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CATEGORIES OF PARTIAL ALGEBRAS FOR CRITICAL
POINTS BETWEEN VARIETIES OF ALGEBRAS

PIERRE GILLIBERT

ABSTRACT. We denote by Conc A the (V, 0)-semilattice of all finitely generated
congruences of an algebra A. A lifting of a (V, 0)-semilattice S is an algebra A
such that S = Conc A.

The aim of this work is to give a categorical theory of partial algebras
endowed with a partial subalgebra together with a semilattice-valued distance,
that we call gamps. This part of the theory is formulated in any variety of
(universal) algebras.

Let V and W be varieties of algebras (on a finite similarity type). Let P
be a finite lattice of order-dimension d > 0. Let A be a P-indexed diagram of
finite algebras in V. If Conc oA has no partial lifting in the category of gamps
of W, then there is an algebra A € V of cardinality R;_; such that Conc A is
not isomorphic to Con¢ B for any B € W.

We already knew a similar result for diagrams A such that Conc oA has no
lifting in ‘W, however the algebra A constructed here has cardinality N .

Gamps are also used to study congruence-preserving extensions. Denote
by M3 the variety generated by the lattice of length two, with three atoms. We
construct a lattice A € M3 of cardinality N; with no congruence n-permutable,
congruence-preserving extension, for each n > 2.

1. INTRODUCTION

For an algebra A we denote by Con A the lattice of all congruences of A under
inclusion. Given z,y € A, we denote by © 4(z,y) the smallest congruence of A that
identifies  and y, such a congruence is called principal. A congruence is finitely
generated if it is a finite join of principal congruences. The lattice Con A is algebraic
and the compact element of Con A are the finitely generated congruences.

The lattice Con A is determined by the (V,0)-semilattice Con. A of compact
congruences of A. In this paper we mostly refer to Con. A instead of Con A. If
Con, A is isomorphic to a (V, 0)-semilattice S, we call A a lifting of S.

Given a class of algebras X we denote by Con. X the class of all (V,0)-semi-
lattices with a lifting in K. In general, even if X is a variety of algebras, there
is no good description of Con, K. The negative solution to the congruence lattice
problem (CLP) in [E] is a good example of the difficulty to find such a description.

The study of CLP led to the following related questions. Fix two classes of
algebras V and 'W.

(Q1) Given A € V, does there exist B € W such that Con. A = Con, B?
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2 P. GILLIBERT

(Q2) Given A € V, does there exist a congruence-preserving extension B € ‘W
of A?
A positive answer to (Q1) is equivalent to Con.V C Con.W. The “contain-
ment defect” of Con,V into Con, W is measured (cf. [[L5, []) by the critical point
between V and W, defined as

min{card S | S € (Con, V) — (Con. W)}, if Con,V Z Con. W
00, if Con.V C Con, W

crit(V; W) = {

This critical point has been already studied, for different families of varieties of
lattices, in [@, @, E]

We now give an illustration of (Q2). Every countable locally finite lattice has
a relatively complemented, congruence-preserving extension (cf. [ﬂ]) In particu-
lar every countable locally finite lattice has a congruence-permutable, congruence-
preserving extension. However, in every non-distributive variety of lattices, the
free lattice on Ny generators has no congruence-permutable, congruence-preserving
extension (cf. [}, Chapter 5]). A precise answer to (Q2) also depends on the
cardinality of A.

In order to study a similar problem, Pudlak in @] uses an approach based on
liftings of diagrams. The assignment A — Con. A can be extended to a functor.
This leads to the following questions:

(Q1') Given a diagram A in V, does there exist a diagram B in W such that
Cong 0A = Con, oB?
(Q2') Given a diagram A in V, does there exist a diagram B in ‘W which is a
congruence-preserving extension of A?
The functor Con. preserves directed colimits, thus, in many cases, a positive
answer for the finite case of (Q1’) implies a positive answer to (Q1).

Proposition 1.1. Assume that V and W are varieties of algebras. If 'V is locally
finite and for every lattice-indexed dzagmm A of finite algebras in 'V there exists a
diagram B in W such that Con, oA = Con, oB then (Q1) has a positive answer.

In this proposition, we consider infinite diagrams of finite algebras. However if W
is finitely generated and congruence-distributive, a compactness argument makes
it possible to restrict the assumptions to finite diagrams of finite algebras.

In order to study the converse of Proposition , we shall use the construction
of condensate, introduced in [ This construction was introduced in order to turn
diagram counterexamples to object counterexamples. We use it here to turn a
diagram counterexample of (Q1’) to a counterexample of (Q1).

Theorem 1.2. Assume that V and W are varieties of algebras. Let P be a finite
lattice. Let A be a P-indexed diagram in V. If Con, oA is not liftable in 'W then
there is a condensate A €V of ff, such that Con. A is not liftable in 'W.

Moreover, if W has a countable similarity type and all algebras of/Y are countable,
then the condensate A can be chosen of cardinal Xy, where d is the order-dimension
of P. In particular, crit(V; W) < Ry.

If every algebra of/_f is finite and W is finitely generated and congruence-distributive,
then A can be chosen of cardinal Xg—1, so crit(V; W) < Rg_q.

The cardinality bound, in case W is finitely generated and congruence-distributive,
is optimal, in the following sense: There are finitely generated varieties V and W
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of lattices such that every countable (V,0)-semilattice liftable in 'V is liftable in W
and there is a square-indexed diagram of (V,0)-semilattices that has a lifting in V
but no lifting in W. In particular there is a (V, 0)-semilattice of cardinal ¥ that is
liftable in V but not liftable in W, thus crit(V; W) = Ry. This example appears in
Bl Section §].

Later, we generalized the condensate construction in [E]7 to a larger categorical
context. The best bound of Theorem [[.9 is obtained in a more general case (cf. [f,
Theorem 4-9.2]), namely if W is both congruence-proper (cf. [, Definition 4-8.1])
and locally finite, for example W is a finitely generated congruence-modular variety.
Using the tools introduced in this paper, we give a new version (cf. Theorem @),
we assume that W is congruence-proper and has finite similarity type.

This categorical version of condensate can also apply to turn a counterexam-
ple of (Q2') to a counterexample of (Q2). For example in [[], Chapter 5] we
give a square A of finite lattices, that has no congruence-permutable, congruence-
preserving extension. A condensate of this square has cardinality 8; and it has no
congruence-permutable, congruence-preserving extension.

The largest part of this paper is the introduction of pregamps and gamps, it is
a generalization of semilattice-metric spaces and semilattice-metric covers given in
[ﬂ, Chapter 5]. The category of gamps of a variety V has properties similar to a
finitely generated congruence-distributive variety.

A pregamp is a triplet A = (4,6, 5), where A is a partial algebra, S is a (V,0)-
semilattice and 6: A2 — S is a distance, compatible with the operations. A typical
example of pregamp is (A4, © 4, Con. A), for an algebra A. This generalizes to partial
algebras the notion of a congruence.

A gamp A is a pregamp (A, 6, S) with a partial subalgebra A* of A. There are
many natural properties that a gamp can satisfy (cf. Section ﬂ), for example A is
full if all operations with parameters in A* can be evaluated in A. A morphism
of gamps is a morphism of partial algebras with a morphism of (V,0)-semilattices
satisfying a compatibility condition with the distances (cf. Definition @)

The class of all gamps (on a given type), with morphisms of gamps, forms a
category. Denote by C' the forgetful functor from the category of gamps to the
category of (\/ 0)-semilattices. A partial lifting of a diagram S of (V,0)-semilattice
is a diagram B of gamps, with some additional properties, such that C o B~5S.

The category of gamps has properties similar to locally finite, congruence-proper
varieties. Let S be a finite (V,0)-semilattice, let B be a gamp such that C(B) = S,
there are (arbitrary large) finite subgamps B’ of B such that C(B’) = S. There
is no equivalent result for algebras: for example, the three-element chain is the
congruence lattice of a modular lattice, but not the congruence lattice of any finite
modular lattice.

Assume that V and W are varieties of algebras. Let P be a finite lattice of order-
dimension d. Suppose that we find A a P-indexed diagram of finite algebras in 'V,
such that Con, oA has no partial lifting (with maybe some additional “locally finite
properties”, cf. Section ﬂ) in the category of gamps of W, then crit(V; W) < R,;_;.
Hence we obtain the optimal bound, with no assumption on W. However there
is no (known) proof that a diagram with no lifting has no partial lifting, but no
counterexample has been found.

The dual of a lattice L is the lattice LY with reverse order. The dual of a variety
of lattices V is V¢ the variety of all duals of lattices in V. Let V and W be varieties
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of lattices, if V C W or V € W9, then Con.V C Con, W. In a sequel to the present
paper (cf. [[f]), we shall prove the following result.

Theorem. Let V and W be varieties of lattices. If every simple lattice in W con-
tains a prime interval, then one of the following statements holds:

(1) crit(V; W) < Ro.

(2) VCW.

(3) vCwd

The Ny bound is optimal, as there are varieties V and W of lattices such that
crit(V; W) = Ro. Without the use of gamps, we would have obtained an upper
bound N3 instead of No.

The gamps can also be used to study congruence-preserving extensions. Denote
by Py the functor that maps a gamp (A*, A4, 6, /~1) to the pregamp (A*, J, /~1), we also
denote by P, the functor that maps an algebra A to the pregamp (A, © 4, Con. A).
Let B be a congruence-preserving extension of an algebra A, then (A, B, © g, Con, B)
is a gamp. Similarly, let B= (Bp, gp,q | p < ¢ in P) be a congruence-preserving ex-
tension of a diagram A = (Ap, fp.g | p < qin P), denote by B, = (A, B,©p, Con. B)
and g, , = (gp.q; Cone g 4), for all p < ¢ in P, then B = (Bp,gpq | P < qin P)
is a diagram of gamps. Moreover, Pg o B = P, o /_f, up to the identification of
Con. B and Con. A

In Section E, given n > 2, we construct a square A of finite lattices in Ms,
such that the diagram A has no congruence n-permutable, congruence-preserving
extension. Another condensate construction gives a result proved in [E], namely
the existence of a lattice A € M3 of cardinality Ny with no congruence n-permutable,
congruence-preserving extension.

Hopefully, once again, the diagram A satisﬁes a stronger statement, there is no
operational (cf. Definition - dlagram B of congruence n-permutable gamps of
lattices such that Pgjo B Pg,o A. Using a condensate, we obtain a lattice M3 of
cardinality Ny with no congruence n-permutable, congruence-preserving extension.

2. Basic CONCEPTS

We denote by 0 (resp., 1) the least (resp. largest) element of a poset if it exists.
We denote by 2 = {0,1} the two-element lattice, or poset (i.e., partially ordered
set), or (V, 0)-semilattice, depending of the context. Given an algebra A, we denote
by 04 the identity congruence of A.

Given subsets P and @ of a poset R, we set

PlQ={peP|(FgeQ)p <9}

If @ = {q}, we simply write P | ¢ instead of P | {q}.

Let V be a variety of algebras, let k be a cardinal, we denote by Fy(k) the free
algebras in V with k generators. Given an algebra A we denote by Var A the variety
of algebras generated by A. If A is a lattice we also denote by Var®! A the variety
of bounded lattices generated by A. We denote by £ the variety of lattices.

We denote the range of a function f: X — Y by mgf = {f(z) |z € X}. We
use basic set-theoretical notation, for example w is the first infinite ordinal, and
also the set of all nonnegative integers; furthermore, n = {0,1,...,n — 1} for every
nonnegative integer n. By “countable” we will always mean “at most countable”.
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Let X, I be sets, we often denote ¥ = (x;);c; an element of X!. In particu-
lar, for n < w, we denote by ¥ = (z¢,...,2—1) an n-tuple of X. If f: YV — Z
is a function, where ¥ C X, we denote f(Z) = (f(xo),...,f(xn—1)) whenever
it is defined. Similarly, if f: Y — Z is a function, where ¥ C X", we de-

note f(Z) = f(xo,...,2n—1) whenever it is defined. We also write f(Z,y) =
f(zoy o @m—1,Y0,--,Yn—1) in case T = (xo,...,Tm-1) and ¥ = (Yo, -, Yn—1),
and so on.

For example, let A and B be algebras of the same similarity type. Let ¢ be
an n-ary operation. Let f: A — B a map. The map f is compatible with £ if
fU(Z)) = £(f(&)) for every n-tuple Z of X. Let m < n < w. Let X be an n-tuple
of X, we denote by & [ m the m-tuple (zx)k<m.

If X is a set and 6 is an equivalence relation on X, we denote by X/6 the set of
all equivalence classes of §. Given x € X we denote by x/6 the equivalence class
of 6 containing =. Given an n-tuple ¥ of X, we denote ¥/0 = (x¢/0,...,x,-1/0).
Given Y C X, we set Y/0 ={z/0 |z € Y}.

Let n > 2 an integer. An algebra A is congruence n-permutable if the following
equality holds:

aofoqo...=Foaofo... forall a,8 € ConA.

n times n times

If n = 2 we say that A is congruence-permutable instead of congruence 2-permutable.
The following statement is folklore.

Proposition 2.1. Let A be an algebra, let n > 2 an integer. The following condi-
tions are equivalent:

(1) The algebra A is congruence n-permutable.
(2) For all zg,21,...,2, € A, there are o = Yo,Y1,.--,Yn = Tn, € A such that
the following containments hold:

O 4 (Y, Yk41) C \/((_)A(wi,xi_l,_l) | i <n even), for all k < n odd,
O 4 (Y, Yk+1) C \/((_)A(wi,xi_l,_l) | i <n odd), for all k < n even.

Let n > 2. The class of all congruence n-permutable algebras of a given similarity
type is closed under directed colimits and quotients. Moreover the class of congru-
ence n-permutable algebras of a congruence-distributive variety is also closed under
finite products (the latter statement is known not to extend to arbitrary algebras).

3. SEMILATTICES

In this section we give some well-known facts about (V,0)-semilattices. Most
notions and results will have later a generalization involving pregamps and gamps.

Proposition 3.1. Let S, T be (V,0)-semilattices, let X be a set, and let f: X — S
and g: X — T be maps. Assume that for every x € X, for every positive integer
n, and for every n-tuple ¥ of X the following implication holds:

@ <\ fwm) = g@) <\ gl (3.1)

If S is join-generated by f(X), then there exists a unique (V,0)-homomorphism
¢: S = T such that ¢(f(x)) = g(x) for each z € X.
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If the converse of (@) also holds and g(X) also join-generates T, then ¢ is an
isomorphism.

Definition 3.2. An ideal of a (V,0)-semilattice S is a lower subset I of S such
that 0 € I and w Vv € I for all u,v € I. We denote by Id S the lattice of ideals
of S.

Let ¢: S — T be a (V,0)-homomorphism. The 0-kernel of ¢ is kerg ¢ = {a € S|
¢(a) = 0}; it is an ideal of S. We say that ¢ separates zero if kerg ¢ = {0}.

Let P be a poset, let S = (Sp,dpq | p < ¢ in P) be a diagram of (V,0)-semi-
lattices. An ideal of S is a family (I,),ep such that I, is an ideal of S, and
¢p.q(Ip) C I, for all p < g in P.

Let ¢ = (¢p)pep: S — T be a natural transformation of P-indexed diagrams of
(V,0)-semilattices. The 0-kernel of ¢ is kerg ¢ = (kerg ®p)pep, it is an ideal of S.

Lemma 3.3. Let S be a (V,0)-semilattice, let I € IdS. Put:
0y ={(z,y) € S* | (FuecH(zVu=yVu)}.
The relation 601 is a congruence of S.

Notation 3.4. We denote by S/I the (V,0)-semilattice S/0;, where 7 is the congru-
ence defined in Lemma @ Given a € S, we denote by a/I the equivalent class of a
for f;. The (V,0)-homomorphism ¢: S — S/I, a +— a/I is the canonical projection.
Notice that kerg ¢ = I.

If I = {0}, we identify S/I and S.

Lemma 3.5. Let ¢: S — T be a (V,0)-homomorphism, and let I € 1dS and

J € IdT such that ¢(I) C J. There exists a unique map : S/I — T/J such that
Y(a/I) = ¢(a)/J for each a € S. Moreover, ¢ is a (V,0)-homomorphism.

Notation 3.6. We say that ¢ induces the (V,0)-homomorphism ¢: S/I — T/J in
Lemma @

Lemma 3.7. Let P be a poset, let S = (Spr@pq | P < qin P) be a diagram of
(V,0)-semilattices, and let I be an ideal of S. Denote by Up.q: Sp/L, = Sq/14 the
(V,0)-homomorphism induced by ¢p. q, then (Sp/Ip,Ypq | p < q in P) is a diagram
of (V,0)-semilattices.

Notation 3.8. We denote by S/I the diagram (Sp/ILp,p,q | p < qin P) introduced
in Lemma @

Lemma 3.9. Let P be a poset, let (5: S — T be a natural transformation of
P-indexed diagrams of (V,0)-semilattices, let I €1dS and J € 1dT such that
op(Ip) C Jp for allp € P. Denote by 1,: Sp/I, = Tp/Jp the (V,0)-homomorphism
induced by ¢,. Then 1/7 is a natural transformation from §/f to f/f

Notation 3.10. We say that qg induces 1;: g/f—) f/f, the natural transformation
defined in Lemma @
Definition 3.11. A (V,0)-homomorphism ¢: S — T is ideal-induced if ¢ is surjec-
tive and for all z,y € S with ¢(x) = ¢(y) there exists z € S such that xVz=yVz
and ¢(z) = 0.

Let P be a poset, let § = (Sp,¢pq | P < ¢in P) and T = (Tpstpg | P <
¢ in P) be P-indexed diagrams of (V,0)-semilattices. A natural transformation
7= (mp)pep: S = T is ideal-induced if 7, is ideal-induced for each p € P.
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Remark 3.12. Let I be an ideal of a (V,0)-semilattice A, denote by 7: A — A/T
the canonical projection, then 7 is ideal-induced.

The next lemmas give a characterization of ideal-induced (V, 0)-homomorphisms.

Lemma 3.13. Let ¢: S — T be a (V,0)-homomorphism. The following statements
are equivalent
(1) ¢ is ideal-induced.
(2) The (V,0)-homomorphism v: S/kerg ¢ — T induced by ¢ is an isomor-
phism.

The following lemma expresses that, given a diagram S of (Vv,0)-semilattices,
the colimits of quotients of S are the quotients of the colimits of S.

Lemma 3.14. Let P be a directed poset, let S = (Sps@pq | p < qin P) be a P-

indezed diagram in Semy o, and let (S,¢, | p € P) = h_r}ng be a directed colimit
cocone in Semy, o. The following statements hold:

(1) Let I be an ideal of S. Then I = Upep @p(Ip) is an ideal of S. Moreover,
denote by ¢y Sp/I, — S/I the (V,0)-homomorphism induced by ¢,, for
each p € P. The following is a directed colimit cocone:

(S/I,Q/Jp|p€P):h_n>1§/f in Semy .

(2) Let I € 1dS. Put I, = ¢, *(I) for each p € P. Then I = (Ip)pep is an
ideal of S, moreover I = Upep @p(1p)-

Lemma 3.15. Let m: A— B be a surjective morphism of algebras. The (V,0)-ho-
momorphism Cone 7 is ideal-induced. Moreover, kerg(Con, w) = (Con. A) | ker .

Proposition 3.16. Let S and T be (V,0)-semilattices with T finite, let ¢p: S — T be
an ideal-induced (V,0)-homomorphism, and let X C S finite. There exists a finite
(V,0)-subsemilattice S of S such that X C S" and ¢ | S": S" = T is ideal-induced.

Proof. As ¢ is surjective and X is finite, there exists a finite (V, 0)-subsemilattice YV’
of S such that X C Y and ¢(Y) = T. Given x,y € Y with ¢(x) = ¢(y) we fix
Ug,y € S such that ¢(uz,) = 0 and © V ugy = y V uy,. Let U be the (V,0)-
subsemilattice of S generated by {uz | 2,y € Y and ¢(z) = ¢(y)}. As ¢(u) =0
for all generators, ¢(u) = 0 for each v € U.

Let S” be the (V,0)-subsemilattice of S generated by Y UU. As S’ is finitely
generated, it is finite. As Y C 8, ¢(S’) = T. Let a,b € S’ such that ¢(a) = ¢(b).
There exist z,y € Y and u,v € U such that a = zVu and b = y V v, thus
6(a) = oz V 1) = B(x) V B(u) = ¢(x). Similarly, ¢(b) = d(y), hence $(z) = o(y),
moreover x,y € Y, s0 Uz € U. The element w = vV vV u,, belongs to U, hence
¢(w) = 0, moreover w € S'. From z V uy y =y V Uy, it follows that a Vw = bV w.
Therefore, ¢ [ S’ is ideal-induced. O

4. PARTIAL ALGEBRAS

In this section we introduce a few basic properties of partial algebras. We fix a
similarity type .Z. Given ¢ € £ we denote by ar(¢) the arity of ¢.

Definition 4.1. A partial algebra A is a set (the universe of the partial algebra),
given with a set Dy = Defy(A) € A and a map ¢4: D; — A called a partial
operation, for each ¢ € Z.
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Let ¢ € .Z be an n-ary operation. If ¥ € Def,(A) we say that ¢4(Z) is de-
fined in A. We generalize this notion to terms in the usual way. For exam-
ple, given binary operations ¢; and ¢ of a partial algebra A and z,y,z € A,
(0N, ), 444y, 2)) is defined in A if and only if (z,y) € Defy,(A), (y,2) €
Defy, (A), and (¢4 (2, ), ¢ (y, 2)) € Def,, (A).

Given a term t, we denote by Def;(A) the set of all tuples & of A such that (&)
is defined in A.

We denote /(&) instead of £“(#) when there is no ambiguity. Any algebra A has
a natural structure of partial algebra with Def,(A) = A**(®) for each £ € .

Definition 4.2. Let A, B be partial algebras. A morphism of partial algebras is a
map f: A — B such that f(Z) € Def,(B) and £(f(Z)) = f(¢(Z)), for all £ € £ and
all & € Def(A).

The category of partial algebras, denoted by PAlg , is the category in which the
objects are the partial algebras and the arrows are the above-mentioned morphisms
of partial algebras.

A morphism f: A — B of partial algebras is strong if (f(A))**) C Def,(B) for
each l € Z.

A partial algebra A is finite if its universe is finite.

Remark 4.3. A morphism f: A — B of partial algebras is an isomorphism if and
only if the following conditions are both satisfied
(1) The map f is bijective.
(2) If £(f(Z)) is defined in B then /(%) is defined in A, for each operation ¢ € ¥
and each tuple Z of A.

We remind the reader that the converse of (2) is always true.

Definition 4.4. Given a partial algebra A, a partial subalgebra B of A is a subset B
of A endowed with a structure of partial algebra such that Def,(B) C Def;(A) and
(A (%) = (B(Z) for all £ € £ and all Z € Defy(B). The inclusion map from A into B
is a morphism of partial algebras called the inclusion morphism.

A partial subalgebra B of A is full if whenever £ € .Z and # € B*®) are such
that ¢4(Z) is defined and belongs to B, then £(Z) is defined in B. It is equivalent
to the following equality:

Def(B) = {Z € Def,(A) N B*Y | ¢(&) € B}, for each (€ .Z.

A partial subalgebra B of A is strong if the inclusion map is a strong morphism,
that is, B*() C Def,(A) for each £ € .
An embedding of partial algebras is a one-to-one morphism of partial algebras.

Notation 4.5. Let f: A — B be a morphism of partial algebras, let X be a partial
subalgebra of A. The set f(X) can be endowed with a natural structure of partial
algebra, by setting Def,(f(X)) = f(Def¢(X)) = {f(Z) | £ € Defy(X)}, for each
¢ € £. Similarly, let Y be a partial subalgebra of B. The set f~1(Y) can be
endowed with a natural structure of partial algebra, by setting Def,(f~1(Y)) =
FU(Defy(Y)) = {Z € A| f(¥) € Defy(Y)}, for each ¢ € Z.

Remark. Let f: A — B and g: B — C be morphisms of partial algebras, let X a
sub-partial algebra of A, then (go f)(X) = g(f(X)) as partial algebras. Let Z be
a partial subalgebra of X, then (go f)~%(Z) = f~1(¢7*(Z)) as partial algebras.
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Let f: A — B be a morphism of partial algebras, let X be a partial subalgebra
of A. Then X is a partial subalgebra of f~!(f(X)). In particular f=(f(4)) = A
as partial algebras. Let Y be a partial subalgebra of B, then f(f~1(Y)) is a partial
subalgebra of Y.

If . is infinite, then there are a finite partial algebra A (even with one element)
and an infinite chain of partial subalgebras of A with union A. In particular, A is
not finitely presented in the category PAlg .

A morphism f: A — B of partial algebras is strong if and only if f(A) is a strong
partial subalgebra of B.

Lemma 4.6. An embedding f: A — B of partial algebras is an isomorphism if and
only if f(A) = B as partial algebras.

Proof. Assume that f is an isomorphism, let g be its inverse. Notice that f(A) is a
partial subalgebra of B and B = f(g(B)) is a partial subalgebra of f(A), therefore
B = f(A) as partial algebras.

Conversely, assume that B = f(A) as partial algebras. Then f is surjective,

moreover f is an embedding, so f is a bijection. Let g = f~! in Set. Let i €
Defy(B). As B = f(A), there exists & € Defy(A) such that f(Z) = ¢, thus g(¢) =
I € Defy(A). Moreover g(£(§)) = g(£(f())) = g(f(£(Z))) = €(Z) = £(9(¥))- 0

Notation 4.7. Let A be a partial algebra, let X be a subset of A. We define
inductively, for each n < w,

(X)% = X U{c|cis a constant of £}
(X)) = (X)4 U{l(&) |t € £, & € Defy(A), Zis an ar(()-tuple of(X)’; }

We endow (X)% with the induced structure of full partial subalgebra of A. If .Z
and X are both finite, then (X)" is finite for each n < w. If A is understood, we
shall simply denote this partial algebra by (X)™.

Definition 4.8. A partial algebra A satisfies an identity t1 = to if t1(Z) = t2(Z)
for each tuple Z of A such that both t;(Z) and t2(Z) are defined in A. Otherwise
we say that A fails t1 = to.

Let V be a variety of algebras, a partial algebra A is a partial algebra of V if A
satisfies all identities of V.

Remark. Let A be a partial algebra, let £ € £. If Def;(A) = 0 then A satisfies
£(Z) =y, vacuously.

If A fails t; = to, then there exists a tuple & of A such that t1(Z) and to(Z) are
both defined and t1(Z) # t2(%).

Lemma 4.9. The category PAlg o, has all directed colimits. Moreover, given a
directed poset P, a P-indexed diagram A = (Ap, fpq | D < q in P) in PAlg, and
a directed colimit cocone:

(A fp |p € P)=lim(Ap, fpq |p < qinP), inSet, (4.1)

the set A can be uniquely endowed with a structure of partial algebra such that:

o Defy(A) = {fp(Z) | p € P and ¥ € Def;(Ap)}, for each L € Z;

o U(fp(Z)) = fp(l(Z)) for eachp € P, alll € L, and all & € Defg(Ap).
Moreover, if A is endowed with this structure of partial algebra, the following state-
ments hold:
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(1) (A fplpeP)= h_r)n(Ap’fp,q |p<gqinP)in PAlg,.

(2) Assume that for each ¢ € £, each p € P, and each ar({)-tuple & of A,
there exists ¢ > p such that f, o(Z) € Defy(Aq). Then A is an algebra, that
is, Defy(A) = A2 for each £ € £ .

(3) If P has no mazimal element and fp 4 is strong for all p < q in P, then A
s an algebra.

(4) Defi(A) ={fp(Z) | p € P and & € Def(Ay)} for each term t of L.

(5) Let t1 = to be an identity. If A, satisfies t1 = to for all p € P, then A
satisfies t1 = ta.

Proof. Put Defy(A) = {fp(Z) | p € P and & € Defy(A,)}, for each ¢ € Z.

Let £ € Z, let & € Def;(A). There exist p € P and ¢ € Def,(A,) such that & =
fp(¥). We first show that f,(£(¥)) does not depend on the choice of p and ¢. Let
q € P and 7 € Def((A,) such that & = f,(2). As f,(¥) = T = f,(Z), it follows
from (1) that there exists r > p,q such that f,.(7) = f,.r(Z). Therefore the
following equalities hold:

Foll(@)) = fr(fpr(6@)) = fr (U fpr () = fr(b(fqr(2))) = fr(fa.r (L(2))) = fo(E(2)).
Hence ¢(f,(9)) = fp(¢(¥)) for all p € P and all §¥ € Defy(A,) uniquely define a
partial operation £: Def;(A) — A. Moreover f, is a morphism of partial algebras
for each p € P.

Let (B,gp | p € P) be a cocone over (Ap, fpq | p < ¢in P) in PAlg,. In
particular, it is a cocone in Set, so there exists a unique map h: A — B such that
hof, =gy for eachp € P. Let { € £, let & € Defy(A). There exist p € P
and i € Def;(A,) such that & = f,(¥), thus h(Z) = h(f,(¥)) = gp(¥). As gp is a
morphism of partial algebras and § € Def;(A,), we obtain that h(Z) € Defy(B).
Moreover the following equalities hold:

(W) = Lgp(¥)) = gp(L(¥)) = h(fp(€()) = h(L(fp(7))) = h(L(T)).
Hence h is a morphism of partial algebras. Therefore:
(A fplpeP) :h_H}(Apafp,q |p<g¢in P) in PAlgg.

Assume that for each ¢ € £, for all p € P, and for all ar(¢)-tuples & of A,, there
exists ¢ > p such that f, 4(Z) € Defy(Ay).

Let ¢ € £, let & be an ar({)-tuple of A. There exist p € P and a tuple ¢
of A, such that ¥ = f,(¥). Let ¢ > p such that f, ,(§) € Defo(A,). It follows
that & = f,(§) = fq(fp.q(¥)) belongs to Defy(A). Therefore A is an algebra.

The statement (3) follows directly from (2). The statement (4) is proved by a
straightforward induction on terms, and (5) is an easy consequence of (4). O

5. PREGAMPS

A pregamp is a partial algebra endowed with a semilattice-valued “distance” (cf.
(1)-(3)) compatible with all operations of A (cf. (4)). It is a generalization of the
notion of semilattice-metric space defined in [E, Section 5-1].

Definition 5.1. Let A be a partial algebra, let S be a (V, 0)-semilattice. A S-valued
partial algebra distance on A is a map §: A% — S such that:

(1) 6(z,y) = 0if and only if x = y, for all 2,y € A.

(2) 6(z,y) = d(y,x), for all z,y € A.

(3) 6(z,y) <6(x,2) Vi(z,y), for all z,y,z € A.
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(4) 0(4(Z), €(9) < Vicar(ey 0@k, yr), for all £ € £ and all 7, € Defy(A).
Then we say that A = (A,4,5) is a pregamp. We shall generally write 4 = §
and A = S.
The pregamp is distance-generated if it satisfies the following additional property:
(5) S is join-generated by da(A?). That is, for all @ € S there are n > 0 and
n-tuples &, % of A such that o =\/, _, da(xk,yr).

Example 5.2. Let A be an algebra. We remind the reader that © 4(x,y) denotes
the smallest congruence that identifies = and y, for all z,y € A. This defines a
distance ©4: A?> — Con. A. Moreover, (4,04, Con. A) is a distance-generated
pregamp.

A straightforward induction argument on the length of the term ¢ yields the
following lemma.

Lemma 5.3. Let A be a pregamp, let t be an n-ary term, and let ¥,y € Def(A).
The following inequality holds:

5a(t(@), () < \/ Salwrsy)-

k<n
We say that 64 and t are compatible.

Definition 5.4. Let A and B be pregamps. A morphism from A to B is an

ordered pair f = (f, f) such that f: A — B is a morphism of partial algebras,
f: A = Bis a (V,0)-homomorphism, and dg(f(z), f(y)) = f(5a(z,y)) for all
z,y € A.

Given morphisms f: A — B and g: B — C of pregamps, the pair go f =
(go f,go f) is a morphism from A to C.

We denote by PGamp o, the category of pregamps with the morphisms defined
above.

We denote by P,, the functor from the category of .Z-algebras to PGamp o
that maps an algebra A to (A,04,Con. A), and a morphism of algebras f to
(f, Cone f). We denote by Cpg the functor from PGamp o to Semy o that maps
a pregamp A to Z, and maps a morphism of pregamps f: A — B to the (V,0)-
homomorphism f
Remark 5.5. A morphism f: A — B of pregamps is an isomorphism if and only if f

is an isomorphism of partial algebras and f is an isomorphism of (V, 0)-semilattices.
Notice that Cpg 0 Pgy = Cone.

We leave to the reader the straightforward proof of the following lemma.

Lemma 5.6. The category PGamp o has all directed colimits. Moreover, given a
directed poset P, a P-indered diagram A = (Ap, f,, | p < q in P) in PGamp o,
a directed colimit cocone (A, fp | p € P) = hg(Ap,fpyq | p < qin P) in PAlg .,
and a directed colimit cocone Eg,fp | p e P) = 1i_1>n(gp,fp7q | p < qinP) in
Sem, g, there exists a unique A-valued partial algebra distance 54 on A such that
dalfp(x), fo(y) = fo(da,(z,y)) for allp € P and all x,y € A,.

Furthermore A = (A,da,A) is a pregamp, f,: A, — A is a morphism of
pregamps for each p € P, and the following is a directed colimit cocone:

(A,f, |peP)=1lm(Ay f,,|p<qinP), inPGampg.
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Moreover if A, is distance-generated for eachp € P, then A is distance-generated.

Remark 5.7. As an immediate application of Lemma E, and the fact that Con,
preserves directed colimits, we obtain that both Cp, and P, preserve directed
colimits.

Definition 5.8. An embedding f: B — A of pregamps is a morphism of pregamps
such that f and f are both one-to-one.

A sub-pregamp of a pregamp A is a pregamp B such that B is a partial subal-
gebra of A, Bisa (V, 0)-subsemilattice of /~1, and dg = 54 | B2

If f: B - A and f: B — A denote the inclusion maps, the morphism of

pregamps f = (f, f) is called the canonical embedding.

Notation 5.9. Let f: B — A be a morphism of pregamps. Given a sub-pregamp C'
of B, the triple £(C) = (f(C),8a | (f(C))2, f(C)) (see Notation E3) is a sub-
pregamp of A.

For a sub-pregamp C of A, the triple £ ~1(C) = (f~1(C),d[(f~1(C))%, f~1(C))
is a sub-pregamp of B.

We leave to the reader the straightforward proof of the following description of
sub-pregamps and embeddings.

Proposition 5.10. The following statements hold.

(1) Let A be a pregamp, let B be a partial subalgebra of A, let B be a (v,0)-
subsemilattice of A that contains 5a(B?). Put 0p = 6a | B>. Then
(B,(SB,E) is a sub-pregamp of A. Moreover, all sub-pregamps of A are
of this form.

(2) Let f: B — A be a morphism of pregamps. Then f is an embedding of
partial algebras if and only sz separates 0. Moreover f is an embedding if

and only if f is an embedding.
(3) Let f: B — A be an embedding of pregamps. The restriction f: B — f(B)
is an isomorphism of pregamps.

The following result appears in [H, Theorem 10.4]. It gives a description of finitely
generated congruences of a general algebra.

Lemma 5.11. Let B be an algebra, let m be a positive integer, let z,y € B, and
let @,y be m-tuples of B. Then Op(z,y) <\/ Op(x;,y;) if and only if there are

<m

a positive integer n, a list Z of parameters from B, and terms tq, ..., t, such that
T = to(fv 377 5),
Yy = tn(fa ?77 Z)a
t_j(:lj,f,g) :t_j+1(f,:17,2) (fO'I“ all] < n)

The following lemma shows that the obvious direction of Lemma holds for
pregamps.

Lemma 5.12. Let B be a pregamp, let m be a positive integer, let x,y € B, and
let T,y be m-tuples of B. Assume that there are a positive integer n, a list Z of
parameters from B, and terms tg, ..., t, such that the following equalities hold and
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all evaluations are defined

y=tn(Z,9,7),
t;(7,%,2) =t (&4, %), (for all j <n).
Then 6B (x,y) < V;cm 0B (T, Yi)-
Proof. As dp is compatible with terms (cf. Lemma [.3), and d5(u, u) = 0 for each
u € B, the following inequality holds:
Sp(t;(Z.7,2),t;(7,%,2) < \/ dp(wr,yr), forall j <n.
k<n

Hence:
dp(x,y) < \/ 0B(t;(Z,§,2),t;(5, % 2) < \/ B(zr, ur)- O

j<n k<n

The following definition expresses that whenever two elements of A are iden-
tified by a “congruence” of A, then there is a “good reason” for this in B (cf.

Lemma )

Definition 5.13. A morphism f: A — B of pregamps is congruence-tractable if

for all m < w and for all z,y, zo, Yo, .-+, Tm—1,Ym—1 in A such that:
6B(xay) S \/ 6B($kayk)a
k<m

there are a positive integer n, a list Z’ of parameters from B, and terms tg, ...,
t,, such that the following equations are satisfied in B (in particular, all the corre-
sponding terms are defined).

f(@) = to(f(Z), f(%), 2),
f(y) = tn(f(f)a f(:lj),g),
ti(f(4), [(Z),2) =t (f(D), f(5),Z) (for all j <n).

Lemma 5.14. Let P be directed poset and let A = (Ap, foq | P < qin P) be a
direct system of pregamps. Assume that for each p € P there exists ¢ > p in P such
that f, , is congruence-tractable. Let:

(A, f,lpeP)=1lm(Ay, f,,|p<qinP), inPGampg.
If A is an algebra then the following statements hold:

(1) Let z,y € A, let m < w, let o, Yo, -, Tm—1,Ym—1 n A. The following two
inequalities are equivalent:

da(z,y) < \/ da(xr, yr), (5.1)
k<m

Oa(z,y) < \/ Oa(xr, Yk)- (5.2)
k<m

(2) There exists a unique (V,0)-homomorphism ¢: Cone, A — A such that:
¢(®A($ay)) :6A($ay)7 fO'I“ all x,yeA.

Moreover ¢ is an embedding.
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(3) If A is distance-generated, then the (V,0)-homomorphism ¢ above is an
isomorphism.

Proof. Lemma f.q and Lemma [i.g imply that the following are directed colimits
cocones

(A fp|lpeP)= h_H)l(Ap,fp,q |p<gqin P), inPAlg,,. (5.3)
(A fplpeP)= Hg(Ap,fpﬁq |p<g¢in P), in Set. (5.4)
(Z, fp |pe P)= h_H)l(Avp,f;,q |p<g¢in P), in Semy . (5.5)

(1) Let 2,y € A, let m < w, and let Z, ¥ be m-tuples of A.

Assume that (5.1)) holds. Tt follows from (F.4) that there are p € P, 2,y € A,
and m-tuples &',y of A,, such that x = f,(2'), y = fp(v/), & = fp(&'), and ¢ =
(). The inequahty (@) can be written

da(fp(a), f \/ da(fp(@), folyr)-
k<m
This implies:
Fo (0a,(")) < fy < \V 5Ap($§c,y§c)> :
k<m
Hence, it follows from (@) that there exists ¢ > p with:

Foa (0, (@, 9) < Foa ( \/ 6a, (%wé)) :
z

k<m

so, changing p to ¢, @’ to fpq(2), ¥’ to fo o), T to fp.q(&), and ¢ to f, 4(¥),

we can assume that:
Sa, (@ y') <\ da, (@, ur).

k<m
Let ¢ > p in P such that f,, is congruence-tractable. There are a positive
integer n, a list Z of parameters from A,, and terms g, ..., ¢, such that the

following equations are satisfied in A:

foa(@) =to(fp.a(@), fpa(T), 2
fp,q( /) =tn (qu( s Jp.a (27), )
tr(fp.a(T), fp.a(@): 2) = tes1 (fp.g (@), fp,(7), 2),  (for all k < n).
Hence, applying f,, we obtain
z = 10(Z, 7, fq(2)),
y = ta(7, 9, fq(Z))’
(7,7, f4(2) = tes1 (2,7, f4(%)), (for all k <n).

Therefore, it follows from Lemma that (5.9) holds.
Conversely, assume that (5.9) holds. Tt follows from Lemma that there are
a positive integer n, a list Z of parameters from A, and terms tg, ..., t, such that

\/

x =to(Z, 7, 2),
y =tn(Z,7,7),
t; (¥, %, 2) = tj41(&, 7, 2), (for all j <n).
We conclude, using Lemma , that @I) holds.
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As Cong A is generated by {O4(x,y) | x,y € A}, the statement (2) follows from
Proposition B.1. Moreover if we assume that A is distance-generated, that is A is
join-generated by {da(x,y) | z,y € A}, then ¢ is an isomorphism. O

As an immediate application, we obtain that a “true” directed colimit of “good”
pregamps is an algebra together with its congruences.

Corollary 5.15. Let P be directed poset with no mazimal element and let A=
(Ap, f,q | P < qin P) be a P-indexed diagram of distance-generated pregamps.
If £, is congruence-tractable and f, 4 is strong for all p < q in P, then there

exists a unique (V,0)-homomorphism ¢: Con. A — A such that:

d(Oa(r,y)) =da(z,y) foralz,ye A.

Moreover, ¢ is an isomorphism.

Definition 5.16. An ideal of a pregamp A is an ideal of A. Denote by Id A = 1d A
the set of all ideals of A. _
Let P be a poset, let A = (Ap, f,, | p < gin P) be a P-indexed diagram in

PGamp . An ideal of A is an ideal of (Ap, fpﬁq | p < ¢ in P) (cf. Definition B.9).

Definition 5.17. Let w: A — B be a morphism of pregamps. The 0-kernel of m,
denoted by kerg 7r, is the O-kernel of 7 (cf. Definition B.9).

Let P be a poset and let @ = (7))pep: A — B be a natural transformation of
P-indexed diagrams of pregamps. The 0-kernel of 7 is I= (kero 7)) pep-

Remark 5.18. The 0-kernel of 7 is an ideal of A. Similarly the 0-kernel of 7 is an
ideal of A.

If 7: A — B is a morphism of algebras, then kerg P, (7) is the set of all compact
congruences of A below ker 7, that is, kerg Pga(m) = (Conc A) | ker .

Definition 5.19. A morphism f: A — B of pregamps, is ideal-induced if f(A) =
B as partial algebras and f is ideal-induced. In that case we say that B is an
ideal-induced image of A.

Let P be a poset, let A and B be P-indexed diagrams of pregamps. A natural
transformation f = (fp)pep: A — B is ideal-induced if f, is ideal-induced for
each p € P.

Remark 5.20. A morphism f: A — B of pregamps is ideal-induced if fis ideal-
induced, f is surjective, and for each ¢ € £ and each tuple b of B, f(l;) is defined
in B if and only if there exists a tuple @ in A such that b = f(@) and £(a) is defined
in A.
If f: A— B is a surjective morphism of algebras, then Pg,(f) is ideal-induced.
If f: A— B and g: B — C are ideal-induced morphisms of pregamps, then
g o f is ideal-induced.

The following proposition gives a description of quotients of pregamps.

Proposition 5.21. Let A be a pregamp and let I € 1d A. The binary relation
0r = {(z,y) € A% | da(z,y) € I} is an equivalence relation on A. Given a € A
denote by a/I the Or-equivalence class containing a, and set AJ/I = A/0;. We can
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define a structure of partial algebra on A/I in the following way. Given { € £, we
put:

Defy(A/I) = {Z/1 | & € Defs(A)},
(AN(Z)T) = ¢A(®) /1, for all T € Defy(A).

Moreover 64,r: (A/1)? — AT, (x/I,y/I) — da(x,y)/I defines an A/I-valued
partial algebra distance, and the following statements hold:

(1) A/T=(A/I, 6A/1,Z/I) is a pregamp.

(2) Put m: A — A/I, x v x/I, and denote by 7: A — A/I, d — d/I the
canonical projection. Then m = (m,7) is an ideal-induced morphism of
pregamps from A to A/I.

(3) The 0-kernel of 7 is I.

(4) If A is distance-generated, then A/I is distance-generated.

Proof. The relation 6; is reflexive (it follows from Definition .1(1)), symmetric (see
Definition [.1)(2)) and transitive (see Definition [.1)(3)), thus it is an equivalence
relation.

Let £ € £, let Z,§ € Defy(A) such that x/I = yi/I for each k < ar(¢). It
follows from Definition [.1|(4) that 6.4 (¢4 (%), £4(7)) < Vi<ar(e) 9a(zr,yx) € I, s0
(A(F)/T = £2(j)/1. Therefore the partial operation ¢4/1: Def,(A/I) — A/I is
well-defined.

Let z,2',y,y € A, assume that z/I = 2//I and y/I = y'/I. The following
inequality holds:

da(w,y) <dalz,a’)Voala',y') Vialy' y).
However, da(x,2’') and da(y,y’) both belong to I, hence 4 (z,y)/I < dala’,y')/I.
Similarly d4(a’,y")/I < 6a(x,y)/I. So the map 64,;: (A/I)* — A/I is well-
defined.
Let x,y € A, the following equivalences hold:

dasr(x/Ly/1) =0/1 <= da(x,y) € <= x/I =y/I.

That is, Definition @(1) holds. Each of the conditions of Definition (2)—(5)
for § 4 implies its analogue for d4,;.

It is easy to check that 7 is well-defined and that it is a morphism of pregamps.

O

Notation 5.22. The notations A/I, A/I, and 6 4,7 used in Proposition will be
used throughout the paper. The map 7 is the canonical projection.

If I = {0}, we identify A/I and A.

If X is a partial subalgebra of A, then we denote X/I = {z/I | z € X}, with its
natural structure of partial subalgebra of A, inherited from X, with Def,(X/I) =
{Z/I | Z € Defy(X)} for each £ € ¥. That is X/I = n(X) as partial algebras.

Let B be a sub-pregamp of A and let I be a common ideal of A and B. Then
we identify the quotient B/I with the corresponding sub-pregamp of A/I.

Remark. Tt is easy to construct a pregamp A, a term ¢, a tuple & of A, and an
ideal I of A, such that ¢(Z) is not defined in A, but ¢(Z/I) is defined in A/I.

The following proposition gives a description of how morphisms of pregamps
factorize through quotients. It is related to Lemma @
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Proposition 5.23. Let f: A — B be a morphism of pregamps, let I € Id A, and

let J€IdB. If f(I) CJ, then the following maps are well-defined:
g: AJI > BJJ
xf/Iw— f(x)/J,

g: E/I — E/J
a/I— fa)/J.
Moreover, g = (g,9) is a morphism of pregamps from A/I to B/J. If wj: A —
A/l and wy: A — A/I denote the canonical projections, then the following dia-
gram commutes:

A%B

ﬂ,l lm

A/l —— B/J
g

Proof. Observe that §: A/I — B/.J is the (V,0)-homomorphism induced by f. Let
x,y € Asuchthat z/I = y/I, that is, d4(z,y) € I. It follows that 0g(f(x), f(y)) =
f(6alz,y)) € J,so f(x)/J = f(y)/J. Therefore the map g is well-defined.

Let £ € .Z, let @ € Def;(A/I), and let & € Def;(A) such that @ = Z/I. The

following equalities hold:

gUl(Z/1)) = g(U(@)/1) = fUU(D)/ T = L(f(D)/] = L(f(£)]T) = L(g(Z/1)).
Thus g(¢(@)) = £(g(a@)). Therefore g is a morphism of partial algebras.

Let z,y € A. It is easy to check g(da,;(x/I,y/I)) = 6B,s(g9(x/T),g(y/J])).
Therefore g: A/I — B/.J is a morphism of pregamps. Moreover 7wy o f = gom;
is obvious. O

Notation 5.24. We say that f induces g: A/I — B/J, the morphism of Proposi-
tion . .

Let P be a poset, let A = (A,,f,, | p < ¢in P) be a P-indexed diagram in
PGamp o, let I = (Ip)pep be an ideal of A, and let g, .+ Ap/I, — Ay/I, the
morphism induced by f, ., for all p < ¢ in P. We denote by A/f: (Ap/Ip, gy, |
p<gqin P).

The diagram A/T is a quotient of A.

P,q’°

Remark 5.25. It is easy to check that A/f is indeed a diagram. Given p < ¢ <r
in P and = € A, the following equalities hold:

9a,r(9p,a(2/1p)) = Gar(fp,a(@)/1q) = fo.0(fp.a(@)/ I = fpr(2)/Ir = gpr(x/1p).
Proposition can be easily extended to diagrams in the following way. It is

also related to Lemma @
Proposition 5.26. Let P be a poset, let A = (Ap, fpq Il P < qinP) and B =
(B, 9p.q | p < q in P) be P-indexed diagrams in PGamp . Let I be an ideal ofﬁ,

let J be an ideal of B. Let E = (é'p)pep: A = B be a natural transformation such
that &,(I,) € Jy, for each p € P. Denote by x,: Ap/I, — By/J, the morphism
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induced by &,, for each p € P. Then X = (X, )pep is a natural transformation from
A/T to B/J.

Notation 5.27. With the notation of Proposition f.24. We say that ¥ : A/f—) E/f
is induced by &.

The following lemma expresses that ideal-induced images of pregamps corre-
spond, up to isomorphism, to quotients of pregamps. It is related to Lemma .

Lemma 5.28. Let f: A — B be a morphism of pregamps. The following state-
ments are equivalent:

(1) f is ideal-induced.

(2) f induces an isomorphism g: A/kery f — B.

Proof. Denote by w: A — A/ kerg f the canonical | projection, so g o = I

Assume that f is ideal-induced. As f A — Bis ideal-induced, Lemma
implies that f induces an isomorphism g: A/ kerg f — B. Tt follows that § g sepa-
rates 0, thus (cf. Proposition f.10(2)) g is an embedding. Moreover g(A/kero f) =
g(m(A)) = f(A) = B as partial algebras. Therefore it follows from Lemma [.§ that
g is an isomorphism of partial algebras, thus g is an isomorphism of pregamps (cf.
Remark @

Assume that g is an isomorphism. It follows that g is an isomorphism, so

Lemma, B.13 implies that f is ideal-induced. Moreover g is an isomorphism, thus
f(A) = g(m(A)) = g(A/kerg f) = B as partial algebras. Therefore f is ideal-
induced. O

The following proposition expresses that a quotient of a quotient is a quotient. It
follows from Lemma , together with the fact that a composition of ideal-induced
morphisms of pregamps is ideal-induced.

Proposition 5.29. Let A be a pregamp, let I be an ideal of A, let J be an ideal
of A/I. Then (A/I)/J is isomorphic to a quotient of A.

The following results expresses that, up to isomorphism, quotients of sub-pregamps
are sub-pregamps of quotients.

Proposition 5.30. Let A be a pregamp, let B be a sub-pregamp of A, and let
I € Id B. Then there exist J € Id A, a sub-pregamp C of A/J, and an isomorphism
f:B/I—=C.

Let A be a pregamp, let I € Id A, and let B be a sub-pregamp of A/I. There
exists a sub-pregamp C of A such that B is isomorphic to some quotient of C'.

Proof. Let A be a pregamp, let B be a sub-pregamp of A, let I € IdB. Put
J=A J 1. As I is an ideal of B it is directed, therefore J is an ideal of A.

Let f: B — A be the canonical embedding. Notice that f( ) C J; denote by
g: B/I — A/J the morphism induced by f (cf. Proposition )

Let d,d’ € B such that §(d/I) = §(d'/I), that is, d/J = d'/J, so there exists
u € J such that dVu=d Vu. AsJ = /~1¢I, there exists v € I such that u < v,
hence d Vv = d' Vv, that is, d/I = d'/I. Therefore g is an embedding. It follows
from Proposition that g = (g,9) is an embedding and induces an isomorphism
B/I — g(B/I); the latter is a sub-pregamp of A/J.
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Now let I € Id A and let B be a sub-pregamp of A/I. Denote by w: A — A/I
the canonical projection, put C = 7~ '(B) (cf. Notation p.9). As 7 is ideal-
induced, it is easy to check that w(C) = B, and the restriction w [ C — B is
ideal-induced. g

The following lemma, in conjunction with Lemma , proves that, given a
direct system A of pregamps, every quotient of the colimit of A is the colimit of a
quotient of A.

Lemma 5.31. Let P be directed poset and let A = (Ap, fpq | P < qin P) be a
P-indeved diagram in PGamp . Let (A, f, |p € f) = H_I)n(Ap, Foglp<qin Ii)
be a directed colimit cocone in PGampg. Let I = (I,)pep be an ideal of A.
Then I =U,cp fp(Ip) is an ideal of A.

Letg,: Ay/I, — A/I be the morphism induced by f,, let g, ,: Ap/I, = Aq/1y
be the morphism induced by f, ., for all p < q in P. The following is a directed
colimit cocone:

(A/1,g,|p€P)=1lm(Ay/I), f,,|p<qinP)in PGamp .

Proof. Lemma @ and Lemma @ imply that the following are colimits cocones:

(A, fp|lpeP)= hg(Ap, fp.q | P <gqin P) in Set, (5.6)
(4, fp | p € P) =lim(4,, foq | p < qin P)in Semy g (5.7)
(A, fp | p € P) =1lim(Ay, fpq | p < g in P)in PAlgy (5.8)

Moreover, Lemma implies that I is an ideal of A and that the following is

a directed colimit cocone:
(A/1,Gp | p € P) =lim(Ay /I, Gpq | p < g in P) in Semy (5.9)

Let p € P, let z,y € A, such that g,(z/I,) = g¢,(y/I,). It follows that
folx)/I = fp(y)/I, that is, 6a(fp(x), fp(y)) € I. So there exist ¢ € P and o € A,
such that f,(3a, (z,y)) = 6a(fp(), fp(y)) = f4(@). Tt follows from (B.7) that there
exists r > p, q such that 04, (fp,r(2), fo,r () = fpr(0a,(x,y)) = fqr(a). However,
for(@) € for(ly) C Ip, s0 fpr(2)/1r = fpr(y)/ Iy, and so gp r(x/1p) = gpr(y/1p).
Moreover A/I = U, cp fp(Ap)/I = U, cp 9p(Ap/Ip). Hence the following is a di-
rected colimit cocone:

(A/1,gp | p€P)= hﬂ(Ap/Ipvgpyq |p < qin P)in Set.
Let ¢ € Z. The following equalities hold:

Def(A/1) = Defe(A)/1 = | ) fo(Defe(4,))/1 = | gp(Defe(4p/1)).

&

et p € P, let @ € Defy(A,/I). Then, as g, is a morphism of partial algebras,
9,(£(@)) = £(g,(@)). So, by Lemma .9, the following is a directed colimit cocone:

(A/1,gp | p€P)= h_n)l(Ap/Ipagp,q |p<gqin P)in PAlg,.
As f, is a morphism of pregamps, da/1(9p(7), 9(y)) = Gp(0a,/1,(z,y)) for all

p€ Pandall z,y € A,/I,, thus Lemma implies that the following is a directed
colimit cocone:

(A/Ivgp |p€ P) :hg(AP/Ipvgp,q | pS q in P) in PGampf U
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Definition 5.32. A pregamp A satisfies an identity ¢; = to if A/I satisfies t; = to
for each I € Id A.

Let V be a variety of algebras. A pregamp A is a pregamp of V if it satisfies all
identities of V.

Remark. Tt is not hard to construct a pregamp A, an identity ¢; = t2, and an
ideal I of A such that A satisfies t1 = to, but A/I fails t1 = to.

A pregamp A satisfies an identity ¢; = to if and only if for each ideal-induced
morphism f: A — B of pregamps, the partial algebra B satisfies t; = ta.

Definition 5.33. Let V be a variety of algebras. The category of pregamps of 'V,
denoted by PGamp(V), is the full subcategory of PGamp , in which the objects
are all the pregamps of V.

As an immediate application of Lemma and Lemma , we obtain that the
class of all pregamps that satisfy a given identity is closed under directed colimits.

Corollary 5.34. Let V be a variety of algebras and let P be a directed poset.
Let A = (Ap,f,, | p < qin P) be a P-indexed diagram in PGamp(V). Let
(A f, | peP) = @(Ap,fp_’q | p < qin P) be a directed colimit cocone in
PGamp . Then A is a pregamp of V.

Similarly, it follows from Proposition and Proposition that the class of
all pregamps that satisfy a given identity is closed under ideal-induced images and
sub-pregamps.

Corollary 5.35. Let A be a pregamp of a variety V, let B be a pregamp, let
f: A — B be an ideal-induced morphism of pregamps, then B is a pregamp of V.
Furthermore, every sub-pregamp of A is a pregamp of V.

6. GAMPS

A gamp of a variety V is a pregamp that “belongs” to V (cf. (1)), together with a
partial subalgebra (cf. (2)). The main interest of this new notion is to express later
some additional properties that reflect properties of algebras (cf. Definition [.3).
It is a generalization of the notion of a semilattice-metric cover as defined in |
Section 5-1].

i

Definition 6.1. Let V be a variety of Z-algebras. A gamp (resp., a gamp of V) is

a quadruple A = (A*, A, 04, A) such that
(1) (A,d4,A) is a pregamp (resp., a pregamp of V) (cf. Definitions f.1]and f.39).
(2) A* is a partial subalgebra of A.

A realization of A is an ordered pair (A4’, x) such that A’ € V, A is a partial sub-
algebra of A’, xy: A — Cong A’ is a (V, 0)-embedding, and x(04(z,y)) = O (z, )
for all x,y € A. A realization is isomorphic if x is an isomorphism.

A gamp A is finite if both A and A are finite.

Let A and B be gamps. A morphism f: (A,(SA,Z) — (B,(SB,E) of pregamps
is a morphism of gamps from A to B if f(A*) is a partial subalgebra of B*.

The category of gamps of V, denoted by Gamp(V), is the category in which the
objects are the gamps of V and the arrows are the morphisms of gamps.

A subgamp of a gamp A is a gamp B = (B*, B, g, E) such that B* is a partial
subalgebra of A*, B is a partial subalgebra of A, g = d4 | B?, and Bisa (V,0)-
subsemilattice of A. Let f: B — A and f: B — A be the inclusion maps. The
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ordered pair (f, f) is a morphism of gamps from B to A, called the canonical
embedding.

Remark. A gamp might have no realization. A realization of a finite gamp does
not need to be finite.

Let f: A — B be a morphism of gamps, let (A, x) be a realization of A, and
let (B’,€) be a realization of B. There might not exist any morphism g: A" — B’.

Definition 6.2. A gamp of lattices is a gamp of the variety of all lattices.

Let B be a gamp of lattices. A chain of B is a sequence zg, x1,...,T,—1 of B*
such that x; A x; = x; in B for all 7 < j < n. We sometime denote such a chain
as xg <21 < - < xpoq. Iy # x5 for all i < j < n, we denote the chain as
To <X << Tp-1-

Let u < v be a chain of B, we say that v is a cover of u, and then we write
u < v, if there is no chain u < x < v in B.

The following properties for a gamp come from algebra. It follows from Def-
inition [5.4(1) that there are many operations defined in A. With (2) or (3) all
“congruences” have a set of “generators”. Condition (4) expresses that whenever
two elements are identified by a “congruence” of A*, then there is a “good reason”
for this in A (cf. Lemma [.11)). Conditions (6) and (7) are related to the transitive
closure of relations. Condition (8) is related to congruence n-permutability (cf.

Proposition R.1)).
Definition 6.3. A gamp A is strong if the following holds:
(1) A* is a strong partial subalgebra of A (cf. Definition [£.4).
A gamp A is distance-generated if it satisfies the following condition:
(2) Every element of A is a finite join of elements of the form d4(z,y) where
x,y € A*.
A gamp A of lattices is distance-generated with chains if
(3) For all a € A there are a positive integer n, and chains zg < yo, 21 <
Y1, Tn1 < Yn—1 of A such that o =\/, _ da(zr, yx)-
A gamp A is congruence-tractable (cf. Lemma p.11)) if

(4) For all Ty Y, L0,Y0y -+ -y Tm—15Ym—1 in A*7 if 5A(zay) < Vk<m 5A(zkayk)
then there are a positive integer n, a list Z' of parameters from A, and

terms tg, ..., t, such that the following equations are satisfied in A.
T = tO(fa ?77 _»)a
Yy = tn(fa g’ Z)a
te(7,2,2) = tiy1 (2,7, 2)  (for all k < n).

A morphism f: A — B of gamps is strong if
(5) f(A) is a strong partial subalgebra of B* (cf. Definition [£4).
A morphism f: A — B of gamps is congruence-cuttable if
(6) f(A) is a partial sublattice of B* and given a finite subset X of B and x,y €
A with da(f(x), f(y)) < VX, there are n < w and f(z) = xo,..., 2, =
f(y) in B* such that 64 (2, 2p41) € B L X for all k < n.

A morphism f: A — B of gamps of the variety of all lattices is congruence-
cuttable with chains if
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(7) f(A) is a partial sublattice of B* and given a finite subset X of B and
x,y € A with da(f(z), f(y)) <V X, there is a chain 2y < -+ < x, of B
such that xg = f(z) A f(y), xn = f(x)V f(y), and da(zk, xk41) € Bl X
for all k£ < n.
Let n > 1 be an integer. A gamp A is congruence n-permutable if the following
statement holds:

(8) For all xg,x1,...,2, € A*, there are xo = yo,¥1,.-.,Yn = T in A such
that:
oAk, Ykt1) < \/(5A(xi,:ci+1) | i < mn even), for all £ < n odd,
Ak, Ykt1) < \/(5A(xi,:ci+1) | i < n odd), for all £ < n even.

The following lemma shows that chains in strong gamps of lattices behave the
same way as chains in lattices.

Lemma 6.4. Let xg < --- < x, a chain of a strong gamp of lattices B. The
equalities x; N x; = x; ANx; = x; and x; V x5 = x; V x; = x; hold in B for all
i<j<n.

Moreover the following statements hold:

dB(zk, ) <dp(zi,x;), foralli <k <k <j<n. (6.1)
0B(zi,z;) = \/ 0B (g, Trt1), foralli<j<n. (6.2)
i<k<j

Proof. Let i <j <n. As x;,x; € B*, all the elements ; A zj, x; A x;, x; V z;, and
x; V x; are defined in B.

As u Av =v Au is an identity of lattices, it follows that z; A z; = z; A x; = ;.

Aszij Ny =z, (v ANzj) Ve, =2, Ve;in B, and (uAv) Vo =wvis an identity
of lattices, z; V x; = (z; A ;) V x; = z;. Similarly z; V z; = z;.

Let i <k <k <j<n AsazpAzp =z and x; Az = xp, we obtain from
Definition f.1(4) the inequality:

5B(xk7$k’) = 5B(sck /\:Ck/,:Cj A :L'k/) < 5B(Sck,:6j).

Similarly, as xp = 2 V 2; and z; = x; V x;, the inequality 0 (zk, z;) < 0B(z;, x;)
holds. Therefore (f.]) holds.
Let ¢ < j < n. Definition (3) implies the inequality:

5B(xi,zj)§ \/ 5B(zk7$k+1)'

i<k<j
Moreover (B.1]) implies dp(xx, zri1) < 0B(zi,2;) for all i < k < j, it follows
that (.9) is true. O

The following proposition gives a description of quotient of gamps.

Proposition 6.5. Let A be a gamp of V and let I be an ideal Of;[. Let (A, 04, Z)/I =

(A/I,64,1,A/) be the quotient pregamp and set A* /T = {a/I | a € A*} (cf. No-

tation ) The following statements hold:

(1) A/I = (A*/I,A/1,6a/1,A)I) is a gamp of V.

(2) The canonical projection : (A,(SA,/T) — (A/I,5A/I,/~1/I) of pregamps is
a morphism of gamps from A to A/I.
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(3) If (A',x) is a realization of A in 'V, then (A'/\/ x(I),x’) is a realization
of A/I in 'V, where

X't A/I = Con(A'/\/ x(I))
d/T = x(d)/\/ x(D).

Moreover, if (A’,x) is an isomorphic realization of A, then (A"/\/ x(I),x")
is an isomorphic realization of A/I.

(4) If A is strong, then A/I is strong.

(5) If A is distance-generated (resp., distance-generated with chains) then A/I
is distance-generated (resp., distance-generated with chains).

(6) If A is distance-generated and congruence-tractable, then A /I is congruence-
tractable.

(7) Let n > 2 an integer. If A is congruence n-permutable then A/I is con-
gruence n-permutable.

(8) If A is a gamp of lattices and xy < 21 < -+ < x, i a chain of A, then
xo/I <a1/I<---<ua,/I is a chain of A/I.

Proof. The statement (1) follows from Corollary . Denote by 7: (A, 04, Z) —
(A/1,04/1, A/I) the canonical projection of pregamps. The fact that w(A*) = A* /T
as partial algebras follows from the definition of A*/I. Thus (3) holds.

Let (A’, x) be a realization of A in V, let d,d’ € A such that d/I = d’/I. Hence
there exists u € I such that dVu = d' V u, it follows that x(d)/x(u) = x(d")/x(u),
hence x(d)/V x(I) = x(d')/\/ x(I). Therefore the map x’ is well-defined. Tt is
easy to check that x’ is a (V,0)-homomorphism. Assume that x/(d/I) < x'(d'/I)
for some d,d’ € A. Hence x(d)/\/ x(I) < x(d')/\/ x(I), so x(d) < x(d') v \/ x(1).
However, x(d) is a compact congruence of A’, so there exist u € I such that
x(d) < x(d)V x(u) = x(d' Vu), as x is an embedding, it follows that d < d' V u,
so d/I < d'/I. Therefore x’ is an embedding.

Let xz,y € A. The following equivalences hold:

o/ =yl <= da(z,y) €1
= x(0a(x,y)) < \/ x(T)
= O (z,y) < \/x(I)
= az/\/x(D) =y/\/x(D).

So we can identify A/I with the corresponding subset of A’/\/ x(I). Moreover,
given @ € Def((A/I), there exists & € Defy(A) such that @ = #/I, hence ¢(a) =
0(2)/1 is identified with £(Z)/\/ x(I) = £(Z/\/ x(I)). So this identification pre-
serves the operations.

Now assume that the realization is isomorphic. Then Y is surjective, thus x’ is
surjective, and thus bijective, hence the realization (A’/\/ x(I),x’) is isomorphic.
Therefore (3) holds.

The proofs of the statements (4), (5), (7), and (8) are straightforward.

Assume that A is distance-generated and congruence-tractable. Let z,y € A*,
let m < w, let Z,y be m-tuples of A*. Assume that:

6A/I($/Iay/l) < \/ 6A/I($k/layk/l)'

k<m
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It follows that there exists u € I with:

Sa(z,y) <uv \/ dalzr,ue).
k<m

However, as A is distance-generated, there exist zp,..., 2, _1,9g,.-.,Y,_q in A

such that u = \/; _ da(z),y;). Asda(zy,y,) Su€l, 2y /I =y, /I for all k <p.
Moreover the following inequality holds:
6A('Tay) < \/ 5A(‘Tkayk) N \/ 6A(‘T;cay;c)
k<m k<p

As A is congruence-tractable, there are a positive integer n, a list ' of parameters
from A, and terms tg, ..., t, such that, the following equations are satisfied in A:

tr(J, ¥, 4,7, 7) = o1 (8,7, 9,7, %) (for all k <n).

Put t.(a, 5,5,6?) = tk((i,czg,czg), for all tuples d, b,¢,d and all k < n. As /I =
¥’ /T the following equations are satisfied in A/I:

w/I = t,(Z/1,5/1,7/1,7 /1),
4G/ 1,3/ 1,2/ 1,7 /1) = b,y (F/1,§/1,Z/1,& /1) (for all k <n).
Therefore A/I is congruence-tractable. O

Definition 6.6. The gamp A/I described in Proposition @ is a quotient of A,
the morphism 7 is the canonical projection.

The following proposition describes how morphisms factorize through quotients
of gamps.

Proposition 6.7. Let f: A — B be a morphism of gamps, let I be an ideal of Z’
and let J be an ideal of B. Assume that f(I) C J and denote by
g: (A/I,CSA/I,/T/I) — (B/J, 5B/J7§/J)

the morphism of pregamps induced by f. The following statements hold.

(1) g: A/I — B/J is a morphism of gamps.

(2) If f is strong, then g is strong.

(3) If f is congruence-cuttable then g is congruence-cuttable.

(1)

If A and B are gamps of lattices and f is congruence-cuttable with chains,
then g is congruence-cuttable with chains.

Proof. The equality g(A*/I) = f(A*)/J of partial algebras holds. Moreover, as
f(A*) is a partial subalgebra of B, g(A*/I) is a partial subalgebra of B/.J. There-
fore (1) holds.

The statement (2) follows from the definitions of a quotient gamp (cf. Proposi-
tion [p.§) and of a strong morphism (Definition [6.3).

Assume that f is congruence-cuttable. As f(A) is a partial subalgebra of B* it
follows that g(A/I) is a partial subalgebra of B*/J. Let X be a finite subset of B,
let 2, € A such that ég,;(g9(x/I),9(y/I)) <\ X/I. If X =0, then z/I = y/I,
hence the case is immediate.
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If X (), let u € J such that dg(g(z),g(y)) <uVv\ X. Put X’ = XU{u}. There
are n < w and f(z) = xo,...,2n = f(y) in B* such that 6(zx, wps1) € B | X’
for each k& < n. If 0g(wg,yr) < u, then dg/(wx/J,yn/J) = dB(TRy8)/J =
0/J € (B/J) | X/J. Otherwise dp(zr,yx) € B | X, thus 6 s(zi/Jyx/J) =
5g(xk yr)/J € (B/J) | X/J. Therefore (3) holds.

The proof of (4) is similar to the proof of (3). O

We introduce in the following definitions a functor G: V — Gamp(V), a functor
C': Gamp(V) — Semy o and functors Py, Py, : Gamp(V) — PGamp(V).

Definition 6.8. Let A be a member of a variety V of algebras. Then the quadruple
G(A) = (A, A,04,Con. A) is a gamp of V (we recall that ©4(x,y) denotes the
smallest congruence that identifies z and y). If f: A — B is a morphism of algebras,
then G(f) = (f, Con. f) is a morphism of gamps from G(A) to G(B). It defines a
functor from the category V to the category Gamp(V).

A gamp A is an algebra if A is isomorphic to G(B) for some B. A gamp A is
an algebra of a variety V if A is isomorphic to G(B) for some B € V.

Let A be a gamp of V, we set C(A) = A. Let f: A — B be a morphism of
gamps of V, we set C(f) = ]"’v This defines a functor C: Gamp(V) — Semy .

Let A be a gamp of V, we set P,(A) = (A,04,A4). Let f: A — B be a
morphism of gamps of V, we put Py (f) = f as a morphism of pregamps. This
defines a functor Pg,: Gamp(V) - PGamp(V).

Let A be a gamp of V, we set Py (A) = (A%, 64 | (A%)2, A). Let f: A — B be
a morphism of gamps of V, we denote by Pg(f) the restriction (f, ]7) Py(A) —
P, (B). This defines a functor Pgi: Gamp(V) — PGamp(V).

Remark 6.9. The following assertions hold.

(1) The following equations, between the functors introduced in Definition .4
and Definition @, are satisfied:

C oG =Con; = Cpg 0 Py,
Py oG = Py oG = Pg,,
Cpgo Py =Cpgo Py =C.

(2) If Ais asubalgebra of B, then, in general, G(A) is not a subgamp of G(B).
The different “congruences” of a subgamp can be extended in a natural way
to different “congruences” of the gamp.

(3) Let A be a gamp. If A is an algebra, then there is a unique, up to iso-
morphism, algebra B such that A = G(B). Moreover if A is a gamp in a
variety V, then B € V. Indeed A is an algebra and A = G(A).

(4) Let f: A — B be a morphism of gamps. If A and B are algebras, then
f: A — B is a morphism of algebras.

(5) Let A= (Ap, f, 4 | p < qin P)be adiagram of gamps. If A, is an algebra,
for all p € P, then A = (Ap, fp.g | P < ¢in P) is a diagram of algebras,
moreover A 2 G o A.

(6) Let B € V and let I be an ideal of Con, B. There is an isomorphism

f: G(B)/I =2 G(B/\I) satistying f(x/I) =xz/\/ T and f(a/I)=a/\ I
for each z € B and each a € Con. B.
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(7) Let B be an algebra. Then B is congruence n-permutable if and only if
G(B) is congruence n-permutable (this follows immediately from Proposi-
tion R.1)).
Lemma 6.10. Let V be a variety of algebras. The category Gamp(V) has all
directed colimits. Suppose that we are given a directed poset P, a P-indexed dia-
gram A = (Ap, f,q | P <qin P)in Gamp(V), and a directed colimit cocone:

((A,6A,g),fp |pe P)= h_H)l((Ap,(SAp,Avp),fnq |p<gqinP) inPGamp.,.
Put A* = UpeP f(A}) with its natural structure of partial algebra (cf. Lemma @),

then A = (A*,A,(SA,Z) is a gamp of V, f,: A, — A is a morphism of gamps,
and the following is a directed colimit cocone:

(A, f,|peP)= li_n;(Ap, Fpolp<qinP), in Gamp(V).
Moreover the following statements hold:

(1) If A, is distance-generated for each p € P, then A is distance-generated.

(2) If V is a variety of lattices and A, is distance-generated with chains for
each p € P, then A is distance-generated with chains.

(3) Let n be a positive integer. If A, is congruence n-permutable for each
p € P, then A is congruence n-permutable.

Proof. Tt follows from Corollary that (4,64, Z) is a pregamp of V. Moreover A*
is a partial subalgebra of A. Hence A = (A*, A,d4, Z) is a gamp of V. As f(Ay)
is a partial subalgebra of A*, f : A, — A is a morphism of gamps. It is easy to
check that the following is a directed colimit cocone:

(A.f,|peP)=lin(A,.f,,|p<qinP), inGamp(V).

Assume that A, is distance-generated for each p € P. Let a € Z, then there
arep € Pand € Zp such that oo = fp(ﬁ). As A, is distance-generated, there are
an integer n > 0 and n-tuple Z, ¢ of Ay such that 8 =\/,_, da,(wx,yr). Therefore
the following equalities hold:

a=f(8) = fp (\/ 6Ap<xk,yk>> = \/ fo(0a,(ze.ye)) = \/ Salfoln), Folyr))-

k<n k<n k<n

Thus A is distance-generated.
The proofs of (2) and (3) are similar. O

As an immediate application we obtain the following corollary.
Corollary 6.11. The functors G, C, Pg, and Py, preserves directed colimits.

Proof. Tt follows from the description of directed colimits of gamps (cf. Lemma )
and pregamps (cf. Lemma @) that C, Py, and P, preserve directed colimits.
As Con, preserves directed colimits, G also preserves directed colimits. (I

Definition 6.12. Let V be a variety of algebras, let P be a poset, and let A=
(Ap, f,q | p<qin P)in Gamp(V). An ideal of A is an ideal of C'o A. Tt consists

of a family I = (Ip)pep such that I, is an ideal of /Tp and :f;yq(lp) CI,forallp<gqg
in P.

We denote by A/I = (Ap/1p,g,,1p<qin P), where g, ,: A,/I, — A,/I, is
induced by f, , for all p < g in P.

p,q’
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The diagram A/ is a quotient of A.
Remark 6.13. In the context of Definition the following equalities hold:
(Pyo A))T = Py, 0 (A/).
(CoA)/T=Co(A/I).
Moreover, up to a natural identification (cf. Notation [5.29)
(PgoA)/I=Pgo(A/).

Definition 6.14. Let V be a variety of algebras, let P be a poset. A partial lifting
in Vis a diagram A = (Ap, f, 4| p < qin P)in Gamp(V) such that the following
statements hold:
(1) The gamp A, is strong, congruence-tractable, distance-generated, and has
an isomorphic realization (cf. Definitions @ and @), for each p € P.
(2) The morphisms f, , is strong and congruence-cuttable (cf. Definition b6.3),
for all p < ¢ in P.

The partial lifting is a lattice partial lifting if V is a variety of lattices, B, is
distance-generated with chains for each p € P, and f, , is congruence-cuttable
with chains for all p < ¢ in P.

A partial lifting Ais congruence n-permutable if A, is congruence n-permutable
for each p € P.

Let § = (Sp,0p,q) be a diagram in Semy . A partial lifting of S is a partial
lifting of A such that Co A~ S,

Remark 6.15. If A is a partial lifting of §, then there exists a diagram A=A
1/ - - N
such that C o A = S. Hence we can assume that Co A = 5.

The following result expresses the fact that a subdiagram or a quotient of a
partial lifting is a partial lifting.
Lemma 6.16. Let V be a variety of algebras, let P be a poset, and let A be a
partial lifting in 'V of a diagram S. The following statements hold:
(1) Let I be an ideal of A; then A/f is a partial lifting of §/[
(2) Let Q C P; then A Q is a partial lifting of S T Q.

Proof. The statement (1) follows from Proposition @ and Proposition @ The
statement (2) is immediate. O

Lemma 6.17. Let V be a variety of algebras, let P be a directed poset with no
mazimal element, and let A = (A,, f,, | p < qin P) be a partial lifting in V.
Consider a colimit cocone:

(A, f,lpeP)= lim A in Gamp(V).

Then A is an algebra in V. Moreover, for any n > 2, if all A, are congruence
n-permutable, then the algebra corresponding to A is congruence n-permutable.

Proof. The morphism f, - (Ap,(SAp,gp) — (Aq,(SAq,gq) of pregamps is both
strong and congruence-tractable for all p < ¢ in P. It follows from the descrip-
tion of colimits in Gamp(V) (cf. Lemma and Corollary f.15) that A is an

algebra and there is an isomorphism ¢: Con. A — A satisfying:
?(Oa(z,y)) =da(z,y), forall z,ye A.
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As A" = U, ep fo(4})) and f,4(A,) C A7 for all p < ¢ in P, it follows that A* = A.
Therefore (ida, ¢): G(A) — A is an isomorphism of gamps.

Now assume that all A, are congruence n-permutable. It follows from Lemma
that A is congruence n-permutable. As A is an algebra, the conclusion follows from

Proposition @ O
7. LOCALLY FINITE PROPERTIES

The aim of this section is to prove Lemma , which is a special version of the
Buttress Lemma of [E] adapted to gamps for the functor C.
We use the following generalizations of (2), (3), (4), (6), and (7) of Definition [.3

Definition 7.1. Fix a gamp A in a variety V, a (V, 0)-semilattice S, and a (V,0)-
homomorphism ¢: A — S. The gamp A is distance-generated through ¢ if the
following statement holds:

(2') For each s € S there are n < w and n-tuple Z, i of A* such that:

s=\/ o(0a(xr, yr))

k<n
If A is a gamp of lattices, we say A is distance-generated with chains through ¢ if
(3") For each s € S there are n < w and chains 2o < yo,...,Tp—1 < Yn—1 of A
such that:
s=\/ (dalzr yr))
k<n
The gamp A is congruence-tractable through ¢ if the following statement holds:
(4/) Let T, Y, 20,Y05 -3 Tm—1,Ym—1 in A*a if ¢(6A($a y)) S \/k<m ¢(6A($ka yk))
then there are a positive integer n, a list 2’ of parameters from A, and terms
to, ..., tn such that, the following equations are satisfied in A:

¢(5A(za to(f, gv 5))) = 05
?(0a(y,tn(Z,9,2))) =0,
(b((SA(tj(?j, z, Z), tj+1 (f, :Ij, Z))) =0 (fOI‘ all j < n)
A morphism f: U — A of gamps is congruence-cuttable through ¢ if the following
statement holds:
(6") Given X C S, given 2,y in U, if ¢(f(da(x,y))) <V X then there exist n <
wand f(z) = zg,71,..., 2, = f(y) in A* such that da(zg, xp+1) € S X
for all k < n.

A morphism f: U — A of gamps of lattices is congruence-cuttable with chains
through ¢ if the following statement holds:

(7") Given X C S, given z,y € U, if ¢(f(da(z,y))) < \V X then there are
n < w and a chain g < 1 < -+ < x, of A such that g = f(x) A f(y),
xn = f(x) V f(y), and ¢(0a(zk, k1)) € S| X for all k < n.

Remark 7.2. A gamp A is distance-generated through id 7 if and only if A is
distance-generated.

A gamp A is congruence-tractable through id 7 if and only if A is congruence-
tractable.

A morphism f: U — A of gamps is congruence-cuttable through id 7 if and only
if f is congruence-cuttable.
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A morphism f: U — A of gamps of lattices is congruence-cuttable with chains
through id 7 if and only if f is congruence-cuttable with chains.

Lemma 7.3. Let A be a gamp in a variety of algebras V, let ¢: A = S an ideal-
induced (V,0)-homomorphism, and put I = kerq ¢.
(1) If A is distance-generated through ¢, then A/I is distance-generated.
(2) If A is distance-generated with chains through ¢, then A/I is distance-
generated with chains.
(3) If A is congruence-tractable through ¢ then A/I is congruence-tractable.

Proof. As ¢ is ideal-induced, it induces an isomorphism &: A/ I1—S.

Assume that A is distance-generated through ¢. Let d € /~1/I, put s = £(d).
There are n < w and n-tuples Z, ¢ in A* such that s =\/, _ ¢(0a(zr,yx)). It fol-
lows that s = \/,,_,, £(6a/r(zx/I,yr/1)), so d =/}, 0a/1(wx /1, yx/I). Therefore
A/I is distance-generated.

The case where A is distance-generated with chains through ¢ is similar.

Assume that A is congruence-tractable through ¢. Let x, vy, xo, o, - - - Tm—1, Ym—1
in A* such that:

Sasi(a/Iy/T) < \/ Sasr(ar/T,yn/D).
k<m
Thus ¢(6a/1(z,9)) < Vyer, @(0a(zr,yx)). Hence there are a positive integer n, a
list 2" of parameters from A, and terms tg, ..., t, such that the following equations
are satisfied in A:

P(0a(z,to(Z, Y, 2)))
$(0a(y, tn(Z,7,2)))
o(0A(te (¥, 2, 2),tk1(Z,9,2))) =0 (for all k < n).
Those equations imply that the following equations are satisfied in A/I:
x/1 =to(Z/1,4/1,Z/1),
y/I =tn(Z/1,5/1,Z/1),
te(y/ 1,2/ 1,2/1) =t (Z/1,5/1,Z/I) (for all k < n).

0,
0,

Therefore A/I is congruence-tractable. O
The proof of the following lemma is similar.

Lemma 7.4. Let f: U — A be a morphism of gamps, let I be an ideal of U, and
let : A — S be an ideal-induced (V,0)-homomorphism. Put J = kerg¢. Denote
byg: U/I — A/J the morphism of gamps induced by f. The following statements
hold:

(1) If f is congruence-cuttable through ¢, then g is congruence-cuttable.
(2) Assume that f is a morphism of gamps of lattices. If f is congruence-
cuttable with chains through @, then g is congruence-cuttable with chains.

We shall now define locally finite properties for an algebra B, as properties that
are satisfied by “many” finite subgamps of G(B).

Definition 7.5. Let B be an algebra. A locally finite property for B is a prop-
erty (P) in a subgamp A of G(B) such that there exists a finite X C B satisfying
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that for every finite full partial subalgebra A* of B that contains X, there ex-
ists a finite Y C B such that for every finite full partial subalgebra A of B that
contains A* UY and every finite (V,0)-subsemilattice A of Con, B that contains
Con?'(B), the subgamp (A*, A, 05, A) of G(B) satisfics (P).

Proposition 7.6. Any finite conjunction of locally finite properties is locally finite.

Lemma 7.7. Let B be an algebra and denote by £ the similarity type of B. The
properties (1)-(8) in A are locally finite for B:
Assume that £ is finite.
(1) A is strong.
Fiz an ideal-induced (V,0)-homomorphism ¢: Con, B — S, with S finite.

(2) A is distance-generated through ¢ [Z
Fiz an ideal-induced (V,0)-homomorphism ¢: Cone B — S with S finite, and as-
sume that B s a lattice. _

(3) A is distance-generated with chains through ¢ | A.

Fiz an ideal-induced (V,0)-homomorphism ¢: Con, B — S, with S finite.

(4) A is congruence-tractable through ¢ I A.

Assume that £ is finite, fix a finite gamp U, fix a morphism f: U — G(B) of
gamps.

(5) The restriction f: U — A is strong.

Fiz an ideal-induced (V,0)-homomorphism ¢: Con. B — S where S is finite, a
finite gamp U, and a morphism f: U — G(B) of gamps.

(6) The restriction of f: U — A is congruence-cuttable through ¢ [g.
Assume that B is a lattice. Fix an ideal-induced (V,0)-homomorphism ¢: Con. B —
S, where S is finite. Fix a finite gamp U, fix a morphism f: U — G(B) of gamps.

(7) The restriction of f: U — A is congruence-cuttable with chains through

ol A.

Let n > 2 be an integer. Assume that B is congruence n-permutable.
(8) A is congruence n-permutable.

Proof. (1) Put X = () and let A* be a finite full partial subalgebra of B. Put Y =
{(B(Z) | L € £ and X is an ar(¢)-tuple of A*}. As A* and £ are both finite, Y is
also finite. Let A be a finite full partial subalgebra of B that contains A*UY, let A
be a finite (V,0)-subsemilattice of Con,. B containing ConZ (B). As ((Z) € Y C A,
it is defined in A, for each ¢ € . and each ar(¢)-tuple X of A.

(2) Let s € S. As ¢ is surjective, there exists § € Con. B such that s = ¢(0).
So there exist n < w and n-tuple Z,§ of B such that s = ¢(\/, ., ©p(xk, yr)). Put
XS = {ZC(), ey Ip—15Y05 - - - 7yn—1}-

Put X = (J,cg Xs. As S'is finite and X is finite for all s € S, X is finite. Let A*
be a finite full partial subalgebra of B that contains X. Put Y = ). Let A be a
finite full partial subalgebra of B that contains A* UY. Let A be a finite (V,0)-
subsemilattice of Con, B containing Con’ (B). By construction (4*, 4,03, A) sat-
isfies (2).

The proof that (3) is a locally finite property is similar.

(4) Put X =0, let A* be a finite full partial subalgebra of B. Denote by E the
set of all quadruples (z,y,Z, §) such that the following statements are satisfied:
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x,y € A*.
X and i/ are m-tuples of A*, for some m < w.
(©5(2,y)) < Viepm 9Ok, yr))-
(i, yi) # (x,y;) for all i < j < m.
Put I = kerg ¢ and let (z,y,Z,7) € E. As ¢ is ideal-induced, there exists o € T
such that ©p(z,y) < V.., OB(Tr, yx) V a. Let Z,§" be p-tuples of B such that

a =V, O}, y;). Hence:

Op(x,y) < \/ Op(er,y) v \/ On(x), vi).

k<m k<p

It follows from Lemma that there are a positive integer n, a list Z of parameters

from B, and terms tg, ..., t, such that the following equalities hold in B:
x=1to(Z, 7, 4,7, 2), (7.1)
y =1, (%, 7 ,9,7,72), (7.2)
ti(0, 7, 2,7 ,2) =t (Z,2,9,¢,2), forall j<n. (7.3)

Put t(a, b, ¢, cf) = t;(a, d.b,d. ¢) for all tuples @, b, d of B of appropriate length.
The following inequalities follow from the compatibility of © 5 with terms:

GB(t_I](fa ga Ea f/)at](fa f/,?j’g'/,g)) S \/ @B(ZC;C,y;C) = Q, (74)
k<p

(_)B(t_/](?jafa 271:))1"](?;’?7/) r f/ _’ \/ ("')B xkayk) = . (75)
k<p

As ¢(o) =0, it follows from (.4) and (F.1)) that:

Set 2 = (2, 7). As ¢(a) =0, it follows

9(
d)(@B(t/ (¥,2, 2 ),thrl(z 7,7))) =0 (for all j < n).

Let Y(, .24 be a finite partial subalgebra of B such that both t(%,¥,2,7") and
(Y, %, Z,7") are defined in Y, , z ), for each j <n.

PutY =Y. | e € E). AsY, is finite for each e € E and F is finite, Y is finite.
Let A be a finite full partial subalgebra of B that contains Y U A*, and let Abea
finite (V,0)-subsemilattice of Con, B containing Con’ (B). It is not hard to verify
that (A*, A,Op, A) satisfies (4).

(5) As U is finite, the set X; = (f(U))} (cf. Notation [L.7]) is also finite. As U
is finite and each element of f(ﬁ) is a compact congruence of B, we can choose
a finite subset X» of B such that f(U) C ConX?(B). The set X = X; U Xy is
finite. Let A* be a finite full partial subalgebra of B containing X. Put Y = (),
let A be a full partial subalgebra of B containing Y U A*, and let A be a finite
(V,0)-subsemilattice of Con, B containing Con’'(B). The following containments
hold:

f(U) C ConX2(B) C Con?(B) C A.
Moreover (f(U))} C A*.
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The proofs that (6),(7), and (8) are locally finite properties are similar. O
The following lemma is an analogue for gamps of the Buttress Lemma (cf. [[]).

Lemma 7.8. Let V be a variety of algebras in a finite similarity type, let P be a
lower finite poset, let (Sp)pep be a family of finite (V,0)-semilattices, let B € V,
and let (¢p)pep be a family of (V,0)-homomorphisms where ¢,: Con. B — S, is
ideal-induced for each p € P. There exists a diagram A= (Ap, frqlp<qinP)
of finite subgamps of G(B) such that the following statements hold:
(1) ¢op [le 1s ideal-induced for each p € P.
(2) A, is strong, distance-generated through ¢, | A,, and congruence-tractable
through ¢, [ Ay, for each p € P.
(3) A, is a subgamp of A, and Jp.q s the canonical embedding, for all p < q
mn P.
(4) Jpq 18 strong and congruence-cuttable through ¢, [Zq, forallp < q in P.

If B is a lattice, then we can construct A such that Jpq 18 congruence-cuttable
with chains through ¢, [gq for allp < q in P, and B, is distance-generated with
chains through ¢, for each p € P.

If B is congruence n-permutable (where n is a positive integer), then we can
construct A such that A, is congruence n-permutable for each p € P.

Proof. Let r € P, suppose having constructed a diagram (A,, Foq |p<gqg<r)of
finite subgamps of G(B) such that the following statements hold:

(1) op [le is ideal-induced for each p < r.

(2) A, is strong, distance-generated through ¢, [ 4,, and congruence-tractable
through ¢, [ Ay, for each p < r.

(3) A, is a subgamp of A, and f,  is the canonical embedding, for all p <
q<r. _

(4) fp,q is strong and congruence-cuttable through ¢, [ Ay, for all p < g <.

The following property in A a subgamp of G(B) is locally finite (see Proposi-
tion [7.d and Lemma [7.7)
(F) Aisstrong, distance-generated through ¢, [Z, congruence-tractable through
Oy [%T, and the canonical embedding f: A, — A is strong and congruence-
cuttable through ¢, [Z, for all p < 7.

Thus there exist finite partial subalgebras A and A, of B such that for each A
containing Con’(B), the gamp (A*, A,, O3, A) satisfies (F). Moreover it follows
from Proposition that there exists a finite (V, 0)-subsemilattice A, of Con B,
such that Con?r (B) C /L and ¢, [/L is ideal-induced.

Set A, = (A, A,,Op, /L), and f, . the canonical embedding for each p <r. By
construction, the diagram (A, f, , | p < ¢ < r) satisfies the required conditions.
The construction of (A,, f, , | p < ¢ in P) follows by induction.

If B is a lattice, then we can add to the property (F) the condition f: A, — Ais
congruence-cuttable with chains through ¢, [A for each p < r, and B, is distance-
generated with chains through ¢,.

If B is congruence n-permutable, then we can add to the property (F) the
condition A, is congruence n-permutable. O
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Remark 7.9. In the context of Lemma E, if we have a locally finite property for B,
then we can assume that any A, satisfies this property.

8. NORM-COVERINGS AND LIFTERS

The aim of this section is to construct a (family) of posets, which we shall use
later as an index for a diagram (in [E]) We also give a combinatorial statement
that is satisfied by this poset.

We introduced the following definition in [B.

Definition 8.1. A finite subset V' of a poset U is a kernel if for every u € U, there
exists a largest element v € V such that v < u. We say that U is supported if every
finite subset of U is contained in a kernel of U.

It is not hard to verify that this definition of a supported poset is equivalent to
the one used in [{].

The following definition introduced in [E] also appears in [E] in a weaker form.
Nevertheless, in the context of Ro-lifters (cf. Definition B.J), all these definitions
are equivalent.

Definition 8.2. A norm-covering of a poset P is a pair (U,d), where U is a
supported poset and 9: U — P, u + Ou is an isotone map.

We say that an ideal w of U is sharp if the set {Ou | u € u} has a largest element,
which we shall then denote by du. We shall denote by Ids U the set of all sharp
ideals of U, partially ordered by inclusion.

We remind the reader about the following definition introduced in [E]

Definition 8.3. Let P be a poset. An Rg-lifter of P is a pair (U,U), where U is a
norm-covering of P and U is a subset of Ids U satisfying the following properties:
(1) The set U~ = {u € U | Ou is not maximal in P} is lower finite, that is,
the set U | u is finite for each u € U™.
(2) For every map S: U~ — [U]<¥, there exists an isotone map o: P — U
such that
(a) the map o is a section of 9, that is, do(p) = p holds for each p € P;
(b) the containment S(o(p)) No(q) € o(p) holds for all p < ¢ in P. (Ob-
serve that o(p) belongs to U~.)

The existence of lifters is related to the following infinite combinatorial statement
introduced in [f.

Definition 8.4. For cardinals &, A and a poset P, let (k, <) ~» P hold if for every
mapping F: PB(k) — [k]<*, there exists a one-to-one map f: P < k such that

F(fPip)nf(Plq) S f(Plp), forallp<ginP.

Notice that in case P is lower finite, it is sufficient to verify the conclusion above
for all F': [k]<* — [k]<" isotone and all p < ¢ in P.

Lemma 8.5. The square poset has an Ro-lifter (X, X) such that card X = Ny.

Proof. By [, Proposition 4.7], the Kuratowski index (cf. [f, Definition 4.1]) of
the square P is less than or equal to its order-dimension, which is equal to 2.
Hence, by the definition of the Kuratowski index, (kT, <x) ~» P for every infinite
cardinal k. Therefore, by [[], Corollary 3-5.8], P has an Ro-lifter (X, X) such that
card X = card X = Ny. O
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Given a poset P, we introduce a new poset which looks like a lexicographical
product of P with a tree. This construction is mainly used in [E]

Definition 8.6. Let P be a poset with a smallest element, let X C P, let R =
(Rz)zex be a family of sets, let @ < w. Consider the following poset:

T={n,Z,7) | n<a, € X", and 7€ Ryy X -+ X Ry, _, },

ordered by (m,Z,7) < (n,y,8) if and only if m < n, & = ¢ [ m, and ¥ = § | m.
= (Yo,---yYm—1). Given t = (n,Z,7) € T and m < n, we set

Recall that ¢ [ m
tlm=(m,Z[m,7|m).
Put:
A=PRza=TxP=|]J | ({n}x{f}x(Rzo x---menyfl)xP).

neagrexn

Any element of A can be written (n,#,7,p) with n < a, & € X™ and ¥ € R,, X
N Rmn*l.
We define an order on A by (m,Z,7,p) < (n,7,§,q) if and only if the following
conditions hold:
(1) (m,2,7) < (n,7,3).
(2) If m = n then p < gq.
(3) If m < n then p < yy,.

Remark 8.7. In the context of Definition E, notice that 7" is a lower finite tree.
Indeed, if (n,Z,7) € T, then T'| (n, Z,7) = {(m,Z | m,7 [ m) | m < n} is a chain of
length n. The tree T' is called the tree associated to P X3 a.

The following statements hold:

(1) If P is lower finite, then A is lower finite.

(2) The inequality card A < Xg +card P + ). y card R, holds.
(3) The inequality card T < No + >y card R, holds.

Remark 8.8. In the context of Definition B.g, if a < b in A, then there are t =
(n,#,7) €T, p,q € P, and m < n such that a = (¢t [ m, p) and b = (¢, q). Moreover,
if m < n, then (¢t [m,p) < (t](m+1),0) < (t,q). It follows easily that a < b if and
only if exactly one of the following statements holds:

(1) m=nandp<gq.

(2) n=m+1, p=x,, and ¢ =0.
As a consequence, we obtain immediately that If P, X, and all R, are finite, then
each a € A has only finitely many covers.

Lemma 8.9. Let k > X be infinite cardinals, let P be a lower finite k-small poset
with a smallest element, let X C P, let R = (Ry)zex be a family of k-small sets,
and let a < w. If (k, < \) ~ P, then (k, < A) ~ PRy a.

Proof. Denote by T the tree associated to A = PX g a. It follows from Remark E
together with the assumptions on cardinalities that the following inequalities hold:

cardT < Wy + anurdRz <Ny + ann.

rzeX zeX

Thus there exists a partition (K¢)ier of k such that card Ky = k for each t € T.
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Notice that A is lower finite. Let F': [k]<“ — [x]<* isotone, let t € T'. Assume
having constructed, for each s < ¢, a one-to-one map o,: P <— K, such that setting
Ss ={0sim(p) | m <nand p <ux,}, forall s=(n,z,7) <t,
the following containments hold:
rmgos C Ky — F(Ss), for each s < t,
F(os(Plp)USs)Nos(Plq) Cos(Plp), for all p< ¢ in P and all s < t.

Put F;(U) = F(UU S;) — F(S;) for each U € [K; — F(S:)]<¥. As S; is finite,
this defines a map Fy: [K; — F(S))]<% — [K; — F(S¢)]<*. As F(S;) is A-small,
card(K; — F(St)) = &, moreover (K, <A) ~» P, so there exists a one-to-one map
op: P — Ky — F(S;) such that:

F(oy(PLp)USy) Now(Plq) Cou(Plp), forallp<gqinP.

Therefore we construct, by induction on t, a one-to-one map o;: P < K; for each
t € T, such that setting

St =A{om(p) |m <nand p < zp}, foralt=(n&r) eT, (8.1)
the following containments hold:
rmgoy C Ky — F(S;), foreachteT, (8.2)
F(O’t(P Ip)u St) No(Plq) Co(Plp), forallp<gin PandallteT.
(8.3)

For (t,p) € A, set o(t,p) = o+(p). This defines a map o: A — k. Let a = (s,p)
and b = (t,q) in A such that o(a) = o(b). It follows from (B.J) that o(a) € K,
and o(b) € K¢ As (Ky)uer is a partition of k, we obtain s = t. Moreover
ot(p) = o(a) = o(b) = o+(q), so, as o¢ is one-to-one, p = ¢, and so a = b. Therefore
o is one-to-one.

Let a = (t,p) € A, with t = (n,Z,7) € T. Tt follows from the definition of A
that:

Ala={(tIm,q)e Alm<nandqgePlzn}U{(t,q) € Alqge P |p}.
Thus, from (B.1]), we see that
o(Ala)=5Uo(P|p), foreacha=(tp)e A (8.4)

As (Ki)ier is a partition, it follows from (B.) and (B.9) that K; N S; = 0, thus,
by B4,

o(Ala)NK;=o0:(Plp), foreacha=(tp)eE A. (8.5)

Let a < b in A. There are two cases to consider (cf. Remark B.§). First assume
that a = (t,p) and b = (t,q) with p < ¢ and t = (n,Z,7) € T. Let ¢ < b with
o(c) € F(o(Al a)). We can write ¢ = (¢t [ m,p’), with m < n. Suppose first that
m<mn. Asc<b, p <z, thus ¢ < a. So o(c) € 0(A | a). Now suppose that
m = n. It follows from (B.2) that

o(c)=oi(p)) € F(o(Ala))Nao(ALb)N (K — F(St)).
So, from (B-4) and (B.H) we obtain
o(c) € F(or(PLp)USy) No(Plq).
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Thus (B.3) implies that o(c) € (P | p), from (B4) we obtain o(c) € o(A ] a).
Therefore the containment F(o(A ] a))No(ALb) Co(A]a) holds.

Now assume that ¢t = (n+ 1,Z,7) € T, b = (¢,0) and a = (¢ [ n,x,). Let ¢ < b
such that o(c) € F(o(Ala)). As ¢ <b there are m <n+1 and p € P such that
c=(t!m,p). f m <n, then p <z, thusc < a,s00(c) €cd(Ala). fm=n+1,
then ¢ = b. From (B.1)) and (8:4) we obtain (A | a) = Sij, Uopn(P L 2,) = Si.
Therefore 0,(0) = o(c) € F(S;), in contradiction with (B.2). So the containment
F(o(Ala))No(Alb) Co(Ala) holds. O
Corollary 8.10. For an integer m > 1, put

B (<2) = {X € P(m) | either card X <2 or X = m}.
Let P be a (V,0)-semilattice embeddable, as a poset, into B,,(<2). Let X C P, let
R = (Ry)zex be a family of finite sets, and let « < w. There exists an No-lifter
(U,U) of A= PR« such that U has cardinality Rs.
Proof. 1t follows from [E], see also [ﬂ, Theorem 46.2], that (No,2,Rg) — m, so [ﬂ,
Proposition 5.2] implies (Rg, < Rg) ~ B,,(<2), and so, from [, Lemma 3.2] we

obtain (g, < Rg) ~» P. It follows from Lemma that (Ng, < Rg) ~» A. The
conclusion follows from Remark together with [ff, Lemma 3-5.5]. O

9. THE CONDENSATE LIFTING LEMMA FOR GAMPS

In this section we apply the Armature Lemma from [E] together with Lemma E
to prove a special case of the Condensate Lifting Lemma for gamps.

In order to use the condensate constructions, we need categories and functors
that satisfy the following conditions.

Definition 9.1. Let A and 8 be categories, let ®: A — § be a functor. We
introduce the following statements:

(CLOS) A has all small directed colimits.
(PROD) Any two objects of A have a product in A.
(CONT) The functor ® preserves all small directed colimits.

Remark 9.2. Given a norm-covering X of a poset P and a category A that satisfies
both (CLOS) and (PROD), we can construct an object F(X)® A which is a directed
colimit of finite products of objects in A, together with morphisms

X QA F(X)®A— Aps
for each x € Idg X .

Moreover if A is a class of algebras closed under finite products and directed
colimits, then 72X ® A is surjective, and card(F(X) ® A) < card X + > pep Ap. For
more details about this construction, we refer the reader to [, Chapter 2].

In the following theorem, we refer the reader to Definition for the definition

of a partial lifting.
Theorem 9.3. Let V and W be varieties of algebras such that W has finite simi-
larity type, let (X, X) be an No-lifter of a poset P, let A = (Ap, fp.q | D < q in P)
be a diagram in V such that Con. Ay is finite for each p € P=, let B € W such
that Cone B = Con, (F(X) ® ff) Then there exists a partial lifting B = (Bp:gp.q |
p < q in P) of Con, oA in W such that B, is finite for each p € P~ and B is a
quotient of G(B) for each p € Max P.
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Proof. Denote by 8 the category of all (V,0)-semilattices with (V,0)-homomor-
phisms. The category V satisfies (CLOS) and (PROD), so F(X)® A is well-defined
(cf. [B, Section 3-1)). The functor Con. satisfies (CONT). Let x: Con. B —
Con.(F(X) ® ff) be an isomorphism and put py = Cone(rX ® A) o x for each
x € X AsTmy® A is surjective and y is an isomorphism, it follows that p, is
ideal-induced. Notice that rng p, = Con, Ay, is finite.

Lemma [7.§ implies that there exists a diagram B = (Ba,ggy | <yin X7)
of finite subgamps of G(B) in W such that the following statements hold:

(1) psx | By is ideal-induced for each © € X~
(2) B is strong, distance-generated through pg [ B, and congruence-tractable

through pg | By, for each ¢ € X~
(3) gz, is the canonical embedding, for all z <y in X ™.

(4) g, is strong and congruence-cuttable through p,, [Ey, forallz < yin X ™.
We extend this diagram to an X-indexed diagram, with B, = G(B) and defining
g,y as the canonical embedding for each y € X — X~ and each x <y. Thus CoB
is an X-indexed diagram in the comma category 8] Con, B, moreover C(B) = B,
is finite for each & € X ™. Therefore, it follows from the Armature Lemma H] that
there exists an isotone section o: P < X such that the family (p,(p) [ Bop))pep is
a natural transformation from (C(Bg(y)), C(gs(p),0(g)) | P < ¢ in P) to Con oA.

Put B = (Bo(p):9o(p).o(q) | P < qin P) and I, = kerg p,(p), for each p € P.

This defines an ideal I = (Ip)pep of B Moreover, as pq(y) [E ) is ideal-induced

o(p
for each p € P, these morphisms induce a natural equivalence (C oél) / I~ Con.oA
(cf. Lemma B.13).

Denote by hy, q: Bo(p) /Iy — Bo(q)/1q the morphism induced by g, (,) (g It
follows from Proposition @ that B,,)/I, is strong for each p € P, and it follows
from Proposition @ that h,, 4 is strong for all p < ¢ in P. Lemma implies that
B, /1, is distance-generated and congruence-tractable for each p € P. From
Lemma we obtain that h,, , is congruence-cuttable for all p < ¢ in P.

Let p € P, let x: Eg(p) — Conc B be the inclusion map. As B, is a subgamp
of G(B), (B, x) is a realization of B, ), thus it induces a realization (B/\/ I, x’)
where y': Ep/lp — B/ \/ I satisfies x/(d/I,) = d/\/ I, (cf. Proposition b.§). As
Po(p) [Eg(p) is ideal-induced it is easy to check that x’ is surjective, hence it defines
an isomorphic realization.

Let p a maximal element of P. From B, = G(B) it follows that By, /I, is
a quotient of G(B).

Therefore ﬁl/f is a partial lifting of Con, oA inW. Moreover, if p € P~ then
B,y is finite, thus B;/Ip = B, /I, is finite. O

Remark 9.4. Use the notation of Theorem @ A small modification of the proof
above shows that if W is a variety of lattices, then we can construct a lattice partial
lifting B of Con, oA in W. Moreover, for any integer n > 2, if B is congruence
n-permutable, then all B, can be chosen congruence n-permutable.

Corollary 9.5. Let 'V be a locally finite variety of algebras, let W be a variety of
algebras with finite similarity type. The following statements are equivalent:

(1) crit(V; W) > Ryg.
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(2) Let T be a countable lower finite tree and let A be a T-indexed diagram of
finite algebras in V. Then Con, oA has a partial lifting in 'W.

(3) Let A be a w-indezed diagram of finite algebras in V. Then Con, oA has a
partial lifting in 'W.

Proof. Assume that (1) holds. Let T be a countable lower finite tree and let A be
a T-indexed diagram of finite algebras in V. It follows from [ﬂ, Corollary 4.7] that
there exists an Ny-lifter (X, X) of T such that card X = Xy. Hence the following
inequalities hold:

card(F(X) ® A) < card X + DA, <R Ry =N,
peT peT

Thus, as crit(V; W) > R, there exists B € W such that Con. B = Con, (F(X)(XMT)
It follows from Theorem that there exists a partial lifting of Con, oA inW.

The implication (2) = (3) is immediate.

Assume that (3) holds and let A € V such that card Con. A < ¥y. By replacing A
with one of its subalgebras we can assume that card A < g (see [, Lemma 3.6]).
As V is locally finite, there exists an increasing sequence (Ay)r<. of finite subal-
gebras of A with union A. Denote by f;;: A; — A, the inclusion map, for all
i<j<w Put A= (Ai, fij |1 <j <w). Let B be a partial lifting of Con, oA
in W, let B be the directed colimit of B in Gamp(V). As C and Con. both
preserve directed colimits, the following gamps are isomorphic:

C(B) = C(lim B) = liy(C o B) = lim(Con, 0 A) = Con, lim A = Con, A.
Moreover, it follows from Lemma that B is an algebra in W, that is, there

exists B € W such that B = G(B), so Con, B = C(G(B)) = C(B) = Con. A.
Therefore crit(V; W) > Ry. O

A variety of algebras is congruence-proper if each of its member with a finite
congruence lattice is finite (cf. [E, Definition 4-8.1]).

The following theorem is similar to Theorem if W is a congruence-proper
variety with a finite similarity type, then we no longer need partial liftings in the
statement of the theorem. There is a similar theorem in [, Theorem 4-9.2]. This
new version applies only to varieties (not quasivarieties), but the assumption that W
is locally finite is no longer needed.

Theorem 9.6. LetV be a variety of algebras. Let W be a congruence-proper variety
of algebras with a finite similarity type. Let (X, X) be an Wo-lifter of a poset P.
Let A = (Ap, fp.q | P < qin P) be a diagram in V such that Con. A, is finite for
each p € P=. Let B € W such that Con. B = Con, (F(X) ® ff) Then there exists
a lifting B of Cong oA in W such that B, is a quotient of B for each p € P.

Proof. We notice, as in the beginning of the proof of Theorem @, that F(X) ® A is
well-defined. We also uses the same notations. Let x: Con. B — Con, (F(X) ® ff)
be an isomorphism. Put p, = Cone (7 ® A) o x for each z € X. As 7¥ ® A is
surjective and x is an isomorphism, it follows that p, is ideal-induced.

Notice that rng p, = Con. Ay, is finite. Hence Con, B/ kerg py = Con. Agg is
finite. As W is congruence-proper, it follows that B/ kerg p, is finite.

Hence, the property A/kerg p, = G(B)/ kerg ps, in A a subgamp of G(B) is a
locally finite property for B. It follows from Lemma E and Remark E that there



CRITICAL POINTS 39

exists a diagram B = (Bg, g, y | T <y in X7) of finite subgamps of G(B) in W,
as in the proof of Theorem @, but that satisfies the additional condition:

(5) Bg/kergps = G(B)/ kerg pg, for all x € X~
We continug with the same argument as the one in the proof of Theorem @ We
obtain B’/I a partial lifting of Con. oA. The following isomorphisms hold

B, /1, = Bo(p)/ kero po(p) see proof of Theorem P.3
= G(B)/ kerq po(p) by (5).
= G(B/ kerg po(p)) by Remark [.4(6).

Hence B, /I, is an algebra of V (cf. Remark 6.9(3)), for all p € P=, it is also true

for p € Max P. Tt follows from Remark .9(5) that él/f% G o B, for a diagram of
algebras B. Hence:

Con.oB=CoGoB by Remark .94(1).
~CoB'/T
>~ Cong oA as E//fis a partial lifting of Con, oA.
Hence B is a lifting of Con, oA. O

The following corollary is an immediate application of Theorem @

Corollary 9.7. Let V be a wvariety of algebras. Let W be a congruence-proper
variety of algebras with a finite similarity type. Let (X, X) be an Ng-lifter of a
poset P. Let A = (Ap, fp.g | p < q in P) be a diagram of finite algebras in V.
Assume that Cong oA has no lifting in W, then crit(V; W) < Ry + card X.

10. AN UNLIFTABLE DIAGRAM

Each countable locally finite lattice has a congruence-permutable, congruence-
preserving extension (cf. [[f]). This is not true for all locally finite lattices. Given a
non-distributive variety V of lattices, there is no congruence-permutable algebra A
such that Cone A 2 Cone Fy(Ry) (cf. [14]). Hence Con, Fy(R) has no congruence-
permutable, congruence-preserving extension. The latter result can be improved,
by stating that the free lattice Fy(X;) has no congruence-permutable, congruence-
preserving extension (cf. [{]).

Let V be a nondistributive variety of lattices. There is no congruence n-permutable
lattices L such that Con.L = Fy(Ry), for each n > 2 (cf. [[IJ]). In particular
Fvy(X3) has no congruence n-permutable, congruence-preserving extension, for each
n > 2. The aim of this section is to improve the cardinality bound to ¥;. We use
gamps to find a lattice of cardinal R; with no congruence n-permutable, congruence-
preserving extension, for each n > 2. This partially solve [ﬂ, Problem 7]. The proof
is based on a square-indexed diagram of lattices with no congruence n-permutable,
congruence-preserving extension.

Let A = (Ap, fp.g | P < qin P) be a diagram of algebras, let B= (Bp,gp,q | P <
g in P) be a congruence-preserving extension of A. Then B, = (A,,B,,0p,,Con. By)
is a gamp and g, , = (gp,¢, Cone gpq): By — By is a morphism of gamps, for all
p < g in P. This defines a diagram B of gamps. Moreover, identifying Con. A,
and Con. B), for all p € P, we have Py o B = Pg,o A
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Fix n > 2 an integer. Given a diagram A of algebras, with a congruence n-
permutable, congruence-preserving extension, there exists a diagram B of congru-
ence n-permutable gamps such that Py o B = P, o A. The converse might not
hold in general.

However the square-indexed diagram A of finite lattices with no congruence n-
permutable, congruence-preserving extension, mentioned above, satisfies a stronger
property. There is no operational diagram B of lattice congruence n-permutable
gamps of lattices (cf. Definition [[0.]]) such that Pgao[f = Pgloé (cf. Lemma [L0.6).

We conclude, in Theorem , that there is a condensate of [L of cardinal Ny,
with no congruence n-permutable, congruence-preserving extension.

For the purpose of this section, we need a stronger version of congruence n-
permutable gamp, specific to gamp of lattices.

Definition 10.1. A gamp A of lattices is lattice congruence n-permutable if for all
20, ..., %y in A" there exist yo,...,yn in A such that y; Ay; = y; Ay; =y, in A for
alli <j<m,yo=zogANTyp =xp ANxoin A, y, =x9 V xp, =, Vo in A, and:

O(Yk, Y1) < \/(6(.Ti,$i+1) | i <mneven), forall k<n odd,

Yk, Y1) < \/(6(.1'i,$7j+1) | i <nodd), forallk<n even.

A morphism f: A — B of gamps is operational if ¢(Z) is defined in B for all
(€ £ and all ar(f)-tuple X in f(A) U B*.

Let P be a poset, a diagram A= (Ap, f,q | P < qin P) of gamps is operational
if f, , is operational for all p < ¢ in P.

Remark 10.2. In the context of Definition , the elements y1,...,y, doe not
form a chain in general, as we might have y; ¢ A* for some 1.

In this section we simply say that the gamp is congruence n-permutable instead
of lattice congruence n-permutable. We also consider only pregamps and gamps of
lattices. The following lemma is immediate, the properties given in Definition
go to quotients.

Lemma 10.3. Let A be a congruence n-permutable gamp, let I be an ideal of A,
then A/I is a congruence n-permutable gamp.

Let P be a poset, let A be an operational P-indexed diagram of algebras. Let I
be an ideal of A. The quotient A/f s operational.

The following lemma is similar to the Buttress Lemma (cf. [[J]) and to Lemma [.§,
this version is specific to the functor Py.

Lemma 10.4. Let n > 2. Let 'V be a variety of lattices. Let P be a lower finite
poset. Let (Ap)pep be a family of finite pregamps. Let B be a gamp in V such
that B is a congruence n-permutable lattice. Let (mp)pep be a family of ideal-
induced morphisms of pregamps where 7,: PaB — A, for all p € P. Then there
exists a diagram B = (Bp,9p.q | p < qin P) of finite subgamps of B (where g, ,
is the canonical embedding for all p < q in P), such that the following assertions
hold.

(1) mp, | Pa(B)) is an ideal-induced morphism of pregamps for all p € P.
(2) B, is strong and congruence n-permutable for all p € P.
(3) 9,4 is operational for all p < q in P.
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Proof. Let r € P, assume that we have already constructed (B, g, ,|p <q<7)
that satisfies the required conditions up to 7.

As m, is ideal-induced, m,.(B*) = A,. Moreover A, is finite, hence there exists X
a finite partial subalgebra of B* such that ,.(X) = A, put B; = XU, _, B;, with
its structure of full partial subalgebra of B*. It follows that m,.(B}) C 7. (B*) =
A, =7 (X) C 7 (B}), hence 7, (B}) = A,. Moreover B is finite.

Let o, 21,...,2, in B}. As B is a congruence n-permutable lattice, there exist
Yo < -+ <Yy in B such that yo = o A 2y, yn = o V x,,, and

(Y Y1) < V(é(xi,ziﬂ) | i <mneven), forallk<n odd,

O(Yk, Y1) < \/(6(.1'i,$7j+1) | i <nodd), forallk<n even.

Put Xo) 21,0, = {Y0,---,Yn}. We consider the following finite set with its struc-
ture of full partial subalgebra of B

B, :U(Xmo,ml,...,zn | 20,21, .., %y € By)

U{x\/y|x,y€B:UUBp}

p<r

U{z/\y|x,y€B;‘UUBp}.
p<r

Put Y = {6(z,y) | z,y € Br}. As 7, is ideal-induced, it follows from Propo-
sition B.14 - that there is a finite (V,0)-subsemilattice B, of B such that Y C B,,
and 7, | B, is ideal-induced. Put B, = (B¥, By, 9, B ), denote by g,,,.: B, — B,
the inclusion morphism for all p < r. The condltlons (1)-(3) are satisﬁed. The
conclusion follows by induction. (]

We apply Lemma and the Armature Lemma (cf. [f]) to obtain a new,
tailor-made version of CLL. Given a diagram A of finite lattices and a congruence-
preserving, congruence n-permutable extension of a condensate of A, we obtain a
“congruence-preserving, congruence n-permutable extension” of A.

Lemma 10.5. Let V be a variety of lattices. Let (X, X) be an No-lifter of a poset P,
let A = (Ap, fp.q) be a diagram of V such that Con A, is finite for allp € P=. Let B
be a congruence n- -permutable lattice. If B is a congruence- preserving extension of
F(X)® A then there exists an opemtwnal diagram B of congruence n-permutable
gamps such that Py o B~ P,, o A.

Proof. As in the proof of Theorem @, F(X)® A is well-defined. Denote by 8 the
category of pregamps. The functor Pg,: V — 8 satisfies (CONT), see Remark @
Put B* = F(X)® A as B is a congruence-preserving extension of B*, we can
identify Con. B* with Con. B. Put B = (B*,B,0p,Con. B), hence Pg(B) =
P,.(B*). Put mp = Pgu(ma ® A): P, (B) = Py (A) for all x € X. It follows
from Lemma [[0.4, that there exists a diagram (Bxz,9ggy | € < yin X7) of finite
subgamps of B such that the following assertions hold.

(1) mg | Pgi(Bg) is an ideal-induced morphism of pregamps for all € X~.

(2) B is strong and congruence n-permutable for all z € X~

(3) gz, is operational for all z <y in X ™.
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We complete the diagram with B, = B and g, ,, the inclusion morphism for all
ye X — X7, and x < y. It follows from the Armature Lemma (cf. [E, Lemma 3-
2.2]) that there exists o: P — X such that do(p) = p for all p € P and (7, |
Py (By(p)))pep is a natural transformation from (Pg(By(y)), Pgl (ga(p),a(q)) |p <
¢in P) to Pg, o A.

Put p, = m,(p) | Pa(Bg(p)), put I, = kerg p, for all p € P. Put I = (Ip)pep,
it is an ideal of (By(p): 9o (p),o(q) | P < ¢ in P). Put C = (Boy)/Ip, Gop),o(q)/ ! |
p < ¢ in P). Notice that C is an operational diagram of congruence n-permutable
gamps.

Denote by x,: Pg(Bo(p))/Ip — Pga(Ap) the morphism induced by p,. It
follows from Lemma that x,, is an isomorphism, for all p € P. Hence, from
Proposition and Remark , we obtain that X = (x,)pep: Pgloé — Pgao/_f

is a natural equivalence. O

In the following lemma we construct a square-indexed diagram of lattices with
no congruence n-permutable, congruence-preserving extension.

Lemma 10.6. Let n > 2. Let K be a nontriwial, finite, congruence (n + 1)-
permutable lattice, let x1,x2,x3 in K such that x1 Axo =0 and x3Vas = x5V =
1. There exists a diagram A of finite congruence (n + 1)-permutable lattices in
Varo’l(K) indexed by a square, such that Py, o A %2 Pgo B for each operational

square B of congruence n-permutable gamps.

Proof. Put Xo = {0,z3,1}, put X1 = {0,217 A 3,21, 23,1}, put Xo = {0,292 A
x3,x2,x3,1}, put X3 = K. Notice that Xy, k < 4, are all congruence (n + 1)-
permutable sublattices of K.

I3 Tk

3 N\ Ty

0
FIGURE 1. The lattice Xy, for k € {1,2}

We denote by h;: Xo — X; and h}: X; — X3 the inclusion maps, for i = 1, 2.
Denote by X the square on the right hand side of Figure ﬂ
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Claim. Let B be a square of operational gamps (as in Figure E), let E: Py, o
X - Py o B be a natural equivalence. Let y € By such that §p,(&0(0),y) <
6B, (€o0(23),&0(1)), y A &o(1) =y, and y V §(0) =y in By, then y = &(0).

Proof of Claim. We can assume that g1, g2, g1, and g4 are inclusion maps. We
can assume that Py o B = P, o X and E is the identity. We denote §; instead
of 0p, for all k € {0,1,2,3}. Notice that dx(u,v) is a congruence of X}, for all
u,v € By, moreover if u,v € X, = B} then dx(u,v) = Ox, (u,v). Let y € By such
that do(0,y) C do(x3,1), yAl =y and y VO =y in By.

Let k € {1,2}. As g, is operational, y Axy is defined in By. Moreover 0 Azy = 0,
hence §5(0,y A z1) C 6x(0,y). Therefore the following containments hold:

Sk(y,y Aag) C 0k(y,0) V L0,y Azk) C 0r(0,y) C dr(zs,1) = Ox, (23,1). (10.1)
Moreover, as y A 1 = y, the following containment holds
Or(y,y ANag) =0y A1,y Aag) Cok(l,2x) = Ox, (1, zk) (10.2)
However Oy, (1, 2;) N Ox, (z3,1) = 0x, (see Figure [l), thus it follows from ([L0.1)
and () that 0k (y,y A x) = Ox,, hence the following equality holds
y=1yAx, foreachke {1,2}.

Therefore y = (y Ax1) A2 in B, moreover x1 A 2o = 0, hence as Bis operational

y A (21 A x2) is defined in Bs, thus yAO =y A (z1 Ax2) = (y A1) Azg = y.
Moreover as y V 0 = y, it follows that 0 = (y V0O) A0 = y A0 = y (all elements

are defined in Bs), hence y = 0. O Claim.

Let C be an (n + 1)-element chain. Set T' = {¢ | t: C'— X is order preserving}.
Put Ag = C, put A; = X, put Ay = X7I', put A3 = XI' = KT. We consider the
following morphisms:

fii AO — Az
x = (t(x))ter, fori=1,2.

We denote by f/: A; — As the inclusion maps, for i = 1,2. We denote by A the
square in the left hand side of Figure E

Ag X3
NS
Aq A X1 Xo
Ao Xo

FIGURE 2. Two squares in Var®!(K)

Given t € T, denote w = t and 7.: Ay — Xk, (ap)per — a; the canonical

projection, for all k € {1,2,3}. It defines a natural transformation #* from Ato X.
We denote by i, = Py, (7l) = (7}, Con. 7k, for all k € {0,1,2,3}.
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Assume that there exists an operational square B as in Flgure E of congruence
n- permutable gamps, and a natural equivalence P, 0 A P,o B. We can assume
that Pgj o B = Py, o A. Put 0r = 0B, , the distance d4, is a restriction of dy, for
all k € {0,1,2,3}.

BlyBBYB
N, A

FIGURE 3. A square in the category Gamp(£)

Let ag < a1 < --- < a, be the elements of C = Ay = B§. As By is congruence
n-permutable, there exist by, ..., b, in By such that b; Ab; = b; Ab; = b; in By for
all i < j<mn, by =agAa, =agin By, b, =ag V a, = a, in By, and:

00 (b bry1) < \/(50(6%, ai+1) | i < neven), forall k<n odd, (10.3)

00 (b bry1) < \/(50(6%, ai+1) |4 <nodd), forall k<n even. (10.4)
In particular the following inequality holds
50(bk, bk+1) < 50(&0, ak) vV 50(ak+1, an), for all £ < n. (105)
As b, = a,, an immediate consequence of () is 00(bn-1,an) < do(ag, an—-1)-
Assume that do(an—2,bn—1) < do(ag, an—2), it follows that
d0(ao, an) < d0(ao, an—2) V 6o(an—2,bn-1) V do(bn_1,an) < do(ao, an-1)
That is © 4, (ao, an) < O a,(ao, an—1) a contradiction, as Ay is the chain ag < -+ <
an. It follows that dp(an—2,bn—1) € do(ag, an—2).
Take ¢ < n minimal such that the following inequality hold
50(@1', bi+1) ﬁ (So(ao, ai). (106)
If « = 0, then a9 = by = b;, hence dp(ag,b;) < dp(ap,a;). If ¢ > 0, then
it follows from the minimality of ¢ that dg(a;—1,b;) < do(ag,ai—1) < do(ao,a;),
thus 50(@0,51') S 50(a0,ai_1) V 60(ai_1,bi) S 50(@0,6%). Therefore the fOHOWing
inequality holds
do(ao, b;) < do(ao, a;). (10.7)
Assume that 0o(b;, bis1) < do(ao, as), this implies with ([[0.7) the following in-
equality
do(ai, biy1) < dolas, ap) V do(ao, bs) V 0o (bi, bit1) = do(ao, as),
which contradicts () Therefore the following statement holds
50(()1', bi+1> ﬁ 50((10, ai). (108)
As Con 4y is a Boolean lattice with atoms dq(ak, ar+1) for k < n, it follows from

([[0-§) that there is j < n such that
(So(aj, aj+1) S (So(bi, bi+1) and 50(aj, aj+1) ﬁ 50(@0, ai), (109)
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As do(aj,a;:1) £ dolao, ai), j > i. It follows from ([10.3), ([0.4), and ([[0.9) that i
and j have distinct parities, therefore j > i.
Put

t: Ag — {0,$3, 1}

0 ifk <y,
ap— s x3 ifi<k<j, forallk<n.
1 ifj <k,

As i < j < n the map t is surjective, thus ¢ € T. Put I; = kerow}, for all
1€ {0,1,2,3}. Denote by X: Pgaog/f: Pgloé — X the natural transformation
induced by . As T = Pg,(7) is ideal-induced, it follows from Lemma that ¥
is a natural equivalence. Put E = )2_1. Notice that the following inequalities hold

do(ao, bi+1) < do(ao, bi) V do(bi, bit1)
< do(ag, ai) V do(ait1,an) by () and ()

Moreover £,(0) = ao/lo = a;/lo, &o(x3) = ait1/lo and (1) = an/Ip, thus
0Bo/1,(€0(0),bi+1/10) < 0By /1, (§0(23),60(1)). As biy1/IoA&o(1) = (bit1Aan)/lo =
bit1/Io and b1/l V 0(0) = (biy1 V ag)/Io = bit1/Io. Tt follows from the Claim
that b1/l = £(0) = ao/Iy, that is dp(ap,bi+1) € Ip. Therefore the following
inequality holds:

do(ao, bit1) < do(ao, ai) V do(ait1,a;) V do(ajr1,an) (10.10)
Hence we obtain

do(a;,a;j+1) < 6o(bi; bit1) by ({L0.9).

< do(biyao) V do(ao, bit1)

< do(ag, i) V do(ait1,a;) V do(aji1,a,) by ([0.7) and (L0.10).

< do(ao,aj) V do(ajt1,an).

A contradiction, as Ag is the chain ag < a1 < -+ < ay,. O

Theorem 10.7. Let n > 2. Let'V be a variety of lattices, such that either Ms € 'V,
LyeV,LseV,LyeV, Lyl eV, or L, € V. There exists a bounded lattice L € V
such that L is congruence (n+1)-permutable, card L = Xy, and L has no congruence
n-permutable, congruence-preserving extension in the variety of all lattices.

Proof. Fix (X, X) an Ro-lifter of the square such that card X = ¥, (cf. Lemma B.5).
Up to changing V to its dual, we can assume that either M3 € V, Lo € V., L3 € V,
or Ly € V. Let K one of those lattices such that K € V| let x1, x2, z3 as in Figure E
The conditions of Lemma are satisfied. Denote by A the diagram constructed
in Lemma .

Put L = F(X)® A € Var®!(K) C V (cf. Remark P.). Notice that L is a
directed colimit of finite products of lattices in A and all lattices in A are congruence
(n 4+ 1)-permutable, thus L is congruence (n + 1)-permutable. As card X = 8; and
each lattice in the diagram Ais finite, card L = Ny. Moreover L cannot have a
congruence n-permutable, congruence-preserving extension, as the conclusions of

Lemma and Lemma contradict each other. O
The following corollary is an immediate consequence of Theorem .
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Corollary 10.8. Let V be a variety of lattices such that either Ms € V, Lo €
V, Ly € V, Ly € V, Lyd €V, or L, € V. The free bounded lattice on ¥,
generators of V has no congruence n-permutable, congruence-preserving extension

P. GILLIBERT

T3

FIGURE 4. The lattices M3, Lo, L3, Ly.

in the variety of all lattices, for each n > 2.
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