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Abstract

We consider the semiclassical limit for the Heisenberg-von Neumann equation with a
potential which consists of the sum of a repulsive Coulomb potential, plus a Lipschitz po-
tential whose gradient belongs to BV'; this assumption on the potential guarantees the well
posedness of the Liouville equation in the space of bounded integrable solutions. We find
sufficient conditions on the initial data to ensure that the quantum dynamics converges to
the classical one. More precisely, we consider the Husimi functions of the solution of the
Heisenberg-von Neumann equation, and under suitable assumptions on the initial data we
prove that they converge, as € — 0, to the unique bounded solution of the Liouville equation
(locally uniformly in time).

1 Introduction

The aim of this paper is to study the semiclassical limit for the Heisenberg-von Neumann (quan-
tum Liouville) equation:

iaatﬁ% = [Heaﬁé]a
(1.1)
p~6 = ﬁO,E,
{Po.¢}e>0 being a family of uniformly bounded (with respect to ¢), positive, trace class operators,

and with H. = —5 A + U.
When jo is the orthogonal projector onto vy € L?(R"), ([Q) is equivalent (up to a global
phase) to the Schrodinger equation

iednp; = —5 A + Uys = Hos, |
(1.2

¥5 = Yo € L*(R™),
We recall that the Wigner transform W, of a function ¢ € L?(R") is defined as

Welb(w,p) =

[l Syl = Sy)e iy,

(2m)" 2
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and the one of a density matrix p is defined as

1 € e
= “y,x— —y)e PV 1.
Wep(z, p) G /Rn plx+5y,@ — Sy)e”Mdy, (1.3)

where p(z,2") denotes the integral kernel associated to the operator p.

The weak limit of the Wigner function of the solution of ([L.J) or ([L.1]) has been studied in
many articles (e.g. [[§, [[3, [4], and more recently in strong topology in [B, [f]). More precisely,
it is well-known that the limit dynamics of the Schrodinger equation is related to the Liouville
equation

O +p-Vopu —VU(z) - Vpu =0, (1.4)

and, roughly speaking, the above results state that:

(A) If U is of class C? and there exists a sequence €, — 0 such that We, poe, converges in the sense
of distribution to some (nonnegative) measure fig, then We, pi* — (®;)4p0 (the convergence
is again in the sense of distribution), where ®; is the (unique) flow map associated to the
Hamiltonian system

& =p,
{ p=-VU(z) (15)

so that u; := (®4)4p0 is the unique solution to ([L4) (here and in the sequel, # denotes the
push-forward, so that ps(A) = po(®; 1 (A)) for all A C R?" Borel).
(B) If U is of class C! and there exists a sequence e — 0 such that the curve ¢t — W, p;*
converges in the sense of distribution to some curve of (nonnegative) measure ¢ — gy, then gy
solves ([L.4).

In the present paper we want to use some recent results proved in [f], fl] to improve the
literature in two directions:

(i) By lowering the regularity assumptions of (A) on the potential in order get convergence
results for a more general class of potentials, as described below.

(ii) Get rid of the “after an extraction of a subsequence” argument, due to compactness,
used in most of the available proofs where one is unable to uniquely identify the limit.
More precisely, in (B) above one needs to take a subsequence along which the whole curve
t > W, p;* converges for all ¢ in order to obtain a solution to ([.4). Moreover, the limiting
solution may depend on the particular subsequence. In our case we will be able to show
that, for a class potential much larger than C?, once one assumes that the Wigner functions
at time ¢ = 0 have a limit, then the limit at any other time will converge to a “uniquely

identified” solution of ([L.4).

The price to pay for the lack of regularity of the potential will be to have some size condition on
the initial datum which forbids the possibility of considering pure states. Even more, the Wigner
function of the initial datum cannot concentrate at a point, a possibility which might actually
enter in conflict with the fact that the underlying flow is not uniquely defined everywhere. Let us
mention however that, with extra assumptions on the potential (but still allowing the possibility
of not having uniqueness of a classical flow), it is possible to consider concentrating initial Wigner



functions, giving rise to atomic measures whose evolution follows the “multicharacteristics” of
the flow (see [f]).

As described below, we will nevertheless show that, for general bounded and globally Lip-
schitz potential associated to locally BV vector fields (in addition to some Coulomb part),
the Wigner measure of the solution at any time is the push-forward of the initial one by the
Ambrosio-DiPerna-Lions flow [f], P

Our method will use extensively the Husimi transforms ) — W.t¢ and p — W.p, which
we recall are defined in terms of convolution of the Wigner transform with the 2n-dimensional
Gaussian kernel with variance €/2:

o—(le2+p1?)/e

W) := (W) *G?"), Wep = (W.p) *Gg"), G?") (xz,p) = (e

= G (2)GM (p).

(1.6)
Of course, the asymptotic behaviour of the Wigner and Husimi transform is the same in the limit
€ — 0. However, one of the main advantages of the Husimi transform is that it is nonnegative
(see Appendix).
Let us observe that, thanks to (A.§), the L°°-norm of W2t can be estimated using the
Cauchy-Schwarz inequality:

1
en

_ Iz

3 2 2

Weth(z,0) < = I9Ia105 I3 = 12

However, this estimate blows up as € — 0. On the other hand we will prove that, by averaging
the initial condition with respect to translations, we can get a uniform estimate as ¢ — 0 (Section
B.9). This gives us, for instance, an important family of initial data to which our result and the
ones in [l apply (see also the other examples in Section [).

2 The main results

2.1 Setting

We are concerned with the derivation of classical mechanics from quantum mechanics, cor-
responding to the study of the asymptotic behaviour of solutions p; to the Heisenberg-von
Neumann equation
ie0,p; = [He, pf]
(2.1)
ﬁ% = ﬁ0,67

as ¢ — 0, where H, = —%A 4+ U, and U : R™ — R is of the form U, + Us on R", where Uy is a
repulsive Coulomb potential

AYA _ _
Ud)= m M <n/3,x=(21,...00,7) € (ROM x R"3M 7, > 0,



Uy is globally bounded, locally Lipschitz, VU, € BVj,.(R™; R™), and

VU, ()|
esssup ————— < +00
reR™ 1+ |$|

The formal solution of ([.2) is pf, where

~c | 7itH5/€ﬁ0 —itH. /e

pf=e ce

)

and its kernel is pf. Moreover, as shown for instance in [[[3], W.pf solves in the sense of
distributions the equation

IWepi +p- Vo Wepi = 6.(U, pf), (2.2)
where &-(U, p) is given by

€ N
&-(U, p)(z,p) == — ple+ gy, — gy)e” Py, (23)

i /n[U(H%y)—U(m_%y)] .

(2m)m™ €

Adding and subtracting VU (z) - y in the term in square brackets and using ye =Y = Npe—ip'y,
an integration by parts gives & (U, p) = VU (z) - V,Wep + &.L(U, p), where &.(U, p) is given by

(2;)11 /n [U(cv + 59) ; Uz — 5y)

—VU(z) - y} p(x + %y T — gy)e_ipydy-

(2.4)
Let b : R?® — R?" be the autonomous divergence-free vector field b(z,p) := (p,—VU(a:)).
Then, by the discussion above, W, p} solves the Liouville equation associated to b with an error
term:

&L(U, p)(,p) = —

OWepi +b-VWep; = E(U, pf). (2.5)

On the other hand, thanks to (£:9), it is not difficult to prove that W.p¢ solves in the sense of
distributions the equation

Weps +p - VuWeps = E(U, p5) % G2 — \[eV, - [Wops x G2V, (2.6)

where

n q n
G (y,q) = %Gg )(y,q). (2.7)

Since W.pf and W.p§ have the same limit points as € — 0, the heuristic idea is that in the limit

e — 0 all error terms should disappear, and we should be left with the Liouville equation (which
describes the classical dynamics)

3twt +b- th =0 on RQn.



2.2 Preliminary results on the Liouville equations

Under the above assumptions on U one cannot hope for a general uniqueness result in the space
of measures for the Liouville equation, as this would be equivalent to uniqueness for the ODE
with vector field b (see for instance [[J]). On the other hand, as shown in [f], Theorem 6.1], the
equation
atWt+b'th:O
(2.8)
wo = @ € LY(R?™) N L>®°(R?") and nonnegative,

has existence and uniqueness in the space L2 ([0, T; L' (R?™) N L°°(R?*")). This means that there
exist a unique # : [0, 7] — L'(R**)NL>(R?"), nonnegative and such that ess supeio,r] |7l meny +
[ #4]] Lo (m2ny < 400, that solves (R.§) in the sense of distributions on [0, 7] x R,

One may wonder whether, in this general setting, solutions to the transport equation can still
be described using the theory of characteristics. Even if in this case one cannot solve uniquely
the ODE, one can still prove that there exists a unique flow map in the “Ambrosio-DiPerna-
Lions sense”. Let us recall the definition of Regular Lagrangian Flow (in short RLF) in the sense
of Ambrosio-DiPerna-Lions:

We say that a (continuous) family of maps ®; : R?" — R?" ¢ > 0, is a RLF associated to

@) it

- ® is the identity map.
- For #?*"-a.e. (x,p), t — ®4(z,p) is an absolutely continuous curve solving ([L.).

- For every T > 0 there exists a constant Cp such that (9;)4.£*" < Cr. " for all t € [0,T],

where .#?" denotes the Lebesgue measure on R??,

Observe that, since VU is not Lipschitz, a priori the ODE (@) could have more than one
solution for some initial condition. However, the approach via RLFs allows to get rid of this
problem by looking at solutions to ([L.J) as a whole, and under suitable assumptions on U the
RLF associated to ([[.J) exists, and it is unique in the following sense: assume that ®! and ®2
are two RLFs. Then, for .#?"-a.e. (z,p), ®;(z,p) = ®7(z,p) for all t € [0, +00). In particular,
as shown in [, Section 6], the unique solution to (R.§) is given by

w L = (By) 4 (0 L*). (2.9)

Hence, the idea is that, if we can ensure that any limit point of the Husimi transforms
W.p; give rives to a curve of measure belonging to L ([0,7]; L'(R?") N L®(R?")), by the
aforementioned result we would deduce that the limit is unique (once the limit initial datum is
fixed), and moreover it is transported by the unique RLF. In order to get such a result we need
to make some assumptions on the initial data.

2.3 Assumptions on the initial data and main theorem
Let {fo,c }ce(0,1) be a family of initial data which satisfy
Poe = Poer Poe >0 and tr(poe) =1 Vee (0,1).



Let
o= 1l ol
JjEN
be the spectral decomposition of pg ., and denote by pg . its integral kernel.
We assume:

sup Y i | Hog|* < v, (2.10)
c€(0,1 jeN
1 .
E—npo,a < CId7 (2'11)
lim  sup / poc(z,z) dr =0, (2.12)
R—=+400 c¢(0,1) JR\BS
and
. 1 pp
1 ~ F (—,—) dp = 0, 9.13
RiTmez%?l) (2me)n /R\B}{”) Pos\cre) P (2.13)

where Bgl) is the ball of radius R in R"™ and F is the Fourier transform on R?", see ([A.§).
Conditions (R.19) and (R.I3) are equivalent to asking that the family of probability measure
{W5p075}€€(071) is tight (see Appendix). By Prokhorov’s Theorem, this is equivalent to the com-
pactness of {Wepo,s}ae(o,l) with respect to the weak topology of probability measures (i.e., in
the duality with C,(R?"), the space of bounded continuous functions). Hence, up to extract-
ing a subsequence, assumptions (R.19) together with (R.13) is equivalent to the existence of a
probability density w such that

w — lim We.po L = 0.8 € 2(R*"), (2.14)
e—0 ’

where ,@(RQ") denotes the space of probability measure on R™. In order to avoid a tedious
notation which would result by working with a subsequence ej, we will assume that (R.14) holds
along the whole sequence € — 0, keeping in mind that all the arguments could be repeated with
an arbitrary subsequence.

Let us observe that condition (R.10)) is slightly weaker than SUPe(0,1) tr(H2pp ) < 400, as
in order to give a sense to the latter we need the operator H2pL to make sense (at least on a
core). Concerning assumption (R.14), let us observe that the hypothesis tr(pg ) = 1 implies that
ng(],g € W(RQ") (see Appendix).

To express in a better and cleaner way the fact that the convergence is uniform in time, we
denote by d# any bounded distance inducing the weak topology in L@(RQ"). Recall also that
®; denotes the unique RLF associated to b(z,p) = (p, —VU(z)), so that ()4 (w0.L?") is the
unique nonnegative solution of (R.§) in LS°([0,T]; L' (R*™) N L>(R?™)).

Theorem 2.1. Let U be as in Section 2.1 Under the assumptions (B-10), (B-11) and ([2.1})

lim sup d o (W.p 22", (@t)#(w.,iﬂ?")) = 0. (2.15)
e—0 (0,77



Moreover, if we define #;.L*" = (O4) 4 (0L2"), for every smooth function ¢ € C°(R*") the
map t — fRQn Wi dz dp is continuously differentiable, and

d
— gp%dmdp:/ b V¥ dz dp.
dt R2n R2n

The rest of the paper will be concerned with the proof of Theorem P.1l However, before
proceeding with the proof, we first provide some example and sufficient conditions for our result

to apply.

3 Examples

We will give three types of examples of density matrices satisfying the assumptions of the
preceding section, so that Theorem P.1] applies.

3.1 Average of an orthonormal basis

For simplicity, we set up our first example in the one-dimensional case. In particular, there
is no Coulomb interaction (that is, U = U), since by assumption Coulomb interactions are
three-dimensional. We leave to the interested reader the extension to arbitrary dimension (the
only difference in the case Us # 0 appears when checking assumption (R.1()).

Let us consider the orthonormal basis of L?(IR) given by the (semiclassical) Hermite functions

—x2/2¢
() € x .
V)= —o g =], €N,
vy @) V2751 (me) /4 j(ﬁ) ’

where H;’s are the Hermite polynomials, i.e.

The following holds:

Proposition 3.1. Let {M§€)}jeN be a sequence of positive numbers, and define the density matriz
pe given by
pe =1l (Wi el
JjEN
Assume that

o 0< il <Ce, Yoyl =1
o & ZjeN ,ug.a)j2 < C < +o0;
o w—lime_ Yoy 1782 +p? — je) = 0.2% € 2(R?).

Then (ET0), (ETH). and (ET) hold.



Proof. The first assumption is equivalent to (R.11)) and the trace-one condition.
Concerning (R.1(), using the well-know fact that

d € - -
catul? = [2 (Vi - Vi Tu)
T 2
by a simple calculation it follows that
g2 d?

He%(-a) = _EW%@_’_UW](F)

= 2 (VIG=D92, - @ + 0wl + VG DG + 26, ) + U,

Hence

£ — . . . 2
1P < [2(ViT-D+ @i+ D)+ VGG +2) + 10l
< C+e%),
and (R.1() follows from the first two assumptions.
Finally, the third assumption implies (2.14) by noticing that

w — lim Wewj(»e) =6(2? +p* — a) Va>0

e—0,j—00,je—a

(see, for instance, [[L3, Exemple II1.6)). O

3.2 Toplitz case
Let ¢ € H*(R™;C) with [, |¢p(x)|* dz = 1. Given €,¢ > 0, for any w,q € R™ let ¢, , be defined

by
1 T—q\ ;wz
Vi q(T) = W¢< c >€Z €.
Then, using Plancherel theorem, one can easily check that the identity
1
o L W) dg = (2m)" 1 (31)

holds, where [1)(¢] is the Dirac notation for the orthogonal projection onto a normalized vector
Y € L?(R™). Thanks to (B-]]) and the fact that orthogonal projectors are nonnegative operators,
we immediately obtain the following important estimate: for every nonnegative bounded function
Xe : R?® — R, it holds

1

e Jpe

Xe(w, @)W, g) (Vi gl dw dg < [ xe |0 (27)"1d. (3.2)

Set now
o= [ X0l )0 dudg, =€ 0.1)

where {Xe}-¢(0,1) is a family of nonnegative bounded functions such that Jzzn Xe(w, q) dwdg =1,
and let S be the singular set of U as defined in ([£27) below.



Proposition 3.2. Let ¢ = ¢(g) =& with a € (0,1), and assume that
® SUPee(0,1) [Xelloo < +o00.

o w—lim. 0 X L =L € W(RQ")
4 me Xe(w, q) <‘w‘4 + m) dwdq < C < +o0.

Then (R.10), (R.1)), and (R.I4) hold for the family of initial data {poc}ec(o,)-

Proof. (R-1J]) follows from the first assumption and (B-9).
Since ¢ = % with a € (0,1) we have that for all (w,q) € R?"

: T 2n
w — ig% Wslbfu,qiﬂ = 6(w,q)a

see [[[5, Exemple II1.3], and so (R.I4) follows from our second assumption.
To show that the third assumption implies (R.10), we notice that in this case (R.10) can be
written as follows

/2 Xs(w7q)<H€¢Z},q7 H, Z},q> dw dg < +o0. (3.3)
R n

Since a < 1, and ¢ € H?(R™;C), by a simple computation we get

~

£

(Hotf g Hetg) < 5 (Batfy 0 Datfy ) + 2005, 0, U5, )

1 _
<O+ |w*)+C U(x)Qg—ngb?(%) dz.
Rn

Since Uy, is bounded, |Us(g)| < C/dist(q, S), and [, |¢(z)|* dz = 1, a simple estimate analogous
to the one in Section [I.4 shows that (P-I() holds. We leave the details to the interested reader.
U

3.3 Conditions on the Wigner function

Here we consider a general family of density matrices {ﬁo,g}ae(o,l) which satisfies the tightness
conditions (R.19) and (R.13) (so that (R.14) is satisfied up to the extraction of a subsequence).
In the next proposition we show some simple sufficient conditions on the Wigner functions
{W.po,c}ee(0,1) in order to ensure the validity of assumptions (R.10) and (2.11)).

Proposition 3.3. Assume that

o max|y) g<zs1 [1050) Weppelloo < C < +00,

4
° fR% (% + U?(x) + |p|*U(zx) — "T‘SQAU(QU)> Wepoe(z,p)dedp < C < 4o00.



Then (R-10) and (R.11) hold.

Proof. Let us recall first that the Weyl symbol of an operator p of integral kernel p(x,y) is, by
definition, given by

Uf(ﬁ)(x7p) = / p(l’ + %7_%' _ %)e*iy-p/edy’

that is equal to (27e)"W.p. Moreover, using (A-J) and (A4), it holds

(o) = [ Weplep)dadp (3.4)

Now, we remark that the first assumption gives (R.11]) using Calderén-Vaillancourt Theorem

B

Concerning (R.1(), we will prove that

sup tr(HZ2po ) < +00
€€(0,1)

(as observed in Section P.3, this condition is slightly stronger than (R.10))). To this aim, we first

note that
2 2

- 9 € €
H: = —A"+U* - AU - —UA. (3.5)
4 2 2
Moreover, let us observe that if p; and py have kernels p; and ps respectively, then the kernel

associated to the operator pips is given by [ p1(+,2)pa(z, ) dz. By this fact and (B.4), a simple
computation shows that the identity

(4p.) = [ | (Ao Wepnela.p) dodp
holds for any “suitable” operator A (here o.(A) is the Weyl symbol of A). Hence, in our case,
tr(H2pe) = /2 0= (HZ2)(w, p)Wepo e (, p) dz dp.
R n

We claim that the Weyl symbol of H? is

_ !

o= (H2)(2,p) = &

2 2 B n_52
+U*(z) + |p|°U(x) 5 AU (x).

Indeed, let f(z,p) := |p|> = 0(—e?A)(z,p) and g(x,p) := U(x) = o.(U)(z,p). Then, using
Moyal expansion,

, b, e 2
o.(HZ)(x,p) = o¢ ZA +U _EAU_EUA (x,p)

_ [flap)? 1 1
= =7+ g(z,p)® + 5 /19(x,p) + 5941 (. p),

10



where by definition

hlﬁhQ(x7p) = ei%(azapliapazl)hl (1’, p)hZ (xla p/)

o'=zp=p

In our case, in the expansion of the exponential

e 1 /¢ J
15 (020, —0, 8z/ ) — —
¢15 (020, ~0,0,1) _ ;GN: i (z 5 (020 apaxf))

we can stop at the second order term, since f(z,p) = |p|>. Therefore

n 2
fig(a.p) = pPU(2) — iep- VU(2) = =AU (@),

and )
gif(@,p) = pU () +iep - VU(2) = AU (2).

This proves the claim and conclude the proof of the proposition.

4 Proof of Theorem B

The proof of the theorem is split into several steps: first we show some basic estimates on the
solutions, and we prove that the family ng‘; is tight in space and uniformly weakly continuous in
time (this is the compactness part). Then we show that W, pS solves the Liouville equation (away
from the singular set of the Coulomb potential) with an error term which converges to zero as e —
0. Combining this fact with some uniform decay estimate for W, p; away from the singularity, we
finally prove that any limit point is bounded and solves the Liouville equation. By the uniqueness
of solution to the Liouville equation in the function space LL([0,T]; L' (R?") N L>(R*™)), we
conclude the desired result.

Let us observe that some of our estimates can be found [[f] and [l]. However, the setting
and the notation there are slightly different, and in some cases one would have to recheck the
details of the proofs in [[, ] to verify that everything works also in our case. Hence, for sake
of completeness and in order to make this paper more accessible, we have decided to include all
the details.

4.1 Basic estimates
4.1.1 Conserved quantities

The spectral decomposition of p¢ is

5 =m0 )67,

jEN

11



where gbft) = ¢ itHe/ 5¢§.€) solves ([[.). By standard results on the unitary propagator g itHe/e
follows that
ST ENe) 165)) =S 68, Heol) (4.1)
jeN jEN
and
S uHG 1P = 3 oo (4.2)
JEN JEN
for all t € R and € € (0,1). Therefore, using (R.1() we have
sup sup Y i (9, Hoo)) < +oo, (43)
e€(0,1) teR jen
(e) (e) )2
sup sup wi || H:0 < +00. 4.4
Sup, sup > ouy | H | (4.4)

JEN
4.1.2 A priori estimates

From ([£1), (£.3) and from the fact that U, > 0 and U, € L>°(R"), follows that for all £ € (0,1)

sup / UR@)pi(a,w) do < Y7 P | HGE |+ 20Ul | D w765, Heo) + (U3

teR jeN jeN
(4.5)
and 1
sups S [ (9o do < 3 u (00 H00) + U] (46)
teR < jeN R jeN
Hence, by ([.3) and (f.4) we obtain
sup sup/ U2(x)p5 (z,x) de < Cy (4.7)
€€(0,1) teR JR™
and
sup sup2u§6)/ \€V¢§-ig) (z)* dz < Cs. (4.8)
e€(0,1) teR jeN R™
4.1.3 Propagation of (R.11]) and consequences
Observe that, by unitarity of e’*H</¢ we have, for all t € R,
1
g—npf < C1Id. (4.9)
Hence, since
Wepf(y,p) = (0500 PLD5 ) (4.10)

(2m)"

12



(see Appendix), using (.9) we have

sup Sup [ Wepf oo < oo |12, |2 = oo (4.11)
£€(0,1) teR (2m)n " (2m)™

(because [|¢f || = £"/2). Now, define for all z,y € R” and £, A > 0

o) = (V2e) 2 ()G, ( — ).

Observe that

1 B 1
€_n<ge,)\,yap§g€,>\,y> = on Zug‘E)ng,)\,w(ﬁft))P
jeN
= L S HOIVE P D < G )P
jEN
= 22y W6l « L w)P,

JEN

therefore, since ||g. x|l = 1, by ([.d) we have that

22(mn)2 3" el « G )P < C. (4.12)
jeN
So o
€) .(e) (n) 2 <
sup sup sup i by * G\ (y)]© < (4.13)
£€(0,1) te[0,T] yER™ ]%;] J re2tY /2
4.2 Tightness in space
Define C’gc) ={y=(y1,.--,yk) ER¥: |y;| < R,j=1,...,k}. We want to prove that
lim sup sup / W.pl(z,p)dxdp = 0. (4.14)
R=400 2 (0,1) te[0,7] JR27\CZ™)

Observe that for all R > 0

. 1 B
sup  sup / Wepl(z,p)dzdp < sup sup / Wepk(z,p) dx dp
£€(0,1) te[0,T] JR2m\ 2™ ee(0,1) te[0,7] 2 |J®m\ o) xRn

+/ Wepl(z,p) dadp|
R x (RMN\CTY)

so we can check the tightness property separately for the first and the second marginals of
We.pt. From (R19) follows immediately that the family {W.p. 02" }.c(0,1) is tight (because, by

13



Prokhorov’s Theorem, a family of nonnegative finite measures on R?” is tight if and only if it is
relatively compact in the duality with Cy(R?")). Therefore

lim Wepe,o(:c,p) dx dp = 0. (4.15)
R—4o00 (R"\CI(;))XRR
1 such that x(x) = 0 if |z| < 1/2 and x(x) = 1 if |z| > 1, and

Let x € C(R"), 0 < x <
/R). Observe that ||[Vxg|leo < C'/R and ||Axg|lec < C'/R%. We define the

define Xg(r) = x(x
following operator:

A (@) = xp* G ()p(x), e LA(R™).
Observe that

d 5 ) -
(AR ) = ——((AR) HoI)

and that [Ag), H.] =&*(A(xr * Gé"))/Q + V(xr * ng)) - V). So, using ([£3),

d i d .
Etr(A(E)pZ) =l . XR(2)Wepe(x, p) du dp

C’e C,\/ CQ C n \/ 02

RQ+ R _R2 R

IN

which gives

/ Wept(z,p)dx dp
Re\C{™) xR7

IN

/2 Xr(2)Wepl(z, p) dz dp
]Rn

IN

+

' OO,
/R%XR Wepo-(, p)dfcder[RQ 7 ]T

IN

' OOy
/R e Wepo,e(2,p) dx dp + [R2+ 7 }T-

Therefore, using ({L.15), we get

lim sup sup / Wepé(x,p) dzx dp = 0, (4.16)
R=400 . (0,1) te[0,1] J (RP\C{) ) xRn

as desired. For the second marginal we observe first that

~ ne
/ p[*Wepl(z,p) dwdp:/ p[*Wepl(z,p) dudp + = (4.17)
RQn RQn
and
/Qn pPWepl(,p)dedp = > p E)/n 6/2 ' Ip|* dp
jEN

_ (e) (e) 2
= Y /R V6 (@) 2 da

jeN

14



therefore, using (J.17) and ({.§), we have that

sup sup / ]p\QWSpZ(x,p) drdp < Coy + n (4.18)
€€(0,1) te[0,7] JR2n 2
and so
Sy 1 n
0< sup sup Wepe(z,p)drdp < — (C’g + —> =0 as R — +oo.
£€(0,1) te[0,T] JR7 x (R\C) R 2
4.3 Weak Lipschitz continuity in time
Here we prove that for all ¢ € C°(R?") the map
LeR D feolt) = | ¢, p)Wepj (,p) dar dp
is differentiable and p
sup sup —f5,¢(t)‘ < Cy, (4.19)
e€(0,1) teR dt

where Cy is a constant depending only on ¢. First observe that

f€,¢>(t) = o ngi(.%',p)(ﬁg(.%',p) dx dp, (4'20)

where ¢, 1= ¢ * G?n). Therefore, using (2.9), we have

d
Gheot) = [ &) @p)0- (o p) dody

+ ]R2 gE(Usa pi)(x7p)¢€(xap) d.%' dp

+ [ 0 Vet ) Weri o.p) da (1.21)

For the first term it is easy to check that

_ A
/ &(Ub,pt)(x,p)qse(x,p)d:cdp's% / lyl sup 1 F,bel (@, y) dy. (4.22)
R2n (271') Rn zERn

In the case of the Coulomb potential we follow a specific argument borrowed from [f, proof
of Theorem 1.1(ii)]), based on the inequality

1 1 - |wl
[z +w/2] [z —w/2[| 7 |z +w/2|]z —w/2]

(4.23)

15



with z = (z; — x;) € R, w = e(y; — y;) € R3. By estimating the difference quotients of Uy as in

(E23), using ([£7) we obtain

/R2 &:(Us, pf)(z, p)de (z,p) dwdp‘ < A ly| sup | Fpe(z ’,y)ldy/]R U2(2)p; (z, ) dx
< C*Cl/ ly| sup |Fpoe(2’,y)|dy, (4.24)
n xe n

with C, depending only on the numbers Zi,. .., Zys, and Cy is the constant defined in (f.7).
For the last term it is easy to see that

1 7 /
/]R2n(p-qube(w,p))Wsp?(fﬂ,p) dx dp‘ < W/R sup |Fpo:|(2',y) dy, (4.25)

n !L'/ER"

where .
Ge(w,p) = p - Vade(x,p).

Therefore we have only to bound

/ ly| sup |Fpée(x,y)|dy and /]R sup ]fptgg\(x',y) dy

TeR™ L SING

with a constant depending only on ¢.
For the first term
e v dy

Gé") (x — x')}"p(ﬁ(m', y) dz’
Rn

[ ol sup Feteldy = [ 1ol sup

zeR™ rER™

< [ s o) dy< .
n ZG’VL

For the second term

/ sup \fpée(w',y)!dy=/ sup
R» x’/€R™ R” xeR”

Now observe that

/ dp dm/dplefip-y(ﬁ(mljpl)ng) (p . p/) (p . Vngn) (.%' — x/)) ' dy
R3n
(4.26)
/ dp dw/dp/e—ip-y(b(x/’p/)ng) (p o p/) <p . Vngn) (1’ — x’))
R3n
= > / da'dp’ 9, G (x — ") G (o) / dp o (', p —p)e P
— RQn R™
= e [/ da' (Vo - Fogle —a',y))G (2')
1€

+ [ (g VaFp(e — 2! y)GE (« )],

R2n

16



where g(x,p) = po(x, p). Now, since ¢ € (0, 1)

[ sw mda iy < [ s
R R

n $,6Rn n :BER"
€
+= sup

< / dy sup |V - Fpg(z,y)| + 5 /]R dy |y| sup |V Fpo(z,y)|

/n da' (V- Fyg(a —a',y)GL (')

/]RQ” d’ (y - VFyp(x — ', y))ng) (z)

z€Rm z€R™
(2)
< C¢ .
Therefore
(2)
d [IVUlloo (1) (1 Cs
supsup—f7t' < C +CCC —.
ce(0,1) teR | dt 20(?) (2m)™ ! (277)

4.4 Uniform decay away from the singularity

The singular set of Uy is given by

S = U Sij, Sm:{x:(xl,...,xM,f)E(R‘?)MXR"*?’M : x; = x; for some i # j},

1<i<j<M
(4.27)
and we have .

U > 4.28
s(@) 2 dist(z, S) (4.28)

where ¢ > 0 depending only on Zi, ..., Zy. We want to prove that

1 -

lim s Y | Wt dzdp < C. 4.29
im sup /R% <Ip| + dist(x,5)2> pe(w,p) dr dp < (4.29)

We start with the second term:
_L 5 pL(a' 2) G (x — o)
dzx d ¢ = xdx' ==
/Rzn * pdist(:c,S)QWepE(x’p) /B(”)xR” dlst(x S)?

< [ B
- dlbt dist(z/, S)?

o IRCCACOTACRS

C

Cq

)
&

where c is defined in ([2§), C; is defined in ([£.7), and we used ([.29).

IN
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To prove the second estimate we observe that

p[*Wept(z,p)dedp < Ip[*We.pl(z, p) dx dp
R2n R2n

ne n(n 4 2)e?
T Ip|>WepL(z, p) dz dp + %_
RQn

Thanks to ([£19), it suffices to control the first integral in the right hand side:

1 A P 2
/R% Pl Wepl (2, p)dedp = Zuf’/n o <g>‘ Ip|* dp

et (27e)e/2
= Y [ e i
JEN

< 23 [ [P + U@leR @] ar

JjeN

and the last term is uniformly bounded thanks to ([.4), (.7), and the boundedness of Uj,.

4.5 Limit continuity equation away from the singularities

We want to prove that

lim OT [go/(t)

e—0

o, p)Wopt (2 p) da dp + o(8) / b(z,p) - Vo(a, p)Wepl (2.p) du dp| dt =0

R2n
(4.30)
for all ¢ € C°(R?™\ (S x R")) and ¢ € C=°(0,T). Hence, recalling (B-f), we have to show that

R2n

lim sup / dx dp é%(U,pf)*G?")(:v,p)qb(:v,p)+/ dz dp VU (z) - Vypo(z, p)Wepk(z,p) = 0,
E%Ote[O,T} R2n R2n

(4.31)

and
T

tig [ dt o) [ dodp VBV, (Wi x GV o) =0, (4.32)
RQn

e—0 0

for all ¢ € C°(R?*™\ (S x R™)) and ¢ € C°(0,T).

4.5.1 Verification of ()

We can consider separately the contributions of U, and Us. We start with the contribution of
Us. We have to prove that

lim sup / da dp &.(Uy, pf)*GP™ (2, p)é(z, p) + / da dp VUy()-Vpp(a, p)Wepk(z,p) = 0
€_>Ot6[07T} RQn R2n
(4.33)
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for all ¢ € C°(R*™\ (S x R")).
‘We know that

lim sup U p(a, p)Wepl(z,p) dx dp — / (2, p)Wepl(x,p) dedp| =0 (4.34)
e—0 te [O,T] R2n R2n

for all ¢ € C(R?").

First of all, we see that we can apply (f.34) with p(z,p) = VUs(z) - V¢ (z,p) to replace the
integrals

VU (x) - Vypé(a, p) Wer)® da dp
R2n

with

VUs(x) - Vpo(z, p)Wep® da dp
RQn

in the verification of ([.33). Analogously, using (f£.7) and ({.24) we see that we can replace
| EeUs )  GE (@, p)8(@, p) dvdp
with

[ &) wp)ola.p) dodp.

Thus, we are led to show the convergence

lim sup &(Us, pL) ¢ dx dp + VU () - Vpo(z, p)Wept(z,p) drdp =0 (4.35)
e—0 te[0,7] JR2n R2n

for all ¢ € C°((R™\ S) x R™)). Since

Us(x + 5y) —Us(x — §
@%(Us,pzwdwdp:/ S Qy)”i(“ﬂ’x‘%)ﬂ‘b(m’wd“dy

R2n R2n 13 2

we can split the region of integration in two parts, where y/2|y| > 1 and where /¢|y| < 1. The
contribution of the first region can be estimated as in ([.24), with

c. lyl sup | Fpb(a’, y)]| dy / U2(2)pt (x, ) da,
{Vely|>1} x! R7

which is infinitesimal, using (J£7) again, as e — 0. Since

Us(z + 5y) — Us(z — 5y)
g

— VUs(z) -y

uniformly as /zly| < 1 and 2 belongs to a compact subset of R™ \ S, the contribution of the
second part is the same of

€y €y
[ 0@ 0)ot (2 + Foo = F) Foblary) dady
R2n
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which coincides with
. VU () - Vpd(z,p)Wept(z,p) dz dp.
R n
Now we consider the contribution of U,. We have to prove that

liy sup [ (U pt) o p)oul) dudp+ [ VUa) - V(o pWepf dodp =0 (430)
£0¢ef0,1) JR2" R2n

for all ¢ € C°(R?™), where ¢, = ¢ * G?n). The proof of ([.30) is divided in two parts: first we
prove that

iy sup [ (U)o p)olp) dudp+ | VUa) - Vbl pWopf dudp =0 (437)
E%Ote[O,T] R2n R2n

for all ¢ € C2°(R?*"), and then, using the following estimate

[, 0| < = [y 1melena. @)
R2n @m)"  Jrn 7 zern

for all p € C°(IR?™), we can replace ¢ by ¢ in the first summand of (f£37), obtaining (:3§). The
proof of (f.37) is achieved by a density argument. The first remark is that linear combinations
of tensor functions ¢(z,p) = ¢1(x)d2(p), with ¢; € C°(R™), are dense for the norm considered
in ({.3). In this way, we are led to prove convergence in the case when ¢(z,p) = ¢1(z)p2(p).
The second remark is that convergence surely holds if U, is of class C? (by the arguments in [[[5],
H)). Hence, combining the two remarks and using the linearity of the error term with respect to
the potential, we can prove convergence by a density argument, by approximating U uniformly
and in W12 topology on the support of ¢1 by potentials Vi € C?(R") with uniformly Lipschitz
constants; then, setting Ay, = (U, — Vi)¢1 and choosing a sequence )y, in Lemma [L.1] converging
slowly to 0 for & — 400, in such a way that |[VAg|l2 = 0()\2/4) for k — +o00. In this way we
obtain

tin sup sup [ £(U Vi pi) o p)on (2)0n(p) s dp =0
k=00 2€(0,1) te[0,1] JR2n

As for the term in ([:3G) involving the Husimi transforms, we can use ([.11)) to obtain that

R2n WepV (Up(x) = V() - Va(p)ér () da dp

limsup sup sup
k—oo e€(0,1) te[0,T]

oy lmswp [ 6@V e) = V@) dr | [Foso)]dp = 0.

<

So we need only to prove the following lemma:
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Lemma 4.1 (A priori estimate). For all A > 0, we have that

sup sup
£€(0,1) t€[0,T)

< o1l VU |l sup lyl1d2(y) — b2 * G ()] + VAV Alloo |21 /R u| GV () d(4.40)

ye
\/5 VA ~ n n
VoIS [ il + W0l Tl [ ol s 600y ()

where A := Upgy and C is the constant in (R-11)).

o &-(Us, pi) (2, p)d1(2)¢2(p) dz dp‘ (4.39)

Proof. Set ¢o = Fp¢2. Observe that since (1.3§) gives that

sup sup | | &(Up, pi) 1 (1)0(p) du dp — /R ., Ee(Un )1 ()2 (p)e™ " da dp

£€(0,1) te[0,T)

< 01190 llo sup lyl|da(y) — b2 * G ()]
yeR™

R2n

we recognize the first error term in ([£39). So we have only to estimate

sup sup
e€(0,1) t€[0,T]

. (fE(Ub,pf)qﬁl(x)(bg(p)e*‘pm dx dp‘. (4.42)
R n
Observe that

(U )1 (@)d2(p)e” " drdp = Ty + 1oy — Iy,
R2n

where

Az + Sy) — A(x — 5y) » n €
1,3,5::/2 (@ +5y) — A 2)¢2*G§)(y)p§(w+—
Rn

19
_= 4.4
. 5y & 2y) dxdyd, (4.43)

gb T —¢ x+§y ~ n e € €
1( ) 61( 2 )¢2*Gg\ )(y)pt(er §y7x_ §y) dxdy, (4.44)

M= [ U= 5208 =05, g
R2n £

3
II,g’t = / Ub(.%' =+ §y)
R2n

& g
Wi+ Syoo = Sy)dady. (4.45)

Observe first that

sup sup [ILey| + [ITL4) < [Ulloo Vo ]loc / i * G| () dy.
£€(0,1) t€[0,T] RN

The estimate of I, ; is more delicate: we first perform some manipulations of this expression,then
we estimate the resulting terms with the help of ([E13).
We expand the convolution product and make the change of variables

21



L, = m /]R B dudvdzwewﬂf(uav)@(z)
_ _Z / (A61) + GV (v + £2)65) (v)h (2) dudz
jen
—_]%;; [ 4 ()% + G (v + £2)60) (1) balz) dvd>
_ —Z (<) /R ) £ G0+ e2) = Al +e2)(0l7) * GL)(w +e2)| 619 (0)a(2) dodz
1 % 2 /R AW +e2) — AW (0] * G0)(0 + €))7 (0)da(2) dudz. (4.46)
j

Now let us estimate the first summand in ({.40)

Zﬂg /2 [ (e)) * Gg\e)z(v +ez) — Av +6z)(¢( €) . Gg\e)g)(v +62)} ¢§t)( Yoo (z) dvdz

jeN

/ 2 a(2) /R dud Alv+ez = “6) — AL F2) 60) ()68 ()¢ (v + ez — u)

< HVAHOO/Rdz!@ r/ dudy 'G“‘)()r )65 (v + 22 — w)|

IN

VAIVAlldals | | G () du.

For the second summand in ({.46), using ([L.13), we have

Z (©) /R% (v +e2) — AW)] (@) * G (v + €2)0\7) (v) o (2) dudz

]GN
Alv+ez) — Alv n A
< o [ A0 L 60+ )0 0)a(2) e
JjeN
< (ool VAl [ Jellda)l s
This completes the estimate of the term in (f:4J) and the proof. O

4.5.2 Verification of ({.39)

This is easy, taking into account the fact that

Weopl « G2 (2, p) - Vaoo(z,p) dedp = | WeptV, - [¢x GPV] dadp
RQn RQn
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are uniformly bounded (recall that G?n), defined in (R.7), are probability densities).

4.6 Proof of Theorem R.T]

Define #/©) : [0,T] — 2 (R*) as %(6) = W.pt 2 for all € € (0,1) and t € [0,7]. Using
(B.14), (B.19) and Ascoli-Arzela Theorem, one can prove easily that there exist a subsequence

{V/(Ek)}keN and W : [0,T] — 22(R?") such that

lim sup dy(%(sk),Wt) = 0. (4.47)
k=00 tec(0,1]

We now prove the following assertions:
(i) W : [0,T] — Z(R®) is weakly continuous and, for all ¢ € [0,T], W; = W, L for

some function #; € L'(R**) N L>(R*"). Moreover #; > 0 and SUPyeo,7] ||%||L1(R2n) +
H%HLoo(Rzn) < C. In particular, # € L([0, T); L' (R*") N L= (R?")).
(ii) b€ LL ((0,T) x R?";dt dW};), so the continuity equation (B§) with w; = #; makes sense;
(iii) W solves (B.§) in the sense of distributions on [0, T] x R?";
(iv) For any ¢ € C°(R?™), ¢+ [go. ¢ dW; belongs to C*([0,T7).

Proof of (i): Observe that ([.47) implies that W : [0, T] — 27(IR?") is weakly continuous because
it is uniform limit of the weakly continuous maps # (#). The second part of the proposition

follows immediately from (fEIJ). Indeed, for all ¢ € L1 (R?"),

sup sup d(z, p)Wepi(x,p) dedp < — o(x,p) dxdp (4.48)
£€(0,1) te[0,7] JR2n (2m)™ Jpan
and so o
t€[0,T] JR2n (2m)™ Jgen
Proof of (ii): The estimate b € L{ ((0,T) x R?";dW,dt) follows easily from ([.29) and
E13).

Proof of (iii): First we prove that # solves (R.§) in R?"\ (S x R"), where S is the singular
set of Us defined in (f£27). Unfortunately this does not follow immediately by ([£3() because we

have no information about the singular set % of VU, so we cannot control the limit k — oo of

T ~
/ dt (1) / d dp VUp(x) - V(. p)Wer o, ()
0 RQn

in (P.§) with ([E47). But we can proceed by a density argument because, using the regularity
conditions ([48) and (.49), we can approximate VU, in L' on supp¢ by bounded continuous
functions.
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In order to prove that # solves () in [0,7] x R?" we use (.29) to obtain that

1
tes[%?T] /R% Ttz 9)° dW(z,p) dt < 4o0. (4.50)
Observe that ([.50) implies that W;(S x R™) = 0 for every t € (0,7). The proof of the global
validity of the continuity equation uses the classical argument of removing the singularity by
multiplying any test function ¢ € C°(R?") by x, where xx(x) = x(kdist(x,S)) and y is a
smooth cut-off function equal to 0 on [0,1] and equal to 1 on [2,400), with 0 < x/ < 2. If we
use ¢ as a test function, since xj depends on = only, we can use the particular structure of b,
namely b(z,p) = (p, —VU(z)), to write the term depending on the derivatives of xj as

k X' (kdist(x, S))p - Vdist(z, S) dW;(x, p)dt.
R2n

If K is the support of ¢, the integral above can be bounded by

8
ke dW,(a,p) dt < 2K W‘/
k K

2sup [pg|
K

1 th(l',p),

{zeK:kdist(z,S)<2} dist? €, S)

and the right hand side is infinitesimal (uniformly in t) as k — oc.
Proof of (i): Since the distributional derivative of ¢ — [po, ¢Wida dp is given by [po. b -
V¢ dWy, we have to show that the map

t— b-VodW,
R2n
is continuous. Observing that the map ¢t — W; is weakly continuous and W; = W, L with
W e L([0,T7; L' (R?™) N L>°(R?")), the only delicate term is
. VUs(z) - Vpo(z,p) dWy.
R n

Define the nonnegative Hamiltonian function # = |p|?/2+U +||Up||oo. Taking the limit in ([£.29)
as € — 0 we easily deduce that

sup H?dW; < C sup / (1 + p|* + Uf(az)) dW; < 400.
tel0,T] JR2n tel0,T] JR2n

Since the Hamiltonian is preserved by the Liouville dynamics (under our assumptions on the
potential, this fact is contained in the proof of [fl, Theorem 6.1]), the above bound implies

sup / szWt:/ H2dWy — 0 as N — oo.
te[0,7] J{H>N} {H>N}

As Us; < H, this implies

sup / deth/ H?*dWy — 0 as N — oo.
t€[0,7] J{Us>N} {H>N}
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Hence, if we define the sets Ay := {Us < N}, the functions
t— fn(t) = VUs(z) - Vo dWy
AN

are continuous and converge uniformly to [po, VUs() - V¢ dWy as N — oo. This proves (iv).
To conclude the proof of the theorem, recalling that % denote the unique distributional
solution of (P-§) in LL ([0, T); L' (R?™) N L>°(R?")) starting from @.£?" (see [I], Theorem 6.1]),

we have proved # = #, and so

lim sup dy(ngpik.fQ",%f%) = 0. (4.51)
k=00 tefo0,1]

Since the limit #;.2?" is independent of the chosen subsequence, this implies the convergence
of the whole family, namely

lim sup do(W.plL?™, #,2°") =0, (4.52)
e=0¢¢0,7)

as desired.

A Notations and some notions about density operators

A density operator on L?(R™) is a positive, self-adjoint, trace-class operator, namely p = p*, 5 >
0 and tr(p) = 1, where the trace is defined as follows:

w(p) ==Y _{pj, Ap;) (A.1)
JEN

with {¢;};en is any orthonormal basis of L?(R™). It can be shown that each density operator
is a compact operator, so it can be decomposed as follows

p=> i, )¢ (A.2)
jeN

where 0 < A\ < Ay <--- <1, and {9} }en is a orthonormal basis of eigenvectors of 5. Therefore
p is an integral operator and its kernel is

p(w,y) =D Ny ()i (y),
JEN
so that
pio@) = | plg)ity) du

Observe that the trace condition on p can be expressed as follows in terms of its kernel



The Wigner transform of p is defined as

€ €\
Wz—:p(x’p) = (27‘(‘)” /n p(x + §y,x - _y)e pydy’

and the Husimi transform of p as

_ UalP+Ipl*)
Wep = Wep= GE, - G2V (a,p) 1= G @G (0) = —
T
It is easy to check that the marginals of W,p are
/ Wep(z,p) dp = p(z,z)  and / Wep(z,p) dx = ! f<z—) E) (A4)
n ' ' n ' (2me)n” \e’ ¢
where
Fp(q,q) :/ plu,u)e™ "™ du. (A.5)
Similarly the marginals of Wep are
/ Wep(z,p) dp = / plz — o',z — 2" \G (') da! (A.6)
and . , ,
T p—p p—p
W, da = ) G () dp. AT
L Wtan o= [ 70 (P2 ) 600 dp (A7)

Moreover, the Husimi transform is nonnegative: indeed (see for instance [[L5]),

1
Weth(w,p) = 1w, 65,) %, (A-8)

where (-, -) is the scalar product on L?(R") and

1
(me)"

—|z—y|? —i(p- n
P p(y) = e TR0/ e LR, ||gf,ll = 1.

Hence W1 > 0, and using the spectral decomposition (A:2) one obtains the non-negativity of
Wep for any trace-class operator p. Moreover, combining (A-3) and (A.G), it follows that We.p
is a probability measure.

References

[1] L.AMBROSIO, A. FiGALLI, G. FRIESECKE, J. GIANNOULIS, T. PAUL : Semiclassical limit

of quantum dynamics with rough potentials and well posedness of transport equations with
measure initial data. arXiv:1006.5388v1, (2010).

26



2]

[3]

[11]

[12]

[13]

[14]

[15]

[16]

L.AMBROSIO: Transport equation and Cauchy problem for BV wvector fields. Invent. Math.,
158 (2004), 227-260.

L.AMBROS10: Transport equation and Cauchy problem for non-smooth vector fields. Lec-
ture Notes in Mathematics “Calculus of Variations and Non-Linear Partial Differential
Equations” (CIME Series, Cetraro, 2005) 1927, B. Dacorogna, P. Marcellini eds., 2-41,
2008.

L.AMBROSIO, A.FIGALLI: Almost everywhere well-posedness of continuity equations with
measure initial data. C. R. Math. Acad. Sci. Paris, 348 (2010), no. 5-6, 249-252.

L.AMBROSIO, G.FRIESECKE, J.GIANNOULIS: Passage from quantum to classical molecular

dynamics in the presence of Coulomb interactions. Communications in Partial Differential
Equations, 35 (2010), 1490-1515.

A.ATHANASSOULIS, T.PAUL: Strong  phase-space  semiclassical — asymptotics.
arXiv:1002.1371v2.

A.ATHANASSOULIS, T.PAUL: Strong and weak semiclassical limits for some rough Hamil-
tontans arXiv:1011.1651v2

A.BOULKHEMAIR: L? estimates for Weyl quantization. J. Funct. Anal., 165 (1999), 173~
204.

R.J.DIPERNA, P.L.L1ONS: Ordinary differential equations, transport theory and Sobolev
spaces. Invent. Math., 98 (1989), 511-547.

FERMANIAN-KAMMERER, P.GERARD: Mesures semi-classiques et croisement de modes.
Bull. Soc. Math. France, 130 (2002), 123-168.

FERMANIAN-KAMMERER, P.GERARD: A Landau-Zener formula for non-degenerated invo-
lutive codimension 3 crossings. Ann. Henri Poincaré, 4 (2003), 513-552.

G. FoLLAND: Harmonic analysis in phase space. Annals of mathematical studies, 122
(1986), Princeton Univeristy Press.

P.GERARD: Mesures semi-classiques et ondes de Bloch. Seminaire sur les Equations aux
Dérivées Partielles, 1990-1991. Exp. No. XVI, 19 pp., Ecole Polytechnique, Palaiseau, 1991.

P.GERARD, P.A.MARKOWICH, N.J.MAUSER, F.POUPAUD: Homogenization limits and
Wigner transforms. Comm. Pure Appl. Math. 50 (1997), 323-379.

P.L.LioNns, T.PauL: Sur les mesures de Wigner. Rev. Mat. Iberoamericana, 9 (1993),
553-618.

A.MARTINEZ: An Introduction to Semiclassical and Microlocal Analysis. Springer-Verlag,
2002

27



[17) M.PULVIRENTIL: Semiclassical expansion of Wigner functions. J. Mat. Phys. 47 (2006).
[18] H.WEYL: The theory of groups and quantum mechanics. Dover (1931)

[19] E.WIGNER: On the quantum correction for the thermodynamics equilibrium Phys. Rev 40
(1932) 749-759.

ALESSIO FIGALLI

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF TEXAS AT AUSTIN
1 UNIVERSITY STATION, C1200
AusTiN TX 78712, USA
EMAIL: figalli@math.utexas.edu

MARILENA LIGABO

DIPARTIMENTO DI MATEMATICA
UNIVERSITA DEGLI STUDI DI BARI
VIiA E. ORABONA, 4
70125 BARI, ITALY
EMAIL: ligabo@dm.uniba.it

THIERRY PAUL

CENTRE DE MATHEMATIQUES LAURENT SCHWARTZ - UMR 7640
EcOLE POLYTECHNIQUE
PALAISEAU 91128, FRANCE
EMAIL: thierry.paul@math.polytechnique.fr

28



