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Abstract

We consider a new way of establishing Navier wall laws. Considering a bounded domain 2 of
RY, N = 2,3, surrounded by a thin layer ., along a part I's of its boundary 8, we consider a
Navier-Stokes flow in Q U 9Q U X, with Reynolds’ number of order 1/¢ in X.. Using I'-convergence
arguments, we describe the asymptotic behaviour of the solution of this problem and get a general
Navier law involving a matrix of Borel measures having the same support contained in the interface
T'2. We then consider two special cases where we characterize this matrix of measures. As a further
application, we consider an optimal control problem within this context.

Navier law, Navier-Stokes flow, I'-convergence, asymptotic behaviour, optimal control problem.

AMS Classification. 76D05, 76D10, 76M45, 35Q30.

1 Introduction

A common hypothesis used in fluid mechanics is that, at the interface between a solid and a fluid, the
velocity u of the fluid is equal to that of the solid. If the solid is at rest, the velocity of the fluid must
thus vanish: u = 0, on the boundary of the solid. These are the so-called rigid boundary conditions.
When writing this condition, one assumes that the fluid perfectly adheres to the solid.

This hypothesis has not always been accepted for a viscous fluid, although some verifications have
been made through experiments. G. Taylor indeed verified in 1923 the correctness of this hypothesis, when
studying the stability of the motion of a fluid flowing between two cylinders in rotation (Taylor-Couette’s
problem).

Another approach has then been suggested. A thin layer adhering to the solid exists with a tangential
velocity different from 0 on the surface of the solid. Navier suggested that this tangential velocity is
proportional to the shearing strains and thus is given through

{(Idn@n)y% = Ku,

u-n = 0,

where Id is the identity matrix, n is the unit outer normal vector to the surface of the solid, v is the
viscosity of the fluid and & is a proportionality coefficient.

Many works have already been devoted to the derivation of Navier boundary conditions, see for
example [{], [, [LJ and [14]. In [{] and [§], the authors considered a viscous and incompressible fluid,
whose Reynolds number is of order 1/¢, flowing in a domain with rugosities of thinness € and e-periodically



distributed on its boundary surface, and assuming an homogeneous Dirichlet boundary condition on the
boundary of these rugosities. Using the asymptotic expansion method, they deduced, at the first-order
level, a kind of Navier wall law

E(Id—n®n)u% = Ku,
u-n = 0.

In [@], the authors considered the laminar flow in a pipe with rough pieces e-periodically distributed
on the surface of the pipe, and imposing an homogeneous Dirichlet boundary condition on the boundary
of these rough pieces. They used an homogenization process and obtained a Navier wall law, computing a
corrector term. In [@], the author considered an e-periodic geometry built with rough pieces of thinness
€™ and imposed there a boundary condition of the type

ou’
Id — — k(. _ e
{ (Id n®n)uan e" (¢g° — ku®),
ut-n =

The following limit law was obtained, depending on k and m

n

(Id—n@n)u? = A(g—ku),
u-n = 0.

Throughout the present work, we consider a bounded domain Q@ C RN, N = 2,3, whose boundary
0) is Lipschitz continuous. We suppose that 9Q = I'y U Ty, with |I'y|, |T'2| > 0, where |I';| denotes the
Lebesgue measure of I';. We suppose that near I'; there exists a thin layer 3. of thinness € > 0, which
extends 2 into Q. = QUL UX..

Figure 1: The domain under consideration.

We consider the steady-state, viscous and incompressible Navier-Stokes flow in {2,

—vAuE 4+ (ut - V)u*+Vp* = f in Q,
—veAu® + (uf-V)us+Vp* = f in X,
div(u®) = 0 in €.,
(W)™ = (u)” on Iy, (1)
our\ " ouf\
V(an> = VE(an) on I's,
ut = 0 on 0.,

where the superscript + (resp. —) denotes the trace seen from  (resp. from X.) on I'y. The thin layer
3. is here considered as an unstable thin boundary layer whose Reynolds’ number R; is of order 1/¢ (see
[@, pages 239-240], where Reynolds’ number is allowed to depend on the thinness of the layer). In the
problem (ﬂ), we suppose that the density f of volumic forces belongs to L (RN RV )

Our purpose is to describe the asymptotic behavior of the solution u® of (EI) when ¢ goes to 0, in
order to derive the Navier wall law. We use I'-convergence arguments (see [[f] for the definition and the



properties of the I'-convergence) in order to characterize the limit problem. Our approach is based on
the tools developed in [[l], ], ], [§] and []. On I's, we will get a general Navier law of the kind

ou
Id — — ° =0
{ ( n®n)uan+,uu ,
u.n = 5

where p® is a symmetric matrix (uij) N of Borel measures having their support contained in I'o,

ij=1,...,
which do not charge the polar subsets of RY and which satisfy i (B)(;¢; > 0,V¢ € RY,VBeB (RN),
where B (RN ) denotes the set of all Borel subsets of RY and where we have used the summation
convention with respect to repeated indices.

As a first special case, we prove that when Q C {z3 > 0}, I'; = 002N {x3 = 0} and
:L,/
3. = {xeR?’ | 2/ = (x1,72) € T, —ch (?) < a3 <0},

where h is a periodic function, we get on I'; the Robin type boundary conditions

0

ﬂ (xlv 0) = —Cu (ZL'/, 0) >

a—zz 2',0) = —cous(2,0),
us (xlv 0) = Oa

where ¢,,, m = 1,2, are constants which will be computed in terms of the solution of appropriate local
thin layer problems (@) This situation can be generalized to the case of a general open and bounded
set €1, surrounded on a part of its boundary by such a rough thin layer.

As a second example, we will consider the case where

Y.={s+1tn(s)|s€ly, —ch(s)<zs <0},

where h is a Lipschitz continuous and positive function on I's. We here prove that Navier’s law takes the
following expression on I'y

h

u-n = 0.

1
{(Id—n@n)%—i——u = 0,

In the last part of this work, we consider an optimal control problem. Choosing m > 0, we consider
the set =, of all the matrices h = Diag (h;);—, _y of functions h; : I'> — [0, +00], which are dI'>-
measurable and satisfy sz hidl's =m,Vi=1,..., N. We suppose that () is smooth enough and consider
the following problem with Navier conditions on I'y

—vAul + (uh . V) u+Vph = f inQ,
div (uh) = 0 in Q,
ouh 2
h(Id—n®n)aL+uh = 0 only, )
n
ulon 0 onIs.

Let (uh, ph) be the solution of (E) and define the functional F through

v 1S [ (w)?

, .
- de + = dl’
2/Q|Vu| $+2;/F2 02

+/ (uh-V)uh-vdz*/f'de if ue Vor, (©),
Q @

400 otherwise,

F (h,u) =



where Vi r, () is the functional space defined in (ﬂ) We consider the optimal control problem

i in  F(hu). 3
Qin | min o F(bu) (3)

In the last section of this work, we describe the asymptotic behavior of the solution of (E), when m
goes to 0, and characterize the zones where some thin boundary layer appears. A problem of this kind
has been considered in [, but for a linear diffusion problem.

2 Functional framework

We define the (H* (RN )) capacity of any compact subset K of RV as

Cap (K)
inf{/ |Vga|2d:c+/ |<p|2dz|<p€C§°(RN),<p210nK}.
RN RN

If U is an open subset of RV, then we define
Cap (U) =sup{Cap (K) | K C U, K compact}.
If B c RY is a Borel subset of RY, then we define
Cap (B) =inf {Cap (U) | BC U, U open}.
Definition 1 Let B (RN) be the o-algebra of all Borel subsets of RN .

1. A property is said to be true quasi-everywhere (q.e.) on B € B (RN) if it is true except on a subset
of B of capacity Cap equal to 0.

2. A functionu: B — R, with B € B (RN), 18 quasi-continuous on B if, for every e > 0, there exists
an open subset U C B with Cap (U) < & and such that the restriction of u on B\ U is continuous.

3. Every function u € H! (RN) has a quasi-continuous representative w, which is unique for the
equality quasi-everywhere in R, (see /, for example). u is given through

1
u(z) = lm — y) dy,
@)= B B o™

for q.e. x € RN, where |B (x,7)| is the Lebesgue measure of the ball B (z,7) of RN of radius r > 0
and centered at x.

We define some notions concerning families of subsets of RY.

Definition 2 1. A subset D C B (RN) is a dense family in B (RN) zf, for every A,B € B (RN) with

AcC B there exists D € D such that: A C D cDc B where A (resp. A) denotes the interior
(resp. the closure) of A.

2. A subset R C B(RY) is a rich family in B (RY) if, for every family (At)te]o,l[ C B(RY) such
that Ay C /(it, for every s < t, the set {t € 0,1 | A+ ¢ R} is at most countable.

Let O (RN ) be the set of all open subsets of RY. We consider the class F of functionals F' from
H! (RY,RY) x O (RY) to [0, +00] satisfying:



i) (Lower semi-continuity): for every open subset w € O (RN), the functional u — F (u,w) is lower
semi-continuous with respect to the strong topology of H! (RN RV );

ii) (Measure property): for every u € H! (RN, RN), w +— F (u,w) is the restriction to O (RN) of some
Borel measure still denoted F (u,w);

iii) (Localization): for every w € O (RN) and every u,v € H! (RN, RN):

uy, = v, = F(u,w)=F (v,w);

iv) (C'-convezity): for every w € O (R”), the functional u — F (u,w) is convex on H' (R, R") and
moreover

V@GCI(RN),Oggag1:F(cpqu(lfcp)v,w)§F(u,w)+F(v,w).

Example 3 Let us define I's . = 0Q2. N Y., for some thin layer ¥., as defined above. We consider the
functional F® defined on the space H! (RN, RN) x O (RN) through

0 fu=0, ge onTy.Nw
5 _ ) s B
F* (u,w) = { 400 otherwise. (4)

One can prove that F* belongs to F, for every e > 0.
Let us set the following definitions.
Definition 4 Let Cap be the above-defined capacity.
1. A Borel measure X is absolutely continuous with respect to the capacity Cap if

VB € B(RY):Cap(B) =0= \(B)=0.

2. My is the set of nonnegative Borel measures RN which are absolutely continuous with respect to
the capacity Cap.

We have the following example of measure in M.
Example 5 For every E C RN such that Cap (E) > 0, we define the measure oo through

_J0 if Cap(BNE) =0,
oop (B) = { 400 otherwise.

Then cop € M.
Notice that, for every u € H* (RN, RN) and every w € O (RN), the functional F¢ defined in (ﬂ) can
be written as

P () = [ [l door,. = [ Juf o,
w w
One has the following representation theorem for the functionals of F.

Theorem 6 (see /@]) For every F' € F, there exist a finite measure A € My, a nonnegative Borel measure
v and a Borel function g : RN x RN — [0, 4+00], with ¢ — g (x,() convexr and lower semi-continuous on
RY, such that

vu e H' (RY,RY), Vw € O (RY) :F(u,w):/g(x,ﬂ(ac))d)\—i—v(w).

w



Throughout the paper, we will need the following Corollary (see [E, Corollary 8.4]).

Corollary 7 Let F € F. If F(.,w) is quadratic for every w € O (RN), there exist A € My finite, a
symmetric matriz (aij)m,:l’_.’N, of Borel functions from R to R satisfying a;; () (i¢; >0,V € RY
and for q.e. x € RN, for every x € RN a subspace V (x) of RN, such that, for every u € H! (RN, RN)
and every w € O (RN) :

a) if F(u,w) < 400, then u(x) € V (), for ge. x €w,
b) ifu(x) € V(x), for ge. z€w
F(u,w) = /aijuiujd/\. (5)

Remark 8 Let F' € F, A € Mo be the associated measure and A be the set defined as A = Uy a(mw,
where

A(F)={weO(RY)|F(,w) < +oo, for ge. € w}.

We define the matriz pu® = (uij) = (aij/\)ijzl _ v toor~\ald of measures, and, for every x € RY,
the subspace V (x) through
RY ifx e A,
Vi) = { (0} ifz e RM\A. (6)

For every u € H! (RN7 RN) and every w € O (RN), one has, using the preceding definition of p®

/aijuindA ’wa C A,
wiujdp;; = . o [ u(x)=0,Ver e wnRN\A
/‘*’ ! /wmxa”u%ujd)\ U { and Cap (w NRNM\A) > 0,
+00 otherwise.
Thanks to (Ia ), this expression can be written as
/Uiu_jd,uij _ /waijuiujd)\ if u(z) € V(x), for ge. x € w,

+00 otherwise.

We can thus write the functional F defined in (E) as

F(u,w) = /uiujd,uij.

3 Study of the problem ([)
We here suppose that the "outer” boundary I's . of 3. can be defined as
Toe={(s,t) | s€Ty, t=—che(5)},
where h. is a locally Lipschitz continuous function satisfying
[Pelloe r,) < €, Ve >0,

for some constant C' independent of €. The Lipschitz continuity of h. ensures the almost everywhere
existence of a unit outer normal vector to I'; ., thanks to Rademacher’s Theorem, and ensures the



existence of an extension of every function of H! (Qg, RY ) in a function of H! (RN , RN ) Let us define
the functional spaces

L? (RV,div) = {ueLl?(RY RY)|div(u)=0in RV},
1 N N : _ : N
H. RV,dv) = | “H (RV,RY) | div (u) —UOLHOP;H . } |
HL (Q.div) = {ueH (RN)|div(u)=0inQ u=0onT}, (™
Vi, (Q) = L2 (RN, div) nHL (Q,div),
Vo.r, (2) HL (Qdiv)n{ueH (QRY) |u-n=0o0onTs}.

In (ﬂl), let us replace throughout this section the homogeneous Dirichlet boundary condition u® = 0,
on 02, by a combination between the homogeneous Dirichlet boundary condition u* = 0, on I's . Nw, for
a given w € O (RN ), and homogeneous Neumann boundary conditions on I's . \ (I'z, N w). We introduce
the functional space adpated to (m), with these modified boundary conditions

. ’UEHl (QE,RN) |d1V(’U):01n Qaa
Vo () = { v=0o0onT; U2 Nw)

The variational formulation of ([]) can be written as
Vo € Vi, () : 1// Vue - Vedr + 1/5/ Vu® - Vodz
Q 5.

Jr/ (uf - V)us - pdx = - edx.
Qe Q.

(8)

Thanks to [L], for example, we deduce that () has a unique solution (uf,p¢) belonging to the space
Vo () x L2 (Q.) /R.

Proposition 9 The solution (u®,p®) of (ﬂ) satisfies the following estimates

sup(/ |Vu€|2dz+5/ |Vu€|2dz> < o0,
e Q s

sup lue|?dz < oo,
5 RN

sup [|p*lly 2o, r < oo
g

Proof. 1. Taking u® as test-function in (§), we obtain

l// |Vue|? dz+1/5/ |Vue|? da
Q 2.

f-uadac—i—/ f-utdx

Q s,
< fllee @y mvy 10l o, vy
< fllpee @y myy C () [VUllp oy »

using Poincaré’s inequality. Cauchy-Schwarz’ inequality implies

/|Vu5|2dac+5/ (Ve |? da
Q ZE

<9 (([ |W|2dz>1/2 " </ |W|2dx>1/2> ,

whence, using the trivial inequality (a + b)* < 2 (a? +b%)

\Vus|? da + 6/ Vuf|? dz < O = [|Vaf|gi g, movy < C-
Q

e



The continuous embedding from W%’ll (Qg, RY ) to L2 (QE, RV ) implies the existence of a constant
C independent of € such that
/ |u€|2 dx < C.
< e

2. Let us define the zero mean value pressure p¢ = p° — \Tlg\ st p°dzx, and let ¢, be the solution of the
following problem (see [[L3])

div (¢,)
Y. = o
IV¢elliz(o. rrey < CEOPFlleea.) -

g in €.,
onTHU(T2Nw), (9)

Il
o3

for some constant C () independent of . Multiplying (m)l,g by ¢, and using Green’s formula, one

obtains
1// Vz/;d:chy/ V1/)d:c+/95(u8-V)u8~1/)de
/ f-. dz+/
Because
[ vede] < W e Il
< Clptllzq.,
[Py da] < Claa. o 195 0,
< CHF”LQ(QE)HVUEHiQ(QE,RN)
[ Vel < ClF ) 196 iz, v
ZEVUE Vipodz| < Ol VUl o vy -

thanks to @)3 and using Poincaré’s inequality, we obtain

1Pz, < € (IVIIEe @ mmy + 1) 17 eqa,)
which proves the third estimate. m

Remark 10 We can observe that, when we impose an homogeneous Dirichlet boundary condition on the
whole T ., for ezample when w = RN, the above estimates can be obtained in a simpler way, assuming

only that f € L? (RV,RY).

4 Convergence

Every function u € H]. (., div) can be extended in a function of the space HL (R, div), still denoted

u (see L, Theorem 4.3.3], for example). We define the functional ®¢ on L? (RN, RY) associated to (),
with the above-described modified boundary conditions on I's . through

y/ |Vu|2dac+1/5/ Vul’dz if ue HL (R, div),
Q RN\Q

& (u) = (10)

400 otherwise

and the functional ®° defined on L2 (RN ,RY ) through

y/ |Vul>dz if u e Vi, (),
Q

400 otherwise.

@0 (u) =



From the estimates given in Proposition E, we can deduce that the asymptotic behaviour of the
problem (m) is obtained when studying the I'-limit of the associated energy functional for the following
topology.

Definition 11 A sequence (u.)_.7-converges to u, if it converges to u in the strong topology of L? (RN, RN)
and if sup, ®° (ue) < +o0.

We first present the I'-convergence result for (®°)._.
Proposition 12 When € goes to 0, the sequence (®°)_ I'-converges to @Y, in the topology T.

Proof. Step 1: verification of the I'-limsup. Take any u € Vr, (Q) and consider the set Q%¢ =
QUIN U X%, with

20 ={zeRY|0<d(z,00) < e},
where d (z,0€) denotes the euclidean distance between z and the boundary Q. Let u'¢ be such that
div (ul*e) =0in RY and

HU—UL €.

8HL2(RN\QO’E,RN) <
We define u" through
e [ ut® inRV\ Q0
Y700 onanoe.

We then take a nonnegative and smooth function p, € C (RN ) with support in B (0, €) and satisfying

Jan~ pe (x)dz = 1. We define the function ©™¢ through "¢ = (p, *u"*) There exists u €

IRN\QO<
L? (RY,R") such that curl(u) = u in RY (see [[L5], for example). We finally define the function u%*
through
e in RV \ Q0
~y/e —d(x,00
u?® = curl u—\/E (z,00) in X0,
NG
U in
We immediately satisfy that u®° € H%l (RN ,div)7 that the sequence (uo"f)8 converges to u in the
topology 7 and that
lim sup®® (u”°) < 1// \Vul? do = 0° (u).
e—0 Q

Step 2: verification of the I'-liminf. We take any sequence (u). contained in Hlll (RN ,div) which
converges to u in the topology 7. We trivially have

®° (y) < lim inf®° < lim inf®*¢
(u) < liminf®” (ue) < lim inf®° (ue),

thanks to the lower semi-continuity property of ®° for the weak topology of H! (RN RV ) [
We define the functional G¢ on L2 (RN, RN) x O (RN) through

®° (u) + F* (u,w) ifueHE (RN, div),
400 otherwise,

G* (u,w) = {
where F< is defined in ([f). Our main result is the following.

Theorem 13 There exist a rich family R C B (RN) and a symmetric matrix p® = (Mij)ij:1

Borel measures having their support contained in I's, which are absolutely continuous with respect to the
above-defined capacity Cap, and satisfying ju,; (B) (;¢; > 0, V(¢ € RY,VvB e B (RN), such that, for every
u € Vr, (Q) and every w e RNO (RY)
(I‘-limGE) (u,w) = y/ |Vul|® +/ wiujdpy; =: G (u,w),
Q I'sNw

e—0

where the I'-limit vs taken with respect to the topology T.



Proof. The upper and lower I'-limits of the sequence (G®)_, with respect to the topology 7, exist, which
are respectively defined through

G* (u,B) = inf limsupGe® (u., B),
N\ . ) we—ou e—0
Vu€Vr, (), VB e B(RY): G"(u,B) = inf limicr)lfGE (ue, B). (11)
we Sy €

Because F*© takes nonnegative values and thanks to Proposition , we observe that, for every B €

B (RN), one has
G*(,B)>®°() ;G'(,B) >9° ().
Let us define the functionals F'* and F' on L? (RN ,RY ) x B (RN ) through
o G® (u, B) — ®° (u) if ue Vr, (Q)
0 _ ) 1 )
(F ) (u, B) = { +00 otherwise,

with o = s,4. Let u € Vr, (Q) and (u:), € Hf (R, div) be such that (u.),

topology 7. We define z. = u. —u. Thus (2.), C H! (RN7 RN) and (zc). converges to 0 in the topology
7. Replacing u. by z: + u in (), one obtains, using the quadratic property of ®¢

converges to u in the

(FO)S (u,B) = inf limsup (®° (z:) + F© (u+ 2, B)),
. ze—0 e—0
(F%)' (u,B) = inf liminf (9 (2.) + F© (u+ 2., B)).

251}0 e—0
The functionals (FO)S and (Fo)i satisfy the following properties.

1. For every u € Vr, (Q), (F°)" (u,.) and (Fo)i (u,.) are nonnegative measures, because F°¢ (u + zc,.)
is a measure for every ¢ > 0 and for every sequence (z.). C Vr, (©2) which converges to 0 in the
topology 7.

2. (F°)°(.,B) and (Fo)i (., B) are lower semi-continuous on H! (RV,R"), when equipped with its
strong topology, because G* (., B), G (., B) and ®° are lower semi-continuous as upper, lower, or
I'-limits of functionals which are lower semi-continuous for this strong topology.

3. Let w € O (RY) and u,v € Vr, (Q) be such that uj, = v),. Then (F°)° (u,w) = (F°)’ (v,w) and
(F9)" (u,w) = (F°)" (v,w), because F* (u+ z:,w) = F* (v + z.,w), for every sequence (z.)_ such
that u + z. € Hf. (R, div), for every £ > 0.

4. Take any ¢ € C! (RY) such that 0 < ¢ < 1, u,v € Vr, () and B € B(R"). One has, for every
sequence (z:). C Vr, (2) converging to 0 in the topology T

Fe((ze +u) o+ (1 —¢) (2 +v),B)
F*(ze +u,B) + F. (2 + v, B),

Fe (ze + pu+ (1 - ¢)v, B)

IN I

because F¢ is Cl-convex. Because ®° takes nonnegative values, for every € > 0, one has
limsup (0% (22) + F= (2. + gu + (1 — @) v, B))
T2 Jimsup (0 (20) + F* (20 + 1, B) + O (2.) + F° (2 + v, B))
1iri1_;?1p (®° (2:) + F* (2 +u, B))
Eﬁo—l—lim sup (®° (zc) + F° (2. + v, B)).

e—0

IN

Taking the infimum over all sequences (z.), C H! (RN RV ) which converge to 0 in the topology
T, one obtains

(F°)" (pu+ (1 — ¢)v,B) < (F°)* (u, B) + (F°)" (v, B).

We prove in a similar way that (FO)S is convex. Thus (FO)S is Cl-convex.

10



Thanks to the compacity theorem of [E], there exist a subsequence (g), and a dense and countable
family D C B (RN) such that, for every u € Vr, (Q) and every B € D

(r- limGE") (u, B) = G° (u, B),

k—+oo

where the I'-limit is taken with respect to the topology 7. We then define the functional F° on
L?> (RY,R"Y) x D as

F%(u,B) =

{ GO (u, B) — ®° (u) ifue Vp, (), (12)

+00 otherwise.

We have F° = (F°)° = (F°)" on L? (RY,R") x D. We then extend F° on L? (RY,R") x B (R")
defining '
FO(u,B)= sup (F°)’(u,D)= sup (F°) (u,D). (13)
DeD,DCB DeD,DCB

We define the family R (F) of Borel subsets of R through

BeB(RY)|vVuel? (RY,RY): (F°)] (u,B) =

sup  (F°)"(u,D)= inf (F°)°(u,D)
DeD,DCB DeD,BcD

= (F")_(u. B)

R(F) =

Then we prove (see [, Proposition 14.14]) that R (F°) is a rich family in B (RN) and FO = (F°)° =
(Fo)i = (F%)° = (FO)ZJr = (F%)" = (F°)" on R (F°). One obtains, for every u € Vr, () and every
BeR(F)

F°(u,B) = inf limsup (®% (2,) + F° (u+ 2, B))

Zey, 20 k—+co

= inf liminf (9 (2, ) + F° (u + 2., B)).

Ze), Lok—>+00

Let now ¢’ denote any subsequence of e. Thanks to the above method, there exist a subsequence
€)),, a functional F° and a rich family R (F°) such that, for every u € Vr, (Q) and every B € R (F°
kK 1

FY(u,B) = inf limsup (@Egﬂ (zggﬂ) + Fex (u + ZE;,B))
zE;CLO k——+o00
—  inf liminf (@82 (z ) gy (u + ZE;,B)) .

Zs% Lok*}JrOO

Because R (F°) NR (F°) is still a rich family, one has
Yu € Vr, (Q),VBeR: F°(u,.)=F"(u,.), on R (F°) N R (F°).

Because the countable intersection of rich families is a rich family too, one can repeat the above
reasoning and deduce the existence of a rich family R in B (RN ) on which the above limits coincide. One
thus obtains, for every u € Vp, () and every B € R

(F- an&) (u,w) = ®° (u) + F° (u, B), (14)

e—0

where the I'-limit is taken with respect to the topology 7.
Thanks to the above properties 1., 2., 3. and 4. and to the relations ([2) and ([L3), F° belongs to F.
Because ®° and F° are quadratic, thanks to Corollaryﬂ and to Remark B, there exist A\ € My finite, a
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symmetric matrix (a;;); ;_, 5 of Borel functions from RY to R with a;; () (;¢; >0, V¢ € RN and for
q.e. € RY, such that, for every u € Vr, () and every w € RN O (RY)

F° (u,w) = /uiujduij,

with p® = (/Lij)ijzl _n =(agA); j_y  y +oorm\ald, where A is defined as in Remark 3

Let us now precise the support of u®. For every u,v € Hlll (RN, div), such that vjq = u|q, one has
FO (u,RN) = / CAUTLT
RN
because F° is local (R belongs to R because every rich family is dense, and every dense family contains
RY). One deduces that supp (u*) C QUTs. Thanks to ([[4), one has

e—0

0< / wiujdpy; + 0 (u) < liminf (¢ (u) + F° (u, RY)). (15)
RN

Taking u € Hf (Q,div) = {u € H} (Q,RY) | div (u) = 0}, then, for every ¢ > 0, F* (u,R") =0, and
liminf._,o ®° (u) = ®° (u). One deduces, using ([L9), that [, ugujdp,;; = 0, and thus that supp (u®) C I,
which ends the proof. m

Remark 14 1. We thus get Navier’s wall law at the zeroth-order limit of the problem (ﬂ)

2. Theorem @ can be extended to every kind of obstacle functional in F, using Theorem Efor the inte-
gral representation. One can define, for example, sequences of obstacle functionals on H* (RN, RN) X

O (RN) of the kind

ot _ 0 zfﬂZO g.e. on FQ,sﬁwa
(F)" (u,w) = { +o00 otherwise,

the limit (FO)Jr of which is defined on Vr, (Q) x (RTNO (RN)) (for some rich family R*) as

(FO)+ (u,w) = / u;"u;'duij,

NIy
where uf = max (0,u;), i =1,...,N.

3. One proves that j,;; € H-1/2 (Ty), Vi,j =1,...,N, where pi; is the measure defined in Theorem
[£3. One first observes that the measure \ defined in Theorem | belongs to H=Y/2(Ty)T. X is
indeed finite. Because for every compact subset K C I'y, one has A (K) < 400, hence A is a Radon
nonnegative measure. Moreover, because X is absolutely continuous with respect to the capacity Cap,
we deduce from [E, Theorem 2.2], the existence of a Radon measure » € H1/? (T'2) and of a Borel
function f: Ty — [0,4+o00[ such that f = %.

Let us come back to the study of problem (fll). The solution u of (fl}), with the homogeneous Dirichlet
boundary conditions on 0€). is also the solution of the minimization problem

inf (GE (v,RN) + 2/

veL2(RN ,RY) Q.

(uE-V)ua-vdx—Q/st-vdx). (16)

From Theorem E, one deduces the following asymptotic behaviour of the solution of (m)

12



Corollary 15 The solution (u®,p?) of (1), is such that (u®)

£

converges to u® in the topology T and

((ps)m)s converges to p° in the strong topology of L? (Q) /R, where (uo,po) belongs to Vor, (2) x

L2 (Q) /R and is the solution of the limit minimization problem

inf G° N 0. 0, _ .
( (U,R )—|—2/ (u V)u vdx Q/Qf de),

veL2(RN ,RY) Q

or of the limit problem with Navier law

—vAu0 + (uo . V) u +Vp? = f inQ,
div (uo) = 0 1nQ,
W = 0 only,
uw-n = 0 onTs,
ou’ 0
(I-n@n)v—+p*u’ = 0 onTs.
on

Proof. We first observe that, for every sequence (v.)_ converging to v in the topology 7

hm/ f~v€dz:/f~vd:c,
e—0 o Q

(17)

Thanks to the properties of the I'-convergence, (u®)_ converges to u? in the topology 7, with u% €

Vr, (), and

: € € 2
Ehg%)G (u ,RN) =GY (uO,RN) = V/Q ‘VUO‘ dac—l—/F (uo)i (uo)jduij.

2

Then

1 8. E. P 0. 0.
;1_}1% o, (u® - V)u® - vede /Q(u V) u’ - vda,

for every sequence (v.), converging to v in the topology 7. For every ¢ € c! (RN), one has

1/2 1/2
/ u® - Vpdz| < (/ V| dz) (/ |u5|2dx) ,
. e RN

and thus lim, ¢ fEE u® - Vipdz = 0. Because div (uf) = div (u®) = 0, and u® = 0, q.e. on I'y, one has

0:/ uE-Vgodx:/ua-Vgodx—i—/ u® - Vdz.
Q Q EE

€

Taking the limit of this equality, we obtain

0:/u0~V<pdz:/ u® - npdly,
Q Iy

which proves that u®-n = 0 on I'y. Thus u® € Vo, (Q) is the solution of the problem ([L7). The

variational formulation of ([L7) can be written as

Vo € Vor, () : / (—uAuO + (uo . V) uo) - pdx
Q

ou’ 0
+ - wdl'y + (u )Z pidp; = | f-pde.
Iz Iy Q

There exists pg € L*(€2) /R such that —vAu® + (u” - V) u® — f = —Vpy. Thanks to Proposition A,
the sequence ((ps)lﬂ) converges to p° in the strong topology of L2 (©2) /R. Because ¢ -n = 0 on I'y,
€

with n = (0,0, 1), one has: V%—f cpo=(Id—n®n) u%—f -, which ends the proof. m

13



5 Special cases

We intend to specialize the general result obtained in Theorem E, in two cases where the boundary I's .
can be defined through some Lipschitz continuous function.

5.1 Periodic case

In this section, we suppose that Q@ C {x3 > 0} with 02 N {x3 =0} = T'y, 'y containing 0. We define
Y = (—=1/2,1/2)* and consider a Y-periodic function h € C2(Y,R,). For every k € Z2, we define
YF = (—£/2,¢/2)” + (kie, kge), and let I, = {k€Z?|YF CTIy}. We define h. on Ty through

£

/
h (z_) if there exists k € I. such that 2/ = (21, 72) € Y

0 otherwise

and X, through
Ye={zeR® |2 = (21,22) €2, —eh.(¢') <23 <0}.

Thanks to Theorem E, there exist a rich family R C B (R3), a symmetric matrix (,uij)i’j:l _____ N
of Borel measures having the same support contained in I'y, absolutely continuous with respect to the
capacity Cap, and satisfying u,; (B) (;¢; > 0, V¢ € R, VB e B (R3), such that, for every u € Vr, ()
and every w € RN O (R?)

lim inf®* (2) [ u + zc = 0 on
inf e— . _ wd N "
" {x5 = —ch. (2')} Nw and z. - 0 /meZ“ Ujafby (19)
E—r

where ®° is the energy functional defined in ([L]).

Because the lower boundary I' . of 3, defined through the equality I's . = {(2/, x3) | 3 = —¢he (')},
has a periodic structure, the measures p,;, ¢,j = 1,..., N, are invariant under translations on I's. This
implies p,; = K;;jda’, where K;j, i,j = 1,2, 3, are constants in R satisfying Ki;¢;¢; >0,V € R3.

The purpose of this section is to identify these constants Kj;, ¢,7 = 1,2,3. We observe that we do
not have to determine K3, ¢ = 1,2, 3, because, in the limit problem, one has u-n =u-e3 = uz = 0.

Theorem 16 The limit Navier wall law of the limit problem @ is in this case
0 (uo)

m

81'3

=Cn (uo)m ,onTs, m=1,2,

where the constants c,, are defined in @)

Proof. We define the set Z, = {z |2’ €Y, —h(2’) < z3 <0} and consider in Z; the local Stokes

problems for m = 1,2
m

—Aw™ + Vg™ = e in Zp,
div(w™) = 0 in Zp,
wm = e™ on {r3=-h(2)}, (20)
w™ = 0 on {r3=0},
w™, g™ Y -periodic,

where €™ is the m-th vector of the canonical basis of R3. Lax-Milgram’ Theorem implies that (E) has
a unique solution (w™, ¢™) with

m _ [ ueB" (Z,,R?) | div(u) =0in Z,
w" € Vi(Zn) = u=0on {3 =0}, u Y-periodic

g € L%(Z) /R, q™ Y-periodic.

14



Let z;, = max, ey h (2') and choose H > zj,. We define

Zn={z|2' €Y, —H <z3<—h(z)}

and consider in Z, problems similar to (R() except that we impose @™ = €™ on {x3 =

w™ =0 on {x3 = —H}. Let us define

Y. = {zeR3 |2 = (v1,25) €Dy, —eH < 3 < —eh. (2')},
B = 1'€R3|SC/:(£L'1,1'2>€F2, 7€H<SC3<0}

€

and the functions (w™, ¢™) and (w*™, ¢*™) through

v (@) = wn (T), @) = qm (D),
wn@) = @ (2), 7@ = 7 (3)

We finally build the function 2™, on B, through

we™ (x) ifx e X,
2m(z) =4 em on {z3 = —che (')},
w™ (x) on X..

—h(z')} and

Because h = 0 on dY, one can suppose that z2™ = 0 on d'y x (—eH,0). This implies that z0™ €

Hi (R3,div) and 22™ =0 on 0B.. Moreover

lim |zgm|2dz = lim ‘zgm‘de
e—0 RN e—0

£ O 2
= limg / / ‘ng| dx
6—>0k —eH

z//”r of i

= lim kel
e—0
3. / / 2)? da
kel h(ml)
=0
and
lim < (z m): = 1imy5/ ‘Vzgmfdac
e—0 e—0 b
0
= 1/252// V™ () da
kel h(z")
= |F2|C’m5
with

cm:/ IVw™ | d.
Zp,

Taking u = —e™ on ¥, in (L), one obtains
{ lim inf®° (2;) | ze = €™ on {x3 = —che (¢')}, }
= inf

e—0
ze = 0

1>
< E113(1)(1)5 (zgm) =ven [T

Kmm |F2|

This implies
Kmm |F2| <vem |F2| .

15
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Take any sequence (z.), C Hf (R?,div) such that z. = e™ on the surface {3 = —ch. ()} and (z.),
converges to 0 in the topology 7. We write the subdifferential inequality

D° (z.) > @° (22™) + 2u5/ V20"V (2o — 20™) da. (23)
e
We observe that
2. ..

aZOm
cf Bty

Using the regularity (at least H?) of w™, we obtain

e—=0

A" — 1p2/ Aw™ (z) dx,
Zp,

where the convergence takes place in the weak topology of L? (R R?) and 1r, is the characteristic
function of I';. Then

om
(o
T2

9 1/2 ) 1/2
< / dl'y </ |2e — 207 d:c) :
Ty R3

Because (z. — z§™). converges to 0 in the strong topology L2 (R3, R3), we have

3

ow™

on

Elig(l)& . v . v (ze — zgm) dx = 0.

Taking the liminf in (R3), one obtains

N e P e (,0m\ _
llggglf@ (z¢) > hggf@ (zE ) =ven Do

In this last inequality, taking the infimum with respect to all sequences (z.), satisfying the imposed
conditions, one obtains: K., [['2| > vep, |T2|. This inequality and (@) imply: Ky = ven,. Taking now
u=—(e' +¢?) on . in ([Ld), one obtains

1imiélf<1)E (2e) | 2z = €' +¢* on
K11 +2Kis+ Koo)|['s| = inf{ ¢ _ RN
(K11 12 22) [Tz m {zg = —che (2')}, 2 0
e—0

: 01 4,02
< &111%@5 (zE + 2 ) .
Because th Vw! - Vw?dz = 0, we have

gi_% D (22" +20%) = v|Ta| (c1 + ¢2).

This implies: K2 < 0, through the above expression of K,,,,. Writing a subdifferential inequality as
in (23), one obtains: K2 > 0, which implies: K;2 = 0. m
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5.2 Case where h, is independent of ¢

As in the previous section, we still suppose that Q C {x3 > 0} and 9Q N {x3 = 0} = I's. But, we here
suppose that the boundary I's . is given as

o ={(2',23) | 3 = —eh (')}
where h is a Lipschitz continuous function satisfying h (z') > 0, V2’ € T's. We have the following result.

Theorem 17 Under the preceding hypothesis, the Navier wall law is in this case

ou®
Id — - 4=
(Id—n®mn) + 5

=0, on I's.

Proof. Thanks to Theorem [[J, there exist a rich family Rr, C B (%), a symmetric matrix (”ij)i P
of Borel measures having their support contained in I's, which are absolutely continuous with respect to
the capacity Cap, and satisfying p,;; (B) (;¢; > 0, V¢ € R?, VB € B(X), such that, for every u € Vr, ()

and every w € Rp, N O (T'z)

hrniélf@E (z¢) |u+ z: = 0 on
suidp, . = inf e r . 24
/w“ iy = {23 = —eh (@)} Nw, z = 0 (24)

Take u = —e! on {z3 = —eh (2/)}. Then choose w € Rr, N O (I'y), an open subset w® of R? such that
w\w= {2/ e R*|0<d(a2/,0w) <e} and ¢° € C* (R?) with 0 < ¢ < 1 such that

¢* = 1 inw,
¢ = 0 on Jdwe..
We define the function w'¢ through
le — 3 £ /
(’U_) )1(':6) - Eh (ZCI)QO (SC),
(w15)2 () = 0, ) )
€ h €
(w1€)3 (:C) = 5 (a—xl (1-/) s06 (ZL'/) _ ail (.CC’) h (1'/)>
(w)” (1 9¢° . () Oh
2 (@) eh? (x') 0z, 7))

One has div (w'¢) =0, Ve > 0, and w'® = e! on {23 = —ch (2/)} N (w x (—00,0)). We now consider
the problem

A 4Vl = el in Q,
div (¢*) = 0 in €,
¢ =0 on T'y, (25)

1/ 0h 0
¢t = (003 (@) @) - FERE))) onte
The problem (PJ) has a unique solution (¢'*,w'¢) € HL (Q,div) x L? () /R, satisfying

/\vglafd:cgc;/ ¢ dz < C,
Q Q
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where C is a constant independent of . Let H > z,, with zj, = maxr, h. We define the function w'¢ in
D.={z|—H < x3 < —¢h(z)} through

(@18)1@) = ﬁ@a(f%
(@18)2(,@) = 0, o )
@)@ = 5 (5o @)e @)= 55 @) - na)
1 0
(s + H)? | s(H=h@) oo &
T2 ¢ (2')  Oh

S h (@R on ")

We consider the bounded, smooth and open subset Qg = {x | 23 > —H} and 00y N{z |23 =—-H} =

I's, and the solution ( }Ig,w};) of the problem

ng}f + Vol = ¢l in Qp,
div (¢7) = 0 in Qp,
(i 0 on Oy \ Iy,
. V(2w )
¥ = 10,0, 3 81<p5 / / on I's.
—a—zl(fﬁ)(H—h(x))

Let us define the function zé’s through

le .
eC in Q,
le :
20,1 _ w m ZE,
€ w'® in D,

eCl in Qp.

One immediately verifies that 20! € HL (R3,div), 22! = €' on the swrface {z3 = —¢h(z)} N
(w x (—00,0)), (zo’l)s converges to 0 in the strong topology of L? (R* R?) and

g
lim ®¢ (20,1) = limys/ |Vzo’1}2 dr = l// da’
e—0 € e—0 wex(—eh(z'),0) ¢ wh(x’)'
One thus deduces from (24) within this context

M¢W)§{Ah@”-

Furthermore, taking (z.), C Hf, (R3,div), z. = €' on {3 = —ch (2/)} N (w X (—00,0)), (2-), con-
verges to 0 in the topology 7, and using the subdifferential inequality

P (z2) > @7 (221)

—‘,—w—;/ vl v (z‘E — zg’l) dv +v | V201.v (Zg — Z?’l) dx,
> Q

we prove that py; (w) > v [ dz'/h(2"). This implies the equality: p, (w) = v [ dz’/h(2") and, since
this equality is true for every w € Rp, N O (I'z), we obtain pq, = vdx'/h (z').
Choosing now u = —e? on Y., we can build a test-function 222 in a similar way and prove: jig, =

vdx' /h (z).

18



Finally, taking u = — (e! + €?) on X, we consider the sequence (zg)s defined through: 20 = 2014202,
One deduces from the above computations that

dx’
: 0\ _ 1: 0,1 0,2y _
lim < (22) = o (01 4 22%) =20 [ S

and, as in the periodic case, that p;, = 0. The boundary conditions on I's can thus be written as

(u%); = 0
8(u0)m 1
e R

which ends the proof. m

Remark 18 In a general way, if X, = {o +tn| o €y, —eh(o) <t < 0}, with h positive and Lipschitz
continuous on I's, we can prove that the limit law is

0 n

ou
(Id*ﬂ@ﬂ)g‘i’f = 0,
u® - n

6 Optimal control problem

For a given real m > 0, we consider the set Z,, of all matrices h = Diag (h;),_, 5 of functions
h; : T9 — [0, +00], dl'2-measurable and such that

/ hzdFQZT)’L,V’L:l,,N
s

We suppose that 99 is C? and consider the Navier-Stokes problem, with Navier wall law, according
to Theorem E

—vAul + (uh . V) u +Vph = f inQ,
div (uh) = 0 in ),
ou
h(Id—n@n)%Jruh = 0 on Dy, (26)
u-n = 0 onTy,
u* = 0 onTy,

which has a unique solution (u”,p") € Vor, () x L2 (Q) /R. We define the functional F defined on
Em x Hf (Q,div) and associated to (2d) through

v e (u;)?
z |Vu|2dz+— / “—dly
2/(2 2; r, hi

+/(uhV)Uhde_/fud‘T ierVO,Fl(Q)a
Q Q

+00 otherwise.

F (h,u)

We consider the optimal control problem (E), which means that the cost functional is here taken as
the global energy. We observe that

F (h,uh) =— | f-ulda.
Q

This implies that the minimization of F, with respect to u on the set Vo, (€2), is equivalent to the
maximization of the work of the external forces on this set. The problem (E) has a unique minimizer

when Poincaré’s inequality
2 2
FQ FQ Fz hz
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becomes an equality, for every ¢ = 1,..., N, that is when

B = m, |U;n|r2
1

b
|ug| Ly
Iz

where (u™,p™) is the solution of

—vAU™ + (U™ - V)um +Vp™ = f inQ,
div(u™) = 0 mQ,
u™-n = 0 only,
u™ = 0 onl}y,
a m
(Id—n®n)
sign ( /| |d1"2
1
+— = 0 ODFQ.
m :
sign ((u™) y () g [(u™) p | dl
2

Trivially, the study of the I'-convergence of the sequence of the energies associated to ), when m
goes to 0 and relatively to the weak topology of H! (Q, RY ), will lead to the following conclusions: (u™),,
converges to u® in the weak topology of H' (Q,R"), (p™),, converges to p° in the strong topology of
L? (Q) /R, where (u’,p°) is the solution of the problem

—vAu® + (uo . V) uw+Vvp? = f inQ,
div(u’) = 0 inQ, (27)
u’ = 0 on Q.

In order to study the asymptotic behavior of ((um /m)|r2) , we introduce the following linearized
m

perturbation of the Navier-Stokes problem @)

—vAuY™ 4 Vphm = f — (u™-V)u™ in Q,
div (u®™) = 0 in Q, (28)
udm = 0 on 0f).

The problem (§) is a Stokes system, the source term of which is f — (u™ - V) u™. Consider now the
functional I,,, defined on Vo, (€2) through

N 2
1
I (’U) = %/ |V’U|2d1‘+ 5 E </ |’U1|dF2>
Q i=1 T

oudm
Id - -vdla.
+/F2( nQmn) 5, vl
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I, has a unique minimizer (v™,¢™) € Vo, () x L? () /R which is the solution of the problem

—vmAv™ + Vg™ = 0 in Q,
div(v™) = 0 in €,
v -n = 0 only,
v™ = 0 only,
0,m m
(Idfn®n)agn +m([dfn®n)agn
sign ((v™)y) [ [(v™)|dl
s
—+ =0 OHFQ.
sign ((v™) y) g (V™) | dT'a
2

We observe that the couple (v™, ¢™) defined through

u™ 0,m

vV'=—"——"3;9¢ =p —p,

is the minimizer of I,,,. For every ¢ € H/2 (I‘g, RN), there exists a unique extension v, € Vo, (©2) of
¢ defined through

/|VU§D| dx = inf \Vw|? dz.
{wGVg r; (Q)|wlr,= ap} Q

Let us denote M (FQ, R ) the space of finite Radon measures on I'y with values in RY. We consider
the functional J,, defined on M (FQ, RN ) through

mv 2 1 N 2
T/Q |Vo,|” dz + 5; (/FZ |<pi|dF2)
I (p) = +/ (Id—n®n) azg;m - dly if p € H'/? (T2, RN)
" and ¢p-n =0 on Iy,
400 otherwise.

Then (Um)|r2 is the unique minimizer of J,,.

Proposition 19 One has the following properties.

1. sup,, i, (sz |U;"|dl"2) < 400.

2. The sequence (Jy,),, T'-converges, when m tends to 0 and with respect to the weak* topology of
M (Fg, RN), to the functional J defined from M (Fg, RN) to R through

0

a ou
E (x| (T2)) / (Id —n®n) ——dA,
; r on
=1 2
where |\;| (T2) is the total variation of \; on Ts.
Proof. 1. Remark that a regularity property of the boundary 02 implies that

auO,m

on

sup < +o0.

m

’(Id—n@n)

Loo(I'2,RN)
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One thus obtains
J ((W) ) > 12( oI T )2 CZ( || dT >
m = 5 i 2 . i 2 -
- 2 i=1 D2 2 i=1 T2
Moreover

N
sup Jp, ((”m)u“g) <supJ, (0)=0= supz </F [l ng) <C.
m m et 5

This implies the existence of a subsequence of ((Um)u“z) , still denoted ((”m)u“z) , which converges
to some A in the weak* topology of M (T'y, RY).
2. Choose any sequence (™), C HY/2(I'y,RY), satisfying ¢™ -n = 0, on I's and converging to A in
the weak* topology of M (I's, RY). The functional z +— |u|, where || is the total variation of y, being
lower semi-continuous on M (I'y), one has

m—0 s

Thanks to the regularity of the boundary, ((I d—n®n) B%Zm ) uniformly converges to (Id —n ® n) %—f,
hence B " B
u " U
im i - - ™dly > - — ;s
hgl—l}olf/m (Id—n®mn) 5P ng_/Fz <(Id nemn) an)id)\z
This implies
lim iIOIme (™) > J(N). (29)
m—

In order to prove the I'-lim sup property, let us suppose that Q C {zy < 0} and QN {xy =0} =T4
(in fact using a system of local coordinates, one can then study the case of every smooth surface I'z). We

define 2’ = (21, ...,2ny—-1) and the nonnegative and smooth function p_ through
¢ . e if |2/] < e
—exp|———— ] if |z )
p (/) ={ 2N L
if 2’| > ¢,
where

1
-1
C= ramm=rl KO I
(/BNI(M) o <1 - |§|2> C)

Let (w[l/s])a, where [1/¢] denotes the entire part of 1/¢, be a sequence of open subsets of I'y such that

w1 CWQC...CWD/E] C...CTIy,
Uwpiye) = Lz,

d (W[l/g],arg) = ¢&.
We associate the partition of unity (7.), through

ne € CF (wiiye) »
n.(a') =1inwyye-1 ([1/e] —1=[1/], with &’ =
0<n.(2') <1,Va' €Ty, Ve > 0.
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For A = (A1,...,An—1,0) € M (T2, R"), we define the vectorial measure A° through A\* = (A x p_) ..
We observe that A\* € C° (Fg, RN) and

X = A w-M(Ts,RN),

VA (z)) < g% Va' € T,

We build the function w®

(), (z) = = *;”N (X%), () i=1,....,N-1,VzeQ,
(W) y (2) = div()\; () ((E;N) 5).

We immediately observe that w® € H! (Q,R") and

div(w®) = 0 inQ,
w¥)y = 0 only,
w® = 0 onl}y,

that is w® € Vo r, (), for every € > 0. We now define

£ = m4N’
1
m _ miaN
w = w 5
1
)\m _ )\mm

One has

IN

m |Vwm|2d:c Cy/m,
I (A™) = Ly (vam) < Iy (™),
hence

lim supJ,,, (\™) < limsupl,, (w™) = J (\).

m—0 m—0

This inequality and (B9) end the proof. m
One has the following result.

Theorem 20 Let

)

((Idn@n) %—f) (@)

3

KX = {aer2|((1d—n®n)%—‘::) (a):iMi}.

7
A

M, = max
oely

We have the following properties.

1. When m goes to 0, the sequence ((um/m)lm) converges in the weak™ topology of the space
m

M (T2, RN) to a vectorial measure X = (N;),_y _y such that supp (X)) € K;” UK, with \;

positive on K, and negative on K:‘, i=1,...,N.
2. frz ((Id*”‘g’”)%—f)id&:*Mi, 1=1,...,N.

3. 1lmm*>0 fl"g |u§”/m|df2 = |Az| (FQ) = Mi, 1= 1, .. .,N.
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4. When m goes to 0, the sequence (hJ*/m), converges in the weak* topology of M (FQ,RN) to a
measure \; such that supp (\;) C K;" U K;, X\; is positive on K; and negative on K;", and
|Ai| (T2) =1,i=1,...,N.

Proof. One deduces from Proposition E and from the properties of the I'-convergence that ((”m)wg) =
m

((um/m)m) converges in the weak* topology of M (FQ, RN), when m goes to 0, to a measure \ =

(Ai)i—1... n such that J(\) = min,e pqr,,mv) J (V). Define

.....

My (T, RY) ={pe M (T, RY) | ;| T2) =1,i=1,...,N}

and consider the functional .J defined from [0, +oo[" x M (I'2, RY) to R through

J((h,---,tN)a(Mla---aMN))
= J((tl,up---,tN,uN))

1 N oul

2

- S t; Id— ) du,.

DNOEDY [ (i=nem %) an
One has B

in  J(v) = i in J((t1,...,t . 30

er Bl (v) uem?%lrf,m)?%%]v (1, otw) s (s s i) (30)

sees

The minimum of (B() with respect to t = (t1,...,ty) exists if

ou’ )
(Id—n®n)— | du; <0,Vi=1,...,N.
s an i

Let us now find the minimum with respect to u € My (I‘g, RN). One has

ou?
- Id — a S
/1—‘2 (( d n®n) an)zdul_ b

for every pu € My (Fg, RN) such that

ou” .
(Id—n®@n)— | du; <0,Vi=1,...,N,
s an .

2

the minimum being reached in the case of equality, that is if and only if supp (u;) C K7 UK;. One
has A\; = M;u;, i = 1,...,N. Remarking that A\; = p;, one observes that (h]*/m), converges in the
weak™ topology of M (Fg, RY ), when m tends to 0, to \;, and the same result occurs for the sequence
((|u§”|r2) /fm [ul™| ng) . The sequence (h"/m),, converges in M (I'z, RY)-weak* to a probability
measure \; (Xi (T'2) = 1) with support in the set of points of I'y where the shear motions, given through
(Id—n®n) %—f, are large for the limit flow described through (7). =

Remark 21 We thus think that, inside this flow, a thin boundary layer of thinness mh; occurs in the
i-th direction with a probability \; (for every i).
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