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In this paper we study the a one dimensional reaction-diffusion-convection (R-D-C) equation with weak spatial non-
uniformities to the diffusion and reaction rates. The convection is represented by a uniform flow field. Singular per-
turbation analysis will be used to compute the speed of the front as well as the asymptotic solution.
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1. Introduction

From a physical point of view, the convection-diffusion process and the diffusion-reaction process are
fundamental to describe a wide variety of problems in physical, chemical and biological sciences. Nonlinear
equations that model such process provide many new insights into the question of interaction of nonlinearity
and diffusion. In these problems the propagation of fronts has deserved particular attention of researchers.
We can mention, without being exhaust, the works of [1], [2], [3], [6], [7] and [8].

The R-D-C models which have widest range of applicability involve heterogeneities in the diffusion
and reaction coefficients. However little work has been developed in this general case. Recently in [10]
the authors studied a (R-D) model in a spatially heterogeneous media. They treat separately the case
of nonuniform diffusion and nonuniform reaction. In this work while following the procedure in [10] we
consider simultaneously heterogeneities in diffusion and reaction.

In this paper we consider weak spatial nonuniformaties to the diffusion and reaction rates.
Further, this is a one dimensional study where the convection term is simply to provide a
uniform flow.

The paper is organized as follows. In section (2) we present the model. In section (3), we use a singular
perturbation analysis and we establish an expression for the asymptotic solution, and the front speed.

2. Problem’s formulation

Let consider the reaction-diffusion equation with convection

01 = Ou[D(ex)0r¢] + U(ex) f(9) + abz (1)
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where the function f satisfies f(0) = f(1) = 0, and ¢(x,0) = 1 for x < 0 and ¢(x,0) = 0 for x > 0. In
(1) D and U are, respectively, the dimensionless diffusion coefficient and the reaction rate, € is a small
parameter and « is the convection coefficient.

Since we expect solutions to behave like totally developed fronts, we consider a change of independent

variables defined by 7 = £ and t =t. According to these transformations, the derivatives in Eq.

(1) can be replaced by ‘

1 1 1
= -0 Op = *axa Opp = *arxa
Op O Op = b =

where hats denote the new variables. In order to simplify the notation, the hats are dropped
for convenience. Then Eq.(1) becomes

€0yp = 20,[D(2)0pp) + U(z) f(h) + €Dy (2)

In order to have consistency with initial conditions and the existence of a front, we require that the
solution ¢ of (1) satisfies lim,—._ oo ¢ = 1 and lim, . ¢ = 0.

3. Singular Perturbation Analysis
In this section we study equation (2) with
U(z) =B+ dnu(z); D(z) =1+ dnp(z), (3)

where dny (z) and dnp(x) are reaction and diffusion perturbations, respectively.

3.1. General Asymptotic Wavespeed

This method has been already use in the study of pulled fronts speed. We assume 6 = O(e), i.e., § = 0¥,
where 0 = O(1).
Egs. (2) and (3), together with the corresponding boundary conditions, becomes

€p = €05 [(1 + 0np(2))0s¢] + (B + oy (2)) £(¢) + €adz (4)

lim ¢ =1, lim ¢=0.

T— —00 Tr——+00

In order to study Eq. (4) we will make a nonrigorous asymptotic analysis. We assume that the domain
is divided into three regions according to the space scales: a boundary layer region, whose width is
O(e), in which ¢ is rapidly varying; and two external regions in which ¢ is almost constant, i.e., either
¢ =0(e") or ¢ =14 O(€"), ny,ny € RT.

In order to solve Eq. (4) in the outer regions we expand ¢ as follows

o(z,t;€) = po(z,1) + ed1(2,t) + Ea(z, 1) + O(€%).

and consequently
£(8) = £(60) + FVGoone + o S P G0)8E + [0 Go)6ae? + .

d2
=, and @ (¢g) = d'};f ) | p=g0-

4(9)
d¢

where £ (¢g) =
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By substituting the previous equation into Eq. (4) and collecting terms with the same powers of € we
get

Bf(¢o) =0, lim go=1, lim ¢g=0 (5)
Brpo = BFY (¢0)d1 + o () f(¢o) + adugbo, Jlim 1 =0 (6)

and

01 = Duao + B%f@)(cﬁo)cﬁf +onu (@) [ (@0)o1 + BV (@0)d2 + adpdr,  lim 2 =0.  (7)

The solution of Eq. (5) is ¢g = 1 in the left of the boundary layer and ¢y = 0 in the right of the boundary
layer. The solutions of Egs. (6) and (7) are ¢1 = 0 and ¢2 = 0, respectively. Thus, ¢(z,t;€) = O(e?) in the
right of the boundary layer and ¢(z,t;¢) = 1 + O(€®) in the left of the boundary layer. As we can see,
for this order of magnitude, there is no difference in the shape of the front.

In order to study the dynamics in the interior of the boundary layer, we translate Eq. (4) to the reference
frame of the front, i.e.,we define the new variable ze = © — S(¢) where S(t) represents the position of
the front.

The derivatives in Eq. (4) are transformed according to

1 1

o — 20,40, 0m— 0. 0, . (8)
€ € €

S dS
where S = T

Taking into account [10], we expand ¢ and S in powers of € we have

$(z,1) = Po(2) + €d1(z,t) + €da(2,1) + .. 9)

S(t) = So(t) + €Sy (t) + 2Sa(t) + ...

and, consequently,

o (x) = nu(So + ze + Sie +...) = nu(So) + 01 (So0) (2 + S1)e + .. (10)
np(x) = np(So + ze + Sre+ ...) =2 np(So) + 1p(So)(z + S1)e + ... (11)
£(6) = F(00) + IO @)1+ 5/ (G0)8e + [0 (9o)ac + . (12

_ dnu(x) _ dnp(x)

where 1, (So) = T2 2, 1p(S0) = 2o,
Inserting Egs. (8), (9), (10), (11) and (12) into (4)
and after some calculations, we get the O(1) equation

D220 + (So + )d200 + Bf (¢0) = 0. (13)
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The O(e) terms are given by

0201+ (So + @)0-01 + BF M (o)1 = —S10-60 — o (S0) f (d0) — 1D (S0) D= o
Introducing the operator
L =0z + (S0 + a)d: + D (o)
the O(e) equation is equivalent to

L(¢1) = —S$109-00 — o (So) f (o) — a1p(S0)0:- o (14)

Finally, we get the terms in O(e?)

0uc2 + (S0 + 0)0:2 + 51 D (90)s = ~510.61 — B3 P (60)63 + i — $20:00

—onu (So) SN (d0)é1 — omiy(So) (2 + S1) f (o)
—onp(S0)z21 — anp(S0)= 0
_Un/D(SO)(Z + Sl)azz¢0

Since ¢o = ¢o(z), Eq. (13) is equivalent to the homogeneous parabolic reaction-diffusion equation trans-
lated to the front reference frame, z = x — c¢t. The front travels at constant speed ¢, with ¢ = a + Sp.
Integrating the above equation with respect to t we get Sy = (¢ — «)t, where we assumed S(0) = 0.

The solvability integral condition of Eq. (14) is fj;o VL (¢1)dz = 0 [9], where v is such that L£T(y) =0,
L =0.. — (Sy+ a)d, + ﬂf(l)(qbo) being LT the self-adjoint operator. It is easy to show that 1) = ecz% is
an eigen-function of £1 with null eigenvalue.

Therefore, the solvability integral (14) may be rewritten

o0 .
/ ECZ% {_5132%(2) = onu(S0)f(¢o0) — onp(S0)0:220| =0 (15)

oo dz

Using (13), we get

/ " 29016 60— onr(50)£ (o) + onp(S0)(So + a)sdo + Bonp (o) f(de)] =0 (16)

oo dz
and therefore

. a(nu(So) — Bnp(S0)) [ e= 92 f(do)dz — (So + a)onp(So) 127 e*(%2)2dz
S1=- 100 ez ddo\2 ’
f—oo € ( dz ) dz

with ¢ = So + a.
Attending to the equation (13), that can be expressed as

Bf($o) = —022¢0 — (So + @)s¢0, ¢ =a+ S

and using integrating by parts, the integral fj:oo ecz% Bf(¢0)dz that appears in the numerator
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of S; can be simplified as follows
oo Ldeo oo L do e
cz cz Y0 d
/_oo € d IBf(¢0) oo € dZ dZQ z
+oo
—c/ ecz(@)de
—oo dz
1 e cz dgo 2
= —26/00 (& (E) dz.

Then, we have the following simplification of S

S1 = 2ﬂ (nU(So) + Bnp(So))-

Taking into account Sy and S; and after inverting the hyperbolic scaling, v(¢) has the following
simplification

cd
23 [nu((c — a)te) + Bnp((c — a)te)] + O(52).
3.2. General Asymptotic Solution

In this section we will construct an approximation for the solution of Egs. (2) and (3). We begin by solving
Eq.(14).

Initially we prove that £(d¢o/dz) = 0 and use this fact to construct a solution for Eq. (14) of the form
¢1(z,t) = (dopo/dz) + (dpo/dz)zF(t), where F(t) is obtained from Eq. (14) and £(d¢o/dz) = 0. In fact

c (Cgio) = .. (Cgio) + (So + )0, ( d¢°> + B (¢0) (ﬁ?)
= 0.22(0) + (So + @) 0.2 (o) + 0=(Bf (o))

= 0,(92200 + (So + a)0:¢0 + Bf (¢0))
—0,

because 0,,¢¢ + (S’o + @)0.00 + Bf(po) = 0.
On the other hand we have that

c-((2)-(5))
ot o) (G2 ) £ - 2850 F(), (17)

We observe that in the establishment of (17) we used

<C§)j?> + (S +a) < ;(é0> + 8 (o) (d%) =L (ii?) =0
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and

P\ e doo
( d22 > =—(S +a) (dz) — Bf (o).
Attending to Eq. (13), Eq. (14) may be rewritten as

L(¢1) = [=S1 + a1 (S0) (S0 + @)]8z¢0 + [~onu (So) + Bonp(So)].f (o) (18)

and according to the equivalence between equations (17) and (18) , we get

—(So + ) <djio> F(t) = 28f(¢0) F(t) = [=S1 + onp(S0) (So + )]02¢0 + [—onu(So) + Bonp(So)] f (o).

(19)

Inserting S; = %CO’[’I?U(S()) — Bnp(So)] + conp(Sp), with ¢ = Sy + a, into Eq. (19), it can be easily
checked that

F(t) = 5500m(S0) = B (So)]. (20)
and therefore
b1(21) = % 1+ 2150 (e — a)t) — Bnp((c — a)t)] 2| - (21)

3.3. Specific Asymptotic Solutions

In this section we will present a specific asymptotic solution.

Observe that, for the reaction terms of the form f(¢) = ¢?t1(1 — ¢9), ¢ > 1, the exact
solutions, ¢(, of the equation (13) are well now in literature (see [6], [10]). In this case ¢
takes the form

_ 1 _ VB _ _1
W= Trep@e CTviee T 70 (22)

Let us assume 0 = 1, « = 0 in the Eq.(4) and ¢ = 1 in (22).Taking into account that
ze+ S(t) =z,
the asymptotic solution is represented by
¢(z,t) = go(x) + ¢ (, 1),

where

1
1+ exp %(m - S(t))}

¢o(x,t) =
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and

1+ i<7(77U — D) z=50)

¢1(‘7}7t):_ 23

b=
e ()

4. Illustration of the Solution Profiles

In this section, we consider a uniform mesh with uniform time steps and we will illustrate
the asymptotic solution profiles at various time.
Let us consider the following expressions for the diffusion

D(z) = enp(y) + 1,
Np() = 0.4 — [(2/0.9) + 1]° exp[(0.9)* — (2 + 0.9)"]

and the reaction

U(l‘) = €Ny (z) + 0,
M) = [(2/0.8) +1]% exp[(0.8)* — (z + 0.8)*], 3 € RT.

The following graphics show the diffusion and the reaction for g = 1.

104 1.025

1.03F 7

1.02f q

101 7
1.015 b

1.01F 4

0.981 4
1.005 b

0.97 7

0.96 1 1 1 1 L 1 | I I I L
0 20 40 60 80 100 120 0 20 40 60 80 100 120

Figure 1. Diffusion Figure 2. Reaction, 8 =1

For this specific diffusion and reaction, we will present the asymptotic solution profiles at
various times.
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e e :
" rv—v—v-r-Hf.‘JCbr
\ +
"
0.9} \ + R
\ +
\
+
0.8 ! B
! +
\
0.7 ! + R
\
\
0.6F | * B
|
! +
0.5 | B
|
| +
0.4 | B
! +
|
0.3 | B
"
|
\
02 | * 1
\ +
\ N — - =500
0.1 \ N t=1000 1
\ + t=1500
N b +  t=2000
0 . = ! RTIRSSCERSNNRRSNS . HTPRSSOOOIY :
0 0.2 0.4 0.6 08 1 12 14

Figure 3. Asymptotic solutions for e = 0.02 and different values of
t.

We conclude that, the solution behaves like a traveling wave.
Then, we illustrate the effect of the spatial uniform and non-uniform reaction and diffusion
on the asymptotic solution at a specific time, as we can see in the next graphs.

1

13% Ty
*
% 09F ’; i
0.9 * i
*
* 0.8 B
0.8 * i : *
* 0.7 * B
07 B
* *
0.6 B
0.6 ) B il
0.5 i
05F k B *
0.4} B
041 * 4 *
0.3 * B
03 * E
*
* 02| E
0.2 % * £=0.02 g * ¥ 002
£=0 * &=0
* 0.1 * g
01 * B ﬁ
*
y%%& 0 | ™ ) , ) )
0 L ¥ | L 0 0.2 0.4 0.6 0.8 1 1.2 1.4
0 0.2 0.4 0.6 0.8 1 12 1.4

Figure 5. Asymptotic solutions for ¢ = 1000 and different values of
€

Figure 4. Asymptotic solutions for ¢ = 500 and different values of e
Let us remark that,we obtained other numerical results that will not go to be illustrated,
where we concluded that, for small values of ¢ there is a good agreement between the

“exact solution”- which is in fact a numerical solution computed in a refined mesh - and the
asymptotic solution.
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