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Proceedings of Symposia in Pure Mathematics

Almost Sure Rotation Number of Circle Endomorphisms
Sylvain Crovisier

ABSTRACT. We introduce the almost sure rotation number pas for some circle
endomorphisms f. From ergodic theory, this extends the classical rotation
number. By restriction to a particular piecewise linear family, we show that
pas has Holder variations with f and is irrational on a full Lebesgue measure
set of parameters.

1. Introduction

One would expect that the theory of dynamical systems ought to be able to
describe the asymptotic behaviour of “most orbits” of “most dynamical systems”.
This is the goal we want to adopt here in order to study circle endomorphisms and
their rotation number.

The rotation number was introduced by H. Poincaré for orientation-preserving
circle homeomorphisms as a conjugacy invariant. It says how fast orbits rotate
around the circle. We consider here a larger class of systems: the circle endomor-
phisms.

We will denote by T! = R/Z the circle and by 7 : R — T! its universal
covering. A map f: T! = T! is a circle endomorphism if there exists a continuous
map f : R — R such that 7o f = fom. It will be convenient to fix arbitrarily a
choice for the lift f. The set of circle endomorphisms contains orientation preserving
circle homeomorphisms but also non-injective maps. A smooth model in this theory,
known as the Arnol’d family ( f’a,w), and parametrized by a > 0 and w € R, is defined
by

faw(®) = & + asin(2nZ) + w
for any & € R. The map fq, ., is a homeomorphism when 0 < a < 1/27.
For any point € T, its rotation number during n € N\ {0} iterations by f is
G

pn(-raf) = Ta

where Z € R is any lift of z (i.e. (&) = x). The asymptotic rotation behaviour of
f is characterised by taking the limit values of p,(z, f) when n goes to infinity. A
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2 SYLVAIN CROVISIER

classical result (see [[CGT]|) asserts that one gets a compact interval R(f), called
the rotation set of f:

R(f) = U limit points of the sequence(py, (z, f)).
€T
The rotation set may also be obtained from the measure theory: for any f-invariant
Borel probability measure p over T!, let us define the rotation number of u by

oo, F) = /[ @ -Ban

Then, _ _
R(f) ={p(u, f), p f-invariant probability measure}.

For some endomorphisms it may happen however that the sequence p,(z, f )
converges for most orbits (i.e. for z in a set with full Lebesgue measure) toward
the same number. We call this “physical” rotation number the almost sure rotation
number, pas( f ). We hope pas( f ) to be defined for most systems f in order to study
how it varies. In particular, for any endomorphism f, we first introduce the family

(f.) after composition by the rotation:

JEW(‘%) = f(j) +w.

We then consider, where it is defined, the map

W > Pas(fu)-

Our forthcoming results are motivated by the standard situation of circle dif-
feomorphisms (Section [): in this case, R(f) is a singleton, so that p..(f) is always
defined and called the rotation number of f. Its dependence with respect to f is
well-understood after Herman’s work in , ] Figure mshows as an example
the variations of w — p(fa.) for the Arnol’d family when a = 0.15.

In order to switch to the non-invertible endomorphisms f, one has to require
some assumption that guarantees the existence of pas( f) This is discussed in
SectionE. In the following sections, we restrict our study to a particular 2-parameter
family (a piecewise linear model for the Arnol’d endomorphisms), (fi ), defined
as follows, for A > 1 and w € R (see Figure [):

(1) When Z € [0, 4£2), Frw(@) = Az + w.
(2) When 7 € [£32,0), Frw(@) = =z +w.
(3) For any & € R, faw(Z +1) = faw(@) + 1.
When A\ > 3, pas(f}yw) is well defined and will be denoted by pas(A, w). Figureﬂ
shows the map w + pas(\,w) when A = 3.5 (compare with Figure [I).
Then, we show in Section E that pas( fAyw) varies smoothly:

Theorem 1.1. The maps w — pas(A,w) for A > 3 are Holder continuous.

In view of Herman’s results (Section E), it is also natural to ask how pus(A, w)
varies with A and w. For example, is it mostly rational or irrational? Section
deals with this question.

Theorem 1.2. There exists A\g > 3 and a set E with full Lebesque measure in
(Ao, +00] X R such that for any (\,w) € E, pas(A,w) is irrational.

Those last two results come from EirOlb]. We present here only a sketch of
the proofs. A detailed exposition of Theorem E appeared also in [Cr014].
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FIGURE 1. Rotation number p of the Arnol’d diffeomorphisms # +—
Z +0.15sin(277) + w.
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FIGURE 2. The map & — fi . (Z).

2. The invertible case

Let us consider an orientation preserving circle homeomorphism f and the
associated map w — p(w) = p(f,). V. Arnol’d and M. Herman remarked that its

graph is a devil staircase (see [[Al, [H77, [H79] and Figure [I}):

Proposition 2.1 (Arnol’d, Herman).

(1) The map p is continuous and non-decreasing.
2) For any irrational number o € R\ Q, p~'(a) is a singleton.
y p g
(3) If f satisfies a generic condition Ao, for any rational numberp/q, p~*(p/q)
has non-empty interior.

Proposition E says that for a generic map f (in fact, for any f in an open
and dense subset of circle orientation preserving homeomorphisms space) p( f ) is
rational. On an open and dense subset of R, p takes rational values. On the other
hand, Herman proved also:

Theorem 2.2 (Herman). If f is a C3-diffeomorphism that satisfies a generic con-
dition As, the map p is absolutely continuous and takes irrational values on a
non-zero Lebesgue measure set.

The Arnol’d maps with 0 < a < 1/27 satisfy both condition Ay and As.
In the measure sense, rational and irrational values are both relevant. Several

improvements to these results have been given later , Ga3, @, frod).

3. The non-invertible case

3.1. The rotation interval. We will only assume now that f is an endo-
morphism and for any w € R the rotation set of f,, will be denoted by R(f.) =
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FIGURE 3. The maps p~, pas, and p* for the slope A = 3.5.
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[p~(fu), pt(f.)]. The dependence of R(f,) in w has been studied by P. Boy-
land in [E] He showed that essentially Proposition still holds for the maps
w = p~(f,) and w — pT(f,). G. Swiatek proved however in [§89] that Theo-
rem E fails here:

Theorem 3.1 (G. Swi@tek). For f in some large class of C? bimodal circle en-
domorphisms, and w in a full Lebesque measure subset of R, the endpoints p~ (f,)
and p*(f,) are both rational.

Here again, Theorem @ applies with the Arnol’d endomorphisms (a > 1/27).

3.2. The almost sure rotation number. Those results give a complete
topological description of the rotation behaviour of circle endomorphisms. From
now on we adopt an ergodic-theoretic viewpoint and consider the almost sure rota-
tion number when it is defined. Note that this is no longer a topological invariant
of the dynamics.

The almost sure rotation number is obviously defined when a periodic cycle
attracts almost every orbit. The almost sure rotation number is then rational and
(at least in the C? topology) this situation is robust. Thus, we will consider the
much more interesting endomorphisms f that satisfy the following condition:

There exists a set 2 C R with positive Lebesqgue measure such that
(P) any map f, with w € Q preserves an ergodic probability measure
e that is equivalent to the Lebesgue measure on T!.

By Birkhofl’s ergodic theorem, for any w € (2, and Lebesgue almost every point
x € T, the sequence p,(z, f.,) converges to p(iw, f.), the almost sure rotation
number of f,,.

3.3. Smooth endomorphisms. It is now well-known that the existence of
an absolutely continuous invariant measure for families of smooth critical maps
is associated to large sets of parameters. This was first proven by M. Jakobson
in [J]] for the quadratic family but extended later to multimodal maps (see [@,
Y]|]). This absolutely continuous invariant measure is ergodic and has a positive
Lyapounov exponent. By @], it is thus sufficient to prove then that its support
is the full circle in order to get (P). This can be obtained from the hyperbolic
behaviour of one-dimensional maps far from the critical points:

Proposition 3.2. There exists in (%, +00) a set A of positive Lebesgue measure
such that for all a € A, the Arnol’d families (fo,w)wer Satisfy (P).

This has been proven in [CrO1H]. The measure is however obtained in an
indirect way so that the study of the variations of p,s seems difficult.

3.4. Piecewise linear endomorphisms. In order to simplify our study we
will now consider piecewise expanding maps: they are known to preserve absolutely
continuous probability measures. As a model we will work with the piecewise
linear family of bimodal circle endomorphisms (f) ) as defined in Section m Many
%hors have already been interested in piecewise linear circle maps (see [,

).

The turning points ¢; = 7(0) and ¢ = 7(1 + A/2\) will be called the critical
points. Property (P) is easily checked:
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Proposition 3.3. For any A > 3, the family (fxw) satisfies Property (P) with
Q=R.

ProOF. From [@, D], frw Dreserves at least one absolutely continuous er-
godic probability measure y. Its support is a finite union of disjoint compact inter-
vals where p is equivalent to the Lebesgue measure. Let I be one of these intervals.
If one assumes that I is not the full circle T, as A > 3, the length of f) (1) is
strictly larger than the length of I even if I contains one or the two critical points.
This is a contradiction since I should be mapped into itself after some iteration. [

For some parameters, it is possible to compute explicitly pas(), w) (see [[Cr01a])
and show that the map p,s is not in general an increasing function of w (see Fig-
ure fi).

4. Regularity

4.1. Main results. For any parameter (A, w) we will denote by . the in-
variant probability measure which is equivalent to the Lebesgue measure m and by
R its density. As a function in L'(m), hy ,, varies smoothly with the parameters.

Theorem 4.1. For any 1 < p < oo,

(1) the map (\,w) +— hx from (3,400) X R to LP(m) is continuous;
(2) for any X > 3, the map w — hy, from R to LP(m) is a-Holder continuous
for any exponent 0 < a < 1.

This is false in L°(m) as explained below. Since pas is obtained by integration
with respect to the measure u) , the same result is true for the maps (\,w) —
Pas(A,w) and w — pas(A, w) and proves Theorem . It will follow from Section E
that for most A, the map w +— pas(\,w) is not Lipschitz, so that the exponents
given by Theorem @ are optimal. The proof gives however a sharper modulus of

continuity in w|logwl.
Theorem also gives the following corollary.

Corollary 4.2. For any A\ > 3, the set of parameters w such that p.s(\,w) is
irrational has Hausdorff dimension equal to 1.

This is a first step towards Theorem E

PrROOF. A map which is a-Hélder continuous sends any set with Hausdorff
dimension 3 onto a set whose Hausdorff dimension is bounded by /a. Here, « is
arbitrarily close to 1, and the image (the set of irrational numbers) has dimension
g=1. O

4.2. The symbolic Perron-Frobenius operator. We sketch here the proof
of Theorem . The main idea is to introduce some operator with suitable prop-
erties.

Recall first that the absolutely continuous invariant measures can be obtained as
fixed points for the Perron-Frobenius linear operator £ in the space of the densities
that have bounded variations, BV(T!): for any absolutely continuous invariant
measure y = h.m with density h in BV(T!), the measure f(u) is also absolutely
continuous with respect to the Lebesgue measure. The Perron-Frobenius operator
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FIGURE 4. Discontinuity of (A, w) — L 4.

associates to the density h the density £.h of the measure f(u). It is also defined
by the following equality:

_ h(y)
(4.1) (L.h) (z) = f%zx BIOR

This operator has good spectral properties: in particular, the eigenvalue 1 is iso-
lated, so that one can expect to follow the fixed points after perturbation of L.

However, the Perron-Frobenius operator £, y acting on BV(T?!) and associated
to the map f» ., does not vary continuously with the parameters (A, w). This can be
easily seen since the constant function 1 is mapped by L), onto a function which
takes on two values. For closeby parameters (A, w) and (\,w’), the function

Ly 1 =Ly 1

is small in any space L”(m) but not in L°(m) or in BV(T?) (see Figure []): note
that the sizes and the positions of the discontinuities of the two functions are close
together. But since the positions of the discontinuities are sligthly different, the
difference between the two functions has large discontinuities.

This problem can be bypassed by changing the function space. Like for £) .1,
all the functions £f .1 (n > 1) are piecewise constant with discontinuities along
the orbits of the critical points ca’ and ¢, . This leads us to work in a sequence space:
we first choose any 1 < u < A/2. For s = (v, (s;,),-,,(s}).-,) in R x RN x RN, we
then set - -

Isll = [0l + D (sn ]+ lsf "
n>1

and define the Banach space

(4.2) E, ={s, |Is| < o and Z(s; +s5)=0

n>1
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Any element s of E, can be identified by some linear map ¢, to a function in
L' (m) defined by

(4.3) inws(@) = v+ / S (570, +570.0),

[0,z)
where 4, is the Dirac measure at z and (c;;) and (c;7) the postcritical orbits. (The
condition 3" o, (s; + s) = 0 in ([£3) assures the periodicity of iy ,.s.)

A linear Perron-Frobenius operator L Aw can be defined on E’u (it is not unique
in general) so that the following diagram commutes:

The definition of £. Aw 18 very natural from the definition (@) of £, but is simpler
when the following generic assumption is satisfied (we will not discuss in detail the
general situation here):

Vn>1, c¢,,cf &{cy,cd} (no collision condition)

n»-n

In this case, for any s = (v, (s;;), (s;)), the values of iy .5 at c; and cf are well
defined and equal to

(4.4) vT=v, vi=v+ Z s, + Z st
e €m((0,555)) b en((0,%550))

respectively. Let us define 17, = —1 or +1 in the case when ¢, belongs to the
decreasing or increasing interval of fy .. One defines similarly 7;". The image

sequence r = (w, (r;7), (rF)) = Law.s is defined by

_ + 4+
2v —207t 1S,
L= . forn>2, ricz%;

and the value of w may now be computed by noting that the integrals of ¢y ,,.s and
iz are equal.

We introduced this space Eu because the operator EAAM can be shown to have
both of the following properties:

Spectral property: The operator EAAM keeps the good spectral properties
of the initial operator £y ,: the eigenvalue 1 is isolated and has multi-
plicity 1. This is a very classical argument if one shows that the essential
spectral radius of L Aw is strictly less than 1. The idea is to consider the
projection P : E, — E, defined by

P(v,(s;,), (s5)) = (v,(s7,0,0,...),(s7,0,0,...)).

Note that P o L, is a finite rank operator and from ([L.4) the norm of
L) w—PoLy, is bounded by . Consequently (see [@] lemma VIII.8.2),

the spectrum of EA,\M outisde the disk D(0, §) consists of a finite set of
eigenvalues.
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Continuity property: The eigenspace associated to the eigenvalue 1 of the
operator L',AAM varies continuously with the dynamics fy,. This comes
from the fact that, for each density, the space E, codes each discontinuity
by its size but forgets its position on the circle.

In particular, the obstruction to the continuity in the space BV(T?!) is
no longer true: this can be seen on the example given before by Figure @:
the image of 1 by EA,\M is

(1+ (ol = 52 +wl)2, (2,0,0,...), (52,0,0,...)),

where ||z|| denotes the fractional part of x. Note that ¢; and ¢} are equal
to 7(w) and (12 +w). When the “no collision condition” is satisfied, ¢;’
and cf are distinct from ¢, so that w and % +w have their integer parts
locally constant (and their fractional parts vary locally continuously). The
continuity of £ ,,.1 with (\,w) is then clear.

One may obtain the continuity of the eigenspace associated to 1 by
noting that for any eigenvector s = (v, (s, ), (s;")), the sequences (s,,) and
(s;) decrease like (A™™) and that A™* < u~!. Consequently, the continu-
ity of the eigenspace with respect to the parameters (A, w) will follow from
the continuity of the projection of L Aw On each coordinate of R x RN xRN,
This is a consequence of the above definition of the operator after noting
that for nearby parameters that satisfy the no collision condition, each
sequence (n,,) or (n;") coincides up to an arbitrarily large integer n.

This idea to introduce an operator acting on a symbolic space is inspired by [[L00)].

4.3. Conclusion of the proof of Theorem @ This time and thanks to the
above properties, the argument announced at the beginning of the previous section
can be carried out: the eigenspace associated to the eigenvalue 1 can be followed
continuously in the space E, when the parameters (A\,w) vary. It is then easy to
show that the image by 75 ., also varies continuously in L' (m): let s = (v, (s;,), (s3))
and r = (w, (r;)), (r)) be the two fixed points of closeby operators EA,\,W and EA,\/M/
that code for some probability densities h and h’. Let us compute the distance
between h and A’ in L'. From ([.3), we get:

/|h7h’|dm§ o —w|+ Y (s =l + st =i+
n>1

2 (sal+ I D dley (A w), e (VW) + D (st + [y D d(eh (A w), 6f (X, o).

n>1 n>1

Note that the sequences (s;,), (s;}), (r,,;) and (r;}) decrease geometrically as A\~"

or X" (see (I4)). Let us consider some large integer N in order to truncate the
sums:

2w AN  2uN TN
Jn=wldm < s = x4 2R 4 2R

N
2(|o] + [w]) Y (d(er, (A, w), e (V,0") +d(eg (A, w), e (V) -
n=1
By taking N large enough and the parameters (A, w) and (M, w’) close, one gets
that h — &' is arbitrarily small in L' and proves at last the continuity of A in L'
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with respect to the parameters. Some improvements of these arguments yield the
other conclusions of Theorem EI

5. Generic values

5.1. Main results. The approach of this section is independent of the pre-
vious one. All the results stated here are consequences of the following technical
theorem:

Theorem 5.1. There exist a constant Cy > 0, a slope \g > 3 and some subset E
of the parameter space (Ao, +00) X R with full Lebesque measure such that for any
(AN, wo) € E and K > 0, there exist 0 <r < K~ and P > K satisfying

sup  |pas(A, w) — (pas(A, wo) + P.(w — wp))| < Co.r.
|w—wo|<T
In other words, for any (A, wp), the slope of the map w — pas(A\,w) at wy is
arbitrarily large at some scales. The proof shows that at those points the slope
may be negative or positive depending on the scale r. Thus, for most A the map
W > pas(A,w) is not so smooth. In particular, we get the following corollary.

Corollary 5.2. There exists a slope \g such that for Lebesgue-almost any slope
A > Ao, the map w — pas(\,w) is not differentiable on a full Lebesgue measure set.
Hence, it is not absolutely continuous.

It is not true for all values of A since for A = 2n+ 1 with n € N\ {0}, the usual
Lebesgue measure is preserved so that p.s(A\, w) = w4+ C, where C' depends only on
A

Theorem also has a positive consequence, the following corollary, which
proves Theorem

Corollary 5.3. There exists a slope A\g > 3 such that for any po € R, the set of
parameters (Ao, +00) x R) N p~Y(po) has zero Lebesque measure.

PrROOF. Let E be the set given by Theorem @ One argues by contradiction:
if (Mo, +00) x R) N p~1(po) has positive measure, there exist A > \g and wy € R
such that (\,wp) belongs to F and is a density point of the set ({\} x R) N p~1(po)
in {A} x R for the Lebesgue measure.

By Theorem p.1| with constant K = 3C), there exists a sequence (r,,) of positive
real numbers that converges to 0 such that for any w with 17, < |w — wo| < ry,

K
|pas(A, w) — pas(X, wo)| > K|w — wo| — Cory, > (3 —Co)rn = —Tn,

2

s0 that pas(\, w) # pas(A,wo). The density of ({A} x R) N p~t(pg) in {A} x (wo —
T, Wo + T5) is smaller than %, which is impossible since (A, wp) is a density point

of ({A} x R) N p~*(po)- 0

5.2. Expression of p,s. We now sketch the proof of Theorem @ The first
step shows that the almost sure rotation number may be approximated by some
affine functions of w, at some scales of the parameter space (see Lemma @)

The dynamics is controlled by the critical orbits (c;;) and (¢;). Let us recall
that we defined n,, = —1 or +1 in the case when c,, belongs to the decreasing or
increasing interval of fy .. We defined similarly n;". The sequences (n;,) and (n;})
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are called the kneading sequences of the dynamics. It is also useful to define two
derived sequences (e;;) and (&) by

n
eg =1, e =-1, andforzmynz1,5n+177731E £

They correspond to the sign of the jumps (s;;) and (s;) (see formulas ([.4)).

The position of ¢,; is coded by its lift [, in (75\;1’ )‘Q—Jf\l] One introduces in the
same way the position ;7 of ¢;t.

The density hy ., of the measure py,, may now be computed explicitly using
the slope A, the kneading invariants (7, ) and (;") and the positions (I;;) and (7).

This gives the following formula for the ahnost sure rotation number.

Lemma 5.4.

.24
pas W = B’
where
=S oute A=A () =Y e A=) (1)
A= n>1 n n>1
1- 3 2efa 1+ > 25, A" ’
nt =1 =1
and
1= 25N = 2,47
B— n>1 n>1
1— ) 2gfam 1+Z25A”
ny =1 =1

PROOF. We give the main steps of the proof and omit the computations.
Let s = (v, (s},), (s;})) be the element of £, that codes for the density hy .. As
in ([L4), we introduce the values v~ and v* of hy ., at co and cf. In particular:

(5.1) v =v and v =0 + Zs;jL Zs:{
Nn =1 N =1
The rotation number p,s was defined as f[o 1)(]‘&7“, —Id)hy, dm. This gives

)\2—1 -2 st 2
(5.2)  pas—w= Zn "\ — ;)i =D iA=L

n>1 n>1

We first recall that hy,, is normalized so that the measure hy ,.m is a proba-
bility. We get:
(5.3) vt — Z(s;l; + s =1.
n>1
The invariance of hy ., by £y ., gives for n > 1,
2076 2utel
5.4 = & x o
( ) Sn An ) n An
This allows us to eliminate (s;;) and (s;}) in formulas (5.1) and (f.d). Using those
two equalities one can express vT with the slope A, the kneading invariants ()
and (") and the positions (I;) and (I;}).

From these relations, one supresses in (f.4) the occurrences of v*, (s;) and
(s;7) and obtains the desired equality. O
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5.3. Approximation of p,s. Let us fix some slope A > 3. One can approxi-
mate the density iy ., and the almost sure rotation number by truncating the terms
which depend on the quantities 7, n,j, I, and l,‘: with order k larger than n. One
sees that some discontinuities in the truncated sums appear when the signs of 771?
for 1 < k < n change. This led us to introduce the following definition (which
appeared already in Section @ as the no collision condition):

We will say that no collision with order smaller than n > 1 occurs on some
interval (w1, we) if for any w € (w1,w2) and any 1 < k < n,

(i} N} =0,
The truncated sums of order n thus vary continuously as long as no collision with
order smaller than n > 1 occur.

A sharper approximation gives the following estimates on the variations of

w = pas(A,w): on some intervals of the parameter space w, the number p,s is
approached by some affine function whose slope A, p,s is essentially equal to

(5.5) Yo = = A=)l -
1<k<n

More precisely:

Lemma 5.5 (Approximation of p,s). There exist some universal constant Cy, and
some function (A, w) — B(\,w) bounded from below and above with the following
property: For any slope A > 3, let us consider n > 1 and some interval (w1,w2)
with no collision of order smaller than n. Then,

1Pas( A w2) = pas(A, w1) — Appas(A, w1). (w2 — wi)| < Cl)‘inJrla

where

(5.6)  Appas(hw) =1+X"BAw) Y (mf =05 —ng A=n)l) -

1<k<n

PROOF. In order to explain how this estimate can be proven, we consider the
expression of p,s given by Lemma @ Let us note that A is close to % and B close
to 1. Hence, one can roughly approximate p,s(A, wa) — pas(A,w1) — (w2 — w1) by

(A w2) — A @) = 3 (B w2) ~ BOLwn))

The expected estimate allows an error of order A~"*1. Hence, one can truncate in

the expressions for A and B the terms with order larger than n.
An easy computation shows that

(5.7) € a—wc; o N A
+

Let us consider in particular the points c;.. As no collision of order n occurs on

(w1,ws), we have by (@),
(58) |CLJ2 — CLJ1| < 2\

Since no collision of order smaller than n occurs on (w1,ws), the quantities 771?

and sf, with 1 < k < n, are constant on this interval. The length l,:f varies like
Bcki

5. One deduces by (6.4) that the term |B(X,wsz) — B(\,wi)| may be bounded
(up to a constant) by nA"!ws — wi|. A finer (but straightforward) computation
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shows that one has in fact the bound A~2?|ws — w1 |. Hence from (E) the variations
of \.B are bounded by A™" and may be neglected.

We now come to the term A(\,ws) — A(A,w;). Here the dependence in Iif is
quadratic. First, the variation of A can be estimated (up to some bounded factor)
by:

_ och _ ka0
- Z el (= n)A kQZ;a—S - Z My en (A= ) 20 (’)—ulj (w2 —wi)
1<k<n 1<k<n

and from (@) this may be approached by:

AT ST i == D mp =iy | (w2 — wh),
1<k<n 1<k<n

which shows how the sum (@) appears. These estimates together imply the lemma.
O

5.4. Localisation of the critical orbits. We now come to the second step
of the proof of Theorem @

In order to control the sum (f.§), it is convenient to estimate the positions
I, and l,j of the critical images ¢, and c;: for 1 < k < n. The following result
describes the behaviour of the critical orbits for any w in some interval of length
~ \7": first, it asserts that during p iterates the critical images ¢, and c',: belong
to some prescribed regions of the circle (namely equal to 7((0, §)) and 7((Z, %))
respectively); second it shows that no collision with order smaller than n occurs on
this interval (so that Lemma can be applied). Note that this second property
in the statement of Theorem allows us to choose the integer n in some interval
[m, m+p] of length p. Theorem p.] will then be a direct consequence of Theorem @
and of Lemma E

Theorem 5.6 (Localisation of the critical orbits). There exist some constants
Cy > 0 and N\o > 3 and some full Lebesque measure subset E of (\g,+00) X R
which satisfies the following property: for any (A\,w) € E and p > 1, there exists
m > 1 such that:

(1) Ly eooslipyp €0, 8) and 1Y, 1L € (5, 5);

(2) for any m < n < m+ p, there is no collision of order smaller than n on

(w — Cg)\_”"‘l,w + Cg)\_n+1).

5.5. Parameters exclusion: proof of Theorem @ This part of the proof
is long and technical. However the arguments are similar to a standard situation
in one-dimensional dynamics: the parameters exclusion, that first appeared in [E]

Let us recall the estimate (f.7) :

0 _ 0 .
‘%Ck "awck
We consider some small neighborhoods V= and VT of 7(1/16) and w(1/4)

respectively. In order to prove Theorem @, we look for parameters (A, wg) such
that for any p > 1, there exists m > 1 such that:

~ )\k*l

(5.9)

(1) Gy s Cmp €V and ¢f, ..., €V
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(2) Forany 1 <k <m—1,

d(cr_nfk’ {CO_’ CEJ‘F})’ d(C;Lka {Caa CS_}) > Aik/4'
Theorem f.4([l) is a direct consequence of (). Theorem f.g(P) is obtained from
both ([]) and () with the estimate (5.9). More precisely, the estimate () is given
for the initial parameter wg. If w is close to wg, we now obtain for any 1 < k < m—1,

_ B A~k .
d({cmfkﬂcjmfk}’ {CO ’C(JJF}) > T —C3A F 1|"u - W0|,

with some constant C3 > 0. This is non-zero if |w—wg| < A=™*!/4C3. Thus, no col-
lision of order smaller than m — 1 can occur on (wg — A"+ /4C3, wo+ A"+ /4C3).
Using ([l]), the same argument for m < k < m + p implies Theorem [f.q(f).

Hence, the main step of the proof shows that if one removes a zero Lebesgue
measure set, the remaining parameters satisfy both ([[) and (@). This is very similar
to the parameters exclusions that appeared in the proof of Jakobson’s Theorem (see
Section @), where the parameters that have too strong recurrence near the critical
set have to be avoided. Since the maps f) ., here are piecewise linear, the distortion
estimates are simplified.

However, the behaviour of both critical orbits can not be controlled indepen-
dently since one requires returns for (c; ) and (¢f) at the same time in V'~ and
VT respectively. Contrary to Jakobson’s theorem, we thus need to work in the
two-parameters space (3, +00) x R.

5.6. Conclusion of the proof of Theorem @ Let us consider the set of
parameters F given by Theorem @ For (A, wp) € F and K > 0, we choose any
large integer p > K. In view of the statement of Theorem @, we get some integer
m sufficiently large so that CoA=™t < K1,

For any m < n < m + p, by Theorem @(ﬂ) there is no collision of order
smaller than n on (wi,ws) = (wWo — Tn,wo + 70), Where 7, = CoA~"F1. Hence,
by Lemma @, it is sufficient to fix some n such that |Ap,pas(A wo)| > K and set
=Ty

Let us compare Ay, pas(A,wo) and Ap,ippas(A,wo). By Theorem p.6([)), each
term of order k¥ € {m,...,m + p} in the sum @) is bounded from above by
L (A —1) (note also that n;, = n = 1). Hence, we get by (f.6),

16
p(A — 1) B\, wo)
16X

One deduces that either A,,pas(A wo) > K or Apippas(A,wo) < —K. Conse-
quently, n may be chosen equal to one of the integers m or m + p, which concludes
the proof.

Am-ﬁ-ppas()\awo) < Ampas()\,wo) - < Ampas()\,wo) - 2K.
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