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CARTESIAN CLOSED 2-CATEGORIES AND PERMUTATION
EQUIVALENCE IN HIGHER-ORDER REWRITING

TOM HIRSCHOWITZ

ABSTRACT. We propose a semantics for permutation equivalence in higher-
order rewriting. This semantics takes place in cartesian closed 2-categories,
and is proved sound and complete.

1. INTRODUCTION

It is known since the end of the 80’s that 2-categories with finite products provide
a semantics for term rewriting [3]. Higher-order rewriting [10, 17, 14, 5] is a
framework for specifying rewrite systems on terms with variable binding. Many
results from standard term rewriting have been generalised to higher-order rewriting,
notably normalisation or confluence results. An important tool for confluence results
is the notion of permutation equivalence, which was generalised to the higher-order
case by Bruggink [I]. He defines a calculus of proof terms for specifying reductions
in a higher-order rewrite system.

We here propose a categorical semantics for a variant of this calculus, in terms of
cartesian closed 2-categories. We first define cartesian closed 2-signatures, which
generalise higher-order rewrite systems, and organise them into a category Sig. We
then construct an adjunction

H
—
—_ L+ =

W

(1.1) Sig 2CCCat,

where 2CCCat is the category of small cartesian closed 2-categories. From a given
higher-order rewrite system S, the functor H constructs a cartesian closed 2-category,
whose 2-cells are Bruggink’s proof terms modulo permutation equivalence, which
we prove is the free cartesian closed 2-category generated by S.

We review a number of examples and non-examples, and sketch an extension to
deal with the latter.

Related work. Our cartesian closed 2-signatures are a 2-dimensional refinement of
cartesian closed sketches [16, 4, [9]. Bruggink’s calculus of permutation equivalence
is close in spirit to Hilken’s 2-categorical semantics of the simply-typed A-calculus [7],
but technically different and generalised to arbitrary higher-order rewrite systems.
Capriotti [2] proposes a semantics of so-called flat permutation equivalence in
sesquicategories. More related work is discussed in Section
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2. CARTESIAN CLOSED SIGNATURES AND CATEGORIES

We start by recalling the well-known, or at least folklore, adjunction between
what we here call (cartesian closed) 1-signatures and cartesian closed categories.
For any set X, define types over X by the grammar:

AB,...€ Lo(X) == z|1|AxB|BA4,
with x € X.
Proposition 1. Ly defines a monad on Set.

Let the set of sequents over a set X be 8p(X) = Lo(X)* x Lo(X), i.e., sequents
are pairs of a list of types and a type. The assignment X — 8p(X) extends to an
endofunctor on Set.

Definition 1. A 1-signature consists of a set Xg of sorts, and an
So(Xo)-indexed set Xy of operations, or equivalently a map X; — 8o(Xp).

A morphism of 1-signatures (Xo, X1) — (Yo, Y1) is a pair (fo, f1) where f;: X; —
Y; such that

f
el . Yi

So(Xo) So(fo) 8o(Yo)

commutes. Morphisms compose in the obvious way, and we have:

Proposition 2. Composition of morphisms is associative and unital, and hence
1-signatures and their morphisms form a category Sig; .

There is a well-known adjunction

Ha
— |

Sig, \i/ CCCat

Wi
between 1-signatures and the category CCCat of small cartesian closed categories
(with chosen structure) and (strict) cartesian closed functors.
The functor Wy sends a cartesian closed category € to the signature with sorts Cy,
its set of objects, and with operations Ay, ..., A, — Atheset C([A1 x...xA4,], [A]),
where [—] denotes the function L£y(Cy) — €y defined by induction:

[[[[c% = ¢ ceCy
1] = 1
@1) [AxB] = [A] x[B]

[B4] = [BJWL.

Conversely, given a 1-signature X, consider the simply-typed A-calculus with
base types in Xy and constants in X;. Terms modulo 7 form a category H;(X)
with objects all types over Xy and morphisms A — B all terms of type B with one
free variable of type A.

A less often formulated observation, which is useful to us, is that the adjunction
H; 4W; decomposes into two adjunctions
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Ly F1

Sig; € Lq-Alg € CCCat,
\_/ \_/
u1 Vl

where £1-Alg is the category of algebras for the monad £, defined as follows (and
L7 is shorthand for the functor X — (L1(X), p)).
For any 1-signature X, let £1(X) denote the 1-signature with
e as sorts the set Xy, and
e as operations I' - A the A-terms I' - M : A, modulo 7.

L1 extends to an endofunctor on Sig;, whose action on morphisms of 1-signatures
X L ¥ substitutes constants ¢ € X1 with fi(c). We obtain

Proposition 3. Ly is a monad on Sig;.

The functor V; sends any cartesian closed category € to the Lq-algebras (Cg, Cq)
defined as follows. First, €y is the set of objects of C. It has a canonical Ly-algebra
structure, say hg: Lo(Cp) — Cp, obtained by interpreting type constructors in € as
in (2.1). Extending this to contexts G by ho(G) = []; ho(G;), let the operations in
C1(G, A) be the 1-cells in C(ho(G), ho(A)). Beware: the domain and codomain of
such an operation are really G and A, not ho(G) and h(A). Similarly, interpreting
the A-calculus in €, the 1-signature (Cp, C1) has a canonical L;-algebra structure,
say hli Ll(em 61) — ((30, 61)1

hl(Gl_.’KZ 2) = Ty
hM(GF():1) = !

hl(Gl_C(Ml,..., )) = CO(hl(Ml),...,hl(Mn))
hi(GFAx: AM: BY) = ¢h(G,z: A+ M: B))

h(GFMN: B) = evo(hi(M),hi(N))
M(GFOLN): AXB) = ((M),hy(N)

hl(Gl—ﬂM A) = moM

MGrFa'M:A) = n'oM,

where ! is the unique morphism ho(G) — 1, ¢ is the bijection C(ho(G, A), ho(B)) =
C(ho(G), ho(BA)), and ev is the structure morphism ho(B# x A) — ho(B).
L;-algebras are much like cartesian closed categories whose objects are freely

generated by their set of sorts. A perhaps useful analogy here is with multicategories
M, seen as being close to monoidal categories whose objects are freely generated by
those of M by tensor and unit. Here, the functor F; sends any Lq-algebra (X, h) to
the cartesian closed category with

e objects the types over X, i.e., Lo(Xp),

e morphisms A — B the set of operations in X1 (A, B).
This canonically forms a cartesian closed category, with structure induced by the
L;-algebra structure. We define it in more detail in dimension 2 in Section

3. CARTESIAN CLOSED 2-SIGNATURES

Given a l-signature X, let X denote the set of pairs of parallel operations,
i.e., pairs of operations M, N above the same sequent. Otherwise said, X) is the
pullback

X ——m—mm™™ X1

-

X1 80(Xo).




Any morphism f: X — Y of l-signatures yields a function f): X} — Y}, via the
dashed arrow (obtained by universal property of pullback) in

X X,

\\\ f1
I N
pY

YIIJ h Y
X1 SO(XO)
\;\\\ %&5\\\
Y 80(Yo0)-

Definition 2. A 2-signature consists of a 1-signature X, plus a set Xs of reduction
rules with a function Xy — L1(X)).

A morphism of 2-signatures (X, X2) — (Y,Y2) is a pair (f, f2) where f: X =Y
is a morphism of 1-signatures and fs: Xs — Y5 makes the diagram

f
X, 2 Y,

commute. We obtain:

Proposition 4. Composition of morphisms is associative and unital, and hence
2-signatures and their morphisms form a category Sig.

4. EXAMPLES

4.1. Higher-order rewrite systems. The prime example of a 2-signature is that
for the pure A-calculus: it has a sort ¢ and operations

artxt—t Ot —t,
with a reduction rule 8 above the pair

zithytall(x),y),z(y): t
in L1({t},{¢,a})|. Categorically, this will yield a 2-cell

0%t txt
a
thxt st
ev
This is an example of a higher-order rewrite system in the sense of Nipkow [14].

Nipkow’s definition is formally different, but his higher-order rewrite systems are in
bijection with 2-signatures h: Xy — £1(X)); such that for all rules 7 € X, letting
(THM,N: A) = h(r):

e M is not a variable,

e A is a sort,

e cach variable occurring in I" occurs free in M.
4



These restrictions help formulating and proving decidability problems on higher-order
rewrite systems, whose extension to our setting we leave open.

Let us now anticipate over our main results below and state our soundness and
completeness theorem. Given a higher-order rewrite system X, i.e., a 2-signature
satisfying the above conditions, let R(X) be the following locally-preordered 2-
category. It has:

e objects are types in Lo(Xo);

e morphisms A — B are A-terms in L1(X)(AF B), modulo 8n;

e given two parallel morphisms M and N, there is one 2-cell M — N exactly
when there is a sequence of reductions M —* N in the usual sense [14].

Proposition 5. R(X) is 2-cartesian closed.

R(X) and H(X) have the same objects and morphisms. But because our inference
rules for forming reductions are the same as deduction rules for proving the existence
of a reduction in the usual sense, we may send any reduction P: M — N to the
unique reduction M — N in R(X).

Theorem 1 (Soundness and completeness). This defines an identity-on-objects,

identity-on-morphisms, locally full cartesian closed 2-functor R(X) AN H(X).

4.2. Theories with binding. Understanding reduction rules as equations, it is
easy to define the free cartesian closed category generated by a 2-signature. This
yields an adjunction
g_(:/
/_\

(4.1) Sg L __CCCat,

W/

This adjunction provides a categorical semantics for theories with binding, which
is more general than other approaches by Fiore and Hur [6], Hirschowitz and
Maggesi []], and Zsidé [18], and which is in line with Lambek’s seminal paper [11].

If T understand correctly, the motivation for Fiore and Hur’s subtle approach is
the will to explain the A-calculus by strictly less than itself. The present framework
does not obey this specification, and instead tends to view the A-calculus as a
universal (parameterised) theory with binding.

We end this section by giving a formal construction of the adjunction .
Cartesian closed categories form a full, reflective subcategory of 2CCCat, via the
functor J: 2CCCat — CCCat sending a cartesian closed 2-category C to the cartesian
closed category with:

e objects those of C,
e morphisms those of €, modulo the congruence generated by f ~ ¢ iff there
exists a 2-cell f — g.
Here, J(C) is thought of as the free cartesian closed 2-category with trivial 2-cells
(i.e., 0 or 1). The desired adjunction is obtained by composing the adjunctions

H dJ
L T —
Sig 1 2CCCat 1 CCCat.
—_— —_— -
W

4.3. Non-examples. Non-examples are given by calculi whose reduction semantics
is defined on terms modulo a so-called structural congruence, e.g., CCS [12], or the
m-calculus [B [13].
For example, consider the CCS term (a | 0) | @. In CCS, it is structurally
equivalent to (a | @) | 0, which then reduces to 0 | 0.
5



In order to account for this, we would have to consider a 2-signature with
reduction rules for structural congruence, here (M; | Mz) | M5 — My | (Ms | M3)
for associativity, and M | N — N | M for commutativity. But then, these reductions
count as proper reductions, which departs from the desired computational behaviour.
For example, the term a | a has an infinite reduction sequence, using commutativity.

Anticipating the development in the next sections, a potential solution is to
extend 2-signatures to 2-theories. For any 2-signature X, let X|| denote the set of
pairs of reduction rules r, s with a common type G+ M — N: A. A 2-theory is a
2-signature X, together with a set of equations between parallel reductions, i.e., a
subset X3 of L(X)),.

The main adjunction announced above extends to an adjunction between
2-theories and cartesian closed 2-categories. Using equations, we may specify that
any reduction M — M using only structural rules be the identity on M, and
consider the computational behaviour of a 2-category to consist of its non-invertible
morphisms, as proposed by Hilken [7]. A question is whether for a given calculus
this can be done with finitely many equations.

5. A 2-LAMBDA-CALCULUS

We now begin the construction of Adjunction (L.1). We start in this section by
defining a monad £ on Sig, which we will use to factor Adjunction (1.1)) as

L F
Sig L L-Alg L 2CCCat,
\/ \—/
U v

where:

L-Alg is the category of L-algebras,
L: Sig — L-Alg is a shorteut for X — (L£2X LN LX),
uLx & x)=x,
2CCCat is the category of cartesian closed 2-categories, which we define in
Section

The left-hand adjunction holds by L being a monad, thus we concentrate in
Section [7] on establishing the right-hand one.

But for now, let us define the monad L.

5.1. Syntax. Given a 2-signature X = ((Xo, X1),
h: Xo — L1(X)))) (actually £1(X) is £1(Xo, X1)), we construct a new 2-signature
L(X), whose reduction rules represent reduction sequences in the “higher-order
rewrite system” defined by X, modulo permutation equivalence. The 2-signature
L(X) has the same base 1-signature (Xg, X7 ), and as reduction rules the terms of a
2X-calculus (in the sense of Hilken [7]) modulo permutation equivalence, which we
now define.

First, terms, called reductions, are defined by induction in Figure[I] The typing
judgement has the shape I' - P: M — N: A, where A is a type in Lo(Xp), 'is a
list of pairs of a variable and a type, with no variable appearing more than once, M
and N are terms of type I' - A modulo 87, and P is a reduction. In the sequel, we
often forget the variables in such pairs (I' = A), and identify them with sequents in
So(Xo).

When clear from context, we abbreviate substitutions [M;/z1,..., M, /z,] by
[My,..., M,]. For a context G, G; denotes its ith type. Also, for (M,N) € L1(X)),
we let X (M, N) be the set of all reduction rules r € X5 such that h(r) = (M, N).
We write X(I' - M, N: A) to indicate the common type of M and N. Similarly,
X (G F A) denotes the set of operations in X; above G - A.

6



(re X(G+ M,N: A))
Ckr(Py,...,Py): M[My,...,M,] — N[Ny,...,N,]: A

I'EP:M; — My: A 'FQ: My — Ms: A
Izx:AAAFz:z—x: A
I'FPip, Q: M — Ms: A

F|_P1M1—>N1G1 F}_PnMnHNnGn
(ce X1(GF A))
Tke(Py,...,P,):e(My,...,M,) — c(Ny,...,N,): A

e: AFP:M —>N:B
C'kXz: AP:dx: AM — \x: AN: BA

r-P:M—-M:B* TFQ:N—-N:A
'-PQ:MN — M'N":B

'-P:M—M":A 'Q:N—N'":B
't (P,Q): (M,N)— (M',N'): Ax B

'rP:M —->N:AxB I'P:M—-N:AxB
F|—7TA7BP:7TA7BM—>7TA7BN:A

F|—7rf4,BP : 7rf4’BM —>7T14’BNZ B

FIGURE 1. Reductions

5.2. Substitution. Next, we define substitution, which has “type”
(5.1) '-Q:N—N":A AFP:M—-M:A
’ 'k P[Q] : M[N] — M'[N']: A,

i.e., given a reduction P and a tuple of reductions @), it produces a reduction of the

indicated type, which we denote P[Q]. Here, we denote by TFQ: N — N': A a
tuple of reductions I' - Q; : N; — N/: A, for 1 < i < |A|
The definition is a bit tricky:

e first we define left whiskering, which has “type”
'Q:N —N:A AFM:A
'+ M[Q]: M[N] — M'[N']: A,
e then we define right whiskering, which has “type”
'EN:A AFP:M—M:A
'+ P[N]: M[N] — M'[N]: A,

(where N denotes a tuple),
e then we define substitution by

PQ] = (P[N];a v M'[Q)).
There is of course another legitimate definition, namely
PlQ] = (M[Q] IM[N'] P[NID-

The two will be equated by permutation equivalence in the next section.
7




Left whiskering is defined by induction, with A = (z1: A,...,2,: A,) and
Q = (Qla"'in)v by

ol = 0
Q) = Qi
C(Mh 7Mp)[Q} = C(MI[QL 7MP[Q])
(Mx: BM)[Q] = Ax: B.(M[Q,z]) (for z ¢ dom(A))
(MN)[Q] = (M[QIN[Q])
(M, N)[Q] (M[Q], N[Q])
(mapM)[Q] = map(M[Q])
(my g M)[Q] = 7 p(M[Q])

Right whiskering is defined by induction, with A = (z1: Ay,...,2,: A,) and
N = (N17"'7N7L)7 by

(r(Pr,..., )Nl = r(P[N], ..., Py[N])
(Pysar Po)[N] = (Pu[N] vy P2[N])
ONT = 0
T [N] = N;
co(Pry...,Bp)[N] = c(Pi[N],..., Py[N])
(Ax: B.P')[N] = Az: B.(P'[N,z]) (for z ¢ dom(A))
(PiP2)[N] = (P1[N]P[N])
(P, P2)[N] = (PA[N], [N])
(ma,sP)[N] = map(P'[N])
(ma g P)IN] = 7y g(P'[N]).

Definition 3. Let P[Q] = (P[N] ;v M'[Q]).

Proposition 6. Given reductions P and @ as above, the capture-avoiding substitu-
tion P[Q)] is a well-typed reduction '+ P[Q] : M[N] — M'[N’]: A.

Similarly, there is a weakening operation with “type”

'HP:M—N:A
I'Nz: BEFP: M — N: A.

(x¢T)

5.3. Permutation equivalence. We now define permutation equivalence on re-
ductions, by the equations in Figures [3] and [ in Appendix [A] The congruence
rules in Figure [3] are bureaucratic: they just say that permutation equivalence is
a congruence. The category rules make reductions of a given type I' - A into a
category. In Figure 4] the beta and eta rules mirror the term-level beta and eta
rules. Finally, the lifting rules lift composition of reductions towards toplevel.

So, L(X) has sorts X, operations X;, and as reduction rules in L(X)(G +
M,N: A) all reductions G+ P: M — N: A, modulo the equations.

This easily extends to:

Proposition 7. L is a functor Sig — Sig.

Now, consider LL(X). We define a mapping px : LL(X) — L(X), by induction
on reductions. The typing rule for reduction rules specialises to:

(Re L(X)(GFM,N: A))
I'-P:M; — Nyi: Gy I'+P,: M, - N,: G,
'+ R(Py,...,P,): M[My,...,M,] —» N[Ny,...,N,]: A
8




We set u(R(Py,...,P,)) = Rlu(Py),...,u(Py)]. The other cases just propagate the
substitution:

P:Q — pP); (@)
0 = 0
C(Pla'“apn) = C(:U’(Pl)avﬂ(Pn))
Ar: AP — dx: A.p(P)
PQ = u(P)u(Q)
(P.Q) — (u(P),mQ)
7P w(u(P))
PP e 7 (u(P)).

Lemma 1. This defines a natural transformation p: L? — L, which makes the
diagram

Lp

L3 L2

e J#

L2— L

7
commute.

Similarly, there is a natural transformation 7: id — £, sending each r € X (G I
M,N: A) to the reduction G - r(z1,...,2,) : M — N: A, and we have:

Lemma 2. The diagram

~E

Corollary 1. (L,pu,n) is a monad on Sig.

commutes.

A crucial result is:
Proposition 8. For alll’'Q: N — N': A and AP : M — M': A, we have:
I'F P[Q] = (M[Q] ;mnv) PIN']) : M[N] — M'[N']: A.
Proof. We proceed by induction on P. Most cases are bureaucratic. Consider for
instance P = ¢(P4, ..., P,). Then, by definition:
P(Q] = (c(P[NT, ..., By[N]) sy (ny,...aay vy e(M[Q), - . ., M[Q)).
By the third lifting rule, this is =-related to
c(P1[N] IMJ[N] M{[Q], .. -aP;D[N] IM/[N] M,’;[QD-
By p applications of the induction hypothesis, we obtain
C(Ml [Q] YM;[N] Py [N/]» EER MP[Q] SMp[N'] Pp[Nl])7
which by lifting again yields the desired result:
c(Mi[Q], - -+, My[Q)) seany [N7),....m, vy C(PLIN'], . Py [N']).

The case where something actually happens is P = r(Py,..., P,), withr € X(G F
My, Mjj: A) and each A+ P, : M; — M/: G;. Then, the left-hand side is

(PN - PoIND) sap s n)iv) Mo[M7 - MEJIQ).
9



By lifting, omitting indices of vertical compositions, we have
r(Pi[N],...,P,[N]) = r(Mi[N],..., M,[N]) ; M{[P,[N],..., P,[N]].

Observing that Mj[Mj, ..., M)][Q] = My[M{[Q], ..., M,[Q]], the whole is =-related
to
T(Ml[NL ey MP[N])a
M(,)[Pl[N]avpp[N]]v
Mg[M[Q), - .., My[Q],
i.e., by lifting (inductively):
T(Ml[N]v ) MP[NDa
Mg[(PL[NT; M{[Q)), - -, (Bp[N]; Mi[Q])]-
This is by induction hypothesis =-related to
T(Ml[N]a ceey MP[N])v
Mg[(ML[Q] 5 PA[N']), ..., (MA[Q] 5 B[N])],
i.e., by lifting again to
T(Ml[N]a ey MP[N])v

Mg[M1[Q], ..., Mi[Q];
MI[P[N),...

The second lifting rule then yields

T(Ml [Q]v ) Mp[Q])a
My[Pi[N'],..., P,[N"]].

And then the first lifting rule yields

MO[Ml[QL LR ?MI[Q]L
r(My[N), ..
My[Pi[N'],..., P,[N"]],

so, by the second lifting rule again:

MO[Ml[Q]’ = '7M1[QH§
r(Pi[N'],..., P,[N']),

i.e., the right-hand side. O

6. CARTESIAN CLOSED 2-CATEGORIES

6.1. Definition. In a 2-category €, a diagram A < C' L B is a product diagram
iff for all object D, the induced functor

e(D,C) 2 e(D,C) x @D, ) LD op 4y« e(D, B)

is an isomorphism. Because this family of functors is 2-natural in D, the inverse
functors will also be 2-natural.
Similarly, an object 1 of C is terminal iff for all D the unique functor

eD,1) -1
is an isomorphism (where the right-hand 1 is the terminal category).

Definition 4. A 2-category with finite products, or fp 2-category, is a 2-category
C, equipped with a terminal object and a 2-functor

exe5e,
plus, for all A and B, a product diagram

AL AxBL B,
10



In such an fp 2-category C, given objects A and B, an exponential for them is a
pair of an object B4 and a morphism ev: A x B4 — B, such that for all D, the
functor

C(A, A) x €(D, BA) C(Ax D,A x BY)

(id 4!, id) C(A x D, ev)

e(D, B4) C(A x D, B)

is an isomorphism. As above, because this family of functors is 2-natural in D, the
inverse functors will also be 2-natural.

Definition 5. A cartesian closed 2-category, or cartesian closed 2-category, is an fp
2-category, equipped with a choice of exponentials for all pairs of objects. The category
2CCCat has cartesian closed 2-categories as objects, and stricly structure-preserving
functors between them as morphisms.

7. MAIN ADJUNCTION

7.1. Right adjoint. Given a cartesian closed 2-category €, define V(C) = (€, Cq,
Cq) as follows. First, let as in Section |2| (Cp, C1) = V1(€), and recall the canon-
ical Ly and Li-algebra structures hg and h;. Let then the reduction rules in
Co(GF M,N: A) be the 2-cells in C(ho(G), ho(A))(h1(M),hi(N)), abbreviated to
C(G, A)(M, N) in the sequel.

This signature V€ has a canonical L-algebra structure hy: L(VC) — V€, which
we define by induction over terms in Figure 2] In the case for A, ¢ denotes the
structure isomorphism C((J]T) x A, B) = ([T, B4).

In order for the definition to make sense as a morphism L(VC) — V€, we have to
check its compatibility with the equations. We have first:

Lemma 3. For al A+ Q: N —N":T andT+P: M — M’': A in L(VC),

M]IN] N M
/—\ _ /\ /_\
AT e za = oA [fr@ 1 [fraepy

\/ \/’
M'[N'] N’ M
Proof. By induction on P and the axioms for cartesian closed 2-categories. (]
Lemma 4. Any two equated reductions are mapped to the same 2-cell in C.

Proof. We proceed by induction on the proof of the considered equation. The rules
of Figure 3| hold because, in €, vertical composition is associative and unital, and
equality is a congruence. The beta rule is less easy, so we spell it out.

The left-hand reduction is interpreted in C as

which is equal to
11



(G".’L‘lﬂﬁl—>$1 Gl)’—> (de T — Ty . HG—>GZ)

GEQO:0—=0: ) (Gidi: ! =1 JIG—1)
(TFc(Pry...,Py) i e(My,...,My) — ¢(N1,...,Np): A) —
(My,...,M,)
HI‘/HP\JHGL)A (0681(G7A),P:(Pl,...7Pn))
\_/’
(N1,...,Ny)
Tkr(P,...,P): M[My,...,M,] = N[Ny,...,N,]: A) —
(My,...,M,) M
T
nr_ |» HG@A (P=(P,....P)
(N1,...,Ny) N
M,
(GFPip, Q: My — Ms: A) — HG/%A
\HQ/
M.
(FF)\IE:A.P:Al‘:A.M—)/\I:A.NIBA)H;(PZMHNZ(HF)XAHB)
(M, N)

T
(THFPQ:MN— MN'": B)— IIr U'(p’Q)BAXA&,B

(O, N)
(M, N)
(CF (P.Q): (,N) — (M ND: Ax B) o [[r° {orad x
\_/’
(0, \)
M

T
(T'F7mapP :mapM — mapN: A) — [T Ip AxB—2,24

~_
N
M
T ’
(F"’]TA,BPZWA,BM—?W147BN1B)'—> IIr P AxB—" R

\/
N

FIGURE 2. The L-algebra structure on V(C)
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(id, N) oM x A

N TN

(&%

T JGa@ TIrx A Jwﬂd BAx A B
(id, N') oM’ x A

which is in turn equal (by cartesian closedness of €) to:

(id, N) M
/\ /\
[Ir JGa@ TIrx A4 Ir B
\/ \/

(id, N") M’

and hence to the right-hand side of the equation by Lemma [3] The other beta and
eta rules similarly hold by the properties of products, internal homs, and terminal
object in C.

The lifting rules hold by (particular cases of) the interchange law in € and
functoriality of the structural isomorphisms

C(A x B,C) = €(B,C*) and C(C,A x B) = C(C, A) x C(C, B),
which concludes the proof. O
This assignment extends to cartesian closed functors and we have:
Proposition 9. V is a functor 2CCCat — Sig.

7.2. Left adjoint. Given an L-algebra h: L(X) — X, we now construct a cartesian
closed 2-category F(X, h). It has:

e objects the types in Ly(Xp);

e l-cells A — B the terms in L£;(Xo, X1)(A4, B);

e 2-cells M — N: A — B the reduction rules in Xo(M, N).
We then must define the cartesian closed 2-category structure, and we start with

the 2-category structure. Composition of 1-cells A M, B X, € is defined to be
N[M

A RN C. Vertical composition of 2-cells
M,y
ma\«
A B
~_w_—
Ms
is given by h(n(«) ;an n(0)).
Horizontal composition of 2-cells
M N
/\ /\
(7.1) A Jo ' B I ~cC

\_/' \_/
M’ N’
is obtained as h(8(n(a))).

To show that this yields a 2-category structure, the only non obvious point is the
interchange law. We deal with it using the following series of results. First, consider
the left whiskering

13



M
4 /ua\, B N
\_/'
M/
of a 2-cell & by a 1-cell N, i.e., the composition idx o @ = h((h(N))(n(x))).
Lemma 5. We have: h((h(N))(n(a))) = h(N[n(a)]).

Proof. Indeed, consider the term N(n(n(a))) in L(L(X)). Its images by hoL(h) and
hop coincide, and are respectively h((h(N))(n(a))), i.e., id yoa, and h(N[n(«)]). O

C

Similarly, consider the right whiskering
N
M /\
B e C
~_ 7~
N/
of a 2-cell v by a 1-cell M, i.e., the composition v o idy = h(y(n(h(M)))).

Lemma 6. We have: h(vy(n(h(M)))) = h(y(M)).

A

Proof. Consider (ny)(nM) in L(L(X)). Its images by h o L(h) and h o u coincide,
and are respectively h(y(n(h(M)))) and h(y(M)). O

Now, we prove that the two sensible ways of mimicking horizontal composition
using whiskering coincide with actual horizontal composition:

Lemma 7. For any cells as in (7.1)),
(ﬂo id]y]) ; (idN/ OOé) = ﬁOOL = (ZdN OCM) N (ﬁO Z'd]y[/).

Proof. Consider first the reduction n(8(M)) ; n(N'[n(«)]) in L(L(X)). Taking
hoL(h) and h o as above respectively yields

o h(n(h(B(M))) ; n(h(N'[a]))), and

o W(B(M); N'[n(a)]) = h(B(n(a))),
hence the left-hand equality. Then consider n(N[n(a)]) ; n(v(M')). Evaluating as
before yields the right-hand equality. O

Finally, consider any configuration like:
M

m N

A B C.
-

M//
Lemma 8. We have (idy o «); (idy o 3) = idy o (a5 ).

Proof. Consider n(N[n(a)]); n(N[n(5)]). Evaluating yields equality of
o A(n(h(N[n(a)]))); n(h(N[n(B)]))), i-e., the left-hand side, and
o W(N[n(a)]; N[n(B)]), L.e., A(N[n(a); n(B)]) by lifting.

But now consider N[n(n(a); n(8))]. Evaluating yields equality of
e h(Nn(a);n(B)]), as above, and

o hW(Nn(h(n(a);n(B))]), i-e., h(N[n(a; B)]) (where a; 8 denotes vertical
composition in our candidate 2-category), i.e., the right-hand side. O

Lemma 9. The interchange law holds, i.e., for all reduction rules as in
14



M1 N1

T ba T~ N, 47 T~

A B )
T
M, N

we have
(vi0)o(a;p)=(yoa);(0op).
Proof. By the previous results, we have

(v;0)0(a;p)

(
= (yoMp);(0oM);(Nzoa); (Nzof3)
E'7°M1)§(N2°O‘)§(90M2)5(N30/B>

O

Now, let us show cartesian closedness. We have a bijection of hom-sets £1(X)(C
AX B)2L(X)(CFA) x L1(X)(CF B), given by
Li(X)(CHFAXB) — Li(X)(CFA) xLi(X)(CF B)
M — oM, 7'M

and
LiX)(CHFA) xL1(X)(CEB) — Li(X)(CHAXxB)
M,N +— (M,N).
These are mutually inverse thanks to the beta and eta rules for products in the
simply-typed A-calculus.
On 2-hom-sets, we have

LX) (CFM,N: AxB) — LX) CFaM,nN:A)xL(X)(CFn'M,7'N: B)
P — wPa'P

and (omitting C')

L(X)(Ml,Nli A) X L(X)(MQ,NQ: B) — L(X)((Ml,MQ), (Nl,NQ)Z A x B)
PPy = (P, P),

which are mutually inverse thanks to the beta and eta rules for products in Figure [4]
We use these to define the desired isomorphism (u,v)

Xo(CHM,N: Ax B)2 Xo(CHaM,7N: A) x Xo(C 7'M, 7' N: B),

as in the diagrams

Xo(M, N) Xo(mM,7N) x Xo(n' M, 7' N)

d [

L(X)(M,N) L(X)(7M,wN) x L(X)(x' M, 7'N)

and
Xo(mM,7N) x Xo(n'M,n'N) Xo(M,N)

1] I

L(X)(M,7N) x L(X)(x' M, 7' N) ———— L(X)(M, N).

15



Starting from r € X5(M, N), we obtain

v(u(r)) = h(n(h(m(n(r))), n(h(x'(n(r)))))-

But consider (n(mn(r)),n(7'n(r))) in L(LX); its images by h o Lh and h oy are
respectively:

o h(n(h(m(nr))),n(h(x’'(nr)))), and
o h(mn(r), #n(r), e, AH(r)), ie. 1,
which must be equal because h is an L-algebra, hence v o u = id.
Conversely, starting from (r, s) € Xo(M7, Ma) x Xo(N1, N2), we obtain the pair
with components

h(m(n(h(n(r),n(s))))) and h(m" (n(h(n(r),n(s)))))-

Considering w(n(n(r),n(s))) € L(L(X)), its images by h o L(h) and h o u are
respectively:

o h(m(n(h(n(r),n(s))))), and
o h(x(n(r),n(s))) = h(n(r)) =r.

As above, they must be equal, and by symmetry the second component is s, and we
have proved uw o v = id. Similar reasoning for the terminal object and internal homs
leads to:

Proposition 10. This yields a cartesian closed 2-category structure on C.

This extends to morphisms of L-algebras, so we have constructed a functor
F: L-Alg — 2CCCat.

7.3. Adjunction. Consider any L-algebra (X, h). What does (Y, k) = V(F(X, h))
look like? Sorts in Yy are types in Lo(Xo). Operations Y1(G + A) are terms in
L1(X0, X1)(JIG F A). Reduction rules in Y3(G F M, N: B) are reductions in
LX)J]IGF M',N': B), where M’ = M[mx/x1,...,m™x/x,] (and similarly for
N').
Let nx send:

e cach sort ¢ € X to the type ¢ € Lo(Xo),

e cach operation ¢ € X(G F A) to the term ¢(m=z,...,m), and

e cach reduction rule r € Xo(G F M,N: A) to the reduction z: [[G +

r(me,...,mx): M — N': A.

Theorem 2. This n is a natural transformation which is the unit of an adjunction

F
/—\
L 'Alg \i/
v

2CCCat.

Proof. Consider any morphism f: (X,h) — V(€), and let (Y, k) = V(F(X, h)) and
V(€) = (Cp, Cq, ha: Ca — €C1). We now define a uniquely determined cartesian closed
functor f’: F(X,h) — € making the triangle

X — X vEX)

\ ‘V(f’)

V(C)
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commute.

On objects, it is determined by induction: on sorts by fi, and on type constructors
by the requirement that f’ be cartesian closed. On morphisms, it is similarly
determined by f; and f’ being cartesian closed. On 2-cells, define f/ to be fo: Xo(A
M,N: B) — C(f'(A), f(B))(f'(M), f/(N)), which is also the only possible choice
from f.

We thus only have to show that f’ is cartesian closed, which follows by f being a
morphism of L-algebras. For example, to show that binary products of reductions
are preserved, consider r € Xo(C'+ My, Ms: A) and s € Xo(C'+ Ny, No: B). Their
product in F(X) is obtained by considering the atomic reductions z: C F r(x) :
My — My: A and z: C F s(z) : Ny — Na: B and taking h(r(x), s(z)), which is
sent by fa to fa(h(r(z),s(z))). But, because f is a morphism of L-algebras, this
is the same as ha((f2(r))(z), (f2(s))(y)), which is by definition (i.e., Figure [2) the
product (fa2(r), f2(s)) in C. O
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Congruence

I'-P:M—-N:A 'FP=Q:M—-N:A
'FP=P:M—N:A rrQ=P:M—N:A

I'-Pp=P,:M—-N:A I'-Phb=P;:M—>N:A
I'-Pp=P3:M—-N:A

FFPEPIZM1—>M22A F"QEQIIMQHMg,IA
T (P, Q)= (P sn, Q) : My — Ms: A

(re X(GE M,N: A))
I'EPL=Q: M — Ni: Gy '-P,=Q,: M, — N,: Gy,
TEr(Py,...,P)=r(Q1,...,Qn) : M[My,...,M,] — N[Ny,...,N,]: A

(ce X(GF A))
'-P=Q:1: My — Ni: Gy r-p°P,=Q,: M, - N,: G,

F"C(Pl,...7pn)EC(Ql,...7Qn)ZC(Ml,...,Mn)—>C(N17...,Nn)2 A

I'z: AFP=Q:M — N:B
IF(\z: AP)=(\z: AQ): Ax: AM — \z: AN: BA

'+P=P:M—-M:B* T+Q=Q :N—N:A4
L'+ (PQ)=(P'Q): MN — M'N": B

r-P=P:M—-M:A T+Q=Q:N—->N":B
I't(P,Q) =(P,Q): (M,N)— (M',N'): Ax B

I'-P=Q:M—>N:AXxB
'k (maBP)=(ma,BQ) :mapM — 14 pN: A

'-rP=Q:M—->N:AxB
FF(W%,BP)E(WA,BQ) :WZA,BMHW;\,BN:A

Category

I'P M — My: A I'EPy: My — Ms: A I'EPs: Mg — My: A
DE(Prsa, (P2svg P3) = ((Prsa, P2) smg Ps) o My — Myt A

'rP:M—N:A '-P:M—N:A
T'H(P;ynN)=P:M—N: A r-(M;yP)=P:M—N:A

FIGURE 3. Equations on reductions (Congruence and category)
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Beta and eta

z: AFP:M — M': B '-Q:N—=N':A
'k ((\z: A.P)Q) = P[Q/z] : \z: AM)N — M'[N'/z]: B

'P=M— N: B4

r
TFP=de A(Pr) M N Bh CFD)

I'EP:M; — My: A '-Q:N,—Ny: B
Pkn(P,Q)=P:n(M;,N1)— My: A

I'EP:M; — My: A 'FQ: Ny — Ny: B
k7' (P,Q)=P: 7' (M, N;) — Na: A

'k P:(M,Ny)— (My,No): Ax B '-P:M—N:1
P = (nP,n'P): (My,N1) — (M3, N2): Ax B 'FP=():M—N:1

Lifting

(re X(T'F (M, My): A)) AFP:N; — Ny:T AFQ:Ny— N3: T
LEr(Pin, Q) = Mi[P]iarny) 7(Q) + Ma[N1] — M[N3]: A

(re X(T'F (M, My): A)) AFP:N;y — No: T AFQ:Ny— N3: T
LEr(Pin, Q) =r(P) i vy M2[Q] : Mi[N1] — M[Ns]: A

I'P: M — Msy: G 'Q: My, — Ms: G
GFA
T (P 30, @) = (e(P) sy (@) : My — Myi 4 S EEA)

Tx: AFP:M; — Ms: B Ie: AFQ: My — Ms: B

'k (Ax: A(Pim, Q) = (Mz: AP) sxe: am, (Az: AQ))
s A\z: AM, — \x: A.M;: BA

I'+P:M — M,: BA
P :My—M;: B THQ:Ny—No:A THQ :Ny,—Ns: A

L ((Pim, PHQiN, Q) = (PQ) sasen, (P'Q")) : MiNy — M3N3: B

T'HFP:M — My: A
'-P :My— Ms: A I'Q:N;y— Ny: B I'-Q :Ny— N3: B

L'H((P iy, P, (Q5nv, Q) = (P,Q) sasa,n0) (P, Q"))
: (Ml,Nl) — (M3,N3)Z Ax B

I'P:M; — My: Ax B 'Q: My — Ms: Ax B
L' (ma,B(Psym, Q) = (mABP 7y s, TABQ) : M1 — M3: A

I'P:M; — My: Ax B 'Q: My — Ms: Ax B
U (1) 5(Pia, Q) = (WZA,BP;W’AYBAQ 7y Q) : My — Ms: B

FIGURE 4. Equations on reductions (beta-eta and lifting)
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