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REGULARIZED PERIMETER FOR TOPOLOGY OPTIMIZATION

SAMUEL AMSTUTZ

ABSTRACT. The perimeter functional is known to oppose serious difficulties when it has to be handled
within a topology optimization procedure. In this paper, a regularized perimeter functional Per.,
defined for 2d and 3d domains, is introduced. On one hand, the convergence of Per. to the exact
perimeter when & tends to zero is proved. On the other hand, the topological differentiability of
Pere for € > 0 is analyzed. These features lead to the design of a topology optimization algorithm
suitable for perimeter dependent objective functionals. Some numerical results on academic problems
illustrate the method.

1. INTRODUCTION

Topology optimization problems are known to be generally ill-posed, in the sense that they possess
no global minimizers. Typically, this property stems from the fact that the minimizing sequences
have more and more complex topologies, without ever converging to a domain in any appropriate way
[2, 13]. Therefore, relaxation methods are often used [1, 7, 9], but the binary nature of the problem is
then lost. A totally different approach is to impose geometrical constraints that limit the complexity of
the obtained topologies. In this framework, a classical technique is to incorporate in the cost function
a penalization by the perimeter. In many important cases, the resulting problem can be proved to be
well-posed [3, 8, 13]. The control of the perimeter of domains with variable topology appears also in
image processing, when considering the Mumford-Shah functional [16], for instance.

However, a major drawback of the perimeter functional is that it is not easy to handle numerically
as soon as one wants to perform topology changes. To illustrate this claim, let us consider the creation
of a hole w inside a larger domain €2 seen as the current design domain in an iterative process. Then
the variation of the perimeter is given by Per(Q \ @) — Per(2) = Per(w). In contrast, the variation of
the volume is |\ @| — |Q] = |w|. In fact, the traditional shape functionals, like the compliance, also
admit a first variation proportional to |w|, at least when Neumann boundary conditions are prescribed
on Ow [4, 10, 19]. This difference of order of magnitude creates an incompatibility in the numerical
treatment of the perimeter in association with other shape functionals. To circumvent this difficulty, a
two step algorithm is used in [14]: a “topological” step which does not take into account the perimeter,
then a “classical” step based on smooth boundary variation methods. The basic ingredients in each
of these steps are the notions of topological and shape derivatives, respectively. More sophisticated
approaches, also based on alternating steps, have been proposed in [11, 12].

In this paper, we present a natural way to include the perimeter within a topology optimization
procedure. The proposed approach is based on a regularization method: the perimeter Per(f2) is
approximated by a functional Per.(£2) well-suited for topology optimization, then ¢ is driven to zero
for which the exact perimeter is retrieved. Let us enter a little more into details. Let € be an open
and bounded subset of RV, N € {2,3}, with C? boundary 992. We denote by u the characteristic
function of 2, i.e., u(z) = 1if x € Q, u(z) = 0 if x € RV \ Q. For a fixed m € N* and any € > 0 we
consider the (weak) solution u. € H™(RY) of

2™ (—A)"ug + ue = u. (1.1)
Then we define the quantity

Ee(Q) = lu— U6||2L2(RN) :/ (u — ue)*da.
RN

We shall see that the asymptotic behavior of E.(€2) when e goes to zero is directly related to the
perimeter of Q. Before giving a precise statement, let us specify some notation. We denote by (.,.)
the canonical scalar product of RY, and by |.| the associated norm. For complex vectors, the same
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notation is kept for the Hermitian scalar product of C and its norm, while complex conjugacy is
denoted by a bar. The surface measure on 0 is denoted by o. Therefore, the perimeter of Q can be
defined as

Per(Q2) = o(092) = / do.
o0
The outward unit normal to 9Q at point x is denoted by n(x). We shall prove the following result.
Theorem 1.1. The following asymptotic expansion holds when € goes to zero:

E.(Q) = ek Per(Q) + O(s%),

1 oo t4m—2
m=—| ———dt
k 7-(-/0 (1 _|_t2m)2

The first values of ki, are k1 = 1/4 and ko = 3/27/2.

where Ky, 1s defined by

Therefore, we call regularized perimeter the quantity
1
Per.(2) = —E.(Q), (1.2)
K€
which, in consequence of Theorem 1.1, satisfies

Per. () = Per(Q) + O(ENLH).

Theorem 1.1 is proved in Section 2. In Section 3, the result is extended to a boundary value problem,
where (1.1) is complemented by a Neumann boundary condition on the border of a bounded domain
D containing ). In Section 4, the sensitivity of the functional Per. to topological perturbations is
analyzed. Then, in Section 5, we show how these results lead to a topology optimization algorithm
dedicated to perimeter dependent objective functionals. Finally, some numerical experiments on a
simple model problem are reported in Section 6.

2. ASYMPTOTIC EXPANSION OF THE REGULARIZED FUNCTIONAL

This section is devoted to the proof of Theorem 1.1. Our approach relies on the Fourier transform,
for which we adopt the definition

vie LNRY),  f(e) = (2m) V2 / w8 f(2)do.

RN
For a detailed exposition of the Fourier transform’s properties, we refer, e.g., to [15].

2.1. Reformulation in the frequency domain. Passing to the Fourier transform in (1.1) yields

2 €M e (€) + e (€) = a(€),

6 = T (o

from which we derive

>

1+

—~

Next, by Parseval’s equality, we obtain

i _ (el \
B = - el = [ (T ) o

The change of variable { = &£ results in

_ N [ o= )2
E.(Q)=e¢ /RN W\U@ Q)I7dc. (2.1)
It will turn out to be useful and also interesting on its own to study a generalized version of (2.1). To
this aim, for all k € N, we introduce the linear space

Vi = {q> € C(R), [t — tF=2(1 + 12)20W)(¢)] € L‘X’(R)} :

endowed with the norm
t2_k
[l = ¢ 21 +t2)2<1>(’“)(t)HL .= inf{a e R, |8 (1)) < ot

————aeteR;.
DR }



Then, for all ® € V), we set
7.(@) == [ B(eDICPlaleOPde. (2:2)
RN

Since @ € L2(RY), the above expression makes sense for all ® € Vy, and furthermore we have 1. € V},
the continuous dual of Vy. We also define the linear functional 7. € Vj by

T.(®) = < Pex(Q) / "o,
™ 0

and the linear space
N+1

V=)W
k=0
endowed with the norm
@]y = max {||®|ly,, k= 0,...,N +1}.
We shall prove the following result.

Theorem 2.1. There exists ¢ > 0 such that, for all ® € V and all € sufficiently small,
T-(®) — To(®)| < =5 @]y
Then Theorem 1.1 follows at once from Theorem 2.1 by choosing
t4m—2
We only have to check that this function belongs to V. To do so we set G (t) = t27% /(1 + t?)2. We

remark that ®(*) /Gy is a rational function of degree 0, hence it will be bounded as soon as it has no
pole on the real line. Immediate calculations provide

(1) =

(I)(t) _ t2m—2 1 + t2 ?
Go(t) 1e2m| ,
(D/ 1 2 1 2\2
G ((i)) = (4m - 2) |:t27n_2 1 ++tim:| - 4mt6m_4 (g :;;773)37
1
k) ()
Vk > 2, DR () tF72(1 4 ¢2)2.
2 e (1) 21+ )

Obviously the above rational functions have no real poles for any m > 1.

The rest of this section is devoted to the proof of Theorem 2.1. Throughout, the letter ¢ will be
used to denote any positive constant independent of ¢ and ®. For the reader’s convenience the proof
is divided into three parts.

2.2. Derivation of the leading term. At first, we assume that ® € C§°(R), the set of functions of
class C*° on R with compact support. By definition we have

24(6) — (20)-N/21£12 [ o=@ gy — (2~ N/2
R

. div, (ieii@’g)f) dz,

which, by the divergence formula and setting e = £/|¢|, yields

€la() = (2m)~ N2 / e (g, () do (). (2.3)

a0
On writing |a(¢)|? = @(€)a(€) we obtain from (2.3)
€2 la(e)|* = (27T)7N/ e V) (e, n(x)) (eg, n(y))do(x)do(y).
00X 00
Plugging this expression into (2.2) entails
(@) = (m) N2 [ ae) [ e 0 e n(e) e o (a)do (1)
RN 20X 00

By Fubini’s theorem, this can be reordered as

r.@) =0 Ve [ ([ ([ e im0 o ecdc ) o) nfe) ) doto)
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Setting
o) = r) 2 [0 Cec @ ecdd. (24)
Fe) = [ o - 2ol (2:5)
o0
we arrive at
T.(®) = (21)~N/2:2-N /8 {F(2), n(a))do () (2.6)

We shall now examine the asymptotic behavior of F.(x) for a given z € 9Q. Let p > 0 be such
that the set 9Q N B(z,2p) can be represented as the graph of a C? function on an appropriate local
Cartesian coordinate system. Note that, by compactness of 92, p may be chosen independent of .
Let n: RY — R be a smooth (C*) function such that n(z) = 1if |z| < p, 0 < n(z) < 1if p < |z] < 2p,
and n(z) = 0 if |z| > 2p. We introduce a parameter 3 €]0, 1] which will be fixed later, and split (2.5)
as

F(x) = F2(x) + FX(x), (2.7)
with
Fo@) = [ 0y =)l o= )n(o)dor(), (2.8)
Fl(z) = /m[l — (e (y — ) (y — 2))n(y)do(y). (2.9)
In the ball B(x,2p) we parametrize 92 by
t€ O y(t) =+ R(t,¥(t) € 09, (2.10)

where O is an open set of RV ! containing the origin, R is a rotation, and ¢ : © — R is a function
of class C? satisfying

b(0) =0,  Vi(0) =0. (2.11)
For notational simplicity, we write vectors of RY indifferently row-wise or column-wise. We subse-
quently assume that ¢ < 1. Then (e~ ?(y — x)) # 0 implies y € B(x,2p), and we can write

F(z) = /077(5_6(21(15) —2))p(e™ (y(t) — 2))R(=V(t), 1)dt.

Setting

—B -z i
o= {00 Kce

we obtain
Fo@) = [ nOp(RE e GO RV, )k
By the definition (2.4), we observe that
¢(Rz) = Rp(z)R*, (2.12)
with R* the adjoint of R. This entails
F@ =R [ el b uo) Vol e

Then, by the change of variable t = €s, we arrive at

FO(z) = EN_lR/ n:(e8)p(s,e 11h(es)) (= Vi (es), 1)ds. (2.13)
RN-1

Let ey = (0, ...,0,1) be the last vector of the canonical basis of RY. We split (2.13) as

Feo(x) = A:(z) + Be(2) + Ce(2) + D (), (2.14)
with
Ac(z) = 5N*1R/ ©(s,0)ends, (2.15)
RN-1

B.(z) =N7IR [ne(es) — 1] p(s,0)ends, (2.16)

RN-1



C.(z) =e""'R ne(es) [p(s,e " p(es)) — ¢(s,0)] ends, (2.17)

RN-1
D.(z) =" 'R ne(e8)p(s,e Lh(es)) (= Vp(es), 0)ds. (2.18)
RN-1
We first focus on the expected leading term A.(x). We define for every ¢ € RY and ¢/ € RV !
MO = Bllchec @ ec,  HO) = [ B G, (2.19)
R

Therefore the definition (2.4) is equivalent to (z) = h(z). In addition, we have for all s € RN 1

/ ¢i5:6) / B¢, Gy )dCndC! = (2m) (s, 0),
RN -1 R

N—-1

H(s) = (2n)" 2

thus

¢(s,0) = (2m) "2 H(s).
It follows that

Ac(z) = (271)’%5N71R {/ H(s)ds} EN-
RN-1
Next, the Fourier inversion formula yields
A(z) = (27)> LN IRH(0)ey.
From -
1) = [ @licwlew wendey =2 ( [ w0t ) ex s .
R 0

we arrive at
A(z) = (2m)5—1eN-19 (/Ooo @(t)dt) Rey = (2m)¥—1e8N19 (/OOO @(t)dt) n(z).

The contribution of A.(x) in the functional E.(2) is then given by

(27r)_N/2£2_N/ (Ac(z),n(z))do(x) (2m)~te2 (/000 @(t)dt) /aQ<n(ac)7n(m)>dU(m) (2.20)

0N

3

= ( /0 b <I>(t)dt> Per(Q) = T.(®). (2.21)

™

2.3. Estimate of remainders. From (2.6) and (2.21) we find
T.(®) — To(®) = (2m)~N/2e2N / (Fu() — Ac(2), n(x))do ().
o0
Then using (2.7) and (2.14) we arrive at

T (®) — T.(®) = (2m)N/22N /aQ<F61(ac) + B.(z) 4+ Co(x) + Do(z), n(x))do(x). (2.22)

We shall estimate each term of the integrand in (2.22). Beforehand, we shall establish useful estimates
for the function ¢ defined by (2.4).
By successive integrations by parts from (2.4), we obtain for each j € {1,..., N} and any n € N

. "
Pl = (2m) VR [0 ST @Gl @) . (223)
J

Here, z; and (; stand for the j — th components of the vectors z and (, respectively. The Leibniz
formula provides

o _ 9 (®(Kl) - (n) 9m R () 9
agl(q’(me@@“)aq( e C®C> ;}(k) ag?—k< P )ag]’? (C®0). (2.24)

By induction, deferred to the appendix, we prove that

NG R
TC;I ( > = |C|2+2 p;)@( )(|C|)Pp,q(|C|aCj)» (2.25)

CI?
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where P, ; is a homogeneous polynomial of two variables of degree p 4+ ¢. This entails

o (e )

for some constants ¢, > 0. Using now that, by definition,

[
(1+[¢)?*

1 q
< CalcRare Z [P ([¢])I[¢IPT,
p=0

2P (¢ < 1],

we obtain

o1 (‘1>(|C|)> max (|[@lv,,p < q)
— <(qg+1)c 2 .
ot \ e )| =V ey e
Plugging this estimate into (2.24), we get

2

@ ) S _k _
Z(};‘) (nk+1>cn_kma7<(|'n_'l‘{§f,g,?)2 Jicp+ (2.06)
k=0

o
acy

IN

(@(|¢Clec ®ec)

. max(H<I>||Vp,p§n)
- KR+ IeP)?

for some other constant ¢, > 0. The combination of (2.23) and (2.27) leads to

d
[Pl < )2, max (10lh,.p < ) [ o,

The integral at the right hand side of the above inequality is finite whenever N —1 <n < N +1. We
conclude that

(2.27)

Dy ,p < ®
Vne {N-1L,N,N+1}, |o()] < axl &"; p=n) HIzILV' (2.28)
Next we study the partial derivative
0 — . i(z
S e) = 2m) N [ O (hec o ecd.
ZN RN
By successive integrations by parts we find
d¢ _NJ2; oy O
2 (2)27 = (2m)~N/2 "+1/ E B NT d¢. 2.29
)y = et [ 69 Ja Guachec o copde (2.29)
If j # N we have obviously
Oy —N/2; i "
— ()2 =(2m /22”+1/ 20 (y=— (@ ec ®ec)dC.
S (2)2) = (2m) [ 9 g (@D @ )
Using (2.27) we obtain
. dp —N, d¢
A4 N, ()| |z < 27) "N 2¢, max (|| @]y, ,p < n / _ 2.30
J 7é aZN( ) | J| —( ) (H ||Vp P> ) RN |<|n—1(1+|<|2)2 ( )
For j = N the Leibniz formula provides
O (en(Ichec @ c) = v (B(1CDec © ) + ner (B(1Chec @ ec)
Then (2.27) yields
o - max ([|@]ly,,p < n)
— (CND(|C)ec @e¢)| < (27 NI2(ep 4 ey L ,
g (vpliciec o e0) < (2n) (e, + noy ) AT
which, in view of (2.29), implies
dp ’ -N ¢
77 n < (2m) "N 2(¢, + ne, By ,p < / % 2.31
821\/ (Z) |ZN| —( W) (C +ne 1)maX(H ||Vp P> n) RN |C|n,3(1+ |C|2)2 ( )
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The two integrals at right hand sides of (2.30) and (2.31) are finite if we choose n = N. We conclude
that

9o z)’ < 12l (2.32)

Ozn = [N

(1) When e~ #(y — z) belongs to the support of 1 — 7, we have e ?|y — x| > p, hence, in view of
(2.28) for n = N + 1,

L=n(ePly =) #0= lp(e™ vy )| < c(peg(pl)ljv“

From (2.9) and the above estimate we infer
|[F2 (2)] < 7Ny (2.33)
(2) From (2.16) we derive

B <8 [ @ nes)le(s.0)ds,
RN-1
In view of (2.10) we have
Vit € O, ly(t) — x| = V/[t]2 +¥(t)2. (2.34)
Yet, using (2.11) and a Taylor-Lagrange expansion, we get
vte O,  |p(t)] < dtf?, (2.35)

hence

Ve, [y(t)—al < VP + ol < Al

for some X\ > 1. We deduce that
vteo, |f<fe —=ePly)—al<p—n()=1.

Set o = p/)\, possibly decreased so that B(0,a) C O. Thus, for all t € R¥N=1 || < ag?
implies 7).(t) = 1. Using also (2.28) for n = N + 1, we arrive at

IN

1 2
| B:(2)] CEN‘1||<1>||v/ —rds = eV @f|y (a7t P (2.36)
) RN-1\B(0,ash~1) |s[ V1 ( )

< eeNTI2AR) 9. (2.37)

(3) From (2.17), we obtain

IC. ()] < aN_l/ ne(e5) | (s, e p(es)) — o(s,0)] ds.

RN-1

The mean value inequality entails

|o(s,e7 0(es) =95, 0)| < e ples)]  sup o7 (s,8)
jtl<e i (es)| | 02N

dp ‘
From (2.32) and (2.35) we derive
05,67 (es)) — @(s,0)] < cl|@llvels*~7.
Yet, (2.34) yields |y(t) — z| > [t| for all t € O, hence
vVt e O, It| > 2pe” = e Ply(t) — x| > 2p = n.(t) = 0. (2.38)
We conclude that

C@ S ellelve [ N = e (2:39)
B(0,2pef~



(4) We get from (2.18)

D@ <N [ sl e[V (es)ds.

RN-1
Using that |V(t)| < c|t] for all ¢ € O together with (2.28) for n = N — 1, we obtain
Do) <clolve [ ne(eslsP s
RN—1

Using now (2.38), we arrive at

|De(@)] < cl|@[|ve™ 7 (2.40)
Gathering (2.22), (2.33), (2.37), (2.39) and (2.40), we finally obtain
IT.(®) — To(®)] < c@flves VO € C(R), (2.41)

for the exponent
a = 2—=N+min((1-8)(N+1),N-1+21-06),N+5—-1)
= min3—-B(N+1),3—-28,1+ ) =min(3 — (N +1),1+ ).
This value is maximized when 3 — S(N + 1) = 1+ 3, i.e., when 8 = 2/(N + 2). This corresponds to
a=(N+4)/(N+2).

2.4. Extension to a function ® € V. We shall now extend (2.41) to an arbitrary function ® € V.
The expression of the integral in (2.2) in spherical coordinates reads

T.(®) = E_N/ / o(r)r?la(e rv)|*rN "o (v)dr = / ®(r)rw, (r)dr,
0 Jsnoa 0
with
we(r) = NNt / [a(e ™ rv)|2dv,
Sn-1
and Sy _1 the unit sphere of RV ~1. Note that, as @ € L2(R"), we have w. € L*(R,). We also write

€ Per(2)
T rz

T.(®) = /000 q;(r)r?we(r)dr, with We(r) =

Therefore we have -
T.(8) = T.(%) = [ ()% elr) — ().
From (2.41) and the above equality we derive that
/O ()2 s (r) — e ()] dr
We choose now an arbitrary function ® € V, and construct the sequence of auxiliary functions
P (r) = ‘N?‘)U(%% (2.43)

where 7 € C*°(R) is such that n(r) = 1if [r| < 1,0 <n(r) <1if 1 <|r| <2, and n(r) =0 if |r| > 2.
The differentiation of (2.43) at the order k by the Leibniz formula and a reordering gives

<@y VP € CP(R). (2.42)

k b
Yn € N*,V'I" c R, Tk_2(1 + T2)2¢$lk)(7“) — Z (ﬁ) rp—Q(l 4 7,,2)2@(17)(7«) (C) pnk—p(%).

n
p=0
For each ¢ € N the function ¢ +— t27(@(t) belongs to C§°(R), hence it is bounded. This entails
k
VneNY | @allv, <) (1@,
p=0

for some constants ¢ independent of n, and subsequently

Vne N, |[@u]ly < c]| @[y (2.44)



Applying (2.42) to the function ®,, and using (2.44), it follows that

/ooo ()@ (r)r2[we(r) = . (r)dr

n

VYn € N*,

< 2|2y
By Lebesgue’s dominated convergence theorem, we can pass to the limit and find

/Oo @(r)rz[ws(r) — We(r)]dr
0

< e[|y,

that is, ~
Te(®) = Te(®)] < e[| @]y
The proof of Theorem 2.1 is now complete.

3. EXTENSION TO A BOUNDARY VALUE PROBLEM

We assume now that Q CC D, where D is a bounded Lipschitz domain of RY and € has a C?
boundary. We consider the problem: find v. € H*(D) such that

—?Av.+v.=u in D,
{ Opve =0 on 0D, (3.1)
with u the characteristic function of 2 in D, and set
B () = [lu = vel[72(p)- (3:2)

Note that we have restricted ourselves to the case m = 1 merely for simplicity. We shall show that
E_()) obeys the same first order asymptotic expansion as in the unbounded case.

Theorem 3.1. The following asymptotic expansion holds when € goes to zero:

E.(Q) = Z Per(Q) + O(e¥2). (3.3)

Proof. We make the splitting v. = u. + e. with u. € H'(RY) and e. € H'(D) respectively solutions
of

—e?Ae. +e. =0 in D,
Onee = —Onue on 4D.
Here, u is extended by zero outside D. We introduce the rescaled function U, (x) := uc(ex), which
solves

—&?Aug + ue = u in RV, { (3.4)

~AU. + U. = u(ex) in RY.
Thus we can write for all € RN

Uute) = [ )l - y)dy,
RN
where I is the fundamental solution of the operator —A + I in RY. By change of variable we obtain

ue(z) = E_N/QF (56;2) dz.

Assume now that dist(z, Q) > p > 0. By Fourier transform, we can easily show that |I'(z)| = O(|z|~P)
for all p > 0. This implies
_ p
vieq, ’r(m )‘ §c<€> .
€ p

e (2)] < el Per N
Similar estimates hold for |Vu.(z)| and |Auc(z)|, which provides, for any k > 0,

We arrive at

l|luell g1 mv\ Dy < ce®, Onuellg-1/2(00) < cek. (3.5)

Now, the variational formulation of (3.4) yields

/ (62\V65|2 + |es|2)dm = 7/ Onuce.dz,
D oD

from which we deduce
EQHBEHHl(D) < c||3nu5||H71/2(aD) < C€k. (36)
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Then we write

E.(Q) = |lu—uclzp) —2 /D es(u —us)dz + [le<[|22(p) (3.7)
= Jlu— uellFe@ny = llucllFz@mpy — 2 /D ee(u —u)dz + [|ec |22 (p)- (3.8)
By Theorem 1.1 we have
€ Ni4
[ = uellZa @y = 3 Per(€) + O(ev+2). (3.9)

Combining (3.8), (3.5), (3.6) and (3.9), using the Cauchy-Schwarz inequality and choosing k sufficiently
large yields (3.3). O

It is also of interest for the applications to study domains of the form D\ 2, where Q is defined as
before. The peculiarity of this set is to touch the external boundary 0D. The corresponding functional
E.(D\ Q) is defined by (3.1) and (3.2), with u the characteristic function of D\ Q. It turns out that
the previous asymptotic expansion remains valid in this case, as stated in the following corollary.

Corollary 3.2. The following asymptotic expansion holds when € goes to zero:

E.(D\ Q) = Z Per(Q) + O(e ¥+2). (3.10)
Proof. We have by definition

Ee(D\Q) = [uP\? = o2\ o),

D\® g the characteristic function of D \ﬁ and ng \2 solves

762Av£\ﬁ + UED\ﬁ = 4P\ in D,
8nv€D\Q =0 on OD.

where u

Sin(f uP\? = 1% (almost everywhere), with u*? the characteristic function of 2, and, by uniqueness,
A v, with v$ the solution of (3.1) for u = u®, we derive

E.(D\Q) = [[u” = 0|72 (py = E=(Q).
Then we apply Theorem 3.1. g

Note that, in this case, it is still the perimeter of £ which is involved, not that of D\ €. In fact,
this corresponds to the relative perimeter of D\ Q in D, namely o(0(D \ Q) N D), see, e.g., [13].

4. TOPOLOGICAL SENSITIVITY OF THE REGULARIZED PERIMETER

We place ourselves in the context if Section 3, i.e., we consider a bounded Lipschitz domain D of
RYN which will serve as “hold all”. In this section we assume that ¢ > 0 is fixed. For all u € L?(D),
we denote by L.u the solution v of (3.1), and we set

P.(u) = /D Lou(Leu — 2u)dx.

The functional E.(Q) introduced in the previous section is defined for any measurable subset 2 of D (it
is not needed here to assume further regularity neither that Q@ CC D) by E.(2) = ||L:xa — xa ||%2(D),

with xq the characteristic function of  in D. Then the regularized perimeter Per.(£2) defined by
(1.2) satisfies

4 4
Per(Q) = —[|L-xa = Xall72(p) = < [P=(xa) + 2], (4.1)
where || is the N-dimensional Lebesgue measure of §2.
Lemma 4.1. For any q €]1,2] if N =2, q € [6/5,2] if N = 3, the functional v € LY(D) — P.(u) is
of class C™ in the sense of Fréchet. Its derivative in the direction h € L1(D) is given by

DP.(u)h = 2 /D (pe — v.)hd, (4.2)
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where ve = L.u is the direct state and pe is an adjoint state solution of

{—EQAp5+pE—U€—U in D, (4.3)

Oppe =0 on OD.

Proof. First, by application of the Lax-Milgram theorem, the map L. : (H*(D))" — H'(D) is linear
and continuous. In addition, we have the continuous imbeddings H 1(D) < L9(D) and LY(D) —
(HY(D))', where ¢ is such that 1/q + 1/¢’ = 1. Thus the map u € LI(D)  P.(u) is of class C* by
composition. The standard rules of differential calculus provide

Wh = / [Loh(Lou — 20) + Lou(Loh — 2] da.
D
A rearrangement and the replacement of L.u by v. yields

DP.(u)h = 2/ [(ve — u)Lch —v-h] dx.
D

Since the operator L. : LY(D) — L7 (D) is self-adjoint, we can also write

DP.(u)h = 2/ [Le(ve — w)h — voh] dx.
D
The definition of the adjoint state as p. = L.(v. — u) leads to (4.2). O

Theorem 4.2. Let Q be a measurable subset of D and v., p- be the direct and adjoint states, respec-
tively, solutions of

—e?Av. +v. =xq in D, —e2Ap. +pe =v. —xq in D,
Opve =0 on 0D, Onpe =0 on 0OD.

For any q chosen as in Lemma 4.1 and any measurable subset Q of D, we have
Per. (@) = Per.(2) = [ Perl(@)(xg — xa)de + O(lxa = xal ). (4.4)
with the function Per.(Q) given by
Perl(9) = 2 [1+2(p. — v2)].
Proof. We get from (4.1)

Per.(Q) — Per.(Q) =

o |

[P-(xa) = Polxa) +182 = (9]

A Taylor-Lagrange expansion of P. yields

- 4 -
Per.(§2) — Per.(2) = - [DP-(xa)(xg — x0) + Olllxa — xallZo)) + 191 - 9]

Then (4.2) entails

Per.(Q) — Per.(Q) =

o |

2
[ 20 = 00— xo)de + Ol = xall ) + [ (v = xodia]
A rearrangement completes the proof. O

Remark 4.3. Suppose that xg — xo = XB(z,p) for some z € D and p > 0. By elliptic regularity,
Per’(Q) is continuous in the vicinity of z, hence, as p — 0, the first term at the right hand side of
(4.4) is equivalent to Per’(Q)(z)|B(z, p)|. The second term is a O(|B(z, p)|*/?) which, by choosing
q < 2, is of higher order than the first one. The function Per’(Q) can therefore be identified as the
topological derivative [4, 10, 17, 18, 19] of the shape functional Per. evaluated at .
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5. APPLICATION TO TOPOLOGY OPTIMIZATION

Given a function w € L?(D) and a real parameter o, we consider the model problem

min J(2) := / wdz + a Per(Q).
QCD Q

Above, Per(2) stands for the relative perimeter of Q in D, whose definition can be extended to any
measurable subset of D [8, 13]. When a > 0, the existence of a minimizer is ensured, see, e.g.,

Theorem 1.4.5 of [8] or Theorem 4.1.4 of [13]. For any £ > 0, we define the approximated problem

in J(Q) = /dex + aPer.(Q). (5.1)

We use a continuation method described below.

Algorithm 5.1. (1) Define an initial domain g, and a decreasing sequence (&, )nen of positive
numbers such that lim,,_,oc £, = 0. Set n = 0.
(2) Solve (5.1) with € = ¢,, and the initial guess ,,. Call Q,,11 the obtained solution.
(3) Increment n < n + 1 and goto step (2).

To solve (5.1), we use the algorithm introduced in [6] and analyzed in [5]. We recall its main
features. First, we need the topological derivative of the functional J.. It can be straightforwardly
deduced from Theorem 4.2, which provides the topological asymptotic expansion

1.0) = 2.0) = [ T4 — xa)ds + oflxq — xol 3. (52)
D
with
JL(Q) = w + aPer’(Q).
From (5.2) we deduce the following necessary optimality conditions:
JL(Q) <0 ae. in Q
JL(Q)>0 ae in D\Q.

To solve these conditions, we represent every domain 2 C D by a so-called level-set function ¢ : D — R
constructed so that

(5.3)

Q=Q) :={x € D,y¥(z) <0}.
We equip the set of real valued functions defined on D with the equivalence relation:
Y1~ Yo = Fpu > 0,91 = pihs.
Therefore, the conditions (5.3) will be satisfied by the domain (¢)) whenever
JLQ)) ~ ¥
We solve this equation by the fixed point iteration with relaxation applied to the equivalence classes.

It turns out to be convenient to handle representatives on the unit sphere S of some Hilbert space ‘H
of functions on D, for instance # = L?(D). This leads to the following algorithm.

Algorithm 5.2. (1) Choose an initial function 19 € S. Set k = 0.
(2) Determine ¢y 41 € S as

i1 ~ (L= Ae)hr + A JL Q) (5.4)
with A\ €]0,1] chosen so that

Je(Qr11)) < J(Q1r))-
(3) Increment n < n + 1 and goto step (2).

The interest of the Hilbertian norm is that (5.4) can be reformulated as

JQ(Q(W))]
[PACICD E

Vpy1 = ! . [Sin((l — 73) 0k )Yx + sin(70;)

with the angle

Hk:arccos<wk, Je(Un)) > ,
H

I T2(2(4x)) 12
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FIGURE 1. Example 1: o =0 (left), & = 0.1 (middle), a = 0.2 (right).

FIGURE 2. Example 2: a = 0 (left), & = 0.1 (middle), o = 0.2 (right).

and 7 €]0,1] acting as stepsize in place of A\;. In the implementation, 74 is determined by a line
search of Armijo type (see [5]).

6. NUMERICAL EXPERIMENTS

In the following examples the spatial dimension is N = 2. The hold all D is the unit square ]0, 1[>.
We choose the full domain initialization Qg = D, more precisely, 19 = —1/||1|| with H = L?(D). The
direct and adjoint problems are solved in Matlab by piecewise linear finite elements on a structured
mesh with 51521 degrees of freedom. The sequence of regularization parameters is chosen as e,, = 1/2",
and 15 iterations of Algorithm 5.1 are performed. Actually, we observe that almost no more evolution
occurs when &, becomes smaller than the mesh resolution. The stopping criterion of Algorithm 5.2
is 0 < 0.1°. For each presented example, the computer time of the whole procedure is lower than 5
minutes on a standard PC.

6.1. Example 1. The function w is chosen as

1 if0.2< 21,20 < 0.8,
1 otherwise.

w(zy, x2) = {

In Figure 1, we present the results obtained with the coefficients « = 0, a = 0.1 and « = 0.2. Of
course, for a = 0, the optimal solution is the rectangle ]0.2,0.8[2. For a > 0, the contribution of the
perimeter is highlighted by the rounded corners.

6.2. Example 2. In order to demonstrate the ability of the algorithm to deal with topology changes
and illustrate Corollary 3.2, we choose now

1 if 0.2 S T1,T2 S 0.8,
—1 otherwise.

w(zy, ) = {

The results obtained for the same values of a as in Example 1 are shown in Figure 2.
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FIGURE 3. Example 3: a =0 (left), « = 0.01 (middle), o = 0.1 (right).

FIGURE 4. Example 4: a = 0 (left), a = 0.01 (middle), a = 0.02 (right).

6.3. Example 3. The purpose of this example is to show that the proposed algorithm can also be
used when there exist junction points between 92 and dD, although this case has not been treated
in the theory. In fact, if the junctions occur at right angles, it is intuitively clear that, due to the
Neumann boundary condition in (3.1), the functional Per,(2) still approximates the relative perimeter
of Q in D, namely, 0(0Q N D). We consider the function

w(xy, x2) = sin(27xy ) sin(27xs).
Figure 3 shows the results obtained with the coefficients « = 0, & = 0.01 and a = 0.1.
6.4. Example 4. In this last example we combine topology changes and junction of boundaries by
choosing
2Ty
3 )
The results obtained with the coefficients & = 0, & = 0.01 and a = 0.02 are depicted in Figure 4.

2
w(x1, z2) = sin( 7T3I1)Sm(

APPENDIX

In this appendix we prove the relation (2.25) for every p € N. Obviously it is true for p = 0.
Suppose now that it is true for some p € N. The differentiation gives

9t ‘P(|C)>2 Y q(I)(p) p _
aq+l<q2 =0 2 DR (1)
R ; ,
+ g O | 2D P16 + 01D (911616 + P11 )
p=0

For each p € {0, ...,q} we set
By 41(I¢1,¢5) = =20+ 2)¢ Py (I ),

Pp2+1,q+1(|<|7 CJ) = Cj|C‘Pp7q(|<|a Cj)7
P2 1 (1€1,G) = 01Pyp q(I€], )G 1C] + B2 Py g (€], &)ICI
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We note that each polynomial Polé7 5 18 homogeneous of degree a + 5. We obtain

q+1 (lq) p) (p+1)
e () - KWZ[ (KD PL 1161 G5) + @D (E) P11 (11,G)
J

+ 0@ ()P q+1(|<| G-

A rearrangement entails

91t /P atl
e () - |<|jq+4 > 00D [Bsa(61:6) + i (616 + Bl (16
J

where the undefined polynomials P} g+latD P q+1 and pP3 v+1,q+1 have been set to zero. It suffices now

to set Pp g1 = P;},qﬂ + P2 pgt+1 T pP3 > q+1 t0 complete the proof.
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