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Abstract. The goal of this work is to study the existence and properties of non
entire curves f : C — X drawn in a complex irreducible n-dimensional variety X,
and more specifically to show that they must satisfy certain global algebraic or
differential equations as soon as X is projective of general type. By means of
holomorphic Morse inequalities and a probabilistic analysis of the cohomology of
jet spaces, we are able to prove a significant step of a generalized version of the
Green-Griffiths-Lang conjecture on the algebraic degeneracy of entire curves.

Résumé. Le but de ce travail est d’étudier l'existence et les propriétés des
courbes entieres f : C — X tracées sur une varété complexe irréductible de
dimension n, et plus précisément de montrer que ces courbes doivent satisfaire a
certaines équations algébriques ou différentielles globales des que X est projective
de type général. Au moyen des inégalités de Morse holomorphes et d’une analyse
probabiliste de la cohomologie des espaces de jets, nous démontrons une premiere
étape significative d’une version généralisée de la conjecture de Green-Griffiths-
Lang sur la dégénerescence algébrique des courbes entieres.
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0. Introduction

Let X be a complex n-dimensional manifold ; most of the time we will assume
that X is compact and even projective algebraic. By an “entire curve” we always
mean a non constant holomorphic map defined on the whole complex line C, and
we say that it is algebraically degenerate if its image is contained in a proper
algebraic subvariety of the ambient variety. If 1 : X — X is a modification and
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f: C — X is an entire curve whose image f(C) is not contained in the image x(E)
of the exceptional locus, then f admits a unique lifting f : C — X. For this reason,
the study of the algebraic degeneration of f is a birationally invariant problem,
and singularities do not play an essential role at this stage. We will therefore
assume that X is non singular, possibly after performing a suitable composition
of blow-ups. We are interested more generally in the situation where the tangent
bundle Tx is equipped with a linear subspace V. C Tx, that is, an irreducible
complex analytic subset of the total space of Tx such that

(0.1) all fibers V,, :=V NTx , are vector subspaces of T’x ,.

Then the problem is to study entire curves f : C — X which are tangent to V,
i.e. such that f.7Tc C V. We will refer to a pair (X, V) as being a directed variety
(or directed manifold). A morphism of directed varieties ® : (X, V) — (Y, W) is
a holomorphic map ® : X — Y such that &,V C W by the irreducibility, it
is enough to check this condition over the dense open subset X ~ Sing(V') where
V' is actually a subbundle. Here Sing(V') denotes the indeterminacy set of the
associated meromorphic map a : X ---> G, (Tx) to the Grassmannian bbundle of
r-planes in T, r = rank V' ; we thus have V|x sing(v) = @*S where S — G, (Tx)
is the tautological subbundle of G,.(Tx). In that way, we get a category, and we
will be mostly interested in the subcategory whose objects (X, V') are projective
algebraic manifolds equipped with algebraic linear subspaces. Notice that an entire
curve f: C — X tangent to V is just a morphism f : (C,7T¢) — (X, V).

The case where V' = Ty /g is the relative tangent space of some fibration
X — S is of special interest, and so is the case of a foliated variety (this is the
situation where the sheaf of sections O(V') satisfies the Frobenius integrability
condition [O(V),O(V)] € O(V)); however, it is very useful to allow as well non
integrable linear subspaces V. We refer to V' = T'x as being the absolute case. Our
main target is the following deep conjecture concerning the algebraic degeneracy
of entire curves, which generalizes similar statements made in [GG79] (see also

[Lang86, Lang87]).

(0.2) Generalized Green-Griffiths-Lang conjecture. Let (X, V) be a projec-
tive directed manifold such that the canonical sheaf Ky is big (in the absolute case
V = Tx, this means that X is a variety of general type, and in the relative case
we will say that (X, V) is of general type). Then there should exist an algebraic
subvariety Y C X such that every non constant entire curve f : C — X tangent
to V is contained in Y .

The precise meaning of Ky and of its bigness will be explained below — our
definition does not coincide with other frequently used definitions and is in our view
better suited to the study of entire curves of (X, V). One says that (X, V') is Brody-
hyperbolic when there are no entire curves tangent to V. According to (generalized
versions of ) conjectures of Kobayashi [Kob70, Kob76] the hyperbolicity of (X, V)
should imply that K is big, and even possibly ample, in a suitable sense. It would
then follow from conjecture (0.2) that (X, V) is hyperbolic if and only if for every
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irreducible variety ¥ C X, the linear subspace V5 = Ty pNops vV C T% has
a big canonical sheaf whenever 1 : Y — Y is a desingularization and E is the
exceptional locus.

The most striking fact known at this date on the Green-Griffiths-Lang conjec-
ture is a recent result of Diverio, Merker and Rousseau [DMR10] in the absolute
case, confirming the statement when X C IP’€+1 is a generic non singular hyper-
surface of large degree d, with a (non optimal) sufficient lower bound d > 2™ .
Their proof is based in an essential way on a strategy developed by Siu [Siu02,
Siu04], combined with techniques of [Dem95]. Notice that if the Green-Griffiths-
Lang conjecture holds true, a much stronger and probably optimal result would
be true, namely all smooth hypersurfaces of degree d > n + 3 would satisfy the
expected algebraic degeneracy statement. Moreover, by results of Clemens [Cle86]
and Voisin [Voi96], a (very) generic hypersurface of degree d > 2n + 1 would in
fact be hyperbolic for every n > 2. Such a generic hyperbolicity statement has
been obtained unconditionally by McQuillan [McQ98, McQ99] when n = 2 and
d > 35, and by Demailly-El Goul [DEG00] when n = 2 and d > 21. Recently
Diverio-Trapani [DT10] proved the same result when n = 3 and d > 593. By defi-
nition, proving the algebraic degeneracy means finding a non zero polynomial P
on X such that all entire curves f : C — X satisfy P(f) = 0. All known methods
of proof are based on establishing first the existence of certain algebraic differen-
tial equations P(f; f', f",..., f*)) = 0 of some order k, and then trying to find
enough such equations so that they cut out a proper algebraic locus Y C X.

Let JiV be the space of k-jets of curves f : (C,0) — X tangent to V. One
defines the sheaf O(ESSV*) of jet differentials of order k and degree m to be
the sheaf of holomorphi’c functions P(z;&1,...&) on JiV which are homogeneous
polynomials of degree m on the fibers of J*V — X with respect to local coordinate
derivatives & = fU)(0) (see below in case V has singularities). The degree m
considered here is the weighted degree with respect to the natural C* action on J*V
defined by A - f(t) := f(At), i.e. by reparametrizing the curve with a homothetic
change of variable. Since (- f)U)(t) = M fU)(\t), the weighted action is given in
coordinates by

(0.3) (&1, &, &) = (N1, N2, .. NFE).

One of the major tool of the theory is the following result due to Green-Griffiths
[GGT9] (see also [Blo26], [Dem95, Dem97], [SY96a, SY96b], [Siu97]).

(0.4) Fundamental vanishing theorem. Let (X,V) be a directed projective
variety and f : (C,Tc) — (X, V) an entire curve tangent to V. Then for every
global section P € HY(X,ESCV* @ O(—A)) where A is an ample divisor of X,
one has P(f; f’,f”,...,f(k)j =0.

It is expected that the global sections of H?(X, ES%V* ®0O(—A)) are precisely
those which ultimately define the algebraic locus Y C X where the curve f should
lie. The problem is then reduced to the question of showing that there are many
non zero sections of H°(X, ES}%V* ® O(—A)), and further, understanding what
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is their joint base locus. The first part of this program is the main result of the
present paper.

(0.5) Theorem. Let (X,V) be a directed projective variety such that Ky is big
and let A be an ample divisor. Then for k > 1 and § € Q4 small enough,
§ < c(logk)/k, the number of sections h®(X, ESCV* @ O(—mdéA)) has mazimal
growth, i.e. is larger that cym™* =1 for some m > my, where ¢, c > 0,
n = dim X and r = rank V. In particular, entire curves f : (C,Tc) — (X,V)
satisfy (many) algebraic differential equations.

The statement is very elementary to check when » = rank V' = 1, and therefore
when n = dim X = 1. In higher dimensions n > 2, only very partial results
were known at this point, concerning merely the absolute case V. = Tx. In
dimension 2, Theorem 0.5 is a consequence of the Riemann-Roch calculation of
Green-Griffiths [GG79], combined with a vanishing theorem due to Bogomolov
[Bog79] — the latter actually only applies to the top cohomology group H"™, and
things become much more delicate when extimates of intermediate cohomology
groups are needed. In higher dimensions, Diverio [Div09] proved the existence
of sections of HY(X, EE%V* ® O(—1)) whenever X is a hypersurface of P{t!
of high degree d > d,, assuming £k > n and m > m,. More recently, Merker
[Mer10] was able to treat the case of arbitrary hypersurfaces of general type, i.e.
d > n + 3, assuming this time k to be very large. The latter result is obtained
through explicit algebraic calculations of the spaces of sections, and the proof is
computationally very intensive. Bérczi [Berl0] also obtained related results with
a different approach based on residue formulas, assuming d > 271087,

All these approaches are algebraic in nature, and while they use some form
of holomorphic Morse inequalities [Dem85], they only require a very special
elementary algebraic case, namely the lower bound

RO(X,LE™) > "o (A" —n A" B) — o(m™)
n:

for L = O(A — B) with A, B nef (cf. Trapani [Tra95]). Here, our techniques
are based on more elaborate curvature estimates in the spirit of Cowen-Griffiths
[CG76]. They require the stronger analytic form of holomorphic Morse inequalities.

(0.6) Holomorphic Morse inequalities ([Dem85]). Let (L, h) be a holomorphic
line bundle on a compact complex manifold X, equipped with a smooth hermitian
metric h, and let E be a holomorphic vector bundle. Denote by Op, j, = —%65 log h
the curvature form of (L, h) and consider the open set

X(L,h,q) = {x € X; ©p n(x) has signature (n — q,q)} (g-index set of O 1),

so that there is a partition X = SUy¢,<, X (L, h,q) where S = {det O, (z)=0}.
Then, if we put r = rank E/, we have asymptotically as m tends to infinity:

(a) (Weak Morse inequalities)

WX, E @ Lom) < 2
n:

7"/ (—1)q®gih+o(m”).
X(L,h,q)
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(b) (Strong Morse inequalities) If X(L,h,< q) = [1;¢, X(L,h,j), then

q n
Y (=)W (X,Ee L) < m—ﬂ"/ (=1)?©F  + o(m™).
=0 n: X(L,h,<q)

(c) (Lower bound on h°)

n

W(X,E®L®™) — (X, E© LO™) > "7 / P~ o(m").
n X(L,h,<1)

The proof of the above is based on refined spectral estimates for the complex
Laplace-Beltrami operators. Observe that (0.6 c) is just the special case of (0.6 b)
when ¢ = 1. It has been recently observed that these inequalities should be
optimal in the sense that the asymptotic cohomology functional h?(X, L) :=
lim sup,,,_, 4 oo —h0(X, L™) satisfies

~

0.7 h(X,L) < inf / —1)2@n .
(0.7) cn< | e,

and that conjecturally the inequality should be an equality; it is proved in
[Dem10a], [Dem10b] that this is indeed the case if n < 2 or ¢ = 0, at least
when X is projective algebraic.

Notice that holomorphic Morse inequalities are essentially insensitive to sin-
gularities, as we can pass to non singular models and blow-up X as much as we
want: if g : X — X is a modification then 05 = Ox and R, O is sup-
ported on a codimension 1 analytic subset (even codimension 2 if X is smooth).
It follows by the Leray spectral sequence that the estimates for L on X or for
L = p*L on X differ by negligible terms O(m™™!). Finally, we can even work
with singular hermitian metrics A which have analytic singularities with positive
rational coefficients, that is, one can write locally h = e~ where, possibly after
blowing up,

(0.8) o(z) = clogz lg;]* mod C*, with ¢ € Q; and g; holomorphic.
J

Especially, ¢ is smooth on some Zariski open set X \ Z where Z = ﬂgj_l((]),
and it has logarithmic poles along Z. Blowing-up the ideal sheaf J = (g,) leads
to divisorial singularities, and then by replacing L with L = u*L ® O(—FE) where
E € Divg(X) is the singularity divisor, we see that holomorphic Morse inequalities
still hold for the sequence of groups H4(X, EQ L™ ®J(h®™)) where J(h®™) is the
multiplier ideal sheaf of h®*™ (see Bonavero [Bon93] for more details). In the case

of linear subspaces V' C Tx, we introduce singular hermitian metrics as follows.

(0.9) Definition. A singular hermitian metric on a linear subspace V. C Tx is
a metric h on the fibers of V such that the function logh : & — log|€|? is locally
integrable on the total space of V.
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Such a metric can also be viewed as a singular hermitian metric on the tauto-
logical line bundle Op(y)(—1) on the projectivized bundle P(V) = V ~ {0}/C*,
and therefore its dual metric h* defines a curvature current ©¢ vy (1),h* of type
(1,1) on P(V) C P(Tx), such that

P O0 vy 1),k = i@glog h, where p : V {0} — P(V).

If log h is quasi-plurisubharmonic (or quasi-psh, which means psh modulo addition
of a smooth function) on V', then logh is indeed locally integrable, and we have
moreover

(010) @OP(V)(l),h* 2 —Cw

for some smooth positive (1,1)-form on P(V) and some constant C > 0 ;
conversely, if (0.10) holds, then logh is quasi psh.

(0.11) Definition. We will say that a singular hermitian metric h on V is
admissible if h can be written as h = e¥hg)y where hg is a smooth positive definite
hermitian on T'x and ¢ is a quasi-psh weight with analytic singularities on X, as
in (0.9). Then h can be seen as a singular hermitian metric on Op)(1), with
the property that it induces a smooth positive definite metric on a Zariski open set
X' € X ~ Sing(V); we will denote by Sing(h) D Sing(V') the complement of the
largest such Zariski open set X'.

If h is an admissible metric, we define Oy (V*) to be the sheaf of germs of
holomorphic sections sections of V&\Sing(h) which are h*-bounded near Sing(h);
by the assumption on the analytic singularities, this is a coherent sheaf (as the
direct image of some coherent sheaf on P(V)), and actually, since h* = e~ %h,
it is a subsheaf of the sheaf O(V*) := Oy, (V*) associated with a smooth positive
definite metric hg on Tx. If r is the generic rank of V and m a positive
integer, we define similarly Ky, to be sheaf of germs of holomorphic sections

of (det |§(,)®m = (A" |§(,)®m which are det h*-bounded, and Ky’ := K7/}, .

If V' is defined by a : X ---> G,.(Tx), there always exists a modification
p: X — X such that the composition aop : X — G,.(u*Tx ) becomes holomorphic,
and then 1" V],-1(x < sing(v)) €xtends as a locally trivial subbundle of p*T’x which
we will simply denote by p*V. If h is an admissible metric on V', then p*V can
be equipped with the metric u*h = e¥°*u*hg where p*hg is smooth and positive
definite. We may assume that ¢ o p has divisorial singularities (otherwise just
perform further blow-ups of X to achieve this). We then see that there is an integer
mg such that for all multiples m = pmg the pull-back p* K V., is an invertible sheaf
on X, and det h* induces a smooth non singular metric on it (when h = hg, we
can even take mo = 1). By definition we always have K}, = u.(u*K7{},) for any
m > 0. In the sequel, however, we think of Ky, not reélly as a coherent sheaf,
but rather as the “virtual” Q-line bundle p.(p*K{29)1/™0, and we say that Ky
is big if h9(X, K{}:‘h) > ecm™ for m > mq, with ¢ > 0, i.e. if the invertible sheaf
M*K"}f% is big in the usual sense.
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At this point, it is important to observe that “our” canonical sheaf Ky, differs
from the sheaf Ky := i, O(Ky ) associated with the injection i : X \Sing(V) — X,
which is usually referred to as being the “canonical sheaf”, at least when V' is the
space of tangents to a foliation. In fact, Ky is always an invertible sheaf and there
is an obvious inclusion Ky C Ky. More precisely, the image of O(A"T% ) — Ky is
equal to Ky ®¢, d for a certain coherent ideal J C Ox, and the condition to have
ho-bounded sections on X \.Sing(V") precisely means that our sections are bounded
by ConstY_ |g;| in terms of the generators (g;) of Ky ®oy J, i.e. Ky =Ky oy d
where J is the integral closure of J. More generally,

—m/mg

m _ qm
Ky, =Xy ®ox dnm,

where Ezm";‘) C Ox is the (m/mg)-integral closure of a certain ideal sheaf

Ih,mo C Ox, which can itself be assumed to be integrally closed; in our previous
discussion, p is chosen so that p*Js m, is invertible on X.

The discrepancy already occurs e.g. with the rank 1 linear space V' C Tpn
consisting at each point z # 0 of the tangent to the line (0z) (so that necessarily
Vo =Tpp,0). As a sheaf (and not as a linear space), i.O(V') is the invertible sheaf
generated by the vector field £ = ) 2;0/0z; on the affine open set C" C Pg, and
therefore Ky := i, 0(V™*) is generated over C™ by the unique 1-form u such that
u(¢) = 1. Since £ vanishes at 0, the generator u is unbounded with respect to
a smooth metric hg on T]pg, and it is easily seen that Ky is the non invertible
sheaf Ky = Ky ® mpr 0. We can make it invertible by considering the blow-up
p: X — X of X = P¢ at 0, so that p*Ky is isomorphic to p*Ky @ 0z (—F)
where E is the exceptional divisor. The integral curves C' of V are of course
lines through 0, and when a standard parametrization is used, their derivatives do
not vanish at 0, while the sections of i,O(V') do — another sign that ,O(V) and
i+O(V*) are the wrong objects to consider. Another standard example is obtained
by taking a generic pencil of elliptic curves AP(z) + uQ(z) = 0 of degree 3 in PZ,
and the linear space V consisting of the tangents to the fibers of the rational map
PZ ---> P{. defined by z — Q(2)/P(z). Then V is given by

PdQ—QdP

0 — i, O(V) — O(Tp2) Op: (6) @ Js — 0

where S = Sing (V') consists of the 9 points { P(z) = 0}N{Q(z) = 0}, and Jg is the
corresponding ideal sheaf of S. Since det O(Tp2) = O(3), we see that Ky = O(3) is
ample, which seems to contradict (0.2) since all leaves are elliptic curves. There is
however no such contradiction, because Ky = Ky ® Jg is not big in our sense (it
has degree 0 on all members of the elliptic pencil). A similar example is obtained
with a generic pencil of conics, in which case Ky = O(1) and card S = 4.

For a given admissible hermitian structure (V,h), we define similarly the
sheaf EE%V; to be the sheaf of polynomials defined over X ~ Sing(h) which
are “h-bounded”. This means that when they are viewed as polynomials
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P(z;&,...,¢&) in terms of & = (V,ll’oo)jf(O) where V,ll’oo is the (1, 0)-component
of the induced Chern connection on (V, hy), there is a uniform bound

(0.12) ‘P(Z;fl,...,fk < (ZHEJHUJ)

near points of X \ X’ (see section 2 for more details on this). Again, by a direct
image argument, one sees that EGG Vo is always a coherent sheaf. The sheaf
EGG V* is defined to be EGG il When h = hg (it is actually independent of the
ChOlce of hg, as follows from arguments similar to those given in section 2). Notice
that this is exactly what is needed to extend the proof of the vanishing theorem 0.4
to the case of a singular linear space V' ; the value distribution theory argument
can only work when the functions P(f; f',..., f®))(¢) do not exhibit poles, and
this is guaranteed here by the boundedness assumption.

Our strategy can be described as follows. We consider the Green-Griffiths
bundle of k-jets XF¢ = J*V ~ {0}/C*, which by (0.3) consists of a fibration in
weighted projective spaces, and its associated tautological sheaf

L - OXGG(l)

viewed rather as a virtual Q-line bundle O yce (mo)/ ™0 with mg = lem(1,2, ..., k).
Then, if 7, : X GG X is the natural prOJectlon we have

Ek,m = (7 k>*OX’§G (m) and Rq(wk)*(‘)xge( m) =0 for ¢ > 1.

Hence, by the Leray spectral sequence we get for every invertible sheaf F' on X
the isomorphism

(0.13) HY(X, B V™ @ F) = HI(XF%, Oxca (m) @ mp F).

The latter group can be evaluated thanks to holomorphic Morse inequalities. In
fact we can associate with any admissible metric » on V a metric (or rather a
natural family) of metrics on L = O ch(l). The space XF¢ always possesses
quotient singularities if & > 2 (and even some more if V' is singular), but we
do not really care since Morse inequalities still work in this setting. As we will
see, it is then possible to get nice asymptotic formulas as & — 4oc0. They
appear to be of a probabilistic nature if we take the components of the k-jet
(i.e. the successive derivatives & = f)(0), 1 < j < k) as random variables.
This probabilistic behaviour was somehow already visible in the Riemann-Roch
calculation of [GG79]. In this way, assuming Ky big, we produce a lot of sections
o; = HO(XFC OXGG( ) ® i F), corresponding to certain divisors Z; € XJC.
The hard problem ‘which is left in order to complete a proof of the generahzed
Green-Griffiths-Lang conjecture is to compute the base locus Z = (] Z; and to
show that Y = m(Z) C X must be a proper algebraic variety. Although we
cannot address this problem at present, we will indicate a few technical results
and a couple of potential strategies in this direction.

I would like to thank Simone Diverio and Mihai Paun for several stimulating
discussions, and Erwan Rousseau for convincing me to explain better the pecu-
liarities of the definition of the canonical sheaf employed here.
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1. Hermitian geometry of weighted projective spaces

The goal of this section is to introduce natural Kahler metrics on weighted
projective spaces, and to evaluate the corresponding volume forms. Here we put
d® = =(9—9) so that dd® = 5=99. The normalization of the d° operator is chosen
such that we have precisely (dd¢log|z|?)™ = §p for the Monge-Ampere operator
in C"; also, for every holomorphic or meromorphic section o of a hermitian line
bundle (L, h) the Lelong-Poincaré can be formulated

(1.1) dd®log|o|} = [Z,] — O .1,

where O, = %D%’h is the (1, 1)-curvature form of L and Z, the zero divisor of 0.
The closed (1, 1)-form Oy, ;, is a representative of the first Chern class ¢;(L). Given
a k-tuple of “weights” a = (aq,...,ax), i.e. of relatively prime integers as; > 0 we
introduce the weighted projective space P(ay, ..., ax) to be the quotient of C*~ {0}
by the corresponding weighted C* action:

(1.2) P(ay,...,a;) = C* ~ {0}/C*, Aoz= (A2, A% 2.

As is well known, this defines a toric k — 1-dimensional algebraic variety with
quotient singularities. On this variety, we introduce the possibly singular (but
almost everywhere smooth and non degenerate) Kéahler form w, , defined by

* C 1 a
(1.3) TaWa,p = ddpq p, Ya,p(2z) = —log Z | 2| 2P/ %
p 1<s<k
where 7, : C¥ ~ {0} — P(ay,...,ax) is the canonical projection and p > 0 is

a positive constant. It is clear that ¢, , is real analytic on C¥ \ {0} if p is an
integer and a common multiple of all weights a,. It is at least C? is p is real and
p > max(as), which will be more than sufficient for our purposes (but everything
would still work for any p > 0). The resulting metric is in any case smooth
and positive definite outside of the coordinate hyperplanes z; = 0, and these
hyperplanes will not matter here since they are of capacity zero with respect to

all currents (ddp, )¢ In order to evaluate the volume fP(al _ wk—1 one can

. .,ak) a,p
observe that

k—1 __ * k—1 c
/ Wa.p —/ ToWa p Ndpq p
P(a1,...,ar) 2€CF, pq.p(2)=0

z€E s Pa,pl? =0

1
(1.4) == (ddceP#ar)k,
D™ JzeCk, pu,p(2)<0

The first equality comes from the fact that {y,,(2) = 0} is a circle bundle
over P(ay,...,ax), by using the identities @, (A - 2) = @ap(2) + log|A]? and
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f| =1 d°log|A|? = 1. The third equality can be seen by Stokes formula applied to
the (2k — 1)-form

(ddeeP?ur = doePPer = Peer (dd oy )F A dpay

on the pseudoconvex open set {z € C*; ¢, ,(2) < 0}. Now, we find

(1.5) (ddcepcpa’p)k _ (ddc Z |Zs‘2p/as>k _ H (aﬁ‘zs

L1 (),

1<s<k 1<s<k
k
(1.6) / ddrerenryi = [ 2 - ¥
2€CF, p4,p(2)<0 1<s<k Qg ay...ag
In fact, (1.5) and (1.6) are clear when p = a; = ... = ax = 1 (this is just the

standard calculation of the volume of the unit ball in C¥); the general case follows
by substituting formally z, s 2% / “* and using rotational invariance along with
the observation that the arguments of the complex numbers z% /% how run in the
interval [0,27p/a4 instead of [0, 27[ (say). As a consequence of (1.4) and (1.6),

we obtain the well known value

1
(1.7) / wf;l = —,
P(alz-“?ak)) ’ ay...dak

for the volume. Notice that this is independent of p (as it is obvious by Stokes
theorem, since the cohomology class of w, , does not depend on p). When p tends
to 400, we have 94 ,(2) = Qa.00(2) = logmax;<.<k |25|?/% and the volume form
wfj’;l converges to a rotationally invariant measure supported by the image of the
polycircle [[{|zs| = 1} in P(ay,...,a). This is so because not all |z,|>/ are
equal outside of the image of the polycircle, thus ¢, o (%) locally depends only

on k — 1 complex variables, and so wfjgé = 0 there by log homogeneity.

Our later calculations will require a slightly more general setting. Instead of
looking at C*, we consider the weighted C* action defined by

(1.8) Cf=Cmn x...xC™,  A-z=(A%z,...,A\%z).

Here z, € C"s for some k-tuple r = (71,...,7) and |r| =r; + ...+ ri. This gives
rise to a weighted projective space

P(a[{l],...,ag’“]) =P(a,...,a1,...,0k,...,a4k),

(1.9) Tar: Ct x ... x C™ {0} — P(a[lrl], . .,aZﬂk])

obtained by repeating rs times each weight as. On this space, we introduce the
degenerate Kahler metric w, ., such that

* c 1 a
(1.10) TarWarp = A Garp,  arp(z) = Tlog D el

1<s<k
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where |z5| stands now for the standard hermitian norm (3, ;.. s, |2)1/2 on C"s.
This metric is cohomologous to the corresponding “polydisc-like” metric wy, p
already defined, and therefore Stokes theorem implies

1
1.11 will= —.
( ) /}‘D(G[lrﬂ’“"ag:k]) a7p CLII . CLZk
Since (dd°log|zs|?)™ = 0 on C™ ~. {0} by homogeneity, we conclude as before that
the weak limit lim,_, wlﬂn,—pl = OJLTL,_; associated with
_ 2/as
(1.12) Pa,r,00(2) = log fgggk |25

is a measure squorted by the image of the product of unit spheres J]S%"s~!
in P(al™, .. .,al:’“]), which is invariant under the action of U(ry) x ... x U(ry)
on C™ x ... x C", and thus coincides with the hermitian area measure up to a
constant determined by condition (1.11). In fact, outside of the product of spheres,
©Ya,r,00 locally depends only on at most k — 1 factors and thus, for dimension
reasons, the top power (ddccpa’r,oo)“"'_l must be zero there. In the next section, the
following change of variable formula will be needed. For simplicity of exposition
we restrict ourselves to continuous functions, but a standard density argument
would easily extend the formula to all functions that are Lebesgue integrable with

-1
respect to the volume form w(llfln’ .

(1.13) Proposition. Let f(z) be a bounded function on P(a[lrl], . .,ag’“]) which
15 continuous outside of the hyperplane sections z, = 0. We also view f as a
C*-invariant continuous function on [[(C"s \ {0}). Then

Ir|—1
/ (1) - f(Z) Wa,r,p
Pa; ',.a,F)
1

r|—1)! 2 2 T
— 7(|1_[| aTS) / f(CEllll/ pul, Ce ,xzk/ pUk) H h
s s J(zu)ed, 1 x]]S%rs1 1<s<k " ® '

dz dp(u)

where Ay_1 is the (k — 1)-simplex {xs >0, > xs =1}, de = dzy A ... Ndxk_1 its
standard measure, and where du(u) = duq(uy) . .. dug(ug) is the rotation invariant
probability measure on the product [], S2rs=1 of unit spheres in C™ x ... x C"*,
As a consequence

1
I e ().
p3 oo P(a[lmj__”agk])f B wary = et fipgon /WY

3

Proof. The area formula of the disc {y\ <1alal‘3|)\|2 = 1 and a consideration of the
k

unit disc bundle over P (a[{l], ceey ag imply that

)

b | Or=| F() (A" ) "1 o5
P(a[{l],... Y ZG(C'leSOa,T,p(Z)<O

aer])
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Now, a straightforward calculation on CI”! gives

(ddcep‘/’aﬂ",p)|7"| — (ddc Z |ZS|2p/aS)|r|

1<s<k
rs+1

=TT (2)" " jeufretereeaacte)

1<s<k 0

On the other hand, we have (dd¢|z|?)!"l = 7,1,|T7|;k, [T1<ocr(dd|z5]?)" and

|7

(ddcep(pa,r,p)l"’| — (p ep()oa,r,p (ddccpa,r,p +pd@a,r’p A dccpa’r’p))
— ‘r‘plr|+1e|71|p(pa,r,p(ddcﬁpa’T’p)h‘l_l A d@a,T,p /\ dc()pa,’r’,p
— ‘r‘p‘r|+1e(‘r|p_1)90a,r,p (ddc@a’r’p)h“_l /\ ddce(pllﬂ“yp,

thanks to the homogeneity relation (dd“yq . p) "l = 0. Putting everything together,
we find

(Ir[ = D" f(2) 11 (dde|z]?)"

I, = / |
R R T BT O DM EN ) L e b N PR EN G 2L
A standard calculation in polar coordinates with z; = psus, us € S§2ra=1 vields

(dde|zs|*)"™

|ZS|27’S

= 2r, dps dps(us)

Ps
where p is the U(r,)-invariant probability measure on S?7s~!. Therefore

2 2prs/as dps

I :/ (|r| ) k= 1f(,01'U/1,.. 7pkuk)H Ps d#s(”s)
g ®a,rp(2)<0 (Zl<s<k p2p/as)| r|—1/p (ro — 1)|ars+1

(Ir| = DU p L f (88 PPy 55 Pg) p 0=Vt dypng ()

/1;5652”1,2155<1 (Zl<s<k ) r|=1/p (TS —]_)'CLZS

S

by putting t, = |zs|?P/® = p?p/as, ie. ps = t?s/Qp, ts €]0,1]. We use still another
change of variable t; = tzs with t = Y3, o, ts and x5 € ]0,1], 3°, 25 = 1.
Then

dty A...ANdty =t""dedt  where dv =dzy A ... Advg_1.

The C* invariance of f shows that

rs—1
_ as/2p,, ar/2p xle T dus(us) dxdt
Ip - /useSQ’"sl (|T| - 1>'f( . kak uk) H (j“ _ 1>'CLTS $1-1/p
Yas=1,t€]0,1] 1<s<k $ st P

s L dpg(u
— o (I = 1)!f(x(113/2pu1, ) ..,xzk/gpuk) H . E kS P ,us'( TSS> dz.
S 1oen (s = Dtas
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This is equivalent to the formula given in Proposition 1.13. We have xsab/ P 3 1as
p — +00, and by Lebesgue’s bounded convergence theorem and Fubini’s formula,
we get

1

(Ir| = 1)!

xls™
lim I, = 7T/ f(u) ———dx du(u).
p—too P HS as’ (u)€A,_y x ] S2re1 1@1_[@ (rs —1)!
It can be checked by elementary integrations by parts and inductionon k, rq,..., 7%
that

(1.14) /x H al ey . drgy = m H (rs —1)!.

€AK-1 1<s<k T 1<s<k

rg—1
This implies that (7| —1)! [T, <<, =1y de is a probability measure on Ay and

—1)1
that .
lim I, = u) dp(u).
p—EI!}oo p HS ags /1L6H52T31 f( ) /1’( )
Even without an explicit check, the evaluation (1.14) also follows from the fact
that we must have equality for f(z) = 1 in the latter equality, if we take into
account the volume formula (1.11). O

2. Probabilistic estimate of the curvature of k-jet bundles

Let (X, V) be a compact complex directed non singular variety. To avoid any
technical difficulty at this point, we first assume that V is a holomorphic vector
subbundle of Ty, equipped with a smooth hermitian metric h.

According to the notation already specified in the introduction, we denote by
J*V the bundle of k-jets of holomorphic curves f : (C,0) — X tangent to V at
each point. Let us set n = dimc X and r = rankc V. Then J*V — X is an
algebraic fiber bundle with typical fiber C™* (see below). It has a canonical C*-
action defined by A- f: (C,0) = X, (A- f)(t) = f(\t). Fix a point xg in X and
a local holomorphic coordinate system (z1, ..., z,) centered at xo such that V,, is
the vector subspace (0/0z1,...,0/0z.) at xy. Then, in a neighborhood U of xzy,
V' admits a holomorphic frame of the form

(2.1) 9 > aaﬂ(@i, 1<B<r ans(0)=0.

r+1<asn

Let f(t) = (fi(t),..., fu(t)) be a k-jet of curve tangent to V starting from a
point f(0) = =z € U. Such a curve is entirely determined by its initial point
and by the projection f(t) := (fi(t),..., fr(t)) to the first r-components, since
the condition f'(t) € Vjq implies that the other components must satisfy the

ordinary differential equation

fa®) = aas(F(D)f5(1)-

1<B<r
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This implies that the k-jet of f is entirely determined by the initial point x and
the Taylor expansion

(2.2) F) —F =&t + &% + .+ &t* + O

where &5 = (£sa)1<a<r € C7. The C* action (A, f) — A - f is then expressed in
coordinates by the weighted action

(2.3) N (&, &, E0) = (NELL N2, .. MR

associated with the weight a = (171, 2["1, .. k["]). The quotient projectived k-jet
bundle

(2.4) XC .= (JFV ~{o})/C*

considered by Green and Griffiths [GGT79] is therefore in a natural way a
P(l[’"],Q[’"], cee k:[r]) weighted projective bundle over X. As such, it possesses a
canonical sheaf O ycc (1) such that Oxce (m) is invertible when m is a multiple of
lem(1,2,...,k). Under the natural projection y : X,?G — X, the direct image

(7k)+«O xca (m) coincides with the sheaf of sections of the bundle EE%V* of jet
differentials of order £ and degree m, namely polynomials

(2.5) P(z; &, 08 = D Gy (2) 650 G0

ar€NT, 1<e<k

of weighted degree |aj| + 2]as| + ... + klag| = m on J*V with holomorphic
coefficients. The jet differentials operate on germs of curves as differential
operators

(2.6) P(f)(t) =D aayar (F(1) f/(O)* . f ()

In the sequel, we do not make any further use of coordinate frames as (2.1), because
they need not be related in any way to the hermitian metric A of V. Instead, we
choose a local holomorphic coordinate frame (eq(2))1<a<r of V on a neighborhood
U of xq, such that

(2.7) (€al2); €5(2)) = dap + > cijapziZj + O(|2]%)

1<i,5<n, 1S, B

for suitable complex coefficients (cjjog). It is a standard fact that such a
normalized coordinate system always exists, and that the Chern curvature tensor
D3, of (V,h) at xg is then given by

{
(28) @V’h(wo) = —% E Cijap dZi AN dEj (029 63 X €3-
i7j7a75
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Also, instead of defining the vectors & € C” as in (2.2), we consider a local
holomorphic connection V on Vji; (e.g. the one which turns (e,) into a parallel
frame), and take & = V¥f(0) € V, defined inductively by Vf = f’ and
Vef =V (VS71f). This is just another way of parametrizing the fibers of J*V
over U by the vector bundle V|lf] Notice that this is highly dependent on V
(the bundle J*V actually does not carry a vector bundle or even affine bundle
structure); however, the expression of the weighted action (2.3) is unchanged
in this new setting. Now, we fix a finite open covering (U, )aes of X by open
coordinated charts such that V|, is trivial, along with holomorphic connections
Va on Vi, . Let 0, be a partition of unity of X subordinate to the covering (Uy).
Let us fix p > 0 and small parameters 1 = &1 > g3 > ... > ¢ > 0. Then we
define a global weighted exhaustion on J*V by putting for any k-jet f € J*V

s 2p/s 1/p
(2.9) Upe(f)i= (3 0ala) D 2|05 (0)005)
ael 1<s<k
where || ||(z) is the hermitian metric h of V' evaluated on the fiber V,, x = f(0).
The function ¥y, ,, . satisfies the fundamental homogeneity property

(2'10) \Ijh,p,s(A : f) - qlh,p,s(f) |/\|2
with respect to the C* action on J*V, in other words, it induces a hermitian metric

on the dual L* of the tautological Q-line bundle L; = Oxge(l) over X9, The
curvature of Ly is given by

(2.11) TOL, vy = dd®log Uy p

where 7, : JFV {0} — XEG is the canonical projection. Our next goal is
to compute precisely the curvature and to apply holomorphic Morse inequalities
to L - X ,?G with the above metric. It might look a priori like an untractable
problem, since the definition of ¥y, , . is a rather unnatural one. However, the
“miracle” is that the asymptotic behavior of Wy, . as €5/es_1 — 0 is in some
sense uniquely defined and very natural. It will lead to a computable asymptotic
formula, which is moreover simple enough to produce useful results.

(2.12) Lemma. On each coordinate chart U equipped with a holomorphic connec-
tion V of Viyy, let us define the components of a k-jet f € J*V by & = V*f(0),
and consider the rescaling transformation

p€(£17§27 s 7§k) = (6%£17€%£27 s 75£§k> on ng) T e UOt

(it commutes with the C*-action but is otherwise unrelated and not canonically
defined over X as it depends on the choice of V). Then, if p is a multiple
of lem(1,2,...,k) and es/es—1 — 0 for all s = 2,...,k, the rescaled function
Upopeopt(&r,. .., &) converges towards

1/p
2p/s
( S H@th/)
1<s<k

on every compact subset of JkV|U ~ {0}, uniformly in C*° topology.
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Proof. Let U C X be an open set on which Vjy is trivial and equipped with
some holomorphic connection V. Let us pick another holomorphic connection

V =V +T where I' € HO(U, QL @ Hom(V, V). Then V2f = V2f +D(F)(f) - ',
and inductively we get

Vef=Vef+P(f; Vif,...,V*7Lf)

where P(z; &1,...,&—1) is a polynomial with holomorphic coefficients in z € U
which is of weighted homogeneous degree s in (&1,...,&s—1). In other words,
the corresponding change in the parametrization of JkWU is given by a C*-
homogeneous transformation

é:£S+PS($;§17"'7£S—1)-

Let us introduce the corresponding rescaled components

(51,67 o 7§k,€) - (5%517 ey 625]{:)7 (51,67 ey gk:,s) - (6%517 v 7€]]:gk:)-
Then _ )
£8,6 = gs,s + 5§ Ps(xQ 51_151,57 ceey S_(S1 )gs 1 5)
=& +O0(es/e51)° O([[€1 el + - -

and the error terms are thus polynomials of fixed degree with arbitrarily small
coefficients as 5/es_1 — 0. Now, the definition of ¥} , . consists of glueing the
sums

1/(5—1))5

2p/s 2p/s
Sl = 3 el

1<s<k 1<s<k

corresponding to &, = V? f(0) by means of the partition of unity > 0,(z) = 1. We
see that by using the rescaled variables {; . the changes occurring when replacing a
connection V, by an alternative one Vg are arbitrary small in C**° topology, with
error terms uniformly controlled in terms of the ratios e5/e5_1 on all compact
subsets of V* ~\ {0}. This shows that in C° topology, ¥, , . o p- (&1, -, &)
converges uniformly towards (D, <, ||§k||2p / *)1/P whatever is the trivializing
open set U and the holomorphic connection V used to evaluate the components
and perform the rescaling. O

Now, we fix a point zp € X and a local holomorphic frame (e (2))i<a<r
satisfying (2.7) on a neighborhood U of zy. We introduce the rescaled components
& =e3Vef(0) on J*V|; and compute the curvature of

1/p
e 09 (25 0, E) ( 3 |r£s|12p/8)

1<s<k

(by Lemma 2.12, the errors can be taken arbitrary small in C* topology). We
write £, = E1gagr €saa- By (2.7) we have

l&slh = D 1€sal® + D cijapziZibsalap + O(I2PE1%).

1:7j7a713
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The question is to evaluate the curvature of the weighted metric defined by

1/p
vt = (3 6l)

1<s<k
2 N 3
(2 (Dl + X cumpmiziteates)””) "+ 001I
1<s<k « 1,5,0,8

We set |52 =Y, |€sal?. A straightforward calculation yields
IOg\II(Z, 517- . 7§k) =

1 [&]?/s _ &sals
Jog 30 6P+ 3D S Y ajarns e +0(F)

1<s<k 1<s<k 4,70,

By (2.11), the curvature form of Ly = Oxca (1) is given at the central point xg by
the following formula.

(2.13) Proposition. With the above choice of coordinates and in terms of the
rescaled components £ = e5V* f(0) at xg € X, we have the approrimate expression

Z Cii Mdzi/\dzj

i 1|,/
Or,.w;, (@0, [6) = warp (&) + 5= D - SRTAE

2/t
ﬂ-1<s<k's§:t|§” v/ i,js0n,3

where the error terms are O(maxegs<k(€s/€s—1)°) uniformly on the compact
variety XFC. Here wq ., is the (degenerate) Kdhler metric associated with the
weight a = (117,217 k) of the canonical C* action on J*V .

Thanks to the uniform approximation, we can (and will) neglect the error
terms in the calculations below. Since wq ., is positive definite on the fibers of
XFG — X (at least outside of the axes £ = 0), the index of the (1,1) curvature
form O, vy (2 [€]) is equal to the index of the (1, 1)-form

Z Cijaﬁ(z> ésaésﬁ dZZ A dEj

i 1 |&,|2P/s
irg,00, 8 ?

n 1<S<k S Zt |€t|2p/t

depending only on the differentials (dz;)i<j<n on X. The g-index integral of

(L, ¥7, , ) on X G is therefore equal to

n+kr—1
/ R T
X]C (LImQ)

(n+kr—1)! / / -1
" 1 z
’I”L' kr — 1 cex Jeep(im,. kiny a,r,p (g) ’Yk,Q( g)’)/k( 6)
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where 1, 4(z,§) is the characteristic function of the open set of points where
Yk(2,§) has signature (n — ¢,¢) in terms of the dz;’s. Notice that since v (2, )"
is a determinant, the product 1, 4(2,&)vk(z, &)™ gives rise to a continuous function
on X, Formula 1.13 with r; = ... =7, =7 and a5 = s yields the slightly more
explicit integral

/ @n—Hﬂ"—l — (n + kr — 1)'
XE (L) e nl(R)T
r—1
/ / 1y, o(z,2,u)gr(z, z,u)" % da dp(u),
z€X J(z,u)EAL_1 X (S2r—1)k ’ (7‘ — 1)'

where g (z,z,u) = vx(z, xi/qul, cee x’,z/quk) is given by

1 1
(2.15) gk (z,x,u) = 3 Z gxs Z Cijap(2) UsaTsp dzi N\ dZ;

1<s<k i,7,0,3

and 1, ,(%,x,u) is the characteristic function of its ¢-index set. Here

| (.’Bl e .CCk)T_l

(2.16) de,r(x> = (k?“ - 1> (7, _ 1)|k:

dx

is a probability measure on Ag_1, and we can rewrite

/ @n—i—kr—l _ (TL + kr — 1)'
XSG(Lk,q) Lk’\I};aPaE n!(k!),r(kr - 1)!

(2.17) / / Ly, o(z, 2, w)gr(z, z,u)" dvg r(x) dp(u).
2€X J(z,u)EAR_1X(S2r—1)k

Now, formula (2.15) shows that gi(z,z,u) is a “Monte Carlo” evaluation of
the curvature tensor, obtained by averaging the curvature at random points
us € S?~! with certain positive weights xs/s; we should then think of the
k-jet f as some sort of random parameter such that the derivatives V¥ f(0) are
uniformly distributed in all directions. Let us compute the expected value of
(x,u) — gr(z,x,u) with respect to the probability measure dvy ,(x) du(u). Since
Jg2r—1 UsaTispdp(us) = 1645 and fAIc—l s dvg, () = ¢, we find

1 1 = _
E(gk(za'a'» = H Z g . % Z cijaa(z) dz; N de.

1<s<k 37,0

In other words, we get the normalized trace of the curvature, i.e.

1 1 1
(2.18) E(gr(z,0,0)) = r (1 tot+F E)Gdet(V*),det h* s
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where Oget(1+),det h+ 18 the (1, 1)-curvature form of det(V*) with the metric induced
by h. It is natural to guess that gx(z, z, u) behaves asymptotically as its expected
value E(gx(z,e,0)) when k tends to infinity. If we replace brutally gp by its
expected value in (2.17), we get the integral

(m+kr—1)! 1 1 1 ”/
et [ 1
W (D)7 (er — 1) (kr)”( t3tet ) s

where 7 := Oge(v+),detn= and 1, , is the characteristic function of its g-index
set in X. The leading constant is equivalent to (logk)”/n!(k!)” modulo a
multiplicative factor 1 + O(1/logk). By working out a more precise analysis of
the deviation, we will prove the following result.

(2.19) Probabilistic estimate. Fiz smooth hermitian metrics h on V and
w = 5= > wijdz; NdZ; on X. Denote by Oy, = —5= > Cijapdz; NdZ; @ €, @ ep
the curvature tensor of V. with respect to an h-orthonormal frame (e ), and put
i _
n(z) = @det(V*),det h* = o Z Nijdz; N\ dzZ;, Nij = Z Cijoa-

1<4,5<n 1<agr

Finally consider the k-jet line bundle Ly = Oxgc(l) — XJC equipped with the
induced metric Wy, (as defined above, with 1 = g1 > €9 > ... > g > 0).
When k tends to infinity, the integral of the top power of the curvature of Lj on
its g-index set X 7C(Ly, q) is given by

_ log k)™ -
@n—!—kr* 1 _ <7 (/ 1 nn + 9] logk 1 )
/X,S’G(Lk,q) LiWhpe  nl (k) \ Sy ™1 (( )7

forallq=0,1,...,n, and the error term O((logk)™1) can be bounded explicitly in
terms of Oy, n and w. Moreover, the left hand side is identically zero for ¢ > n.

The final statement follows from the observation that the curvature of Lj is
positive along the fibers of X ,?G — X, by the plurisubharmonicity of the weight
(this is true even when the partition of unity terms are taken into account, since
they depend only on the base); therefore the g-index sets are empty for ¢ > n. We
start with three elementary lemmas.

(2.20) Lemma. The integral

. n
[k:,T,n :/ < —S> de’T xT
. > (2)

- 1<s<k

1s given by the expansion

(a) [k:,T,n -

Z 1 (]C?‘ — 1)' ngigk(r —1 + 51)'
$182...8, (r—1)F (kr +n—1)!

1<817327“'7S'n<k
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where B; = Bi(s) = card{j; s; =i}, > Bi =n, 1 <i< k. The quotient

I "~ (1+1+ +1>n
Forn kr(kr+1)...(kr+n—1) 2k

15 bounded below by 1 and bounded above by

(b) 1+%;(L"!>'(1+1+...+%)_ =1+ 0((logk)™?)

n—m)! 2
=2

As a consequence

(0) Lo = kin ((1+ % — %)” +O((logh)" )
(logk + 7)™ + O((log k)" 2)

kn
where v is the Euler-Mascheroni constant.

Proof. Let us expand the n-th power (Zlgsgk %)n This gives
1 ﬁl ﬁk
Ik,?“,n == Z ﬁ :El . .I’k dl/k,’l“(x>
1<81,82,...,8, <k 192 -.9n Ap_1

and by definition of the measure v, we have

B B _ (kr —1)! +81—1 +Br—1
/A it dug g (x) = CESEIA oy T day L day.
k—1 k—1

By Formula (1.14), we find

kr —1)! i r+06;,—1 !
/ e vy (z) = (kr >k heicrr + 6 1)
Bio (r—1%  (kr+n—1)!

g (DA +2) (14 27
kr(kr+1)...(kr +n—1) ’

and (2.20a) follows from the first equality. The final product is minimal
when r» = 1, thus

r B1 B
< dvy,
kr(kr+1)...(kr +n—1) /Akl T x, " dvg ()

' H1g¢<k Bi!

(2:21) S kr(kr+1)...(kr +n—1)"
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Also, the integral is maximal when all 5; vanish except one, in which case one gets

" _or(r+1)...(r+n—1)
(2:22) /Ak_l 73 @i (@) = kr(kr+1)...(kr +n—1)"

By (2.21), we find the lower and upper bounds

r’" 1 1\
2.2 JPES (1 S —),
(2.23) ke 2 i+ 1) (ern—D\ T2 Ty

r Pul... B!
2.24 I rn <
(2.24) s kr(kr+1)...(kr +n—1) Z S1...5n

1<s1,..,8n <k

In order to make the upper bound more explicit, we reorganize the n-tuple
($1,...,8,) into those indices t; < ... < t; which appear a certain number of
times «o; = (B¢, > 2, and those, say ty+1 < ... < ty4m, which appear only once.
We have of course » ; = n — m, and each choice of the t;’s corresponds to
n!/aq!. .. ayl possibilities for the n-tuple (s1,...,s,). Therefore we get

P D DUD DD DE. :

A5t .t ’
1<51,...,8n <k m=0 £, To;=n—m (t;) ¢ - Hm

A trivial comparison series vs. integral yields

s<t<+o00
and in this way, using successive integrations in ty, ty;_1, ..., we get inductively
Z 1 o 1 - 1
1<t <...<tg<+00 A [hcicel@eivn + .. 4+ ar—1) o

since a; > 2 implies ay—;+1 + ...+ oy — i = i. On the other hand
2 o S > == <1+2+ +k) .
1<ty 1 <o <tpym <k 041 - - Uotm m: 1<Sl"“’sm<k81 PN Sm m!

Since partitions oy + ...+ ay = n — m satisfying the additional restriction o; > 2
correspond to o), = a; — 2 satisfying > of = n —m — 2¢, their number is equal to

n—m-—20+/¢—1 _ n—m-—+~¢—1 < gn—m—t-1
-1 (-1

and we infer from this

B! .. B! gn—m—{—1p| 1 1\™ 1 1\"
i L (F BT I+=t. . 4=
> Sy'jn~\ > i tgtetr ) ATy
1<s1,...,8n <k 2€£%n1<n
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where the last term corresponds to the special case ¢ = 0, m = n. Therefore
2
el/ 215

ﬁl X on—mpl /1 " 1 1\"
T+=f .. 4= I+=f .. +-
) 5 ) — tototr ) gty

1<s; <k m=0
1 =— 2™l 1 """ 1 1\"
<= S O I+=4...+=) .
\3;<n_m)!(+2+ +k) +<+2+ +k)

This estimate combined with (2.23, 2.24) implies the upper bound (2.20 b) (the
lower bound 1 being now obvious). The asymptotic estimate (2.20 c¢) follows
immediately. O

/

(2.25) Lemma. If A is a hermitian n x n matriz, set 14 , to be equal to 1 if A
has signature (n — q,q) and 0 otherwise. Then for all n X n hermitian matrices
A, B we have the estimate

}]IA,q det A — 1p 4 det B’ < |4 - B Z HA”Z’HB”n—l—i,

0<i<n—1
where || Al|, || B|| are the hermitian operator norms of the matrices.

Proof. We first check that the estimate holds true for |det A — det B|. Let
A1 < ... < A\, be the eigenvalues of A and A} < ... < X, be the eigenvalues
of B. We have |\;| < || 4], |\)] < ||B]| and the minimax principle implies that
|IAi — AJ| < ||A — BJ|. We then get the desired estimate by writing

det A—detB=A ... Ay =X ... A, = > Ap.. — AN A

1<i<n

This already implies (2.25) if A or B is degenerate. If A and B are non degenerate
we only have to prove the result when one of them (say A) has signature (n —q, q)
and the other one (say B) has a different signature. If we put M (t) = (1—t)A+tB,
the already established estimate for the determinant yields

n—1
|- et M(1)| < nll A~ BY [M(1)] < nll 4~ BI (1~ D] A] +¢]B])

However, since the signature of M (t) is not the same for ¢ = 0 and t = 1, there
must exist o € ]0,1[ such that (1 — tg)A + toB is degenerate. Our claim follows
by integrating the differential estimate on the smallest such interval [0, to], after
observing that M (0) = A, det M (ty) = 0, and that the integral of the right hand
side on [0, 1] is the announced bound. O

(2.26) Lemma. Let Q4 be the hermitian quadratic form associated with the
hermitian operator A on C™. If p is the rotation invariant probability measure
on the unit sphere S*"~1 of C™ and \; are the eigenvalues of A, we have

/|<—1 QuOPaO) = L (T + (Ta) )
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The norm ||A|| = max|\;| satisfies the estimate

1
—[IA]]* < 2du(¢) < || A%
RIS [ 10a@ran© < 14)

Proof. The first identity as an easy calculation, and the inequalities follow by
computing the eigenvalues of the quadratic form > \? + (Z )\i) — c)\?o, c > 0.
The lower bound is attained e.g. for Qa(¢) = |Gi|> — (|G| + ... + |¢n]?) when
Wetakeiozlandc:l—i—%. d

Proof of Proposition 2.19. Take a vector ¢ € T'x ., ( = EQ%, with [|(]|l. = 1,
and introduce the trace free sesquilinear quadratic form

~ - _ ~ 1 -
Q:xc(u) = Z Cijop(2) GiCj ualip, Cijap = CijaB — ;nijéaﬁa ueC
1;7.7'70‘7/8

where 7;; = Zig a<r Cijaa- We consider the corresponding trace free curvature
tensor

~ 17 - - "
(2.27) Oy = % Z Cijaf dz; \ de Ke, Yegs.
i’j7a7/8

As a general matter of notation, we adopt here the convention that the cano-
nical correspondence between hermitian forms and (1,1)-forms is normalized
as y_ ai;dz; ® dz; < ﬁ Y- a;jdz; A dZj, and we take the liberty of using the
same symbols for both types of objects; we do so especially for gx(z,x,u) and
n(z) = 5= > 1 (2)dz; Adz; = Tr Oy (2). First observe that for all k-tuples of unit

vectors u = (ug,...,ux) € (SN ug = (usa)1<as<r, We have
/ Z —.’135 Z Cz]aﬁ CiCjusaﬂsﬁ dﬂ(u) = Z _g (QZ,C)
SR o<k S i 1<s<k ©

where V(Q, ) is the variance of @, ¢ on S?"~!. This is so because we have a
sum over s of independent random variables on (S?"~1)k  all of which have zero
mean value. (Lemma 2.26 shows that the variance V(Q) of a trace free hermitian
quadratic form Q(u) = > ¢, Aa|ta|? on the unit sphere S*"~! is equal to

ﬁ S" A2, but we only give the formula to fix the ideas). Formula (2.22) yields

+1
xidukr T) = 7‘7.
/Akl (@) k(kr 4+ 1)

Therefore, according to notation (2.15), we obtain the partial variance formula

/ (952 2, 1) (€) — T (2 2) (O) P () dpa(w)
Ak 1 X(S27‘71)k

r+1 1 ~ 9
e 1 (D DY LACH )

1<s<k
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in which

GEDS éxsizcmc@:( 3 %%)%U(Z)(C),

1<s<k ijo 1<s<k

P(OV(COP =V (s (Ov(Cmun) = [ (O (o)

By integrating over ( € S?"~! C C™ and applying the left hand inequality in
Lemma 2.26 we infer

/A (52r—1)k Hgk(z,m,U) - gk('z’@ﬂid%,r(cv)du(u)
k—1X 2r—1

n?(r+1) 1 ~
(2.28) < m(lgszgk S—Q)O'W,h(@v)

where aw’h(év) is the standard deviation of év on §2n—1 x §2r—1.

o (By)? = / (O (¢, Oy uhn|*dia(C) dpa(u).

IClw=1, Julp=1

On the other hand, brutal estimates give the hermitian operator norm estimates

(2.29) gz o < (2 1) L)l

1<s<k
1
(2.30) lontalle < (3 1o )10vlan
1<s<k
where
1OV ]|w,n = sup [(Ov (¢, Qu, upn.

|C|w:17 |u|h:1

We use these estimates to evaluate the g-index integrals. The integral associated
with g, (z,z) is much easier to deal with than gx(z,z,u) since the characteristic
function of the ¢-index set depends only on z. By Lemma 2.25 we find

’Ilgk’q(z, z,u)det gr(z, z,u) — 1, 4(2) det g, (2, x)’

<

AR ACED] D DR A A W ACHED i

0<i<n—1
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The Cauchy-Schwarz inequality combined with (2.28 — 2.30) implies

/A (g1 g, q(2, 2, u) det g (2, z,u) — 1) 4(2) det G, (2, @) | dvg,, (x)dp(uw)
k—1X T

1/2
_ 2
s (/ gz, w) _gk('z’x)deVk,r(ﬂf)du(U)) x
Aj_q1x(82r—1)k

' \ 2 1/2
(f (5 st il ) o (o))
Ap—1X(S2 DR N gicn—1
n(1+1/r)1/2< 1)1/2 - 1 ne1oi
< =] 0wn(®v) 1Ov (6,5 ( = 17(2) [l
(k(k+1/r))1/2 1@2@82 1<§1—1 ’h(r )
2n—2 1/2 n—1
T log k
(o (B2) ) "= o)
Ak—1 N 1g<e<k

by Lemma 2.20 with n replaced by 2n — 2. This is the essential error estimate. As
one can see, the growth of the error mainly depends on the final integral factor,
since the initial multiplicative factor is uniformly bounded over X. In order to get
the principal term, we compute

( 3 %)ndykm)

1<s<k

1
[ detgi ) i @) = o devn(s) |
Akt

Ap_1

l n
~ % detn(z).

From there we conclude that

/ X/( e s . Ly, o(2, 2, w)gr (2, z,u)" dvg »(z)dp(u)
zZ€ T, u)EAL_1x(S2r—1

_ (log k)" / n (log k)" *
- pnkn X]ln’qn +O( kn )

The probabilistic estimate 2.19 follows by (2.17). O

(2.31) Remark. If we take care of the precise bounds obtained above, the proof
gives in fact the explicit estimate

_ +‘kT _'1)![k
()n+khg1 ::<n . J/ 1 " rnd
/X,?G(Lk,q) Ll p,e nl(kD)r(kr — 1)! X n.a'l" ¥ ko,

where

1 1/2 ~ — i 7 n—1—i, n
J=n(l+ 1/r>”2(2 —) /X 0w (Ov) S Oy plin() 1w

1=1
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and

(L (B%) wme)”

S

|5k,r,n < "
(k(k+1/r))1/2/ (Zﬁ vy, (z)
Ak—1 s=1 s
m 1/2
2n—2 2™ (2n—2)! —m
< (1+ %Zm:Q (Zn(—Q—m))!(1+ %++ %) ) 1
h 1+%+...+% log k

by the lower and upper bounds of Iy ;. ., Ij 2n—2 oObtained in Lemma 2.20. As
(2n —2)!/(2n —2 —m)! < (2n — 2)™, one easily shows that

(31/15)1/2

for k 2 5n—5.
log k or e

(2.32) BRI

Also, we see that the error terms vanish if Oy is identically zero, but this is of
course a rather unexpected circumstance. In general, since the form Oy is trace
free, Lemma 2.23 applied to the quadratic form u — (O (¢, {)u,u) on C" implies

awﬁ(év) < (r+ 1)_1/2]@\/“%;1. This yields the simpler bound

(2.33) Jgan( )1/2/ |

It will be useful to extend the above estimates to the case of sections of

rlovialln@IE w0

1 1 1
(2.34) Ly, = Oxca (1) ®wko(k (1 FoHt k)F)
where F' € Picg(X) is an arbitrary Q-line bundle on X and m, : X§¢ — X is
the natural projection. We assume here that F' is also equipped with a smooth
hermitian metric hp. In formula (2.20), the renormalized metric ny (2, z,u) of Ly
takes the form

1

2.35 2, T,U) =
(2:35) (2, u) La+i+. . +5

gk(z7 x, U) + @F,hp (2)7

and by the same calculations its expected value is

(2.36) 77(2) = E(nk(z, o, o)) = @det V*,det h* (Z) + @F,hp (Z)

Then the variance estimate for n; — 7 is unchanged, and the LP bounds for 7 are
still valid, since our forms are just shifted by adding the constant smooth term
O©F h,(%). The probabilistic estimate 2.18 is therefore still true in exactly the same
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form, provided we use (2.34 — 2.36) instead of the previously defined Ly, nx and 7.
An application of holomorphic Morse inequalities gives the desired cohomology
estimates for

1 1
hq(X,E,Sjgv* ®o(%(1+ S+t E)F))

= h9(X5%, Oxaa(m) ®7r}§0(%(1 + % + .t %)F»

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

(2.37) Theorem. Let (X,V) be a directed manifold, F — X a Q-line bundle,
(V,h) and (F, hp) smooth hermitian structure on V' and F respectively. We define

e L 1 1
Ly, :OXSG(l)@WkO(H@—i_§+'“+E)F)’

7 = Odet V*,det h* + OF hy-

Then for all ¢ > 0 and all m > k > 1 such that m is sufficiently divisible, we
have

n—‘,—kr—l o n
(@) mCeES ogm) < s S Jo, s Ol(togh) ) ).

n—‘,—k:r 1 o n
(b) KX O™ 2 ¢~y S‘%k': " </X< . _O((logm_l))’

(0) X(XZ% 0(LY™)) = (e (V" @ F)" 4+ 0((logk) ™).

)
k)
mn—!—kr—l (log k)n
(n+ kr —1)! n! (k)"

Green and Griffiths [GG79] already checked the Riemann-Roch calculation
(2.37 ¢) in the special case V = T% and F' = Ox. Their proof is much simpler since
it relies only on Chern class calculations, but it cannot provide any information
on the individual cohomology groups, except in very special cases where vanishing
theorems can be applied; in fact in dimension 2, the Euler characteristic satisfies
x = h® — h' 4+ h? < hY + A2, hence it is enough to get the vanishing of the top
cohomology group H? to infer h® > y; this works for surfaces by means of a
well-known vanishing theorem of Bogomolov which implies in general

H”(X,E,?GTX@)O(k ( +;+ +]1€>F))):O

as soon as Kx ® F'is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93],
everything works almost unchanged in the case where V' C T'x has singularities
and h is an admissible metric on V (see (0.11)). We only have to find a blow-up
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W X r — X so that the resulting pull-backs pu* L and p*V are locally free, and
p* det h*, p* Wy, ,, . only have divisorial singularities. Then 7 is a (1, 1)-current with
logarithmic poles, and we have to deal with smooth metrics on p* L™ ® O(—mE},)
where Ej; is a certain effective divisor on X} (which, by our assumption (0.11),
does not project onto X). The cohomology groups involved are then the twisted

cohomology groups
HY(XFC O(LE™) @ dieym)

where Ji m = p«(O(—mE})) is the corresponding multiplier ideal sheaf, and the
Morse integrals need only be evaluated in the complement of the poles, that is on
X(n,q) ~ S where S = Sing(V') U Sing(h). Since

(7)+ (O(LE™) @ G C BECV* ®O(k; (1 + % T %)F))

we still get a lower bound for the H? of the latter sheaf (or for the H® of the
un-twisted line bundle O(LY™) on X§¢). If we assume that Ky ® F is big, these
considerations also allow us to obtain a strong estimate in terms of the volume,
by using an approximate Zariski decomposition on a suitable blow-up of (X, V).
The following corollary implies in particular Theorem 0.5.

(2.38) Corollary. If F is an arbitrary Q-line bundle over X, one has

(X%, 0xgo m) £ w0 (14 5+ + 1 )F) )

S n—l—kr 1 (logk)
T (n+kr— D! nl (EYr

(VOI(KV ® F) — O((log k)_1)> o 0(mn+’”_1),

when m > k > 1, in particular there are many sections of the k-jet differentials
of degree m twisted by the appropriate power of F' if Ky ® F' is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable
modification p : X — X which converts Ky into an invertible sheaf. There is of
course nothing to prove if Ky ® F' is not big, so we can assume Vol(Ky ® F') > 0.
Let us fix smooth hermitian metrics hg on Tx and hg on F. They induce a metric
p*(det hy' ® hp) on p*(Ky ® F) which, by our definition of Ky, is a smooth
metric. By the result of Fujita [Fuj94] on approximate Zariski decomposition, for
every 0 > 0, one can find a modification ps : Xs — X dominating p such that

ps(Ky @ F) = Ogé(A-I-E)
where A and E are Q-divisors, A ample and E effective, with
Vol(A) = A™ > Vol(Ky ® F) — 6.

If we take a smooth metric hy with positive definite curvature form © 4, ,, then
we get a singular hermitian metric hahg on p;(Ky ® F') with poles along E, i.e.
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the quotient hahg /u*(det h51~® hp) is of the form e~¥ where ¢ is quasi-psh with
log poles log |o|? (mod C°°(X;)) precisely given by the divisor E. We then only
need to take the singular metric h on Tx defined by

h = hger(1a)*e

(the choice of the factor 1 is there to correct adequately the metric on det V).
By construction h induces an admissible metric on V' and the resulting curvature
current n = Ok, det h* + OF n, s such that

psn = Oan, + [E], [E] = current of integration on FE.

Then the 0-index Morse integral in the complement of the poles is given by

/ = [ e%, = A" > Vol(Ky © F) — 6
X (n,0)~5 X5

and (2.38) follows from the fact that 6 can be taken arbitrary small. O

(2.39) Example. In some simple cases, the above estimates can lead to very
explicit results. Take for instance X to be a smooth complete intersection of
multidegree (dy,ds,...,ds) in IP’(%JFS and consider the absolute case V = T'x. Then

KX:OX(d1+...+dS—’I’L—S—1>.

Assume that X is of general type, i.e. > d; > n+ s+ 1. Let us equip V = Tx
with the restriction of the Fubini-Study metric h = ©¢ (1) ; a better choice might
be the Kahler-Einstein metric but we want to keep the calculations as elementary
as possible. The standard formula for the curvature tensor of a submanifold gives

Ory h = (O, 0)x T8 AP

where 8 € C*(A°T% @ Hom(T'x, @ O(d;))) is the second fundamental form. In
other words, by the well known formula for the curvature of projective space, we
have

(O1 1 (¢, Quy u) = [C]ul® + [(¢, w)* = B(C) - ul*.

The curvature p of (Kx,det h*) (i.e. the opposite of the Ricci form Tr O, ) is
given by

(2.40) p=—TrOrxp=Tr(BAB")—(n+1)h > —(n+1)h.

We take here F' = Ox(—a), a € Q4, and we want to determine conditions for the
existence of sections

1 1
(2.41) H0<X,E§§T;®o(—a%(1+§+...+E)>), m> 1,
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We have to choose Kx ® Ox(—a) ample, i.e. Y d; > n+s+a+1, and then (by an
appropriate choice of the metric of F' = Ox(—a)), the form n = Ok, g0 (—q) can
be taken to be any positive form cohomologous to (> d; — (n+s+a+1))h. We
use remark 2.31 and estimate the error terms by considering the Kahler metric

w=p+(n+s+2)h= (Zdj+1)h-

Inequality (2.40) shows that w > 2h and also that w > Tr(58 A §*). From this,
one easily concludes that ||n]l, < 1 by an appropriate choice of 7, as well as

1074 nllwn <1 and [|O7y 4llwn < 2. By (2.33), we obtain for n > 2

n—1 47
J<nd2l ol /w”<—n”+1/2/ w"
V6 n—1 Jx V6 X

where [ w™ = (> d; + 1)” deg(X). On the other hand, the leading term [, 7"
equals (> dj —n—s—a— l)n deg(X) with deg(X) = dy ...ds. By the bound
(2.32 ) on the error term ¢y, ,, we find that the leading coefficient of the growth
of our spaces of sections is strictly controlled below by a multiple of

(Zdj —n—s—a—l)n—47r<%)l/2 nlzgllig(zdj-i-l)n

if k > €75, A sufficient condition for the existence of sections in (2.41) is thus

(2.42) k> exp (7.38 nn+1/2(2d' _ani:fi — 1)”)
J

This is good in view of the fact that we can cover arbitrary smooth complete
intersections of general type. On the other hand, even when the degrees d; tend
to 400, we still get a large lower bound k ~ exp(7.38 n"*1/2) on the order of jets,
and this is far from being optimal: Diverio [Div09] has shown e.g. that one can
take k£ = n for smooth hypersurfaces of high degree. It is however not unlikely
that one could improve estimate (2.42) with more careful choices of w, h. O

3. On the base locus of sections of k-jet bundles
The final step required for a complete solution of the Green-Griffiths conjecture

would be to calculate the base locus By C X,?G of the space of sections

log k
HO(XJC, Oxga(m) ® m,0(—mdA)), A ample on X, §; < ¢ o]gg , K1,

and to show that Yy = m(Bj) is a proper algebraic subvariety of X for k large,
under the assumption that Ky is big. This does not look completely hopeless,
since the statistics of curvature in the Morse inequalities do involve currents for
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which the sets of poles depend only on the bigness of Ky and therefore project
onto a proper subvariety S of X (see the last step of the proof in section 2). It
is not unreasonable to think that a further analysis of the asymptotic behavior of
sections, e.g. through estimates of the Bergman kernel, might lead to such results.

Even if the required property of the base locus cannot be obtained directly, it
would be enough, for a suitable irreducible analytic set Z C X ,SG contained in the
base locus at some stage, to construct non zero sections in

H®(Z,0xec(m)|z ® 10(=mdjA))z)

whenever 7 (Z) = X, and then to proceed inductively to cut-down the base locus
until one reaches some 7' C Z with m,(Z’) € X. Hence we have to estimate
the cohomology groups H® and H? not just on X ,?G, but also on all irreducible
subvarieties Z C X ¢ such that 7,(Z) = X. We are not able to do this in such a
generality, but our method does provide interesting results in this direction.

(3.1) Theorem. Let (X,V) be a compact directed n-dimensional manifold, let
r =rank V' and F' be a holomorphic line bundle on X. Fix an irreducible analytic
set Ly, C X,S)G or equivalently some C*-invariant set Z, C J*V, and assume
that 7k, (Zk,) = X. For k > ko, denote by Z, C XZC the irreducible set cor-
responding to the inverse image of Zl’CO by the canonical morphism J*V — JkoV .
Let h be an admissible metric on V', hyp a metric with analytic singularities on F
and

cqf L 1 1
Ly, :OXSG(1)®7T1€O<H(1+§+-~-+E)F),

n = @Kv,det h* + ®F,hF7 S = Slng(n)
Then for m > k> ko and py = dim Zj, = dim Zy, + (k — ko)r we have

hO(ZhO(LI?mNZk)
., mP* (log k)"

> degyca , x(Z. </ n" —0 logk_l)—ompk
e x (0 [ - OlogR) ™) ) — olme

where degXEG/X<Zk) = degxge/X(Zko)(%)r is the relative degree of Zy over X
A !

with respect to the normalized weighted “Kdhler metric” wq ., introduced in (1.10).

We would also get similar upper and lower Morse bounds for the higher
cohomology groups, provided that the sheaves OXEG (m) are twisted by the
appropriate multiplier ideal sheaves Ji ,, already described. The main trouble
to proceed further in the analysis of the base locus is that we have to take k > kg
and that the O(...) and o(...) bounds depend on Zj,. Hence the newer sections
can only be constructed for higher and higher orders k, without any indication
that we can actually terminate the process somewhere, except possibly by some
extremely delicate uniform estimates which seem at present beyond reach.

Proof. The technique is a minor variation of what has been done in section 2,
hence we will only indicate the basic idea. Essentially the k-jet of f is no longer
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completely random, its projection onto the first ko components (V7 f(0))1<j<k, 18
assigned to belong to some given analytic set Z,’CO C J* V. This means that in the
curvature formula (2.15)

1 1
gk (z,x,u) = 3 Z gxs Z Cijap(2) UsaTsp dzi N\ dZ;
1<s<k i,7,a,

only the sum Zk0<5<k is perfectly random. The partial sum Zl<s<k0 remains
bounded, while the harmonic series diverges as logk. This implies that the
“non randomness” of the initial terms perturbs the estimates merely by bounded
quantities, and in the end, the expected value is still similar to (2.18), i.e.

1 1 1
E(gk(z,0,0)) = o (1 tgt. ot 0(1)> (Oky deths + OFny)-
Once we are there, the calculation of standard deviation and the other estimates
are just routine, and Theorem 3.1 follows again from Proposition 2.13 when we
integrate the Morse integrals over Z; instead of the whole k-jet space X EG. O

Another possibility to analyze the base locus is to study the restriction maps
(32)  prm(x)  H(X,EGGV* ® O(=mépA)) — (EgoV* ® O(-=mépA))

at generic points x € X. If pg n(z) can be shown to be surjective at a generic
point, then a fortiori the projection Yy = mx(By) of the base locus does not
contain x and so Yj is a proper algebraic subvariety of X. Now, proving the
surjectivity of pm(x) could be done by proving the vanishing of the H! group
of our sheaf twisted by the maximal ideal myx ,. We cannot exactly reach such a
precise vanishing result, but Morse inequalities can be used to show that the H*'
groups do not grow too fast.

In fact assume that A is an ample Q-divisor on X which is chosen so small that
Ky ®0(—A) is still big. By our estimates, we can then take 6, = 7 (1+5+...+4).
Pick a very ample divisor G on X and n pencils of sections o;; € H°(X, O(G)),
1 < j < n,te Pg, such that the divisors oj,(z) = 0 intersect transversally
at isolated points for generic choices of the parameters t; € ]P’(lc. We select an
admissible metric h on V' which provides a strictly positive curvature current on
Ky ® 9(—A) and multiply it by the additional weight factor (e®)'/"™% where

p(z)=log Y ] lose(2)lie

1<<n teTy

and T; C P{ are generic finite subsets of given cardinality N. The multiplier ideal
sheaf of ¢ is precisely equal to the ideal Jg of germs of functions vanishing on a
certain O-dimensional set £ = {z1,...,z5} C X of cardinality s = N"G™. Also
the resulting curvature form

1 N
——dd°p = Ok dethr —Oan, — ——Oc he

N =0k, deth —Oan, + o~

mék
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can be made to be strictly positive as a current provided that N ~ cmdy
with ¢ < 1. Then the corresponding multiplier ideal sheaf of the induced hermitian
metric on

Oxca (m) @ m0(—mdr A)

is the original multiplier sheaf gy ,, twisted by 7;Jg above x;, provided that the
x; lie outside of Sing(V') and outside of the projection of the support V(Ji,m).
Consider the exact sequence

0 — Oxgcc(m) @ T0(=mbrA) @ Jim @ Tk
— Oxce(m) @ m0(—mérA) ® Jim
— OX)?G (m) &® WZO(—mékA) X Hk,m &® WZ(OX/jE) — 0.

Its cohomology exact sequence yields an “almost surjective arrow”

H®(0xgo (m) ® mp0(—mépA) @ dkm) — D (EFRV™ ® 0(-=mbyA))

J
1<5<s

namely the image contains the kernel of the map

@ (EggV*®O(—m5kA))xj — H! (OXSG (m) @ O(—mbpA) @dp,m @I E).

1<j<s
Now, we have a Morse upper bound

mn—!—kr—l (log k)n
(n+kr—1)! n! (K"

ht (0 xga (m) @mO(=mdA) @ Jrm @7 Ip) < O((logk)™)

since the 1-index integral [ X(n1) h™ is identically zero. At the same time we have
s = N"G" ~ m"(logk)"/k™, and it follows that

kr—1 /oon+kr—1 (log k)n
di EGG * . A ~ m ~ cm
”“SES (BiimV" © 0(=mbeA)), ~ 5 (kr — DIED" ~ Gor — DIRDT km

By selecting a suitable point x; and a trivial lower semi-continuity argument we
get the desired almost surjectivity.

(3.3) Corollary. If A is an ample Q-divisor on X such that Ky @ O(—A) is big
and 6y = %(1 + % +...+ %), r =rank V', the restriction map

prm () : HY(X, EGGV* ® O(—=mb,A)) = (EgaV* © 0(—mdpA))

has an image of dimension larger than (1 —O((logk)~!)) dim ESSLV* at a generic
point x € X form >k > 1.
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Such a result puts an upper bound on the vanishing order that a generic
section may have on X,SG above a generic point of X. Our hope is that one can
then completely “eliminate” the base locus by taking vertical derivatives along
the fibers of J*¥V — X ; those derivations will necessarily have some poles O(pA)
which we hope to get cancelled by the negative powers O(—md; A). This strategy
first devised by [Siu02, Siu04] has indeed been successful in some cases for the
study of generic algebraic degeneracy (e.g. for hypersurfaces of very large degree
in PZT'). This would work rather easily if the rough error term O((logk)™!)
could be replaced e.g. by O(m™%*) in Corollary (3.3), but this is maybe too much
to ask for.

We finally discuss yet another approach. For this we have to introduce
invariant jet differentials along the lines of [Dem95]. In fact, to any directed
manifold (X,V’) one can associate its tower of Semple k-jet spaces, which is a
sequence of directed pairs (X, Vi) starting with (Xg, Vp) = (X, V), together with
morhisms 7 : (Xg, Vi) = (Xg—1, Vk—1). These spaces are constructed inductively
by putting Xy = P(Vix_1) and Vi, = (7%); 1 (Ox, (—1)) where

Ox, (1) C ()" Vi1 C (Tr) " Tx,_,

is the tautological subbundle (cf. [Dem95]). In the case where V' is not a subbundle,
we can first construct the absolute tower (Yk, Vk) by starting from V¢ = Tx, and
then take X to be the closure in X}, of the k-step X, of the relative tower (X}, V)
constructed over the dense Zariski open set X’ = X ~ Sing(V'). In this way, the
tower (X, Vi) is at least birationally well defined — in such a birational context
we can even assume that Xy is smooth after performing a suitable modification at
each stage. Even if we start with V' = T'x (or an integrable subbundle V' C T),
the k-jet lifting V. will not be integrable in general, the only exception being when
rank V = rank V = 1. Now, if

Wk,O:%ko-no%l EXk—>XO:X,
it is shown in [Dem95] that the direct image sheaf

Tr00x, (M) := B V* C E,gfgiv*

consists of algebraic differential operators P( fj(gk) which satisfy the invariance
property

P((fop)) = (&)"P(£i2) o

when ¢ € Gy is in the group of k-jets of biholomorphisms ¢ : (C,0) — (C,0).
Since we already assume C* invariance, it is enough to require invariance by
the nilpotent subgroup Gj C Gy of k-jets tangent to identity. The group G)
is a semi-direct product of additive groups (C, +) consisting of biholomorphisms
Tia:t—t+at! + Ot), 2 < j <k, a € C. In this tower, the biholomorphisms
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Tk« actually generate a normal subgroup of G, and we have G}, /{7x,.} ~ G| _;.
Now, assume that we have found a section

P e HYX,EJGV* ® O(—mé,A))

for some ample Q-divisor A on A. Then we have an expansion

P(f2) =P((foma) 2 = Y. aP(f2)

0<s<m/k

and the highest non zero term P is {7y o }-invariant of weighted degree m—(k—1)s;
this comes from the fact that the homothety hy(t) = At satisfies

Thya © B = hx O Tp grk-1.

Then it makes sense to look at the action of {7x_1,,} on P, and proceeding
inductively we reach a non zero Gj-invariant (and thus Gy-invariant) polynomial

Q€ HY(X, Ex ' V* ® O(—mép A))

of degree m’ < m (and possibly of order k¥’ < k but we can still consider it to be
of order k). By raising @) to some power p and using the Q-ampleness of A, we
obtain a genuine integral section

on-g(m—m’)(sk c HO(X, Ek,pm’V* ® O(—pm/5kA))

(3.4) Corollary. Let (X, V) be a projective directed manifold such that Ky is big,
and A an ample Q-divisor on X such that Ky @ O(—A) is still big. Then, if we put
Op = %(1 + % +...+ %), r =rank V', the space of global invariant jet differentials

H(X, By ) V* ®@ O(—mdiA))

has (many) non zero sections for m >k > 1.

If we have a directed projective variety (X, V') with Ky big, we conclude that
there exists £ > 1 and a proper analytic set Z C X} such that all entire curves
have the image of their k-jet fi;(C) contained in Z. Let Z’ be an irreducible
component of Z such that 7 0(Z') = X (if m;,0(Z’) € X there is nothing more
to do). Consider the linear subspace V' = T/ z» NV}, where Z"” C Z' is chosen
such that Z’ ~. Z” is non singular and the intersection Tz/._z» NV}, is a subbundle
of Tz zn. If fiy(C) is not contained identically in Z”, then the curve g = fi
is tangent to (Z’,V'). On the other hand, if fi;(C) C Z” we can replace Z’
by Z" and argue inductively on dim Z’. What we have gained here is that we
have replaced the initial directed space (X, V') with another one (Z’, V') such that
rank V' < rank V', and we can try to argue by induction on r = rank V.
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Observe that the generalized Green-Griffiths conjecture is indeed trivial for
r =1 (assuming Ky = O(V*) big): in fact we get in this case a non zero section
P c HY(X,V*® @ O(—A)) for some k > 1 and so P(f) - (f')* must vanish for
every entire curve f : (C,1¢) — (X, V). Therefore f(C) C Y :={P(z) =0} C X.
The main difficulty in this inductive approach is that when we start with (X, V)
with Ky big, it seems to be very hard to say anything about Ky on (Z',V').
Especially, the singularities of Z’ and V' do not seem to be under control. The
only hope would be to have enough control on the sections cutting out Z’, and this
requires anyway to understand much more precisely the behavior and vanishing
order of generic sections P € H(X, Ey ,»,V* ® O(—=mdrA)). One could try in
this context to take A to approach the positive part in the Zariski decomposition
of Ky, in such a way that the sections P do not have much space to move around
statistically.
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