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Non-homogeneous boundary value problems for
linear dispersive equations

Corentin Audiard

Institut Camille Jordan, Université Claude Bernard Lyon

Abstract

While the non-homogeneous boundary value problem for elliptic, hyperbolic
and parabolic equations is relatively well understood, there are still few results for
general dispersive equations. We define here a convenient class of equations com-
prising the Schrédinger equation, the Airy equation and linear ‘Boussinesq type’
systems, which is in some sense a generalization of strictly hyperbolic equations,
and for which we define a generalized Kreiss-Lopatinskii condition. From the con-
struction of generalized Kreiss symmetrizers (adapted from hyperbolic theory) we
deduce a priori estimates and well posedness for the pure boundary value problems
(BVP) on a half-space associated to this class of equations. The initial boundary
value problem (IBVP) is investigated too for the special case of the Schrodinger
equation, and possible generalizations of the proof for other problems are indicated.
Keywords: Boundary value problems, dispersive equations, Kreiss symmetrizers.

Introduction

The analysis of boundary value problems for dispersive equations like the Schrodinger
equation or the (non-linear) wave equation has received a lot of attention during the last
ten years. In the case of homogeneous Dirichlet or Neumann boundary conditions, sharp
results (Kato-smoothing of the trace and Strichartz estimates) have been obtained under
various geometric assumptions, see Burg-Gerard-Tzvetkov [5], Burq [4], Ivanovici [13],
Planchon-Vega [20]... For the non-homogeneous boundary conditions, the well-posedness
of the Korteweg-de Vries equation posed on a quarter plane or a strip was obtained
independently by Bona-Sun-Zhang [2, 3] and Faminskii-Larkine [8, 9]. These results
were based on a priori estimates following from explicit computations of the solutions of
linearized equations. In the same spirit, Fokas [10] proved the well-posedness of a large
class of one-dimensional linear scalar dispersive equations.

In several dimensions of space, these techniques do not apply, notably because of the



occurence of ‘glancing points’ that make the analysis much more delicate. This difficulty
can be (formally) explained on the following simple example. Let u satisfy

(i0; + A)u = 0, (2/,24,t) == (2,t) € R x Rt x R,
Ul zy—0 = ¢,  and all its derivatives vanishing at ¢ =0 .

By Fourier-Laplace transform, we see that
1 o = R .
u(z', xq,t) = = // rridtHita o =i —lEPTa G ¢y 4 §)dEdS.
(2m)? J Jri-1
If the dimension of space is 1 there is no z’ and, letting v — 0 the integral splits

u(z,t) = i/ e“le= VB (i5)ds + i/ ete= VIl 5(i5)ds,

21 Jr+ 2m Jr-
from which the spacelike regularity of u can be deduced: on the first integral, using a
change of variable § = 02, we recognize a Fourier transform in x (this nice idea originates
at least to the seminal paper by Kenig, Ponce and Vega [14]), and it is easy to check
that for fixed ¢, this integral defines a function in H*(R*) if ¢ € H*/*F1/4(R*). The
second integral may be controlled thanks to the exponential decrease, more specifically
by application of a lemma (lemma 3.1) in [2]. If the dimension is greater than 1, the
same kind of analysis can only be carried in the regions

£={(6,6): —0—[§]* >0}, and H ={(3,) : —0— [§]* <0},

(they are usually called ‘elliptic’ and ‘hyperbolic’ regions). On the ‘glancing’ set {(d,¢) :
§+1£|* = 0} (where 0 is a multiple root in ¢ of —6 — |£|?+(?) there is neither exponential
decrease of the integrand nor an oscillating phase, which is a clear obstruction to the
derivation of a priori estimates.

For strictly hyperbolic first order systems, the same kind of technical difficulties was
overcome by Kreiss [15] thanks to the construction of a tool now called Kreiss sym-
metrizer. Our aim here is to extend the analysis of Kreiss to more general, although
constant coefficient, equations. In particular, while for hyperbolic equations it is con-
venient to work with the homogeneous principal part of the symbols, we shall work on
quasi-homogeneous symbols.

More precisely, if & € N¢ is an n-tuple we define |a| = E?Zl a;j. We say that a partial
differential operator P(7,&) is p-homogeneous of degree mp if it has the form

P(ataDa:) = Z aoc,ngag ) (1)

0<j<m
pj+|a|=mp

where DS = H;l:l DS, D; = 8/(idx;). We define the p-degree of a monomial D9 as
|a| + pj. The p-degree of a partial differential operator is the maximal p-degree of its



monomials. If P is a partial differential operator of (p—)order N, its p-principal part is
the operator obtained by keeping only terms of p-degree N, and we denote it by princ(P)
if no confusion can occur regarding p. We say that an operator is resolved (in ;) if its
p-degree is a multiple of p, say mp, and the coefficient of 9" is not 0. In order to include
simple equations like

ou+c-Vu+iAu=0, ce R,

we will work on a larger class than p-homogeneous operators. Let P(0;, D,) be a matrix
of size n of partial differential operators of order (at most) mp. We say that it is purely
dispersive ! if it is resolved and

op(+, &) ;= det (P(-, 5)) has only purely imaginary roots for & € R%. (Dp)
The operator is strictly dispersive if
P is purely dispersive and princ(op)(-,£)) has distinct roots for £ € R\ {0}.  (Ds)

Note that the idea of adaptating techniques from the hyperbolic field to quasi-homogeneous
equations appeared rather early, notably with the work of Gindikin and Volevic [25]. In
particular, they give a very nice discussion on the concept of symbols weakly correct in
the sense of Petrowskii in their book [12], and find a class of scalar dispersive equations
for which analysis of the mixed problem with variable coefficients is possible. Unfortu-
nately this is a very special class (basically multidimensional generalizations of the Airy
equation), and their analysis does not extend to systems.

Anisotropic weighted Sobolev spaces H , and a generalization of the uniform Kreiss-
Lopatinskil condition (UKL) are defined in section 1. Our main result concerns boundary
value problem of the form

Pu = f?
{ Bv(atv 8:(:)“’96,1:0 = @, (2)

with B, a boundary operator that we will be defined more precisely in section 1.

Theorem 1. If P = Z AQJD;Y&{ 15 strictly dispersive, the boundary is not charac-

a,j
|ad-pj<mp

teristic, that is A(,... o,mp),0 is tnvertible, and B, satisfies the uniform Kreiss-Lopatinskit
condition, then there exists I' > 0 such that for any v > T' and any

p—1
(¢, f) € Hy} (R x R) x Hg;l(Rd-l x R* x R);

In not yet published lecture notes [http://www.math.lsa.umich.edu/ rauch/nlgonotes.pdf] , J.
Rauch defines the pure dispersivity for homogeneous hyperbolic problems as a condition of non-flatness
of the characteristic variety. This condition is fullfilled here because of the quasi-homogeneity.



the problem (2) has an unique solution u € H;’fg_l, and it satisfies the estimate

mp—1
, 1
2 2 2 2
7”““]{%’?5*1 + ;_0 ’aajcdu|Hj;’15*17j+(p71)/2 < C(;HfHL%Hgml) + |S0|H'(y]?p1)/2> ) (3>

The proof of theorem 1 relies on the derivation of the a priori estimate (3) thanks
to the construction of generalized Kreiss symmetrizers. The plan of this construction is
similar to the classical one performed by Kreiss and explained in details in [6] or 18],
but we have to deal with a new fact: lower order terms can not be neglected. This
leads to a slight, but noticeable modification of the original construction. In particular
it should be noted that the definition of a strictly dispersive operator involves the full
symbol, and not only its p-homogeneous principal part.

Once the estimate is proved, we construct a dual boundary value problem, and finally
prove the existence of a solution by standard Hahn-Banach arguments. The transition
from boundary value problems to initial boundary value problems is rather delicate.
In complete generality, we will only allow null initial data, but in the special case of
the Schrédinger equation we will prove a well-posedness result for H! initial data and
HE;’/ Q(Rd*I x R;") boundary data. To our knowledge, even for this simple case, this is a
new result when d > 1.

The paper is organized as follows.

e In section 1, we define a tangential differential calculus and functional spaces used
in the article. The problem (2) is reformulated in the simpler form

0,,U = GU + f,

with G a tangential Fourier multiplier, and we define the uniform Kreiss Lopatin-
skil condition thanks to the analysis of the stable subspace of G.

e Section 2 is devoted to the derivation of a prior: estimates for the boundary value
problem. We introduce here the generalized Kreiss symmetrizers, whose lengthy
and technical construction is postponed to the appendix.

e In section 3, we use a dual boundary value problem and the a prior: estimate of
section 2 to prove theorem 1.

e In section 4, we deduce from these results well-posedness for zero initial data. For
the non-homogeneous linear Schrédinger equation, the well-posedness of the mixed
problem with H* initial data is also proved.

e In the appendix, we sketch the construction of generalized Kreiss symmetrizer,
give references for the classical construction in the hyperbolic case and we explain
what are the modifications needed to adapt it to our settings.
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1 The Uniform Kreiss-Lopatinskii condition

Some notations From now on and until section 4 ; we work on the pure boundary
value problem posed on the half space R™! x Rt x R,. For clarity, we write R, instead
of R to insist on the fact that it corresponds to the time variable. Since the x4 variable
has a special role, we note (z,t) = (2/,24,t) € R™! x RT x R;.

Sobolev spaces and Fourier-Laplace multipliers

Tangential operators For {2 an open set of R, n > 1 and v > 0 we introduce
the weighted in time L? space

LPOQxR) = {ue L} (R;LA(Q
|Mp—ww~// e |uf*dudt < oo}, (1)

and the tangential Fourier-Laplace transform
ue L2(R™' x RT x Ry) = 4,

u(n, vq,y +i0) = // ety (o g t)da dt. (5)
RA-1xR+

For ¢ defined on R?! x R,, we write in the same way @ the usual Fourier-Laplace
transform. A tangential Fourier multiplier A7 with parameter v € R™ is defined by its
symbol a(v + id,n) and the formula

Avu(n, 2q,i0) == a(y + i6,7)0(1, x4, i0).

For such an operator, we use the notation A, := €A% ". In particular, we have the
formula
Asu(n, w4,y +18) = a(y +i6,n)i(n, 74,y + i6),

and call A, a tangential Fourier-Laplace multiplier, or for conciseness a Fourier multi-
plier. A Fourier multiplier will usually be denoted by a capital letter, and the correspond-
ing small letter will be its symbol expressed in terms of v +id and n. For p € N, p > 2,
we denote by A, := " AJe™7" the tangential Fourier-Laplace multiplier of symbol

Ap(y +6,) 7= (7% + 6% + [ [*7)/3),

We denote generically 7 = v + i) and say that the operator A, is of p-order n if its
symbol a(7,n) satisfies |a(7,n)| < CA}. It is quasi-homogeneous if for » > 0, a(rP7,mn) =
ra(T,n).
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Finally let us point out the simple commutator identity for L a constant coefficient
differential operator

L(04, Dyr, 0y,)(e7u) = " L(0; + v, Dy, Oy,)u (6)

which implies m(n,xd,T) =1(1,n,0u,)u(n, x4, T) , (7)

(here [ and L are of course the same polynomial, but we distinguish the symbol from
the operator).

In the rest of the paper, we will implicitly consider 0; as an operator with parameter via
the identification 0; = (9, 4+ v)e .

Functional spaces We denote by S(R? ! x RT x R;) the set of restrictions on
R4 ! x RT x R; of functions in S(R? x R;) (Schwartz class of smooth and rapidly
decaying functions), and S, := {u € C* : e 'u € S(R*! x R* x R;)}. Their ‘trace
analogues’ are denoted in the same way S, (R4 x R).

For s > 0, we define the weighted anisotropic Sobolev spaces

H; (R x Ry) := {u € L(R? x Ry) : / / (1712 + |€127)2/P (e, 7)[2deds < oo},
RIxR

and underline that for < s <, HS  can be seen as interpolated between H. , and Hé
the spaces HS ,(R™ ' xR* xR;) are the spaces of restrictions of function in H (R*xR;).
If s = n is an integer

H' ={ue LR xR* xR,):
Julfy, : Z /] (7. )"0}, (€, 7) P < o}
Rd— 1><R+><]Rt

For s > 0 we denote the ‘trace spaces’

H: (R X Ry) = {p € R xR, : |pl3

|90|syp

— [ cletnnPans < oo}
Ra-1xR
In addition, H

0~p 18 defined as the closure of C2° functions for the HS  norm, and
the negative index spaces are defined by duality H. > = (H;,,)". Clearly, any Fourier
multiplier A, of p-order n acts continuously from HS (R x Ry) to H5*(R™! x Ry).
Finally, if u belongs to some functional space X (R x R* x R;), we denote u|,,—o its

trace (when it is defined), or u(0) if there is no ambiguity.
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Reformulated problem and stable subspaces

Reformulation Let u be a solution of (2) with

P(atan) - Z Aa,kDgﬁk ZAmp j ata axdv (8)
k+|al<mp
mp—1
Bv(atv Dy, axd) = Z Bmp—l—jﬂ(at’ le)ai,d. (9)

where By, ., is a Fourier multiplier of order k£ and Aj a constant coefficient differential
operator of order k£ and size n. Since we deal with noncharacteristic problems, we may
assume Aj = I,, (note that the multiplication of the system by a constant matrix does
not change the hypothesis (Ds) ). Let us introduce the new unknown

Amp 1
B Amp 28 LU
a;’;p—lu
then u satisfies
( 0 Al 0
0 AL
Orili = LR I IRGHY
0 AL
ISRt N L 1 V.
. F’yu|xd=0 =,
with F, = ((Bmpfl(Ag)l_mp)v (Bmpﬂ(Ag)Q_mp)v BO»W)'

Using (6), we have for 0 < j <mp —1
A0 D)L = (450, + 7, D) (A) ),

thus the problem (11) reads

(12)
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with G, (resp. F,) a Fourier multiplier of order 1 (resp. 0), and of symbol

0 A\
0 A
g(TJ 77) = . . 9
0
_<a;np/\11)_mp) (7—7 T]) _<a;np71/\12)_mp)(7-7 7)) T _all (7-7 n)
F(r,n) = (bmp,l)\},_mp bmp,g)\f)_mp e bo) (1,m).

We write F' for the symbol of F' instead of f in order to avoid any confusion with the
forcing term. Since g is a companion matriz, we have the identity

Xg(‘r,n)(C) = det(g(Tv 77) - CImpn)) - UP(T? 7, C/Z) : (13)

By Fourier-Laplace transform, the problem rewrites for U =  and fixed v:=Re(r) >0
as a family of ordinary differential equations

8de = g(Ta 77)U + }\./7
Y (1,n) € {Re(r) = v} x R L F(1,n)U|zy=0 = b,
lim U(n,zq4,7) =0.

Tq—r—+00
The last condition comes from the fact that in view of theorem 1 we look for square
integrable solutions. If we denote by E~(g(7,n)) the stable subspace of g, that is the
space of vectors X such that

|€g$dX| _>$d—>+00 0,

the system above simply rewrites

i1 ade:g(T777)U+ﬁ7
V(r,n) € {Re(r) =7} xR, ¢ F(r,n)U|zy=0 = @, (14)
U‘md=0 S E_(g>'

The Kreiss-Lopatinskil condition The previous analysis motivates the following
definition.

Definition 1. We say that the boundary operator F' of (12) satisfies the generalized
Kreiss-Lopatinskil condition if there exists T' > 0 such for any (7,71) € EY := {Re(r) >
[} xR F(rn) 0 E=(g9(1,n)) — Im(F) is an isomorphism.

This condition is said to be uniform when F and F~' : Im(F) — E~ are uniformly
bounded for (1,m) € {Re(t > T} xR, We refer to it as (KLU), and since F is defined
thanks to B., of (2), we say that B., satisfies the (uniform) Kreiss-Lopatinskii condition
if F' does.
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The Kreiss-Lopatinskii condition is well known for hyperbolic boundary value prob-
lems since the work of Kreiss [15]. It is a necessary condition of well-posedness: if a
boundary value problem does not meet it, one can show (see [1| prop. 4.2 p.107 for
example) that it is ill-posed in the sense of Hadamard. In the hyperbolic frame there are
various stronger versions of this hypothesis implying well-posedness (possibly with loss
of derivatives, see M. Sablé-Tougeron [22] or J-F. Coulombel [7]). The so-called uniform
Kreiss-Lopatinskii condition is the strongest one and Kreiss proved that for strictly hy-
perbolic problems it implies well-posedness as well as a prior: estimates without loss of
derivatives.

In the rest of this section, we focus on the derivation of a simpler definition for (KLU)
thanks to the study of E~(g).

Continuation of the stable subspace We first recall the Dunford-Taylor formula:
for a matrix A, if C' is a contour of a part of A’s spectrum Sp(A), C' N Sp(A) = (), then
the projector on the corresponding eigenspace is given by

I1 = i (A—=z20)"". (15)
i C
Proposition 1. If the operator P in (8) is purely dispersive (as defined in (Dp) p.3),
then for any (7,m) € ETF := {Re(7) > 0} x R*"Y, g(7,n) has no purely imaginary eigen-
value. In particular, E~(g) is exactly the sum of eigenspaces associated to eigenvalues
of negative real parts and its dimension on EY1 remains constant.

Proof. According to (13), the characteristic polynomial of g is op(7,n,(/i). If ¢ is a
purely imaginary eigenvalue, then Re(7) = 0 since P is purely dispersive, and thus there
is no purely imaginary eigenvalue when Re(7) > 0. By continuity in (7,7) of the rooths
of P(r,n, -) and connexity of £ET*, we find that the number of roots of negative real
part remains constant on £7F, and so does dim(E ™). O

According to the Dunford-Taylor formula, the projectors on E~ are C* on £,
and thus £~ defines (the fibers of) a C'™ vector bundle of base space E77. An essential
point is the continuous extension of this bundle on a larger base. We first introduce some
convenient notations. Similarly to £7F, we note £ := {(,n) € C x R4 : Re(r) > 0}.
For (7,7) such that \,(7,7) > 1, the ‘radial compactification’

(7,m) = (T/Xp 1/ Aps 1/Ap) =2 (7,70, €) (16)
defines a diffeomorphism

EFN{n(mm) =21} = {@7.e) :Re(?) 2 0, (|71 +[0")* =1, 0<e <1}
=: S;X]O, 1]
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or (7,7) such that A\(7,17) > 1 and ¢ a function of (7,7), we will (abusively) write
¢(T n) = ¥(7,n,¢e). Since the radial compactification is a diffeomorphism, (r, 77) and
¥(T,7,€) have the same level of regularity. Finally, we underline that h(7,7,e) =

h(r,m) = g(t,m)/Ap(T,m) is C* on SF x [0, 1] with, if princ denotes the p principal
part as defined in the introduction,

0 1
0 1
h(7,7,0) = .
0 1
—princ(ay,,)(7,7) —princ(a,,_)(7,7) - —princ(a;)

We have E~(g(7,n)) = E~(h(7,n)) thus we may simply write E~(7,7) with no risk of
confusion. The characteristic polynomial of h = eg(7, 7, ¢) is

<)

Xuie)(C) =™ op(—, =)

m“|3>

“%Iﬂ>
~.

which is polynomial in (7,7,e,¢). In particular it is analytic even for ¢ = 0, where
Xn(77,0)(¢) = princ(op)(7, 7, (/7).

From now on, we will state our results in the frame of the more convenient variables
(7,7, ¢), although we are interested in their immediate counterpart for (7,7). Note that
an immediate adaptation of Proposition 1 above shows that Xxz7,0)(-) has no purely
imaginary root if Re(7) > 0, thus £~ (h) has a constant rank and is smoothly defined on
the connected set S/ x [0, 1]. We start with the following elementary but useful lemma.

Lemma 1. If P(0;, D,) is strictly dispersive, there exists C > 0 such that

V(7,6,¢) € C xR x [0,1], (|7 + €)1/ =1, = <1/C.

T ~ . :
sm"pap(—, —) =0=T7 is a stmple root of 6m”pap(—, —) )
g€ g’ e
Proof. Let us assume that there exists a sequence (7%, f;, ) with e — 0 contradicting
the result. The sequence (7}, &) is bounded and we may extract a converging subse-
quence of limit (7,&) # 0. But since

5Zmp(‘7P)(;, a) — princ(op)(+,+) uniformly,

we find that 7 is a multiple root of princ(op)(-, ), thus the strict dispersivity implies
¢ = 0 and since the polynomial is resolved we have 7 = 0. This is a contradiction.  [J
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Proposition 2. Let ((;) be the roots of the characteristic polynomial of h(7T,7,¢€).
The application o defined by

V(?, ﬁ75) € S;-+ X [07 1]7 0-+(C;?>7/7\75) = H (C - CJ)

Re(X\j(7,7,6))>0

has a continuous extension on S} x [0,1]. If C is the constant of Lemma 1 and P is
strictly dispersive, then

~

E_(?u , 8) - Im(o--‘r(g(?v ?]7 6)7 ?7 ﬁa 6))7
defines a continuous extension of E~ on S} x [0,1/C].

Remark 3. Roughly speaking, this proposition gives a control of E~(7,n) for high fre-
quencies.

Proof. The characteristic polynomial of h = €g(7, 7, ¢) is

<)

(29

? Y

QI
™3

gmpn op (

polynomial in (7,7,¢,¢) and in particular smooth on S} x [0,1]. Thus the roots A,
are continuous functions of (7,7, ) on this set and o, can be continuously extended
on Sy x [0,1] simply by density of S; x [0,1] in S} x [0,1]. If Re(7) > 0 there is no
purely imaginary roots, Xaz5.)(¢) = 04+(¢;7,7,€)0-((; 7,7, €) and o_ has only roots in
¢ of negative real part. By the Hamilton-Cayley theorem, E~ (7,7, ¢) = Ker(o_(g)), this
implies then E~(7,7,¢) = Im(o ).

Since o1 (h) is continuous on S x [0, 1], the continuity of the bundle £~ on S x[0,1/C] is
equivalent to the fact that o, (k) has a constant rank on S} x [0,1/C]. On S+ x[0,1/C]
this is an immediate consequence of the absence of purely imaginary roots (Prop. 2). If
(70,70, €0) € S} x [0,1/C] with Re(7p) = 0, we denote

e The number m™* of eigenvalues of h(7, 7o, £9) of positive/negative real part,

e The purely imaginary eigenvalues (iws, - - - ,iw,) of h(7, M0, €0), and m; their alge-
braic multiplicity.

e The number m; of eigenvalues of k(7o + 7, 7o, €0) of negative real part that have
limit dw; when 7 — 0.

With these notations, we have clearly

pi=dim(E~ (% +7,7,8)) =m~ + »_mj,
7=1
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and the operator o, (h) has a constant rank if x is the rank of

r

O-+(h77/—6;%750) = H (h(%,ﬁb,éo) _Cj) H(h<7/—67ﬁ67€0> _Zw]>mj_m]_
Re(¢;)>0 j=1

After Jordan reduction one may see that that it is equivalent to the fact that every iw;
has geometric multiplicity 1, i.e. is only associated to one Jordan block.

We prove it by contradiction: if for some j, iw; has a geometric multiplicity greater than
2, then there is a change of basis such that h; reduces as

Jkl (in) 0 0
P~ 'hi(7o, 0, €0) P = 0 Jr, (iw;) 0 (17)
0 0 *
with Jj, two Jordan blocks. Now since
~ : , i T N w;
det(P™1h;((T, 7, €) — iw;) P) = Xn(z . (iw;) = € Por(o, 27 )
we find by differentiation and by using (17) that
0 o Mo W ~ . . 0
%(g—%, Z—Z, ZJ—;) =0 < 7p/e} is a multiple root of op(-, Z—z, ZJ—;) ,
which is a contradiction with Lemma 1. O

As a first application of these results, we give a simpler form of (KLU).

Proposition 4. Let E™ be the stable subspace of g, extended by Prop. 2 on S} x[0,1/C1.
The condition (KLU) (Definition 1 p.8) is true for some I' > 0 if and only if for any
(7,m) € S}, F is an isomorphism E~(7,7,0) — Im(F).

Proof. We first check the necessity: (KLU) means that F': E~ — Im(F) and its inverse
are uniformly bounded for (7,7) € {Re(7) > I'} x R4"L. The ‘radial compactification’
of this set is 2 := {(7,7,¢) € S x]0,1/T] : Re(7) > e’ I'}. By uniform boundedness, F’
is invertible on the closure of €2, and since O S x {0}, this proves the necessity.

Conversely, if F'(7,7,0) is an isomorphism for (7,7) € S}, then by (lower semi-) continu-
ity there exists g9 small enough such that it is still an isomorphism for (7,7, €) € S}[0, ).
By compacity, F~! is uniformly bounded on this set, which implies that F~!(7, ) is uni-
formly bounded for Re(7) > 1/eo. O
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2 Kreiss symmetrizers and a priori estimates

We define here the generalized Kreiss symmetrizers and show how their existence implies
a priori estimates without loss of derivatives.

Definition 2. A generalized Kreiss symmetrizer for the boundary value problem (12) is
a Fourier multiplier S., of symbol s(1,n) defined and smooth on E7 for some I' > 0. It
satisfies

e The operator S is of p-order 0 and for any (1,n) € &, s* = s,

o There exists ¢(t,m) > 0 such that (in the sense of the usual scalar product)

V() € €, Re(so(rn) = 2 s o mrer), k)
o There exists C > 0 such that
V(r,n) €&, s(r,n) >1—CF*F(r,n) . (K2)

Theorem 2. Let P be a strictly dispersive operator, let (12) be the first order boundary
value problem obtained from (2). If the boundary operator F satisfy (KLU) (note that
(KLU) depends on G) then there exists a generalized Kreiss symmetrizer for (12) with
c(t,n) = /A1, a>0.

If moreover, the spatial part of P is elliptic, that is

Ve e RN\ {0}, op(0,6) #0, (18)
then there exists a symmetrizer with c(t,n) = o/|7|P~D/P.

Remark 5. The usual Kreiss symmetrizers have homogeneous symbols of degree 0, and
they satisfy sg > aRe(7). The fact that here the lower bound goes to 0 as (7,7) — o0
is not a technical weakness of the construction but a natural (and unavoidable) fact due
to the dispersive nature of the equations. The analysis in appendix should clarify it.

We postpone the (sketch of) proof of this result to the appendix. The point of
generalized Kreiss symmetrizer lies in the following result.

Theorem 3. If the boundary value problem (12) admits a generalized Kreiss sym-
metrizer, then any u € L,Qy solution of

Oy, i — Gyu = f' € Ljﬁ}&+; HP LR X Ry)),
(Fyi)|ag=0 = ¢ € Hyj (R X Ry).
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p—1

admits a trace on {xy = 0} that is H. ,1;3 and u satisfies the estimate

Vy =T, 7’|ﬂ‘|ig(Rd—1xR+xRt) ™ ’a(O)FH,(Ypp_l)/Q(Rd*lXRt)

1
< X ~ 2 ~()[2
- ’YH%U GWHLQ(M i a1y U 72 102 (ED)
Moreover, if u € S, we have for any s € R,
~112 ~(O[2
\V/’}/ Z F? ’7||u|lL2(R+;H:j’P) + ‘u(0)|L2 <R+; H:;‘;(pfl)m)
1 ~ ~112 ~ 2
5 ;Haﬁl?u - G’YU’HLQ (R+; H’A?‘*:;P—l) + |FU(0) H§;<p71)/2 (EDS)

If the symbol P (or equivalently the characteristic polynomial of g, according to (13)) is
elliptic in space, then under the same hypotheses the estimates become

\V/’y Z F, 'YHQH%,%(Rd*lxRJrXRt) + |a(0> iQ(Rd—I;HS/P*l)/(Qp)(Rt))

I o
S ;Hawdu — G'u”L2 (o1 s 18D/ (R,) + | Fu(0)| 12 (i1, 5D/ (1)) (EDell)
and
~112 — 2
V12 e @) T O, (gas g, pioro-vming,)
1
< = (X712 ~ 2
~ ry”amu Gu||L2(Rd—1XR+; H§S+P*1)/P(Rt))+|FU(O)|L2 (]Rd_lx]R""; H’(YSJF(P*l)/?)/p(Rt)) (EDGH,S)

Remark 6. Note that in the ‘elliptic’ case, there is additional regularity at the boundary
only for the variable ¢, and the Sobolev spaces H3 5" "/* become L2(HP™/®P)) without
p in index, since the anisotropic spaces have p times more regularity in space than in
time.

An other version of EDell, s) may be given with s additional regularity in 2" variables
too, we did not include it in order to shorten the (already tedious) list of estimates to
come.

Proof. As a first step we apply formally an energy method. We have by Fourier-Laplace
transform

8y, U — gU = ' |

If we multiply this identity by the symbol s of the symmetrizer, take the inner product
with U, integrate in x4 and take the real part we obtain

(sU(n,0,7),U(n,0,7)) + Re(/ooo<ng(n, xq,7),U(n, x4, T))dSL’d)

_ —Re(/ooo<sf’, U(n,xd,7)>dxd>.
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Now using (K1) and (K2) gives

2
|U<777 07 T)|2 + a/ Re(T)Mdl.d

R+ Ap(Ta 77)%1
< C|FU(n,0,7)%d + / U, 24, 7)|d5dndrs.
]R+

For the last term on the right hand side, we then use the Cauchy-Schwarz inequality
and Young’s inequality ab < ra?/2 + b*/(2r):

U(n>$d77)|2
20+ 2 10, 24, 7)1 drg < C|F 2
|U(n,0,7)|°d + 2 .. Re(7) WERA= rqg < C|FU(n,0,7)]

T / Ao f P,
R+

Finally, multiplying the inequality above by Ab~", integrating in (Im(7), ) and using the
Plancherel theorem we obtain formally (E'D). The estimate (EDs) follows from similar
arguments that we do not detail. All the calculus above are rigorous if u € S,, and in
particular it proves (EDs).

The derivation of (ED) in the general case is much more delicate. In fact, even the
meaning of F.ul,,—¢ is not clear if u € Li. To clarify it, we will use two results that are
proved later (Lemma 2):

o Let Vi={v € LZ(R""' x R* xRy) : 0p,v — Gyv € L*(RT; H? ')}, normed by
[vllzz + 105, — G5)vll 21y The space C (R4 x RY x Ry) is dense in V.

e The operator of trace on {zg = 0}, defined on C*(R%! x Rt x R;) admits two
continuous extensions

V. o= H PR xRy,
and H'(R"; HP Y(RT' x R,)) — HP VAR xRy).

If u e H'(R*; HY MR x Ry)), let (u,) € C° be a sequence converging to U in
the space H'(R*; H? '(R*! x R;)). By continuity of the trace operator, Uy|q,—o —
in Hé{’,;”/Q(Rd—l x R;). Applying (F'D) and passing to the limit, we obtain (ED) for u.

Now in the general case u € Lap, we first note that F,ul,,—o = ¢ has a sense since u

has a trace Hyp'> on {zy = 0}. We take p, : R¢"! x R, — R* a sequence of mollifiers
with respect to (2/,t) and consider w, := p, * u. Since u, is smooth in (z’,t), we have

Optin = Gy + po * ' € L*(RT; HE HRYT X Ry)),



2 KREISS SYMMETRIZERS AND A PRIORI ESTIMATES 16

and thus u, € H'(R*; H? ' (R* x R;)). We then use
pu* [ = flin LX(RT; HYP HRT X Ry)),

pn* @ = @ in HPDP(RT! X Ry).

The application of (ED) to u,, — u,, proves that u,|,,—¢ is a Cauchy sequence in the the
Banach space H%,_I)/Q(Rdfl x R;), and thus is convergent. Since the trace u|,,—o exists,
by uniqueness of the limit we obtain u|,,—¢ € H%_I)/Q(Rd*l X Ry), and Uy |z,—0 — Uls,—0
in H{P7 V(R4 x R,). The inequality (ED) for u follows then from applying it to u,
and passing to the limit in n.

The proofs of (EDell) and (EDell, s) are similar, and we do not detail them. O

Lemma 2. The space C°(R* ' x RT X Ry) is dense in V := {v € L2(R"! x R xRy) :
00— Gy € LR HE)} for the norm [olly := oz + 1@en — Go)oll gzt
The trace operator

CPR© x RT x R,) = CP(RY™ x Ry),
u € CP(RT™ x RT x R;) — uy,—0,

extends continuously

fors e RY, H'(RT; HS (R xRy)) — HPZ2(RT xRy),
and V. — H PR xR,).

Proof. Let v € V, we denote v its extension by 0 for x4 < 0. Multiplying v by yv for x
a truncature function, one may check that compactly supported functions are dense in
V. Thus we assume that v has compact support. We take a mollifying sequence of the
form p,, ® ¥,

Pn - R — IR7 Supp(ﬂ) C] - 170]7
Un: Ryx R —S R,

Let v, := (pn ® 1y,) * v. For x4 > 0 we have
Lvy (2, wq,t) = L / / Pn(Ya)Un (Y s)v(@" =y, xq — ya, t — s)dyds
0
) / / onGa)ult), SY0(& — ¥ %a — ya t — 8)dyds
RI-1xR J—1/n

0
= / / Pn(Ya)Un (Y, s)Lo(z" — ', xg — ya, t — 5)dyas
Ri-1xR J—1/n

= ((pn ® 1y, * @)(xla T4, 1),
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(because of the choice supp(p) C] — 1, 0], the region where Lv, is ‘stiff” lies in 24 < 0).
Since p, ® 1, is a mollifying sequence, this implies

%|zd>0 — v (Lz(Rt X ]Rd_l X R+*)),
(Lv_n)‘$d>0 = ((pn ® )‘n) * M)’xcpo — Lo (Lz(R+*; Hg;l(Rt X ]Rd*1>) )
Since v is compactly supported so does v,, and we conclude that C° is dense in V.

We now turn to the trace result. Let v be smoothly defined on R%™! x RT x Ry, v :=
Uz =0, We have

|@mmh44mm%ﬂMA

1
< 2 23/p+525/p+ 2s 4 2 / dn,.
= \//R| ‘ (7 ‘77’ Na@Ma R723/p_|_523/p_|_‘77|23+773 Mld

Using the change of variables 1y = 7j41/725/7 + §25/P 4 |n|2s and integrating in (7,7), we
obtain

lunllfysre = / VI 4 820 4 || @2 dddn
v,P

w/mWfW+ﬁW+mF+ﬁwwmw
R

IN

S 7T||u||H1(R;H,§7p) .

This inequality allow us to define the trace on {xy = 0} for functions in the space
H'(R; H: ), and then for v € H'(R*; H? ) by taking the trace of an extension v' €
H'(R; H: ) of v.

(Note that the trace does not depend on the chosen extension since it is the limit of
traces on {z4 =y} for y — 07.)

The second trace result can be proved by using the same kind of arguments and the
‘jump formula’ for distributions 0,,¢ = 0,9 + |s,—0 ® d(x4), see for example [6] Prop.
4.6.11 for a control of the second term in the (not really simpler) case of isotropic Sobolev
spaces. ]

3 Well-posedness of the BVP

In this section, we prove Theorem 1, that is, the existence and uniqueness of a solution
to (2)
{ Pu=f, (2/,24,t) € R x RT x Ry,
B(a&; 8x>u‘xd=0 =,
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under the hypotheses that P is a strictly dispersive non-characteristic operator, and B
satisfies the uniform Kreiss-Lopatinskii condition. The argument of the proof is based on
the existence of a dual problem for which we shall only sketch the construction. Indeed
the study of hyperbolic boundary value problems relies on the very similar construction
of a dual problem, the reader may find it detailed in [1] (§4.4 p.114).

The dual problem We denote by (-, ) the scalar product on L*(R%! x RT x R;), and
(-,-) the scalar product on L*(R4"! x R;). The product (u,v) will often be considered
as a dual product (e”"u,e’v) in Sobolev spaces without saying it explicitly.
Proposition 7. If A7 is a tangential Fourier multiplier with parameter, we denote
JA=e AT Let T' be a positive large integer.
There exists smooth matricial symbols (F',m,n)(7,7,€) defined on S} x [0,1/T] and
corresponding operators F', M, N of order 0 such that if @ is a solution of
{ Lu = 0,,u—Gyu=f",
F'Ya|33d:0 = ¥,
then we have the (formal) identity
(Lu,v) = (u, L'v) + (F,u(0), ,Mv(0)) + (N,u(0), ,F'v(0)) , (19)
with L' := —0,,— ,G*. Moreover, m is an isomorphism Ker(F') — Im(m) for (T,7,¢) €
SF x [0,1/I7].
We call dual problem the system
ngzf{ Id>o teR
v ta =T ’ 20
{ ﬂ/FlledZOZSOl? teR ) ( )

and define the backward in time Kreiss-Lopatinskii condition exactly as the Kreiss-
Lopatinskit condition but for operators of the form A instead of A,. The boundary
operator _F' satisfies backward (KLU) if and only if F, satisfies (KLU). If backward
(KLU) is satisfied, we have the backward analogous of (ED): for v solution of (20) and
v > T large enough

7”5”%2_7(]1@—1 xRt xR¢) + |5(0) |2H(7P’;;)/2(Rd71 xRy)

1
< 1~112 1~ 2
Ty Il (re; 7L @i1xRy) T = E VO ooy (bED)
and the backwards analogous of (EDs)
~112 ~()]2
Vy>T, ’YHUHH(R&Hi%p) + ‘U(0)|L2 (R+; Hiﬁ(ﬁ‘l)“)
1 175112 1~ 2
S I, g gy + WP TOR i (bEDS)

stands too.
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Sketch of proof. Since (L, v) = (&, L'V) — [pa-1,p, U| ;=00 2,0, it suffices to find sym-
bols F’,m,n such that, if we still denote F' the symbol of F,

m'F + (F')'n = —ILu . (21)

Since F' has a constant rank, there exists a smooth matrix n such that (n) € GLypn

(this comes from the fact that the set S x [0,1/C] is contractible, and thus the vector

~1
bundle E~ is trivial). Let (Z) := (m*(F")*), where F’ has mnp — rank(F') lines. It

is easily checked that for this choice of m,n, F’ we have (21), and moreover Ker(F"') =
Ker(F)*. The backward Kreiss-Lopatinskii condition amounts to

B (~¢") NKer(F) = {0},

and the equivalence with the Kreiss-Lopatinskii condition is in fact a consequence of the
-not completely straightforward- formula (again, see [1] §4.4 p.114 for details)

(E~(—g") 4+ Ker(F"))* = E~(g) N Kex(F).

Using Proposition 4, we obtain similarly the equivalence between KLU for I’ and back-
ward KLU for F”.
m

We show now how the existence of a solution to (12) can be deduced from the
proposition above. Let £ :={¢ € S_, : F'¢|;,—0 = 0}. We define the linear form

T: I'(E) — C,
L'(y) = (f,) = (0, Mp|zy=0).

We use the condensed notation ||0|]sp := ||| 2(z+ a5 (md-1xE,))- Using the identification
(H: ,(R™' x Ry)) = HZ3 ,(R*" x R,) and the a priori estimate (bEDs) we find

T(L'y) =< [ fllp=17.pll% 1 =p,—p + ’@’PT”,%pW’FTP,—%p

1 1
S HLIM|L"’_W (;Hf”plmp + ﬁ|(p’pgl,%p) :

Thus T is continuous for the LQ_V norm. Hahn-Banach’s theorem and the Riesz’s repre-
sentation theorem give the existence of u € L3 such that for any ¢ € F,

<?7 ¢> - (907 ’yMw’xdzo) = <u, L/¢>
In particular, if » € C®°(R%! x R** x R;), we have

<u7 L/¢> = <f> %Zf),
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and thus Lu = f in the sense of distribution. According to lemma 2, @|,,—o exists and
belongs to H, 11)/ 2, Now, since the trace of @ is defined we may use the identity (19):

Vi€ B, (f,49) — (¢, yM3(0)) = (u, L')
= (Fyu(0) — ¢, ,My(0)) = 0.

It suffices to check that , M (E)|,,—o is a space ‘large enough’ to conclude that F,u(0) =
©.

We first note that any function in C2°(R%! x R;) is the trace of a function in C°(R4! x
R* x R;) (this is a consequence of Borel’s lemma). As m(7,7,¢) is an isomorphism
Ker(F'(7,7,€)) — Im(M) the compacity of S} x [0,1/T] implies that m ™" is uniformly
bounded. If ¢ € C®°(R¥! x R* x R;, the boundedness of m~! implies that the inverse
Fourier-Laplace transform of m‘liz(—fy +1i8,m, T4) belongs to S_, (R x RT x R,) and
therefore M (E)|s,—0 D C*(R*! x R* x R,). Finally by density of ¢ in H,V/? we
get Fyu = .

To summarize:

e The problem (2) has been reformulated as (12),

e The existence of a solution for (12) is obtained thanks to Theorem 3 and the
construction of a dual problem,

e The uniqueness follows from theorem 3.

These three points imply the well posedness of the boundary value problems (12) and

APty
(2). Now we recall that u = : . In particular,
8;’;1’_%
mp—1
2 = lll gy O g2 = 3 102,200) 15505 10
=0

and we see that the transcription of (ED) (p.14) for w is precisely (3), this ends the
proof of theorem 1.
In the special case of a symbol of elliptic spatial part, we introduce the spaces

v:p;t

V(s,7) e RY, H' (R xR, :={u € Li : //(|7‘|27"/p + |n*)[@2dddn < oo},

and H*"(Q x R;) is defined by restriction on Q x R, of functions in A7 ,(R? x R;). By
applying the same proof and the a priori estimates (EDell) and (EDell, s) (p.14), we
obtain the following result.
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Corollary 1. Under the same hypotheses as in Theorem 1, if moreover P has an elliptic
spatial part (see (18) then the problem (2) has an unique solution v € HIJ'P™', and it
satisfies the estimate

mp—1
,YHUHHZY%’_I + Z ‘aajﬁdu|H1{'?£*1*j»mP*1*j+(P*1)/2
7=0

< C(H‘fHLQ(RleR+;H,(YP1>/p)

~ + |90|H§?i)p—1)/2) .

Well-posedness with more regularity For ¢ € R? (dual variable of ) we denote
€= (&,&). We define the Sobolev spaces

V(s,r) e R, HYY (R xR,) :={u€ L2

v,p,x’ st

I/ (<|r|2/p FEPY |sd|28) (adsdn < oo},

the spaces HJ' , (2 x R;) are defined by restriction.

Corollary 2. If the data (¢, f) belong to Hy ™ V* (RO xRy x HIT T (R xR XRy)
for v > 1 integer, then the solution of (2) belongs to H;’:‘Z?*l”.

In particular, if the data are in Ny>q (ng(p_l)/Q(Rd‘l x R;) X Hglgyfgl(ﬂ%d_l XRTxR,)),
the solution is C*.

Proof. We only show how to derive a prior: estimates for smooth functions, the actual
proof being analogous, by density arguments, to the one for (ED). If r = 1, we use the
reformulation (12). If w € S, the estimate (EDs) (p.14) implies

Vy > T, H"ZH%%W;H;?) N ”f/Hiz( + |90|§1§j,(p*1>/2' (22)

R+; Hiy’*l)
Since G, acts on the tangential variables (2',t) and is of order 1, this implies

||G’Y€Z||L'2Y S./ ||f,||L2 (R+, H}/:‘l}’)ﬁ*l) + |90|H3{7‘;(P—1)/27

0
then we use 0,,u — G u = f" with f' = | : | to deduce
f

HaxdaHL% f§ ||f‘|i2 (RJr; H%/ﬁ-p—l) + |SO|H$:‘;(P—1)/27 (23>

5P
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(22) and (23) mean for u

HUHHj;}g—Hl S HfHLg (]RJ,-; H}/:;p—l) + "PlH%;(pﬂ)m

If » = 2, the same argument as above implies the analogue of (22)
Vy =T, HaH%?(RﬁH%p) N ”f/HLz(RJr; HZ ) + |90|H3;<P*1>/27

and the analogous of (23) for 0,,u. Then derivating 0,,u — G,u = f’ with respect to x4
gives

107,722 = G40z, u + Ox, f'll1z S N0waf lp2ers m2tr—1) + 1€l 212,
the transcription of these estimates for u gives
HﬂHHﬁmP*l S HfHHiiJ;I,’;I + |90|H3;(p71>/2-

The proof of similar estimates for r > 3 follows by recurrence. O]

4 The initial boundary value problem

This section is divided in two paragraphs. In the first one, we prove that the boundary
value problem with zero initial data is well posed. This is merely a consequence of
the well-posedness for the pure boundary value problem and some technical lemmas.
Secondly we turn to the harder problem of incorporating non-zero initial data: for this
case we only give a result for the linear Schrodinger equation, although we believe that
our method of proof is general. This is in fact an adaptation of the method used by
Rauch [21]| to prove pointwise time estimates for the solutions of strictly hyperbolic
boundary value problems.

In order to avoid excessive technicity we assume here that B is a constant matriz, but the
results may be extended (up to using a quasi-homogeneous pseudo-differential calculus
with parameter) to the case where B = B, is a tangential Fourier-Laplace multiplier of
p—order 0 (this assumption is only used for Proposition 8).

Zero initial data Our aim here is to prove the well posedness of

Pu=f,
B’y(at) a:v)u|;vd:0 =, (24)
u|t:0 = O
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Lemma 3. For k>0, if ¢ € HY (R xR* xR;) and 6 : R, — R is a smooth bounded
function as well as its derivatwes then the mapping (z,t) — 0(t)¢(x,t) is in HY  and
we have |00 gx < Cl[¢||gx , with C only depending on the L> norm of the derivatives

of ¢ of order < [k:/p] +1 (where [-] denotes the integer part).
Proof. If k is a multiple of p, we have for u € Hﬁp

—

e Pu(n), x4,16) = (v + i0)*PU(n, 2q, v + 0).

Therefore it suffices to replace u by 61 in the equation above and apply Leibniz’s formula.
The general case follows by interpolation. O]

Proposition 8. If B, is a constant matriz, there exists I' > 0 such that for any v > T
the solution of (2) does not depend on .

Proof. Let 1 < 75 be real positive numbers, and u; € Hl;fpp Vand uy € Hg;pp I'bhe the
corresponding solutions of the boundary value problem. We first assume that —’yl <1
Let 0 : R, — R** be a smooth function such that 6(¢t) = 1 for t < —1, 0(t) = e =72)*
for t > 0. Obviously fuy € HJ'P- ! and Ou; is still in HIP- !'by Lemma 3. Since Pu; = f
and Puy = f we have

BP0, D2)(us — ) = 0= P(3, D2) O(uz — u) + 0. P} (0uz — ) ) =

Since P is of p-order mp and 0 only depends on ¢, the commutator [f, P] is of p-order

1
p(m—1), and Lemma 3 implies that the operator v — [0, P] (5

H»]f,;p (m_l)(]R“l*1 x R x R;), with a norm independant of ~;,72 because of the choice
|11 — 72| < 1. If B, is a constant matrix, [0, B] = 0 thus B(#(us —u;)) = 0 (this is the
only point of having B, constant, in the general case, this would become a commutator

v) is continuous Hﬁp —

estimate). We now apply the a priori estimate (3) by considering [, P] (% (6(uz — ul)))

as a forcing term to obtain

mp—1
71”9(’&2 - u1)| iI’Z/’ilfgl + Z |9 UQ — u1)| ;Y;pp—l—]'-‘r(p—l)/Q
1
S S o [

Cl
< ’Y_W(W —Ul)HHmv 1)

Now if I' is large enough and v, +1 > v > v > I, the inequality above implies
O(us —uq) = 0 80 ug = uy because 6 does not cancel. The result for general vy, y5 greater
than I' follows by connectedness of R. O
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Lemma 4. Let u be the solution of

{Pu:f,

Buly,—0 = .
If fort <0, f'=0and ¢ =0, thenu =0 fort < 0.

Proof. According to Proposition 8, there exists I' > 0 such that for v > I'" u does not
depend on . Given any € > 0

||u||L%(Rd*1><R+><]—oo,—e]) < 6_(7_”6||U||L3(Rd71xR+x]—oo,—g])-

The a priori estimate (3) implies

e ] 2 a1t x)—oo—e) S ;”f lzemgzr + el 72,

and we see that if for any € > 0

111206 (’Y F (_Hf”LQHP 1 + HSOHH(P n/ ) :O (25)

y—

then u = 0 for t < —e arbitrarily in €, which is the required result.

Let § : R — R* be such that 6(t) = e for t > 0, §(t) = 0 for t < —1. The
hypothesis of support for f and ¢ implies e'"Vf = §f and e" "¢y = fp. Moreover
by definition of the spaces H3 , , || - [lus, < (7/T)° |eT=)t . |1z in particular

1 e < /TN g Mol vz < (/D)0 oo

But 0 is bounded as well as its derivatives at most polynomially in 7, and finally Lemma
3 implies (25). O

If J is an interval, similarly as in section 1 we can define H? (R*' x J) as the space
of restrictions on R?"" x .J of functions in H? (R x Ry), and H; ., as the closure of
C° (R x R *. We define in the same way for H: (R™ x R* x J) as restrictions on
Rdfl x RT x J.

Before showing our well-posedness result for the initial boundary value problem, let
us explain what is the meaning of ‘0;" 'u|,—o’: by a slight modification of Lemma 2 one
may prove that for any u € H7"~'(R? x R,) such that Pu = f € L2, (u, Qyu,--- , 0" 'u)
admits a trace on {(z,t) € ]Rd x {0} }, this fact may be locahzed by using sultable
smooth truncature functions, and then by partition of the unity this give a sense to the

trace of 9" 'u on R4~ x RT x {0}.
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Theorem 4. Under the same hypotheses as in Theorem 1 and the compatibility condi-
tions o € HP VP (RIT x R, f e L2(RY; HESL (R x R)))

0,7,p 0,7.p
Pu=f t>0
B’Yu|xd:0 =@, t> 0
u‘t:[) = atu’tzo = e e e — a{n_lultzo = O’

admits an unique solution that satisfies moreover the a priori estimate
mp—1

7||U||H;75*1(Rd71xR+xR;r) + Z |ag;du|H;’fg_l_j-"(p_l)/Q(Rd*lXR;")
=0

1 _ _
< C(;Hf”p(RJr;ngl)(Rd ' x R:)) + |<P|H§{’;1)/2(Rd ' x R?))) ) (26>

Proof. By assumption on (f,¢), their extensions (f, ) by 0 for ¢ < 0 belong to L*(R*; H- ' (R* ! x
Ry)) x Hyfp_l)/ >(RE! x R,). Let v be the solution of the boundary value problem

{P”:f’ (27)

B’Yv‘md_=0 =¥,

By Lemma 2, v = 0 for t < 0, thus Qv,---,0™ v vanish too for ¢ < 0. The
discussion on traces preceeding the theorem and the jump formula implies then that
(v, 0, -+, 0" ') |—o = 0. Taking u = v|;>¢ we obtain the existence of a solution.

Now if u; is another solution, the hypothesis u;|;—g = --+ = 9" 'u1|—o = 0 implies
that its extension uy by 0 for ¢t < 0 is in H7?~'(R*' x R* x R;), and is a solution of
the boundary value problem (27). The uniqueness part of theorem 1 implies u; = v,
implying itself u; = u. O

Corollary 3. 1) In Theorem 1, the result is still true if we replace Ry by | — 0o, T for
any T € R.

2) In Theorem 4, the result is still true if we replace [0, 00 by [0,T] for any T > 0, and
assume that o, resp. f, is the restriction on R¥™1 x [0,T], resp. Rt x RT x [0,T] of a
function in H(g?_,;)/Q(Rdfl x R, resp. L2(R*; Hg;;(Rdil x R)).

3) The results for higher regqularity of Corollary 2 are still true if R, is replaced by [0, T

or [0,00[ in the case of zero initial data.

Proof. 1) We have to prove the well posedness of

(28)

Pu=f,(x,t) € R x Rt x| — 00, T],
Bulz,—0 = ¢, (2/,t) € R x] — 00, T

Let fi, resp. 1, be in L*(RT; HE W R x Ry)), resp. H%,_l)/z(Rdfl x Ry), such that
fi = fand ¢ = pfort €] —o0,T] (they are extensions of f, p). Let u; be the solution of
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the boundary value problem posed on R~ x Rt x R, with forcing term f; and boundary
data ;. The restriction of u; to R*! x R* x] — oo, T defines a solution of (28) and we
prove now its uniqueness. If us is another solution, by linearity us — wu; is the solution
of a boundary value problem with boundary data and forcing term vanishing for ¢ < T'.
Lemma 4 then implies uy, = uy for t < T

The proof of 2) is similar. The point 3) is easily deduced from corollary 3) applied to
above. O

The case of the Schrédinger equation The study of the boundary value problems
for the Schrédinger equation has several motivation: although in the classical physical
context it is considered on the whole space, the equation may appear in fluid mechanics
(e.g. as an approximation of equations for rogue waves) where the boundedness is an
obvious choice, and anyway, in view of numerical analysis, it is clearly necessary to know
wether given boundary conditions define a well-posed problem.

The aim of this paragraph is to prove the following result.

Theorem 5. Let (ug, f,¢) € Hg(Q2) x H. ,(€ x [0, 00]) x HY* (09 x [0, 00]). If f is the
limit in H2 5 of C°(Qx]0,T)) functions, then the initial boundary value problem

O+ iAu = f, (2',24,t) € R x RY x R,
Ulym0 = @, (2/,1) € R x R (29)
Uli—o = ug, T € R x RF.

admits an unique solution u € C(Ry; H*(Q) that satisfies the estimate

VT >0, e (D) lao) + lull 2 qoria + |5xdu(0)|H¥; S Il @xqor)

+ |90|H3{§(aszx[o,T[)’

We first wish to give a few historical hints that should enlight the ideas of proof
hidden in technical arguments. Let P(0;,0,) be a scalar differential operator, we denote
by OP/Ot the operator which has for symbol dP(7,n)/07. In 1956 L. Garding [11]
pointed out that for scalar strictly hyperbolic operators, if Pu = f then (0P/07)u is a
‘good multiplier’ to obtain a priori estimates for u. In fact, the algebraical identities
initially obtained to study the strictly hyperbolic Cauchy problem proved to be sharp
enough to study the IBVP too: this method was continuated by J. Rauch [21] (and
Sakamoto |23, 24]) who obtained the well-posedness of the initial boundary value problem
for strictly hyperbolic first order systems and L? initial data.

For the Schrodinger equation, we have (9, (T — i[£]*) = 1, thus the multiplier is simply
u. Even though it is here an obvious choice for the energy method, we believe that this
method could be applied in less immediate cases.
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To begin with, we investigate the pure boundary value problem:

{ O +iAu = f, (', 2q,t) € R x RT x Ry, (30)

u’$d=0 =% (l’/,t) € R x R;.

Clearly, the Schrodinger operator is 2-homogeneous and strictly dispersive. Moreover,
the Dirichlet boundary conditions satisfy (KLU), indeed the reformulated problem (12)

reads

9 A%QU _ 0 A%Q A%QU + 0

T\ Oy u (10, — A/)A;é 0 O, U —if )’

A%QU = A%QQO.

with A" = 02 +--- + 02 . It is easily seen that the stable subspace of G(7,7) =
1
((iT X |2/|2>/>\2 %2) is generated by the vector ( W) , where /- is the determi-
B i

nation on C \ /R~ such that v/1 = 1. For the coordinates (7,7, ¢) the eigenvector reads
1
(_ = |ﬁ|2> According to Prop. 4, (KLU) is satisfied because F' := (1 0) is clearly

an isomorphism E~ — C for (7,7) € S§. In particular, this implies well-posedness of
the pure boundary value problem (30) for the Schrédinger equation, as well as for the
dual problem associated which, as shown subsequently, is in fact the same Schrodinger
equation.

Remark 9. If d > 2, due to the cancellation of the eigenvalues when 7 = id, ¢ = |n|?,
the Neumann boundary conditions do not satisfy (KLU) (at those ‘glancing’ points, the
trace of 0,,u has to vanish, preventing the existence of a solution for arbitrary boundary
data).

By the identity

// (Ou +iAu)t = — // u(Opv + iAv)
Rd-1xR+ xR, RA-1xR+ xR,

_ /R o D0 /R 020

we see that the dual problem for the Schrodinger BVP with Dirichlet conditions is just
itself. For conciseness, we will denote 2 := R4~! x R**.
The proof of Theorem 5 is made in four steps (of unequal difficulty):

e With Proposition 10 we prove a pointwise in time estimate for the dual BVP,

e This estimate implies an L?([0,T]; H'(Q2)) estimate (42) for the solution of the
IBVP (this is the most significant part),
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e The method to prove Proposition 10, enhanced with the L?([0,7]; H') estimate,
is applied again to obtain a pointwise in time estimate for the IBVP,

e The well-posedness is then obtained by density arguments.

Note that if f, are C°(Q x R;") and vanish near x4 = t = 0, there exists a smooth
solution: let x(t) € C°(RT) with x(0) = 1, u. = xup. The function w.|,,—o is smooth
and compactly supported, if uy is the solution of the initial boundary value problem with
zero initial data, boundary data ¢ — u.|,,—0 and forcing term —(0; + iA)u. + f, then
ue + up is a solution of (29).

Proposition 10. Let T € R, (¢4, f1) € C(9Q x [T, o0[) x CZ(2 x [T, 00]), v be the
smooth solution of the (dual) boundary value problem

O +iAv = f1, (2',24,t) € R x RT x R,
Vgm0 = @1, (2/,t) € R x RS,
then for v > T large enough it satisfies the pointwise a priori estimate

1

627T||U(T)||%2(Q) _I_ ,YH’UH%Z_,Y(QX[T,OOD + Z |aﬂ]€dv|§{i{‘{2gj(8QX[T,ooD
=0 |

1 2 2
< C(;HleLQ_W(QX[T,ooD + |S01|Hi/7272(BQX[T,OOD) : (31)

Proof. Note that if we forget the term €27 ||v(T) ||%2(Q) this is simply a weakened version
of (bEDs) (p.18) for s = —1, thus we only need to prove that this term is controlled by
the right hand side (and possibly the other terms of the left hand side). If we multiply
the equation by 7, integrate over {2 x [T, oo[ and take the real part we obtain

[ @Pay [ ep Re(—z' [ o
Q QX [T,00[ QX [T, 00]
+ / / ewfﬁ). (32)
Qx[T,00]

To deal with the first term on the right hand side, we use the duality inequality

| 0,00 < [€0p,0] 1720 [€70] 12
OO [T, 00| 2

|aacdv|H;1Y’/22 |U|Hi/’y22

where Hy? (R xRy) :={w € L? = [[(|v[+]6]+|n]?)*|@(6)|*dd < oo} and Hy™ (R x
[T, 0¢) is defined by restriction. We have used here that the topological dual of H, /27 (Ré-1x
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[T, 00]) is Hy Y27 which is not a trivial fact. It relies on the identification for standard
Sobolev spaces H*([a,b]) = H(]a,b]) when 0 < s < 1/2 (see the first chapter of the
classical book of Lions and Magenes [16] for a reference on this). The term [|0y,v]| ,,—1/2

is estimated with (bEDs) for s = —1:
<
[Ozav] 12 S |901|H£/j2 + /a2 (33)

The second term of the right hand side is more easily controlled, indeed a simple Cauchy-
Schwarz inequality gives

J[ e <ol 1l 34
QX [T,00(

Finally, gluing (32,33, 34) we obtain (31). O

We deduce an a priori estimate for the initial boundary value problem in negative
norms. The presence of boundary terms will make the analysis in negative norms rather
tedious: we define the dual norm

[ull -0 = sup // up,
v wEHS 5 J JOX[T,00])

and underline that since the functions ¢ above do not necessarily cancel on the boundary;,
this norm is not the usual norm of H_ 3, in fact we have obviously
* —s < * —s.
e < s

Proposition 11. Let (¢, f) € C(002 x R) x C°(Q x R), u be the smooth solution of

the IBVP
O+ iAu = f, (2/,74,t) € R x RY x R,

Ulym0 = @, (2/,1) € R x R (35)
Uli—o = ug, v € R x RF.

then for v > T large enough it satisfies the a priori estimate

1
2 § j 2 2
HUHL%Q(QX[O,OO[) + |a%du’H3//22*J(8QX[O7OO[) 5 HfHLg,Q(QX[O,OOD
=0 |

+ , F lluoll e - (36)

2
ygle;/;(BQx[O,oo[
Remark 12. Although this estimate is not pontwise in time, it is essential because it
shows that the solution of the boundary value problem with initial data satisfies an
‘IBVP analogous’ of (ED) (p.14). Of course, a norm of the initial data had to be added
in the right hand side.
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Proof. We proceed by duality. For f; € C2°(€2 x [0, oc[), let v be the solution of the dual

BVP
—0w —iAv = fi, (2, 24,t) € R x RY x Ry,
V]py=0 =0, (2/,1) € R x R

Then

[[wr= [ ]
Qx[0,00[ Qx[0,00[ 00 x[0,00(
+ / BxduO—l—/uOvh 0
A0 x[0,00( Q

= il < ) B
’ //QX[0,00[ Uf1| B HfHLng?HUHLZf%? * ‘QO|H~(1142)| sz|H7i,/22
+ lluoll 2 l|vfe=ol 2 -

Using (31) gives

L TS Wi+ vl + ol Uz

and taking the supremum over f; € C2°, we obtain by density the first part of the desired
inequality:

HUH%gyz(Qx[O,m[) S HfH%EYYZ(QX[O,oo[) + ‘So‘iﬁ/jp(aﬁx[o,oo[) + [luoll7 -

To evaluate the boundary terms, we use the solution still denoted v of the dual BVP

—0w —iAv =0, (2/,24,t) € Q X Ry,
U‘xd:O = Y1, (%l,t> € 01) x Rt.

with Y1 € CEO(OQ X Rt)
The same procedure as above gives

N

| O, ]

v < ‘// fv}—i—‘ goamdv‘+|/uov\t 0|
00 x[0,00( Qx[0,00[ 00 x[0,00(

S UMz, + llwollzz , +1elgrz) llonll gz,

and again taking the supremum gives the second part of the desired inequality. O]

We are now left to raise the inequality (36) to H' regularity. Some simplifying
hypotheses (in fact strong compatibility conditions) are made:

e the function f, resp. ¢, is in C°(£2x]0, oo), resp. C'(92x]0, 00]),
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e the function ug is in C°(12) .
Since 0;u satisfies the Schrodinger equation

8t8ju + ZAaJU = 8jf, (.CE,, Tq, t) S Rd_l x R* x R:—,
aju|xd=0 = aju‘xd=07 (2',1) € R4 x R;ra
(9ju|t:0 = aqu, x € R4 x R+7

the a priori estimate (36) implies for j # d

1
2 T 2 2

|8390| H1/2(00x(0,00 + 10 u0||L2(Q :
and
||8du||%,2y’2(ﬂ><[0,oo[) S ||adf||%,2y(9><[0,oo[) + |8du(0)|id7/22(6m[0700[)
+ ||8du0||%2(9) :
In particular,
HUHLg(Rj;Hl(Q)) S ||f||L3(R;r;H1(Q)) + |90|Hj/22 + llwol 1 (9) + 102,u(0 )|H1/2 (37)
|V,aﬂcdu(0)|H’Y_l/2(aQXR?‘) 5 Hf”L%(R;r,Hl(Q)) + |<zD|H3/2 + ||U0||H1(Q) (38>

To close the estimate, it remains to control |0,,u(0) Hi/2 We state an inequality that

can be proved by following the demonstration of (31) "and using simply (bED) (p.18)
instead of (bEDs):

1

(Dl + 7||U||§11%2(9x[T,oo[)+Z| il 23 (0 T
7=0

S lely, 32 (09X (T,00]) (39)

and derive an estimate for 9,0,u(0) by following the proof of (36). Indeed O,u is the
solution of a Schrédinger equation, and if v is the solution of

—0w —i1Av =0, (2/,24,t) € Q X Ry,
Vlga=0 = 1, (2/,1) € 02 x R;.

we find (the hypotheses on the support of f, p, uy are essential here)

‘// fU‘+| 0t<p3xdv‘+|/uov]t 0’
Qx[0,00[ 00 x[0,00[

<
< (Ul + ol + Iolor2) Il oz
< Wl + lolly, + Il

| atawdu@|
00 x[0,00[

= [10:0,u(0)

|H*3/2(Qx1Rt+)
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Let 0,,u(0) be the extension by 0 for ¢t < 0 of 9,,u(0). By the hypotheses on the supports
this defines a smooth extension, thus 0,0,,u(0) = 0;0,,u(0) and

00010,y = [, IO Pnds
¥,2 t RA-1xR

The inequality above combinated with (38) imply

P Il
Lo (5 B oupands < 1y, + ol + 1l

o [l RO ands S s, + ol + ol
Ri—1 R ’ ’ 5.2
& 0O sy S 11z, + Boolls, + el - (40
The injection of this inequality in (37) finally gives
|’UHL3(Rt+;H1(Q)) + \axdu(oﬂHig S HfHH;,Q(ijQ) + |90!H3{; + [luoll 1, (41)

To obtain the same inequality with [0, co[ replaced by [0, 7] for some T' > 0 it suffices
to follow the proof of Corollary 3 (p.25), namely:

e prove a causality principle ‘same data on [0, T| implies equality of the solutions on

0,77,

e for (f, ) defined on [0, T, use compactly supported extensions by reflection ( f,, ¢;)
on [0, co[ (this is possible because (f, ¢) are supported in ¢t > 0) and apply (41)

lull ez qorsrry +1050u(0) iz S L frlli yoxiocon + 100l 1372000 0,00
<

||f||H%72(Q><[O,T) + |(10|H57/22(69X[07TD' (42)

We do not detail it. The same argument applied with inequality (36) also gives
[wllz2 omxe) + |3xdu(0)|H;/; S I fllez@xpm + |¢|Hi(;(aQX[O7T[)- (43)

From the inequalities above, we deduce the key estimate with the following Proposi-
tion.

Proposition 13. Let u be the smooth solution of (35). It satisfies the a priori estimate

VT >0, e (D)) + ||U||L2([0,T];H1>+|3xdu(0)|H§(22 S I e @xpom)

+ (44)

"P‘Hj’{j O2x[0,T])"
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Proof. 1t is basically a repetition of the proof of (31), where we integrate on [0, T'] instead
of [T', co[. We only show how to obtain an estimate for ||0,,u(T")||12() since it is the most
significant point. The function 0, ,u satisfies a Schrodinger equation, the application of
(43) gives

’agdu‘]{;ém S HaﬂfdeL%(QX[O,T] + |8xdu(0)‘H;/22(39><[07T[)'

Multiplying 9;0,,u + iAd,,u = 0,,f by e >0, u, integrating over Q x [0, T] and taking
the real part we obtain

e~ M| 0p u(T) I (0) < 102, u(0)[}72

2 (8QX[O,T}) + ||a$df1||%2/(ﬂ) + ||a$du0||%2(9) .

Then with (42) applied to u we find the expected estimate

6727tHaxdu<T)H%2(Q) S ‘¢’Z§{§(aﬂx[o,ﬂ) + Haxdfluig(m + HadeOH%%Q) :

We can now conclude.

Proof of Theorem 5. Let (U, fn,©n) € C°(Q) XC(QXR*) x C (00 xR ™) converging
to (uo, f, ) in Hy(Q) x HJ ,(Q x [0, 00]) x HY?(00 x [0, 00[). Let u, be the solution of
the boundary value problem

Oty + 1Ay, = fn, (2, 1q,t) € R x RY x R},
Un|zg=0 = ¢n, (@) € R X RS, (45)
un|t:0 = Un, x e R4 x RY.

By Proposition 13, u, is a Cauchy sequence in C([0,T]; H'(Q)) as well as the trace
O yUn|z,—0, and we obtain the existence of a solution with the appropriate estimates.
The uniqueness is proved by duality arguments as for (36). If u is solution of

O+ iAu =0, (2/,24,t) € R x RT x R,
Ulyy—0 = 0, (2/,t) € R x R/, (46)
ulimo = 0, & € R x RY,

using the dual problem

—Ou —iAu = f1, (2',74,t) € R x RY x R/, (47)
Ulgy—0 = 0, (2/,t) € R x R,
we find that / ufy =0 for any f € C°(Q2 x [0,00[), which implies u = 0. O
Qx[0,00[



A CONSTRUCTION OF GENERALIZED KREISS SYMMETRIZERS 34

Remark 14. Tt should be underlined (if it is not clear yet) that Theorem 5 is a very
rough result. The vanishing of all data on the neighbourhood of z4 = t = 0 is a
too strong condition, more realistic compatibility conditions should be investigated.
Moreover the regularity needed on f is quite excessive, since we did not use any dispersive
regularization result. In fact simply solving separately the abstract Cauchy problem

O +ilAu = f, (', 1q,t) € R x RY x R},
Ulgy=0 = 0, (2/,t) € R x R, (48)
o = 0, & € R x RY,

with semi groups arguments would very likely have allowed to suppress the time regu-
larity of f. We did not go this way for conciseness reasons, and also because this would
have lead to loss of regularity for 0,,u|,,—o.

Conclusion: The method of Kreiss symmetrizers has allowed us to derive a prior:
estimates for a wide class of pure boundary value problems under a natural generalized
Kreiss-Lopatinskii condition. From these estimates we have deduced well-posedness
results for the pure boundary value problem, and the boundary value problem with zero
initial data. The regularity of the trace is higher than the one expected simply from
trace theorems, this is certainly an unavoidable dispersive effect (see the results on KdV
[2, 9] for example) although it is not clear yet wether we worked here in ‘optimal’ spaces.
The analysis for the Schrodinger equations poses several ‘immediate’ problems:

e can this analysis be repeated for any strictly dispersive equations?
e what are the ‘good’ compatibility conditions?

We underline moreover that the derivation of a priori estimates relies quite heavily on
the fact that we work with constant coefficients on a half space. The investigation of
more realistic non-homogeneous boundary value problems (variable coefficients for the
leading terms as well as curved boundary) remains a difficult question.

A Construction of Generalized Kreiss symmetrizers

We sketch here the proof of theorem 2. It consists in constructing local Kreiss sym-
metrizer, i.e. a symbol defined on the neighbourhood of points (7,7, ¢) satisfying
(K1, K2) (p.13) reformulated for (7,7,¢) variables, and then use a partition of unity
to obtain a symbol defined on S} x [0, o] for £y small enough. The diffeomorphism
(16) then gives a symbol defined on &Y/ <0 which is the symbol of a generalized Kreiss
symmetrizer.

We first perform the easy but significant construction for non glancing points, which ex-
plains why the natural minorant is ¢(7,1) = a/AP~'. The notations are those of section
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1: g(7,n) is a smooth symbol, such that det(g—iwlym,) is a polynomial in (7,7, ¢) whose
roots in 7 are purely imaginary and simple for (n,w) € R?\ {0}. It is more convenient

to work with the variables .
Fo7e) = (ip,i,—),
Ao A Ay

and the bounded matrice h((7,7,¢)) = eg((7,7,¢)), which is smooth for (7,7,¢) €
S x[0,1]. Since 7 = 7/Ab, the hypotheses (K1), K2) p.13 can be rewritten for c(7,7) =
a/AP~1 as

Re(sh) 2 OéReG:), S(?7 ﬁv 6) 2 I— CF*F(?v ﬁ7 8) .

We denote x((; (7,7, €)) = Xn#.0)(¢) = det(h((7, 7, €)) — ¢I) the characteristic polyno-
mial of h. Note that it is a polynomial in (7,7, €).

The case of non-glancing points: the point (7,79, 0) is said to be non-glancing if
the purely imaginary roots in ¢ of x((; 79,70, 0) are simple. If there are purely imagi-
nary eigenvalues Proposition 1 implies Re(7) = 0, thus we may assume without loss of
generality that (7,7, ¢) = (23\, 7,0). If the purely imaginary eigenvalues are simple, by
continuity they remain simple on a neighbourhood of (7g, 79, 0). Thus there is a smooth
change of basis such that on a neighbourhood of (79, 7, 0) the matrix h((7,7, <)) has the
form

A0
0 A

h =P 'hP =
Ar

€+

with ey square matrices of size py, spectrum S,(ey) C {£Re(z) > 0}, A(70,70,€0) =
iw; € tR. Let r_, resp ry, be the number of A; such that

Re(\;((7,7m,¢)) > 0 if Re(T) > 0, resp. Re(A\;((7,7,¢)) < 0 if Re(7) > 0.
Up to a reindexation, A’ reads
A0
0
h =

)\+

T4

€+
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For the construction of symmetrizers, the blocks ey are easily handled, and the natural
idea for the purely imaginary eigenvalue is to give them the ‘good sign’. The next
proposition quantifies this.

Proposition 15. The exists a neighbourhood of (7y,M0,0), positive hermitian matrices
s+ and Kk > 0 large enough such that

defines a local symmetrizer for I/ with c¢(7,7,¢) = e’ La.

Proof. The existence of sy positive hermitians such that Re(stey) > I is classical, see
for example lemma 9.2 p.238.
The simplicity of the purely imaginary eigenvalues and the hypothesis (Ds) imply

O=x 1wy, (70,70, 0)) # 0, dex(iwy, (70,770, 0)) # 0.
We deduce from the implicit functions theorem that
8?)\}:((?0,%,0)) € R* and thus + Re()\f((?, n,€))) > aRe(7),

for some v > 0. This gives then for k > 1

—Re(A]) 0
0 :
+
Re(sh') = Re(Ar)
Re(s_e_)
Re<5+€+>
aRe(T)I,_4r,
> I, > min(a, 1)Re(7)
I

which is exactly (K1) .

The verification of (K2) is based on more algebraical arguments since by continu-
ity it is sufficient to check it at the point (7p,70,0). First of all, it is clear that
the vectors of the extended stable subspace E~((7p,70,0)) are precisely of the form
(w1, 2,0, , 0,91, ,y, ,0,---,0). If I[I_ is the projection on E~, we write
X=X+ (I-1I_X):=X_+ X,. Then

sX X > KX, [* — max(L, [le— ) | X[ (49)
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We now use the inequality
[ X[P < CFX] + X4 ) (50)

which is a consequence of (KLU): indeed if it is false we could find X,, with |X,| =1
and |FX,| + [(X,)+| — 0. Up to extracting a subsequence it has a limit X such
that|Xoo| =1, (Xw)s+ =0 and F X, = 0. This implies X, = II_X,, and from (KLU)
we have X, = 0, this is a contradiction.

Injecting (50) in (49) we get

sX - X > 5| X2 — Ck|FX[2 — max(1, le_||) | X_|> > |X|2 — C|F X%,

provided £ > 1 + max(1, |le_]]). O

The general case: The construction for the neighbourhood of glancing points occur
is notably harder than in the previous paragraph. In fact it relies heavily on the fact that
the roots in 7 of x(iw, 7,7, €) are simple, and thus does not work for any €. Nevertheless,
the simplicity assumption is always true when ¢ = 0, and it may be proved by following
the method of Kreiss [15] (see also [6]) that on the neighbourhood of (75,79,0) the
matrice has a particular block structure: if V(7p,70,0) is a neighbourhood of (7, 79, 0),
then

AP € C*(V(70,10,0)) = V(7,7 ¢) € V(70,70,0),

€+
L e
P 'hP(7,7,¢) = e
with £5,(ex) C {Re(z) >} and the e;’s satisfy
w1
€j (7/—67 %7 O) — . .
iw; i
iw]‘,

moreover the lower left hand coefficient of Orez)e; is in R*.

In the hyperbolic frame this is the so called ‘block structure condition’, introduced by
Majda [17] who proved that the existence of such a structure is sufficient to perform the
local construction of Kreiss symmetrizers.

The reader may find in [15] or [6] a full proof of the existence of local symmetrizer in
the hyperbolic frame. For the reader already used to Kreiss symmetrizers, we emphasize



A CONSTRUCTION OF GENERALIZED KREISS SYMMETRIZERS 38

here a noticeable difference: in the hyperbolic settings, the method of Kreiss consists
in building symmetrizers which are homogeneous functions of (7,7), and in fact the
construction is only made on the half sphere S (this is underlined by Metivier in [19]
paragraph 2.3 or Benzoni and Serre [1] 9.1.3). Because ¢(7,n7) — 0 when A\, — oo, one
may check that it is not possible to only consider the p-principal symbol and neglect lower
order terms (the example of 9; 4+ cd,u + i9?u = 0 for ¢ € C is quite enlightening) and
thus the symmetrizer can not be a p-homogeneous function. Fortunately the method of
Kreiss is flexible enough to construct local symbols on the neighbourhood in S} x [0, 1] of
any point (7g, 7, 0) (this is of course stronger than the construction on a neighbourhood
in S} x {0}). Note that it is indeed what we have done for the simpler case of non
glancing points in the previous paragraph. By compacity of S;, there exists a finite
family of neighbourhoods V; := V(7},7;,0) such that the projection on S of the V;’s
covers Sy, it is then easy to check that UV; contains S} x [0, o] for some g¢ > 0 small
enough.

Let s; be the local symmetrizers corresponding to V;, each of them satisfies (on its
domain of definition)

Re(s;(7. 7)) > ~Re(?),
si(7,7.¢) > I — C,F*F .

With a partition of unity y; we obtain a global symbol s =} _ x;s; defined on S} x [0, &]
which satisfies (K1, K2):

min(o;)

Re(sg) = » _Re(x;s;9) > —Re(7),
s = ijsj > I —max(C;)F*F .

The diffeomorphism between S} x]0, o] and {(7,7)E" : A, (7,1) > 1/c0} then gives a
symmetrizer defined on T for T' = 1/¢5.

The case of operators with ‘elliptic spatial part’: We consider here operators
such that the determinant of their symbol op(7,§) satisfies op(0,€) # 0 for any £ €
R?\ {0}. Our aim is here to prove that for such an operator, the symmetrizer satisfies
sg > a/|7|'7Y/? for some a > 0. The proof relies on two facts

e for ¢ small enough and |£| = 1, princ(op(id, &) # 0,

e if the characteristic polynomial of h x((; (7, 7,¢)) has no purely imaginary roots
in ¢, then the symmetrizer constructed on the neighbourhood of (7,7, ¢) satisfies
sh > ¢ with ¢ a positive constant only depending on the neighbourhood.
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The first point is a direct consequence of the definition and the compacity of {¢ : |£| = 1},
the second point may be deduced from the construction performed for non glancing
points. Indeed, since there are no purely imaginary roots ((7,7,¢) is said to be an

elliptic point) after a change of basis we can reduce h to the simpler form - . )
+

and we have Re(sh’) = (s_e_ ) 2 1. From the first point we deduce that there

Syey
exists > 0 such that for 5A0 < f3, the point ((FAO, 70, 0) is an elliptic point. We recall too
that, by Lemma 1, any (75, 70, 0) with Re(7) > 0 is an elliptic point.
Thus on the set {(7,7,0) € S} x {0} : [Im(7)| < B}, the local symmetrizers satisfy
sh > ¢, while on its complement we have the same estimate as before sh > aRe(7).
This rewrites for the original variables for (7,7) € €', T large enough

i |0] < BAL = sg > A, > e(Re(r)) " > cRe(r)/|r| V7,
else  sg > a/)@*l ,
the condition § > SAD implies [d| 2 [n|P, which means for sg
sg > aRe(7) /(7|2 + |n[?)®=1/C) > qRe(r)/|7| /7 .
Finally, up to decreasing o we have, for any (7,7) € er, Re(sg) > aRe(T)/’TP—l/p’ this

completes the proof.
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