence,
ensures that 2,+ belongs to O.

Finally, thanks to the almost everywhere convergence of the domains, one has also

|Qu+| < liminf |Q,] < V.
n—-+00

Now, if [Qu| = Vp, then Q := Qu- is solution of (7). If |Qyu+| < Vo, we can construct a
quasi-open 2 such that L
Que C O, 0] = Vp.

Thanks to Lemma 1, rewriting the criterion Jy under energetic form
Jo(€) = 2pmin{j(u),u € Han(20)}

shows immediately that Jy is a decreasing function with respect to the inclusion of sets.
By monotonicity of this functional, one has [5|e(ug)|* < [, . [e(ug ,)[?, which ends the
proof. This means that the volume constraint is active. [l

Remark 1. The solution is a priori not unique and we have to set additional “physical”
constraints on the domain to get an acceptable solution from the physical point of view.
That is why we embedded the problem in the class of cylindrical domains so that we may
expect (in particular) uniqueness of the optimal graph. Moreover, the choice of admissible
shapes we will make in next section will simplify the study of the related optimization
problem and to characterize quite precisely the solution.



2.3 Symmetry of solutions for Stokes problems in cylindrical domains

Before regarding the question of the existence for the shape optimization problem with
Stokes constraint, over the set of axisymmetric domains, we need to point out some sym-
metry properties of the solutions of the Stokes system (4). We associate to the classical
cartesian coordinates (x1,x2,x3), the cylindrical coordinates, denoted (r, 6, z), defined by

T2 .
2 arct —_—— f , R_ 0
r=/z?+23, 0= arean <x1+\/x%+x%> if (21, 2) ¢ X 10} and z = z3.

T else

Proposition 1. Let a € Ay. Let us assume that ug only depends on the variable r. Then,
the solution (u,p) of (4) posed on Q, verifies

1. ug and p are functions of the variables r and z.

2. There exists o € H'(D,) such that
up = a(z,r)cosd and uy = a(z,r)sin 6. (8)

Proof. See Section 3.1. O

Let us write us = us(r,z), p = p(r,z) and introduce w = (uz, ) = (wy,wy). As a
direct consequence of the above proposition, System (4) rewrites in cylindrical coordinates

low 1 0 ~ .
_M<AW+FW_ﬁ<w2 >>+Vp:0 in D, (9a)
v-w+%?:0 in D, (9b)
w(0,7) = (up(r),0) a.e r € (0,a(0)) (9c)

(G2 + G wn =0 (-4 2G2) @ =h)  aere ©a(r) ()

0
%(z,O) =0, wa(z,0) =0, w(z,a(z)) =0  aeze(0,L). (%)
,
The details of this computation are given in the proof of Proposition 1, in Section 3.1.
Furthermore, the existence of a solution for such a system is guaranteed by the following

proposition.

Proposition 2. The two dimensional problem (9) has a unique solution (Wa,ps) in
[H'(D,))? x L3(D,), if a € Ase.



Proof. By Theorem 1, Problem (4) has a unique solution (u,p) in [H(Q,)]? x L?(,).
Using the result stated in Proposition 1, we know that the solution (u,p) of (4) writes
u = (wycosf,wysinf,wy) and p = p where (w,p) is solution of (9), which ensures the
existence of a solution to (9). The uniqueness for Problem (9) follows immediately from
the uniqueness of solutions for Problem (4). O

Using these results, it will be useful to rewrite criterion Jy replacing u by (ws cos 0, ws sin 6, wy),
where w is solution of (9). If Q = Q,, with a € A (in a first time), we denote by J(a,w)
the new expression of Jy(£2,). A simple but tedious computation (similar to the one of
Lemma 2) yields

a(z) Ows ws owq 2 Owy  Own 2
Jaw—47r,u// [( ) +r2+<8z> +§<E+W> rdrdz. (10)

In view of the use of shape optimization technics, we need to avoid, as much as possible
to take into account the regularity constraint on the free boundary. That is why we will
state in the next section, an existence result using the variational formulation of (9) after
extending the solution to a fixed compact set.

Remark 2. It may be noticed that solving such a Stokes system is equivalent to inverse
a fourth order elliptic operator, close to the bilaplacian.

Indeed, since D, is a two-dimensional domain, one can introduce the so-called stream
function ¢ (see for instance [33]). Since the divergence-free condition may be rewritten

0 0
a(rwl) + E(rwg) = 0in D,,
we are led to define ¥ by the relations
rw; = —g—lf in D,

rwy = a—f in D,
=0 on D,.

A tedious computation shows that Equations (9a)-(9b) rewrites in terms of the function

(8

1 0%y 0% 1 0y
R - in D, 1
or <7" 37“2) 0z20r 13 Or + 1o (Tﬁ) 0 1n (11)

Py 0 [(10% 10p .
@*5(?&&)‘;5 0 inD (12)

In order to make the pressure term vanish, let us form the equation % (f(n) + %(12).
One get

oM 19% 2 o (3 i)a?’qp 2 oY 20% 40y

ozt T rort T roz20r2  \r2 or3  r20r20r | r3orz ' 15 or

0. (13)



Moreover, since w = 0 on I', 1 satisfies
0
¢:Oand—¢:00nra.
on

2.4 Main result: shape existence in the class of cylindrical domains

In Subsection 2.2, a general shape existence result for three dimensional domains has been
stated. Unfortunately, this result is hardly workable, since the boundary of the quasi open
set 2 may be very irregular (roughly speaking, when the boundary of the domain is locally
represented by the graph of a function which regularity is less than W1# p > 2). In such
a case, there is sometimes possible to define a solution of the Stokes or Navier-Stokes
system, as it is emphasized in [7, 8, 24, 25, 32].

This section is devoted to the setting out of the main shape existence results for
domains enjoying a cylindrical symmetry property. We do not assume any longer that
the free boundary is W™, Let hg : R — R and hy : R — R be two given continuous
functions.

Let us introduce the class of admissible domains U, for p > 2 by

Up = {Da={(20a(2) [0<z<L}[ac Up} (14)
whereU, = {a€ A, | ||d||r <M, ho(a(0)) = hp(a =0}, (15)
and 4, = {a € W"P(0,L)]ap<a(z)<asae z¢€ (O,L)} , (16)

where hg and hjy are chosen to be compatible with the pointwise constraint satisfied by
each element of A,.

It may be noticed that the compact embedding W1?(0, L) < C°([0, L]) for the stan-
dard L*°-topology yields in particular the existence of ap; > ag such that ||al|e < aps for
any a € U,,.

For a given p > 2, we consider the shape optimization problem

min Jo(€2) 17

Qe(’)pl—{(rcosé? rsing,z),Ja € Uy, 0 <r <a(z),0 €T, 0 <z < L}, (17)
where, the criterion Jy(2) denotes the dissipated energy, defined, in the case of a regular
enough domain (2, for instance with Lipschitz boundary, by Equation (5). Nevertheless,
in the case where the boundary is not regular enough, we can define Jy(f2) using Lemma
7 by

Jo(Q) =2u 1nf / le(u)*d.
uc[H'(Q)]3, V-u=0

u= u0 on K
u=0on X

An other way to define Jy(2) consists in defining ug thanks to a weak formulation, well
adapted for the class of axisymmetric domains with respect to the (Oz)-axis. In particular,
since any domain €2 € Ofyl is contained in the fixed compact set

D ={(rcosb,rsinb,z),r € [0,ap],0 € T,z € [0, L]},

10



we have the temptation to write a weak formulation of the Stokes system on D which
lateral boundary is quite regular.

For that purpose, let us define, the Sobolev spaces

HyDa) = {o=(e1,02) € [H D] |V 6+ 22 =00n Dy}, (18)
Hyo(Dy) = {<p = (p1,02) € [H' (D)2 | V- + % =0 on D, and ¢ = 0 on Ty U ra}.

The following result plays a crucial role in the proof of the existence of solutions for the
shape optimization problem (17).

Theorem 3. Let p > 2 and ) € Ofyl, associated with o two-dimensional domain D, in
cylindrical coordinates.

1. Let a € Ap. If wa € Hy(D,) is solution of (9), then, the function w defined by

W — wa in D,
10 in D\D,

verifies

(82(W) eo(z) + wija) rdrdz = 0. (19)

Vz € Hy(D,) N CX (D \Ta), zu/
D

and w =0 on Ty, w = (up,0) on Ty.

2. Conversely, let w € [HY(D))?. If there exist a € A, and wa such that

| wa inD,
W‘{o in D\D,,

and if w verifies (19) for any ¢ € Hg(Dy) NCP(Dy\Iy), then wy is solution of (9).

Proof. See Section 3.2. O

The result stated in Theorem 3 combined with the results of Section 2.3, (in particular
Proposition 1) drives us to consider a new shape optimization problem, over axisymmet-
ric domains, directly deduced from the initial general shape optimization problem (17).
Indeed, let us introduce the problem

min J(a, wa)
W, is solution of (19) (20)
a € Uy,

11



A
w1 =0 D\D,
we =0
] T B ™
gERERas s dwn | Owp
w,(0,7) =0 }* (D, TN AR ) O ) 02
w, (0,7) = to(r) i -pt+ 45, =0
L] )
0 ! ik 2
%( L0)=0, ws(z,0)=

Figure 2: Domains D and D, with boundary conditions

where J(a,w) is defined by (10).
In fact, keeping in mind that it seems better to write all the integrals on the fixed compact
set D, it is possible to extend w, by 0, so that the shape optimization problem becomes

min J(wa)

Wj is solution of (19) (21)
a €U,

B Ows 2 w% owy 2 Owy  Owy 2
J(w)-47w/p[<w> +ﬁ+ B2 + -+ rdrdz. (22)

The following theorem constitutes the main result of this section.

where

Theorem 4. Let p > 2. Problem (21) has (at least) a solution.

Proof. See Section 3.3. O

Note that, in general, we do not have uniqueness of the minimizer in shape optimization
(see e.g. [1, 14]).
Furthermore, for the needs of future numerical computations of the optimal shape, one
can easily forget the pointwise constraint a > ag and replace it by a > 0 a.e. z € (0,L).

12



Indeed, the result stated in Theorem 4 is a bit more general since it may be noticed that,
because of the “divergence-free” constraint, one has for z € (0, L) fixed,

a(2)
/ uo(r)rdr = / wy (r, Z)rdr,
supp(uo) 0

where supp(up) denotes the support of the data ug that is supposed of strictly positive
measure. This identity comes directly from the integration of the “divergence-free” con-
dition on the restriction of the domain 2, between the hyperplane z = 0 and z = Z.
Thus, the optimal graph a cannot vanish because else, the above identity would not be
guaranteed.

3 Proofs

3.1 Proof of Proposition 1

It is assumed that ug only depends on r. The pair (u,p) denotes the unique solution of
System (4). Let £ be the operator
0 0
L=x07— —T1+—
2 31‘1 ! 8.%'2 ’

the partial derivatives being understood in the sense of distributions. This operator stands
actually for the differentiation with respect to the polar angle 8, applied to a function
expressed in cylindrical coordinates. We easily check that

L<6v>:8£(v)+6v L((%):@E(v) v t£<6v> AL (v)

dxy dr1 | Oxs T \dxo dxy  Omy - \ows)  Ows

Let us introduce u = L(u) = (U1, u2,u3) and p = L(p). By applying L to System (4), we
get

( ., Op  Op .
—uA —_— 4+ = = Q
Mu1+%x/l+%x2 0 in Qg
—,uAiZg—i——p——p:O in Q,
8.%'2 %.%’/l
AT+ 22 =0 i Q, (23)
o 9
~ Uy U .
. b e Q,
V-u+ 02y 01 0 in
u=0 onX,UE,
o(4,p) -n= (Vuz)t on S,

-
where (Vuz)t = (—‘g—;g, g—;i’, O> . Notice that the initial hypothesis that ug is a function

of the variable r has been used to obtain the homogeneous Dirichlet boundary condition
for 1 on X, U E,.
Let us now introduce the following new functions:

v1 = U — U9, V2 :ag—i-ul, and v3 = Us.
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Then, System (23) rewrites in terms of v1, va, v3 and D,

—pAv+Vp=0 inQ,
V:-v=0 in Q,

v=0 onX,UEF,
o(v,p) - n=0 on S,

(24)

It is well known (see e.g. [3, 13, 33]) that this system has a unique solution, therefore,
1)1:2}2:2}3:]/?\50.

The fact that L£(us) and L£(p) vanish proves the first point of Proposition 1. We deduce
the existence of u3 and p such that

p(x1,x2,23) = p(2,7) and uz(x1, x2,x3) = ug(z,7) a.e. (x1,22,23) € Qq ,

where (z,r) has been defined by (8). Furthermore, it has been proved that L£(u;) = us
and L(ug) = —uy. Therefore, applying once more the operator £ yields Lo L(uq)+u; =0
and then, there exist two functions o and 3 of the variables » and z, in the space H'(D,)
such that

up = a(z,r)cos @ + [(z,r)sinf and us = a(z,r)sin @ — 5(z,r) cos 6.

To end the proof, it remains to prove that the function 3 vanishes identically. For that
purpose, let us write down the partial differential equations satisfied by « and 3. Using
standard change of variable formula, we get for almost every 6 € (0,27) and (z,r) €

(0,a(2)) > (0, L),

Pa 10a o 0%« op 9?3 108 [ 0?8\ .
0—pu 0=

)cos@—l——cos 5t~ 5+t55 )sin

—H ar2 " ror r2 ' 922 or or2  ror r 072
Pa 10a o 0% . op . o*6 198 B 9B\ .
—“<W ror 2 w)sm“asm“ﬂ(W*W‘ﬁ*@)sme—’

which formally yields
Pa 10a a 0O« op
or2  ror r2 0922 or
0?6 108 B 08

- P — —_— = 1 D 2
Or? +7°87" r2 + 022 0 M “a (26)

The divergence condition rewrites

a Oa  Oug .
?+E+5_01HDQ (27)

Now, let us precise the boundary conditions on o and S.

e u=_0on X, provides

a(z,a(z)) = B(z,a(z)) = us(z,a(z)) =0, ae. z€ (0,L).
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e u=(0,0,up) on E, provides
OZ(O,T‘) = B(O’T) =0, ﬂ3(05’r) = uO(T)’ a.e. 1€ (O’G(O))

e o(u,p) -n=0on S, provides

0 ou 0 - ou
O L)+ 28wy = Py =0, — 5t 2P (Lr) =0, ne. e (0,a(L).
e Furthermore, in order to obtain a well-posed system on « and (3, we have to add
a transmission boundary condition, directly coming from the symmetry property
proved previously, without any additional regularity assumption on u, that is
o
%(Z,O) =0, ae z€(0,L),

obtained by writing that for almost every z3 € (0, L), (21, 72) such that 22 + 23 < e,
e > 0, one has us(x1,x9,23) = ug(—x1,22,r3), and making an Taylor expansion
with respect to 21 and xo at the first order. Similarly,

Oa o B
E(z,O) = E(Z,O) =0, a.e. z€(0,L),

Moreover, using the divergence condition (27), we get, by making r tend to zero,

a(z,0) =0, ae. z€ (0,L).

Now, let us prove that § = 0. Let us recall that, according to the previous analysis, 3 is
solution of

AB+1%—%:OinDa

B a(=)) = 0. ae. = € (0, D) (0,7) =0 ac. r € (0,0(0),
—ﬁ(L,’I“) =0ae. 7€ (0,a(L)), 8—5(27,0) =0 a.e. z€(0,L).

0z
Let us multiply (26) by 723, and then integrate by parts, we get
0
0 :/ (AB) (r’B)drdz +/ rﬁ—ﬁdrdz - BFdrdz
. D, Or Da

:—/ r2|Vﬂ|2drdz—/ rﬁa—ﬁdrdz— B*drdz
Da Da 67‘

Da

1
= —/ r?|VB)? drdz — = B2drdz.
o 2 Jp,

Hence,
o 9B
= —= — = 0
b 0z Or
Finally, the solution (u,p) of System (4) verifies
up = a(z,r)cos O, ug = a(z,r)sin b, us = us(z,r),p = p(z,r), (28)
and according to the previous analysis, by setting w = (u3,«) = (w1, wz), we prove

moreover that w is solution of the two dimensional system (9).
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3.2 Proof of Theorem 3

Let us begin with an integration by parts formula, adapted for the special case of the
Stokes operator defined on domains having a cylindrical symmetry.

Lemma 2. Let a € WYP(0,L), with p > 2, and w be a H? vector field defined on the
domain D,. Let us assume that w verifies the “divergence-free condition for cylindrical
domains”, that is

% + = 19 (
dz ' ror
Then for any z € [H'(D,)]?, one has

rwy) =0 a.e. (r,z) € D,. (29)

2/ <€2(W) te9(z) + 522> rdrdz = —/ Lw - zrdrdz + 2/ go(w) -n-zdo, (30)
Da 0

a D(l

where

o so(w) = % (Vw + [V ), and Vw denotes the jacobian matrixz with respect to the
vamables (z,7);

0 0
'L=A+%—%<01>L

e do is the surface measure associated with the measure rdrdz.

Proof. A direct way may be used to prove this identity. Nevertheless, we decided here to
use the well known identity (see e.g. [3])

V(u,v) € [H*(Q))?, / g(u) :e(v)de = —/ (Au+V (V-u)) - vde +/ g(u) -n - vds,
Q Q o0N
(31)
where € is a bounded regular (for instance Lipschitz) domain of R3. We will rewrite
this formula in the particular case where 2 = Q, and there exist (a,u3) and (v,73) in
[H?(D,)]? such that

u = (a(r,z)cos 0, a(r,z)sin0,u3) " and v = (y(r, z) cos 0, y(r, z) sin 0, T3) " .

Nevertheless, we have to pay a bit attention to the regularity of the boundary of ,,
and more precisely to ¥,. Indeed, since a € WHP(0,L) with p > 2, a is a priori not
Lipschitz. The only restriction on the function a for writing the above formula lies in the
fact that we must define the normal vector n almost everywhere on the boundary ¥, and
the boundary integrals must exist. In fact, this formula remains true in our case. Indeed,
one easily check

1 cos 6

n—-— —— sin 0 on X,.
14 a?(2) —d/(2)
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Now, z \/ﬁ belongs to L>°(0,L) while z + a/(z) belongs to L?(0,L), since

a € WHP(0, L) with p > 2. Therefore, n is defined almost everywhere on ¥, and belongs
to L?(X,). Hence, the boundary integral in the previous integration by part formula is
well defined, as a product of three functions in L?(3,), thanks to the usual trace theorems.

Now, one easily computes

. %% B Haa sin? @ 2997 | sin? 0
or dxr or @p s r )
Oug Ove B da. cos?6 cos? 0
.Bya ( 93 a><81n9T+ -
Ous vy _ 0 90y
0z 0z 0z 0z
ou;  Ous Ovy 8@2 oa 1 oy 1
.<8y+8x>< ) 4 cos? 051119(0?_7“&)(37“_7")'
8U1 8U3 8?}1 8?}3 . Ja 3&3 3’}’ (7173
<3_+%>< )— < *m)(&*ﬁ
Ous  Ous dua  Ouz\ . o, (0a Juz Oy  0Ouvs
.<Bz+8y><az+8y>_sme 9z " or 2 " ar )
Now, since

2w 2w 37 2w T 2w 2w
/ cos? df = / sin*0dg = —, / cos? Osin® 0dh = —, / cos? 0df = / sin® 0df = =,
0 0 47 Jo 4" Jo 0
3&3 863 Ja
a_a_> * <a_ *

it comes
oady 1
o ==L 4 -
7T/D [ <37°8 + 2 ay +

/ e(u) : e(v)de
= 27T/a (62(W) e2(z) + %cw) rdrdz,

a

where w = (U3,) " and z = (U3,7) . Using the new notation we get

/ () e(v)dr = 27 / a <€g(w) : ea(2) + 712w222> rdrds.

Similarly, using the well known expression of the Laplace operator in polar coordinates
permits to recover easily the right hand term in Equation (30).
Now, let us make the boundary integrals precise. Noticing that n = (n, cos@,n,sinf,n,),
we show that

(32)

cos Ha—anr + 5 Lcosh <g‘;‘ + 8u3> T,

e(u) -n= 51n9—nr—|— 251119(‘?)2‘ + 8u3>n2 ,
<8z + 8u3> ny + aauzsnz
driving easily to the boundary expression in the right hand side of (30). O

17
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The following proposition is the key point of the proof of Theorem 3.

Proposition 3. Let w € Hy(D,) be solution of Problem (9). Then, one has

Vz € Hq0(Da), 2,u/ <€2(W) ea(z) + w;222> rdrdz = 0. (33)

a

Conversely, if w € Hq(D,) verifies Relation (33) and if w =0 on Iy, and w = (ug,0) on
Ty, then w is the unique solution of Problem (9).

Proof. Let us multiply the first equation of (9) by z and then integrate by part, using the
identity stated in Lemma 2. Since

_ o\ a(l) a(0)
Vp - zrdrdz = —/ (V “Z+ 7) prdrdz + / P21 |p=r rdr — / D21 |z=r rdr,
D, a 0 0

we obtain
2,u/ <62(W) cea(z) + w22272> rdrdz
Da r
a(L) a(0)
+2u/ 82(W)'D'Z—/ D21 |2=L rdr—i—/ D21 |z=r rdr =0,
9Da 0 0
which proves that (33) is verified. The converse sense is immediate. g

We are now in position to end the proof of Theorem 3. It remains to extend the
variational formulation (33) to D and to prove the well-posed character of this problem.
For any function w, defined on D,, we denote by w, the extension of w, by 0 in D, that
is

. = w, on D,
10 onD\D,

Let A be the bilinear form defined on [Hy(D)]? by

W22

(62(w) 1e9(z) + 2 ) rdrdz (34)

A(w,2) = 251 /

D

and L the identically zero linear form defined on Hy(D), so that we are interested in the
solution of

A(w,z) = L(z),

18



where w and z are chosen as in the statement of Theorem 3.

Existence and uniqueness of a solution for the variational formulation (19) come from
a direct application of Lax-Milgram’s Theorem, using Korn’s inequality on D to get the
ellipticity of A (see e.g. [15]).

To conclude, let us say one word on the fact that no boundary condition on I'y, has been
specified in the space Hqo(D,), where the tests functions z live. In fact, it is useless. To
be convinced, a possibility consists in considering, instead of the domain D,, the domain
ﬁ, which is the union of D, with its symmetric with respect to the axis {r = 0}. Hence,
all the previous reasoning hold and the same conclusions follow when D, is replaced by
this domain. In particular, on €2, simple arguments on symmetry of solutions of partial
differential equations permit to prove that w is symmetric with respect to the axis {r = 0},
which yields in particular that

aW‘Da
on |r

and this is the natural boundary condition to impose. Mathematically, the good way
consists in writing the variational formulation with functions living in 2, but with a slight
abuse of notations, it seemed to us clearer to consider functions living in D,,.

=0,

b

3.3 Proof of Theorem 4

Let (an)nen be a minimizing sequence. (an)nen is bounded in W1#(0, L) and then, con-
verges weakly in W1P(0, L), strongly in L>(0,L) to a € U, because of the compactness
of the embedding W'P(0, L) < L>(0,L), for p > 1, and of the fact that hg and hy,
are continuous real functions. Let us denote by wy, the weak solution of Problem (9) in
D,, = D,,,. Now, let us recall that, because of Korn’s inequality applied on D, the norms
H!, H} and || - || are equivalent (see for instance [3, 15]). Therefore J is coercive. As
(J(Wn))nen is bounded ((Wn)nen is a minimizing sequence), then the sequence (Wn)nen
is bounded in H'(D) and then converges weakly to some w in H!(D). The whole problem
consists in showing that w vanishes on D\D, and that its restriction on D, is solution of
(9) in D,.

Let us show that w = 0 on D\D,,. Let ¢ > 0. As a consequence of the uniform convergence
of a, to a, one can find n. > 0 such that

Vn > ne,Vz € [0, L], an(z) < a(z) + e

Let z € [0, L] and r € [a(2)+¢€, ap]. For any n > n., (z,r) € D\D,, and then, wy(z,7) = 0.
Since wy(z,r) converges to w(z,r) almost everywhere, it comes

Ve > 0,Vz € [0, L),Vr € [a(2) + €, anr], W(z,7) =0.

Making e tend to 0 yields w = 0 on D\D,. Since the divergence condition is preserved, it
is easy to see that w = w|p, belongs to Hy(D,). Moreover, the same reasoning holds too
for the Dirichlet condition and one has w = (ug,0) on I'y.

It remains now to prove that w satisfies the variational formulation (19). Let us consider
a test function z with compact support “below” I', and arbitrarily close to I'y. Thanks
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to the L* convergence of a,, to a, one can find n. such that the support of z lies below
Iy, =T, for any n > n. (see figure below).

A

D\D,

Figure 3: Choice of test functions

Let us write (19) for such a n > n.:

Wan 22

2,u/D <€2(Wn) e9(z) + > rdrdz = 0.

r2

Using that the norms H} and || . are equivalent, and the fact that wy, converges weakly-
H'(D) and strongly-L?(D) to w, one deduces

Wo22

Won 22 ~
/D <€2(wn) tea(z) + 2 > rdrdz — A <€g(w) s e9(z) + 2 ) rdrdz.

In other words,

Vz € Hy(Dy) NC°(Do\Ta), QM/ <€2(W) 1 e2(z) + w;zg) rdrdz = 0.

a

and w =0 on I'y, W = (up,0) on I'g. The conclusion follows, applying Theorem 3.

4 Qualitative and quantitative properties of the optimum

4.1 General optimization framework (Problem (7))

We are now in position to define the derivative of the functional Jy with respect to the
shape . In this section, let us assume that  has a Lipschitz boundary, to ensure the
differentiability of Jy at 2. Let us consider a regular vector field V : R? — R3 with compact
support inside the strip {0 < xz3 < L}. For t small enough, we define Q; = (I +tV)Q,
the image of Q by a perturbation of identity and f(t) = Jo(€2). We recall that the shape
derivative of Jy at Q exists (already mentioned in [10, 17, 18, 15, 26, 29]) and is f’(0).
We will denote it by dJy(€2; V). To compute it, we first need to compute the derivative of
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the state equation, using the classical results on shape derivatives (see [14, 27, 31]). The
material derivative of (u,p) denoted (1, p) is the solution of the following linear system,

—pAua+Vp=0 inQ,

V-u=0 in Q,
u=-22(V.n) on¥x, (35)

u=0 onFE,

o(a,p) - n=0 onS,.

The shape derivative with respect to the domain is classically given by the formula

dJo(©; V) = 4,u/

g(a) : e(u)dxr + / le(u)|*(V - n)ds. (36)
Q

o0N

In general , it is more convenient to work with another expression of the shape deriva-
tive and to write it as a distribution with support ¥ = 9Q\(E U S). For that purpose,
we need in general to introduce an adjoint state. Nevertheless, the Stokes operator is
self-adjoint and we will show that the adjoint problem of (4) is the same.

Proposition 4. Let Q2 € O, a domain with Lipschitz boundary. Then, the criterion Jy is
shape-differentiable at € and one has

dJo(Q; V) = —2u /aQ le(u)[*(V - n)ds. (37)

As a consequence, the first order optimality conditions for Problem (7) write

Q solution of Problem (7) with Lipschitz boundary = |e(u)|* = constant on X.  (38)

Proof. The differentiability has been already studied, as mentioned above. Let us now
prove (37). Let us multiply Equation (4) by u and then integrate by part. We get

2;1/95(1’1) re(u)der = /asz o(u,p)n - uds.

Ou Ou
= /Epn- %(V ‘n)ds — 2M/Es(u)n- %(V -mn)ds.

Since u is “divergence-free” and vanishes on ¥, we have on this boundary

0 .
o 3, -n=0;

e s(u)n- g—z = le(u)|?.
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These remarks permit immediately to recover the expression of the shape derivative
of Jy given in (37) using in particular (36). Now let us write the first order optimality
conditions. Because of the volume constraint, there exists a Lagrange multiplier A € R
such that

2 =— -n)ds.
—QM/BQ\a(u)] (V-n)ds = QM)\/Z(V )d

The first order optimality conditions (38) follow. O

In the case where the two disks F and S have the same radius R > 0, the prescribed
volume is equal to the one of the finite cylinder between the two disks £ and S, h is chosen
so that the standard Poiseuille flow! solves (4) and if we assume that the flow at the inlet
FE is parabolic, one could naturally think that the cylinder solves the shape optimization
problem (7). Indeed, in this case, one has for ¢ < 0

ug = c(x? + 3 — R?), e(u) = 0 0 cxo |, |e()?=22R* onT.
cr1 cra O

The first order optimality conditions (38) are then verified. Nevertheless, the cylinder is
not optimal for this particular choice of h as emphasizes [16, Theorem 2.5]. Furthermore,
let us notice that the optimal domain €2 is solution of an overdetermined system, that is

( —pAu+Vp=0 in
V-u=0 in

u=0 on X

le(u)|? = constant on ¥
u=ug onkF
o(u,p) - n=h onS.

\

The question of the determination of Q (or some qualitative properties of €2) is very linked
to the question of the unique continuation property for the Stokes system. Indeed, the
optimal domain ) satisfies a Cauchy system near the “free boundary” 3. It may be noticed
that, in dimension two, a positive answer were given in [28], but for generic domains only.

4.2 Shape derivative for the axisymmetric problem (21) in the case p €
[2, +-o0]

Let us define the derivative of the functional J with respect to the shape represented by
a. It is well known [1, 14] that assuming a € A, ensures the differentiability of J at wa.
Let us recall we have proved in Theorem 3 a (weak) existence result for a € A,, and

!The Poiseuille flow is such that u = (0,0, uo(r)) a.e. (z,7) € (0, L) x (0, Ro) and p is an affine function
of the variable z.

22



that the integration by part formula stated in Lemma 2 remains valid for such functions,
since we are able to define a normal vector almost everywhere on I',. Let us consider
da € Wc1 ?(0, L), a perturbation of a with compact support, support which does not meet
neither {z = 0} nor {# = L}. For ¢ small enough, we define a; = a + tda, the image
of a by a perturbation of the identity and f(t) = J(wa,). We recall that the shape
derivative of J at w, exists and is f/(0). In what follows, we will prefer the notation J(a)
to designate the criterion J(w,); similarly f’(0) will be denoted (with a slight abuse of
notations) d.J(a;da). Let us first define the derivative of the state equation, using the
classical calculus of variation results. The material derivative of (wq,p) denoted (W, p) is
the solution of the linear system, written under variational formulation
— : W22
Vz € Hy(D,) NCZ (D \Ia), QM/ <€2(w) :e9(z) + 2 > rdrdz =0, (39)

a

5 being the Lagrange mutiplier associated with the pointwise “divergence-free” constraint
and

0 a
W= alz) ow on I'y, w = (0,0) on I'y.

1+ a?(z) On
Indeed, coming back to the three dimensional representation of our shape optimization
problem, following the notations summed up at the left hand side of Figure 1, that is easy
to see that on X,

1 cos 6
n—= —— sin @ ,

\/1—{—&/2(2) —a'(z)
and the perturbation field applied at any point of the boundary X, is

da cos b
V = dasin b
0

It is very common in Shape Optimization to differentiate a Dirichlet boundary condition
with respect to the domain, and one has

B ow,

on

providing the expected result. Using relation (32), we claim that the shape derivative with
respect to the domain is given by the formula

(V-n)onT,,

W =

dJ(a;da) = 87w/ [EQ(VV) te9(Wy) + wQ:;a’Z] rdrdz + 47T,u/ leo(wa) > (Va2 - ng)do

a

Ta

= 87r,u/ g2(Wq)ng - wdo + 47T,u/ |eo(Wa)|> (V2 - ng)do,
0D,

a

where

e () e (et )
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and do stands for the curvilinear measure on I'y, that is do = /1 + a’?(z)dz.
Now, since w = —%‘Zf‘ (V2 -n2) and e2(w,)ng - 65::\ = |ea(w,)[? (due to the fact that

Wa vanishes on I'y), one gets

dJ(a;da) = —47w/ lea(Wa)|? (V2 - ng)do.

a

To rewrite this shape derivative as an integral with respect to the variable z, we use the
previous expressions of Vg and no.This is done in the following proposition.

Proposition 5. Let a € A,. Then, the criterion J is shape-differentiable at wa and one
has

L
dJ(a;da) = —47T,u/ leo(Wa)|26a(z)dz. (40)
0
We derive immediately the associated necessary first order optimality conditions.

Corollary 1. Let a* € A, be the optimal solution to problem (21). Then, for any a € U,
L
/ lea(Was )2 (a(z) — a*(z))dz < 0. (41)
0

4.3 Explicit solution of Problem (21)

This section is devoted to the proof of a useful property of the criterion J, that will
appear essential to explore the necessary first order optimality conditions for Problem
(21). In particular, we will give the explicit solution of this optimization problem in the
case hg = hy, = 0 where no condition is imposed on the inlet and outlet.
For that purpose, let us define the order relation < for two elements of the set A,
p € [2,4+00], by
axb<a(z) <b(z), ae. z€(0,L).

Proposition 6. The criterion a € A, — J(a) is a strictly decreasing function with respect
to the order relation <.

Proof. The fact that J is monotone decreasing is easy to see. It suffices to adapt the end
of the proof of Theorem 2, noticing that

w2
J —9 . 20 221 pdrd
(e) “wer,lff(m/a ['62(“’)' " TQ] e

where Hs 4iv(D,) = {w € [HY(D,))? | w verifies (29), wy, = (uo,0) and w,, = O}. The
monotonicity of J follows then from the inclusion of the Sobolev spaces: a < b =
Hj 4iv(Da) C Hagiv(Dp).
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It remains to prove the strict character of the decreasing property for J. Let us argue
by contradiction, considering a € A, and assuming that there exists b € A, such that
a < band J(b) = J(a). Let us denote by w, the unique (see Theorem 2) minimizer that
realizes J(a) and by wy, the unique minimizer that realizes J(b). We will again designate
by w, the extension by O of this function to the whole domain D,. In particular, it is
easy to see that this extension by continuity belongs to H'(Djy) and verifies again (29).
Hence, because of the uniqueness of the minimizer (underlined in Theorem 2), necessarily
W, = Wp. It implies that at the same time, the minimizer wy is solution of a Stokes
system and vanishes in an open ball included in Dy\D,. By virtue of the analyticity of the
Stokes operator (see for instance [20]), this is absurd, and one deduces that the inequality
between J(a) and J(b) is strict. O

A direct consequence of Proposition 6 is the fact that our shape optimization problem with
Stokes constraints rewrites as a purely geometrical problem. As a result, we immediately
deduce from this result the following corollary.

Corollary 2. In the case hg = hy, = 0, the optimal solution of Problem (21) is
a* =a.
Proof. Proposition 6 yields that the unique solution to

{ max J(a)

ac A,

is a* = a;. Since a* is feasible for Problem (21), the conclusion follows. 0

Let us now investigate the case where p € [2,4+00] and the inlet and outlet are pre-
scribed as follows
ho(z) =z —ag and hp(z) = x — ag, (42)

with (@g,a1) € (ag,a1)?. So far, the cylinder is not the optimal shape any longer [16]. It
may be noticed that taking into account some inequalities constraint of the kind hg(a(0)) <
0 and hr(a(L)) < 0 would be very easy since, because of Proposition 6, these constraints
would be reached, so that we would be led to study the case we investigate now. Notice
that, since a is a non negative function, find the maximal element in a given class for
the order relation < is equivalent for instance to the maximization of the L' norm of a.
Therefore, a* solving Problem (21) is in fact solution of

L
max/ a(z)dz
0

a e Wl’p((), L) (43)
|d'|l, < M and ag < a(z) < ay ae. z € (0,L)
a(0) =ag and a(L) = ag.

25



Because of the simplicity of this new geometrical problem, we are in position to give a
quasi-explicit expression of its solution a* in the case p < +o00 and the explicit expression
of a* in the case p = +oo.

Theorem 5. Let hy and hy, given by (42).

1. Case p < +00. Problem (21) has a unique solution a* that is the solution of Problem
(43). Moreover,

o There exists (21,22) € [0,L)?, 21 < 22 such that a* is strictly monotone in-
creasing and concave on (0,z1), constant equal to ay; on (z1,z2) and strictly
monotone decreasing and convex on (z2,L).

e One has ||a*'||, = M.

o There exists (m,c1,c2) € RY such that

_b_
a_0+m<(z+cl)%—cf_1> if z € (0,21)

a'(z) =4 a if z € (21, 22)

ﬁ%—m(cg_l—(z—L—l—cQ)z’pl) if z € (22,L).

2. Case p = +00. Problem (21) has a unique solution a* that is the solution of Problem
(43). More precisely:

(a) Case min(ag,ay) > a; — LM. The solution a* is defined by

Mz +ag if z € (0, 95™) B
a’(z) = @ if 2 € (e, L — Spt)
—~M(z—L)+ar ifze (L—4g5EL).

(b) Case min(ag,ay) < a; — LM. The solution a* is defined by

== ; ai—agt+ML
a*(z):{ Mz +ag B Z,fze((i—’,a—f%L )
—~M(z—L)+ar ifze (9=3-EL).

Proof. 1. Case p < +o00. This proof will be detailed into several steps. Let us recall
that the admissible set is convex and is denoted 4.

e Step 1: existence of a solution a*.
Let (an)nen be a maximizing sequence for Problem (43). (an)nen is uniformly
bounded in W1P(0, L) because of the L>-constraint on a and the LP-constraint
on a’. Therefore, there exists a* such that, up to an extraction,

L*(0,L)

wLr(0,L)
a, — ~a anda,

a® as n — +o0.
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)

a0)

Figure 4: Possible profiles of the optimum a*: for p = 2 (continuous line) and for p = +o0
(dashed line)

Furthermore, the weak-W P convergence of (a,)nen to a* implies

la*"|l, < liminf [, < M.

This yields that (J(ay))nen converges to J(a*) as n — +oo and that a* belongs
to Up. The existence follows.

o Step 2: the constraint “|a*'||, < M7 is reached.
Let n > 0, small enough. Since a* is continuous, and since a*(0) = ag < ay,
there exists an open subset w on which ag+ 7 < a*(z) < a1 —n a.e. z € w. Let
us argue by contradiction, assuming that the constraint “|la*'||, < M” is not
active. For any admissible perturbation da with compact support included in w
(the existence of such perturbations da is obvious), one can write the first order
optimality condition. One has for k > 0 small enough, F'(a* + kda) > F(a*),
where F(a*) = fOL a*(z)dz. Dividing the previous inequality by x and making
Kk go to zero yields
dF(a*;da) > 0.

Furthermore, if k is small enough, the perturbation a — xda is also admissible
and the same reasoning as before proves that the derivative of F' at a* in
direction da vanishes so that

/w sa(z)dz = 0.

Any choice of admissible da with nonzero mean provides a contradiction.
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e Step 3: the optimum a* is unique.
The reason of this uniqueness comes from the fact that the convex functional
F' defined on U, is strictly locally convex around the optimum a*. Indeed, let
us assume the existence of two elements a; and as of U, such that

max F'(a) = F(a1) = F(a2).

a€Uy,
Because of the linearity of F, for any ¢ € (0,1) the function a; = ta;+(1—t)as is
also a solution of Problem (43). As a consequence of Step 2, we necessarily have
laillp = MP, ie. |[ta}+(1—t)a5|[p = MP. Moreover, t||a} |5+ (1—t)[la5|[p = MP,
and since p > 2, x +— 2P is strictly convex on R;. Hence, a; = as providing the
expected result.

e Step 4: profile of the optimum a*.
Let us notice that the number of connected components of the set {a = a1}
is, at most equal to 1. Indeed, assume that the set {a* = a1} has two disjoint
connected components wy and we, and that there exists a set of nonzero measure
between these two sets on which a < a; — n for a given n > 0 small enough.
Let us denote by w the convex hull of w; and ws. That is easy to see that we
strictly improve the criterion F replacing a* by @ such that

N oa ifzew
a(z)_{a*(z) if 2 ¢ ©,

in other words, F'(a) > F(a*), which contradicts the optimality of a*. As a
consequence, there exists (z1,22) € [0, L], 21 < 29 such that a* constant equal
to aj on (z1,22) and a* < a; on [0, L]\[z1, 22].

Let us now prove that a* is monotone increasing on (0,z1). We denote by
az‘o’%), the restriction of a* on (0, z;). For that purpose, let us introduce a’, the
monotone increasing rearrangement of aEKO’zl), that is defined by

Vz € (0,2), a'(z — 2) = inf{t € R, m(t) < z},

where m denotes the distribution function of az‘o )7 iee. m:teR— |{az‘0 2 >

t}| (see for instance [19, 14]). Notice that, since afy, .,y belongs to WP on the

connected set (0,2;), then this is also the case for a’. By virtue of Polya’s
inequality, ||aZ/Hp < Hcf(*o zl)IHP < M and because of the equimeasurability prop-

erty of the monotone rearrangement, [, a’(z)dz = [; a*(z)dz. Denoting again
by a' the extension of the function a’ to (0, L) verifying a* = a* on (z1, L), it
follows from the previous remarks that a’ and a’ both realize the maximum of
F over the set U,. This is in contradiction with the uniqueness result of Step
3, whence the conclusion. An adaptation of the previous reasoning proves that

a* is monotone decreasing on (zz, L).
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e Step 5: first order optimality conditions.
Because of the previous conclusions, one can choose n > 0 and w C (0, 21),
open, such that for any z € w, ag + 7 < a*(z) < a1 —n. Since the global
LP-constraint is attained at the optimum, the first order optimality conditions
yield in particular the existence of a Lagrange multiplier A > 02 such that

Véa € WHP(w), /5a(z)dz = —)\p/(a*')p_l(z)(éa)'(z)dz,

where Wi ?(w) denotes the set of functions living in the Sobolev space W2(0, L),
with compact support included in w. Now, let x1 and zo be two elements of
w, € > 0 small enough and let us consider particular perturbations da with
support (x1,x2) such that

x—x ifz€ (x1,21+¢€)
da(z) =X ¢ if z € (x1 +¢e,29 —¢)
xg—x if z € (x9 — &, x9).

Hence, we clearly have (da)'(2) = X[z, 014¢] = X[za,eate]- Lhe optimality condi-
tion rewrites then

e(xg —xy —€) = Ap (/[ y (a*')P~1(2)dz — /[ . ](a*/)p—l(z)dz> .

Let us divide this identity by € and then, make € tend to 0. The Lebesgue’s
density theorem yields

(a*)P~H(@2) = (a™)P~H(z1) = Ap(x2 — 21).

Since x1 and x4 are chosen arbitrarily, this identity implies obviously that A # 0,
that a*’ cannot vanish on (0, z1), that a*’ is a monotone decreasing function,
so that a* is concave on (0, z1), that a*' is differentiable on (0, 21) and that

1

(p— 1)a*”(z)(a*/(z))p_2 = » z € (0,21).

Notice that one can establish in the same way that

1
—(p—Da*"(2)(=a"(2)"? = —, z € (2, ).
Ap
Now, the expressions given in the statement of the theorem follows directly
from the integration of these two differential equations. These computations
are a bit tedious but easy and are left to the reader.

2\ is associated with the global inequality constraint on @’ (that is in fact an equality constraint),
whence its sign
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2. Case p = +o0o. The existence of a solution a* follows from a direct adaptation
of the previous case. The case “p = +00” can been studied by a geometrical way.
Indeed, let us assume that there exists a nonzero measure subset of (0, L) on which
the constraints |a'| < M and a < ay are not active. Hence, it is easy to see that one
can find a perturbation da with compact support in w such that |(a+da)’| < M on w
and fOL(a(z) +da(z))dz > fOL a(z)dz. It proves that (0,L) = {a = a1} U{|d/| = M}.
The same argument as in the previous case proves that the number of connected
components of the set {a = a;} is at most 1. Therefore, there exists (21, 22) € [0, L]?,
z1 < 2o such that a* is affine increasing on (0, z1), constant equal to a; on (21, 22)
and affine decreasing on (22, L). The end of the proof is a direct calculus.

0

Remark 3. Unfortunately, we are not in position to give an explicit expression of the
constants that appear in the expression of a* given in the first case of Theorem 5, since
these constants are solutions of strongly nonlinear equations resulting from the fact that
a* belongs to U, and from the quasi-explicit expression of a* given in this theorem.

Remark 4. Role of the global or pointwise constraint on a’. If one forgets the constraint
on a' in Problem (43), we claim that there does not exist a solution anymore. Neverthe-
less, there exists a maximizing sequence (a,)nen such that (J(ay))nen converges to Lay,
although a,,(0) = @g and a,, (L) = ar. Indeed, let us denote by ¢ : [0, 1] — [0, 1], the Cantor
function, also referred to as the Devil’s staircase. Let us recall that ¢ is continuous, but
not absolutely continuous and has zero derivative almost everywhere. Now, considering
as minimizing sequence

ao + (a1 — ag)e(nz) if z € (0,1/n)
VneN, a,(z) =< a; if ze (1/n,L —1/n)
a1+ (a1 —ay)e(n(L —2)) ifze(L—1/n,L),

that is easy to verify the convergence result mentioned above.

In [16] was investigated the question of the optimality of the cylinder, with a volume
equality constraint on set of admissible domains and a negative answer was given. Intu-
itively and from a physical point of view, an explanation of this non optimality comes from
the fact that the considered shape optimization problem was too constrained. Indeed, not
only the volume of the admissible domains was prescribed, but also some particular “out-
let pressure conditions”, that strongly influenced the optimal shape. In Problem (21), the
situation is quite different, since only global W P-conditions on a and LP-conditions on a’
are imposed, that only provides an upper bound on the volume of the admissible domains.
In the following section, we wonder, a bit as in [16], what become the optimal graph of the
function a* with an additional area constraint forbidding the situations described above,
M being a positive arbitrarily large constant.
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4.4 Problem (21) with an additional area constraint

Let us introduce the functional Vol® defined by for any a € A, by

L
Vol(a):/O a(z)dz.

The quantity Vol(a) stands for the total measure of the two dimensional domain D,.
Let Vo > Lag. We consider the new optimization problem

min J(a)
a €U, (44)
Vol(a) = Vj.

If we had considered, instead of Problem (44), Problem (21) with an inequality constraint
on the volume, we would have obtained the same solutions since, by virtue of Proposition
6, the constraint is necessarily reached at the optimum.

Since the functional Vol is obviously continuous for the usual strong L>°(0, L)-topology,
we derive from Theorem 4 the following corollary.

Corollary 3. Let p € [2,400]. Problem (44) has (at least) a solution a*.

Finally, let us notice that the main result of [16] yields a non trivial information on the
solution of Problem (44) for a particular choice of boundary condition at the outlet that
does unfortunately not apply in our case. Indeed, a condition of the kind o3(w,p)n = h
with h = (—py,2ur) is considered,in [16] so that the standard Poiseuille flow solves System
(9) whereas in our case, h = (0,0) and the analytic expressions of the flow w and the pres-
sure p are not known.We are all the same in position to prove a similar theorem in our case.

Theorem 6. Let p € [2,+00]. Assume that a(0) = a(L), Vo = La*(0) and u)(a(0)) # 0
(this is in particular the case if ug is a parabolic pair function of r). Then, the constant
function a = a(0) does not solve Problem (44).

Proof. Let us set Ry = a(0) = a(L) and a the constant solution equal everywhere to Ry.
We will argue by contradiction, assuming that the constant function a = Ry solves the
shape optimization problem (44). First notice that the first order optimality condition

writes |eo(W)|? = constant on I',. Because of the divergence condition, %Ir = %Ir =

3The so-called volume constraint is in fact an area constraint since we reduced the 3D problem to a
2D-one thanks to the symmetry. However, we use the same terminology to keep in mind that the problem
is generically 3D.
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_8521 I, = 0. Therefore, the first order optimality condition leads to the existence of a

constant ¢ € R such that

% =¢on I,
Let us consider the three dimensional Stokes system (4), before taking into account the
symmetry of the solutions and rewriting this system into (9) (this point of view appears
simpler for the following manipulation). Then, applying the divergence operator to the
main equation proves that the pressure p is a harmonic function. Integrating the laplacian

of p on the domain €2, leads to the relation
Ip

= —=0. 4
[ e =0 (45)

Using the symmetry of the function p underlined in Proposition 1, this implies
/ op [ Op
T 0z N r. aZ'

Indeed, from the cylindrical symmetry underlined in Proposition 1 and from (45), fFo % +

0z
solution yields

fFa % = fFL 9 Let r go to Ry in the partial differential equation of (9) which w; is

T
wor|r, -~ Or? Ite

since wy vanishes on I'; so that all the derivatives of we with respect to z vanish on I', and
we have already seen that % = 0. Now, differentiating the “divergence-free” condition

™ I,
with respect to r and making r — Ry yields
0w
Z 2,
or? |r,

since the function % remains constant on I';, (optimality condition).
The end of the proof consists in computing each integral fFo %, fFL %, which will lead
to a contradiction since we will obtain two different values.
. ) 95
o Computation of the integral fFo &=
Let us differentiate the “divergence-free” relation with respect to z. We get
0w 10 [ ow
Puy (10 (0w _
022 ror 0z
Let us now consider the partial differential equation in wy and integrate it on I'y.
Using the last above identity, we obtain

A L N
© Jr, 0z o Iy L7 Or or 022
[ (2w 2w
- or 0z 0
6w2

= Rou'(Ro) — ROE(Oa Ry).
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Using the fact that the partial differential equation in w; is set on a very regular
domain (a rectangle), one has

811)2 811)2
—(0,Rp) = — =0
0z (0, o) 0% oMl
Finally,
L[ piwry) (46)
w Jr, 0z - o

o Computation of the integral fFL % .

Let us differentiate the boundary condition on I'y, with respect to the variable r. We

obtain e e
v g% (47)
or? |p, 0207 |r,
Let us differentiate the “divergence-free” condition with respect to z. It yields
8211)2 8211)1 1 311)2
— = - . 48
0z0r 922 + r 0z (48)

The combination of Equations (47), (48) and of the partial differential equation in
wy (Equation (9)) provides

1 617 282’101 2 8’(1)1

wdzle, O, T Or |,

Let us integrate this relation with respect to r, we obtain

1 op Roq 9 owy ,
- 2 _9 - | r—= = 2Rou'(Rp). 4
i Jr, 02 /0 ror <T or >d7° ou (Fo) (49)

The combination of (46), (49) and the fact that u(Ro) # 0 provide a contradiction, which
concludes the proof. O

4.5 Some hints for optimality conditions (Problem (21) with an addi-
tional volume constraint)

In this subsection we try to make the first order optimality conditions for Problem (44)
more precise. For that purpose, we detail the constraint “a € U,”. In the sequel, we
denote by M (0, L) the space of nonnegative Radon measures on (0, L).

e The constraint a > ag a.e. on (0,L) cannot be relaxed any longer because of the
volume constraint: no monotonicity principle as in Proposition 6 may be applied.
The constraints ag —a < 0 and @ — a3 < 0 a.e. on (0,L) are pointwise constraints
whose associated Lagrange multipliers are nonnegative Radon measures denoted
respectively vy and vy.
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e The remainder constraint is
fp(u) = HUIHP -M<O0

for p € [2,+00]. Note that f, is differentiable only if p is even. However, f, is convex
and subdifferentiable at u € WP and we denote 0f,(u) its subdifferential at w.

Let us define the Lagrangian of Problem (44) :
Y(a, \, o, v1, Aar) € WH°(0, L) x R x [M(0,L)]*> x RT
L(a,\,vo,v1, ) = J(a) + A(Vol(a) — Vo) + A fp(a) (50)

+ <V0, ag — Q>M,Loo + <V1a a — a1>M,Loo

where (-,-) v 10 denotes the duality product between M and L*°. Let us remark that the
derivative of the functional Vol is clearly

L
dVol(a; da) :/ da(z)dz.
0

One can formally write that the optimum (a*, \*, 1§, v, \};) satisfies the following opti-
mality condition

(le2(wax) 24 X)) — vy + i € =Xy 0fp(a”) (51)

(5, a0 — %) pq,poe = (V1501 — %) g poo = Mas (@), = M) =0 . (52)

Let us now detail this optimality condition and give some hints:

e On the question of knowing if the LP-constraint “||(a*)'||, < M” is reached.

If the optimal solution a* satisfies: ||(a*)’||, < M, then, by complementarity A}, =0
so that
(Jea(War)|* + X*) — 15 + v =0 (53)

Since the supports of the two Radon measures v, vy are disjoint, then

. ao(lea(wa)|? + A*) on {a* =ag}
7 0 else,

and )
« | —ai(lea(was)|® +X*) on {a* =a1}
vy =
0 else,
Let us define the “strong inactive” set w C (0,L) where both of the pointwise
constraints are inactive:

w={z€(0,L) ] ap<a*(z) <a }.

and make the behaviour of the optimal solution on w precise. The condition (53)
gives
2= )\ onw. (54)

le2 (Wax)
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By definition, setting wu» = (w1, w2), one has

dws \ 2 owi\? 1 [0w; Owy\?
2 _ (92 il et e
_<6r>+<8z>+2<8r+62>'

Moreover, the “divergence-free” condition provides

|e2(War)

6w1 6w2
0z |r,. O |p,.

and, since Iy« is a level set of wy«, for any i € {1,2}, %“;"IF = —a/(z)aaq“‘;"‘F )
Combining the previous identities yields ‘ ’
Vi € {1,2}, Qwi ¢(z) _Owi q 2w ! O

7
—_— and — =-——o—-—" .
0z Ir,. V1+a?(z) Onpr,, orr,. +/1+a?(z) Onir,.

Hence, the first order optimality condition (54) rewrites

2
<6w1 > = —2)\* ! on w. (55)

on Ir,. 1+ a?

At this step, one possibility to study this situation would be the following: using the
stream function ¢ introduced in Remark 2, we rewrite the Stokes system as

Fiyp=0 in D,
¢:%:0 on Iy,

where F' is a fourth order operator, whose explicit expression appears in Remark 2.
Then, we could hope that Condition (55) yields two additional boundary conditions,
apply a Cauchy-Kowalewski like theorem in order for instance to obtain a contra-
diction. Nevertheless, we did not manage to perform this technic since it did not
appear possible to us to derive from (55) a third order boundary condition. That is
why we think that such a situation may arise for the optimum a*.

Furthermore, it may be noticed that the authors of [28] studied a very similar situ-
ation, that is a principle of unique continuation for a Stokes system. They obtained
a positive answer, but only generic results with respect to the domain. More pre-
cisely, they proved that the set of domains enjoying an unique continuation property
is residual in a certain class of regular domains, i.e. is a countable intersection of
open and dense subsets. Their situation is close to ours, in the case where a’ = 0
and a does not reach the constraints (the Lagrange multiplier are null). To our
knowledge, the complete answer to the problem of unique continuation for a Stokes
system with homogeneous Dirichlet and Neumann boundary conditions on a subset
of the boundary is open. As a consequence, the question of knowing if the constraint
“(a*)|l, < M?” is also open.
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To conclude, in this paper, we were in position to make a refined study of the shape
optimization problem (21) and in particular to exploit the first order optimality condition.
Nevertheless, our approach fails when an additional volume constraint is considered, as
in Problem (44). In both cases, a general existence theorem has been stated, but a
theoretical determination of the optimum appeared highly difficult to lead in presence
of a volume constraint. Section 4.4 brought some useful remarks (general expression of
the Lagrangian functional and writing of the first order optimality conditions) in view
of numerical simulations. Indeed, we have in mind a Lagrangian algorithm approach to
compute optimal shapes numerically. As a consequence of Section 4.4, we will have to deal
with nonsmooth constraints, treated with the introduction of subdifferentials, and with
standard pointwise constraints. This will need a consequent analysis and will be done in
a forthcoming work.

Let us mention that a first numerical study, where the same shape functional were
minimized over three dimensional domains with a global volume constraint, has been led
in [11].
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