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THE WAVE EQUATION ON DAMEK-RICCI SPACES
JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO

ABSTRACT. We study the dispersive properties of the wave equation associated with
the shifted Laplace-Beltrami operator on Damek—Ricci spaces, and deduce Strichartz
estimates for a large family of admissible pairs. As an application, we obtain global
well-posedness results for the nonlinear wave equation.

1. INTRODUCTION

The aim of this paper is to study the dispersive properties of the linear wave equation
on Damek—Ricci spaces and their application to nonlinear Cauchy problems.
For the linear wave equation on R"

O2u(t, ) — Ayu(t,r) = F(t,x),
(1) u(0,2) = f(z),
Otli=o u(t, z) = g(z),

the theory is well established; the dispersive L' — L estimates are classical, while
Strichartz estimates were proved by [[G and [B3. These estimates serve as main tools
to study the corresponding nonlinear problems and to prove local and global existence

with either small or large initial data. In particular, for the semilinear wave equation
O2u(t,r) — Ayu(t,z) = F(ut(,x)),

(2) u(0,z) = f(x),
Ole—o u(t, x) = g(z),

with

(3) F(u) ~ |u|” near 0,

a fairly complete theory of well-posedness for small initial data exists. The results depend

on the space dimension n. After the pioneering work [T of John in dimension n =3,

Strauss conjectured in [B{] that the problem (f]) is globally well-posed for small initial
data provided

(4) 7> () = 4 24 +4/(
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The negative part of the conjecture was verified in by Sideris, who proved blow up
for generic data when vy <~o(n) (and nonlinearities satisfying F'(u) 2 |u|"). The positive
part of the conjecture was also verified for any dimension in several steps (see e.g. [B]]
B4], 5], [LJ], as well as [[4] for a survey and [[]], [[F for related results).

Several attemps have been made to extend Strichartz estimates for dispersive equations
from Euclidean spaces to other settings. In this paper we consider the shifted wave
equation

O2u(t,z) — (As+Q*/4) u(t,z) = F(t, x)
(5) w(0,z) = f(z),
Otli=ou(t, ) = g(x),

on Damek—Ricci spaces S (also known as harmonic NA groups). Recall that these spaces
are solvable extensions S = N x R™ of Heisenberg type groups N, equipped with an
invariant Riemannian structure; Ag denotes the associated Laplace-Beltrami operator,
whose L? spectrum is the half line (—oo; -Q?/ 4}, and ) the homogeneous dimension
of N. As Riemannian manifolds, these solvable Lie groups include all symmetric spaces
of the noncompact type and rank one; they are all harmonic but most of them are not
symmetric, thus providing counterexamples to the Lichnerowicz conjecture [§]. We refer
to Section P for more details about their structure and analysis thereon.

The Cauchy problem ([) was considered by Tataru [B]]] and by Ionescu [BJ]. Tataru
obtained sharp dispersive L? — L7 estimates for the operators

cos(t\/—As—Q?/4) and sin(ly8s-Q7/4)

V-2s-Q%/4
when S is a real hyperbolic space, while lonescu investigated L?— L7 estimates for these
operators when S is a rank one symmetric space.

In [ we derived Strichartz estimates for the Cauchy problem (f]) when S is a real
hyperbolic space. Our aim here is to extend the results obtained in [d] to the larger
class of Damek-Ricci spaces. The difficulty is due to the fact that Damek-Ricci spaces
are nonsymmetric in general, so that some of the proofs given in [[] do not work in this
context. Despite this difficulty, we are able to obtain Strichartz estimates for solutions
to the Cauchy problem (f]). Corresponding results for the the Schrodinger equation were
obtained [ and [ (see also [27)).

In Section [] we apply our Strichartz estimates to obtain global well-posedness results
for the nonlinear wave equation with small initial data and low regularity. Notice that
this result is new even for hyperbolic spaces, since in ] we only discussed local well-
posedness. An interesting new feature, which differentiates our results from the Euclidean
case, is the absence of a lower critical exponent for power—like nonlinearities on Damek—
Ricci spaces. Indeed, for v>1 arbitrarily close to 1, we are able to prove global existence
for the problem

OFu(t,r) — (As+ Q*/4) u(t, ) = F(u(t,x)),
(6) u(0,z) = f(z),
Ili=o u(t, ) = g(x),
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with small initial data and nonlinearities F' satisfying
[F(u)] < Clul” and  [F(u) = F(v)] < C(Ju]" "+ ] [u—v].

Recall that Tataru [BI] proved global existence on hyperbolic spaces for small smooth
initial data, provided the power 7 is greater than the Strauss critical exponent (). Thus,
by combining our results with [BI]], we see that the Cauchy problem (f) is well posed for
small smooth initial data and any power > 1. Notice moreover that in Theorem ([7.3)
we allow for small initial data with low regularity, arbitrarily close to the critical one in
the Euclidean case, which is determined by concentration and scaling arguments.

2. DAMEK—RICCI SPACES

In this section we recall the definition of H-type groups, describe their Damek-Ricci

extensions, and recall the main results of spherical analysis on these spaces. For the
details we refer the reader to [I, @, [1, B, B. BYJ-

Let n be a Lie algebra equipped with an inner product (-,-) and denote by |- | the
corresponding norm. Let v and 3 be complementary orthogonal subspaces of n such that
n,3] = {0} and [n,n] C 3. According to Kaplan [2J], the algebra n is of H-type if, for
every Z in 3 of unit length, the map Jz : v — v, defined by

(J;X,Y) = (Z,[X,Y]) VX, Y €v,
is orthogonal. The connected and simply connected Lie group N associated to n is called
an H—-type group. We identify N with its Lie algebra n via the exponential map
px3z — N
(X,Z) — exp(X+2).
Thus multiplication in N reads
(X, 2)( X', Z)=(X+X,Z+Z'+i[X,X"]) VX, X' e€v VZ Z ;.

The group N is a two-step nilpotent group with Haar measure dXdZ. The number
Q) =% +k, where m and £k denote the dimensions of v and 3 respectively, is called the
homogeneous dimension of N.

Let S be the semidirect product S = N x R*, defined by

(X, Z,a) (X', 2",d') = (X +a X", Z+ aZ'+ L a3[X, X],ad')

for all (X,Z,a),(X’,Z",a’") € S. We shall denote by n the dimension m + k +1 of S.
Notice that m is an even number > 2 and we shall always assume that k> 1 (the case
when k& = 0 corresponds to real hyperbolic spaces and has been investigated in [f]). This
implies that the dimension of the space S is n>4.

The group S is nonunimodular. Indeed the right and left Haar measures on S are
given respectively by

dp(X,Z,a) = a ' dX dZ da and du(X, Z,a) = a= @tV dX dZ da .
Then the modular function is §(X, Z,a) =a%.
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We equip S with the left invariant Riemannian metric induced by the inner product
(X, 2,0, X, 20 = (X, X"N+(Z,Z"y + ¢V,

on the Lie algebra s of S. For every z €S, we shall denote by r(z) the distance between
the point z and the identity e of S and by a(z) the A—component of z, i.e. the element
a(z) eRT such that x = (X, Z,a(x)), with X €v, Z €3. The following useful inequality
holds (see [, formula (1.20)]):

(7) |loga(z)| < r(z) Vzes.

The Riemannian measure is the left Haar measure p introduced above and we denote by
Ag the Laplace-Beltrami operator associated with this Riemannian structure on .S.

A radial function on S is a function that depends only on the distance from the identity.
If f is radial, then by [, formula (1.16)]

[Sdufzfooodrf(r)‘/(r),
where

m samtk o kr
(8) V(r) = 2m"% sinh™*" £ cosh® % VreRT.

Let m denote the radialisation operator defined in [[J, page 150] which associates to each
function f in C°(S) a radial function on S. More precisely,

7f(r) = const. / do f(ro)  VreRT,
OB(s)

where 0B(s) is the unit sphere in § and do denotes the surface measure on it.
The spherical functions ¢, on S are normalized eigenfunctions of Ag:

Agpr=—(N+ %2) DX
90)\(6) =1,

where A€ C (see [[l], formula (2.6)]). In the sequel we shall use various properties of the
spherical functions, which we now summarize. We refer to [[I], f] for more details.
All spherical functions are of the form

(9) ©x = 7T_<(5z'>\/Qfl/2> _ 71_(&(.)72‘)&@/2) V)\EC,
where 0 is the modular function. This easily implies that
(10) loA(P)] S ol(r)  YAEC, VreRT .

Moreover, it is well known that
(11) eo(r) S (1471)e 3" VreR*
The asymptotic behavior of the spherical functions is given by

oa(r) =c(A) Pa(r) + (=) D_x(r) V)\E(C\%Z,
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where

12 c(\) = (1) 2@-2A )

(12) () (3) DA+ Q) T(EA+2+1)
and

®,\(r) = (2 cosh g)iQ’\*Q o F (% —i\, T — % —iA; 1—2iX; (cosh g)*Q)
(see B3, pp. 7-8]). On one hand, @, is another radial eigenfunction of Ag for the same
eigenvalue —()\2+ %2), ie.

0={As+ L+ 22} 0,(r) = {02+ 1 0, + L + 22} B5(1)

= V(r) 2 {02 w(r) + X} {V(r)2 dr(r)}

(13)
where
wr)=V(r) 292V — <
2
(14) =147
+oo —jr . .
= ijl wje with w;=0(j).

On the other hand, the function ¢, can be expanded as follows:

|
=
3
—
O
—_
SN—
—
n
—
B
=
o=
N—"
|
+
N |7
—
N |7
I
—_
SN—
—
0
.
B
=
=
N—"
|

- TOO 1(Q/2—iA+0) T(m/d+1/2—iA+0) T(1—2iA+L) 22¢ FN2iIA—O—20
Px(r) = Zgzo T(Q/2—iN)  T(m/dti/2—in) T(1—2iN) 77 (2cosh 3) “

(15> k 1 +o0 .
=2"2V(r)2 Zz—o Cy(N) eA=0r as r — +00.

By combining ([J), ([4), ([T), the coefficients T', are shown to satisfy the recurrence
formula

(16) -1

C(L=i20)T(A\) =D
It is well known (see e.g. [H, Theorem 3.2]) that there exist nonnegative constants C' and
d such that

(17) IT/(\)| < C(14+0)%,

for all /€N and for all A€C with Im A > —|Re A|. We shall need the following improved
estimates.

We—j F]()\) V (e N*.

J=0

Lemma 2.1. Let 0<e<1 and Q. ={A€C||ReA|<e|A|, ImA<—155}. Then, there

exists a positive constant d and, for every heN, a positive constant C' such that

(18) 0P T (N)| < C 2 (14 |A))"! ¥ eeN*, Y AeCQ..

Proof. The case h € N* follows by Cauchy’s formula from the case h =0, that we prove
now. On one hand, there exists A>0 such that

lw;| <Aj  VjeN*



6 JEAN-PHILIPPE ANKER, VITTORIA PIERFELICE, AND MARIA VALLARINO

On the other hand, there exists B>0 such that
|0 —i2X| > Bmax{l,1+|\|} V/IeN" VAeC\..

Choose C'=2A/B and d >1 such that d+1 > C. For { =1, we have [';(\) = —&

T—i2X°
which implies
c
14N 2

TV < 45

IN

as required. For ¢>1, we have

w 1
Lo(N) = f—ion T T—izn ZO<]‘<Z we—; I(A),

which implies

A_¢ | A1 _ 5\ Ci
[Te(N)] < 3 TN T B 0<j<t (£=J) Y
c_ed L c it ¢ i)?
S ST T2 i E :0<j<g(z)
gd
< Uiy

O
The spherical Fourier transform H f of an integrable radial function f on S is defined
by
HIO) = [ duson.
5

For suitable radial functions f on .S, an inversion formula and a Plancherel formula hold:

fla)=cs [ aAeHIN ea(e) VoS,
and -
[anir? =es [ axle s
where the constant cg depends only on m and k. It is well known that
(19) lcN)|2<S IA 2+ A3 YAeR.

In the sequel we shall use the fact that H = F o A, where A denotes the Abel
transform and F denotes the Fourier transform on the real line. Actually we shall
use the factorization H~'= A"'o F~1. For later use, let us recall the inversion formulae
for the Abel transform [, formula (2.24)], which involve the differential operators

D1 = L0 and DQ = L9

" sinhr or " sinh(r/2) or
If k is even, then
(20) AT (r) = ag DY DS f (1),
where a§ = 27 CmHk)/2 z=(m+k)/2 while, if k is odd, then
(21) A7) =ag [ DD (s) dv(s),

where ag = 27Gm+k)/2 7=n/2 and dy(s) = (cosh s — cosh r)~'/2sinh s ds.
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3. SOBOLEV SPACES AND CONSERVATION OF ENERGY

Let us first introduce inhomogeneous Sobolev spaces on a Damek—Ricci space, which
will be involved in the conservation laws, in the dispersive estimates and in the Strichartz
estimates for the shifted wave equation. We refer to [BJ] for more details about function

spaces on Riemannian manifolds.
Let 1<g<oo and o €R. By definition, HJ(S) is the image of L(S) under (—Ag)~2
(in the space of distributions on §), equipped with the norm

1f g = I(=2s) fllza.
In this definition, we may replace —Ag by —AS—%Q—F%, where @>Q and we set
D= (-ds-5+9)"
Thus HJ(S) = D=7L%(S) and [ f g ~ |D°f||lza. If ¢ = N is a nonnegative integer,
then HY(S) coincides with the Sobolev space
WhI(S) = { feLU(S) | VIFEL!S) VI<j<N}

defined in terms of covariant derivatives and equipped with the norm

N .
fllwra = ijo IV f e

By following the same proof of [f], Proposition 3.1] we obtain the following Sobolev
embedding Theorem.

Proposition 3.1. Let 1<q¢ <ge <00 and 01,0, R such that al—qﬂl > @—q%. Then
HJ'(S) C H?(S) .
By this inclusion, we mean that there exists a constant C'>0 such that

gz < Clfllag YV FeCE(S).

Beside the L? Sobolev spaces H{(S), our analysis of the shifted wave equation on S
involves the following L? Sobolev spaces:

H?"(S) = D°D~"L*S),

where D = (— Ag— %2) %, ceR and 7 < % (actually we are only interested in the cases
7=0 and 7=+1). Notice that

H*™(S) = HS(S) it =0,

He™(S)c HJT(S) if <0,

Ho™(S) D HF'(S) if 0<7<2.
Lemma 3.2. If 0 <7< %, then

H77(S) € H(S) + H32(5),
where H35(S) = (N ser H (S) (recall that HF(S) is decreasing as ¢ \,2 and s /*+00).

q>2
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Proof. See [, Lemma 3.2]. O

Let us next introduce the energy

(22) B(t) = 1 / dplx) {10u(t, )2 + | Dou(t, o)}
s
for solutions to the homogeneous Cauchy problem
02— (As+L)u=0
(23) u(0,z) = f(z)
Otli—o u(t,z) = g(x) .

It is easily verified that 0,F(t) =0, hence (R9) is conserved. In other words, for every
time ¢ in the interval of definition of wu,

10u(t, 2)lIZ2 + I Dault, )l|72 = llgllz> + IDfIZ2
Let 0 €R and 7<2. By applying the operator D’D" to (B3), we deduce that
18: D D3 ut, )12 + | DFDT ult, |72 = I|D7D7g |22 + | D°DTf |72
which can be rewritten in terms of Sobolev norms as follows :

(24) 19est, W Frowr + 1ut, M Eoirsr = Igllzor + 11£ s

4. KERNEL ESTIMATES

In this section we derive pointwise estimates for the radial convolution kernel w(f’T) of
the operator W,”™ = D="D™=7¢Pfor suitable exponents o € R and 7€ [0,2). To do
so, we follow the strategy used in [[] for hyperbolic spaces. The difficulty here is that
Damek-Ricci spaces are nonsymmetric in general, so that some of the proofs given in [f]
do not work in this context.

By the inversion formula of the spherical Fourier transform,

+o0 o
w7 (r) = const./ dX [c(N)] 72T (N + %Q)T ENG I
0

Let us split up

w7 () = wi§ () + w0 ()

-

2 - '
= const./ A\ xo(N) [e(N)[ AT (N2 + L) 2 pa(r) e
0

T—0O

+00 ~
+ const. / dX Xoo(A) [c(N)[ 2T (N + %Q)T oa(r) et
1

using smooth cut—off functions xg and y. on [0, 4+00) such that 1= xg+ Yoo, Xo =1 on

[0,1] and oo =1 on [2, +00). We shall first estimate w((}’)ﬂ and next a variant of w(;’og')
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n+l

The kernel wt o ") has indeed a logarithmic singularity on the sphere r=1 when o = *7=.

We bypass this problem by considering the analytic family of operators
— 2
W(Uﬂ') — e’ Xoo(D) D7 DrfoeztD

bee = TCHT0)

n+1

in the vertical strip 0 <Reo <"~ and the corresponding kernels

o,T 602 oo _ _r N2 ;" i
(25)  0) = / 0 xoo(N) e[ 2 A7 (R4 )T e 0 ().

Notice that the Gamma function, which occurs naturally in the theory of Riesz distri-

butions, will allow us to deal with the boundary point o= "TH, while the exponential

function yields boundedness at infinity in the vertical strip. Notice also that, once mul-
tiplied by Xoo(D), the operator D~"D7~? behaves like D~7.

4.1. Estimate of w! :w%ﬂ.

Theorem 4.1. Let 0 € R and 7 < 2. The following pointwise estimates hold for the

0_ (7).
kernel wy =w; g " :

i) Assume that |t|<2. Then, for every r >0,
(i) Y
[w!(7)] < ¢olr).
(ii) Assume that |t|> 2.
(a) If 0<r< %', then
[w? ()] S [H po(r).
(b) If >3 1 then
()] S (L [r=[t]]) e 3",
Proof. Recall that

2 I ‘
(26) w(r) = const. / A o) [ 2 A (A4 L5 oy ()
0

By symmetry we may assume that ¢>0.
(i) It follows from the estimates ([0) and ([J) that

2
w0(r)] < / NN 2o(r) < polr).
0

(ii) We prove first (a) by substituting the representation ([) of ¢, in (Bg). Specifically,

w(r) = const./ do a(’r’a)Q/Q/ dX xo(\) b(N) ettt logalral}r
OB(s) 0
where b(A) = [c(A)[2ATT (A2+ %)% and a(ro) is the A-component of the point ro
defined in Section B According to estimate ([]) and to Lemma A.1 in Appendix A, the
inner integral is bounded above by

{t —loga(ro)}" 2 < (t —r)" 2 <73 Vo € 0B(s) .
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Since 7[a(-)?/?] = o, we conclude that

w?('r’) <3 /BB( ) do a(’r’U)Q/2
]

=0t 3%rn [a(-)Q/Z} (r)
= C 173 p(r).
We prove next (b) by substituting in (R@) the asymptotic expansion ([[J) of ¢y and by
reducing to Fourier analysis on R. Specifically,
0 —9Q, Too o +,0 -0
(27) w;(r) = const.e” 2 Zg:o e {7t )+ 1,0 () }
where

2
I = [ () e
0

and

BEON) = c(FA) AT (N L) T (£N).

1
By applying Lemma A.1 and Lemma P.1], we obtain

1) S (L0 (t4r) 72 < (10 r7 2

and
(10| S (10O (1 [r—t]) 72,
where d is the constant which appears in Lemma P.1].
We conclude the proof by summing up these estimates in (7). O

4.2. Estimate of w(® = {&S’Og)

Theorem 4.2. The following pointwise estimates hold for the kernel w$® = @gg), for
any fired TR and uniformly in o € C with Reo = "T“ :

(i) Assume that 0<|t|<2.
(a) If 0<r<3, then |0=(r)| < |t|™"= .
(b) If r>3, then wi°(r) = O(r = e_%r).

(ii) Assume that |t|>2. Then

(@) S Q+lr=)™e 57 vr>0.
Proof of Theorem [[.3.7i. Recall that, up to a positive constant,

o? oo N2\ IT=2 .
T =y | e e AT (- ) ) e

2

By symmetry we may assume again that t > 0. If 0 <r < %, we resume the proof of
Theorem [[]]ii.a, using Lemma A.2 instead of Lemma A.1, and estimate this way

(28) |TE(r)] S (=) po(r) S e 7
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If r>%, we resume the proof of Theorem [.ii.b and expand this way

~ 00 0'2 —QT’ +oo —lr ,00 —,00
(29) () = gy e 2 Yy, ¢TI H I ()

[y

‘:
wolH
A

where N
FE(t) = [ ) ) 0
0

and
Y 1o
bEA) = c(FA) AT (W) 7 Ty(EN).
It follows from the expression ([[3J) of the c-function and from Lemma that by is a

symbol of order
-1 if k=0,
UV =
-2 if ke N,

By Lemma A.2 we obtain that forall N € N* there exists a positive constant Cy such
that for every ¢ € N

(30) 1172 ) < OnlofY A+ 0 (¢t +r) < Cnlol™ 1+ 07,
and for every ¢ € N*
(31) 1,7t r)] < On oY L+ 0T (L4 |r —t)™,

where d is the constant which appears in Lemma P.1. To estimate the term I,"™ we
apply Lemma A.3. To do so, we establish the asymptotic behavior of the symbol b, (A),
as A — 400. On one hand, by ([J) we have

1 1 o-—Qiox DM T2 +1)
C()‘) - @2 Q+ 2F(i2)\) 142

= Cnm.Q) (5™ (a+ 9T (R a3+ T (1 00)

= C(n,m, Q) A5 {1+ 011},
according to Stirling’s formula

[(€) = vVar &2 e {1+ 0(E1 )}
On the other hand,
AT+ = A7 {1+ O(lo| A7) )
Since % + 7 —Reo = —1 we get
bo(A) = co A9 L (N) with  [ro(A\)] < C o] A2,
As announced, it follows now from Lemma A.3 that
(32) [Iy=(tr)] < Oz Jr—t|<1.
By combining (B§), (E9). (BU), (B1) and (B3), we conclude that
(@) S (L+[r—t)™>e %7 ¥r>f.
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The estimate of Theorem [L.2i.a is of local nature and thus similar to the Euclidean case.
For the sake of completeness, we include a proof in Appendix C.

Proof of Theorem [[-3.i.b. Here 0<|t| < 2 and r >3. By symmetry we may assume again
that ¢>0. Up to positive constants, the inverse spherical Fourier transform (27) can be
rewritten in the following way :

wE(r) = (n+1 =) A gt( ),
where .
9:(r) = 2/ A\ Xoo(A) AT (N + %2)% e cos Ar.
1

Let us split up 2cos A\r = e+ e~ and g,(r)=g§ (r)+ g; (r) accordingly, so that

+oo o
g1 (r) = / AN Xoo(A) AT ()\2+ %) 27 piltET)N
1

Recall that the inversion formulae (2() and (B1)) of the Abel transform involve the dif-

ferential operators Dy = smlhTE and Dy = W ar We shall use the fact that, for
all integers p>1 and ¢>1,

p+q p
(33) DIDI=>" 45(r :

j=1 (=1

where the coefficients v7%(r) are linear combinations of products

1 o\t 1 9 \tm
(sinhr) X (5) (sinhr) Ko X (5)
8 \J1 1 9\ 1
X (E) (sinh(r/2)) Koo (5) q(sinh(r/2))’
with o+ ... +l,=p—Land j1+...+j,=q¢— 5+ L.
Since L= =237 e~ is O(e7"), as well as its derivatives, we deduce that YE5(r)
is O(e~(P+4/27) as r — +00. We shall also use the fact that

. +oo U
(5) g5 (r) = / A Yoo M ATT (A2 L) 2 (Fin)7 f
1
According to Lemma A.2, for every NeN*, there exists Cy>0 such that
(35) (2) gE(r)| < Cx o™ (r )™

e (Case 1: Assume that k is even.
By the formula (P() we obtain that

(34)

we(r) = const, DYDY (g + g7)(r)

which by (B3) and (B3) is estimated by
|@°(r)| < Cyr~Ne %7 VYN €N
e (Case 2: Assume that k is odd.
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According to (BJ) and (BY), for every N € N*| there exists Cy >0 such that
‘,ngJrl)/QzD;n/?gt(S)‘ SCN|O_‘N87N67%S VSZ?)
By estimating
cosh s — coshr = 2 sinh =¥ sinh %5 > e” sinh 55,

. _Q _Q _ _
sinhs <ef, e 25<e 2", sV <y N

) I

and performing the change of variables s=r-+u, we deduce that

—+00
602 sinh s k+1)/2 4~Nm/2
RS r(%l—@/f ds et | DIV D) ,(s)|

+o0
sinh s N —9flg
< Cy ds —215 ¢~V g™
r

[wi(r)

v/ cosh s —cosh r

—+o00
_ _Q du
< CyrNe 2r/
0

/sinh %
smh2

0J
5. DISPERSIVE ESTIMATES

In this section we obtain LY — L9 estimates for the operator D=7 D7 ¢ P which
will be crucial for our Strichartz estimates in next section. Let us split up its kernel
wy = wY 4+ wP as before. We will handle the contribution of w?, using the pointwise
estimates obtained in Subsection [.1 and the following criterion.

Lemma 5.1. There exists a positive constant C' such that, for every radial measurable
function K on S, for every 2<q,§<oo and feL7(S),

1£n ] < C Il / v ) k)

— 2m1n{q,ij} — -~
where v ==="2%, a = a(q, q)

woasin (§).

1
«

= quqq and V' denotes the radial density of the measure

Proof. This estimate is obtained by interpolation between the following version of the
Herz criterion [[[q] for Damek-Ricci spaces obtained in [fl, Theorem 3.3]
+oo

[f#hlle S ||f||L2/ drV(r) eo(r) [r(r)]
0
and the elementary inequalities

1 * sl < gl sl e < Il N5l -
O

For the second part w;°, we resume the Euclidean approach, which consists in inter-
polating analytically between L?— L? and L' — L* estimates for the family of operators

—~ 2 ~ .
(36) Wit = gy xoe(D) D77 D77 P

,O0 F(n-gl_
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in the vertical strip 0 < Reo < "T“

5.1. Small time dispersive estimate.

Theorem 5.2. Assume that 0 < [t| <2, 2<q<o00, 0<7<3 and 0> (n+1)(%—%).
Then,
~ . 11
HD*TDFJGMD HLq’—>Lq < |t|—(n—1)(5—5) '

Proof. We divide the proof into two parts, corresponding to the kernel decomposition
wy=w+w$°. By applying Lemma and by using the pointwise estimates in Theorem
[ 1.i, we obtain on one hand

+o0 2

et s { [ ar Vi) b)) 1l
< L[yt gran)

s{ [ araenie 171

S Ml VfeL”.

For the second part, we consider the analytic family (Bf]). If Reo =0, then
V@l S Ifle Vel
If Reo =2, we deduce from the pointwise estimates in Theorem [[3i that

~ 0 _n—1
If @il S 172 (£l ¥ fELL

By interpolation we conclude for o = (n+1)(3— %) that

—(n—1)(l_1 /
[frwll, S DD fle v fel”.

5.2. Large time dispersive estimate.

Theorem 5.3. Assume that |t|>2,2<q<o0, 0<7<2 and o> (n+1)(%—%). Then
HD—TDT—JeitD HLq,%Lq 5 |t|7'—3 )

Proof. We divide the proof into three parts, corresponding to the kernel decomposition

w) + we.

e = HB(O,%‘) wy + HS\B(O,%‘)

FEstimate 1: By applying Lemma p.1 and using the pointwise estimates in Theorem
[ 1.ii.a, we obtain

17+ 0y s 5 {

0

+oo 2
s {[araentet a0 s g, vrers,
0

J/

[t]

V) o) w01} 1)l

-~

<400
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FEstimate 2: By applying Lemma .1 and using the pointwise estimates in Theorem
f1.ii.b, we obtain
+00

1500 oyt S { [, drv oot [wbmlt } 17

2

+o00 2
S {/ drre*(%*l)%r}q £l er[ﬂ'.
t
T

S [t=e

Estimate 3 : In order to estimate the L — L? norm of f+ f*w°, we use interpolation
for the analytic family (B@). If Reo =0, then

Ifxw@lle S IIfle ¥V feL’
If Reo = "T“, we deduce from Theorem [.2.ii that
[f*@F e S I fllr ¥V feLl.

By interpolation we conclude for o = (n+1)(5— %) that

1wl S 1< N fllw ¥ feL.
O

By taking 7=1 in Theorems p.9 and f.3, we obtain in particular the following disper-
sive estimates.

Corollary 5.4. Let 2<g<oo and ch(nJrl)(%—é). Then

t|" V6D o<t <2,
£]-2 if [t>2.

~ itD
H Dot e11:) HL‘Z'—>L‘1 5 {

6. STRICHARTZ ESTIMATES
Consider the inhomogeneous linear wave equation on S':
02u(t, ) — (Ag+ L) u(t,z) = F(t, )
(37) u(0,2) = f(z)
Otli=o ult, ) = g(z),

whose solution is given by Duhamel’s formula:

t
u(t,z) = (costD,) f(x) + %g(:ﬁ) +/ ds %F(s, ).
0

Definition 6.1. A couple (p,q) is called admissible if (%, %) belongs to the triangle
(38) To={(G2)€(03]x(0.3) [ 3+ =2}

From the dispersive estimates obtained above and by arguing as in the proof of The-
orem [[, 6.3] we obtain the following result.
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Theorem 6.2. Let (p,q) and (p,q) be two admissible couples. Then the following
Strichartz estimate holds for solutions to the Cauchy problem (B7) :

(39) loll ooy 5 Wl pgo-gs + Wl pomgmg 1l (g, prosoen)

where o > w (%—%) and o > (";rl) (l—%). Moreover,

il ey ro-3.8) 190 e -3

(40)
ST T [ ey

Remark 6.3. Observe that, in the statement of Theorem [6.3, we may replace R by any
time interval I containing 0.

7. GWP RESULTS FOR THE NLW EQUATION ON S

We apply Strichartz estimates for the inhomogeneous linear Cauchy problem asso-
ciated with the wave equation to prove global well-posedness results for the following
nonlinear Cauchy problem

O2u(t, x) — (As+ L) ult, z) = F(u(t, z))
(41) u(0,z) = f(x)

825‘15:0 u<t7 I) = g(SL’) )
with a power—like nonlinearity F'(u). By this we mean that
(42) [F(u)| < Clul” and [F(u) = F(v)] < C(Ju]""" + o) [u—v]
for some C'>0 and 7>1. Let us recall the definition of global well-posedness.
Definition 7.1. The Cauchy problem (1)) is globally well-posed in H% x HO™! if,
for any bounded subset B of H7 x H%™ ' there exist a Banach space X, continuously
embedded into C(R; H*™) N CY(R; H>™ 1), such that

e for any initial data (f,g)€ B, () has a unique solution ue X ;
e the map (f,g)— u is continuous from B into X.

The amount of smoothness o requested for GWP of (fI]) in H =33 x HO 33 depends
on v and is represented in Figure 1 below. There

_n+3 _ 3 _ (1) 2 _ n43 _ 4
Y1 = n _1+Ea 72_(n71)2+4_1+ ngl_’_nila ’YCOHf_nfl_]-‘I“E,
n—6___ 2 2_(n—6_ 2
P50 =24V £ 2n0 420’ 12044 _ | | An+ (P57 —757)? - (" —359)
3= 2n2—2n o n ’
_ n?42n-5 _ 2 . ~J s ifn=4,5,
Va4 = n?—2n—1 _]‘+ n-1__1 > ’YOO_mln{’Y?n’yil} - .
2 n—1 74 lf n Z 67

and the curves C}, Cy, C3 are given by
Cl(fy):nTH(l_Qn;Li_Z_1)v 02<7>:nT+1_ﬁ7 Cg(’}/):g—%.
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0|3

N[

1 4! Y2 Yconf Yoo Y

F1GURE 1. Regularity in dimension n >4

Theorem 7.2. Assume that F(u) satisfies (B2). Then (E) is globally well-posed for
small initial data in H° 22 x H°" 22 in the following cases:

(A) 1<y<~v and 0>0;

(B) m<y<v2 and 0>C1(v);

(C) %2 <7 <Yeont and o>Ch();
(D) Yeont <7<7e0 () and o>Cs(7).

More precisely, for such v and o, there exists an admissible couple (po,qo) and, for

sufficiently small initial data (f, g)€ H 22 x H°" 22 a unique solution u to ({)) such
that

we CY(R; H23(S)) N L7 (R; L®(S)) and e C(R; H"273(S)).

Proof. We apply the standard fixed point method based on Strichartz estimates. Define
u=®(v) as the solution to the following linear Cauchy problem

O%u(t,x) — D2u(t,z) = F(v(t,z)),
(43) u(0,z) = f(x),
Oili=ou(t, x) = g(x),

which is given by the Duhamel formula

t .
u(t, x) = (costD,) f(x) + 255P= g (z) + / ds %F(v(& x)) .
0

I The endpoint Y=7 is excluded in dimension n=4,5 and is actually included in dimension n>6.
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By Theorem this solution satisfies the Strichartz estimate

ol G 38) + 1000 b8+ T
S 0oyt + 09l g g+ DFO ooy
) §/

which hold for all admissible couples (p, q), (p, ¢) introduced in Definition [.1] and for all
o> "+1 (5—%), o> "TH (%—é) According to the nonlinear assumption (fid), we estimate

the 1nhomogeneous term as follows:
1@ (o) S 1PN g oy

Assuming o+ —1<n (% - qi/) <0, we deduce from Sobolev’s embedding (Proposition

B.1) that 1

+ [|Orul] 1y +

W(R-H”_l’_f

S I L ny

el (rio—33) Lp(R; La)

(44)

In order to remain within the same function space, we require that ¢ = ¢;y and p = p'v.
It remains for us to check that the following conditions can be fulfilled simultaneously :

(

~

(i) p=p",
(i) 0<gz<1<1,
i) - (bl <n(F-3),
(45) (i) 242>t
V) ez
(i) (Gog) € (03] x [567505)
| (Vi) (G3) € (03] > [5503) -

Suppose indeed that there exist indices p,q, p, ¢ satisfying all conditions in (fiJ). Then
(E4) shows that ® maps X into itself, where X denotes the Banach space

X ={ulueC(R;H >2(S)) N LF(R; LY(S)),
due C(R; H7273(S)) },
equipped with the norm
WMXIIWM@@MF%%)+H@MQ @waﬁ)+H!\(Kmy
Moreover we shall show that ® is a contraction on the ball

Xe={ueX||ullx<e},
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provided € > 0 and ||f[|,, 3.4+ [lgll ;-1 -1 are sufficiently small. Let v, € X and
u=®(v), a=>(v). By argumg as above and using Holder’s inequality, we have

lu=iilly < CIF©) = F@),p (g o
C ||{el"+ [~} Jo— 3|

IN

w7 ( R~L‘?'1)

< O 1T o 0=

< C{lollx oI5} v =2 -
If lvlx<e and [[o|x<e and [[f]| .34+ [lgll ,o—1.-4 <0, then (E4) yields on one hand

|lullx < Cd+ Ce” and |u||x <Csd+Ce7,
while (i) yields on the other hand
lu—illx <20 lo—3llx.
Thus, if we choose € >0 and § >0 so small that C 71 < i and C'0 < %5, then
lullx <, lallx <e and [lu—illx < 3llv—o]x,

if v,0€X. and u= ®(v), & =P(?). Hence the map & is a contraction on the complete
metric space X, and the fixed point theorem allows us to conclude.

Let us eventually prove the existence of couples (p, ¢) and (p, ¢) satisfying all conditions
in (). Condition ([{.iii) amounts to

2ny—n—1 n—1 : 1
(47) A=t <ntl de ¢

Vi),
n—3 1 2
S S EDED-

This implies that v < F, = 22420=T_ 14 % By combining (fq) with (E3.vii),
we obtain

-3 1 .1 ntl  2ny—n—11 1 41
oy <5 <min{g - £
By combining ([f7) with (E5.vii), we also obtain 2 . < 2(%’;7% In summary, the condi-
tions on ¢ reduce to
-3 1 ol 2 +5 1,1 1
WD =g S min{3, 7, D@D Wy DS g 7 3y
or case by case to
e 1 <v<~ and 2(’; 31) §%<%,
1 +5
Y <Y < V2 and Q(T:L D S 7 S Q(Qny,;_n_l)a
-3 1 2
® 72 <7< 7 and 2(7;,1) Sgﬁm-
Let us turn to the indices p and p. According to ([), we have
<

ha
S% and "1( <

N[

)

VAN
N [—=

U
Tl
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Since % =1- %, we end up with the following conditions on p and p :
. n—1/1 1 1

(48) {“) 7 (3 =) <y <min{y 2455}
o on—1(1 1 1 1
(i) "5 (-7)<;<3.

There exist indices p and p which satisfy (f§) provided that
have to find ¢ such that

1 n+1 2ny—n—1
(49) maX{Qn 1)’;/_'_2(71 ) }< < min{z, ;5 — (;Z—l)q ,

> 14 18 — 2. We thus

Sl TSI
with = # 5. This implies that ¢ has to satisfy the following conditions:

n—-3 1 2 n+5 n+7—y(n—1)
(50) max{2 n71)> 2 'y(n ) } < < min{3, : Y =D (nt1)* 2@2ny—n—1)° 2(771;/(n+1)}’
n—3 n 77 n— . . .
with * 7& o= 1) %, % The fact that 5(n=1) < 22;71%”8 easily implies that v <, <

Ao - The fact that 1— 'y(n2—1) < ZZFJ—_&Z;B implies that v <3. In summary, here are the

final conditions on ¢, depending on ~ and possibly on the dimension n:

(A) T<y<m=1+3 and 57255 <0 <3
_ (n+1)? n—3 1 n+5
B) 1 <v< 2= 2n+5 and 2(n—=1) Sgﬁm'
1 2

(C) 2 <7 < Yeont and 2(n 1) < <o when n > 5.
When n =4, we distinguish two subcases:
n—3 < 1 < 2
2(n—1) = ¢ = (y-1)(n+1)’

1 2
.2<7<7conf and§_'y(n 1)<_<m'

(D) When n > 6, we distinguish two subcases:
_n=3 1 o ntTy(n-1)
2(n—-1) = q = 2(y-1)(n+1)’
1 n+7—vy(n—1)
* 2<y<mand 5 — 5ty < < GG
When n =5, we replace v, by 73 and requlre v < 3.

B n+7—y(n—1)
Whenn—4, fyconfgfy<fy3 and v (n— 1)<6§m

o 1 <v<2and

.fyconfoYSQ and 2(n —

Let us now examine these cases separately.
Case (A). In this case, we choose successively ¢ such that

n=3 1 _1
2(n—1) — ¢ < 2

q satisfying (B9), and p, p satisfying (£§). Thus, when 1 < v < v and o > 0, there
exists always an admissible couple (p,¢) such that all conditions ([f) are satisfied and

n+1
o>t A1)

Case (B). In this case, we choose successively ¢ such that
n—3 1 n+5
2(n—=1) — q¢ — 2(2ny—n—1)
p, p satisfying ((§), and a correspondent ¢ which satisfies (fI9)). Thus, when v <y <y

and o > ”—“ — % there exists an admissible couple (p, ¢) such that all conditions

(E5) are satlsﬁed and o > ("H) (3 - %)
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Case (C). Assume first that n > 5. we choose successively ¢ such that

n—3 1 2
(51) D) = ¢ S oD

g satisfying ([9), and p, p satisfying ([g).
Assume next that n =4. If v < <2, we choose ¢ according to (B1)). If 2 <y < Yeont,

we replace (BI]) by

12 12
2yl T g — (y=D(n+1) "
In both cases, we can choose afterwards ¢, p, p satisfying ([9) and (f).
In summary, when v < v < Veonr and o > "T“ — v—il’ there exists always an admissible

couple (p, q) such that all conditions (f5) are satisfied and o > w (53— %)

Case (D). Assume first that n > 6. If yeonr < v < 2, we choose successively ¢ such that

n—3 1 _ nt7—v(n—1)
(52) g < 1< e

q satisfying ([d), and p, p satisfying (£9). If 2 <y <4, (B2) is replaced by

1 2 1 n+7—y(n—1)
(53) 2 5 < g S e -

Assume next that n = 5. We choose again ¢ according to (52) if Yeonr < 7 < 2 and
according to (B3) if 2 <y < 3. In both cases, we can choose afterwards ¢, p, p satisfying

(EY) and ([E3).

Assume eventually that n = 4. Then we choose ¢ according to (b3) and ¢, p,p satis-

fying () and (Eg).

In summary, in this case when o > & — %, there exists always an admissible couple
" : ntl(l 1
(p, q) such that all conditions () are satisfied and o > *3= (5 — ).
This concludes the proof of Theorem [7.3. O

APPENDIX A

In this appendix we collect some lemmata in Fourier analysis on R which are used for
the kernel analysis in Section f] and in Appendix C. These lemmata are proved in [,

Appendix A].

Lemma A.1. Let b be a compactly supported homogeneous symbol on R of order v>—1.
In other words, b is a smooth function on R*, whose support is bounded in R and which
has the following behavior at the origin :

sup |\ [Ob(N)| < +oo VY LEN.
AER*

Then its Fourier transform

“+o00
k(z) = / dAD(N) e
0
s a smooth function on R, with the following behavior at infinity:

k(z) =O(|z]™7") as |z|—o0.
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More precisely, let N be the smallest integer > d+1. Then 3 C>0, VR,

N
k(@) < Cla|™" ) SUHE*(HIAI)K_”I@@(A)I-

—0 e

Lemma A.2. Let b be an inhomogeneous symbol on R of order veR. In other words,
b is a smooth function on R such that

sup (1A 95b(N)| < 400 V/I{eN.
AR
Then its Fourier transform

k(x) = / +Ood)\ b(\) e

s a smooth function on R*, which has the following asymptotic behaviors :
(i) At infinity, k(z) = O(|z|™>°). More precisely, for every N > v+1, there exists
Cn > 0 such that, for every reR*,

|k(2)] < C 2™ sup (1+ADY 05BN
S

(ii) At the origin,
0(1) if v<—1,
k(x) = O(log‘—i‘) if v=—1,
O(|x|=7Y) if v>-1.

More precisely :
o If v<—1, then there exists C'>0 such that, for every r€R,

[F(a) | < C sup (1+A]) [V

o If v=—1, then there exists C >0 such that, for every 0<|z|<1,
|k(z)] < Clog oy {sup (1+]A]) [D(A)] + sup (1+[A)*[0'(V)] }.
AeR AER

o If v>—1, let N be the smallest integer > v+1. Then there exists C'>0 such
that, for every 0<|z|<1,

N
k(@) < Cla[™71 Y sup (1+AD [ 950(N)].
"o AR
(iii) Similar estimates hold for the derivatives

+o0

Ol k(x) = / dX (iN) (X)) e'A®

[e.e]

which correspond to symbols by(\) = (i) a(N\) of order v+/.
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Lemma A.3. Assume that
b(A) = Xoo(A) AT 4 f(A)
where meN, (eR, and f is a symbol of order v<—m—1. Then

O () — /_ T (i) e

o0

1s a bounded function at the origin. More precisely, there exists C' >0 such that, for
every 0<|z|<3,

|07 k(2)| < C{1+ ¢+ ilelg(HIAI)_”lf(A)l}-

APPENDIX B

In this appendix we collect some properties of the Riesz distributions. We refer to [[3,
ch. 1, § 3 & ch. 2, § 2] or [I§, ch. III, § 3.2] for more details. The Riesz distribution RT
is defined by

+o0o
(54 (REo) = o [ AN oW
0

when Rez>0. It extends to a holomorphic family { R} }.cc of tempered distributions
on R which satisfy the following properties:
(i) ARf =zR},, VzeC,
(i) (£)RE = R, V2€C,
(ili) R{=do and more generally RF, = (&)™dy ¥V meN,
(iv) RY, = Ri*R Vz7eC.
Hence

+oo
(RE) = ()" Bimoi) = f [ 00 ()"

when Re z>—m. The Riesz distribution R = (R})" is defined similarly. Their Fourier
transforms are given by

(v) FRE =e*2% (2 £i0)™* V 2€C,
where
(0, ¢) = limoso [ do oic) ola)
when Rez>—1 and ’
(x£i0)* =T(z+1){R  +eF"™ R}

in general (notice that there are actually no singularities in the last expression).
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APPENDIX C

In this appendix we prove the local kernel estimates
~ _n-1
(55) |wie(r)| < [t

stated in Theorem [L.9.i.a under the assumptions 0< [t| <2, 0<r<3 and Reo= ”T“ By
symmetry, we may assume again that ¢>0.

e Case 1: Assume that T‘S%.

By using the representation (f]) of the spherical functions, we obtain

(56) @?‘”('f’)zp(%jm)/ do—a?(ro—)/ A\ Yoo (N) B(N) e M1l alro)}
OB(s) 1

where
S
b = [eI2AT (P+5) 7
and a(ro) is the A-component of the point ro. By ([)
|t—loga(ro)| >t—r >1 Vo € 0B(s),
so that according to Lemma A.2 in Appendix A, since X0 is a symbol of order "T_?’ the
inner integral in (p@) is
O([oN |t —loga(ra)| ") = O(|o|¥t 7 ),

where N is the smallest integer > "T_l Hence

|a3(r)] S 7.
o Case 2: Assume that r>1%.

In this case we estimate w;(r) using the inverse Abel transform. More precisely, we apply
the inversion formulae (BQ) and (BI)) to the Euclidean Fourier transform
+oo

g (r) = m/l A Xoo(N) eV 2AT (A2 L) 2 i cos Ay,

We shall use the fact that, for all integers p>1 and ¢>1,

p+q p

(57) DIDE =" > A0 (L),

=1 (=1

where the coefficients ~);(r) in (B7) are smooth functions on R, which are linear combi-
nations of products

r 1 r 4 r
(sinhr) X(%%) 2(sinhr) X owee X (%%) p(W)
X (o) (Gmerm) % % &) (o)
with lo+ ... +4,=p—L and ji+ ...+ j,=q—j+{¢. We shall also use the following
expansion

(58) (12) Zh Binr" P (2)",
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where the coefficients f3;, in (B§) are constants.

o Subcase 2.a: Assume that k is even. Then, up to a multiplicative constant,
~ 0 k/2 ~Nym/2~c0
wi(r) = D1/ DQ/ gio(r).

Consider first

6
2

(59) o) / LA Yo W) AT (A2 LY i (L2) cos Ar,

2 it = O(A"2") according to the assumption Reo= %L,

Since Xoo(A)A™ (A2+ %) 5

and (22)’cos Ar = O(A\?7) by Taylor’s formula, the expression (F9) is

O(1) if 1<j<2t,
O(log 1) if j=27,

n—1 ; . _ . _
O(r"z ~27) if =l < j<nd

hence O(r~"2 ) in all cases. Consider next

—+00

602 -7 Q*\ 7~ —2j h it
(60) m/ AANT (N2 G) et () et

Since (%)hei(tﬂﬂ — (Zl:i)\)hei(t:l:r))\ and

T—0o n+l

AT (A2 LY (i) el = O

the expression () is easily seen to be O(r "2 ~27) as long as h < n=1. For the remaining
case, where h=j= ”T*I, let us expand

T—0 r—g

AT (A2 52) 73 A\ = \-1-ilmo (1+46T22) 2 =\l L O (o] A73)

+00 54
[5 - /
- G

in (B0). The previous splitting is meaningful only if r # ¢t. On one hand, the resulting
integrals

and split

1

== +0oo
_l’_
6 1
==

T

e M —1—ilmo ,i(t£r)A
(61) I = M itmo) |, dX A e
and "
2 JFOO ) A
(62) Iy = — g\ \-1-ilmo i(tEr) A
I'(—iIlmo) 6, 1
r ' rtt]

are uniformly bounded. This is proved by integrations by parts:
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0(1)
A=841
I = e’ )\—ilmaei(tzl:r))\ EANTED
7 T(1—ilmo) \_6
T
1
[rtt

1
2 T | . .
== iF(l_eiImg) (T:l:t)/ d\ )\lemoez(t:lzr))\ _ O(l),

1

1
O(\r;tt\)
while
O(|r+£t|)
2 A=+o00
_ - e 1 y—1l—iImo ji(tkr)A
Iy = F i 5=5tmgy 7 A € N
T U rkt
+oo

»2 ) . .
= = (I+iImo) 1 d\ )\—Q—zImaez(t:I:r))\ — O(].)

I(—ilmo) r&t [ 1
T £t

J/

O(lrtt))
Hence the contributions of (1) and (BZ) to (BJ) are O(r~"z). On the other hand, the

remainder’s contribution to (B{) is obviously O(r? "z ). As a conclusion, for all r > £
and r # t,

@) S S e
If r =t, the estimates follows as before and is even easier, because e!*""* = 1.

o Subcase 2.b: Assume that k is odd. Then, up to a multiplicative constant,

+o0
~ 050 e’ sinh s k+1)/2 ym/2 ~0
(63) W) = e [ e e U DY ).

Let us split

(64) /;m: /f+/f°.

The following estimate is obtained by resuming the proof of Theorem [.J.i.b in the
odd-dimensional case:

‘D§k+1)/2D;n/2§?O<S)‘ 5 e—T’Hs v826

Since
+00 +oo
sinh s _QHl < du
—_— 2
p ds v/cosh s—cosh r € ~ v/ sinhu < +oo,

the contribution to (f3) of the second integral in (f4) is uniformly bounded. Thus we
are left with the contribution of the first integral, which is a purely local estimate. To
do so, we argue as in [f, Lemma C.1] and obtain the following result.

Lemma C.1 Let p,q be two integers >1 and let A\>1, r<3.
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(i) Assume that A\r<6. Then

6

O\ 7) = [ ds \/% D! Dl cos \s

is O(\PT2a71=¢p=2) * for every e>0.
(ii) Assume that A\r>6. Then

6

+ _ sinh s PG, tids
0 <)\’T) o ds v/cosh s — coshr Dl D2€

has the following behavior :
0 (N, 1) = co APTT73 (sinh )2 P9 e AT 4 O (\HaL pmpa)
where ¢4 is a nonzero complex constant.

Proof. We first prove (i). Recall that

O (A% +29) if \s<6,

P 154 _
D! Di(cos As) = {O()\p+q3_p_q) if As>6.

hence D} Di(cos A\s) = O(A\PFT20717¢5717¢) in both cases. By combining this estimate
with
sinhs < s, and cosh s — coshr =< 5% — r?,

and by performing an elementary change of variables, we reach our conclusion :

6 400
10\, 1) S )\2”*2‘1_1_5/ ds s (s2—12)"2 < N\wH2-l-e 7’_5/ ds s (s2—1)"2 .
T 1
<Ioo
We next prove (ii). Recall that
Tids) _ £i\)PHe +iX —1g—p—q-1
DI;D(QI(G ' S) o (sinh(s);(s)inhs/2)qe ' S+O()\p+q s7Pd )
The remainder’s contribution to 6%(\,r) is estimated as above:
6 6
dg ——sinhs  y\p+g—1 ¢—p—q—1 < )\p+q1/ ds s~ P4 (32_7»2)—% < \pta—1,.—p—q
V/cosh s — coshr ~ ~ )
T s
- , ‘
(LT o £ids o observe that, since r < s <

In order to handle the contribution of (b )7 (smb 5 /2)7

ETLALINTIY

(ot )57 and we conclude as in [, Lemma C.1]. [J

6, this term is comparable to

From now on, the discussion of Subcase 2.b is similar to Subcase 2.a. On one hand, by

applying Lemma C.1.i with p = % and ¢ =7, we obtain

flg dX Xoo(A) AT (N2 + %)% e O\, r) = O(rktm-Reotl) — O(r’%) :
On the other hand, by expanding

AT (24 LYF (148 = A ime L O(Jo| A ) YA
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and 0%(\,r) according to Lemma C.1.ii, we have
o2 +oo ~o . T—0 .
i [, AT (e )T e g )

= cqp ([o+111) (sinhr)l_T” + O(Tg—g)’

where I and II. denote the integrals (B1]) and (), which are uniformly bounded and

whose sum is equal to
2 +oo

e? / d\ \~1—ilmo ei(t:l:r))\ )
6

I'(—iImo)

As a conclusion, we obtain again

T S T S

~Y

Remark C.3. In order to estimate the wave kernel for small time, we might have used
the Hadamard parametriz [[9, § 17.4] instead of spherical analysis.
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