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Abstract—All-optical multicast routing (AOMR) is imple-
mented by the concept of light-tree in WDM networks. The cost-
optimal multicast light-tree is NP-hard to compute, especially
when taking sparse splitting into account. Thus many heuristic
algorithms have been proposed. In this paper, the approximation
ratios of two classical heuristic AOMR algorithms for sparse
splitting WDM network are studied. Let K be the number of
destinations in a multicast session, it is proved that Reroute-
to-Source (R2S) algorithm [4] achieves a tight approximation
ratio equal to K in the non-equally-weighted WDM network
while Member-Only (MO) algorithm [4] approaches the optimal
solution with a ratio inferior to (K2 + 3K)/4 for any WDM
network. It is also found that if the WDM network G is
unweighted, both the approximation ratios of R2S and MO
are no bigger than the diameter of the network Diam(G).
Simulation results illustrate that both R2S and MO obtain good
performances in candidate WDM backbone NSF network, which
are far from the worst cases.

Index Terms—Approximation Ratio; Light-tree; All-optical
Multicast Routing (AOMR); WDM Network; Sparse Splitting.

I. INTRODUCTION

All-optical multicasting (AOM) [1] is useful for delay-
sensitive and bandwidth-driven multimedia applications.
Meanwhile, supporting all-optical multicasting is a challenging
task due to optical switching fabric and other optical hard-
ware limitation as well as routing and wavelength assignment
(RWA) constraints [2]. Generally all-optical multicast routing
(AOMR) is implemented with the light-tree [3] in full light
splitting WDM networks, where every node can split an
incoming power to multiple outputs for multicasting purposes.
Considering the lack of light splitters in some optical cross-
connects (OXCs), sparse splitting with which only a few nodes
can perform multicast is a more realistic assumption in WDM
networks. Accordingly, a set of light-trees (i.e. light-forest) [4]
or light-hierarchies (i.e., a light structure permitting cycles) [5]
is proposed to establish a multicast session.

Since finding an optimal (minimum-cost) light-tree or light-
forest in a WDM network is NP-complete, many multicast
light-tree computation heuristics have been thus proposed [2],
[4], [11], [12]. One of the key criteria to measure the quality
of a heuristic algorithm is its approximation ratio (in the
worst case). A heuristic algorithm has an approximation ratio
of ρ, if it can be guaranteed that for any multicast session

the total cost of the multicast light-forest computed by the
heuristic algorithm is at most ρ times worse than the total
cost of the optimal solution. In [12], a heuristic is proposed
to construct multicast light-trees with QoS guarantee and the
corresponding approximation ratio is given. However, only
full light splitting is taken into account in [12]. In sparse
splitting WDM networks, the cost bounds of multicast light-
trees are investigated by [16]. It is proved that the total cost of
a multicast session in an unweighted WDM network is tightly
lower limited to K and upper bounded to (1) K(N − K),
when K < N

2 ; (2) �N2

4 �, when K ≥ N
2 , where K is the

number of destinations in the multicast session and N is the
number of nodes in the network. Regarding the approximation
ratios for the sparse splitting case, no literature has addressed
them. Most of the heuristic algorithms are only evaluated by
simulations rather than mathematical deduction. For instance,
Reroute-to-Source (R2S) and Member Only (MO) [4] are two
classical heuristic algorithms developed for sparse splitting
multicast routing in WDM networks. It is reported that R2S
obtains the best end-to-end delay while MO achieves the
best total cost and links stress among the algorithms invented
in [4]. Nevertheless, their performances are only compared
and analyzed based on the simulation results in some sample
network topologies.

In fully multicasting capable networks, the Shortest Path
Tree (SPT) algorithm approximates the optimal solution with
a ratio of K, which is the number of destinations to be covered.
A better heuristic named Minimum Path Heuristic (MPH) [8]
guarantees the result cost with a ratio of 2(1 − 1

K+1 ) [9].
However, in sparse splitting WDM networks, the approxima-
tion ratios of R2S and MO are unknown, although they may
be considered to be some variants of SPT and MPH adapted
for sparse splitting WDM networks.

In this paper, we investigate the approximation ratios ρ of
multicast light-trees in sparse splitting WDM networks. It is
proved that the R2S algorithm [4] achieves an approximation
ratio ρ(R2S) equal to K in both sparse and full splitting non-
equally-weighted WDM network. On the other hand, Member-
Only (MO) algorithm [4] approaches the optimal solution with
a ratio ρ(MO) inferior to (K2+3K)/4 in any sparse splitting
WDM networks. In the simulation, it is also found that both
of these algorithms work very well in unweighted 14 nodes



NSF network. This is because in any unweighted graph, the
approximation ratios of R2S and MO algorithms are always
no bigger than the diameter of the network, which equals 3 in
NSF network.

The rest of this paper is organized as follows. System model
is given and the multicast routing problem is formulated in
Section II. The approximation ratios of two classical multicast
routing algorithms are derived in Section III. Then, simulation
is done in Section IV to obtain the approximation ratios of R2S
and MO in NSF network. Finally, the paper is summarized in
Section V.

II. MULTICAST ROUTING WITH SPARSE SPLITTING

Sparse splitting and no wavelength conversion are assumed
in the studied wavelength-routed WDM network G. There
are two kinds of nodes in the network: multicast capable
nodes (MC) and multicast incapable nodes (MI). The Tap-
and Continue (TaC) [6] device is integrated in all the network
nodes, while the light splitter is only assembled in MC nodes.
According to the different functionalities of network nodes,
the nodal degree of an MI node can not be greater than
two in a light-tree, but that of an MC node is not limited.
We consider a multicast session ms(s,D), which requests
for setting up a light-forest under optical constraints (i.e.,
continuous wavelength and distinct wavelength constraints [7])
from the source s to a group of destinations D. Let K be the
number of destinations, K = |D|. Without loss of generality, it
is assumed that k light-trees LTi(s,Di) are required to span
all the destinations involved in multicast session ms(s,D),
where i ∈ [1, k]. It holds true that

1 ≤ k ≤ K ≤ N − 1 (1)

Although the ith light-tree LTi(s,Di) may span some desti-
nations already spanned in the previous light-trees, Di is used
to denote exclusively the set of newly served destinations in
LTi(s,Di). Since all the destinations in D are served by k
light-trees and each destination should be served only once,
we obtain

D =
k⋃

i=1

Di (2)

These k sets of destinations Di are disjoint, i.e.,

∀i, j ∈ [1, k] and i �= j, Di ∩ Dj = Ø (3)

Let a positive integer Ki = |Di| denote the size of the subset
Di, then we have

k∑
i=1

Ki = |D| = K (4)

The total cost of a multicast session ms(s,D) is defined as
the wavelength channel cost of the light-trees built to serve all
the destinations in set D. Let c(e) denote the cost function of

link e, then the total cost can be calculated by

c
(
ms(s,D)

)
=

k∑
i=1

c
[
LTi(s,Di)

]

=
k∑

i=1

∑
e∈LTi(s,Di)

c(e) (5)

III. APPROXIMATION RATIOS OF THE HEURISTIC AOMR
ALGORITHMS

Like the Steiner problem, it is NP-hard to find the light-trees
with the minimized cost for multicast routing in sparse split-
ting WDM networks. This is why many heuristic algorithms
have been proposed to solve this problem in polynomial time.
In order to guarantee the quality of the resultant light-trees, it
is imperative to determine the cost approximation ratios of the
proposed heuristic solutions. The approximation ratio ρ(H) of
a heuristic algorithm H in WDM network G can be defined as
follows: for any possible multicast session ms(s,D) in G, let
c(H) be the total cost of the multicast light-forest computed
by H and let COpt be the total cost of the optimal solution
(the solution with the minimized cost), ρ(H) is the tight upper
bound of the equation below

1 ≤ c(H)
COpt

≤ ρ(H), ∀ms(s,D) in G (6)

Nevertheless, no literature has investigated them before.
In this section, we try to deduce the cost approximation
ratios of two classical light-tree computation heuristics namely
Member-Only (MO) and Reroute-to-Source (R2S) [4]. Spe-
cially, we distinguish two types of WDM networks G in
the following discussion: unweighted G and non-equally-
weighted G. In the first case, all the link costs are set to be
1 unit hop-count-cost. While in the latter case, the link cost
can be an arbitrary positive number.

A. Member-Only Algorithm [4]

According to Member-Only algorithm [4], the shortest path
between each pair of nodes is precalculated and stored in a
table. Then, the computation of the light-trees for a multicast
request is done iteratively.

CO SET : includes source node, MC nodes and the leaf MI
nodes in the light-tree LT under construction. As they may
be used to span LT , they are also called connector nodes in
LT .

MI SET : only includes the non-leaf MI nodes in the LT
under construction, whose splitting capability is exhausted.
Hence, these nodes are not able to connect a new destination
to the current LT .

D: includes unserved multicast members which are neither
joined to the current light-tree LT nor to the previously
constructed multicast light-trees.

At the very beginning, the light-tree LT only contains the
source s. In each step i+1, try to find all the possible shortest
paths between the destinations d ∈ D and the connector
nodes c ∈ CO SET in LT , such that they do not involve



Fig. 1. Illustration of Lemma 1

any TaC capability exhausted nodes in MI SET . Among
them, the MI SET -node-free shortest path SP (d, c) with
the smallest cost is selected. Then LT is spanned by adding
SP (d, c) to the LT obtained in the ith step. The MI SET
is updated by adding all the non-leaf MI nodes in LT , and
CO SET is renewed by adding new MC or leaf MI nodes
in LT as well as removing non-leaf MI node. In case that no
such destination can be found, begin a new light-tree rooted
at the source. Member-Only algorithm is an adjustment of
the famous Minimum Path Heuristic (MPH) proposed for
the Steiner problem. As shown in [9], MPH is able to
approximate the Steiner tree with a ratio of 2(1 − 1

K+1 ).
However, by adjusting MPH for multicast routing under sparse
splitting constraint (i.e., Member-Only algorithm), it is difficult
to determine the approximation ratio. Next, we introduce
Lemma 1 before determining ρ(MO). Define lXY as the cost
of the shortest path SP (X,Y ).

Lemma 1: In Fig. 1, suppose P is a node in the shortest
path SP (A,B) from node A to node B, and C is connected
to P by the shortest path. We obtain

lCP ≤ 1
2
(lAB + lAC + lBC) (7)

Proof: Since node P is in SP (A,B), both paths AP and
BP are the shortest paths, then

lAB = lAP + lBP (8)

As a result the graph is Fig. 1 is a distance network, where
the triangle inequality is valid. Then,

lCP ≤ lAC + lAP (9)

lCP ≤ lBC + lBP (10)

Add equations (9) and (10)

2lCP ≤ (lAP + lBP ) + lAC + lBC (11)

By substituting equation (8) in the above equation, Lemma 1
follows.

Theorem 1: Given any kind of WDM network G, Member-
Only algorithm provides an approximation ratio ρ(MO) ≤
K2+3K

4 for AOMR with sparse splitting.
Proof: Let lmax be the cost of the shortest path between

the two furthest members in a multicast session ms(s,D), i.e.

lmax = max
mi,mj∈s∪D

c
[
SP (mi,mj)

]
(12)

Fig. 2. Demonstration of the worst case of the Member-Only algorithm

Member-Only algorithm starts the multicast light-tree LT
from the source s and spans the light-trees iteratively. Let li
denote the cost of the shortest path that connects destination
di to the current LT , and lmi be its upper bound. In other
words, the cost of LT increases by li after spanning di, and
at most lmi . In the following, we are trying to determine the
worst case of the upper bound lmi for each li by applying
the triangle inequality in Lemma 1. As shown in Fig. 2, the
nearest destination node d1 to the source s is first added to
LT . Now, the cost of LT is l1 ≤ lmax and lm1 = lmax.
Then in the second step, all the rest destination nodes with
MI SET -node-free shortest path to LT are identified. The
nearest destination d2 is added using the shortest path. If d2

is spanned via d1 or s, then obviously l2 ≤ lmax. Noting that
the worst case appears when d2 is spanned via an intermediate
node (say A2) in SP (s, d1). If this happens to be the case,
we obtain l2 ≤ 3

2 lmax and lm2 = 3
2 lmax according to Lemma

1. In the third step, the nearest destination d3 is added using
the shortest path. It is evident that lm3 is the biggest when d3

is spanned via an intermediate node (say A3) in SP (A2, d2).
This can be explained as follows. If d3 is spanned via any
member nodes (i.e., s, d1 or d2), then obviously l3 ≤ lmax.
Otherwise, d3 must be connected via an intermediate node
in the shortest path SP (s, d1) or SP (A2, d2). According to
Lemma 1, l3 ≤ 3

2 lmax if d3 connects to LT through a node
in SP (s, d1). In case that d3 connects to LT through a node
in SP (A2, d2), the cost of SP (A2, d3) should be calculated
before using the triangle inequality. Similar to SP (A2, d2),
c
[
SP (A2, d3)

] ≤ lm2 . Then, go back to l3, we obtain:

l3 ≤ 1
2

(
c
[
SP (A2, d3)

]
+ c(SP (d2, d3)) + l2

)

≤ 1
2
(lm2 + lmax + l2) (13)

≤ lm2 +
1
2
lmax

Hence,

lm3 = lm2 +
1
2
lmax (14)



Suppose equation (15) is obtained by applying Lemma 1

lmi = lmi−1 +
1
2
lmax (15)

Next, we try to prove it is also true for the case of lmi+1. Since
Member-Only multicast light-tree only consists of the shortest
paths, each node in the light-tree must be in the shortest
path between two member nodes or between a destination
and a joint node of two shortest paths. And, lmi is monotone
increasing. Consequently, the worst case of lmi+1 occurs when
di+1 connects to LT through an intermediate node in the
shortest path between di and a joint node Ai. According
to Lemma 1, c

[
SP (Ai, di+1)

] ≤ lmi also holds. Then,
apply the triangle inequality again in the distance network of
G(Ai, di, dj),

li+1 ≤ 1
2

(
c
[
SP (Ai, di+1)

]
+ c(SP (di, di+1)) + li

)

=
1
2
(lmi + lmax + li) (16)

≤ lmi +
1
2
lmax

So, lmi+1 = lmi + 1
2 lmax is valid for all the steps during the

span of a light-tree. Hence, we can deduce that lmi = i+1
2 lmax.

Assuming k light-trees are constructed for multicast session
ms(s,D), and |Di| destinations are exclusively served in the
ith light-tree. This also means |Di| steps are processed in the
ith light-tree. Thus, the total cost of the ith light-tree is upper
bounded by

c(LTi) =
|Di|∑
i=1

li

≤
|Di|∑
i=1

lmi (17)

≤ 1
4
(|Di|2 + 3|Di|

)
lmax

Then, the total cost consumed by ms(s,D) using Member-
Only algorithm complies

c(MO) =
k∑

i=1

c(LTi)

≤
k∑

i=1

1
4
(|Di|2 + 3|Di|)lmax

≤ 1
4
(
3|D| +

k∑
i=1

|Di|2
)
lmax (18)

≤ 1
4
(
3|D| + |D|2)lmax

As COpt ≥ lmax, the following inequality can be obtained.

ρ(MO) = c(MO)/COpt

≤ c(MO)/lmax (19)

≤ 1
4
(
3K + K2

)

Fig. 3. Illustration of Theorem 2

B. Reroute-to-Source Algorithm [4]

Reroute-to-Source algorithm constructs the shortest path
tree rooted at the source, then it checks the splitting capacity
of the branching nodes. If a branching node is an MI node,
the algorithm cuts all but one downstream branch. The affected
leaf destinations rejoin the light-tree along a shortest path to
the source on another wavelength.

Theorem 2: Given any WDM network G, Reroute-to-
Source algorithm [4] provides an approximation ratio
ρ(R2S) ≤ K for AOMR with sparse splitting constraint.

Proof: Let rmax be the cost of the shortest path from the
furthest destination to the source s, i.e.

rmax = max
di∈D

c
[
SP (s, di)

]
(20)

Obviously,
COpt ≥ rmax (21)

Hence, we obtain

ρ(R2S) = c(R2S)/COpt

≤
∑

di∈D

c
(
SP (s, di)

)
/COpt

≤ |D| · rmax/rmax (22)

≤ K

Theorem 3: Given WDM network G is non-equally-
weighted, ρ(R2S) = K for AOMR with sparse splitting
constraint.

Proof: Next, we will show that ρ(R2S) may tend to be
K for any group size in a non-equally-weighted topology like
Fig. 3, where r is a positive integer denoting the distance from
s to d1 and δ is a very small non-negative number. We can see
the optimal solution for multicast communication ms(s, d1 −
dK) is the lightpath s → d1 → d2... → dK , while the shortest
path tree is the set of direct paths from s to each destination.
Then,

c(R2S) = K
(
r +

K − 1
2

)
(23)

COpt = r + (K − 1)(1 + δ) (24)

Thus

ρ(R2S) = K

(
1 − 1

2r
(K−1)(1+2δ) + 2(1+δ)

1+2δ

)
(25)

Since G is non-equally-weighted and K is inferior to N , r
can be arbitrarily big and independent from K and N . Thus,



for any K ∈ (1, N), when r
N → ∞ and δ → 0, we obtain

ρ(R2S) = K.

Discussion:
Obviously, Theorem 2, i.e. ρ(R2S) ≤ K is true for both
unweighted and non-equally-weighted G. But, it should be
noticed that ρ(R2S) = K is not valid for all possible 1 <
K < N in unweighted WDM networks, especially when K
is very close to N . Take the same example in Fig. 3, if G
is unweighted, r is always below N − K and δ = 0, thus
r
K ≤ N−K

K will never reach ∞ when K is close to N . As a
result, equation (25) can not tend to K any more, and a better
ratio should be found in this case.

IV. SIMULATION

Since the proposed approximation ratios of Member-Only
and Reroute-to-Source algorithms only correspond to the worst
or extreme cases, they may only appear in special topologies
with special configurations, which are very difficult to deter-
mine. Hence, here we do not mean to verify the accuracy of
the proposed approximation ratios. The numerical results are
obtained to just show the quality of resultant light-trees when
applying the Member-Only and Reroute-to-Source algorithms
in the candidate WDM backbone networks like 14 nodes NSF
network.

A. Numerical Results

In the simulation, NSF network is set to be unweighted,
where each link have the same cost of 1 unit hop-count-
cost. Provided a multicast group size, 20 random sessions
are generated. The group members are distributed uniformly
independently in the topology. Member-Only and Reroute-
to-Source are conducted in C++ with LEDA package [18]
to compute the multicast light-trees under sparse splitting.
The cost-optimal multicast light-trees are also obtained by
implementing integer linear programming (ILP) in C++ with
Cplex [17] library.

The approximation ratios of the Reroute-to-Source and
Member-Only algorithms are compared in Table I. ρ′(MO)
denotes the upper bound of the approximation ratio given in
Theorem 1 and ρ′(R2S) stands for the approximation ratio
derived from Theorem 2, while ρ(MO) and ρ(R2S) indicate
the approximation ratio obtained by c(MO)/c(ILP ) and
c(R2S)/c(ILP ) respectively in the simulations. In addition,
|D| = K is the number of destinations in the session. In
Table I, it is observed that both of these two algorithms
obtain good performances in equally-weighted NSF network.
Besides, Member-Only algorithm has a better approximation
ratio than Reroute-to-Source algorithm. However, the approxi-
mation ratio gotten from the simulations is much smaller than
that derived from the proof. This result can be explained as
follows. First, the approximation ratios derived in the proof
correspond to the ratios of the worst cases, which depend a
lot on the network topology and configuration. Second, the
upper bounds of approximation ratios given in Theorems 1
and 2 are subject to any kind of WDM networks including both

TABLE I
COMPARISON OF APPROXIMATION RATIOS IN NSF NETWORK

|D| = K ρ′(MO) ρ(MO) ρ′ (R2S) ρ(R2S)
2 2.50 1.00 2 1.13
3 4.5 1.03 3 1.16
4 7 1.00 4 1.18
5 10 1.03 5 1.23
6 13.5 1.04 6 1.11
7 17.5 1.03 7 1.32
8 22 1.07 8 1.35
9 27 1.06 9 1.29
10 32.5 1.03 10 1.39
11 38.5 1.04 11 1.54
12 45 1.00 12 1.45
13 52 1.01 13 1.46

TABLE II
NEW APPROXIMATION RATIOS OF R2S AND MO IN NSF NETWORK

|D| = K 2 3 4 5 6 8 9 10 11 12 13
ρ(MO) 2.5 3 3 3 3 3 3 3 3 3 3
ρ(R2S) 2 3 3 3 3 3 3 3 3 3 3

unweighted and non-equally-weighted ones. In addition, as we
can see from Theorem 2, ρ(R2S) = K is only tight for non-
equally-weighted WDM network, and Theorem 1 only gives
the upper bound of ρ(MO).

B. Discussion

In fact, the characteristic of the unweighted NSF network
plays an important role in helping Member-Only and Reroute-
to-Source to get good performances. This can be explained by
the following Lemma.

Lemma 2: Given WDM network G is unweighted, both the
approximation ratios of Member-Only and Reroute-to-Source
are inferior to the diameter of network Diam(G).

Proof: It is trivial. Any shortest path SPG(·) in the
network G is always SPG(·) ≤ Diam(G). Both Reroute-
to-Source and Member-Only algorithms exclusively make use
of the shortest path in the network. Thus, the total cost c(LF )
of the resultant light-forest is

c(LF ) ≤ K × Diam(G) (26)

Besides, there are K destinations in session ms(s,D) and G is
unweighted, the optimal cost of multicast light-trees is always
no less than K. Thus,

ρ(LF ) ≤ K × Diam(G)/K = Diam(G) (27)

It is not hard to find that the diameter of the unweighted
NSF network is Diam(NSF ) =3. By taking Theorems 1,
2 and Lemma 2 into consideration concurrently, pretty better
approximation ratios ρ(MO) and ρ(R2S) can be found in
Table II.

V. CONCLUSION

Some interesting results are found on the approximation
ratios of two heuristic light-trees’ computation algorithms



for all-optical multicast routing with sparse splitting con-
straint. Reroute-to-Source algorithm [4] has a non-constant
approximation ratio of ρ(R2S) = K in non-equally-weighted
WDM network, where K equals the number of destinations
in a session. The approximation ratio of Member-Only al-
gorithm [4] ρ(MO) is proven inferior to (K2 + 3K)/4 for
any kind of WDM networks. It is also found that if WDM
network G is unweighted, both ρ(MO) and ρ(R2S) are no
bigger than the diameter of the network Diam(G). As the
unweighted NSF network has a small diameter of three, both
Member-Only and Reroute-to-Source work very well in this
topology. Simulation results verify that these two algorithms
obtain good performances in the unweighted NSF network,
where their approximation ratios are far from the worst cases.
Besides, Member-Only algorithm achieves a better cost than
the Reroute-to-Source algorithm according to the numerical
results.

In the future, the approximation ratios of Member-Only
and Reroute-to-Source algorithms should be improved for
unweighted WDM networks. One possible way to find a better
solution can be to consider the cost bounds of multicast light-
trees deduced in [13], [16]. Another one can be to incorporate
the maximum nodal degree of the MC nodes in a light-tree
as a parameter in the approximation ratios. This is because
the light splitting is a significant reason for the power loss
in WDM networks [2], [14], [15]. The power loss imposes a
great limitation on the maximum number of outgoing branches
of an MC node in a light-tree.
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