
HAL Id: hal-00538620
https://hal.science/hal-00538620v1

Submitted on 23 Nov 2010

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Non-linear dynamics of a mechanical system with a frictional
unilateral constraint

Giovanni Lancioni, Stefano Lenci, Ugo Galvanetto

To cite this version:
Giovanni Lancioni, Stefano Lenci, Ugo Galvanetto. Non-linear dynamics of a mechanical system with
a frictional unilateral constraint. International Journal of Non-Linear Mechanics, 2009, 44 (6), pp.658.
⟨10.1016/j.ijnonlinmec.2009.02.012⟩. ⟨hal-00538620⟩

https://hal.science/hal-00538620v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


www.elsevier.com/locate/nlm

Author’s Accepted Manuscript

Non-linear dynamics of a mechanical system with a
frictional unilateral constraint

Giovanni Lancioni, Stefano Lenci, Ugo Galvanetto

PII: S0020-7462(09)00039-0
DOI: doi:10.1016/j.ijnonlinmec.2009.02.012
Reference: NLM1591

To appear in: International Journal of Non-
Linear Mechanics

Received date: 19 October 2007
Revised date: 21 January 2009
Accepted date: 13 February 2009

Cite this article as: Giovanni Lancioni, Stefano Lenci and Ugo Galvanetto, Non-linear
dynamics of a mechanical system with a frictional unilateral constraint, International
Journal of Non-Linear Mechanics (2009), doi:10.1016/j.ijnonlinmec.2009.02.012

This is a PDF file of an unedited manuscript that has been accepted for publication. As
a service to our customers we are providing this early version of the manuscript. The
manuscript will undergo copyediting, typesetting, and review of the resulting galley proof
before it is published in its final citable form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply
to the journal pertain.

http://www.elsevier.com/locate/nlm
http://dx.doi.org/10.1016/j.ijnonlinmec.2009.02.012


Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

Non-linear dynamics of a mechanical
system with a frictional unilateral

constraint

Giovanni Lancioni

Stefano Lenci
Dipartimento di Architettura, Costruzioni e Strutture,
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Abstract

We analyze the dynamics of a two-dimensional system constituted
by two masses subjected to elastic, gravitational and viscous forces and
constrained by a moving frictional mono-lateral surface. The model
exhibits a time-varying dynamics capable of reproducing the hopping
phenomenon, an unwanted phenomenon observed in many applica-
tions such as the motion of a robotic arm on a surface or that of a
wiper on a windscreen. The system dynamics, besides being affected
by geometrical non-linearities, has a non-smooth nature due to the
impact and friction laws involved in the model. The complexity of the
resulting equations and of the transition conditions require the prob-
lem to be solved numerically. Various periodic motions are found and
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the effect of varying the system parameters, in particular the friction
coefficient, is investigated. Finally simulations are used to gain some
insight the behaviour of the windscreen wiper.

1 Introduction

The motion of the planar mass-spring-damper system depicted in the Fig. 1
is investigated. It consists of two masses m1 and m2 which are immersed in a
vertical downward gravitational field and are constrained by elastic springs,
viscous dashpots and a moving mono-lateral frictional surface. This model,
due to [12] where it has been proposed, studied in detail and called Frictional
Impact Oscillator, reproduces the hopping phenomenon observed in many
applications, such as the motion of a piece of chalk pushed over a blackboard
or that of a robotic arm on a plane. The system can also be seen as a
simplified model of the transverse section of a wiper blade moving on the
windscreen of a car, a problem which originally motivates this work [3, 8, 23].
The investigation of the dynamics is useful to understand the causes of the
hopping and, as a result, to suggest the appropriate remedies to avoid this
unwanted motion.

Despite its apparent simplicity, the model is very intricate due to various
non-linearities involved in its dynamics. Large amplitude oscillations of mass
m1, its impacts with the moving surface and friction, acting between m1 and
the moving surface when they are in contact, are all sources of non-linear
behaviour. Systems with impact and/or friction, as well as stick-slip systems
have been the subject of extensive investigations due to the variety of non-
linear dynamics phenomena they experience [1, 4, 6, 7, 9, 13, 14, 17, 20].

The model can be classified as a time-varying system, because its dy-
namics is divided in three different regimes, each characterized by a different
number of degrees of freedom (dof). The free-flight motion occurs when the
mass m1 is detached from the constraining surface, and it is governed by two
kinematic parameters (y and ϕ in Fig. 1). When m1 is in contact we can
have slipping or sticking, depending on the value of the friction force. The
slip motion is governed by one dof, while in the stick motion there are no
dof, and the dynamics is determined by the velocity of the moving surface.

The equations of motion are equipped with appropriate laws of transitions
from one regime to the others, which are the key-points of the model, and
which require an accurate modeling. In particular, for the impact of m1 on
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the surface, we adopt Poisson’s law proposed in [21] and analyzed in [22],
where the introduction of restitution impulses allows for the bouncing of
mass m1. The perfectly plastic impact law considered in [12] is obtained as
a particular case when the normal restitution coefficient is set equal to zero.
Also an infinite sequence of impacts of decreasing amplitude in finite time are
possible in the model. They represent the normal transition from free-flight
to contact motions.

Depending on the values of the parameters and on the state of the system,
the problem can admit no solution or multiple solutions in transitions from
one regime to another. This may occur in various circumstances, some of
which correspond to the classical Pailevé paradox [12]. The detailed study of
these situations, which entails (i) performing further investigations to check
whether the multiplicity of the solution is only apparent and can be ruled out
by theoretical proofs, or (ii) improving the model to eliminate its inconsis-
tencies (by considering, for example, tangential impacts as done in [15] and
experimentally verified in [24]) is out of the scopes of the present paper and
is left for future works. In all examples shown in Sect. 6 we simply check in
every transition that the obtained solution is unique and end the simulations
if it is not.

Due to the complexity of the model, the dynamical response of the system
is mainly investigated numerically with the combined use of time-histories,
phase portraits, bifurcation diagrams. The goal of these simulations is that of
determining, although in a preliminary way, the main aspects of the system
non-linear dynamics, including various phenomena such as multistability, and
smooth and non-smooth bifurcations.

Contrarily to what has been often done in the literature [12, 21, 22],
we allow the moving surface to have an arbitrary - and not only constant
- velocity. In particular, harmonic surface motion is considered because it
simulates more realistically the motion of a windscreen wiper. In this case,
the most interesting part of the dynamics occurs when the velocity changes
sign. This is very important also from a practical point of view, because it
is just in this situation that most unwanted phenomena are observed [19].

The paper is organized as follows. We provide in Sect. 2 the general
framework for the equations of motion of the mechanical system of Fig. 1.
The three different regimes of motion and the relevant transition conditions
are described in Sects. 3-5. Then, we present in Sect. 6 a series of numeri-
cal simulations aimed at highlighting the main dynamical phenomena. The
paper ends with the conclusions and hints for further developments (Sect.
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2 Equations of motion

For the plane two-mass system represented in Fig. 1, the states chosen to
describe the motion are the rotation ϕ of the rigid bar which connects the
masses m1 and m2, and the distance y of m2 from the surface. They are
collected in the vector u = [ϕ, y]

T
. The position, velocity and acceleration

vectors of the masses m1 and m2 are

xm1 =
[

l sin ϕ
y − l cos ϕ

]
; ẋm1 =

[
lϕ̇ cos ϕ

ẏ + lϕ̇ sin ϕ

]
; ẍm1 =

[ −lϕ̇2 sin ϕ + lϕ̈ cos ϕ
ÿ + lϕ̇2 cos ϕ + lϕ̈ sin ϕ

]
,

(1)
and

xm2 =

[
0
y

]
; ẋm2 =

[
0
ẏ

]
; ẍm2 =

[
0
ÿ

]
. (2)

Let ṡ and s̈ denote the velocity and acceleration of the moving surface, re-
spectively. We define displacement, velocity and acceleration of m1 relative
to the moving surface in the normal (N) and tangential (T ) directions

gN = y − l cos ϕ,
ġN = ẏ + lϕ̇ sinϕ,
ġT = lϕ̇ cos ϕ− ṡ,
g̈N = ÿ + lϕ̈ sinϕ + lϕ̇2 cos ϕ,
g̈T = lϕ̈ cos ϕ− lϕ̇2 sin ϕ− s̈.

(3)

For later use, we also define ġ = [ġN , ġT ]T . The kinetic energy of the system
is

T = 1
2
(m1ẋ

2
m1

+ m2ẋ
2
m2

) =
= 1

2
(m1 + m2)ẏ

2 + 1
2
m1l

2ϕ̇2 + m1lϕ̇ẏ sin ϕ,
(4)

and the potential energy is

V =
1

2
ky(y − y0)

2 +
1

2
kϕ(ϕ− ϕ0)

2 + m1g(y − l cos ϕ) + m2gy, (5)

where g is the acceleration due to gravity, kϕ and ky are the elastic coefficients
of the rotational and linear springs, and ϕ0 and y0 define the configuration
of the unstressed springs. The normal and tangential contact forces between
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Figure 1: Frictional Impact Oscillator, see [12].

the mass m1 and the moving surface are λN and λT , and the corresponding
external work is

P = λN(xm1)2 + λT (xm1)1 = λN(y − l cos ϕ) + λT l sin ϕ. (6)

The Lagrange’s function is given by L = T − V + P , and the equations
of motion in the general case are

d

dt

∂L
∂u̇

− ∂L
∂u

= fnc, (7)

where fnc = [−cϕϕ̇,−cyẏ]
T

are the non-conservative viscous forces of the
rotational and linear dashpots represented in Fig. 1. The resulting two
scalar equations, originally obtained also in [12], are

M(u)ü = h(u, u̇) + F(u)f , (8)
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where

M =

[
m1l

2 m1l sin ϕ
m1l sin ϕ (m1 + m2)

]
, F =

[
l sin ϕ l cos ϕ

1 0

]
,

h =

[ −cϕϕ̇− kϕ(ϕ− ϕ0)−m1gl sin ϕ
−cyẏ − ky(y − y0)−m1lϕ̇

2 cos ϕ− (m1 + m2)g

]
, f =

[
λN

λT

]
.

(9)
It is useful to determine explicitly the normal and tangential contact forces
from (8) (note that F is always invertible apart from the uninteresting case
ϕ = ±π/2): f = F−1Mü− F−1h. Their explicit expressions are:

λN = (m1 + m2)(ÿ + g) + m1l(ϕ̈ sin ϕ + ϕ̇2 cos ϕ) + cvẏ + kv(y − y0),
λT = −m1lϕ̇

2 sin ϕ + m1lϕ̈ cos ϕ + [cϕϕ̇ + kϕ(ϕ− ϕ0)]/(l cos ϕ)+
+ tanϕ[−m2(ÿ + g)− cvẏ − kv(y − y0)].

(10)

The problem is not yet well-defined: we have the four unknowns ϕ, y, λN

and λT but only the two scalar equations (8). To make the problem well-
posed, at least in principle, it is necessary to distinguish between different
regimes of motion, and to specify contact force laws and impact laws.

The first distinction is between free-flight, when mass m1 is detached
from the moving surface (gN > 0), and contact motions, when mass m1 is
supported by the moving surface (gN = 0).

In the latter case, a further distinction is required because of the friction
between the moving surface and the mass m1. Slip occurs when m1 slides on
the surface (ġT �= 0), and stick when m1 has the same velocity of the moving
surface (ġT = 0). Friction is modelled according to the classical Coulomb’s
law, so that when gN = 0 three generic cases are possible:

ġT = 0 ⇒ |λT | ≤ μλN (stick),
ġT < 0 ⇒ λT = μλN (negative slip),
ġT > 0 ⇒ λT = −μλN (positive slip).

(11)

The three different regimes of free-flight, slip and stick are analyzed sepa-
rately in the following sections, together with the transition conditions from
one regime to the others.
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3 Free-flight

Free-flight occurs when gN > 0. In this case there is no contact with the
moving surface, so that λN = λT = 0, and there are only the kinematic
unknowns u = [ϕ, y]T (2 mechanical dof), which are determined by solving
equations (8) with f = 0. Since detM > 0, ∀u, these equations reduce to

ü = M−1(u)h(u, u̇), (12)

and can be easily integrated numerically.

Free-flight occurs as long as gN > 0, a condition that must be verified
during the numerical computations. When gN = 0, two situations may occur:
(i) ġN = 0, and (ii) ġN < 0.

The first case corresponds to the so-called “grazing” [16]. Although it is
known that it plays an important role in many bifurcation scenarios, its study
is out of the scopes of the present work. However, we insert a warning in the
numerical code and stop the computations when a grazing is encountered.

The second case, which is the common one, is considered in the next
section.

3.1 Impact

We model the impact according to the Poisson’s (impulse) law proposed in
[21], which is summarized here and adapted to the present work. A very sim-
ilar model is discussed in [10], while an energetic restitution law is considered
in [17].

Although the impact is assumed to be instantaneous, only in its modelling
it is customary to consider that it occurs in an infinitesimal time interval
[tA, tE ], in which two phases are identified: a compression, t ∈ [tA, tC ], and
an expansion, t ∈ [tC , tE]. The compression phase is defined by the condition
ġN < 0, whereas the expansion phase by ġN > 0. Furthermore, the position
u is assumed to be continuous and constant during the impact, whereas the
velocity u̇ has a discontinuity as a consequence of the impulses generated at
the impact.

7
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3.1.1 Compression

Integrating equation (8) over the compression interval [tA, tC ] we obtain

M(u̇C − u̇A) = FiC , (13)

where iC = [ΛNC , ΛTC]
T

= [
∫ tC

tA
λN dt,

∫ tC
tA

λT dt]
T

is the vector of the im-
pulses of the vertical and horizontal contact forces. We notice that the in-
tegral of h in (8) vanishes because u is continuous and the time interval is
infinitesimal.

Let w = [0,−ṡ]
T
, and rewrite (3)2,3 in the form:

ġ = F
T

u̇ + w. (14)

By evaluating (14) in tA and tC , subtracting these equations, noting that F
depends only on u and thus it is constant during the impact, we get

ġC − ġA = F
T

(u̇C − u̇A), (15)

which, using (13), is written as function of the impulses

ġC = GiC + ġA, (16)

where G = F
T
M−1F. In components (16) reads as

[
ġNC

ġTC

]
=

[
G11 G12

G21 G22

] [
ΛNC

ΛTC

]
+

[
ġNA

ġTA

]
. (17)

The unknowns of the two scalar equations (17) are ġNC , ġTC , ΛNC and ΛTC

(ġNA < 0 and ġTA are known because they are the hitting relative velocities),
so that two further equations are required. They are obtained by considering
the normal and the tangential behavior in compression.

The phase of compression ends, at t = tC , when the normal relative
velocity vanishes,

ġNC = 0. (18)

This is the third equation. Since the normal reaction λN is always positive,
also the impulse is positive,

ΛNC > 0. (19)

8
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As far as the behavior in the tangential direction is concerned, it is as-
sumed that the Coulomb’s law (11), which is valid for forces, extends to the
impulses (see [21] for more details):

ġTC = 0 ⇒ |ΛTC| ≤ μΛNC (stick),
ġTC < 0 ⇒ ΛTC = μΛNC (negative slip),
ġTC > 0 ⇒ ΛTC = −μΛNC (positive slip).

(20)

In each of the previous three cases there is an equality, which is the fourth
equation, and an inequality, which has to be checked together with (19).

In the numerical simulations we explicitly consider all the three cases. If
only one is possible, then the solution is unique, we take the correct values
of ġNC = 0, ġTC , ΛNC and ΛTC, and proceed further. If, on the contrary,
none or more than one is possible, we encounter a paradox, and, according
to what has been said in the Introduction, we terminate the computation.

Finally we note that the behavior in the tangential direction is dissipative,
since ΛTC · ġTC ≤ 0 in any case.

3.1.2 Expansion

Repeating the same reasoning of the compression phase in the infinitesimal
interval [tC , tE] we obtain (G is the same of the compression phase):

ġE = GiE + ġC . (21)

Now iE = [ΛNE , ΛTE]
T

= [
∫ tE

tC
λN dt,

∫ tE
tC

λT dt]
T

is the vector of the impulses
in the expansion phase.

Again, two further equations are required to determine the four unknowns
ġNE, ġTE, ΛNE and ΛTE (ġNC = 0 and ġTC have been computed in the
compression phase).

The behavior in the normal direction is governed by the Poisson’s law,
according to which the elastic deformation in compression releases an expan-
sion impulse which is proportional to the impulse at compression:

ΛNE = εNΛNC . (22)

This is the third equation. εN ≥ 0 is the restitution coefficient, and it is a
constitutive parameter of the model which should be determined experimen-
tally.
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The relative normal velocity at the end of the expansion must be non-
negative, ġNE ≥ 0. Indeed, it has been shown in [11] that the mass m1 always
rebound if εN > 0, namely

ġNE > 0. (23)

The behavior in the tangential direction is similar to that in the compres-
sion phase, and it is given by (20) by simply changing the subscript C with
E.

Again, in each of the three cases there is an equality, which is the fourth
equation, and an inequality, which has to be checked together with (23).

In the numerical simulations we consider all the three cases. If only one
is possible, than the solution is unique, we get the corresponding ġNE, ġTE ,
ΛNE and ΛTE, and proceed further. If, on the contrary, none or more than
one is possible, we encounter a paradox and stop the computation.

Remark. In [21] a more involved model is considered, which is aimed at
describing also the “superball” effect. See [21] and [11] for more details. In
[15] and in [24] a tangential impact is also considered. �

Summarizing, we enter the impact phase knowing the impact position ϕA

and yA = l cos(ϕA), and the velocities ϕ̇A and ẏA. With these latter we com-
pute ġNA and ġTA by (3)2,3 and then, following the previous developments,
ġNE and ġTE. Using again (3)2,3 we get the initial velocities ϕ̇E and ẏE for the
subsequent motion, while the continuity of the displacements gives ϕE = ϕA

and yE = yA.
Note that all these computations are algebraic, and that the (infinites-

imal) length of the time interval [tA, tE ] does not appear explicitly. This
confirms that the impact is actually considered instantaneous in this model.

3.2 From free-flight to contact regimes

3.2.1 Infinitely many impacts

As previously said, it has been shown in [11] that ġNE > 0 provided that
εN > 0. This means that the mass m1 always bounces, and there is no generic
direct transition from free-flight to contact regimes. This transition in general
occurs indirectly. In fact, in certain situations an infinite sequence of impacts
occur at times ti, i ∈ N, and the impact instants accumulate on a certain t̂,
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limi→∞ ti = t̂, while the normal impulses tend to zero, limi→∞ ΛNC,i = 0, as
well as the normal relative velocity, limi→∞ ġNE,i = 0.

In the numerical simulations it is not easy to detect the accumulation
point t̂. We conventionally end the process when the time distance between
two consecutive impacts, |ti+1 − ti|, is smaller than a given, very small, tol-
erance.

At the end of this process, which has been studied in detail in [2, 5] where
it has been named ‘chattering’, and in [18] where it has been named ‘complete
chattering’, the motion goes to a contact regime. To decide whether stick
or slip is the subsequent motion, we use the exit condition for the impact
as the initial conditions for both stick and slip, and immediately check their
feasibility (practically, for slip we check if λN given by (31) is positive, and
for stick we check if λT and λN computed with the formulas reported in Sect.
5 satisfy |λT | < μλN). If only one is admissible, the motion proceed with
that phase, otherwise a paradox is encountered and, as usual, we stop the
numerical simulations.

3.2.2 Completely inelastic impact

A different transition from free-flight to contact regimes is obtained in the
case of a perfectly plastic impact. This is obtained by setting εN = 0, i.e.,
by assuming that there is no expansion impulse or, alternatively, that all the
normal impact energy is dissipated.

In this case the expansion phase disappears, tE ≡ tC , and the solution is
that of the compression phase

ġNE = ġNC = 0, ġTE = ġTC . (24)

Remark. The perfectly plastic impact can be seen as the limit of the Pois-
son’s impact law described in the previous sections as tC → tE (see [11] for
more details). A perfectly plastic impact is considered in [12]. �

Contrarily to the previous case, here the transition to contact regimes is
instantaneous, and does not require any special care in the numerical simu-
lations. Similarly to the previous case, instead, the contact regime following
the impact is chosen by checking the feasibility of both slip and stick motions,
continuing the computation if only one is possible and stopping it if none or
both are possible.
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Remark. It is useful to determine the manifold which separates the stick and
slip post-impact regions in the phase space. This manifold can be detected
by assuming that the stick post-impact condition (ġTE = 0, namely ġTC = 0)
and the slip post-impact condition (ΛTE = μΛNE, namely ΛTC = μΛNC)
occur simultaneously. With these conditions, from (17) we obtain that
ΛNC = −ġNA/(G11 + μG21) and that the equation

H(ϕA)ġNA(ϕA, ϕ̇A, ẏA) = ġTA(ϕA, ϕ̇A), with H =
G21 + μG22

G11 + μG12
, (25)

must be satisfied by the impact entering variables ϕA, ϕ̇A and ẏA. Equation
(25) is the analytical expression of the searched boundary manifold. Note
that in the sub-space (ϕ,ϕ̇), it is a curve parametrized by ẏA. �

4 Slip

Slip is the first of the two contact regimes to be analyzed. Both are charac-
terized by gN = 0 and ġN = 0, and as far as contact is maintained, also by
g̈N = 0. From these expressions and (3) we obtain

y = l cos ϕ, ẏ = −lϕ̇ sin ϕ, ÿ = −lϕ̇2 cos ϕ− lϕ̈ sin ϕ, (26)

which show how, in these cases, y is no longer an independent variable.
In the case of slip, ϕ is the unique independent variable (1 dof). To

determine the governing equation, we note that if m1 slides on the moving
surface, then ġT �= 0, and, from the Coulomb law (11)2,3, we have that:

λT = μλN (if ġT < 0) or λT = −μλN (if ġT > 0). (27)

We write all equations in the present section by supposing λT = μλN ; the
other case is obtained by changing μ with −μ (alternatively, we can consider
λT = −sign(ġT )μλN). By inserting expression (10) in the expression λT =
μλN , and using (26), we get (see [12])

m(ϕ)ϕ̈ + v(ϕ̇, ϕ) = 0, (28)

where

m(ϕ) = (m1 cos2 ϕ + m2 sin2 ϕ + μm2 sin ϕ cos ϕ)l2,
v(ϕ̇, ϕ) = a1(ϕ)ϕ̇2 + a2(ϕ)ϕ̇ + a3(ϕ),

(29)

12
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and

a1(ϕ) = [(m2 −m1) sin ϕ cos ϕ + μm2 cos2 ϕ]l2,
a2(ϕ) = μcvl

2 cos ϕ sin ϕ + cvl
2 sin2 ϕ + cϕ,

a3(ϕ) = kϕ(ϕ− ϕ0)− kvl
2 sin ϕ cosϕ− μkvl

2 cos2 ϕ + kvy0l sin ϕ+
+μkvy0l cos ϕ− (m1 + m2)(sin ϕ + μ cosϕ)gl + m1gl sin ϕ.

(30)
Equation (28) is integrated numerically. Once the solution ϕ(t) is deter-

mined, the normal reaction λN is evaluated by substituting (26) and (28) in
(10)1:

λN = m2l(
v(ϕ̇, ϕ)

m(ϕ)
sin ϕ−ϕ̇2 cos ϕ)−cvlϕ̇ sin ϕ+kvl cos ϕ−kvy0+(m1+m2)g.

(31)

Slip occurs if m(ϕ) > 0, ġT �= 0 and λN > 0, three conditions that
must be verified during the numerical computations. When m(ϕ) ≤ 0, the
Painlevé paradox occurs (Sect. 4.2); when ġT = 0 we have a transition to
stick or to inverted slip (Sect. 4.3); when λN vanishes we have a transition
to free-flight (Sect. 4.4). Before analyzing these cases, however, we discuss
the equilibrium points in the slip regime.

4.1 Equilibrium points and their stability

Equilibrium positions ϕ = ϕ̄ and y = l cos ϕ̄ of the system of Fig. 1 are pos-
sible if the surface velocity does not change sign, e.g., if it is constant. They
experience only the slip regime, so that, from (28), they are the solutions of
a3(ϕ̄) = 0.

The determination of the stability of these solutions is a difficult problem.
In fact, they are (equilibrium) solution of the whole 2 dof system, so that the
computation of the eigenvalues of the whole 4×4 Jacobian matrix is required.
Moreover, the problem is even more complex, because we are dealing with
a non-smooth unilaterally constrained motion, so that classical analysis may
fail [14].

As a consequence of the previous observation, and because it is suffi-
cient for the purposes of the present work, we study only the stability on
the constrained manifold gN = 0, i.e., we investigate only the stability of
the equilibrium of the equation (28), neglecting the out-of-manifold dimen-
sions. Thus, we only obtain necessary conditions for stability (or sufficient
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conditions for instability). Fortunately, we will show with some numerical
simulations (Sect. 6.1) that, in some cases, this analysis captures exactly the
bifurcation point where stability is lost.

The Jacobian matrix of the system (28) at equilibrium is given by (see
[11] for more details)

J =
−1

m(ϕ̄)

[
0 −m(ϕ̄)

a′3(ϕ̄) a2(ϕ̄)

]
. (32)

Let λ1(ϕ̄) and λ2(ϕ̄) be the eigenvalues of (32). The equilibrium is stable if
Re(λ1) < 0 and Re(λ2) < 0.

The equilibrium reaches a saddle-node bifurcation if one of the eigenvalues
is equal to zero. This occurs when a′3(ϕ̄) = 0, i.e., when a3(ϕ) has a double
zero. The bifurcation is instead a Hopf when Re(λi) = 0, Im(λi) �= 0,
i = 1, 2. This occurs when a2(ϕ̄) = 0 and a′3(ϕ̄) > 0. Note that if cϕ >

(cvl
2/2)(

√
1 + μ2 − 1) we have that a2(ϕ) is always different from zero, so

that Hopf bifurcation is not possible.

4.2 Painlevé paradox

In (28), m(ϕ) vanishes when

ϕ = arctan[
μ

2
(−1±

√
1− 4

μ2

m1

m2
)], (33)

which is a real number only if [12]

μ > μcrit = 2

√
m1

m2
. (34)

If μ < μcrit the mass term m(ϕ) never vanishes, whereas for μ above μcrit

it is possible that the term m(ϕ) vanishes. When m(ϕ) = 0, two cases are
possible:

(i) v(ϕ̇, ϕ) �= 0; then ϕ̈→∞ and the solution no longer exist;
(ii) v(ϕ̇, ϕ) = 0, and the solution is not unique in principle.
This is a manifestation of the Painlevé paradox, which can be better

studied by reformulating the problem in the form of a linear complementary
problem (LCP). This has been previously investigated in [12] and [21], and
their main results are summarized in the next subsection.
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4.2.1 The Linear Complementary Problem

Let us consider the expression (3)4 of g̈N . If we (i) evaluate ϕ̈ and ÿ from the
equation of motion (8), (ii) use the condition of slip λT = μλN (we suppose
positive sliding), and (iii) use the conditions of contact gN = ġN = 0 (i.e.,
y = l cos ϕ and ẏ = −lϕ̇ sin ϕ), then we have [12]

g̈N = A(ϕ)λN + b(ϕ̇, ϕ), (35)

where

A(ϕ) =
1

(m1 cos2 ϕ + m2)

m2

m1
(
m1

m2
cos2 ϕ + sin2 ϕ + μ sin ϕ cos ϕ)

b(ϕ̇, ϕ) =
1

l(m1 cos2 ϕ + m2)
{m2l

2 cos ϕϕ̇2 + [−cϕ
m2

m1

sin ϕ + cvl
2 sin ϕ cos2 ϕ]ϕ̇+

+[−kvl
2 cos3 ϕ− kϕ

m2

m1
(ϕ− ϕ0) sin ϕ + lkvy0 cos2 ϕ]} − g.

(36)
In the case of negative sliding, λT = −μλN and in (36) μ has to be replaced
with −μ.

When the mass is in contact with the moving surface, the force λN can
be greater than zero and g̈N must be zero, or g̈N can be greater than zero
and λN must be zero. We thus obtain the linear complementary problem
(35) and

g̈N ≥ 0, λN ≥ 0, g̈N · λN = 0. (37)

The following cases are possible:

• A > 0 (1 solution)

1. b > 0 → λN = 0, g̈N = b (free-flight);

2. b < 0 → λN = −b/A, g̈N = 0 (slip);

• A < 0 (2 solutions or no solutions)

1. b > 0 → λN = 0, g̈N = b (free-flight), or λN = −b/A, g̈N = 0
(slip)

2. b < 0 → no solutions.

We note that A(ϕ) = m(ϕ)/[m1(m2+m1 cos2 ϕ)], so that A(ϕ) = 0 if and
only if m(ϕ) = 0. Moreover, when the Painlevé paradox occurs, A(ϕ) < 0
[21], also the mass-like term m(ϕ) becomes negative.
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4.3 From slip to stick or to inverted slip

The motion passes from slip to stick or to inverted slip when ġT = 0. This
occurs at a certain ϕ̂, and the associated velocity and acceleration are, re-
spectively,

ˆ̇ϕ =
ṡ

l cos(ϕ̂)
, ˆ̈ϕ = −v( ˆ̇ϕ, ϕ̂)

m(ϕ̂)
. (38)

They depend on the transition position ϕ̂ only.
To decide the next regime, we check independently the admissibility of

impending stick or inverted slip.

Stick after slip
To verify if stick follows slip, we compute the tangential λ+

T and the normal λ+
N

contact forces at the beginning of the hypothetical subsequent stick regime.
They are given by inserting the expressions (26) of y, ẏ and ÿ in (10), and
by using in the resulting formulas ϕ = ϕ̂,

ϕ̇ =
ṡ

l cos ϕ̂
, ϕ̈ =

s̈

l cos ϕ̂
+

(ṡ)2 sin ϕ̂

l2 cos3 ϕ̂
(39)

(these are the equations of the stick regime, which will be obtained in the
next Section).

Stick after the transition is possible if |λ+
T | ≤ μλ+

N .

Inverted slip
To check whether inverted slip might occur at ġT = 0, we compute the
tangential relative acceleration at the end of the finishing slip regime

g̈−T = l ˆ̈ϕ cos ϕ̂− l ˆ̇ϕ2 sin ϕ̂− s̈, (40)

where ˙̂ϕ and ¨̂ϕ are given by (38), so that (40) is a function of ϕ̂ only.
Then, we compute the tangential relative acceleration at the beginning of

the hypothetical next slip regime, g̈+
T . It is given by (40) by simply changing

the sign of μ in the expression v( ˆ̇ϕ, ϕ̂) appearing in (38)2.
Inverted slip is possible if the relative velocity ġT continuously changes

sign across the point where ġT = 0. This occurs when g̈−T and g̈+
T have the

same sign, i.e., g̈+
T · g̈−T > 0.

Transition at the end of slip
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Now that we have (independently) computed g̈+
T , g̈−T , λ+

T and λ−T we are in
position to determine the transition at the end of the slip regime. Only four
generic cases are possible:
(i) |λ+

T | ≤ μλ+
N and g̈+

T · g̈−T < 0 ⇒ we switch to stick, which is the only
possible subsequent motion;
(ii) |λ+

T | ≥ μλ+
N and g̈+

T · g̈−T > 0 ⇒ we switch to inverted slip, which is the
unique possibility;
(iii) |λ+

T | > μλ+
N and g̈+

T · g̈−T < 0 ⇒ no solution exists.
(iv) |λ+

T | ≤ μλ+
N and g̈+

T · g̈−T > 0 ⇒ two solutions exist;
Note that cases (iii) and (iv) highlight the possible presence of another

paradox. In these cases the numerical simulations are interrupted, as well as
in the non generic situation g̈+

T · g̈−T = 0 which is similar to grazing.

4.4 From slip to free-flight

The motion moves from slip to free-flight when λN = 0, which, by (35), is
equivalent to b = 0 (g̈N = 0 because we are in a slip regime, although at
the end of it). Consequently, in the phase space (ϕ,ϕ̇), the curve implicitly
defined by b(ϕ̇, ϕ) = 0 is the locus of points of slip to free-flight transition.

Note that during the transition the function b behaves as follows: b < 0
(slip) ⇒ b = 0 (transition) ⇒ b > 0 (free-flight).

Let ϕ̂ and ˆ̇ϕ be the angle and the velocity at the instant of time for
which λN = 0. The initial conditions for the subsequent free-flight regime
are: ϕ = ϕ̂, ϕ̇ = ˆ̇ϕ, y = l cos ϕ̂ and ẏ = −l ˆ̇ϕ sin ϕ̂.

5 Stick

In the stick case the mass m1 adheres to the moving surface, so that the
motion has no dof. In addition to (26), we also have ġT = g̈T = 0, which
yields

ϕ̇ =
ṡ

l cos ϕ
, ϕ̈ =

s̈

l cos ϕ
+

(ṡ)2 sin ϕ

l2 cos3 ϕ
. (41)

Integrating ġT = 0 we obtain

ϕ(t) = arcsin[ sin ϕ̂ +
1

l

∫ t

t̂

ṡ(τ)dτ ], (42)
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which gives the angle ϕ(t) as a function of the driving velocity. In (42) ϕ̂ is
the angle and t̂ the time at the beginning of the considered stick regime.

If we substitute (41)-(42) in (26), and the result in (10), we obtain the
reactive forces λN and λT as a function of ṡ and s̈.

Note that in the space (ϕ, ϕ̇) the stick motions belong to the curve defined
by (41)1, which is explicitly independent on time only in the case of constant
surface velocity.

Stick occurs as far as |λT | < μλN and λN > 0. When |λT | = μλN we
have a transition to slip (Sect. 5.1); when λN = 0 we have a transition to
free-flight (Sect. 5.2).

5.1 From stick to slip

A stick phase passes to slip when λT = μλN (negative slip, ġT < 0) or
λT = −μλN , (positive slip, ġT > 0).

Of course, we have to check that incipient slip is possible. λN remained
positive during all the stick phase (otherwise there would be transition to
free-flight), so it is positive also at the transition and just after. The relative
tangential velocity ġT is zero up to the transition and then continuously will
become different from zero. The only meaningful check is then on the sign
of m(ϕ) (and thus on the sign of A(ϕ)), which may turn to a negative value
during the stick phase.

If m(ϕ) (and A(ϕ)) is positive, according to the contents of Sect. 4.2.1
the solution is unique and we proceed further. If m(ϕ) < 0 (and A(ϕ) < 0)
the Painlevé paradox occurs, and we have to consider the sign of b. If b is
negative there is no solution, and the computations stop. If, on the other
hand, b > 0 we can have slip or free-flight after transition (see Sect. 4.2.1).

Since we do not accept negative values of the mass-like term m(ϕ), in this
case we proceed to free-flight. In this transition λN jumps instantaneously
from a positive value to zero. This choice is supported by the results of [12],
where it is proved (Lemma 5.3), for a Simplified Frictional Impact Oscillator,
that the unique transition is from stick to free-flight.

5.2 From stick to free-flight

The transition from stick to free-flight apparently does not differ from the
slip to free-flight transition which has been studied in Sect. 4.4. A difference
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instead occurs. In fact, when λN = 0 also λT = 0, so that both the conditions
λN = 0 and |λT | = μλN are satisfied simultaneously. Thus, in principle, both
the transitions to free-flight and to slip are possible. As usual, we proceed if
only one is possible, and stop if none or both are feasible.

It is important to remark that, in some sense, this case constitutes a
pathological situation. In fact, it requires that, during the stick phase, the
point (λN , λT ) in the plane of the contact forces reaches the vertex of the
friction cone with no previous intersection with the cone itself (otherwise a
transition to slip will happen earlier), which is not a generic situation. To
support this conclusion, we observe that in the numerical simulations of Sect.
6 we never encounter a stick to free-flight transition.

6 Numerical simulations

In this section two series of numerical simulations are reported.
In the first we assume a constant surface velocity and we analyze the

influence of the frictional coefficient μ and of the angle of the unstressed con-
figuration ϕ0 on the dynamics. Different values of the restitution coefficient
εN and of the ratio m1/kϕ are considered.

In the second we consider a sinusoidal surface velocity. Preliminary tests
are performed to investigate the hopping phenomenon, which usually takes
place when ϕ and ṡ have opposite signs, i.e. when the motion of the sur-
face compresses the vertical spring. This phenomenon is unwanted in many
practical applications. If, for example, we consider the motion of windscreen
wipers, the bounces of the blade on the glass produce undesired noise and
marks which reduce the visibility. In the case of robotic fingers, the hopping
reduces the displacement precision and stresses the system by means of dan-
gerous impulsive forces. We analyze the influence of the friction and of the
unstressed springs configurations on the hopping motion.

6.1 Constant surface velocity

We set l = 1 m, m2 = 1 kg, ky = 100 N/m, cy = 10 N/(ms), cϕ = 0,
y0 = 1 m, and ṡ = −1 m/s, and consider both an elasto-plastic impact law,
assuming εN = 0.2, and a perfectly plastic law as in [12], setting εN = 0.
The friction coefficient μ and the angle of the unstressed configuration ϕ0 of
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the rotational spring play the role of governing parameters. Two simulations
are performed with different values of the ratio m1/kϕ.

6.1.1 Simulation 1

We consider the values m1 = 0.1 kg and kϕ = 100 Nm. For εN = 0 (per-
fectly plastic impact), the chosen parameters coincide with those used in the
simulations of [12], which are used as a benchmark to check the accuracy of
our numerical code. Then, they are compared with the results obtained with
εN = 0.2 in order to have some hints on the differences induced by different
impact laws.

Bifurcation diagrams for varying μ

We fix ϕ0 = π/8. The influence of the friction coefficient μ on the motion
is described by the bifurcation diagrams of Fig. 2. The maximum angular
velocity ϕ̇ of the motion is plotted versus μ.

For small values of μ we observe only an equilibrium branch, which cor-
responds to that analytically computed in Sect. 4.1. As it is in a slip mode,
no impacts are involved and thus the diagrams for εN = 0 and εN = 0.2 coin-
cide. Furthermore, the equilibrium branch is horizontal, being ϕ̇ constantly
equal to zero, but the equilibrium configurations actually depend on μ: ϕ
increases as μ increases, according to the equilibrium equation a3(ϕ) = 0, see
Sect. 4.1.

By increasing μ, the equilibrium undergoes an Hopf bifurcation at μ =
0.40977, after which a periodic oscillation in slip mode appears. This bifurca-
tion occurs within the slip mode, so that the bifurcation point coincides with
that analytically computed in Sect. 4.1. Furthermore, as the system remains
in a slip mode, the diagrams for εN = 0 and εN = 0.2 still coincide. The
equilibrium point (ϕ = 0.392, ϕ̇ = 0) for μ = 0.3 and the periodic oscillation
for μ = 0.4098 are reported in Fig. 3.

The slip periodic branch exists only in a narrow range of values of μ.
In fact, at μ = 0.40983 it suddenly disappears and the dynamics jump on
another branch of solutions, which exists also for smaller values of μ. This
branch involves free-flight and impacts, and thus the path for εN = 0 is
different from that for εN = 0.2. The two branches differ even for the starting
point, which corresponds to μ � 0.3882 for εN = 0.2 and to μ � 0.3896 for
εN = 0.

It is worth to note how the transition from contact motions to detached

20



Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

motions occurs through a hysteretic loop (see Fig. 2(b)), which is defined by
the region of coexistence of the two solutions.

In the case εN = 0.2, the detached motion consists of a sequence of peri-
odic bounces of m1 on the moving surface. Its orbit is denoted as ‘bouncing’
in Fig. 3(a), while a time history is reported in Fig. 4(a). It has a single
jump of ϕ̇, corresponding to the impact. The periodic motion does not de-
pend on μ since the friction enters only at the impact instants (a numerable
set of instants) and do not affect significantly the dynamics in this case. As
a result, the periodic branch is horizontal.

In the case εN = 0 the motion consists of a sequence of free flight-stick-
slip phases which repeat periodically, this occurring in the range 0.3979 <
μ < 0.6450. The phase portrait for μ = 0.6 is drawn in Fig. 3(b), and
the corresponding time history is reported in Fig. 4(b). After the free-flight
phase, at the impact the orbit jumps to the curve ġT = 0 (equation (41)1),
and the motion continues in stick mode. There is a transition to slip mode
when the stick curve intersects the friction cone (λT = −μλN ), and then a
transition from slip to free-flight occurs when the orbit intersects the curve
b = 0 (b is defined in (36)2), as described in Sect. 4.2.1.

Near the bifurcation point μ = 0.3896 (see Fig. 2(c) for an enlargement of
the corresponding bifurcation branch) the motion has the following behavior.
At μ = 0.3979, the periodic motion passes from free flight-stick-slip (μ >
0.3979, Fig. 3(b)) to free flight-slip-stick-slip (μ < 0.3979, Fig. 5(b)), i.e.,
the post-impact phase passes from stick to slip. The phase portrait at this
transition is represented in Fig. 5(a), where we note that the impacting
values ϕA, ϕ̇A and ẏA satisfy equation (25) HġNA = ġTA.

As μ decreases in the range 0.3896 < μ < 0.3979, the stick phase reduces
and the post-impact slip phase increases. At the bifurcation point μ �
0.3896, the stick phase disappears and the two slip parts of the orbit join at
the point of intersection between the friction cone and the curve ġT = 0 (see
Fig. 5(c)). This bifurcation looks to be quite complex, and it is still subject
to further investigation, but, in any case, after that the motion jumps to the
equilibrium branch ϕ̇ = 0.

When μ > 0.645 the periodic motion loses the slip phase (see the phase
portrait for μ = 0.8 in Fig. 3(b)). In this case A < 0 (A is defined in
(36)1), and the Painlevé paradox occurs at the end of the stick phase, when
λT = −μλN . Since b > 0 at this point, both free-flight and slip would be
possible (see Sect. 4.2.1), but the negative value of the mass-like term m(ϕ)
rules out the slip mode and the motion goes in free-flight. However, at the
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transition instant from stick to free-flight, the normal reaction λN jumps from
a positive value to zero. This discontinuity has no mechanical justification,
and likely disappears if more sophisticated impact laws are considered.

The loss of the slip phase at μ = 0.645 is evidenced by a non-smooth
point in the bifurcation diagram of Fig. 2(a).

A comparison of the plastic and of the elasto-plastic impact cases for fixed
values of μ is reported in Figs. 3 and 4. In particular, comparing the time
histories in Fig. 4, we notice that the motions for εN = 0 and εN = 0.2 have
practically the same period.

Bifurcation diagrams for varying ϕ0

We now fix μ = 0.4 and vary ϕ0 in the interval (0, π/5). The bifurcation
diagrams are represented in Fig. 6. The solid and dashed line curves corre-
spond to the case εN = 0.2 and εN = 0, respectively. For ϕ0 < 0.223, the
mass m1 never detaches from the belt. An equilibrium branch in slip exists
up to ϕ0 = 0.044, and a stick-slip periodic branch is found in the interval
0.044 < ϕ0 < 0.223. Within the stick-slip interval, as ϕ0 increases, the stick
phase increases (see the phase portraits of Fig. 7). At ϕ0 = 0.223 the orbit
becomes tangent to the curve b = 0 and the free-flight phase enters the mo-
tion. For ϕ0 > 0.223 the diagrams corresponding to εN = 0 and εN = 0.2 do
not coincide, despite their closeness up to ϕ0 � 0.36. We consider separately
the two cases.

When εN = 0 (dashed line in Fig. 6), the system exhibits a periodic
motion of the stick-slip-free flight-slip type in the interval 0.223 < ϕ0 < 0.387
(see the orbit for ϕ0 = 0.350 in Fig. 8(a)). In this range the post-impact
slip phase reduces as ϕ0 increases, and at ϕ0 = 0.387 the post-impact regime
passes from slip to stick, as confirmed by the fact that the starting impact
point (ϕA, ϕ̇A, ẏA) satisfies equation (25) HġNA = ġTA (this can be clearly
seen in Fig. 8(b)).

In the interval 0.387 < ϕ0 < 0.413, the periodic motion is stick-slip-free
flight. The stick phase reduces as ϕ0 increases and at ϕ0 = 0.413 it vanishes.
The orbit at this transition point is represented in Fig. 8(c).

Looking to the enlargement of Fig. 8(c), we notice that the impact point
(ϕA, ϕ̇A) does not belong to the curve HġNA = ġTA, even if the post-impact
motion passes from stick to slip. The reason is that the impact problem
is solved by a stick solution, i.e., ġNE = ġTE = 0 and the impulses ΛNE

and ΛTE, evaluated by (17), satisfy the inequality |ΛTE| ≤ μΛNE. But
the tangential and normal forces at the instant t = tE (impact end) are
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such that |λT (tE)| > μλN(tE). As a result, the stick mode cannot start,
and only slip motion is allowed with the initial conditions ϕ = ϕA and
ϕ̇ = ṡ/(l cos ϕA). The slip mode starts with null relative tangential velocity.
The absurd condition |λT (tE)| > μλN(tE), which holds only at the initial
instant of the slip post-impact phase, is due to the fact that, at impact, the
Coulomb’s law is extended to impulses and thus averaged forces are evaluated
instead of punctual ones. This is a well known feature of the considered model
[21].

In the range 0.413 < ϕ0 < 0.429, the motion has the slip and free-
flight phases. Within a period, the duration of the slip phase reduces as
ϕ0 increases, and at ϕ0 = 0.429 it vanishes (see Fig. 8(d)). At this point
the orbit is all in free-flight regime, but an impact occurs. The solution of
the impact law is a slip point, which belongs to the curve b = 0. Thus,
after the impact, the motion would continue in slip mode, however it cannot
since the orbit enters the region b > 0, where only the free-flight regime
satisfies the complementary problem (37). As a result a post-impact motion
does not exist and the bifurcation branch interrupts. This phenomenon is
a consequence of the plastic impact assumption εN = 0. In fact, it will no
longer exist in the elasto-plastic case εN = 0.2 analyzed below.

For ϕ0 > 0.429 only an equilibrium branch survives. The equilibrium is in
slip mode for 0.429 < ϕ0 < 0.478 and in free-flight mode for ϕ0 > 0.478. The
stable equilibrium branch starts at ϕ0 = 0.383. In the range 0.383 < ϕ0 <
0.413 the periodic and equilibrium branches coexist (hysteretic behavior).

Now we consider the case εN = 0.2. Since for ϕ0 < 0.223 the mass m1

never detaches from the belt, in this range the motion corresponds to that
of the case εN = 0. In the interval 0.223 < ϕ0 < 0.330 the bifurcation
curves of the cases εN = 0.2 and εN = 0 practically coincides. In the case of
elasto-plastic impact, the transition from free-flight to slip occurs through a
‘chattering’ phenomenon (see Sect 3.2.1). Actually, only the first bounces can
be seen in Fig. 9(a), due to the graphical resolution. The bifurcation diagram
almost overlaps with that characterized by εN = 0 since this phenomenon
practically does not modify the values ϕ̇max of the orbits.

At ϕ0 = 0.330, the post-impact slip phase vanishes (the corresponding
orbit is represented in Fig. 9(b)). We notice that the same bifurcation point
for the case εN = 0 is ϕ0 = 0.387. In the range 0.330 < ϕ0 < 0.365 the
periodic motion is of the type slip-free flight-stick. The stick phase reduces
up to vanish at the point ϕ0 = 0.365 (see the orbit in Fig. 9(c)). For
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ϕ0 = 0.365 the ‘chattering’ finishes at the point of intersection between the
friction cone and the curve ġT = 0. The corresponding bifurcation point for
the case εN = 0 is ϕ0 = 0.413. The slip phase vanishes at ϕ0 = 0.374 (see the
phase portrait in Fig. 9(d)), and only the free-flight regime remains, with
bounces between free-flight phases.

We remind that in the case εN = 0 orbits with only free-flight are im-
possible, and the bifurcation branch interrupts where they should appear (at
ϕ0 = 0.429 in that case); here, on the contrary, we have shown that this
kind of motion exists. More precisely, in the range 0.374 < ϕ0 < 0.386 the
solution consists of chaotic bounces (see Fig. 9(e)) or periodic bounces of
period n > 1 (see Fig. 9(f) for a period 3 motion). The bouncing becomes of
period 1 for 0.386 < ϕ0 < 0.581. The value of ϕ̇max rapidly increases, as the
bounces rapidly increase their amplitudes. The phase portrait for ϕ0 = 0.5
is represented in Fig. 9(g). The periodic branch ends at ϕ0 = 0.581 and, for
ϕ0 > 0.581, only the equilibrium branch in free-flight mode survives.

6.1.2 Simulation 2

We now assume m1 = 0.4 kg and kϕ = 25 Nm, a case in which the geometrical
non-linearity plays a more important role on the dynamics.

Bifurcation diagrams for varying μ

We fix ϕ0 = π/8. The bifurcation diagrams for varying μ are reported in
Fig. 10. In this case, the diagrams obtained with εN = 0.2 and εN =
0 practically coincide, also in the regions where there is free-flight. The
bifurcation curve is constituted by four branches related to four different
dynamical behaviors. The branch μ < 0.353 is an equilibrium one. The
next three branches correspond to periodic motions: for 0.353 < μ < 0.360
the motion is an oscillation in slip mode, for 0.360 < μ < 0.453 the periodic
oscillation involves also the stick mode, and for μ > 0.453 a more complex free
flight-slip-stick-slip motion takes place. In Fig. 10(b) the bifurcation diagram
is enlarged in correspondence of the slip oscillating branch. The transition
from equilibrium to slip is a Hopf bifurcation occurring at μ = 0.353, a value
which coincides with that analytically evaluated in Sect. 4.1.

The orbits in the (ϕ,ϕ̇) phase space are reported in Fig. 11 for different
values of μ, where we observe that the larger is μ the larger is the diameter
of the orbits. The bifurcation values μ = 0.360 and μ = 0.453 correspond to
orbits which are tangent to the curves ġT = 0 (appearance of a stick phase)
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and b = 0 (appearance of free-flight), respectively.
The motion experiences impacts only for μ > 0.453, and, as a result,

only in this region the periodic motion depends on the impact law. Fig. 12
shows the orbits and the time histories of the m1 vertical displacement for
μ = 0.49, for both εN = 0.2 and εN = 0. In the case ε = 0.2, the solution
goes from free-flight to slip through a cascade of accumulating impacts. On
the contrary, in the case εN = 0, a single impact occurs between free-flight
and slip. As shown in Fig. 12 the two orbits differ only in correspondence of
the impacts and in the successive slip phase, and they practically coincide in
the remaining part. This explains why the bifurcation diagrams for εN = 0.2
and εN = 0 appear to coincide also when μ > 0.453.

Bifurcation diagrams for varying ϕ0

We now fix μ = 0.4 and vary ϕ0. The bifurcation diagrams are represented
in Fig. 13(a). Since the mass m1 never detaches from the belt, the diagrams
for εN = 0 and εN = 0.2 coincide. For ϕ0 < 0.225 and ϕ0 > 0.442 the system
stays in equilibrium in slip mode. For 0.225 < ϕ0 < 0.434 the motion is
periodic of the type stick-slip (see Fig. 13(b) for the orbit at ϕ0 = 0.4), and
for 0.434 < ϕ0 < 0.442 the motion becomes periodic in slip mode. The orbit
detaches from the curve ġT = 0, as shown in Fig. 13(c).

6.2 Surface moving with harmonic velocity

In this subsection we assume a harmonic velocity for the moving surface:

ṡ(t) = A sin(
2π

T
t), (43)

and assign the values A = 1 m/s and T = 4 s. All the other data are
the same as in Simulation 1. In these preliminary tests we just vary the
values of some parameters to see their effect on the dynamics. In particular,
we analyze the influence of the parameters μ, ϕ0 and y0, focusing on the
hopping phenomenon.

Influence of μ

We fix ϕ0 = π/8 and y0 = 1 m, and analyze the influence of the frictional
coefficient μ. Varying the value of μ, it is found that mass m1 never detaches
from the belt if μ < 0.414. The orbit in the (ϕ,ϕ̇) space and the horizontal
displacement of m1 during a period T are plotted in Fig 14(a) for μ = 0.4.
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The mass m1 mainly slips on the moving surface and sticks only when ṡ
changes sign. For ṡ < 0 the motion is an oscillation which asymptotically
tends toward the point ϕ � 0.388, while, for ṡ > 0, the oscillation quickly
approaches the point ϕ � 0.409. The asymmetry of the motion with respect
to ϕ = ϕ̇ = 0 is due to the non null unstressed configuration of the rotational
spring (ϕ0 = π/8).

For μ > 0.414, bounces take place in the dynamics. As shown in Fig.
14(b) for μ = 0.5, the hopping occurs when ṡ < 0, and the motion is essen-
tially in free-flight with short slip periods. When ṡ > 0, the motion is mainly
an oscillation in slip mode. Stick mode happens in a time interval during
which ṡ changes sign.

The motions in the cases of elasto-plastic and perfectly plastic impact
models are compared in Fig. 15 for μ = 1. In both cases bounces occur in the
half period ṡ < 0 and oscillations in slip mode take place when ṡ > 0. When
εN = 0, stick phases are interposed within the free-flight phases. Looking at
the time history of the vertical position x2 of m1 in the right part of Fig. 15,
we notice that, in the case εN = 0.2, the first bounce in the second half period
is the highest. Such a bounce is preceded by the stick phase which pumps
potential energy in the system, later transformed into (released) kinematic
energy during the subsequent free-flight phase. We notice that also the last
bounce within the period, preceded by a stick phase, reaches a remarkable
height. In the case εN = 0, the bounces first increase and then decrease their
height. The highest bounce happens when ṡ � −1 (minimum value). In this
case the amount of potential energy pumped in the system during the stick
phases seems to be proportional to |ṡ|.

These simulations reveal the well known dependence of the hopping on
the friction. A large value of the friction coefficient facilitates the hopping
phenomenon. In fact, according to common sense, we know that, in the case
of a windscreen wiper, the hopping occurs when the glass is dirty and dry,
i.e., when μ has a large value.

Influence of ϕ0

In the next simulations we test the dependence of the motion on the un-
stressed position of the rotational spring ϕ0. We fix μ = 0.4 and y0 = 1 m,
and vary ϕ0. Fig. 16 represents the motions for different values of ϕ0 in the
case εN = 0.2.

The numerical tests reveal that for ϕ0 < 0.23 the mass m1 never detaches
from the surface and the motion consists of oscillations which tend alterna-
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tively toward two accumulation points. The stick phase takes place when
the velocity changes sign and also in the half period ṡ < 0, alternating to
the slip phase (see Fig. 16(a)). In the half period ṡ > 0, the oscillation is
in slip mode. For ϕ0 > 0.23, the mass m1 detaches from the moving sur-
face. The motion exhibits free flight-slip-stick oscillations when ṡ < 0 and
slip oscillations when ṡ > 0 (Fig. 16(b)). As ϕ0 increases, the amplitudes
of the oscillations reduce, and, consequently, the orbits occupy smaller and
smaller regions in the (ϕ, ϕ̇) plane (compare the length of the coordinate
axes in the phase portraits of Fig. 16). The free-flight phase disappear when
0.375 < ϕ0 < 0.430 (Fig. 16(c)). When 0.43 < ϕ0 < 0.48 a small bounce per
period takes place (Fig. 16(d)). For ϕ0 > 0.478 (value previously found in
the bifurcation diagrams of Fig. 6), the mass m1 detaches from the surface
and stays in equilibrium in free-flight.

Referring to the windscreen wiper application, these simulations suggest
that the hopping phenomenon can depend on the permanent deformation
of the wiper blade which affect the blade rubber when its elastic properties
are compromised and irreversible plastic deformations occur. Therefore the
phenomenon should be more frequent with old wipers, affected by a larger
‘permanent deformation’.

Influence of y0

Finally, we change the value of the unstressed configuration y0 of the linear
spring. We fix μ = 0.4 and ϕ0 = 0.34. As shown in Fig. 17, if we reduces
the value of y0 to 0.924, the bounces reduce in number and amplitude. For
y0 = 0.739, the free-flight phases disappear. When ṡ > 0, slip oscillations
quickly converge toward the point ϕ � 0.58 and, when ṡ < 0, stick-slip
oscillations take place.

These results show that, again in the interpretation of the model as wind-
screen wiper, the hopping depends on the wiper metal arm, and it is enhanced
when there is not enough (static) push on the rubber blade toward the glass.

7 Conclusions

A system with a varying number of degrees of freedom affected by geomet-
ric non-linearity and non-smoothness due to friction and impacts is inves-
tigated. The paper highlights how an apparently simple mechanical model
(i) requires a complex set of transition conditions to link phases of motion
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characterized by a varying number of governing equations, and (ii) possesses,
as a consequence, a very complex dynamics where many different dynamical
phenomena have been observed and related to the properties of the system.
Both the non-smooth and the varying-dimension characters have been shown
to play a key role.

It is clarified that the adopted mathematical framework is not fully con-
sistent - a price to be paid to its relative simplicity. In the numerical code we
developed for the simulations we insert appropriate warnings when various
inconsistencies (or paradoxes) occur. In the numerical simulations shown in
the paper we encounter only one of them.

In the case of constant driving velocity of a moving surface, the system
dynamics is investigated for varying values of both the friction coefficient
(μ) and the unstressed position of the rotational spring (ϕ0). The bifurca-
tion diagrams generated with a restitution coefficient in the normal direction
equal to zero depict a wide variety of motions, and some of them were not
highlighted in previous publications.

The introduction of a restitution coefficient in the normal direction dif-
ferent from zero allows a more realistic description of the system dynam-
ics, accounting for bounces and a phenomenon in which the transition from
free-flight to contact regime occurs through infinitely many impacts, named
‘chattering’. Moreover, in the considered numerical simulations, in several
situations this avoids the Painlevé paradox and the related jump of the re-
active forces, and in some other cases it avoids the interruption of periodic
bifurcation branches.

Finally some simulations are presented for the case of sinusoidal velocity
of the moving surface. These simple examples seem to justify the adop-
tion of the model under investigation to study the hopping phenomenon in
windscreen wipers, for which it was originally developed.
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Figure 2: Simulation 1. Bifurcation diagrams for varying μ.
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Figure 3: Simulation 1. Orbits in the ϕ− ϕ̇ phase plane. Free-flight ≡ solid
line; slip ≡ dotted line; stick ≡ dashed line.

Figure 4: Simulation 1. Vertical displacement x2 of m1 as function of time t
in the periodic motions obtained when μ = 0.6.
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Figure 5: Simulation 1. Orbits in the ϕ− ϕ̇ phase plane. Free-flight ≡ solid
line; slip ≡ dotted line; stick ≡ dashed line.
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Figure 6: Simulation 1. (a) bifurcation diagrams for varying ϕ0. εN = 0.2 ≡
solid line; εN = 0 ≡ dashed line. (b) zoom of a portion of figure (a).
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Figure 7: Simulation 1. Laid motions. Orbits in the ϕ− ϕ̇ phase plane. Slip
≡ dotted line; stick ≡ dashed line.
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Figure 8: Simulation 1. Case of plastic impact (εN = 0). Orbits in the ϕ− ϕ̇
phase plane. Free-flight ≡ solid line; slip ≡ dotted line; stick ≡ dashed line.

36



Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

Figure 9: Simulation 1. Case of elasto-plastic impact (εN = 0.2). Orbits in
the ϕ − ϕ̇ phase plane. Free-flight ≡ solid line; slip ≡ dotted line; stick ≡
dashed line.
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Figure 10: Simulation 2. Bifurcation diagrams for varying μ.
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Figure 11: Simulation 2. Orbits in the ϕ− ϕ̇ phase plane. Free-flight ≡ solid
line; slip ≡ dotted line; stick ≡ dashed line.

39



Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

Figure 12: Simulation 2. Orbits in the ϕ− ϕ̇ phase plane and time histories.
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Figure 13: Simulation 2. (a): bifurcation diagrams for varying ϕ0; (b)-(c):
orbits for fixed values of ϕ0.
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Figure 14: Sinusoidal surface velocity. Phase portraits and time histories for:
(a) μ = 0.4, (b) μ = 0.5.
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Figure 15: Sinusoidal surface velocity. Phase portraits and time histories for
μ = 1: (a) εN = 0.2, (b) εN = 0.
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Figure 16: Sinusoidal surface velocity. Phase portraits and time histories for:
(a) ϕ = 0.20, (b) ϕ = 0.34 (c) ϕ = 0.40, (d) ϕ = 0.46. εN = 0.2.

Figure 17: Sinusoidal surface velocity. Phase portraits for: (a) y0 = 1, (b)
y0 = 0.924, (c) y0 = 0.739.
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