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SHARP ESTIMATION IN SUP NORM WITH RANDOM DESIGN

STEPHANE GAIFFAS

Laboratoire de Probabilités et Modéles Aléatoires
Université Paris 7 Denis-Diderot
emasl: gaiffas@math.jussieu.fr

ABSTRACT. In this paper, we study the estimation of a function based on noisy inho-
mogeneous data (the amount of data can vary on the estimation domain). We consider
the model of regression with random design, where the design density is unknown. We
construct an asymptotically sharp estimator which converges, for sup norm error loss,
with a spatially dependent normalisation which is sensitive to the variations in the local
amount of data. This estimator combines both kernel and local polynomial methods, and
it does not depend within its construction on the design density. Then, we prove that the
normalisation is optimal in an appropriate sense.

1. INTRODUCTION

In most cases, the models considered in curve estimation do not allow situations where
the data is inhomogeneous, in so far as the amount of data is implied to be constant over
space. This is the case in regression with equispaced design and white noise models, for
instance. In many situations, the data can happen to be concentrated at some points and
to be little elsewhere. In such cases, an estimator shall behave better at a point where there
is much data than where there is little data. In this paper, we propose a theoretical study
of this phenomenon.

The available data [(X;,Y;),1 < i < n] is modeled by

Yi = f(Xi) + &, (1.1)

where & are i.i.d. centered Gaussian with variance o and independent of X;. The design
variables X; are i.i.d. of unknown density p on [0, 1], which is bounded away from 0 and
continuous. We want to recover f. When g is not the uniform law, the information is
spatially inhomogeneous. We are interested in recovering f globally, with sup norm loss
9lloc := sup,epaylg(®)]. An advantage of this norm is that it is exacting: it forces an
estimator to behave well at every point simultaneously. A commonly used benchmark for
the complexity of estimation over some fixed class ¥ is the minimax risk, which is given by

Rn(2) ::ijrgf?elgE}‘{Hﬁz—fHoo} (1.2)

where the infimum is taken over all estimators. We say that 1, is the minimax convergence
rate over ¥ if R, (X) < v, where a,, < b, means 0 < liminf, a,, /b, < limsup,, a, /b, < +oo.
In the regression model (1.1) with ¥ a Holder ball with smoothness s > 0 and p positive and
bounded, we have 1, = (logn/n)¥ 2+ see Stone (1982). Thus, in this case, the minimax
rate is not sensitive to the variations in the amount of data. Indeed, such global minimax
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benchmarks cannot assess the design-adaptation property of an estimator. Instead of (1.2),
an improvement is to consider the spatially dependent risk

sup EF{ sup ri(2) 7| ful@) — f ()]}

fex z€[0,1]
of some estimator fn, where 7,(-) > 0 is a family of spatially dependent normalisations.
If this quantity is bounded as n — 400, we say that r,(-) is an upper bound over .
Necessarily, the ”optimal” normalisation satisfies 7, (z) < (logn/n)¥ s+t for any x (note
that the optimality requires an appropriate definition here). Therefore, in order to exhibit
such an optimal normalisation, we need to consider the sharp asymptotics of the minimax
risk.

2. RESULTS

If s, L > 0, we define the Holder ball ¥(s, L) as the set of all the functions f : [0,1] = R
such that
|f (@) = B )] < Llz =y, Va,y € [0,1],
where k = |s] is the largest integer k < s. If Q > 0, we define X9(s, L) := (s, L) N
{fst. ||fllo <@}, and we denote simply ¥ := X%(s, L) (the constant Q needs not to be
known). All along this study, we suppose:

Assumption D. There is v € (0,1] and o,q > 0 such that
we X(v,0) and p(z) = q, for all x € [0,1].

In the following, we consider a continuous, non-negative and nondecreasing loss function
w(-) such that w(x) < A(1 4+ |z[°) for some A,b > 0 (typically a power function). Let us
consider

( logn >8/(2S+1)_ 2.1)

ny ()
We prove in theorem 1 below that this normalisation is, up to the constants, an upper bound
over X, and that it is indeed optimal in theorem 2. We denote by IE" the integration with
respect to the joint law IPm of the observations (X;,Y;), 1 < i < n. The estimator used in
theorem 1 does not depend within its construction, on p.

Tnu(z) ==

Theorem 1 (Upper bound). Under assumption D, if fn is the estimator defined in section /
below, we have for any s, L >0,

limsup, sup E, {10( sup r1,(@)1ful@) = F@)] )} < w(P), (2.2)
fEX z€[0,1]
where i :
2 s/(2s+1
. 25/(25+1) 7 1/(25+1) s
Pi—o L 20 (52 - ) (2.3)
and @s is defined as the solution of the optimisation problem
s := argmax ¢(0), (2.4)
pEX(s,R),
lleoll2<1

where X(s, L;R) is the extension of ¥(s, L) to the whole real line.

In the same fashion as in Donoho (1994), the constant P is defined via the solution of
an optimisation problem which is connected to optimal recovery. We discuss this result in
section 3, where further details about optimal recovery can be found. The next theorem
shows that r, ,(-) is indeed optimal in an appropriate sense. In what follows, the notation
|I| stands for the length of an interval I.
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Theorem 2 (Lower bound). Under assumption D, if I, C [0,1] is any interval such that
for some € € (0,1),

L, n¥/ @) & 400 as n— +oo, (2.5)
we have
liminf,, 1nfsupEfM{w( sup ()" Y fnlz) — f@)))} = w(1—e)P),
fn fEX z€ly

where P is given by (2.3) and the infimum is taken among all estimators. A consequence
is that if I, is such that (2.5) holds for any e € (0,1), we have

liminf,, inf supEfM{w( SUp T pu(x)” 1|fn(1‘) — f(x)\)} > w(P). (2.6)
fn fex x€lyn

This result says that the normalisation r, ,(-) cannot be strongly improved: no normal-
isation is uniformly better than 7, ,(-) within a "large” interval. This result is discussed in
the following section.

3. DISCUSSION

Literature. When the design is equidistant, that is X; = i/n, we know from Korostelev
(1993) the exact asymptotic value of the minimax risk for sup norm error loss. If v, :=
(logn/n)*/ (25t we have for any s € (0,1] and ¥ = (s, L)

hm 1nfsupEf{w 1||ﬁl — flloo)} = w(C),

n—-+
where
C = g28/(2s+1) [ 1/(25+1) (S + 1>5/(25+1)_ (3.1)
252
This result was the first of its kind for sup norm error loss. In the white noise model
dY = f(t)dt +nM2dW,, tel0,1], (3.2)

where W is a standard Brownian motion, Donoho (1994) extends the result by Korostelev
(1993) to any s > 1. In this paper, the author makes a link between statistical sup norm
estimation and the theory of optimal recovery (see below). It is shown for any s > 0 and
Y = X(s, L) that the minimax risk satisfies

i _nfsup By {w(v;, | o = fll)} = (P, (33)

noEONf, fex

where P is given by (2.3) with ¢ = 1. When s € (0, 1], we have P = C, see for instance
in Leonov (1997). Since the results by Korostelev and Donoho, many other authors worked
on the problem of sharp estimation (or testing) in sup norm. On testing, see Lepski and
Tsybakov (2000), see Korostelev and Nussbaum (1999) for density estimation and Bertin
(2004a) for white noise in an anisotropic setting. The paper by Bertin (2004b) works in
the model of regression with random design (1.1). When p satisfies assumption D and
¥ = %%(s, L) for s € (0,1], it is shown that
L infsup B} Fulwnullfo = fllo)} = w(C0), (34)
where C'is given by (3.1) and v, , := [logn/(ninf, u(x))]*?+1). Note that the rate vy,
differs from (and is larger than) t,, when g is not uniform. A disappointing fact is that vy, ,
depends on p via its infimum only, which corresponds to the point in [0, 1] where we have
the least information. Therefore, this rate does not take into account all the other regions
with more data.
As a consequence, the results presented here are extensions of both the papers by Donoho
(1994) and Bertin (2004b): our results are stated in the regression model with random
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design, where the design density is unknown. In particular, we provide the exact asymptotic
value of the minimax risk in regression with random design for any s > 0, which was
known only for s € (0,1] beforehand. Nevertheless, the main novelty is, in our sense,
the introduction of a spatially dependent normalisation factor for the assessment of an
estimator, with an appropriate optimality criterion. The asymptotically sharp minimax
framework is considered here only by necessity.

Optimal recovery. The problem of optimal recovery consists in recovering f from
y(t) = F(t) +ex(t), LER, (3.5)

where € > 0, z is an unknown deterministic function such that ||z||2 < 1 and f € C(s, L;R) :=
(s, L;R) NL2(R). The link between this deterministic problem and estimation with sup
norm loss in white noise model was made by Donoho (1994), see also Leonov (1999). The
minimax risk for the optimal recovery of f at 0 from (3.5) is defined by

Bs(e, L) :=inf sup |T(y) = f(0)],
T rec(s,LiR)
Il f=yllz<e

where inf7 is taken among all continuous and linear forms on L?(R). We know from Micchelli
and Rivlin (1977), Arestov (1990) that

Ben)= it (s | [KOUE - F0)]+elKla) = sw  f0).
Kel?(R) fGC(s LiR) fe(s,LiR)
[fll2<e

Note that ¢ satisfies ps(0) = F4(1,1). To our knowledge, the function ¢, is known only for
s € (0,1] U {2}. The kernel K, for s € (0,1] was found by Korostelev (1993) and by Fuller
(1961) for s = 2. For any s > 0, we know from Leonov (1997) that ¢, is well defined and
unique, that it is even and compactly supported and that ||¢s|][2 = 1. A renormalisation
argument from Donoho (1994) shows that Eg(s,L) = Ey(1,1)LY/(2st1)g2s/@s+D)  thus it
suffices to know F(1,1). If we define

Bs1)i= s | [ K@ - £0)] (36)
fel(s,L;R)
we have the decomposition Es(1,1) = B(s,1)+| K||2, and in particular, if P is given by (2.3)
and
oN\N2/(2s+1) ;2 N\ 1/(2s+1)
() ) o
we have
P = Leg(B(s,1) + [|K]2)- (3-8)

About theorem 1. We can understand the result of theorem 1 heuristically. Following
Brown and Low (1996) and Brown et al. (2002), we can say that an ”idealised” statistical
experiment which is equivalent (in the sense that the LeCam deficiency goes to 0) to the
model (1.1) is given by the heteroscedastic white noise model

dY;" = f(t)dt +

dB,, te0,1], (3.9)
nyu(t)

where B is a Brownian motion. In view of the result (3.3) by Donoho (1994), which is

stated in the model (3.2), and comparing the noise levels in the models (3.2) and (3.9)

(with o = 1), we can explain informally that our rate ry ,(-) comes from the former rate

¥, where we "replace” n by nu(x).
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About theorem 2. From Bertin (2004b), we know when s € (0, 1] that

liminf,, i]glf ?ZEE?,M{w(U;LHf” - fHoo)} > w(P),

where vy, = [logn/(ninf, p(2))]*/ @+, An immediate consequence is

liminf,, inf supE?’u{w( sup ’I“nyu(l‘)_1|ﬁl($) — f@)])} = w(P), (3.10)
fn fEX z€[0,1]

where it suffices to use the fact that r, ,(z) < vy, for any z € [0,1]. This entails that ry, ,(-)
is optimal in the classical minimax sense. However, this lower bound is much weaker than
the one considered in theorem 2: it does not exclude the existence of another normalisation
on(+) such that o, () < 7y () for "many” x. Therefore, to prove the optimality of ry, ,(-),
we need to localise the lower bound. Indeed, in theorem 2, if we choose I,, = [0, 1] we find
back (3.10) and if I, = [z — (logn)?,Z + (logn)?] N[0, 1] for any v > 0 and z € [0, 1] such
that (u(z) # inf,eo,1) #(), then obviously vy, does not satisfy (2.6).

About assumption D. In assumption D, p is supposed to be bounded from below, and
from above since it is continuous over [0,1]. When g is vanishing or exploding at a fixed
point, we know from Gaiffas (2005a) that a wide range of pointwise minimax rates can be
achieved, depending on the behaviour of i at this point. In this case, we expect the optimal
normalisation (whenever it exists) to differ from the classical minimax rate 1),, not only up
to the constants, but in order.

Adaptation to the smoothness. The estimator used in theorem 1 depends on the
smoothess s of f (see below). In practice, such a parameter is unknown. Therefore, this es-
timator cannot be used directly: some smoothness-adaptive technique, like Lepski’s method
(see Lepski et al. (1997)) can be applied. However, this estimator is considered here for
theoretical purposes only, and note that even in the white noise model, the problem of sharp
adaptive estimation in sup norm over Holder classes remains open when s > 1.

4. CONSTRUCTION OF AN ESTIMATOR

The estimator fn described below uses both kernel and local polynomial methods. Its
construction is divided into two parts: first, at some well-chosen discretization points, we
use a Nadaraya-Watson estimator with optimal kernel and a design data driven bandwidth.
This part of the estimator is used to attain the minimax constant. Then, between the
discretization points, the estimator is defined by a Taylor expansion where the derivatives
are estimated by local polynomial estimation. We define the empirical design sample dis-

tribution
1 n
Hn = E Z 5X¢7
=1
where ¢ is the Dirac mass, and for h > 0, = € [0, 1], we consider the intervals

<z <1/2,
I(x,h):—{[m’x+h] when 0 < z < 1/2 (4.1)

[x —h,z] when 1/2 <z < 1.

The choice of non-symmetrical intervals allows to skip boundaries effects. Then we define,
when it makes sense, the "bandwidth” at = by

Ha(z) = argmin {h s.t. W2 n(I(z,h)) > log n/n}, (4.2)
hel0,1]
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which makes the balance between the bias h® and the variance [logn/(nfi,(I))]*/? of the
kernel estimator. When the event in (4.2) is empty (which occurs with a very small prob-
ability for large n), we take simply H,(z) := max(l — z,z). We consider the sequence of
points

xj:=jAn, Ay, :=(log n) 28/ @sH1) =1/ (2s41) (4.3)

for j € T :={0,...,[A; 1]} where [a] is the integer part of a with xp;, = 1, M,, = |J,,| (the
notation |A| stands also for the size of a finite set A). We define HM := maxje s, Hn(z;).
From Leonov (1997, 1999) we know that the function ¢, defined by (2.4) is even and
compactly supported. We denote by [—T,Ts] its support and 7, := min(QCSTSHT]lV[,én)
where ,, = (logn)~! and ¢ is given by (3.7).

As usual with the estimation of a function over an interval, there is a boundary correction.
We decompose the unit interval into three parts [0, 1] = J,, 1UJy, 2UJy, 3 where Jp, 1 := [0, 75,],
Jn2 = [tn,1 — 1] and Jp3 = [1 — 7,1]. We also define Jo, = {jlz; € Jon} for
a €{1,2,3}. If p; is defined by (2.4), we consider the kernel

Ky = (Ps/f()@s- (4'4)

The ”sharp” part of the estimator is defined as follows: at the points z;, we define fn by

1 - XZ‘ — Ty
nHy(z;) 2EKS<can(xj)>
" . = n 1f] € j2,n7
Folzj) =g [5 1 K ( Xi — x; )} (4.5)
v nHp(z;) _ ’ csHy(z5)
fn(xj) if j € jlm,UjS,n-

This estimator is (up to the correction near the boundaries) a Nadaraya-Watson estimator
with the optimal kernel Ky and a bandwidth fitted to the local amount of data. The
boundary estimator f,, is defined below.

We recall that & = [s] where s is the smoothness of the unknown signal f. For any
interval I C [0,1] such that f,(I) > 0, we define the inner product

1 _

where flfdﬂn = ZXieI X)) /n. If I = 1(x,h) (see (4.1)), we define ¢f,(y) :== (y — )™
and we introduce the matrix X; and vector Y; with entries

(X1)pg = (b1p, b1g)1 and (Y1)p =AY, ¢1p)1,

for 0 < p,q < k. Then, we consider

X=X+

1
—— L1 1oc |,
nlan(I) n,I

where Q,, 1 := {\(X[) > (nﬂn(I))*l/z}, where A(M) is the smallest eigenvalue of a matrix
M and where Iy is the identity matrix on RF+1 Note that the correction term in X;
entails A(X7) > (nfin(1))~"/2. When fi,(I) > 0, the solution A; of the system

X[Q =Y,

is well defined. If fi,,(I) = 0, we take 51 = 0. Then, for any 1 < m < k, a natural estimate
of f0m)(z;) is

) () = m!(gl(wwhn))m’
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where hy, := (0/L)%?stY(logn/n)"/25+1). The boundary estimator is given by f,(z;) :=
(01(2;,t0))0; Where t,, := (o) L)%/ @t =1/(2s+1) 1f we define
o= { min {lérmlr > n~?Y, (4.6)

Ismsk
where || - ||? = (-, -)7, then for x € [x;,%4+1), j € Tn, We take

m

. . LS
Ful@) == Fuly) (Z x—xj)m)lrnyl(zjyhn). (4.7)

5. PROOF OF THEOREM 1

The whole section is dedicated to the proof of theorem 1. For the sake of brevity, we skip
some elements of the proof. A self-contained proof can be found in Gaiffas (2005b), any proof
missing here (of the lemmas, mainly) can be found therein. We denote by X,, the sigma-
algebra generated by X1,..., X, and by P} the joint law of X1,..., X;,. We recall that the
discretization points z; are given by (4.3). We introduce h,, ,(z) := [logn/(nu(z))]/ 2+,
and it is convenient to introduce for j € J,: Hj := Hp(xj), hj := hn u(25), 1y = p(z;) and
rj = Tpu(T)).

Step 1: approximation by the discretized risk. We introduce the uniform risk

Eng = sup (@) fule) = f(2)],
z€[0,1]
and its discretized version EAf = SUpjez, 7; 4 fn(x]) f(z;)|. In view of assumption D,
we obtain sup,e(y; 2;,,] [Tnpu(@ D r; “H=o(1)r; r; -~ Thus, since f € ¥Q(s, L), writing the
Taylor expansion of f at « € [z, 2;41], we obtain:

k
— z(m m AZL s
£y < (Lt o(D) (27 + maxr ST (ag) = 17 ()| I ) + O(5).
n m:1 .

where we recall that §, = (logn)~'. In this step, we need the following lemma, which
provides a control over the local polynomial estimator uniform risk. Its proof can be found

in Gaiffas (2005b).

Lemma 1. There is an event C, € X, such that, under assumption D,

{CC} exp ( — Dcns/(25+1)), (5.1)
where D¢ > 0, and a centered Gaussian vector W € R(k+1)Mn with IE’J}M{WPQ} =1,0<p<
(k+ 1)M,,, such that on Cy, one has for any 0 < m < k and f € X(s, L):

ma | (23) — ) (z5)| = O ™)1+ (logm) ™2™, (5:2)
J1€In
where WM = MaxXo<p<(k+1)M, |Wpl- For the estimator near the boundaries, we have on
Cn, for a =1 (the case a = 3 is similar):
ey |fulzs) = fla;)] = O@t5) (1 + W), (5.3)

where W) = MAX)<p< (k+1)] 71 | [W,|.
In view of (5.2), we have on C,, for any 1 < m < k:

max | fi) ;) = fU ) |AT /md = O(67)(1+ (log n)~H2WH),
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then &, r1c, < (1 + 0(1))6?’]015" + O(6,)(1 + (511/2WM) + o(1). Let us define the event

= WM — E?M{WMH 6,1}, Since W is a centered Gaussian vector such that
E?u{Wg} =1for 0 < p < (k+ 1)M,, it is well known (see for instance in Ledoux and
Talagrand (1991)) that E?#{WM} < [2log((k + 1)M,)]V2 = O(5, 1/2) and

AW < 2exp(—6,2/2). (5.4)
Thus,
Engle,rw, < (L+0(1))Ex 1, + o(1). (5.5)

Step 2: some events study. In what follows, it is convenient to write K instead of K,
and to introduce

Kij o= K[(Xi — 25)/(cshy)],  Kij == K[(X; — ;) /(csHj)],
and q; := ncshjpg, @ == ncgHjpj, where ¢, is given by (3.7). We introduce also
Qj =21 Kij, Q=1 Ky, ;=31 K,
and the events
Anj ::{‘Qj/qJ_l‘gLA‘smmSl} B _{’QJ/qJ_U }
Cpyj = {|Hj/h; — 1| <n}, Eny:={|S;/aq; — | K|} < Lpomm&D1,
B, = ﬂjEJQ,n (AnJ N BnJ N EnJ’) N ﬂjEJn n,js (5.6)

where L4 and Lg are some fixed positive constants, 6, = (logn)~!, and the sets of indices
Jan are defined in section 4. In this step, we control the probabilities of these events.

For j € Jan, we consider the sequence of i.i.d variables (;; 1= K;; — IEZ{KU}, 1<i<n
Since p € ¥y(v, 0) and [ K = 1, we have for n large enough [E{K1;}/q; — 1| < §,/2, thus
By C {3211 Gl /aj < 6n/2}. Since |G| < 2JH oo and 357 ER{¢2} < (1+ dn)q; [ K2
for n large enough, Bernstein inequality entails IP’Z{B;J} < 2exp(—D162n?s/ st for
any j € Jopn, where Dp is a positive constant. Since ¢y € X(s,1;R), we have K €
Y(min(s, 1), L;R) where Lx = ([¢s)7' if 0 < s < 1 and Lg = ||K'|| if s > 1.
Since Supp K = [T, T;], we have on C,,;

|Kij — Kij| < L™V [6,/(1 = 62)]" OV 1y, = o(1)1u,, (5.7)

where M;; := {|X; — x;] <€ Ts(1 + 6n)h;}. We define n;; := 1ng,; — P{M;;}. Then, we
obtain that on C,, ; and for n large enough, taking L4 := ZJ:(LKTmm(S’l)Jrl +1),

min(s,1 min(s,1
P} AL N Co gy SEL{I Sy | > 6 Vag} + Bl i Gl > 67 Vg /2).
Then, applying Bernstein inequality to the sum of variables 1;; and ¢;;, 1 <@ < n, we obtain
that for any j € jn72, ]P)Z{A%J N Cn,]} < Qexp(—DQ(S%’n nQS/(25+1))7 where D2 is a positive
constant and dy, = smin(s - We can prove PU{E? . N Cy 5} < 2exp(—D35%,nn25/(23+1))
where Dj3 is a positive constant in the same way as previously, with an appropriate choice
for Ly. If I = I(z,h) (see (4.1)) and 61, := 1 — (1 + 8,)" @+ we define the event
Ny, = {|fin(I)/(u(x)h) — 1| < 81, }. From the definitions of H; and h;, we obtain

{1 =0p)h; < Hj} = {(1 — 5n)25h?8 < log n/(nﬁn(l(xj, (1— én)hj)))}
_ {ﬁn(I(xj, (1 —6n)h;)) <(1— 5n)—(2s+1)}’
pi(1 = 6n)h;
and then Ny, 702, (1-5,)n;) € {(1 — dn)h; < Hj}. We can prove in the same way that on the
other hand Ny, 7(z; (146,)n;) C {(1 +dn)h; > H;}, hence

No1(e;,(1=82)k;) O Nit(z;,(1460)h;) € Cnij- (5.8)
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If I = I(x,h), we have in view of assumption D that | [, u(t)dt — hu(z)|= O(h**1), thus,
if Z; := 1x,er — [; p(t)dt, we have {|>°7 | Zi|< nu(x)hdp1/2} C Ny 1 for n large enough.
Then, using Bernstein inequality to the sum of Z;, 1 < i < n, we obtain Pj{C} ;} <

2exp(—Dcéinn23/(2s+1)), for n large enough, where Do > 0 is fixed. Using together the
previous inequalities, we obtain

Pr{B5} < exp(—Dpn®/ D) (5.9)

for n large enough, where Dg > 0 is fixed.

Step 3: controls on EnAf. We need the following lemma, which is proven in Gaiffas
(2005b).

Lemma 2. There is an event A, € X, such that, under assumption D,
Pr{AS} < exp(—Dan/ @) (5.10)
for n large enough, where D4 > 0 and such that
A, CB,NC,NT,, (5.11)

where By, is given by (5.6), Cp, by lemma 1 and Ty, :=)
by (4.6).

jegn Un Iz h,) Where Ty 1 is defined

In this step, we prove that for any € > 0, when n is large enough, the following inequality
holds:

sup Pfu{g 114, > (1+e)P} <exp (— Dge(lne)(log n)2s/(28+1)), (5.12)
feEXQ(s,L)

where Dg > 0, and we prove that

sup E% M{w TlflAn)} =0(1). (5.13)

feXQ(s,L)
We decompose the risk into EAf e~ ot L+ Sn 7 4 5%}3 where 5@}“ 1= SUPjcy, ., rj_llfAn(xj) —
f(zj)]. For a =1 and a = 3, Enf is the risk at the boundaries of [0,1]. Since on B,

Qi1 >1-— LAO}Tin(S’l) > 0, for n large enough, the denominator in (4.5) is larger than d,,.
Hence, we can decompose on B,, the middle risk into bias and variance terms as follows:

EXT <bug + Ung + Zn, (5.14)
where the variance term is given by Z, := maxjez,, |Znl|, Znj = 71 Yo & Wiy with
Wij == Ki;/Qjyand the bias terms are by, j := maxjeg, , [bn,fj|, Un s := maxjej2n \Un .4l
where by, ;= Ef,u{_Bn,f,JlB b Unypj o= Bn,fj = bnpj with By g =1, J/QJ7 J =
Yo (f(X5) — f(x))Kij. We use the three following inequalities: we have

limsup,, sup by, 5 < Lc;B(s, 1), (5.15)
fex(s,.L

where B(s, L) is defined by (3.6), and there is a constant Dy > 0 such that for any € > 0,

sup IP%M{Un,len >e} <exp(—Dye(lA 5)n28/<25+1)). (5.16)
Fex(s,L)

Moreover, we have for any ¢ > 0,

sup P} {Zy1p, > (1+e)Lci| K2} < 2(logn)?/ sty =</ (s, (5.17)
FEXQ(s,L)
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Inequalities (5.15) and (5.17) are proven below in the section, the proof of (5.16) can be
found in Gaiffas (2005b). In view of (5.15), we have b, s < (1 4 2¢)Lc;B(s,1) for n large
enough, and using (3.8) we obtain

(€2715, > (1+26)P} C {Zu1p, > (1 + &)L Kll2} U {Un 1, > eLe|| K|}

Then, in view of (5.16) and (5.17), it is easy to find Dy > 0 such that uniformly for
f € ¥9(s, L) and n large enough,

B {60t 1B, > (1+2e)P} <exp (— Dye(1Ac)logn). (5.18)

Now, we consider the boundary risk 5 (the result is the same for 5 ) In view of (5.3),

we obtain £ 1cn — o5/ + W( )), and we have as prev1ously E} {W )} =
O((loglogn)lﬂ), since |Ji,,| = O(logn), and for any A > 0, IP)”#{W(I) - E”M{W M} >
)\} 2exp(—A2/2). Then, for some D3 > 0, we obtain when n is large enough

FulEnyle, > 2eP} < 2exp (— Dye®s, >/ BFD).

This inequality, together with (5.18) and the fact that A4, C B, NC, (see lemma 2) en-
tails (5.12). To prove (5.13), since w(z) < A(1 + |z|?), it suffices to use (5.12) and the fact
that E?u{( Ply,} = prroo 2 1IP’” {SnAflAn > t}dt for any p > 0.

Step 4: conclusion of the proof. We need the following inequality, which is proven in
Galiffas (2005b):

sup Ef,u{w nf} O( 2b(1+s/(2s+1))) (5.19)
FEXQ(s,L)

Since w(-) is nondecreasing, we have for any e > 0

E?,u{w(ﬁn,f)} SE},{w(én ) lagow, } +EF {w(Enr)laguwe }
w((1+26) P)+ (B}, {w?(En )} P, {AS UWEH
+ ( }Lvu{w ( (I+ 25)5Af1An)}Pfu{ flAn (1 +5)P})
w((1 4 2¢)P) + O(nP(1+s/2sH1) exp(—(logn)?/4))
+ O(exp(=Dg e(1 A e)(logn)®/ H)) = w((1 + 26)P) + o(1),

1/2

where we used together lemma 2, equations (5.4), (5.12), (5.13), (5.19), and the fact that
w(-) is continuous. Thus, limsup, supseso sy E} {w(€n )} < w((1+ 2¢)P), which con-
cludes the proof of theorem 1 since € can be chosen arbitrarily small. 0

Proof of (5.15). On A, ; N C,; we have (1 —o(1))g; < Q; < (14 o(1))g; and since
B, C A, ; NC,; for any j € Jo,, we have

[bngl = 5 B, A(P/Qi)1s, 3 < (14 0(1))(rjay) B}, { P15, } .

Using (5.7), and introducing vy (%) := lf@)>f@,) — Li@)<fa;)s P = dim (F(Xi) —
f(a:j))Kij, Rij = Vf’j(Xi)(f(Xi) — f(xj))]-Mij and R; := Z?:l Rz‘j, we obtain

B, {Pi1s, } < [E},{F;} + o(1)[ET {R;}-

Since by, ¢ and U, ¢ only depend on f via its values in [0,1], we have supyesys ) bn,f =
SUP fex(s,LiR) by, r and SUP fex(s,1) Unys = SUP fex(s,L;R) Un,r. Thus, together with the fact
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that X(s, L;R) is invariant by translation and since ,u € X4(v, 0), we obtain

wp by < (o) s max (] [(fehy) - FOVE @)Y
fEE(S,L;R) fEE(s L: ]R JGJZ n 7"]

wol) [ Ifteshiy) — F0)dy).

Now, we use an argument which is known as renormalisation, see Donoho and Low (1992).
We introduce the functional operator U, f(-) := af(b-). We have that f € X(s, L;R) is
equivalent to U, f € X(s, Lab®;R). Then, choosing a = (Lcshs) and b = csh; entails
sup by p < (14 0(1))LegB(s, 1) + o(1),
fex(s,L;R)
and the result follows. O

Proof of (5 17) Conditionally on X,, Z,; is centered Gaussian with variance ng- =

_2 S W2, On B, we have for any j € J2, and n large enough

Z K12 K37

n=r 2 <(1 ey
qj (1+e )cs logn

where we used the definition of hn,u( x), hence v < (1 +¢)o?||K||3/(cslogn). Using the

fact that P(|N(0,v%)] > \) < 2exp(—A?/(2v?)), we obtain

< (IT+o(1))

s (1+¢) 5 —(14e)/(25+1)
FullZo s, > (1+ )L K2} < 2exp (= 5= logm) = 2n ,

and the result follows, since | Ja.| < M, < (logn)?s/(2stDpl/2s+1), O

6. PROOF OF THEOREM 2

The proof of the lower bound consists in a classical reduction to the Bayesian risk over an
hardest cubical subfamily of functions, see Korostelev (1993), Donoho (1994), Korostelev
and Nussbaum (1999) and Bertin (2004b). A more detailed proof can be found in Gaiffas
(2005b). The main difference with the former proofs is that the subfamily of functions
depends on the design via the bandwidth h, (), and that we work within a ”small” interval
I,. We recall that ¢ is defined by (2.4) and that it has compact support [—Ts,T5]. Let
hL = maxyes, hnu(z) and Z, i= 2Tscs(2Y/ 6~ + DAL, If I, = [an, by, My, = [|1,| Y,
we define the points

Tji=an+J2n, jE€Tn:={1,..., My} (6.1)
We denote again 15 = p(x;), hj = hy u(x;). Let us define the event

H .::{’ 1 zn:sp2<Xi_xj>_1‘<5}
"l neshpy <= *\ ¢shj ’

and H, := Njcz, Hy ;. Together with the fact that |¢s|l2 = 1, we obtain using Bernstein
inequality that
lim PP{H,} = 1. (6.2)

n—-4oo

The subfamily of functions is defined as follows: we consider an hypercube O C [—1, )Mn]

and for 0 € ©, we define f(z;0) := 3 ;. 7 0;f;(z), where f;(z) := Lcihsws( ool 1), so that
f(-;0) € (s, L). For any j € J,, we define the statistics
y; = > i YiSOS(Xi)_
’ >oic1 ¢3(X)
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Since the f; have disjoint supports, we have that conditionally on X,,, the y; are Gaussian
independent with E% {y;|X,} = 0;. Moreover, if vjz = E}‘?#{yﬂ%n}, we have on H,,

L <v? K L (6.3)
2(1+¢e)logn = 7 " 2(1—¢)logn

In the model (1.1) with f(-) = f(-;0), conditionally on X, the likelihood function of
(Y1,...,Y,) can be written on H,, in the form

dPn " 9v; (yj — 0;)
n Yi,...,Y,) = 9o (Y; #7 6.4

where g, is the density of N(0,v?), and A" is the Lebesgue measure over R”. In the
following, we denote ¥ = (s, L) and &! = SUPer T () YT (z) — f(x)|. Since w(:) is
nondecreasing and f(-;60) € X for any «9 € 0O, we have for any probability distribution B on
O, by a minoration of the minimax risk by the Bayesian risk,

1nfsupEfM{w nfT)} > ((1—5)P)ir%f/P9{57ILfT (1 —e)P}B(db),
fex

where Py := IP’”(_ ) Since by construction f(xj;6) = r;0;P and x; € I,,, we obtain

mf/]P’e{ wpr = (L—e)PyB(do) > /mf/Pe{mz}x@—eﬂ 1—e|X, } B(df)dP},,
cJn

where infj is taken among any measurable vector (with respect to the observations (1.1))
in RM». Then, we note that theorem 2 follows from (6.2) if we prove that on H,,

Sup/ By { max [f; — 0;] <1 5%, }B(d6) = o(1). (6.5)
é\ [S) JEIn

We choose © := ©M» where O, := {~(1 —¢),1 — ¢} and B := e, be where b,
(0_(1—¢) + 61-¢)/2. Note that using (6.4), the left hand side of (6.5) is smaller than

/H i= lgU 1 (H sup/@ ‘9 ,9 |<1 Eguj( —0; )db (%))diﬁdym

FETn v yJ jejné\jGR

and 5 = (1-¢)1y,50 — (L—¢)1y,<o are strateg1es attaining the maximum. Thus, it suffices

to prove the lower bound among estimators 0 with coordinates 0 € 0O, and measurable
with respect to y; only. Since the y; are independent with density gy, (- — 0;), the left hand
side of (6.5) is smaller than

]. — inf / / 0 |>1— Egv ( ej)du db5(9])>)
JGJ 6;€e:
and if ®(x) := [*__g1(t)dt and Dy is a positive constant,

in / / o, 51 o, (u— 05)du dbe (6;)

9j€@5

> it / (15,50 + 15, o), (0 — (1= £)) A g (u+ (1 - £))du
€O

10 y—(1—¢) 1—¢ D1 _(_ep
== Y= Ny =af - > &) (1+¢)/(25+1)
o ,0091( o Jau = " )/\/@” ’
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where we used (6.3) and the fact that for x > 0, ®(—z) = (1 + o(1)) exp(—2%/2)/(zv/27)
If L, := n~(1=9)*(14e)/2s+1) (1og ) ~1/2 it follows that the left hand side of (6.5) is smaller
than (1 — D1Ly,)" < exp (|1,|E, 1log (1 — D1Ly,)), and if D is a positive constant,

|L,| EEIL” = Dy|I,| ne/(2s+1) o n52(1—s)/(2s+1)(logn)—1/2—1/(2s+1) 4o
as n — +oo, since |I,|n/ 25t — 400, thus the theorem. 0
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