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PENALISATION OF THE SYMMETRIC RANDOM
WALK

by several functions of the supremum

DEBS PIERRE

Abstract

Call (Q, F,P, X, F) the canonical space for the standard random walk on Z. Thus, 2
denotes the set of paths ¢ : N — Z such that [¢p(n+ 1) — ¢(n)| =1, X = (X,,n > 0) is the
canonical coordinate process on ; F = (Fn,n > 0) is the natural filtration of X, Foo the
o-field \/n>0 Fn, and Pg the probability on (€2, Foo) such that under Po, X is the standard
random walk started from 0, i.e., Po (Xn41 = j | Xn =14) = 3 when [j —i| = 1.

Let G : N x Q — RT be a positive, adapted functional. For several types of functionals
G, we show the existence of a positive F-martingale (M, n > 0) such that, for all n and all
An € Fa,

Eo[1a, Gyl
Eo [GP]
Thus, there exists a probability @ on (2, Foo) such that Q(An) = Eg[1a, M,] for all A, € F,.
We describe the behavior of the process (2, X, F) under Q.

—  Eg[la, My] when p — oo .

We study here four kinds of G:
p is a function of S, where S, is the unilateral supremum of X.
p is a function of Sy, where g, is the last 0 at the left of p.
is a function of Sy, where dp, is the first 0 at the right of p.
p» is a function of S; where Sy is the bilateral supremum of X.
» is a function of S, .

similar study has been realized for other kinds of G (cf [Deb09]).

> hhhhn

1 Introduction

Let {Q, (Xt,ft)tzo,foo,IPz} be the canonical one-dimensional Brownian motion. For several
types of positive functionals I' : RT x  — R*, B. Roynette, P. Vallois and M. Yor show in
[RVY06] that, for fixed s and for all A, € Fy,

lim Lz [La.T]
t—00 Ex [Ft]

exists and has the form E,[1,,M?], where (MZ,s > 0) is a positive martingale. This enables
them to define a probability Q. on (2, F) by:

VA, €Fs  Qu(Ay) = B[, M?];

moreover, they precisely describe the behavior of the canonical process X under ),. They do
this for numerous functionals I'; for instance a function of the one-sided maximum, or of the local
time, or of the age of the current excursion (cf. [RVY06], [RVY]).

We have already studied a discrete analogue of their results in [Deb09]. More precisely, let 2
denote the set of all functions ¢ from N to Z such that |¢(n + 1) — ¢(n)] =1, let X = (X,,,n > 0)
be the process of coordinates on that space, F = (F,,n > 0) the canonical filtration, Fo, the



o-field \/, ~o Fn, and P, (x € N) the family of probabilities on (2, o) such that under P,, X is
the standard random walk started at x. For notational simplicity, we often write IP for Pg. Our
aim is to establish that for several types of positive, adapted functionals G : N x  — N,

i) for each n > 0 and each A,, € F,,
EO []lAn G;D]
Eo [Gp] ,

tends to a limit when p tends to infinity;
ii) this limit is equal to Eg[1a, M,], for some F-martingale M such that My = 1.

Call Q(A,,) this limit. Like the continuous case, @) describes a probability on (€, F,) by :
vn > 07VAH € ‘Fna Q(An) = EO[II-AnMn]a

and we also study the process X under Q.
A better definition of the principle of penalisation, for instance proof of existence and unicity, can
be found in the introduction and the first part of [Deb09].

In this paper, G essentially depends on two functions ¢ : N — R* and ¢ : N — RT such that :
dopk)=10(@):=) ¢k). (1.1)
k>0 k=x

The following result comes from [Deb09], and is not proved in the following paper. Here, G is a
function of the one-sided maximum, i.e. G, = ¢(S,), where S, := sup { Xy, k < p}. We establish :

Theorem 1.1. 1. (a) For each n >0 and each A,, € F,, one has

E[la,o(Sp)]

P (S M

where M2 := p(S,)(Sn — Xn) + ¢(Sp).

(b) (Mg,n > 0) is a positive martingale, with M§ = 1, non uniformly integrable; in fact,
MY tends a.s. to 0 when n — oo.
2. Call Q¥ the probability on (2, Fso) characterized by
Vne N, Ay € Fpy  Q¥(An) = E[l, MY

Then

(a) S is finite Q¥-a.s. and satisfies for every k € N:
Q?(Sc = k) = (k) .

(b) Under Q%, the rv. T := inf{n >0, X,, =S} (which is not a stopping time in
general) is a.s. finite and

i (Xnare, n>0) and (Seo — X1_4n, n > 0) are two independent processes;

1. conditional on the r.v. S, the process (Xpar.,, n > 0) is a standard random walk
stopped when it first hits the level Se;



iii. (Seo — X1 4n, n > 0) is a 3-Bessel walk started from 0.

3. Put R, =25, — X,,. Under Q¥, (R,,n > 0) is a 3-Bessel walk independent of So.

The 3-Bessel walk is the Markov chain (R,,n > 0), with values in N = {0,1,2,...}, whose
transition probabilities from x > 0 are given by
T+ 2 x
—_—; —1) = . 1.2
otz rwrolU=5s (1.2)

The 3-Bessel* walk is the Markov chain (R}, n > 0), valued in N* = {1,2,...}, such that R*—1
is a 3-Bessel walk. So its transition probabilities from = > 1 are

w(z,z+1) =

x+1 rz—1

7 (z,x+1) = 5y 7 (z,x—1) = 5

the 3-Bessel walk and the 3-Bessel* walk, will play a role in this work; they are identical up to a
one-step space shift.
This result and those of [Deb09] can let think that the process of penalization gives rather intuitive
results. Nevertheless, the following Theorems show that this intuition can be false and it is
necessary to lead the calculations to their terms.

1) In the first section, G is a function of the one-sided maximum till the last zero before p, i.e.

Gp = ¢(Sy,)
where g, := sup {k < p, X}, = 0} and where ¢ satisfies (1.1) and :

> keplk) < oo. (1.3)
k=0

To study this penalisation we have to introduce (v,,n > 0) the number of 0 before n and we also
recall that for all real a, a* := sup(a,0). The result of this first section is summarized in the
following statement :

Theorem 1.2. 1. (a) Foralln >0 et all A, € F,:
lim E []IAWQD (Sgp)}
p—roo E [90 (Sgp)}

where M, = %‘P (Sgn) |Xn| + @ (Sn) (Sn - X:) +¢ (Sn)

(b) Moreover, (M,,n > 0) is a positive martingale, not uniformly integrable.

= E 1, Mn], (1.4)

2. Let @ be the probability on (2, Fso), induces by:
Yn>0,A, € F.,Q (Ay) := E[1p, M,].
Then under the probability Q:
(a) let g :==sup{k >0,X, =0}. Then Q(0<g < o0) =1.
(b) Q(Sec = 00) = % and, conditionally on Ss < 00, @ is the density of Sec.
(c) (Sg,7g) admits as density:
(1) ¢(0) , fork=0
k) := a—1
Fys, (k) i {(1 — m) - (1-5) }cp(k) , otherwise.

In particular, S, admits ¢ as density.



3. Under Q:

(a) (Xn,n <g) and (Xn,n > g) are two independent processes.
(b) With probability %, (Xgin,n > 0) (respectively to (—Xg4n,n > 0)) is a 3-Bessel* walk.
(¢) Conditionally on vy = a and Sy = b, the process (X,,n < g) is a symmetric random

walk stopped in 1, and conditionally on S;, =b.

2) In the second section, G = ¢ (Sdp) where d, := inf {k > p, X}, = 0} the first zero after p
and ¢ satisfies (1.1) and (1.3). Let f: N x Z — R™T such that:

f(bya) :=T1p—op(0) + Ty |fp(b) (1 — %) +at Z %
k=b

The main result of this section is :

Theorem 1.3. For all n > 0 and all A,, € F,,:

T L VI G ) I 21 W G, ) R of LY W1 /%) BT Yol

v Elp(Sa)] oo Ef(SpXp)]  pos Elp(S,)]

where M? := ¢ (Sy) (Sn — Xpn) +1— 0 (Sy).

We remark that we obtain the same martingale as the one obtained for the penalisation by a
function of the mazimum( cf [Deb09]), i.e. that the penalisation by ¢ (Sdp) is the same as the
penalisation by ¢ (Sp).

3) In the third section, ¢ has to satisfy a stronger integrability condition :

> ke(k) < (1.5)

k>0

and Gp = ¢ (S;) where S; = sup,,,, | X[, the bilateral supremum of (X,,)n>0. The result of this
alinea is :

Theorem 1.4. 1. (a) Letn €N, A, € Fp:
o Bt (s;)]
= Ele(s;)]

where My = ¢ (S; ) | Xn| + ¢ (S5) (S; — [Xul) + 6 (S5).

oreover, ,n = 1S a NoN uniformily, 1MMiegravile posiitve J-n marvingale .
b) M M n>0) i iformly, integrable positive F. tingal

= E[la, M;],

2. Let Q* be the probability on (2, Fso) induced by:
VYneN,A, € F: QF(Ay) :=E[1a,M].
So, under Q*:
(a) Let g :=sup{k >0, X, = 0}. then g is finite and Soc = 0 a.s.
(b) The law of the couple (Sg,7y) is:
yifa=k=0
)a} o(k) , fora>0,k>0.

(0)
Fra.8, (a7k>{ {(1k+r1)“(p(1

We deduced that ¢ is the density of Sg.

=

3. Under Q*:



(a) (Xn,n <g) and (X,,n > g) are two independent processes.

(b) With probability %, (Xg+n,n > 0) (respectively (—Xg4n,n > 0)) is a three dimensional
Bessel™ walk.

(¢c) Conditionally on vy = a and S; = b, (X,,n < g) is a symmetric random walk stopped
in 7o and conditionally on SY =1b.

4) Finally, in order to be comprehensive, we fix an integer a > 0 and consider the penalisation
functional :

We obtain :

Theorem 1.5. 1. For each n >0 and each A,, € F,, :

E|:]1A S a:|
lim—{m p<a

= [H{An,s;<a}Mn] ,
7 B[l

where My, =14, sx<a} (cos (%))_n sin (W) s a positive martingale non uniformly
integrable.

2. Let us define a new probability Q on (Q, Fso) characterized by :
Vn € N, VA, € Fp, Q (Ay,) :=E[A,M,].

Under this new probability Q, (X,,n > 0) has the following transition probabilities for
—-b+1<k<a—-1:

sin m
Q (Xn—i-l = k/’ + 1|Xn = k) — 75 2.a 2
2a

QXur1 =k—1X, = k) = 2

2 Penalisation by a function of Sy , proof of Theorem 1.2
1) To establish the first point of the Theorem (formula 1.4), we need the following lemma :
Lemma 2.1. Vz € N, Va € Z\]z, +o0] :

P, (S, =z,Tpo <n)
5P, (S, = 0)

is bounded above by 1 for all m > 0 and tends to 1 when n — oo.
Proof. We have to see that :
P, (S, <z,To<n)=P, (Lo <n,gn <Ty) =P, (To <n<Ty+Tpobr,),

where {6, },, denote the family of shifts operators. We split in two cases according to the sign of
a.
First, for a < 0, according to the Desiré André’s principle :

P, (S,, <z,To <n)=P,(0<5, <2z) =P (la] < Sp <2z+|a]).



Which implies :

P, (S, =z, To<n) = P(la| <S5, <2zx+2+|a|]) —P(|la| <S5, <2z +]al)
P(S,=2x+a|]) +P (S, =2x+1+]a|).
And for a > 0 :

P, (Sy, <z,To<n)=P,(n<Tp+Tyobr, Ty <Ty) —P,(n<Tp+Tyobr,,n<Ty<Ty)
=P, (n<Tp+Toobr,,To <T,)—P,(n<Ty<T,)
=P,(n<Tp+Toolr,)—Po(n<Tp+Toobr, T, <To) —P,(n<To<Ty)
=P,(n<Tp+Toobr,)—Ps(n<Ty, T, <To)—Po(n<Ty<Ty)
=P, (n<Tp+Toobr,)—P,(n<Ty)+ P, (n<To<Tp)—P,(n<Ty <T,)

=P, (n<To) —Po(n<Ty) —Pu(n=Tp <T,).
And consequently :

P,(Sy, =z,To<n) = P,(2e<5,<20+2)-P,(n=Ty <Tpt1)+Po(n=To <T)
= P,(2x<S,<2x+2)—P,(n="T,S, =x)
< P(2x—a<S,<2x4+2-a).

In the ratio ]]gg:zg;, the denominator is bounded below by P(X; =... = X,, = —1) =27"; so it

does not vanish. Observe that, for even n and even k > 2,

T p g - () () ()
and for odd n and odd k > 1,
P(S, =k—1) P(S,=k) png _ (n;Jkr—lf—Q) (n;i—é—él) (Z;:) .

]P(Sn = 0) B ]P(Sn = 0) Pn,1

Clearly, these products are smaller than 1 and tend to 1 when n goes to infinity. This proves the
first point of the lemma. Obviously, when a < 0, the ratio tends to 1 when n goes to infinity.
In the other case, it appears clearly that P, (n = Ty, S, = x) < P, (I, =0, S, = x) tends to zero
faster then the quantity P(S,, = 0) (we have explicitely the expression of P, (I, = 0,5, =) a
little bit further in this paper). O

Remark 2.2. Remark that we have also proved that for each k > 0 the ratio :
IP(Sp = k)
P(S, = 0)

is bounded above by 1 and tends to 1 when p — +oc.

Lemma 2.3. For all x € Z and a € Z\]z,+00[ :

Eq [p (zV Sy,) L1y <n]
2P (S, = 0)

is bounded above by (x — a™)p(x) + ¢(x) and tends to (x — a™)p(x) + ¢(x) when n — oco.
Proof. Write :

E, [ (xV Sy,) Lry<n] _ P, (S,, <z,Tp <n) (2)
9P (S, = 0) oP(S, =0) *
P, (S, =k, Ty <n)
" ]; (5, =0 )

By lemma 2.1, this sum is bounded above by (z — a™)p(z) + ¢(z) and tends to this value by
dominated convergence. |



To prove point 1.a, we split:

E[p(Sg,) | Fn] =B [¢ (Sg,) Lg,<n | Fu] + E [0 (Sg,) Lg,zn | Fu] = (1) +(2).
a) As 0 < n < p, we can write ()gk,k >0) := (Xp4r — Xn, k> 0), a standard random walk

independent of F,,. We denote by T;, and S, the hitting time of the level a and the supremum
associated to X. Obviously on {g, < n}, {9, = gn}. Hence :

(1) = (4, )P, (To > p = 1) = 9(S4,)P (Spn < Xl ),
where P only integrates over S, Xn being kept fixed. Eventually, according to remark 2.2 :

B[1a,ppc00 (Sy,)] _ B [10.#(S0) P (Spon < 1Xal)|
PSS, ,=0) P(S,_, = 0)

is bounded above by E [14,¢(Sy, )| Xr|] which is integrable and tends to [1a, ¢(Sy,, )| X, |] when p
goes to oo.

b) We now study the behaviour of (2). We use the same notations as before, adding for all
p > 0, gp the last zero before p associated to X. Hence :

E [E [ (Sn V Sing,)) Lg,>n | Fn]] Ex, [9" (S" v g-‘?pfn) ]lifogp—n]

@)= 2P (S,_n, = 0) =k 2P (S,_n, = 0) ’

where B integrates on S, g and Ty, the variables S, and X, being kept fixed. When p tends to
infinity, Lemma 2.1 says that the ratio in the right hand side tends to (S, — X;F)¢(Sn) + ¢(Sn)
and is dominated by the same quantity, which is integrable. As a result :

P(S, , = 0)

E [14,¢(S,,)] | is bounded above by E[1a, M,] forall p > n.
and tends to E[1,, M,,] when p — oo.

Taking in particular A,, = 2, one also has

E [ (5,,)] _
IP(Sy = 0) pose

and to establish point 1 of Theorem 1.2, it suffices to take the ratio of these two limits.
ii) Let us prove now that (M,,,n > 0) is a (F,,)-martingale under P. For typographical simplicity,
we write :

M, = A, + B,

where A, := ¢(9,)(Sn — X,;7) + Y i, (k) and By, := 50(Sg, )| Xnl.

We suppose that n > 0, the case n = 0 being trivial.

On {X,, > 1}, A,41 is in fact the martingale found in the Theorem 1.1, then conditional on F,,
this quantity is equal to A,,.

On {X, < -1}, Sp41 =S, =8, and X,/ ; = X, =0, obviously on this event A, 11 = A,.
Eventually, on {X,, = 0}, as |X,,+1| = 1, we have S,,41 = S,,. So, summing on the possible values
of X,,+1, 1 and —1, it is easy to check that :

1
E[lan:OAn+1|fn] = ﬂxnzo (An - 550(;99”)) . (2.6)

It just remains the quantity B,, := 10(Sy, )| X,|.
On {|X,| > 2}, Sy, =S, and as the function x — |z| is harmonic for the symmetric random
walk, except in 0, consequently ]E[]I‘Xn|228n+1|]:n] =1x,>2Bn-



On {|X,| =1}, either |X, 11| = 2 and in this case Sy, , = Sy, implies B,y = ¢(Sy,), ei-
ther |X,, 11| = 0 and in this case B,,y1 = 0. Then, immediately we have E[1|x, |=1Bn41|Fn] =

]I\anzlé‘:"(sgn) = ]I\Xn|:13n-
At last, on {X,, =0}, Sy,., = S,, and consequently B, 11 = %‘P(Sgn)- So according to (2.6) :

n+1

Ellx,—oMpt1|Fn] = E[lx, =0(An+1 + Bry1)|Fn] = Lx,=0A, = Lx, =0 M,.

2) For p and n in N, the event {S,, > p} is equal to {T), < n}. Using the definition of ) and the
Doob’s stopping Theorem :

QS0 > 1) = QT < ) = Eltr, i, = B 15,0 { 5 (S, ) 5+ 00 .

Moreover according to [LeG85] p.457-458, under PP, Sgr, 18 a uniformly distributed random variable
on {0,...,p —1}. As n — oo, the Lebesgue Theorem permits us to write:

QS >p) = hm@(sn>p>E[{lw(sm)wmp)H

n— o0 2

I
-

P

_ gE {@ (Sng)} zgkz_:%go =% o(k) + ¢(p).

0

b
Il

Consequently @ (Se = 00) = lim, 00 @ (S0 > p) = 3 and the half of the point 2.b is proved.
In order to prove point 2.a, we need, for a > 0, the law under P of Sy, conditionally on 7.

Lemma 2.4. Let k > a > 0, then:

a

Pa(STU:k):m.

Proof. A direct use of the stopping Theorem to the martingale (X,,n > 0) and the stopping time
To N Ty, gives us :
]Pa (TO > Tk) =

We just have to remark that P, (Sg, = k) = P, (T < To) — Py (Tht1 < Tp) to achieve the proof.
O

Lemma 2.5. Let ¢ : N — R be an integrable function. Then :

N
E [¢ (Sa,) | Fp] = Ls,=0%(0) + Ls,20 { ¥ (Sp) <1 _ );_p) x5 k(k(f)l)

k>SS,

Proof. We easily obtain :

E [ (Sa,) | Fp] = Ls,=0¢ (0) + E [Ls, 200 (Sp V Sp.a,) | Fp] -
If X, <0, then X}, <0 for all p < k < d, and consequently X = Spp,a,) = 0. As a result, on
{X, <0,5,#0}:

+

08y Sipa) =080 () (1- ) + 27 3 e
P k>3,

Let (Xq = Xg¢4p > 0), a random walk starting from X,, and independent of 7, and we denote by
S and Ty respectively the supremum and the hitting time of 0 associated to X. Then Sip.d,] = STO



In the following calculus, E only integrates §T~O, X, and S}, being kept fixed. Consequently, on
{X, > 0,5, # 0}, according to lemma 2.4, E [7,/} (Sdp) | ]-"p} equals to:

Ex, [v (% vS7,)] = Sk, (Sn, = k) 0 (5 + 3 B, (57, = ) 0 )
k=X,

k>3,

= Xp - Xp
= k; —k(kﬂ)wspwk;p 7k(k+1)w(k)

X, — X,
(1-32) v+ X v @

k>S,

Fixing a > 0, according to Doob’s stopping Theorem:

Q(gp>a)=Q(da <p)=E[lg,<pMa,] =E[Lg,<p{¢(Sa,) Sa, + ¢(Sa,)}] -

The events {g, > a} form an increasing sequence with limit {g > a}. Hence :
Qg >a)= lim Q(gp > a) = Elp(Sa,) Sa, +¢(Sa,)] = Elp (Sa,) Sa.] + E[¢(Sa,)]-

To achieve the proof of the point 2.a, we have to prove that each term tends to zero as a — oo.
According to the Lebesgue Theorem I [¢ (S4,)] — 0. We use lemma 2.5 with ¢(x) := zp(z):
a—» o0

E[Sa,0(S0,)] = B |Ls,200(50) (Sa = X) + XS D7 %
k>Sa
[ +
< B L5, 00 (S.) S0+ Sﬁlk;jaso(k)
< Efp(S.) Sat 0(50)) = Elp(S2) Sul + E[6(S,).

On the one hand, according to the Lebesgue Theorem I [¢ (S,)] T 0.

On the other hand E [¢ (S,) Sa] = D5 o P (Sa = k) ¢(k)k is bounded above by >~7  p(k)k < oo
and P(S, = k) tends to 0 when a — co. Again, according to the Lebesgue Theorem, I [¢ (Sq) S
tends to 0 when a — oo.

3) First of all, let us establish preliminary results and remind that ~, := ZZ:O 1x,—0 is the
number of visits to zero up to time n and denote 7, := inf {p > 0,7, = a}.

Lemma 2.6. For allc¢>0 and a > 1:

1ya—1 .
1 ; -0
P (S,,—a = C) = 1 ((12—)1 1 a—1 Zf ¢ .
(1 — m) — (1 — —) , otherwise.

Lemma 2.7. For alln > 0:

L (1 g(m)).

n

> 1
kz:; RE D) [kp(k) + (k)]

Proof of lemma 2.6. This is obvious for a = 1 so let us suppose that a > 2. If ¢ = 0, we have,
with an obvious recurrence :
1

P (S, =0)=P(X;=-1)P (S, =0] X, =-1)= %P (87,0 =0) = @al'



Now suppose that ¢ > 0. With those notations, using the strong Markov property and an obvious
recurrence:

P(Sr, <c)=P (1, <T.) =P(1y < Te|ra < Te)P(12 < Tt) = P11 < Te)P (12 < T¢)

a—1 a—1
1 1
= ]P(TQ < Tc)a_l — i(IPI(Tl < TC) + ]P—I(Tl < TC)):| = |:§(IP1(7-1 < TC) + 1):|
We have already seen that Py (1. < Tp) = %, then P (S;, <c¢) = (1 — —C)afl.
We can note that the law of vz, is a geometric law of parameter 2% Finally:
P(S, =) =P (S <) =P (S <ctl)= (1o —L ) —(1-1)
O A TP ) %)
O
Proof of lemma 2.7. We have :
) [SSIING) oo 1 [e'S)
ok)  _ o( o( 1
;k(kﬂ) B ;zl:kkﬂ ;;kk+1 IZ k+1)’
hence :
1
k
ZkkH)W( +o(k Zw
O

Let F be a functional, f; and fo be two functions from N to RT.

A = B2 [F (Xy,u < g) fi (%) f2(Sy)]
= ZEQ [F (XU’U S Ta) fl (’Y‘ra) f2 (STQ) ]l‘ra<oo,‘ra+1:oo}
a>1
= ZEQ [F (Xu7u S Ta) fl (fYTa) f2 (STa) (]l'ra<oo - ]l'r,l+1<oo)}
a>1
= ZE [F (Xuau < Ta) fl ('Y'ra) f2 (S‘I'a) ]l'ra<ooM'ra]
a>1

- E [F (Xu’u < Ta) fl (7‘1’ )f2 (Sra)]lra+1<ooMTa+J
= ZE[F(XMUSTG)JC ( )f?( )( TanTa+1)]'

a>1

Since:
M‘Fa - M‘Fa+1 = (S‘Fa) STa + ¢(S7-a) - P (S‘Fa+1) S‘Fa+1 - ¢ (S'Fa+1) .

One can write S, 41 = S;, V S’;Z where S and To are respectively the unilateral supremum and
the time of the return in 0 of the standard random walk (X,,4-,,n > 0) which is independent of
Fr,. Hence :
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Then, we condition this quantity by F-, :

E (M., — M, |F] = Y P8 =01)(e(S,)Sx, Z+Z¢
>S5,
. _

= g 1) P Sn — oL+ g (k)

_ p(57,)55, e(l) 1
= 951 1) —lgé; 2(1*71)4-k222 @(k)lgigléjajrij
_ 1 p(k) | _ (S,
=3 Sfaﬂ_Z +Zk+1_2'

>S, k>S5,

Consequently: A=Y, 3E[F (Xu,u < 7,) f1(a) f2(Sr,) ¢ (Ss,)] and with F =1 :

5 LS P =D A@RBIR =33 (5)  A@R060)

a>1 k>0 a>1

i1 zz{( m)al(1§>al}fl<a>f2<k>w<k>

a>1lk>1

which gives us the density of (4, Sy).
Now, summing over a we easily find that ¢ is the density of S, under Q.
For proving 3.iii, we write the formula A in two different ways:

A = szvg, (a,k)Eq [F (Xu,u < g) | Sg = k,vg = al fi(a) f2 (k)

a>1k>0

= LYY A@ AR P (S, = B[P (Xuu <) | S = K

a>1k>0

The formulas that we obtained for @ (Sy = k,~v, = a) and P (S;, = k) imply obviously that for all
k,a > 0:
Eqg [F(Xu,u<g)|Sy=kvy=al=E[F(Xy,u<T,)|S;, =k].

3.i1) The study of the process (X,,, n > 0) under Qhﬂhi starts with the next three lemmas.

Lemma 2.8. Under P1 and conditional on the event {T,, < Ty}, the process (X, 0 <n <T,) is
a 3-Bessel* walk started from 1 and stopped when it first hits the level p (cf. [LeG85]).

For typographical simplicity, call T}, , := inf{k > n, X = p} the time of the first visit to p
after n, and H; := {Tpﬂ < T4, Xq+1:1}’ the event that the [-th excursion is positive and reaches
level p.

Lemma 2.9. Under the law Q and conditional on the event Hy, the process (Xp4r, 1 <n <T, . —7)
is a 3-Bessel® walk started from 1 and stopped when it first hits the level p.

Proof. Let G be a functional on Z™ :

D = Q |:G (XTl-'rl) ey X‘rl—i-n) ]ln+TL<Tp,,-L | Hli|
Q [G (X7'1+1a sy XTH-’G) ]ln+Tl<Tp,Tl <Tz+1,Xrl+1:1}
B Q (H1)
E {G (XTz+17 <0y XTz+n) ﬂn+Tz<Tp,7—l<Tz+17XTl+1:1MTz+1:|
E [1HLMTL+1]

11



Obviously M-, ,

E, [¢(S7,) ST, + ¢(ST,)], @ constant. Conditioning by Fr, . the denominator and numerator of
D :

= (874, )87, +¢(S7,,,) and conditionning by Fr, . , we obtain I [Mrz+1 | Fr,

;7]

E {G (XTz+17 "'7X‘Fz+n) ﬂn+Tz<Tp,7—l<Tz+1,X7—l+1:1E |:MTL+1 | ‘FTp,TL:H

E []@JE [Mml | ]:TMH

E {G (XTH-l’ a3 XTH-’G) ]177/+Tl<Tp,TL <Tz+1,X7-L+1:1}
E []lﬂz]

Using the conditionning by F-,4+1 and the Markov property :

Eq [G (X0, .oy Xn-1) Ln—1<1,<T0 |
D= v R 1G(Xos o X 1) Ty T, <T].
Py (T, < T) 1[G (X0 1) 1<1, | Tp < To)

O

On the other part, according to [LeG85] conditionally on {T}, < Ty}, the law of (X,,,n < T})
under P is the law of the 3-dimensional Bessel® walk. We deduce that, conditionally on {7}, < To}
under Q1, (X,,n < T)) is a 3-dimensional Bessel* walk. Making p go to infinity, we obtain that
under @1 conditionally on {7y = oo}, (X,,,n > 0) is a 3-dimensional Bessel* walk.

Obviously, by symmetry, under @Q_1, conditionally on {Ty = oo}, (—X,,,n > 0) is a three dimen-
sional Bessel* walk. We deduce that (X,,n > g) , is either a three dimensional Bessel* walk,
either a reversed three dimensional Bessel* walk. It remains to know with what probability we
have one or the other.

We have seen in 2.ii that So, under ) was finished with probability % As a three dimensional
Bessel* walk goes to infinity in infinity, we deduce that (X,,,n > g) is one or the other walk with
probability %

3 Penalisation by a function of Sq,

We've already seen according to lemma 2.5 that It [(p (Sdp) | fp] = f(Sp, Xp). Moreover :

X+
BI/ (S5 %) 1n] = Elp($,) 1] - E L, (5) L,
p
+ B |1s,0X _elk) 4
S0 (k+1) ™

k>S5,
= H-@)+06).
We already know (cf. [Deb09]) that ¥n > 0 and A, € F, :

E[1y, ¢(Sp)] { is bounded above by E[1,, Mg] for all p > n 51)

P(Sp—r, = 0) and tends to E[15, M¢] when p — oo.

Then we just have to prove that :

E[(f(Sp, Xp) = ¢(Sp))1a, |
P(S, , =0)

goes to 0 when p — oo.
In particular, if we take A,, = Q, we have :

E [¢(S4,)1a,]

E[M?] =1
P(Sp—nzo) pjoo (M

12



and to establish Theorem 1.3, we take the ratio of the two limits.

ii) To study the behaviour of the last two terms, we need the following lemma:
Lemma 3.1. Forb>0 anda <b :

P (S, =b,X, = a)
P(S, = 0)

1s bounded above by 1 and tends to 0 when p — oo.

Proof. Remark that a and p must have the same parity, otherwise
P (S, =b,X, = a) is equal to zero and the lemma is obvious. According to remark 2.2 :
P(S, =b,X, =a) - P(S, =)
P(S, =0) ~ P(S,=0)

<1

With these hypothesis, according to the Desiré André’s reflexion principle:

P(S,=0,X,=0a)=P(S,>b,Xp=0a)—P(S,>b+1,X,=0q)

1\P pt2b—a pt2b—a g
P(Xp2ba)P(Xp2b+2a)(§) [Cp > O,
1\? _pt2b-a —2b 4b —2a + 2
<_) C, : [1u]]p()(p2ba)7a+_
2 p+2b—at2 p+2b—at2

As P(X, =2b—a) =P(S, = 2b— a) (see for instance [Fel50] p.75) and using the remark 2.2:
P(S,=b,X,=a) P(S,=20—a) 4b—2a+2

P(S, =0)  P(S,=0) p+2b—a+2p:>ooo'

Lemma 3.2. Lety € N and v € Z. Then :

z+X, +
E []lyv(ersp);éosD (yV (z+5Sp)) %}

P(S, = 0)

is bounded above by Tyso {p(y) Y oj_, kT + 2200, 11 ko(k) and tends to 0 when p — oo.

Proof. To simplify, we consider two cases : {y > 0} and {y = 0}. For typographical simplicity we
denote respectively by Bt and B° the first and the second cases. In the first case :

(1+Xp)+
Elp(yV(z+Sp)) m} .S P(S, =k, X, =)
]P(Sp =0) a

IP(Sp = 0)

(x+0)7

Bt = —_
yV(x+k)

p(yV(z+k)

k>0
—2<t<k

According to lemma 3.1, we have :

+ " (z+0)" - (x+ k)"t
BT < k207§<e§k<ﬁ(yv( +k))yv($+k) §k207§<e§k<ﬁ(y\/( +k))7y\/(x+k)
(& + k)t (z + k)
< kzzow(y\/(w+k))—yv(z+k)

Let us remark that we just consider cases where k > —x which implies 0 < 2+ k < y V (z + k).
Then :

BY < Y oyVE+h) @kt =0l d kT + Y ke(k).
k>0 p— —l

13



In the second case, x < 0 and {y V (z + Sp) ;é 0} ={S, > —x}. Then :
B° < k)—— < k)(x + k) k
S Y eI ST e Y kel
k>—x,—x<t<k k>x k>1

We can easily conclude using lemma 3.1 and the Lebesgue Theorem. |

For 0 < n < p, one can write S, = S, V (X,, + S'p,n) where S is the unilateral maximum of
the standard random walk (X, — X,,)r>0 which is independent from F,,. Hence :

X+ ~ ~ (X —f—X _ )+
E|1 5,) =2 fn]zEn : Spn + Xp) "
|: Sp?fo(p( P) Sp SnV(XnJFSP*")#O(p( P )(Xn + Sp—n) \% Sn

where E only integrates over S'p,n and Xp,n, S, and X, being kept fixed. Then, for A,, € F,, :

X . - Kot Zpoa)
I []I{An,sp;éo}@(sp)s—p} I []lAnE [ﬂsnv(xn+ép,n)¢o@(sp—n + Xn)m”

P(S,_n = 0) P(S,_, = 0)

Lemma 3.2 says that the ratio in the right hand side tends to 0 when p tends to infinity and is
dominated by ¢(S,,) Yo" v, k430055 1 ke(k), which is integrable.
About the quantity (3), we "have to remark that:

o(k)
k(k+1)

(Xp +2)" (k)

yV (S, + ) et a) k|’

E | Ly (s,+2)20(Xp + )" Z
k>yv(Sp+z)

<E IlyV(Sp-i-z);éO

and we apply the same reasoning as the one for the quantity (2) with the function h(x) =
D oksa @ and z > 0 instead of p. We just have to check that ) ., xh(x) < co. Easily :

Santa) = Yo 3 AL T T e < XY olh) < o keh) <o

>0 k>x >0 k>z k>0 k>x k>0

With the previous notations, we have :

k i & Xn4+Xp-n)t
E [ﬂA S 20Xy ks, kﬁfﬁ)} _ I []lAnE {ﬂsnv(anrép,n)#oh(Sp—n + Xn)mﬂ
P(S, = 0) = P(S, n=0) !

and we can easily conclude that the ratio in the rlght hand side tends to 0 when p tends to infinity
and is dominated by h(S, )Zk x, kT4 S s, 41 kh(k), which is integrable.
To conclude the proof of the Theorem always with the same notations we have :

B[a, /(S X)) _ B [ F(Sn V (X 4 80, Ky + Xa)

P(S,_, = 0) P(S,_, = 0) ’

and when p goes to inﬁnity, the ratio in the right hand side tends to M and is dominated by
M# + (o(Sp) + h(Sn)) Zk X, Et + Zk s, 41 k(h(k) + ¢(k)) which is integrable.

4 Penalisation by a function S,
1

1) We start with the first point of Theorem 1.4. In order to prove this, we need :
Lemma 4.1. Let a > 0 and a € [—a,a]. Then:

P, (S;p — T < p)
P(S, = 0)

1s bounded above by 2 and tends to 1 when p — oo.
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To obtain this, we use a Tauberian Theorem :

Theorem 4.2 (Cf. [Fel7l] p. 447). Given g, > 0, suppose that the series

e
= E Qnsn
n=0

converges for 0 < s < 1. If 0 < p < oo and if the sequence {q,} is monotone, then the two
relations:

and

where 0 < C' < o0, are equivalent.
and the following :

Lemma 4.3. Fora<0<band A€ R :

E (cosh)\)_T“AT”} =

Proof. Let’s recall that X, = >"}'_, Y} and define the process (W,,n > 0) by

cosh A (X, + )

Wy, = n )
(cosh \)

where 8 € R. Let’s prove that (W,,n > 0) is a F,-martingale:

E[cosh A (Xp11 + 8) | Fn] = Efcosh A (X, 4+ Yog1 + 5) | Fa
= cosh A (X, + B) E [cosh AY,, 1] + sinh A (X, + ) E [sin AY,, 1] = cosh A (X, + ) cosh A

Clearly W is a martingale. Taking 5 = —GTH’ and using the Doob’s Theorem with T, AT}, :

E [Wr, ,] = E [Wo] = cosh A ( ;b) (4.1)

On the other hand, using Markov property :

EWr,ar,) = E[WrIir,<n) + WnLiz,<1,}]
B cosh/\("T’b)11 +cosh/\( 5 )
B (cosh \)™ {Ta<Ts} (cosh A)™ Lin<ry
—-b _
= coshA (GT) E [(cosh A) T“ATI’} . (4.2)
The formulas (4.1) and (4.2) permit to conclude. O

Now, we are able to prove lemma 4.1 :
as P, (S;p =a, Ty < p) <P, (Sgp =a,Th < p), with lemma 2.1, the first point is trivial.
Let 0g a geometric r.v. with parameter 0 < 5 < 1 such that és is independent of X. Then:

]Pa(S;‘%ga) ZIP (S: <a)P (55 =k) = ZIP (S: <a)(1-8)""'8 (4.3)
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Note that {S;‘p < a} ={gp <T}} = {p < dTé} = {p <Tx+ TO.OT;}. Hence :

P, (S5, <a) =Pa (05 < dr;) =1— Py (5 > dr;) =1~ By [Ba [Ls,5ar, | Fr|
=1-E, [1-8)"] =1-E, [1- )" (1-8)""%] =1-E, [0 -8 E[0-8™].

We have already seen (cf. [Deb09] p.353 and [ALRO04]):

efo-o] - (Y2 E)

The symmetry of the quantity I, [(1 — ﬂ) } permits us to assume that a > 0, without a loss of

generality. Then, using the Markov property and lemma 4.3 with (cosh\)™' =1—f:
N cosh a\
E, { 1— Ta} = { 1— T{fa—a}AT{afa}} _ _
( 2 ( #) cosh a\

When 3 goes to 0:

s ()

cosh [argch (ﬁ) a} A0

According to the formulas (4.3) and (4.4):

0o o 5
Zﬂ?a = (175) ﬂ:Oa\/%(lﬂ)

k=1

In order to apply Theorem 4.2, put f = 1 — w.This gives

oo
P, (S* L < a ~ oaw, /
; @ w—1— (1 w) w%lf —

and this Tauberien Theorem with p = % et C'= /2 permits ut to obtain :

1
1 2?2
P, (S;p < a) ST (l)p%flc = <7T_p> Q,
2

and the proof can be easily finished, knowing the behaviour of P(S, = 0) when p goes to occ.
Thanks to this lemma, we have the following result:

Lemma 4.4. Let x > 0 and a € [—x,x]. Then:

IEa [@(z \ S;p)ﬂTo<p:|
P(S, = 0)

is bounded above by 2(p(x)(z — |a|) + ¢(x)) and tends to o(x)(x — |a|]) + ¢(z) when p goes to
infinity.

Proof. The proof is nearly the same as the one of lemma 2.3 O

With the same notations and arguments as inf Theorem 1.2 :
E e (85,) 10| = (S5.) B (Spon < 1Xul) + B [0 (S5 V 55, ) Lcpen| = (1) + ).
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The end of the proof is based on the proof of Theorem 1.2 and use lemma 2.3. The remaining
details are left to the reader.

Now, in order to prove that (M,;,n > 0) is a martingale, we show that conditioned by F,,, M, | —
M is zero. The case n = 0 being trivial, we just study n > 0.

First, observe that on {X,, =0}, gny1 = gn =n, S; 1 = S;; and | X, 41| = 1. Consequently, on
this event, M}, — M = 0.

In the following, we suppose that X, # 0, and we denote A4, := (S} )| Xn+1] — (S5 )| Xn| and
By i= 0(S5:1)(S51 — [Xnta]) — @(S3)(S: = [Xal) + 6(Si41) — 6(55). We now treaf separately
these two quantities :

o If {|X,| > 2}, g5 41 = g5, and in this way A, = ¢(S; )(|Xnt1| —[Xn]). Conditioning on F,
this quantity equals zero, the function  — |z| being harmonic for the symmetric random
walk except in 0.

If | X, =1, Ay, = 20(S,,. )1 x,. 20 — ©(Sy,.) conditional on F,, is obviously zero.

o If {|X,| <S5} —1}, then Sy, = Sy. In this case, B, = ¢(S;)(|Xn41] — |Xn|) and we
conclude with the harmonicity of = — |z|.
Finally, on {S}; = [Xn|}, Bn = ¢(S7)(Lsz=s:,, — Lss41=s:,,) and conditionned on J, it
is clear that this quantity equals zero.

Consequently M* is a martingale satisfying :
| M — M| < 3n,

and as M§ = 1, one has E[M;] = 1. Observe that the positivity of M* is obvious from the
definitions of ¢ and ¢.
2) Now, we prove point 2 of Theorem 1.4. For a > 0:

Q" (9p > ) = E? [Lpoa,] = B [Lp>a, M, ] = E [L5a, {9 (S5,) S, +¢(55,)}] -
As a is fixed, the sequence of positive random variables (ﬂp>da {cp (S;a) Sy +t¢ (S;a)})p>0 is

increasing and tends to ¢ (S;a) Sy +¢ (S;a), and the sequence of events {g, > a} is incre;sing
and tends to {g > a} when p tends to infinity . Hence, according to Lebesgue Theorem, when p
goes to +oo:

Q" (9>a)=E[p(55,) Si, +(53,)]-
As ¢(S],) <1, Lebesgue Theorem implies that I [¢ (S;a)] = 0.
It remains to prove I& [gp (S;a) S;J — 0.

a—» 00

Lemma 4.5. Let ¢ : N — RT such that 37, (k) < +oo. Fora >0 :

E[¢(5;.) | Fa] = 1x,—0% (Sh) + Lx, 20 {¢(S;) (1 |§5|) n |Xa|kzzs %}

Proof. Let S * be the bilateral maximum of a walk issued from X, until the hitting time of the
level 0 and wh1ch is independent of F,.

B[y (Si,) 1 Fa = Blw(Sivsy )5 =B, [v(sv ;)}
= Ix,—0®(S5) +lx,0 Y. Px, (s~ = k)0 (SEVE).
k> X |
On {X, > 0}, as the sign of X does not change between 0 and T, {g%o = kz} = {STO = k}

Moreover, thanks to the symmetry of X, on {X, < 0}, { 5= } = {STO = k} So, according
to lemma 2.4:

| Xa
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Consequently on {X, # 0} :

> Px (S =k)usive) = Y ¢(s;vk)k(|X7a|

k>[X| k2| X k+1)
Sr—1
N * | Xa|
DR ACH + ) ek
S5 (k: + 1 . k(k+1)
1 1 CIXd]
= ¥ (SY)|X, - —
v 1X) (75 )+ zgw il
O
Applying this lemma with ¢(z) =
* * * )
Ep(S;)S:.] = B |Ix,=00(S))S; +1x,20 ) (S5 — | Xal) +1Xal Y 2 T
k>Sx ]
< Elp(Sp)Si]+ Z o (S5) Ss1+E | Y (k)
S >S5 k>S5

< Elp(5)S:] +Eg (57)]-

As ¢(S%) <1 and ¢(S¥) tends to 0 a.s. when a tends to infinity, Lebesgue Theorem implies that
E[¢(SH)) = 0 . On the other hand:
a——+0o0

Ep =Y o()EP (83 = k) < Y (k)P (Sa = k) < E [0 (Sa) Sal ,
k>0 k>0

and we have already proved that E[¢(S,)S,] tends to 0 when a tends to infinity (cf. point 2
Theorem 1.2). As a result g is Q-a.s. finite and :

Q" (g=o0) = lim Q" (9> a) =0.

O
3) We now prove the third and last point of the Theorem.
Lemma 4.6. For alla > 1:
0 L, ifk=0
P(S: =k)= a—1 ae
(5%, ) (1 — k%rl) -(1-1) ! , otherwise.
Proof. Using Markov property and thanks to the symmetry of X :
* 1 * *
IP(7'2<Tk) = §[P1(T0<Tk)+IP71(T0<Tk)]
1
= 5 []Pl (To < Tk> +P_ (TO < T,k)] =P, (TO < Tk).
Recall that P1(Th) < Tx) = 1 — % Moreover using the strong Markov property and an obvious
recurrence :
P(S: <k) = P(ra<Tp)=P(ra <T{|m2 < Tj) P (12 < T})
a—1
ae 1
= P(ray <THP(ra <TF) =P (rp < T3)* " = (1 - E) .
O
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Using a similar reasoning and notations as the one of p(Sy,) :

S: —1
T2
My =M =g g (9(55)80, — 9(85)85+ D0 e(k) = B[M;, - Mr,,|F,] = 6(57,).
k=Sx,

Let F be a positive functional, f; and f3 be two functions from N to RT. :

G:=E? [F(Xu,u<g)fi(v)f2(S])] ZE (Xu,u < 74) f1(a) f2(S5) 0 (S5)]

With F = 1:
G = XY A@REeHP (S, =)
a>0 k>0
1 a—1 1 a—1
= Lo OADAEO - 3 o) l<1’f—+1> -(1-7) ]f&(a)fz(k)-

Then, the law of (Vg, S;‘) is:

1 a—1 1 a—1
Q" (vg=a,5; = k) = Tp=0,a=10(0) + Lp>0,a>10(k) l(l - m) - (1 - E) ]

We easily find the density of Sy summing over a.
Writing G in two different ways :

G = Y fil@fa(k)ek)Q (vg = a,S; = K)E? [F (Xy,u < 7))

a>1

SN A@) fa(R)P (S5, = k) oK) E [F (Xusu < 7) | S2, = k]

a>1k>0
we conclude that :
EQ [F(Xy,u<g)|S;=kyy=0a] =E[F(Xy,u<7)| S5 =k|.

This achieves the proof of point 3.iii.
3.iii) The study of the process (X,,u < g) under Q* is very close to the study of (X,,n > 0)
under @ in Theorem 1.2 :

Lemma 4.7. Under the law Q* and conditional on the event H;, the process (Xp4r, 1 <n <T,, —

is a 3-Bessel® walk started from 1 and stopped when it first hits the level p.

Proof. We just have to see that M> = (S, )57, + ¢(S;,,) and conditioning by Fr,

Ti+1 Ti+1 P,7 )
obtain [ |Fr,, n} =E, [¢(57,)S5, + ¢(S7,)] is a constant. O

Ti+1

We can easily prove by symmetry that (X,,4+4,n > 0) is either a 3-dimensional Bessel* walk
either a reversed 3-Bessel® walk. It remains to know with what probability we have each case.
Nevertheless we can deduce from the previous result that under Q*, S% = oco. It permits us to
obtain the following lemma :

Lemma 4.8. Under Q*, S;,. is a uniformly distributed random variable on {0,1,...,a —1}.

Proof. According to Doob’s Theorem :
Q" (8;>0) =Q Ty <p)=B[lro,Mi, | =B [Mi| =B [1n; 0 (S}, ) at 6 (a)].
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When p tends to infinity :

a—1 a—1
1=Q* (S >a)=E [(p (s;;T;) a+ qs(a)} &S pk)=ad P (ks*;;TcT - k:) o(k).
k=0 k=0
The fact this equality is true for a family of function ¢ (for example oy (z) = =) permits us to
say that Vke{o,l,...,afl},]P(S;‘T* :k):afl O

Recall AT := {X,,14 > 0,Vn > 0} (resp. A~ := {X,4, <0,Vn > 0}). As g is Q*-a.s. finite,
Q* (A*) = limy_y00 QF (XT; > 0) and with the definition of Q* :

Q* (XT; > 0) -0 []IXT;>OMT;} =E {11ng>0 {<p (S;‘Tg)p + ¢(p)H :

Using the symmetry of X under P :

p—1
* * * * k
2 |:]1XT{;>0(10 (SQT;)} =K |:]1XT5>0(‘0 (SQT;)} +E |:]1XT{;<0(10 (SQT;)} =K |:(‘0 (SgT{f)i| = ; )
k=0
Consequently Q* (XT; > 0) = % and :
* + . * 1
Q" (&%) = 1im Q" (Xr; >0) = 5.
p—00 P 2
5 Penalisation by S5
In fact, we have a better result :
Theorem 5.1. 1. Let a,b >0, then :
. E |1, 5,<a,1,>—b
hm [ { < - }] ::E []l{An,,Sn<a,In>—b}Mn]v (55)

p=oo I I:]l{sp<avlp>7b}}

Nogin(Za—Xn)) - . . .
where M, = (cos (aLer)) % s a positive martingale non uniformly integrable.
a+b

2. Let us define a new probability Q on (Q, Foo) characterized by :
Vn e N, VA, € F,, Q (Ay) :=E[A,M,]. (5.6)

Then under Q, (X,,,n > 0) have the following transition probabilities for —b+1 <k < a—1:

sin (“;—_’f_;lw)
Q(Xnp1=k+1X,=k) =

b
T . a—k
2 cos (a—er) sin (a—erﬂ')
: a—k+1
sm( S 7r)
T . a—k '
2 cos (m) sin <a+b 7r)

1) To prove the first point of Theorem we need the following lemma :

QXnt1 =k—1X, = k) =

Lemma 5.2. Let a,b> 0 and c € [-b+ 1,a — 1], then:

n a—1
4 ™ [ am (mla—c)
P 1 — ~ — . .
(S <a,I,> b)n_woaij (COS(a+b)) Sm(aer) Z sm( Y ) (5.7)

c=—b+1
c=n[2]
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Let us postpone the proof of this lemma and finish the proof of (5.5). As usual, let X, = Xktn,
a random walk started from X,, and independent of F,, and S,, and I,, respectively the supremum
and infimum associated to X. In the following steps P is the measure associated to X, X,,, Sn
and I,, being kept fixed. Using the Markov property :

E []I{An,Sp<a,Ip>fb}} = E |:]1{A711Sn<a7[n>7b}]14) (gp—n <a-— X7u ip—n > —b— Xn)i| .

Lemma 5.2 says:

P (S*p_n <a—XpIpp>—b— Xn)

! 4 0 e — X))\ . (w(a— X, —c)
~ Z oS sin sin
p—r00 a+b a+b a+b a-+b

=—b—X,+1,c=p—n|2]

(o)) () ()

c=—b+1,c=p|2]

Dividing this formula by (5.7), we obtain (5.5).
Proof of lemma 5.2 :
To prove this lemma we need the following combinatory result :

Lemma 5.3. Letpe N, 0 <u<p:

p—1
1 02ix \ i
St = L5 (14 o) e
k>0 P
Proof of lemma 5.3:
Lk £2i _2i 1 pol m ity p—! 2imb(k—u)
L2217 zirmbu k il rmbu k s —u
S (1) o LSy e Y o S e
£=0 £=0 k=0 k=0  £=0

Those sums can be easily simplifed if we note that :

Pl p , if kK — u is a multiple of p
E Ty = 2imb(k—u) o2im (k—u) )
c Ze o€ * = % =0 , otherwise.
=0 1-e »
Then :
-1
% 2ix \ ™ _ 2inlu n & keptu
(1+6p) e P = E an:I)E Cnp )
£=0 k=0, k=ul[p] k>0

According to [Fel50] p.79:

1 n n+tc a n—c
P (S, < a,Xn=c, I, > —b) = (5) Yoo e gy

keZ

Clearly ¢ and n must have the same parity and denote :

Al = (nto)/a 4 ko(a +b), By, = (m=o)/2 4+ a+ ki(a + ),
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where kg (respectively kq) is the first & such as (n+e)/2+ k(a+b) (respectively (n—c)/a+k(a+b)+a
) is positive. Then :

IP(Sn <a, Xp=cIp> *b):

_n atb—1
2—n s 2imCAS, zmeB;]

+ b Z (1 + e?;:lf)n |:e a-+b —e a+b
a
£=0

. a+b—1 .
2i Z ml iml(n— (A5 +B5)) ml(BE — AS)
n atb s n n

at+b = o8 <a+b)e sm( a+b >

=1
L2 NN e (T g T = (A5 BR)) (B — A
 a+b — a+b a+b a+b '
Let us remark that:
BE — AS = —a— (ko + k1)(a +b)
n— A — B, =a—c+ (k1 —ko)(a+10)

Which implies :

IP(Sn <a,Xp=c1Ip> *b):

a+b—1
2 (1) koHk) (k1 =k} g pgn ( 7:Lf ) ‘i ﬂja i (wf(a - c)))

a+b — a+b a+b a+b
a+b—1
2 o . mla . (7l(a—c))
=00 ;COS (aer)smaersm( P .

Here, we have to notice that when n — oo, the leading terms are { =1 and / = a+ b — 1. Hence :

cos™ <7r - aL—i—b) sin <7ra - a”—fb) sin <7r(a —o)— Wfi-ylf))) -

_1\n+2a—c n ™ . Ta . 7'('(0,70) o n ™ . Ta . ﬂ'(a*C)
(-1) cos <a+b>8m<a+b>sm<7a+b >cos <a+b>8m<a+b)sm< b )

n and ¢ having the same parity. Hence:

4 cos™ il sin e sin M
n—oo a+b a+b a+b a+b

P(S,<a,X,=c¢1I,>-b) ~

and we can easily deduce :

a—1
4 n( T . ma . (7(a—c)
P (S, <a,l, > —b) w0 a5 % (a+b) sm(aer) E sin (aiij)

c=n[2],c=—b+1

We need to prove that M is a positive martingale. Positivity is obvious and for all n > 0 :

e

- : Ta
S111 (a_+b)
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Hence M is a martingale stopped when it hits the boundary of the segment [—b, al.
2) For —b+ 1 < k < a — 1, using the Markov property and the defintion of @ :

Xppi =kt 1, Xo=k) B [Lix, ok, -ty Mo
QX =k 1 X = k) = QX1 =h 4 L Xo = k) _ B[l imhit, Xomiy Mo

Q(Xn =k) B [Lix, -1 Mn|
—n—1 Sin(‘rr(a—kb—l))
E [ﬂ{xm—kﬂ,Xn,—k,sn,+1<a,1n+1>—b} (COS (ﬁb)) ﬁ}
B D))
E X =h A S0 <a.n>—b} (COS (a_-',-b)) Tan(n)

-1 m(a—k—1)
(o)) i ()
= P(Xpt1=k+1X,=k S, <a, I, >-b)

- sin (”(;Jr_bk))
() s (22

2sin (”(anr_bk) )

Remark 5.4. We can easily complete this study by a penalisation functional Gp = 1lg: <o. We
P
just have to see that this penalisation is the same as Lss<a-
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