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NATURAL EXTENSIONS AND ENTROPY OF o-CONTINUED
FRACTIONS

COR KRAAIKAMP, THOMAS A. SCHMIDT, AND WOLFGANG STEINER

ABSTRACT. We construct a natural extension for each of Nakada’s a-continued fractions
and show the continuity as a function of a of both the entropy and the measure of the
natural extension domain with respect to the density function (1 + zy)~2. In particular,
we show that, for all 0 < a < 1, the product of the entropy with the measure of the domain
equals 72/6. As a key step, we give the explicit relationship between the a-expansion of
a —1 and of a.

1. INTRODUCTION

The a-continued fractions, introduced by Nakada [Nak81], form a one dimensional family
of interval maps, T,, with o € [0, 1]. Luzzi and Marmi [LMO0§] gave a proof that the entropy
of these maps is a continuous function of o whose limit at « = 0 is zero. Unfortunately,
their proof of continuity turned out to be incorrect; however, Tiozzo [Tio] was able to
salvage the result for a > 0.056.... Luzzi and Marmi conjectured that, for non-zero «,
the product of the entropy and the area of the standard number theoretic planar extension
for T, is constant.

Let h(T,) denote the entropy of the interval map 7,. Nakada and Natsui [NNO§| gave
specific regions on which « — h(T,) is respectively constant, increasing, decreasing. In-
deed, they showed this by exhibiting intervals of o such that T%(a) = T (a — 1) for pairs
of positive integers (k, k") and showed that the entropy is constant (resp. increasing, de-
creasing) on such an interval if £k = k" (resp. k > £/, k < k’). They also conjectured that
there is an open dense set of a € [0, 1] for which the T,-orbits of & — 1 and « synchronize.
(Carminati and Tiozzo [CT] confirm this last and also identify maximal intervals where
T,-orbits synchronize.)

We confirm these conjectures (including reproving some of the results of [CT]). Let 1(€2,)
denote the measure of the region of the standard number theoretic natural extension, as
defined below.

Main Theorem. The set of points o € (0, 1] such that the T,-orbits of a and oo — 1 meet
is the union of a countable number of intervals, contains all rational numbers in the open
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2 COR KRAAIKAMP, THOMAS A. SCHMIDT, AND WOLFGANG STEINER

unit interval, and is of full measure. Furthermore, both functions
a— h(T,) and o u(Q,)
are continuous on (0, 1], and h(T,) u(Q) = /6.

Our results follow from giving an explicit description of a planar natural extension for
every a € (0, 1], see Section [0 and this by way of giving details of the relationship between
the a-expansions of & — 1 and «, see Theorem [B.1]

Outline. The sections of the paper are increasingly technical, with the exception of the
final section. After establishing notation in the following section, we first relate the regular
continued fraction and the general a-expansion of a real number. This then allows a proof
that the natural extension for T, is given by our 7, on the closure of the orbits of (x,0).
In order to reach the deeper results, we then give the explicit relationship between the
a expansions of a — 1 and of a. This is then applied in Section [0 to give a detailed
description of the natural extension domain, as the union of fibers that are constant on
intervals void of the T,-orbits of & — 1 and «. Independent of that section, in Section [7] the
relationship between the a-expansions of the endpoints is used to describe the (maximal
in an appropriate sense) intervals for synchronizing orbits. Relying on the previous two
sections, in Section 8 we prove the main result of continuity. In the final section, we give
further results on the set of synchronizing orbits, in particular showing the transcendence
of limits under a natural folding operation on the set of intervals of synchronizing orbits.

2. BAsic NOTIONS AND NOTATION

2.1. One dimensional maps. For a € [0,1], we let I, := [@ — 1, a] and define the map
T,: 1, — [aa—1,a) by
1
To(z) = |=| = | |[=|+1- :
@=[|-|h[+1-a] @20
T.,(0) := 0. For z € I,, put
1 ifz>0, 1
5(:)3)::{_1 if:)szo, and da(ip)::{E —I—l—aJ,

with d,(0) = co. Furthermore, let
en = an(z) = (TP H2)) and d, = don(z) = do(T (1)) (n>1).
This yields the a-continued fraction expansion of x € R:

l’:do—l— ol :Z[[do;Elidl,Egidg,...]],

g
dy + —2

do+ -+
where dy € 7Z is such that x — dy € [a — 1, ). (Standard convergence arguments justify

equality of = and its expansion.) These include the regular continued fractions, given by
a = 1, and the nearest integer continued fractions, given by a = 1/2.
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The point « is included in the domain of 7T, because its T,-orbit plays an important
role, along with that of & — 1. We thus define

b = (eam(a —1) 1dyn(a—1)) and b2 = (an() : don(a)) (n>1),

and informally refer to these sequences as the a-expansions of a — 1 and «.
We usually write [(e1 : di)(e2 : da)---] instead of [0; &1 : dy,eq : day,...], allowing
equalities of the type [b305 ---] = a — 1 and [b$05 - - -] = a. We also let

€
[(e1:dr) - (en:dn), y] = - €n (y €R).
di+--+
dy, +vy

The rank-one cylinders of T, are defined as
Ay(e:d)={zxe€l,|e(x)=¢, dy(z) =d},

where e = —1, d > d,(a—1),ore =1,d > d,(a), or (¢ : d) = (1 : 00). Of these cylinders,
all are full, that is their image under Ty, is the interval [o — 1, «), except for

To(Aa(b))) = [Tala = 1), @), Ta(Aa(b])) = [Tala), @), Ta(Ba(l:00)) = {0}.

Remark 2.1. The so-called by-excess map, Tp, gives infinite expansions for all z € [—1,0);
each expansion has all signs ¢, = —1, and digits d,, € {2,3,...}. (Rational numbers in
this range have eventually periodic expansions of period (¢ : d) = (=1 : 2).) The map
Ty is well-known to be ergodic with respect to an infinite invariant measure, as recalled
in [LMOS§]. In fact, the map 7, is ergodic with respect to an invariant measure v, for all
a € [0, 1], the proof for (beyond the classical cases of) a € [1/2,1] was given by Nakada
[Nak81], and [LMOS] adjust the proof to also include the remaining values.

2.2. Two-dimensional maps, matrix formulation. The standard number theoretic
planar map associated to continued fractions is defined by

1
2.1 Ty = To(x), ——————— €l,, ye€l0,1]);
2.) Tw) = (Talo) g yy) @ o € 0L1)
it is easily checked that this map has invariant measure pu, given by
dx dy
dp = — .
a (1+ xy)?
Indeed, for any = € A, (e : d), with e = £1, d > 1, we have
(22) 7;(55, y) = (M(E:d) "z, N(E:d) : y)>
where
—d ¢ _ 01
As usual, the 2 x 2 matrix <a b> acts on real numbers by (a b> cr o= M, and
c d c d cx+d

‘M denotes the transpose of M. Note that M -z is a projective action, in the sequel
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we often do not differentiate between a matrix and any non-zero constant multiple of it.
An elementary “change of variables / Jacobian” calculation shows that for any rectangle
(21, To] X [y1,92] C R? and any unimodular matrix M,

(2.3) (M - [z, o) x "M [y, ya]) = pl[z1, z2] X [y1, 40])-

2.3. Symbolic notation, digit sequences to matrices. For any non-empty set V/,
the Kleene star V* = |J, -, V" denotes the set of concatenations of a finite number of
elements in V, and V* denotes the set of (right) infinite concatenations of elements in V. If
V' = {v}, then we write v* and v* instead of VV* and V¥. We will also use the abbreviations
Vmn] = UmUm41" " Uny Umn) = UmUmsgl®**Up—1, Where vpy ., is the empty word, and
Vm,oo) = UmUm41 - - . Lhe length of a finite word v is denoted by |v].

We will usually consider words on one of the alphabets
o ={(-1:d)|deZ,d>2}, S ={(1:d)|d€Z,d>1}, A= U,

and ) = &/ U{(1 : 00)}. In light of (22), we set M, = M, ---M,, forv=v;---v, € o*.
Thus, for example, if v = bfj ;, then M, - (o — 1) = T3 (v — 1).

3. RELATION BETWEEN «@-EXPANSIONS AND RCF

We first show how the regular continued fraction expansion (RCF), thus the 1-expansion,
of x € (0, a] can be constructed from the a-expansion of z. This is a key argument in the
following section.

In later sections, our use of formal language notation and vocabulary will facilitate the
treatment of complicated matters; here, we prove fairly straightforward results in these
terms, hoping to accustom the reader to our use of this approach.

Lemma 3.1. Let a € (0,1). For any x € (0,«], the 1-expansion of = is obtained from the
a-expansion of x by repeating the following procedure: Replace the first occurrence of

(1:d)(=1:d) by (1:d—1)(1:1)(1:d —1),
if any such pattern (with d > 1, d' > 2) exists. In case d = 1, replace the appearing pattern
(1:d")(1:0)(1:1) by (1:d"+1) (withd”" >1).
If applicable, replace (1 :d)(1:1)(1:00)* (withd > 1) by (1:d+ 1)(1:00)¥ at the end.
Proof. Let v 00) = (€a,1(%) : da1(x))(€a2(x) : daj2(2)) - - - be the a-expansion of x € (0, a.
One easily checks that
M vayM.g) = M-y MaayMaa—1),  MaayMa.oyMa.ary = Ma.ar4),

and that [(1: d)(1:1)(1:00)*] =1/(d+1) = [(1: d+1)(1: 00)*], thus any sequence v},
which is obtained from v[1 o) by the given replacements satisfies [vj; )] = [vj1,00)] = .
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For any 2’ € [a — 1,0), we certainly have that d,(2’) > d,(o — 1) > 2. Similarly, for
' € (0,a], we have do(2') > do(a) > 1. Thus, v is in &%, and x € (0, a] implies
vy € &,. Moreover, if v; = (1: 1), then T, (x) = 1/x — 1 > 0 implies that vy € 7, .

Now, if the a-expansion of x is infinite, that is vj; o) € &7, then the described procedure
yields a sequence vflm) € /¢ with [[vfl’oo)]] = x, thus Ufl,oo) is the l-expansion of z. If
the a-expansion of x is finite, that is vp ) € (1 : 00)“, then we obtain a sequence

Vi) € @7 (1100)° \ (1 :1)(1: 00)*, which is again the 1-expansion of . O

Remark 3.2. The above can be compared with the conversions from a-expansions to RCF
given in [NNO2] and [NNO§].

Lemma 3.3. Let o € (0,1), x € (0,a] and suppose that there exists m > 1 such that
T(x) > 0. Then there is some n > 1 such that T (x) = T{'(x) and T*(x,y) = T{"(z,y)
for ally € [0,1].

Proof. Let vj1,00) = (€a,1(%) : da1(2))(€a2(x) : daj2(2)) - - - be the a-expansion of x € (0, a.
If T"(x) > 0, then let Ufl,n} € 2/ be the sequence obtained from vy ,,) by the procedure
described in Lemma 3.1l Since [v, ,j, T3"(2)] = =, we obtain that T7'(z) = T/'(z). We
have M, = My, thus 7" (z,y) = T"(z,y) for all y € [0, 1]. O

Yi1,m] (1,

Lemma 3.4. Let o € (0,1] and = € 1,. The a-expansion of x contains no sequence of
do () consecutive digits (—1 : 2).

Proof. The a-expansion of x contains a sequence of d, («) consecutive digits (—1 : 2) if and
only if the a-expansion of T (x) starts with (=1 : 2)9(®) for some m > 0. Therefore, it
suffices to show that (—1 : 2)9(®) cannot be a prefix of an a-expansion.

Suppose on the contrary that the a-expansion of x starts with (—1 : 2)%(®) In particular,
this means that T (z) = M{" 5 -2 < 0 for all 0 < n < da(a). We have

n nfn+1 n
M(—1:2) = (_1) < ) ’

-n l1l-—n

thus M("_m) x> 0forall x € [#1 -1, % — 1). Since x < 0, it follows that x < -1

and

1
da(a) )
do()a+a—1

1 —dy(a)a

where we have used that x > a — 1 and that the action of M(_;.5y is order preserving on

the negative numbers. Since a < x+1 < ﬁ(a)’ we obtain that d,(a)a? + d,(a)a —1 <0,

but we must also have a > T, (o) = L —d, (), thus o + do () — 1 > 0. Since do(a) > 1,
this is impossible. O

o dao(a do (a

Lemma 3.5. Let a € (0,1), z € (0,a] and suppose that T (x) < O for all m > 1. Then,
for any n > 1, we cannot have both dy ,(x) > do(c) and dy pi1(z) > do(@).
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Proof. In Lemma [B.1], we replace any pattern
(1:d)(=1:2)%(=1:d") by (1:d—1)(1:d+1)(1:d"—1),

(d>2,d >0,d" > 3). Since e, m(r) = —1 for all m > 2, all digits in the 1-expansion
of x result from replacements of this form, in particular at least every second digit is of
the form (1 : d’ 4 1), where d’ is the length of a maximal block of consecutive digits equal
to (=1 : 2). By Lemma [3.4] we have d' < d,(«), hence we cannot have two consecutive
“large” digits. O
Lemma 3.6. Leta € (0,1), z € (0,0], and T '(z) € (0, da(i)ﬂ}, T (z) € (0, WI)H} for
somen > 1. Then there is some m > 1 such that T{*(x) = T (z) and T"(z,y) = T."(z,y)
for ally € [0,1].

Proof. Let vj100) = (€0,1(%) : da1(2))(€a2(x) @ da2(x))--- be the a-expansion of z €
(0,a], and vy, oy = (e1,1(2) © dia(@))(12(2) : dio(z))- -+ its l-expansion. If () €
(0, mysa)s T1'(2) € (0, gy then v, = (12 d), v,y = (1= d') with d,d' > da(a). By
Lemma and its proof, we see that v, cannot come from a digit in 7. Thus, there
is some m such that Ufl,n} is given by replacements from vy ), and TJ*(x) > 0; from this,

Ty () = T2 (x) and T/ (x,y) = T2(z, y) for all y € [0, 1]. =

4. NATURAL EXTENSIONS AND ENTROPY

The advantage for number theoretic usage of the natural extension map in the form
7, is that the Diophantine approximation to an € [ — 1,«) by the finite steps in its
a-expansion is directly related to the 7,-orbit of (x,0), see [Kradl]. We define our natural
extension domain in terms of these orbits. We show moreover that the entropy of T, is
directly related to the measure of the natural extension domain.

Definition 4.1. For « in (0, 1], the natural extension domain is

Qo = {T(2,0) |z €[a—1,a),n>0}.
We use the following lemmas to show that 7, and €2, give indeed a natural extension
of T,.
Lemma 4.2. Let o € (0,1]. We have

[0, —1—=]* € Q. C T, x [0,1],

? do ()41

thus 0 < () < 0.

Proof. The inclusion €, C I, x [0,1] follows from the inclusion N, - [0,1] C [0, 1], which
holds for every a € 7. Therefore, 2, is bounded away from y = —1/z, and its compactness
yields p(§2,) < oo.
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It remains to show that €2, contains the square [0 , which implies p(2,) > 0.

1
? da(a)+1

s Ty

Every point in [0 }2 can be approximated by points 7"(z,,0), n > 1, with z, €

[0,a], T7" Hz,) < WI)H’ T (xy,) < WI)H‘ By Lemma [B.0] there exist numbers m,, > 1
such that 77" (2, 0) = T (2, 0), from which we conclude that [0, Wl)ﬂr C Q. O

Lemma 4.3. Let a € (0,1]. Up to a set of p-measure zero, T, is a bijective map from €,
to Q.

Proof. For a € 7, let Dy(a) = {(z,y) € Qa | © € Ay(a)}. The map 7, is one-to-one,
continuous and p-preserving on each D,(a). Now, as the A,(a) partition I, \ {0}, 7T, is
continuous on {2, except for its intersection with a countable number of vertical lines. Since

Q, is compact and bounded away from y = —1/x, these lines are of p-measure zero. Thus,
we find that
(4.1) To(Q0) = {7;”+1(x,0) |z efa—1,a),n> 0},

up to a p-measure zero set, hence 7,(€2,) = Q4. This implies that

S H(TaDu@) = X u(Pufa) = (@) = n(To(@0)) = (U TelDuta).
acgdf acd acd
and thus
11(Ta(Da(a)) N To(Da(a))) =0 for all a,d’ € & with a #d’.
From its map injectivity on the D,(a), we conclude that 7, is bijective on Q, up to a set
of measure zero. OJ

Theorem 4.4. Let o € (0, 1], uo be the probability measure given by normalizing p on Qq,
Ve denote the marginal measure obtained by integrating i, over the fibers {x} x ®,(x),
where ®o(z) = {y | (z,y) € Qu}, HB. be the Borel o-algebra of 1, ., be the Borel
o-algebra of Q. Then (o, Toy B, 1) s a natural extension of (Iy, To, Bea, Va,)-

Proof. Since 7T, is invertible, with u, as an invariant probability measure, we must only
show that %, = \/,, T'n ' PB,, where 7 is the projection map to the first coordinate.
As usual, we define rank n cylinders as A, (vy ) = Ni—y T (Aa(vy)). Since T, is
expanding, for any vp o) € 4" the Lebesgue measure of A, (vy,)) tends to zero as n goes
to infinity. Thus P,, the collection of all of these cylinders, generates %,. Let P, = 7 1 Py,
it suffices to show that \/, _, T7'P, separates points of €,. We know that \/ .,7T7 P,
separates points of I, thus \/, ., 7."P, separates points of the form (z,y), (2',y’) with
x # 2'. Tt now suffices to show that powers of 7! on P, can separate points sharing the
same z-value. Now, on some neighborhood of p,-almost any point of ), there is a € &7
such that 7! is given locally by (z,y) — (M;' -z, N1 -y). But, N,y is an expanding
map. Since 7. ! takes horizontal strips to vertical strips, one can separate points. ([l

With the help of the following lemma and Abramov’s formula, we will show that the
product of the entropy and the measure of the natural extension domain is constant.
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Lemma 4.5. Let a € (0,1], T1 o be the first return map of Ty on 4 N Qy,, and Taq be the
first return map of T, on Q3 N Q. For p-almost all (x,y) € Q1 N Qy, these two maps are
deﬁned cmd ﬂ,a(x> y) = 7;,1(1'7 y)

Proof. Note first that Q; N Q, = {(z,y) € Qu | * > 0} since Q; = [0,1]%. The ergodicity
of T, yields that, for v,-almost every x € [0, ], there exists some m > 0 such that
T (x) > 0, and thus there exists some n > 0 such that 7, 1(x,y) = 7" (x, y) by Lemmal[3.3
Then we have Tq,(x,y) = TV (z,y) with 1 < n/ < n, thus Tia and 7,1 are defined for
ve-almost all o € [0, a], hence for p-almost all (z,y) € 4 N Q.

Suppose that 71 o(z,y) # Taa(z,y), that is n’ < n. The ergodicity of T} yields that, for
m-almost every z € [0, a], there exists some n” > 1 such that T/ ~*(z) < 1/(da(a) + 1)
and T (z) < 1/(da(@)+1). By LemmaB36, we obtain that 7" (z,y) = 7. (x, ) for some
m/ > 1. Furthermore, Lemma[3.6implies that 7, (z,y) = T " 77" (z,y) = T, T (z, )
for some m” > 1, with m” < m/. Since 7T, is bijective p-almost everywhere, we obtain that
T (2, y) = To™" T (2, y) = TV =" (2, y) for p-almost all (z,y) € O N, contradicting
that To1(z,y) = T (2, v). O

Theorem 4.6. For every a € (0,1], we have h(T,) u(Q) = 72/6.
Proof. Tt is well known that h(T}) = 7%/(6log2), see [DK02], and () = u([0,1]%) =

log 2, thus h(Ty) pu(2;) = 7%/6. With the definitions of Lemma HEH Abramov’s for-
mula [Abr59] yields that

U _ 1(8a)
") = ey M) M) = e )

Since 71, and T, are equal (up to a set of measure zero), and a system and its natural
extension have the same entropy |[Roh61], we obtain that h(T},) u(2) = h(Th) (). O

h(Ta) -

5. RELATION BETWEEN -EXPANSIONS OF o« — 1 AND OF «

Luzzi and Marmi indicate in [LMO8, Remark 3] that the natural extension can be de-
scribed in a more explicit way when one has an explicit relation between the a-expansions
of a — 1 and of . Such a relation is easily found for o > V2 — 1. Nakada and Natsui
[NNOS§] find the relation on some subintervals of (0,1/2 — 1), showing that it can be rather
complicated. The aim of this section is to provide a relation for every a € (0, 1].

For all a € (0,1), both T, () and o — 1 = T?(cr — 1) are negative; it turns out that if
either of these T,-orbits thereafter contains a positive real number then the T,,-orbits of «
and o — 1 synchronize. (We show that such synchronization occurs on intervals; other than
for isolated synchronization for certain quadratic numbers, the converse holds as well.)
Thus, the relation between the a-expansions of & — 1 and of « is particularly interesting
for a in

I':={ae(0,1] | T} (a—1)>0or T7(e) >0 for some n > 1},
see also Corollary 5.10l Proposition shows that I' contains almost all « € (0, 1].
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Theorem 5.1. Let o € I'. Then there exist (unique) integers k > 1, k' > 2 such that
Ti(a—1) =Ty (o),
T N a—=1)<0 forall 1<j<k, TiYa)<0 forall 2<j<Kk,
sgn (T8 '(a—1)) = —sgn (Tf‘l(a)) : Mo, = Mye W if TF'a—1)#£0,

(5.1) My My = £ WMy -+ My .

5.1. Preliminaries to proof. The proof of the theorem mainly consists in manipulating
words on the alphabet &/ defined in Section Indeed, key to finding the relationship
between b and b* is the transformation v — v, with v defined as follows.

Definition 5.2. For any word v € &/*, we set
UVi=(—1:34c)(—1:2)(=1:34cy)---(=1:2)21(=1:34cq),

where £ > 0 and the ¢; > 0, for 0 < 5 < 2/, are defined by

(5.2) v=(=1:2)°(=1:34¢c)(=1:2)2---(=1:34+c9_1)(—1:2)%.

Similarly, for any infinite word v € &7 \ @Z*(—1: 2)¥, we set
Ui=(=1:34¢)(—-1:2)(=1:34¢)(—=1:2)%---
where the ¢; > 0, j > 0, are defined by
v=(=1:2)°(=1:34¢)(—1:2)2(=1:34c3)---.

In what follows, we consider projective identities of matrices.

Lemma 5.3. For every v € &/*, we have Mz = EW M,EW .

2 1

Proof. Let FF = EW = <_1 1

>, then the identities

FM_19=FEF, F>=M_13, EM_iq=Mc 141,
give
FM{ o F = (FM_19)F )" F? = E'M(_1.3 = M(_1.a43) -
This proves the lemma for v = (—1:2)% ie., £ =0. If £ > 1, then
FM,F = FMZ 5 M(_134c5 1) M2y Mc131e) M ) F
= FM(CEZLQ)M(—I:&FCQZ,Q e 'M(cilzg)M(—1:3+c1)F_1M(—1:2+00)
FM o M( 122400

= FM(CEZLQ)M(—1:3+C25,1) o 'M(CEI:Z)
== M(—1:3+022)M(63217:21) o M(_1:3+02)M(Cil:2) M(_1:2+CO) =M. -
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Note both that W?2 is the identity, and also that
(5.3) Me.aW = M(_c.aye) -
The action of Fis F-x =x — 1, and

E¥'Me.q) = Mc.atn) -
This motivates the following.
Definition 5.4. Let

Wy .. n_ ) (me:d+e) ifd<oo, Ly f (erdx1) ifd<oo,
(E‘d)_{ (1:00) ifd=o0, G (1:00) ifd=o0.

We extend this definition in the natural way to words v = vy ,,) € &, n > 2, by W)y =
Wv1vp, and vEY = vy 0, EY . Similarly, we set Vo = Wy o) for v = v ) € FE.

By Lemma [5.3] we have
M,-(a—1)=M,E-a=WE'M;W - a,
which gives the following corollary.
Corollary 5.5. If a — 1 = [Up k) Vk,e0)] With vp k) € &%, Vo) € A, then

o= [ M)

—

If o =1 = [p,e0)], with v o) € &Y, then o = [[(W)v[l,oo)]].

We also frequently use the following lemmas. Note that we have |1, (z) — M, -z| < 1 in
particular when M, -z € [a — 1, a).

Lemma 5.6. Let x € I, \ {0}, and a € o7. If |T,(x) — M, - x| < 1, then T,(x) = M, - x
and (e(z) : do(z)) = a.

Proof. Let a = (¢’ : d') € &7, then we have M-z = ¢’ /r—d' and T, (x) = e(z) /z—d.(x). We
cannot have ¢’ # ¢(x) since this would imply M, -x < —2, contradicting |1, (z)— M, x| < 1.
Since d', d,(x) are integers and ¢’ = e(x), |Tn(x) — M, - x| < 1 yields that d' = d,(z). O
Definition 5.7. For vjj0) = (=1 :di)(=1:da) -, vy o) = (=1 dy)(=1:dy) - € ¥,
let

Vlloo) < V1 o0) if didy--- < dydy--- (lexicographically),
and similarly let v ,,) < “f1,n] ifdy---d, <dj---d,.
Lemma 5.8. Let ’U[Loo),’UELOO) € A If vp ooy < Ufl,oo)’ then —1 < [vpe0)] < [[Uf1,oo)]] < 0.
If v < V), and =1 <z <2’ +1, then =1 < vy, 2] < o), 2] <0.
Proof. The second statement is proved by induction on n. The first is simply the ordering
of the Ty-expansions, and is easily verified. O

Lemma 5.9. Letx € I,. If W -z €1,, then T,(z) = T,(W - x).
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Proof. For x = 0, this is clear since W -0 = 0. For x # 0, we have T,,(x) = M.q) - = for
some (e :d) € &, and M(..q) = M(_c.q+)W by (5.3), thus

Ta(ZE) = M(e:d) T = M(_€;d+€)W T = Ta(W . :E) . ]

5.2. Proof of Theorem [5.11

Proof of Theorem[51. Let g = (—1 4 /5)/2, the small golden number. In case a > g, we
have T,(a) = (1 — a)/a =W - (o — 1), thus Lemma 5.9 gives T2(a) = T, ( — 1), and we
find that the theorem holds with k = 1, ¥’ = 2. We have g ¢ I" since T,'(g — 1) =T} (g) =
g—1<O0foralln>1.

In the following, we assume that 0 < o < g, which implies that b = (—1 : 2) and that
don(x) > 2forall z € I,, n > 1.
Suppose first that 7" *(a — 1) > 0 for some n > 2, and let n be minimal with this

property, thus bf} , € &*. Setting wyy,m) = b n)(_l), by Corollary b.5] we obtain

(54) o = [[(W w[l,m) Q([J;L,oo)]] y
with m > 2. Since €,,(a — 1) = 1, we have

el T L da(a—1) + T (a—1) ~ 2+a
and also [ [noo )1 = [W)pe T (o — 1)] < 0. Lemma 5.8 gives that [[wum)(w)bﬁ‘wo)]] =
[wijmy, [V b0l € (—=1,0) for all 1 < j <m, in particular

(5.5) >a—1,

My, - @ = [wim ™8, )] € (<1,0].

If To(a) < 0, then Lemma yields that b$ = EW)wl. If furthermore TV () < 0 for
all 2 < j < m, then we obtain inductively that b}, = W)y, and that T (a) =
[66,4100] = T5 (v —1). The theorem then holds with k = n, k' = m.

Now, let wyi ) be as in the preceding paragraph and suppose that 77 ™=l ) > () for some
2 < m’ < m. Let m’ be minimal with this property Argumg as above if m’ > 3, we find
that boi 1) = (W)w[l m/—1) and b 1 = Wy D Ifm/ = 2, then b (W)w[Lmr)(_l)
holds as well. This implies that w,,_; = (=1 : d) Wlth d >3, and it follows that wy ) =
b,y for some 1 < n’ < n. By Corollary 5.5, we have o = [y gy (W)Q‘[’;L, soylls thus
k=n', K'=m

Finally suppose that T}(a — 1) <0 for all n > 1, ie., bfj ) € @*. Let Wit oo) = QE:O),
and m’ > 2 be minimal such that 77 ~!(a) > 0. Then we have Wity = bo‘ , for some

n' >1,and k =n/, ¥ =m/, as in the preceding paragraph. O

The proof of Theorem [5.1] yields the following corollary.
Corollary 5.10. The a-expansion of « is obtained from that of o —1 in the following way:
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—

(i) If a € (0,1J\ I, then Eﬁm) — Mpa

_[1700) ’

(i) If « € T and k, k' are as in Theorem 5.1, then

7a _ (W)a (1) (W)pa

B o) = ( )b[l,k)( ) ( )b[k,oo)'
Let n,m > 2 be minimal such that T" (o — 1) >0, T™ () > 0. Then k = n if
both n < oo and m > ‘Q‘ﬁm)}, k' =m else. Moreover, k' = [bf , [ + 1.

We give examples realizing some of the various cases that arise in the theorem. Further
examples can be adapted from Corollaries [7.7] and

Example 5.11. If o = 1/r for some positive integer r, then o — 1 = [(—1 : 2)"7'], thus
k=r k' =2.

6. STRUCTURE OF THE NATURAL EXTENSION DOMAINS

For an explicit description of €2, we require detailed knowledge of the effects of 7T, on
the regions fibered above non-full cylinders determined by the T,,-orbits of a — 1 and «.
To this end, we use the languages introduced below.

Extend the order < to @ by setting
(e:d)=<(e":d) if g/d<e/d.

Definition 6.1. For a € (0,1] \ I', we define the following:
Usg = {0315 =1}, Uss={falj>1aed,b)<a=<0},
Usp={0f ;17 >2}, Usa={bfyalj>2a€d b} <a=<0b}.
For o € I, let k, k' be as in Theorem [5.1], and define the following:
Uag = {5 [1 <35 <k},
Uaz = {b; [ 2<) <K},
Uns = {Qﬁ7j)a| 1<j<k acd, Q?%a%g‘f}u{bﬁk)ﬁa€d+,a—<5‘f‘},
Usa={biya|2<j<k,aed bf<a<bf}U{b}alacd, a<b}.
In both cases, let

D%a = (Ua,3 ) Ua,l U,;Q Ua,4)*7 go/{ = D%a Ua,l U(;27
U, ={N,-0|weZL}, U, ={N, - 0|weZL}.

The languages introduced above allow us to view the region €2, as being the union of
pieces, each of which fibers over a subinterval whose left endpoint is in the T,-orbit of « or
of a — 1. We will see in Lemma that £/ is the language of the a-expansions avoiding
(1: 00) if either & € (0, 1]\ T or T**(a — 1) = T¥~(a) = 0. For other a, .2/ is slightly
different from the language of the a-expansions.
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FIGURE 1. Plotting 30,000 points of the 7,- orbit of (7/10,0) gives an in-
dication of Q,, here o = 0.39. Vertical solid lines: T,(«) (brown), T2(«)
(thick red); dashed: T,(a — 1) (purple), T?(a — 1) (thick blue).

Proposition 6.2. Let o € (0,1]. Then we have
61) |J77(la - 1.a) x {0))
n>0
=la—1,a)x ¥, U U [T (= 1), a) X Ny o U U (Ti(a), ) % Np S
1<i<k 1<j <k’

where k, k" is as in Theorem[5 1l if « € ', k = k' = oo otherwise.

Here, (a,b) always denotes the open interval between a and b (and not a point in R?),
and the map 7, acts on products of two sets in R.

The following lemmas are used in the proof of the proposition.
Lemma 6.3. For any a € (0, 1], £, admits the partition
Zi=%u |J Zifiyu U Ly

1<j<k 1<j<k’

Proof. In the factorization £, = £, Uaa Ug 2, there are two cases: the exponent of Uy2
being zero or not. In the first case, the element of U, ; can be the empty word Q[Oi,w which
gives %, or a word _[Oi, i 1 < j < k. In the second case, we can factor exactly one power
of U, 2 to the right. Since the decomposition of every w € £ into factors in .Z,, U, 1, Uia
(in this order) is unique, this proves the lemma. O

By Lemma [6.3] we can write (6.1]) as
(6.2) U 7o (le=1,0) x{0}) = |J Jo x {N,y -0},

n>0 weL),
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where
[a—1,a) ifweZ,,
Jo={ [Tia—1),a) fwe.Z, by 1<j<k,
(Té(a), ) 1fw€$’bﬁ]],1§j</€'-

From now on, denote by A,(w), w € &* the set of numbers z € [a — 1,a) with a-
expansion starting with w. This only differs from previous definitions in that A, (w) never
contains the point a.

Lemma 6.4. Let o € (0,1]\T ora e, T Ya—1)=TF"(a) =0. For any w € £,
Jo = TL‘“'(Aa(w)) =M, Ay(w).

Proof. The second equality follows immediately from the definitions.

The first equality clearly holds if w is the empty word. We proceed by induction on |w]|.
The definition of .Z, implies that every w’ € £, with |w'| > 1 can be written as v’ = wa
with w € £, a € &/. Let first w € fabﬁvj), 1 < j <k, which implies b$ < a X 0. By
the conditions on «, we have TJ"!(a — 1) < 0, thus

Jo =TI a=1),0) = [T = 1), o= tyws) U |J Ade) u{o}.

acd
Q;-I -<ajb‘1)‘

Then, J2 = T2"!(Aq(w)) implies that
T (Aa(whf)) = To(Jg N AGES)) = [Ti(a = 1),a) = Juss ,
T (Ag(wa)) = [a = 1,a) = Jyo (b3 <a <b),
To‘{le(Aa(wE‘f‘)) = (To(@), @) = J 5o -

wb§

Ifwe Z! 5‘” , 2 < j < K, then similar arguments yield that T'w‘H(Aa(wa)) = Jua for

ba <a =< b Flnally, if we 2, b, andw e z b[1 ) Tespectively (and thus o € T), then
our hypothesis gives J = [0, «) and J& = (0, ) respectlvely. Here, wa € £ is equivalent
with a € @7, , a < bY, and we obtain again that Tiyle(Aa(wa)) = Juwa- O

Lemma 6.5. Let o € (0,1]\T ora €', T Ya—1)=T""'(a) =0. For anyn>1,
(6.3) o-10)= ) Asw) U{zela—1a)|T; " (x)=0},

weLl: lw|=n
i.e., Z! is the language of the a-expansions of x € [ — 1, &) avoiding (1 : 00).

Proof. We have £/ N.o/ = {a € o | b} < a = b}, thus (63) holds for n = 1. In the proof
of Lemma [6.4], we have seen that

T (@) \ (0} = | T(Ag(wa))

acd  waeL),
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for all w € Z.. By applying M_', we obtain the corresponding subdivision of A, (w),

w

which yields inductively (6.3) for all n > 1. O

Lemmas and show that (62)) and thus (G.I) hold if & € (0,1]\ T or a € T,
TFa—1)=TF"'(a) = 0.

The proof of Proposition for general o € I is slightly more complicated. Note that
(6.4) To(Jo x {Ny-0}) ={0} x {0} U | J8u x {Nua-0}

acd :waeL),

holds for allw € Z,\ (%, b V2L, 5& k,)), by arguments similar to the proof of Lemma[6.4]

For w € £, Qﬁ’k) u<z b& )y, We use the following lemmas.

Lemma 6.6. Let a € (0,1], v € &* with |v| > 1. Then v € %, if and only if v=Y € Z!.

Proof. This follows directly from the definition of .%, and .Z.. O

I = bﬁ,k’)’ or w = Uéﬁ,k)’ 'UJ, = U(_l) B[OL]{:/) wzth

Lemma 6.7. Let o € T and w = bﬁ,k)’ w
veE L, |v|>1. Then w,w' € £, and

Ta(J5 x {Ny-0}) U To(Jg x {Nu -0})

(6.5) ={0}x{0} U |J Jox{Nw-0} U | T x{Nua-0}.

a€d : waEL), acd:w'a€ L)

Proof. Recall that sgn(T" (o — 1)) = —sgn(T*~!(a)) by Theorem 5.1l We assume that
TF(a — 1) < 0, the case T ~'(a) < 0 being symmetric, and the case TF'(a — 1) = 0
being trivial since (6.4]) holds for w and w’ in this case (except for the point {0} x {0} not
belonging to T, (J% x {N, - 0})). This implies

Ta(Jg x {Ny - 0}) = [T¥(r — 1), @) x {Nuge - 0} U {0} x {0}
U fa—1,0) x {Nua- 05 <a <0} U (Ta(a), @) x {N,z - 0}
and, if b¢, < b,
Ta (i X {Nw - 0}) = [a = 1,73 (@) x {N,5, - 0}
U [a—1,0) X {Nug - 00 <a <0} U (Ta(a),a) x {N,z5 -0},
whereas 7o, (Jg X {Ny - 0}) = (Tala), Tx (@) X {N,5 - 0} if by = b

Theorem BTl gives T (a —1) = T¥ (a), by = "bg, and M, ), = My, E for any a € o/
if w= bl 1y w' = b} 4, whereas

-1
Mg = Mycnge | g = MW Mo E7UM, = MMy M, = My,

v [1,k")
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otherwise. In all cases, this yields that N, -0 = N, w), - 0. Applying this for a € o/ | we
obtain that

Ta (T X {Noy - 0}) U Ta (T X { Ny - 0}) = (Tu(@), @) X {N,po - 0, N,ge - 0} U {0} x {0}
Ule—1,0) X {Nya-0|a€ d,a=<b{} Ula—1,0)x {Nyo-0|a€, a<0},
which is precisely (6.5). O

Proof of Proposition[6.2. We have already noted that (6.]) is equivalent to (6.2), and
that ([6.2) follows from Lemmas and 6.5 for € (0,1]\T or a € T, TF Yo — 1) =
T¥='(a) = 0. For general a € T', we already know that (6.4) holds for w € £\ (£, b U

z! B‘i k,)). Together with Lemma [6.7], this gives inductively that

U Zex{N,-0tc |J T(e-1a)x{0})c |J Jox{N, 0}

weZL: lw|<nm/m/ 0<j<n weZL: |lw|<nm//m
[e3 [e3

for every n > 0, where m = min(k, £’) and m’ = max(k, k’). This shows again (6.2)), hence
the proposition. O

For a € (0,1], z € 1, the z-fiber is ®,(z) = {y | (z,y) € Qu}. The description of €,
as the union of pieces fibering above the various .J, shows both that fibers are constant
between points in the union of the orbits of @ and o — 1 and that a fiber contains every
fiber to its left. The maximal fiber is therefore ®, (), which is equal to ¥/, by (6.I)) and
Lemma [6.3] To be precise, we state the following.

Corollary 6.8. Let o € (0,1]. If x,2' € I, x < 2/, then ®,(x) C D, (2') C Pp(a) = V..
Let k, k' be as in Theorem[Bdlifa €', k=K =oc0 ifa €. If

(2,210 ({Tia=1)]0<j <k} U{Ti(a) [1<j<K}) =0,
then @, (z) = O, (7).

The set o7, == {(—1:d) |2 <d <d,(a)+1} U{(1:dy(a))} plays an important role
in the following.

Lemma 6.9. Let a € (0,1], w € Z.. If the final letter of w is not in <, then w € Z,.

Proof. We only have to show that l_)‘ﬁ’k) and l_)&k,) are in o7, If k' = 2, then this is clearly
true sin(ie E&k,) = (1: da(e)), and hence bf; ;) = (—1: 2)d(@)=1 " Suppose t_hat k' > 3, and
bfi k) or bf} 4y contains some letter (—1:d'), d' > do(a) +2. Then bfj , or b7} ;) contains a
factor (—1:2)%(*~1 but this is impossible since (=1 :2)%~1 <8 . O

Proposition 6.10. Let a € (0,1]. Then [0
and

’Wl)-i-l} C \I]_a, thus Ha X [O, Wl)ﬁ-l} C Qa

Qa: U J$XNU)'|:O7W1)J’_1]'

wEL N
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Proof. We already know from Lemma B2 and Corollary 6.8 that [0, -] C W/,. The

do(a)+1
last letter of any w € Z! with 0 < N, -0 < Wl)ﬂ is not in 7, thus w € %, by

Lemma [6.9, and [0, WI)H} C U,. It follows from (@) that I, x [0, 75| C Q.

? dao(a)+1

By (6.2) and since .Z, = %, £, we have |J,cq J5 X Ny - [O,Wl)ﬂ} C Q,. For
containment in the other direction, write any w’ € £, as w’ = vw, with w € & and v
empty or ending with a letter in &7 \ «,. Then we have v € %, by Lemma [6.9 w € £,
and J3, = Jg, thus

Jor X Ny - 0= J5 x NN,y - 0 C Jg X Ny - [0, 7257

Using again (6.2), this shows that Qo C U,ecgrnys J& X Ny - [0

3 :|
? da(a)+11"
(. INTERVALS OF SYNCHRONIZING ORBITS

Definition 7.1. The set of labels of finitely synchronizing orbits is
F = {bfi 4y |« €T, k as in Theorem BT} .
Given v € Z, set
[, ={ael|bf, =v,kasin Theorem 5T} .
Let (, = g, n, = 1 if v is the empty word, and for nonempty v € %, define
G=[wo)*]+1 and 7, = [F)*]+1.

Finally, for v € Z let
L,=M,E and R,=E 'MW .
See Figure

We identify the elements of .%# and the intervals of common digits, I',, for each v € .Z.
To this end, we use the following order.

Definition 7.2. We use the alternating (partial) order on words of integers, i.e.,

Clom] <at o I Cog) = oy, (—1)¢; < (=1)7¢; for some 0 < j <n.

Proposition 7.3. Let v € &/* and cy2q, £ > 0, as in (2.8). Thenv € F if and only if

(7.1) Cloj20) Zalt Clo,20—2j] and Ciaj_1.2¢ <alt Co2e—2j41) Jor all 1< j < (.

If v is the empty word, then I', = (g,1]|. For any other v € ¥, we have

FU = (gvu Uv) .

Moreover, M, - (n, — 1) =1, and My - ({, — 1) = (,, where v/ = W51 For any o € T,
M, —(a=1)>n,—1 foralll <n <|v|, cmdeEh ca>n,—1 foralll <n <.

[1,n] 3]
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X/

FIGURE 2. Graphs of a — T(«a) in solid red, a — Ti(a — 1) in dotted
blue, a — T2(«) in solid green, and a Tg(a — 1) in dotted cyan, near
r, for v =(=1:2)(—=1:3)(-1:4)(-1:2) =0O((-1:2)(—1:3)).
On T, = (0.3867...,0.3874...), R, and L, agree with o — T2(a) and
a +— THa — 1), respectively; have a common zero at Y = X,; and, meet the
graph of the identity function at ( = (, and n = n,, respectively. For a €
[ C12)(—1:3) = (0.3874...,0.4142...), one has Ta(a) = T3(o — 1), whereas
to the left of ( = (,, one sees that there is a gap before once again these
agree. The transcendental 7, lies in this gap.

Remark 7.4. The proposition implies in particular that for each v € %, the graphs of L, - x
and R, - x cross above ((,,n,), with common zero at x, = [v,0]. See Figure

In the proof of the proposition, we use the following lemma.

Lemma 7.5. For v =wvpy) as in (3.3), and U = Upy ), let

Jj—1 il
sj = Z(Czi +1) and s;=1+ Z(Czi—l +1).
i=0 =1

(i) For all 1 < j <{, we have
Cr2j20 Zalt Co2e—25] 4f and only if Vs, 41 k) Z V1 k—s;) -
(ii) For all 1 < j <, we have
Cr2j—12 <aw Cloge-2j+1) 4 and only if Vs 11 min(h,) k) > Vltmin(k/—s) k) -
(iii) If (7-1) holds, then we have
Vlnk) = V(1 k—n] forall 2 <n <k,
Vpnomin(k n+k—2)) > Ul min(k'—nt1k—1)) Jor all 1 <n <k (if k> 3),
and inverse relations hold upon exchanging v and v, i.e.,
Vi) = Ut =] forall2 <n <k,
Vpn,min(kn4k/—2)) = Ul min(k—nt+1,k—1)) Jor all1 <n <k (if k' >3).
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Proof. To prove (fl), suppose first that cpja <ai Co20—25]. If €2j2i-1) = €jo,2i—2j—1) and
Coi—1 > Cai—2j—1 for some j < ¢ </, then
Uyt = (=152 (=1 8 cpyag) - (—1: 222 = oy
and Vs, = (—1 : 3+ Cgi_l) — (—1 3+ Cgi_gj_l) = Usi,j

yield vis;11%) > V[1,r—s;)- On the other hand, if cjg;2) = cjo,2i—25) and ¢z < c9;_9; for some
7 <1 </, then correspondingly

Vpsjrt,s] = (—1:2)P (=13 4 cgjq1) -+ (=1 :2)%72(=1: 3+ c21) = Vs, )
(if j < 7) and, since vjs,_,41,5,_,,,) = (—1:2)%, we have
Vst = (=1 12)% (=113 + cop1) = (1 :2)F =y ey if i<,
Visiprh) = (—1:2)% = v, 1k ifi=L.

Clearly, cp2j20 = cjo,20—2j] Implies Vs, 41k) = V[1,k—s;)- Lherefore, clojo0 Zai Clo,20-2; yields
Uls;+1,k) = V[1,k—s;), and the converse relation follows similarly.

To prove (i), suppose now that cjgj—1,29 <ait Cp20—2j+1- I C2j—1,2i-1) = Co,2i—2;) and
Coi—1 < Cai—g; for some j <1i </, then

@[s/_ﬂ ) = (=1:2)2 (=1 :3+cgy) - (—1:2)23(=1: 3+ cpi2) = v, (f J <)
)= (F102)= (=13 o) = (=1 2) = w1 -
If ci2j—1,2i) = Clo2i—2j] and cg; > c2i—g;41 for some j < i < £, then
Uity = (10 2)W (=13 4 0g5) - (=10 2)%7 = wp )
and Uy = (—1:3+0cy) = (—1:3+caigjs1) = Vs, -

and U[s +1,s

Therefore, ¢pzj—1,2 <awe Cpo,2e-2j+1) IMPLES Vi 41 min(k',s/+k)) = V[1,min(k'—s),k))- Again, the
converse relation is shown similarly.

If (ZI) holds, then () gives that v,z = vpg—n for n = s;+1, 0 < j < (. For
s; <n < sjy1, we have Uls;+1k) = (—1:2) it Vi), ThUS Vjn k) = Vjs; 11 sy ] > V[ f—n]-
We obtain snmlarly that v Uln,min(k’ ,n+k—1)) - U[l min(k’—n+1,k)) . This lmphes Uln,min(k’' ,n+k—2)) -
V1 min(k'—n+1,k—1)), €xcept if n+k—2 < k" and Uj, 1 k—2) = v p—1). Note that n+k—2 < K/,
n>1, k>3, yield k' > 3, thus £ > 1. Furthermore,

. (—1 . 2)00(—1 03 + Cl) ce (—1 : 2)62£*2<—1 03 + 025_1)(—1 : 2)025_1 if Coy Z 1,
LA=D= ] (=1:2)%0(=1:34¢p) - (—1:2)2e> if ey = 0,

and Ujg ir_1) contains only /—1 elements which are different from (-1 : 2). And, if n = 1, one
finds that all of the ¢; must vanish, contradicting (Z.I]). Therefore, n > 2 and ¥y, pyr—2) =
v k—1) Withn <n+k—-2 < k', thus implying c¢oy = 0. From this, Cl2,20—2] = C[1,2¢—3]; C1 = Co
and co—1 > Coe—p. Since cjgoe—1] >alt C1,24, We obtain ¢y = ¢ = -+ = cy—1 < ¢y = 0,
which is impossible. Hence we have shown that U, min(e/ ntk—2)) ™ V1, min(k/—n+1,k—1))-

As in the proof that Uls;+1,k) Z Upk—s;), the 1nequahty C[gj 20 Zalt C[0,2¢—2;] implies

Uls Sk U[l,k’—st} Since v, = (-1 : 2) < vy forn # 85, 0 < j </, we have
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Unk) = Unw—n for all 2 < n < K. Similarly, v, = (=1 : 2) < vy for n # s;,
1 <j </ and ¢pj-12g <ait Clo20-2j+1] YieldS Vs, min(k,s;4+4'~1)) =< U[Lmin(k—s;+1,k'))- NOW,

Vls;,s;4k'—2) = Opk—1) With s; < s; + k" —2 < k implies j = 1, ¢ji20 = cjo,2e-1) and
Cop > Cop_1, thus cg = ¢4 = -+ = c9p_1 < cg9p, contradicting that coy < ¢g. Hence we
have shown that v(s; min(k,s;+#'~2)) < Ut,min(k—s;+1,k'~1)), Which concludes the proof of the
lemma. ]

Proof of Proposition[7.3. If £ =0, i.e., v = (=1 : 2)®, then (7)) holds trivially. We have
k=co+1,v=(-1:3+c¢c), v =(1:14¢), K =2,

—1=[((-1:2)°(=1:34¢c))’], CG=[1:24¢)((—1:2)°(=1:34¢))“]
and, for ¢ > 1,
M= 1= [((=1: 207 (=1:3)°], 7= (15 1+co) (—1:2+¢0)]
In this case, the proposition is easily verified.

Assume from now on that ¢ > 1. Let first v € .Z, i.e., there exists some a € (0, 1] with
b&k) =, Eﬁ’k,) = MY Write v as in (52), and use the notation of Lemma For
1 < j < {, the a-expansion of Ty’ (o — 1) starts with Vs, +1 k). Since To(a—1)>a—1,
we have vjs, 11k = Upk—s;) DY Lemma 0.8 thus cpjog <aiw Cpo2e— 2] by Lemma [7.5 (i).

Similarly, the a-expansion of Ta (o) starts with 7 Uls} +1 Y, and Tl (@) > o — 1 yields
that @[53+17k,)(_1) = V- if k' — s <k, and 7 UL/ +1,+k) = V[Lk) if &' — s’ > k. We cannot
have @[89+178;_+k) = vp1,k) by the definition of v and v, thus QSQH,min(kl,sﬁk)) = U1, min(k/— s, k))-
Then Lemma () gives cjaj—1,2¢ <alt Cjo,2¢~2j+1], and (1)) holds.

Suppose now that v = vy p) sat'isﬁes (1), let v = vf; 1y = WY and a € (G, mo)-
We must show that bf} ;) = v and bf} ) = v'. By Lemma [5.0], this is equivalent to having
both M, - (a—1) € [a —1,a) for all 2 < n <k, and My, - (a) € [ — 1, ) for all
2 < n < k. To show these relations, we consider the trajectories of ¢, and 7,,.

Since 7, — 1 = [(v"*V)*], we have M,, . - (n, —1) € (=1,0) for all 2 < n < k, and

My (n,—1) =1+ [")] =mn,.

Now consider the left endpoint. Since ¢, —1 = [(vv)*], we have M,  -((,—1) € (-=1,0)
for all 2 <n <k, and

U[l n) (Cv ) [['U[n,k)a Mv . (Cv - 1)]] Z [['U[l,k—n} (i]\v)w]] .
If n > k', then Lemma [ (i) shows that Uy w—1) > Uk—nt1k—ntk/—1) and
[0 h—n) @)1 > [0 k—n w1y, =11 > [ops-niw1), 0] > [(@FV)] =n, — 1.
If n < k', then Lemma [7.3] (i) gives Uiy = Upp—nt1, k , thus

o ey (W 0)*] > [v*Y 5, Opn gy (00)“]
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Now, we have Uy min(k/;n+k—2)) > V[l,min(k/'—n+1,k—1)) by Lemma [7.5] (i), hence

[[U(-H) 6[ k) (U /U\>w]] > [[U(-H) U[l,min(k’—n—i—l,k—l))a O]] > [[(U(—H))w]] =My — 1.
This shows that M,, (¢, —1) € (5, —1,0) for all 2 <n < k.
The map M,, - x is monotonically increasing and expanding on (—1,0). Inductively, we
obtain that, for all 2 <n <k, My, - (¢ —1,m —1) C (n, —1,0) and M, , -7z is a
monotonically increasing, expanding map on ((, — 1,7, — 1). This shows that Mv[1 ” («

1) € (¢ —1,0) for all 2 < n < k. Since M, - ({, — 1,n, — 1) C (n, — 1,7,), we obtain that
M, - (a—1) € (a—1,a), thus by =viorallae (Cosmo)-

Consider now b2 gy Since ¢, — 1 = [(v0)*], Corollary B.5l gives that
= ["@aF] = [V @0)],
hence My -G, € € (—1,0) for all 2 <n < k', and
My -G =1+ [[(U/U\)w]] =Cv-

By Corollary and by considering the cases copy = 0 and cgp # 0, we obtain

o = [ ()] = [ (@),
thus val L € (=1,0) forall 2 <n < K. If n <k —k+1, then we obtain val b e >
1, — 1, as for M”fl " “Cp. fn >k —k+1, then we get

My, 1o = [y Mo 0] 2 [op - @D)°]
Now, we proceed as for M ) - (¢, —1). If n > 2k" — k, then Uy p—1) > Upr—nt1,20/—n—1) and

[vppr—ny @] > [op—n D pr—1)s —1] > [Vp26—n—1), 0] > [0 =n, — 1.
If ]{?/ —k —+ l<n< 2]{7/ - ]{? then ;U\l [1,k—n—+k) t U[k’—n—l—l,k)(—l—l) and

[vp e —n) @] > [V 5 Ulk— n+k’,k’)(_1) @D)] = Y, My 1] -

[1,k—n+k’)

Inductively, we obtain that My, -7, > [(vH)«] =n, — 1.

Now, the map M, -z is monotonically decreasing and expanding on (0, 1). Inductively,

we obtain that, for all 2 <n <K, My, “(Coymw) C (my — 1,0) and My, =—-xis a

monotonically decreasing, expanding map on ({,, 7,). This shows that val e (a—1,0)

for all 2 < n < k. Since My - (¢, 70) C (7 — 1,¢,), We obtain that M, -« € (a — 1, ),
thus b‘ﬁ’k,) = for all a € ({y,7,), and the proposition is proved. O

Corollary [@0.5] shows that v € .# for which |v| = |v| abound. In the following two results,
we exhibit a family of words showing that strict inequality (in each direction) also arises
infinitely often. Note that [NNOS§| also give infinite families realizing each of the three types
of behavior.
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Corollary 7.6. Let m and { be positive integers and set v = (—1 : 2)™(=1: 3)¥(—1: 2).
Then v € .F and satisfies 0 = (—1:3+m)(—1:3)1(—=1:4).

Proof. We place our word in the form of (5.2]), and find
v=(=1:2)"(=1:3)(=1:2)=(=1:2)°(=1:34¢y) - (=1:3+co_1)(—1:2)%,

with ¢g = m,cop =1 and ¢; = ¢y = -+ = ¢cg9p_1 = 0. Now, since 00---01 <y m00---0,
Proposition [7.3] implies that v, € .%#. A direct calculation verifies the formula for v. O

Corollary 7.7. Let m > 2 and { be positive integers and set w = (=1 : 2)™(=1 : 4)*.
Then w € F. Furthermore, @ = (—1:3+m)((—1:2)(-1: 3))Z_1.

Proof. Here we find that the characteristic sequence is co...coy = m(10)*. Again, member-
ship in % follows after trivially checking the hypotheses of Proposition [[.3l Also direct
calculation verifies the formula for . O

8. CONTINUITY OF ENTROPY AND MEASURE OF THE NATURAL EXTENSION DOMAIN

Given v € %, both b& k) and Bﬁ’k,) are invariant within the interval I',. The same is hence
true for ¥, and W/ , which we accordingly denote by ¥, and W/ | respectively. The evolution
of the natural extension domain, and of the entropy, is now straightforward to describe
along such an interval. The following lemma is mainly a rewording of Proposition [6.2] but
addresses the endpoints of I',,.

Lemma 8.1. Let v =vp ) € F, v = vfl,k,) = W=D, For any a € [Cy, ], we have

(8.1)

Qo =Tox W, U [ [My,, -(a=1)a)x Ny -0, U [ (My  -aa)x Ny -V
1<j<k 1<j<k’

Proof. Since My, - (o —1) € [a—1,a] forall 1 <j <k, and My, o€ [a—1,a] for all
1 < j < K, the equation follows from the proof of Proposition 0J

Remark 8.2. Note that (M, - (y,(,) is the empty interval, therefore the contribution from
N, - W}, vanishes at a = (,. Similarly, if v is not the empty word, then [M, - (1, — 1),7,)
is the empty interval and there is no contribution from N, - ¥, at a = n,.

Lemma [B4 shows that the union in (1)) is disjoint in measure for any a € [(,,n,]. We
use the following lemma in the proof of Lemma 8.4l
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1

Lemma 8.3. Let v =uvpp) € F, v = vfl,k,) = M5ED and set o = x,. We have

T."(Aa(w)x0) = | U Auww)x Ny, T,

1<j<k w'ewa™
v[l,j)w’efla

vl U Adww)x Ny T,

2<j<k w'edn
[1 ])’Ll) Ecga

for every w € £ andn >0, up to a set of measure zero.

Proof. By Lemma [4.3] it suffices to show that the images under 7" are equal. Note first
that T (Ay(w'w)) = J& N AL(w) = Ay(w) for all w' € £, since J& = [a — 1,a). Tt
remains to prove that

(8.2) U U Nugy jywr - o U U U Nop, U, =0,

1<i<k w'ea™ 2<5 <K W EQ{"
1) W' E€ZLa U, W' €Za

We can write every u € %, with |u| > n as u = v/vw’ with w' € &™, but then v is in £
and can be decomposed according to Lemma [6.3] into v’ = uv with @ € £, v = vy j),
1<j<koraeZL,o=u,,2<j<Fk Fnally tw € %, is equivalent to
vw' € Z,, which shows (8.2)). O
Lemma 8.4. Letv =) € F, v =] 1y = WBD . The sets U, Ny U, 1<j <k,
and th p U1 < j < K, are pairwise disjoint in (one-dimensional Lebesque) measure.
Proof. The disjointness of W, Nu, -VU,, 1 <j <k, and N/ U1 < § < K,
equivalent to the disjointness of the union (81]), for any o € F We consider o = X,
Then, Lemma [6.4] and Lemma [4.3] yield that

T (Ja Nl X N U[1,5] \I]_U) = Aa(v[luj]) X

— o /
7; ( vfl,j] Nvfl,j] . \I];}) = Aa(v[l’j]) X

T, (1<j<h),
v, (1<j<K)
(up to sets of measure zero).

If1 <j <1<k, then JSE ] X Nvf ‘ \If’ and JOE | X Nvfl ! \If_; are disjoint because
_ ) 1,5 - »J 1,2 )t
Aa(vy) x W), and 7,7 (Joﬁ PR ) C Aa(v[i—j-l—l,i]
JOE ] ><N/ W1<j< k’ and JO‘1 ] X Ny, W, 1 <i <k, are disjoint if j < i because
1,5 1,j

Aa(vp ) % \If and Ao (Vji—j41,) X Nogy

If0 <i<j<k, then Ay(vp ) x Wy and T,7 (JS, X Ny o Wy) = T (Ag(vp,) X V)

V(1,4 U 7,]
are disjoint by Lemma R3] because no word in £, ends with v ;_;, thus Jo‘ R Ny s U,

) X Nvfl i - U’ are disjoint. Similarly,

- W, (where vy g is the empty word) are disjoint.
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and J{fM X Ny, 4 -, are disjoint. Finally, similar arguments show that JEEM] X Nvfl,j] 7
1<j <Kk, and Jz‘}[l g % Nop i -W,, 0 < i<k, are disjoint if j > 1. O

Lemma 8.5. Let v =vpx) € F, and v' = vfy ;) = WMH=D . For a € Ty, we have

(8.3) 1) = p(Qy,) + (k = K') p(le, m,] x W7,)
and
(8.4) 1(Q0) = 1(Q,) + (K = k) p([Go — 1,0 = 1] x W)

= () (L+ (K = k) v, ([6 — 1,a—1])) .

Proof. Compare first Q, with Q, . By LemmasB.Iland 8.4 we have, up to sets of measure
zero,

Qe \ Q= |J My, - la— L =1 x Ny, - Ty \ [a,m] x Ny - T,

1<j<k
D\ Q= |J My -lan]xN,
1<j<k

For the second statement, we have used that [a, n,] x (¥ \ N,-V¥,) C Q,, since Lemmal[6.3]
yields that

U\ [y m] X N, -,

’
[1,5)

Vo= Ny U Ny

1<j<k 2<5<K

By Lemma [6.6, we have ¥, ='E~1. ¥’ thus
plo =1 = 1 x W) = p(E - [a,n] x 'E7H- W) = p([a,m,] x V)
by (Z3]). This proves (R3).

Compare now 2, with €. . Up to sets of measure zero, we have

Qe \ Q= | My, [G—La=1x Ny, T, \ [G M, (a—1)] x N, - T,

YI1,9)
1<j<k
2\, = |J My -[Ga] x Ny -0\ Gy My - (= D] x N, -
1<j<K

where [(,, M, - (o — 1)] is empty if M, - (o — 1) < {,. As above, we obtain (84).
By Proposition[7.3] we have M, )-(Cv—l) >n,—1forall2 < j < kand M”fl K Gy > my—1

Y15

for all 2 < j < K/, which gives that [, — 1,a — 1] x U, = {(2,9) € Q¢, | < a — 1}, thus
p(lCo —1a =1 x W) = u(Q,) ve, ([G — 1 = 1) .

This concludes the proof of the lemma. O

This explicit description of the natural extension domains gives the following strength-
ening of a result of [NNOS§]|, see also [CT]. Compare [KSS10] for similar arguments.
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Corollary 8.6. For each v € %, the entropy h(Ty) is given for a € T, by
(8.5) WTo) = WTz,) (1+ (Jo] = [0]) ve, ([ = L = 1]))

i.e., h(T,) is: constant on ', if |v| = |v]; increasing if |v| > |v|; decreasing if |v| < |v].
Furthermore, the function sending o to h(T,)u(€) is constant on T',,.

The next result, along with Corollary B2, will show that [¢?, g] is a maximal interval
of constancy for the entropy function.

Corollary 8.7. There exists a sequence converging to g* from below such that the entropy
function is increasing at each element of this sequence.

Proof. Consider the family of words (1 : 2)(—1: 3)(=1: 2). From Corollary [T.6] we have
both that for each v of this form, v € .# and |v| = |U| + 1; thus the entropy function is

increasing along each I',. Now for each, choose some « € T',. Since fooo) =(-1:2)(—1:
3)¥, we find that this sequence converges to g? from below. O

Definition 8.8. The set of synchronizing interval separation points is Z = {(, | v € F}.
The set of labels of non-synchronizing orbits is N = {Qﬁm) |a e (0,1]\ (U 2Z)}.

By Lemma [8.1] it is easy to see that, for every v € .%, the normalizing constant 1(€2,) is
continuous on [(y, 7). Since ¢, = M), it is continuous to the left of ¢, as well. Therefore,
it is sufficient to study a € [#], the set of points with non-synchronizing orbits.

Lemma 8.9. Let b} .y = (—1:2)°(=1:3+¢)(=1:2)*(=1:3+c3)--- € A For every
n > 1, there exists some 0 > 0 such that

7 e ' Ta [a,a+9)  if a=mn, for somev € F,
b = Ui and bty = Ui, for all o’ € { (@ —8,a+3) else.
Proof. Recall that o ¢ I implies that 77 (a—1) < 0 and T («) < 0 for all n > 1. Therefore,
the statement is true if 77(aw — 1) > a — 1 and T2 (o) > a — 1 for all n > 1.

Suppose that T)(a — 1) = o — 1 or T? () = o — 1 for some n > 1. Then ¢} o0) = €[0,)
for some ¢ > 1, and let ¢ be minimal with this property. As in Proposition [[.3] we obtain
that C[Qj’oo) <alt C[O,oo) and C[Qj_l,oo) <alt 0[0700) for allj 2 1.

We show that ¢ must be even. Suppose that i = 2¢ + 1 and set v = (=1 : 2)°(—1 :
3+c1)---(—1:2)2 then Qﬁ,oo) = (vV)¥. Since a € Z, v is not in ., hence cpj_1,2q =
Clo,20—2j+1) for some 1 < j < £, This implies cjpj_1,00) = €[2j-1,24 Cl0,00) Zalt C[0,00), and
Cl2j—1,00) Zalt C0,00), thUS €[2j-1,00) = €[0,00), contradicting the minimality of 7.

Let now ¢ = 2¢ and set v = (=1 : 2)°(—=1:34¢1)---(—1: 3+ co—1). Then we have
oY e ZF and bﬁm) = v¥, thus a = n,ny. Since T?(a) > a — 1 for all n > 1, but

TN —1) =a—1, Q‘ﬁ:n} =07, and Eﬁ:n] = Eﬁvn] hold only for o/ € [a, a + 0). O
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Lemma 8.10. Let o € (0, 1)\ I" or a = x,, for some v € #. Then
«a . 1 do(a) 7
M<Uwezgmwg:|w\zn Jg X Ny - [0, ray71]) ) < (rtrta) 1) foralln>0.
Proof. Since J& = TL"(A(w)) = My, - Ag(w), we have

7:;” (Uweféﬂy{gj:\wgn Jg x Nw ' [07 WI)H]> - Uweiﬁﬂyig Aa(w) x [O’ m}

T2 (A (w)) x N,

U [0zl
weLLNA:: [w|>n YL Jwl=n] da(e)+1

Note that Toléw‘_n(Aa(’w)) - Aa(w[|w\—n+1,\w|]) and that Ww|—n+1,|w|] € goi N ), thus

7" (Uweg(;mﬁngzn g X N - [0, da(clu)+1}) < Uwefgﬂyi,f Aq(w) x [0, 1].

Since, for any measurable set X C I,

1/(da(x)+1
(X x [0, da(cly)+1D . Jo el (1+;y)2 dy _ do() __da(a)
p(X x[0,1]) 7 aela N T dy vela do(@) + 14+ do(a) + o’

we obtain that

M(Uwe,@%ﬂ%&‘ﬂwbn Jl?)l X Nw ) [O’ Wl)—l—l}) < da(a)

“(Uweg(;md;;|w\zn J& X Ny - [0, WI)HD T do(0) + o

Theorem 8.11. The measure of the natural extension domain p($,) and the entropy
h(T,) are continuous on (0, 1].

Proof. By the remarks preceding Lemma [R.9] we only have to consider the continuity
around « € [#]. Moreover, we only have to show right continuity if o = 7, for some
v € .7, and it suffices to compare 1(2,) with u(Qy), o € (0,1]\ T.

If £ Nal=2L, N, n>1, then dy(a') = dy(a), and Proposition yields that
‘,U/(Qa’) o M(Qa)‘ < M<Uw€$éﬂﬁfo’j\w|§n(']3 \ ']31/ U ']31/ \ JS){) X Nw ) [O’ Wl)—i-l}>

_'_M(Uwe.ﬁf’mo{* wjsn Ju X N - [0, dal (a)—l—l} U Uwe,sf’ nez: \w|>nJ x Ny - [0, ﬁD

Fix € > 0. By applying Lemma BI0 to o and «’, where we can use the trivial bound
() < (L x [0,1]), we can choose an interval around « and some n > 0 such that

€

M(Uweiﬂ’ﬂﬁ/* |w|>n J X Ny - [07 W}>+M(Uw€.§f’ Nz \w|>n'] X Ny [0 W]) < 5’

Lemma B9 gives some 0 > 0 such that £, N = £/, Nl for all o € (a—6, a0+ 6) and
o' € [, e+ §) respectively. Since £ N o/ contains only finitely many words of length at
most n, we have

M(Uwef&ﬂyfg:\wEn(‘Jg \ Jﬁf/ U Jg, \ Jg) X Ny - [0, WD < 9

[
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for o/ suficiently close to a. This shows the continuity of ©(€2,). By Theorem [4.6, this
yields the continuity of h(7}). O

Corollary 8.12. For any a € [¢?, g|, we have u(Qy) = log(1+g), h(T,) = 7%/(6log(1+g)).

Proof. By Corollary and Theorem [RI1] it suffices to show that |v| = |v| for all v € F
such that T', C [¢%, ¢g]. Let a € T'N (g2, g). Since inoo) = (=1:2)(=1:3)%, the words
v = b7 ;) and Eﬁ&,) contain no factor in (—1 : 2)(—1:3)*(—1 : 2). The same is true for

D= (W)(_)&k,)(“). Since by = (—1: 2), we obtain that

ve ((—1 12) ((=1:3)(=1:2)°)" (=1 :4) ((—1:2)%(—1: 3))*>*£

with & = {(=1:2)% (=1 : 2)((—1 : 3)(—=1 : 2)°)*}. Furthermore, the element of &
corresponding to v cannot be (—1 : 2)° since this would imply that Efé’k,) = V)Y ends
with a factor in (=1 :2)(—1:3)*(—1 : 2). Here, we have used that v is not the empty
word because b # (1 : 1). Therefore, we have [0] = |v]. O

Remark 8.13. Combining Corollaries .12 and [8.7] with the beginning of the proof of The-
orem [5.1] we find that [¢?, g] is a maximal interval of constancy for the entropy function.

9. MORE ON THE STRUCTURE OF I

Proposition 9.1. The set (0,1] \ I" has zero Lebesgue measure.

Proof. We have
(0, J\T C{a € (0,1] | Th(a—1) <O foralln>1}
={a e (0,1]|Tf(a—1)>a—1foralln>1}
ClJ{ae (01T (@-1)>1/r—1foralln>1},

r>1

where the middle equality is due to Lemma [5.6l Since Tj is ergodic with respect to a o-
finite (infinite) invariant, which is absolutely continuous with respect to Lebesque measure
on [—1,0), we have that this set is the countable union of null sets. O]

We now prove that each synchronizing interval I', has a synchronizing interval to its
immediate left.
Definition 9.2. For v € .7, let O(v) = v (Y.

We note that Carminati et al. in their numeric study [CMPTI10] have remarked upon
the following phenomenon.
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Lemma 9.3. Forv € .F, we have that ©(v) is also in ¥, and that

©(v)| = 0(v)| = o] + 7.

Moreover, the left endpoint of the interval I, is the right endpoint of the interval I'gy),
i.e.; G = Te(w)

Proof. 1t is easily verified by Proposition [[3] that v € % implies O(v) € Z. By checking
the two possible cases of ¢y being zero or not in the factorization v = (—1 : 2)°(—1 :

3+ c)(—1:2)2--(=1: 34 co1)(—1 : 2)%, one verifies that O(v) (+1). The
equality of the lengths of ©(v) and ©(v) with the sum of those of v and ¥ then follows
directly. It follows from the definitions of ¢,, 7, and ©(v) that (, — 1 = ng«) — 1. O

Definition 9.4. For v € %, let 7, denote the limit point of the monotonically decreasing
sequence (Coi(w));j>0-

We obtain the following corollary, which corrects a minor error in [NNO§| (Example 3
on p. 1221).

Corollary 9.5. Ifv € F, then, irrespective of the behavior of the entropy function o
h(T,) on Ty, this function is constant immediately to the left, that is on [7,,,].

Proof. We have that |©(v)| = ‘@ , and |©7(v)| = }@J )| for all j > 1, thus the result
follows immediately from Corollary [8 0J

It is mentioned in [CMPT10] that 7, cannot be quadratic.

Theorem 9.6. For v € .%, the limit point 7, is a transcendental real number.

Proof. We argue using the transcendence results of Adamczewski and Bugeaud [ABO5]
given in terms of regular continued fraction expansions. Consider 7, with v € .7 \ O(%).
We have that 7, is the limit of the sequence formed by the xen(,) . This is the sequence of
zeros of the functions x — M - x, where M is respectively:

Ry, Low), Re2(v); Lesw), - .- = R, R*, RRWR?, RRWR'WR?, ...,
where we have set R = R, for ease.

By Lemma [3.1] there is a unique finite word w of odd length in <77 such that R = M,
and thus x, = [w,0]. (Since all signs are +1 here, we suppress them for the remainder of
this proof so as to use traditional regular fraction notation, in full accordance with [AB03],
Writing [w] for [w].) Since xe) is the zero of Lgw) = R*, we have xg(,) = [w,w]. Since
Xe2(v) is the zero of R*W R? | we have that

X@2(U) = ['lU, w(_1)> 1a w, 'lU] )

where as usual w™Y = w; - -w,,_ 1(w, — 1), and thus in the exceptional case of w, = 1
we find [w,w ™V, 1, w,w] = [w Wi ,n-1), Wn—1 + 1L, w,w]. We continue this analysis, and
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find that the regular continued fraction expansions for the various xe2m(,) give prefixes for
the regular continued fraction expansion of 7, . Indeed, letting V;,, be the word in positive
integers of our continued fraction expansion of xg2m(y) , then (at least for m > 1), V,,W,,
where W,,, denotes the prefix of length |V},| — 2 of V},,. In the notation of Adamczewski and

Bugeaud [ABO5], we have that VVml=D/Vnl i prefix of that expansion. Now, we have
(1) the regular continued fraction expansion of 7, is clearly of bounded partial quotients;
(2) the |V,| are strictly increasing; and, (3) 2(|V;n| — 1)/|Vin| > 8/5. Therefore, the first
theorem of [AB05] applies and we have that 7, is transcendental. 0J

Remark 9.7. From the above, the largest element of (0, 1]\ (I'UZ)} is 7, with v the empty
word. Using a standard continued fraction notation, this value is

7=102,1,1,2,2,2,1,1,2,1,1,2,1,1,2,2,2,1,1,2,2,2,1,1,2,2,2, .. .]
= 0.3867499707143007 - - - .

Note that the partial quotients sequence of 7, is the fixed point of the morphism on {1, 2}*
defined by 2 — 211, 1 — 2, giving a more direct manner to prove transcendence of this
particular number.

Corollary 9.8. The point g* is a two sided limit of the set {T,|v € F}.

Proof. The elements of the sequence in Corollary B converging to g2 lie in distinct Ty,
each with |v| = |7 |+ 1. Since none of these words lie in ©(F), the corresponding sequence
of 7, is also decreasing to g

Similarly, Proposition shows that each (—1 : 2)(—1 : 3)* belongs to .#. Since
inoo) = (—=1:2)(—=1:3)¥, we find that any sequence formed by selecting a point from

each T', with v of the form (—1:2)(—1 : 3)¢ gives a sequence converging to ¢g* from below.
But, v = (=1 :2)(=1: 3)" gives v = (=1 : 4)(—1 : 3)* and thus ©(v) is not of the form
(=1:2)(—1:3)™ Thus the set of 7, with v of the form (=1 :2)(—1 : 3)¢ converges from
below to ¢. O
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