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Abstract

The Fibonacci cube I';, is the subgraph of the n-cube induced by the binary
strings that contain no two consecutive 1’s. The Lucas cube A,, is obtained
from I',, by removing vertices that start and end with 1. It is proved that

the number of vertices of degree k in I',, and A,, is Zf:o (7;;_21’) (n_;tlz +1) and

Z?:o {2 (2i+§€7”) ("_kaZ_l) + (211_1617”) (7};2;)}7 respectively. Both results are ob-
tained in two ways, since each of the approaches yields additional results on the
degree sequences of these cubes. In particular, the number of vertices of high
resp. low degree in I';, is expressed as a sum of few terms, and the generating
functions are given from which the moments of the degree sequences of I';, and
A,, are easily computed.
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Introduction

A Fibonacci string is a binary string that contains no two consecutive 1’s.
Fibonacci cube I'y, n > 0, is defined as follows. Its vertices are all Fibonacci strings
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of length n, two vertices are adjacent if they differ in precisely one bit. In particular,
I'o = K1, I't = K5, and I'5 is the path on three vertices. Alternatively, I';, can be
defined as the so-called simplex graph of the complement of the path on n vertices,
cf. [1].

Fibonacci cubes were introduced as a model for interconnection networks [7]
and received a lot of attention afterwards. For different studies of their structure
we refer to [2, 3, 6, 8, 12, 13]. These cubes also found an application in theoret-
ical chemistry. There, perfect matchings in hexagonal graphs reflect the stability
of the corresponding benzenoid molecules and the so-called resonance graphs cap-
ture the structure of the perfect matching. It is appealing that Fibonacci cubes are
precisely the resonance graphs of a special class of hexagonal graphs called fibonac-
cenes, the result proved in [10]. We also mention that Fibonacci cubes led to the
concept of the Fibonacci dimension of a graph [1] and that they can be recognized
in O(|E(G)|log |V (G)|) time [15].

Lucas cubes form a class of graphs closely related to Fibonacci cubes. The Lucas
cube A,,, n > 0, is the subgraph of the n-cube induced by Fibonacci strings b1 ... b,
such that not both by and b,, are 1. In particular, Ag = A1 = K7 and Ay = I’y is the
path on three vertices. For different aspects of Lucas cubes see [2, 6, 8, 9, 11, 16].

In this paper we are interested in the degree sequence of Fibonacci and Lucas
cubes. One of our motivations is the fact that several partial results were previously
obtained in order to attack different problems on Fibonacci cubes. In the seminal
paper [7, Lemma 6] it was observed that the degrees of I',, are at least |(n + 2)/3]
and (obviously) not more than n. More than ten years later, a recursive formula for
computing the degree of any vertex of I'y, is given in [3]. It depends on the recursive
structure of I, and the value of the integer that represents the given vertex (=
binary number). This approach was further developed in [14] where the degrees are
used to determine the domination number of the Fibonacci cubes. In the main result
on the degrees ([14, Theorem 2.6]) vertices of degrees n, n — 1, n — 2, and n — 3 are
explicitly described. However, the approach in general does not give the number of
vertices of '), of a given degree, a fundamental property of a given family of graphs.

For n,k > 0 let f,  denote the number of vertices of I';, having degree k. Then
our first main result is:

Theorem 1.1 For alln >k >0,

I e A

=0

Note that only the terms with i between [(n—k)/2] and min(k, n—k) are nonzero
which could be useful when evaluating these numbers. An analogous remark holds
for the subsequent summation formulas as well.

In the next section we prove Theorem 1.1 by deriving and solving a corresponding
system of linear recurrences. Then, in Section 3, several consequences of Theorem 1.1
are presented. A special emphasis is given on vertices of small and large degrees. For



instance, Corollary 3.4 in particular covers the degrees of the above-mentioned [14,
Theorem 2.6]. In Section 4 we give a direct approach to Theorem 1.1 by considering
degrees via the partition of V(I'),) into strings of a given weight. In this way not
only Theorem 1.1 is reproved, but (i) the vertices of a given degree and weight are
enumerated thus giving an additional information on the Fibonacci semilattice [4]
(and the Lucas semilattice [16]) and (ii) the way to our second main theorem is
paved.

Denoting by £, r, n,k > 0, the number of vertices of A, having degree k, we
prove in Section 5:

Theorem 1.2 For alln >k >0 withn > 2,
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Finally, in Section 6, we reprove Theorem 1.2 by the method of generating functions.
This approach is somewhat more involved than the one taken in Section 5, however
it can be further used to obtain several additional properties of the sequence of
degrees of the Fibonacci and Lucas cubes.

Throughout the paper, we follow the definition of binomial coefficients given
in [5]. In particular, (7) =1 and (') =0 for all m,k € Z with k < 0. We find this
remark important since not all currently used computer algebra systems follow this
convention.

2 Proof of Theorem 1.1

The vertex set of I'), naturally decomposes into the sets A, and B, consisting of
those strings that start with a 1, and those strings that do not start with a 1,
respectively. Hence Ag = 0, By = {\} (where X is the empty string), and for n > 1,

A,={la|a€eB,-1} and B,={0a|a€ A,_1UB,_1}.

Since every vertex in A,, n > 2, necessarily starts with 10, A,, induces I';,_5 in T',.
On the other hand, B, induces I',,_7 in I';,. Moreover, each vertex la of A, has
exactly one neighbor in B,,, namely Oa.

We now give the key definition that will enable us to compute the degree sequence
of I'y,. For any n > 1 and any 0 < k < n, let a, i, respectively b, i, be the number
of vertices of A,, respectively B,,, of degree k. Consider a vertex x € A,, of degree
k. Then it is of degree k — 1 in the subgraph I',,_o of I';, induced by A,. Since x
lies in exactly one of the corresponding sets A,_s and B, _o, we get

Qpk = Ap—2 k-1 + bn—2 k—1-

Similarly, a vertex y € B,, either has a neighbor in A,, (if it starts with 00) or has
no neighbor in A,. In the first case, it is a vertex of the corresponding set B,_1, in



the second case, a vertex of A,,_1. Therefore,
bk = bp—1 -1+ an_1k-

Hence the degree sequences in the subgraphs induced by A, and B, satisfy the
system of linear recurrences and initial conditions

Anjk = Qp—2k—1+bp2p—1 (M>2, k>1), (3)
bog = bp_ip—1+an—1p (n>1, k>1), (4)
aok = ano = 0 (n>0,%k>0), a1 =1, apx =0 (k>2),
boo = 1, bop = bug = 0 (n>1, k>1).

Their generating functions a(z,y) = >_,, 150 an kx"y* and b(x,y) = D k>0 by " y"
therefore satisfy the system of linear algebraic equations

a(z,y) —zy = 2’ya(z,y)+ 2%y bz,y),
b(z,y) —1 = xyb(z,y) +za(x,y)

whose solution is

B xy(l+x — zy)
alz.y) = (1 —zy)(1 — 22y) — 23y’ (5)

1
(1 —2y)(1 —2?y) — 23y

b(.ﬁ,y) =

Write v = 1 — 2y, v = 1 — 2%y. Then

1 (uv Bhyh ()1
ba.y) = uv — a3y B 1—333 Zx
h>0
_ Z (zy)" ($29)h yh
et (1 — ay)h+1 (1 — 22y)h+l
Z Z < )( > z+2]yz+jfh.
h>01,7>h

In the last step we used the well-known expansion
k .

x B AN

(1-— x)k+1 - Z <k>$ ’

i>k

Now replace summation variables h and i by n =i+ 2j and k =i+ j — h. Then
t=n—2jand h=n—k—j, so

How) = 3 (nn—_fcz—j) <n—i—j>xnyk’

n,k,j>0



hence

B

J=0

From (3) and (4) (or, alternatively, from (5)) we obtain

angk = bn—1 k-1 —bpk—2k—2+bp_2p—1 (n>2, k>2). (7)
L (2 j
T \ k=g )\n—k—3)"
th1k—1 —tn-2k—25 Tth2k-1; =
n—2j—1 n—2j—2 j
(2520) - GEm Gy o
n—2j—2 j L (n2-2 j
k—j—1)\n—k—j k—j—1)\n—k—j-1
_ (n=2j-2\( j+1
 \k—-j-1)\n—-k—j
by using Pascal’s identity twice, hence it follows from (6) and (7) that
n—2j—2\( j+1
)
= k—j—1 n—k—j
5 (=2 j
= >2k>2).
Z(k—j><n—k—j+1> nz2k=? i

J=0

Denote

Then

Here we replaced j by j — 1 and noted that (})
to check that (8) holds when k € {0,1} or n € {
(8) we obtain

2+):0forn7é—1. It is easy

(n— 1
0,1} as well. Finally, from (6) and

k . .
n—2j j+1
Jde = G+ b Z<k—y><n—k—J+1>

Jj=0

by using Pascal’s identity once more.

3 Consequences of Theorem 1.1

Let F}, be the nth Fibonacci number: Fyp =0, Fy =1, F,, = F,_1 + F,,_o for n > 2.
Since |V(T'y,)| = Fyt2, Theorem 1.1 immediately implies:



Corollary 3.1 For anyn > 0,

" i+ 1 n — 2i
Fhio= . 9
e Z.Z(n—k—iﬂ)(k;—i) )
k=0 =0

We next give an alternative proof (avoiding Fibonacci cubes) of Corollary 3.1.
Set F(n): S Zf:o (n_;gtlﬁl) (T;g__il) Ifk>nandi>1 theq n—k—i+1<0,
thus (niztliﬂ) =0. If k >nand i =0, or if i > k, then (T;;j’) = 0. Thus, after

interchanging the order of summation and using Vandermonde’s convolution,

adiad i+1 n—2i > /n—i+1
F<n)_;};}<n—k—i+1><k—i> _Zzg<n—2z'+1>‘

n—i+1

Since for i > (n + 1)/2 we have (n—2i+1

to, say, 0 <17 < n+ 1, and obtain

r-$ (1) - (),

=0 i=0

) = 0, we can restrict our summation range

where the last equality holds because n — i+ 1 > 0. Using the well-known identity
Sy (M) = Frnya, see [5, p. 289, equation 6.130], we conclude that F(n) = Fy,4o.
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An interesting problem, useful for applications such as domination or coloring,
is to determine for some fixed integer m the number of vertices of degree A(T'),) —m
and 0(I'y,)+m. (As usually, A and 0 denote the maximum and the minimum degree.)
When m is small, the following two corollaries show that in both cases almost all
the terms in the sum of Theorem 1.1 vanish.

Corollary 3.2 For 0 <m <n,
m+1 . .
n— 21 1+ 1
e = ) 1
Frn=m Z <n—m—i>(m—i+1> (10)
i=[m/2]

Proof. By Theorem 1.1,

f B ”il n—2i i+1

n’n_m_izo n—-m-—i/\m—i+1/°

If m—i+1 < 0 we have (m’_til) =0, thus we can assume that i < m-+1. If 2i <m

we have m — ¢+ 1 > i+ 1 and again (ml_t}u) = 0. -

Corollary 3.3 Let 6 = 06(T'y,)

d+m . .
n — 21 1+1
Tnsem = Z (5+m—z’><5+m+2fi—n>'

=53]

L”T“'ZJ Forn>0and m<n-9,



Proof. We have i +1 > 0, thus (n_?iliﬂ) = (kJ:;er_n) Rewrite the sum in Theo-
rem 1.1 for k = é +m and observe that if i < § — L%J —2thend+m+2i—n<

30+m—2 L%J —n—4<35 —n—3< —1. Hence in this case ((;Jm’;iéi_n) =0. O

Our last two results in particular give the asymptotic behavior of the number of
vertices of degrees A(T',,) —m and §(I';,) + m when n — oo.

Corollary 3.4 Let m >0 and let n > 2m + 2. Then

1; m = 0,

2; m=1,
_n+1 m = 2,
frin—m = 3n —8; m =3,

n?/2 +3n/2 —21; m =4,
2n? — 16n + 10; m=5.

More generally, fnn—m s a polynomial in n of degree |m/2]. Its leading coefficient

18 W when m is even, and [TA%T when m is odd.

Proof. When ¢ < m+1 and n > 2m + 2 we have n — 2¢ > 0, thus ( n—2i ) = (”721‘).

n—m-—i m—i
Hence, having in mind Corollary 3.2, the first values are thus obtained directly from

> ()50

i=[m/2]
Consider now this sum for some fixed m. For all 7, (7;,1__2;) is a polynomial in n with
leading term %, and (mljlil) is independent of n. Thus f, ,—n is a polynomial

in n. Its leading monomial is obtained from the term corresponding to the minimal

i such that (ml_iil) # 0, which is equivalent to 2i > m and further to i > [m/2].
Hence the minimal such i is [m/2], and deg fr pn—m = m — [m/2] = |m/2].

If m is even, then (m’_ﬂrl) = 1 when i = [m/2] = m/2, thus the leading term

is g™/ I m s odd, then (")) = [m/2] + 1 when i = [m/2], thus in this
case the leading term is (TW/L %ﬁlnlm/ 2], 0

Corollary 3.5 Let 6 = 0(I'y,) = L”T“J Then

1; m=0, n=3p,
s(p+1)(p+4); m=0, n=3p+1,
Fosam = }174—2; m=0, n=3p+ 2,
’ sp(p+1)(p+8); m=1, n=3p,
PP +1) (PP +24p> +81p+14); m=1, n=3p+1,
P+ D +2) (PP +15p+12); m=1, n=3p+2.

More generally, for allm >0, fp s4m 15 :



e a polynomial in p of degree 3m and leading coeﬁciczent for n = 3p;
e a polynomial in p of degree 3m+2 and leading coefficient (3m+2 3 forn = 3p+1;

e a polynomial in p of degree 3m+1 and leading coefficient (3m+1 3 forn = 3p+2.

Proof. The first values are obtained by direct use of Corollary 3.3.

Let m be fixed and consider the general case when n = 3p for some fixed m.
Then § = p, and by introducing a new summation variable j = ¢ — p we can rewrite
the sum of Corollary 3.3 as

m . .
_ p—2j\(p+tj+1
P =2 1<m—j><2j+m>'

i=13)-

Notice that (£~ _25) is a polynomial in p of degree m — j, and (Igiﬁ) is a polynomial
in p of degree 2j + m, therefore their product is of degree 2m + j. The maximum
degree will be obtained when j is maximum, ie., j = m. Then (- _25) =1 and

i+1 1 . . 3m
(?;JJF_JJ” ) = (P+37;11+ ), thus the leading term is %.

The cases n = 3p+1 and n = 3p+ 2 are treated similarly. The maximum degree
is obtained when j is maximum, which in these two cases is j = m + 1. When

n = 3p + 1 we have (1;:_27.'“) =1 and (pﬂﬂ) = (p+m+2), thus the leading term is

2 Jj+1 ) 22]+m 3m+2 ) )
P - p—2j+2\ _ p+i+1y _ (ptm+
GBmTo) When n = 3p + 2 then (m—j+1) = 1 and (2j+m_1) = (3m+1 ), thus the
3m+1

leading term is (p O

3m+1)!"

4 Enumeration of vertices in I',, by weight

The purpose of this section is to determine the number of vertices in I'), with a given
weight and degree, where the weight of a binary string is the number of 1’s in it.
This could be done by means of generating functions as in Section 2, nevertheless we
use a direct approach which along the way gives some additional information about
Fibonacci strings. As a consequence, we are able to give an alternative proof of
Theorem 1.1 as well as a combinatorial interpretation of the summation expression.
From this approach we can also describe easily the set of vertices of a given weight
and degree, and deduce quickly the degree sequence of Lucas cubes. We leave the
latter task for the next section and continue here with the study of the structure of
Fibonacci strings.
For n > 0 denote

Fn = the set of all Fibonacci strings of length n,
L, = the set of all Lucas strings of length n,
Shi = {a € Fp; a starts with i and ends with j}, 4,7 € {0,1}, where S%° also

includes the empty string .



Note that in the notation of Section 2, S%’l U S,IZ’O = A, and 5’2’1 U 5’2’0 = B,. In
addition, for any integer m > 0 we introduce the following Fibonacci strings:

o ;= (01)™0
o fm = (10)"
* m = (01)™
o 0y = (10)™1

We call the strings 6, degenerate Fibonacci strings.
Lemma 4.1 FEvery nondegenerate Fibonacci string can be uniquely decomposed as
ﬁmoOloozmlOlloqmol2 .. .ownp()lp'qu)+1 ,

where p > 0, lo,...,l, >0, my,...,my > 1, and mg, mp11 > 0. Moreover, mqy and

mp4+1 determine to which of the sets S}l’l, S}Z’O, 5’2’1, or 52’0 the string belongs.

Proof. The proof of the existence of such a decomposition is by induction on the
length of the string. This is clearly true for strings of length n < 2.

Consider now a string s of length n > 2. Suppose first that s = 0s’, where
s’ € Fn_1. By induction, we have the following possibilities for s':

r_ ! l I _ ! l l )
o 5" = [3,,00q,,01 ... Ay, 0P Y,y , hence s = 00, 0 . an, 0Py, o5
o o — Olo 0l1 Olp h _ Ol0+1 0l1 Olp .
8" =00, 0" ..., 07y, ,, hence s = Qg 0 i, 0P 15
! l l _ l l .
o s =m0 ..., 07y, ,, hence s = 00, 07 . .. ), 0P Yy 45
o s’ =, thus now s = Ovy,;
e s’ =0, and hence s = v, 41.
Similarly, if s = 1s', s’ € F,,_1, we have the following cases:
o o — Olo 0l1 Olp h _ 5 Olo—l 0l1 Olp .
8" =0, 0" ..., 07y, , hence s = 3 Qg 0, 0P, 15
! __ l l l _ l l l .
o 5 = Qmy 0,072 L 0P Y,y , hence s = By 1107 iy 072 1l 0P Y,y 5
e s’ =, but then s = §,,, is degenerate.

Hence in each of the cases we have obtained a decomposition of s in the expected

form.
It is immediate to verify that strings from Sht satisfy mo > 0 and mpy1 > 0;

strings from S%’O satisfy mo > 0 and my,41 = 0; strings from 52’1 satisfy mo = 0 and
mp4+1 > 0; and strings from 590 satisfy mo = 0 and m,41 = 0.



To prove uniqueness, consider first a string ﬂmooloamloll ...ampolpfymp 4, from
S%’l, thus with mg > 0 and mp41 > 0. In the three possible cases (lp > 0,1y =
0 and m; > 0,p = 0) such a string contains at least two consecutive 0’s, so the
string is not degenerate. On the other hand, it is clear that a nondegenerate string

. I ! !
cannot be decomposed in two ways as [0 m, 0 ... iy, 0295, - O

Note also that the degenerate Fibonacci string 9,, is of length n = 2m+1, weight
w =m ~+ 1, and the corresponding vertex of I';, is of degree k = m + 1. For all the
other strings we have:

Proposition 4.2 A Fibonacci string @no()looz,mOllamzol2 ... ozmp()ll“ymp+1 is of
lengthn =5  1;+2 Zf;r& m; +p and weight w = Zfiol m;, and the corresponding

vertex of Ty, is of degree k= > 1; + ZP:& m;.

(2

Proof. The assertion for the length and the weight follows immediately from defi-
nitions. As for the degree, use the fact that changing a 1 to 0 in a vertex from F,
gives a vertex in F,,, while a 0 can be changed to 1 only if it is not adjacent to 1,
and thus not inside a block of the form ay,, G, and v,. O

We will use the following classical results about composition of integers.

Lemma 4.3 Let a,b > 0. Then the number of solutions of xt1 +xo+ -+ x4 = b,

with x1, X2, ..., T, nonnegative integers, is (b+zfl).

Lemma 4.4 Let a,b > 0. Then the number of solutions of xt1 +x2+ -+ x4 = b,
with x1, X2, ..., %, positive integers, s (lg:cll).
In the rest we will use some more notation. Let

1,1 1,0 0,1 d 0,0
Sn,k:’ Sn,k’ Sn,k’ an Sn,k

be the number of vertices of degree k in
Sty Sy, Syt and S,
respectively. Let in addition
Shito, Swis, S, and Sy,

be the corresponding sets where each vertex is of weight w, and let

1,1 1,0

0,1
n,k,aw’ Sn,k,w’

n,k,w’

0,0

and S kw

S S

be the number of vertices of degree k in these sets, respectively.

10



Lemma 4.5 For all integers k,n,w

0,0 w—1 n — 2w

S =
nokw 2w4+k—-—n)\k—w)’
0,1 1,0 w—1 n — 2w
= S =

n,k,w n,k,w w+k—n—1 k—w )
1,1 _ w—1 n — 2w
nkw T \ow+k—-n—-2)\k—w )"
Proof. Assume first that w < k < n.

A string from 52’72, is decomposable as Oloaml()ll...ozmpolp where p > 0,
lo,ly...,l, > 0, and mq...,m, > 0. By Proposition 4.2 there is a 1-1 mapping

S

S

between 5’2:2, and the solutions of

p=n—k—w>0,
lo+---+1, =k —wwith ly,...,l, >0, (11)
my+ -+ mp =w with my...,m, > 1.

A string from S}ngv is decomposable as BmOOlOozmlOllam2 0. .. amp()lp with p > 0,

lo,ly...,1, >0, mg,mq...,my > 0. Thus there is a 1-1 mapping between S,llj?u and
the solutions of

p=n—k—w>0,

lo+---+1, =k —wwith ly,...,l, >0, (12)

mo + -+ +myp =w with mg,...,my, > 1.
A nondegenerate string from S%’,%U is decomposable as
ﬂmOOlOoszOllozmz()l?...ozmp()lzwmerl where p > 0, lp,...,l, > 0, mg,...,mp > 0.

Thus there is a 1-1 mapping between these strings and the solutions of

p=n—k—w>0,
lo+ - 41, =k —w with ly,...,1, >0, (13)

mo + -+ mpp1 = w with mo,...,mpy > 1.

Assume that p = n — k — w > 0, then by Lemmas 4.3 and 4.4 the number
of solutions of (11), (12) and (13) are (Qwu-}l—_kl—n) (72__21;”), (2wﬁc_—1n—1) (Tz__z;”), and
(5 —:;c_—ln—2) (72__2;)”), respectively.

Assume now that n — k — w < 0. Then there are no solutions of (11), (12) and
(13), thus there are no nondegenerate strings of degree k in 5’2:9”, S,ll’,g, and S’,llﬁu.
Notice that we have w > 1 because w = 0 implies n — k < 0, a contradiction.

Suppose n — k — w < —2. Then we can write
2w+k—n>2w+k-—n—-1>2w+k—-n—-2=w+(w+k—-n—-2)>w>w—-1>0,

thus (2wlv+7cl—n) = (2w+u;c:1n—1) = (211}4:[;6117172) =0.

11



Assume that n — k — w = —1. Then
2w+k—-nm>2w+k—-n—-1=w>w—-12>0,

therefore (2w“jr_kl L) = (QWﬁ_ln ) = 0. Consider now (,, J:‘;C__ln_2) (’?_21;")

(wfl) ("72“’) = (" 2“’) (k v 1). This number is zero if £ > w. Otherwise (if

w—1/\ k—w
k=wand n=2k—1)itis 1, Wthh corresponds to the degenerate string dp_1.

0 1 1,0

By symmetry we have Spkaw = Snkaw:

A vertex of Weight w has degree at least k, thus there are no vertices of degree
k in the sets Sn 0 Sn ") Sn s 52’,2, if w <k <n is not satisfied. It is immediate to
verify that the four formulas hold also. O

Let fy 1w be the number of vertices of I',, having degree k and weight w. Then
we have:

Theorem 4.6 For all integers k,n,w with k,w < n,
w—+1 n — 2w
fn,k,w = .
n—w—=~k+1 k—w

nkw +Snkw +8nkw +Snkw
(three times) the identity (b) + (bfl) = (anrl), we arrive at

f B w—+ 1 n — 2w
kT ot k—n)\k—w )

Because w + 1 > 0, we have (wa;fl_n) = (n_ZJ_FiH). a

Proof. Clearly, f, 1w = Applying Lemma 4.5 and

Note that by the convention we are using for the binomial coefficients, f, 1, = 0
when w > (n+1)/2.
Theorem 1.1 immediately follows from Theorem 4.6.

5 Proof of Theorem 1.2

Let ¢, 1. be the number of vertices of A,, of degree k and weight w, and let P
for p,q € {0,1}, be the number of such strings in the set SH.

n,k,w’

Lemma 5.1 For all n,k,w such thatn >2, 1 <k<n and 0 <w <n,

0,0 o 0,0 1,0

gnkw - Sn 1,k— 1w+sn 1,kw’

0,1 o 1,0 0,1 1,1
Enkw - gn,k,w - Sn 1kw+sn 1,kw>
1,1 o

Bn’k’w = 0.
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Proof. A Lucas string that starts and ends with 0 can be written as 0s, where
either s € Sg’gl’w is of degree k — 1, or s € S}L;Ol’w is of degree k. This gives the first
equality. Similarly we obtain the second equality, while the last one is obvious. [

Theorem 5.2 For all n,k,w such thatn > k,w >0 and n > 2,

w—1 n — 2w w n—2w-—1
_ ) . 14
o <2w+k—n><k—w)+ <2w+’f—”)< k—w ) "

+ 2001 Lemmas 4.5 and 5.1

n,k,w’

. 0,0
Proof. Assume first that £ > 1. Since £, ;, ,, = Emk’w
imply that

¢ _ w—1 n—2w-—1 n w—1 n—2w-—1 n
whw T w4k —n k—w 2w+k—n/\k—w-1
w—1 n—2w-—1 w—1 n—2w-—1
2 +2 .
2w+ k—n—1 k—w 2w+ k—n k—w

Using Pascal’s identity we can group the first term with one half of the third term,
the second term with one half of the fourth term, and the remaining half of the third
term with the remaining half of the fourth term to obtain (14).

The only Lucas strings of degree k = 0 are A and 0, hence /,, 0, = 0 when n > 2.
But in this case the right-hand side of (14) evaluates to 0 as well. g

Note again that by the convention we are using for the binomial coefficients,
Uy g =0 when w > n/2.
Theorem 1.2 now follows immediately from Theorem 5.2.

Corollary 5.3 Let n > 1. The number of vertices of weight w <n in L, is
- n—w n—w-—1
ngk,w = + .
w n — 2w
k=0

Proof. Note first that the result is true when w < 0 or n = 1. Assume now that

w> Tandn >2 Then (%) = (=) and (%) = (,_{_,)- Hence we

obtain from Theorem 5.2 by Vandermonde’s convolution
- - w—1 n — 2w w n—2w-—1
= 2
an,k,w Z[<n—k—w—1><k—w>+ <n—k:—w>< k—w )]
k=0 k=0
n—w-—1 n—w-—1
= +2 .
<n2w1> <n2w>
Using Pascal’s identity and ("7, ) = (") we have the final expression. O

n—2w w

Similarly as Theorem 1.1 yields special cases for specific degrees in Fibonacci
cubes, one can apply Theorem 1.2 to obtain the number of vertices of certain degrees
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in Lucas cubes. For instance, ¢, , =1 (n > 2), lpp—1 =0 (n > 3), and ¢, ,_2 = n
(n > 5). For the minimal degree, if n > 2, then

3; n=0 (mod 3),
Co(nt2)/3) = {n(n+5)/6; n=1 (mod 3),
n; n=2 (mod 3).

6 The method of generating functions

In this section we approach Theorem 1.2 using generating functions. It is relatively
more complicated than the approach from the previous two sections. On the other
hand, it enables us to obtain many additional results as demonstrated at the end of
the section by several examples.

Clearly,
Fn = SMUSEOySOLySYY (for n > 0), (15)
L, = SH0USI UL (for n > 0), (16)
SL1 = 10F,_401 (for n > 4), (17)
S0 = 10F,.30 (for n > 3), (18)
SOl = 0F,_301 (for n > 3), (19)
5270 = 0F,—20 (forn>2). (20)

Equation (15) shows that V(I',,) = F,, can be partitioned into four blocks which, by
(17) — (20), induce in T',, withn >4 aT,_4,al,_3,al,_3, and a I';,_o, respectively.
By (15) again, each of these blocks can be further partitioned into four subblocks

Sht = 108)',01 U 105,%,01 U 10S01,01 U 1050701, (21)
S0 = 1082,0 U 105°%0 U 108210 U 1082%,0, (22)
S0t = 08,1501 U 08,%01 U 051,01 U 080501, (23)
590 = 0520 U 0st%0 U 08%,0 U 05220 (24)

Proposition 6.1 The set of those edges of I'y, not contained within one of the four
blocks in (15) equals U§:1 M; where each M; is a perfect matching between a subblock
and the union of a pair of subblocks of different blocks, as follows (see Fig. 1):

1. My is a perfect matching between OS 2O and 05 0301 U SO 1301
2. M> is a perfect matching between OS}L’EQO and OS}L’EP)OI U 05;;1301,
3. M3 is a perfect matching between 05% 0301 and 1050’9401 U 105}1’9401,
4. My is a perfect matching between 05’2’_1301 and 105’2’_1401 U 105711’_1401,

5. Ms is a perfect matching between 05 020 and 105 030 U 105’1’930
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6. Mg is a perfect matching between OSO 50 and 1050 130 U 105’711’_130
7. M7 is a perfect matching between 1052’930 and 105’2;0401 U 1052;1401,

8. Mg is a perfect matching between lOS 3() and 10510 01 U lOS1 1401

105,01 10510
1051001 105220
0,1 0,1
108%*,01 )M\7 105%1,0
105%°,01 1052°,0
1,1 1,0
My S Sn M
M3 1,1 1,1 M5
051,01 )M\z 052,0
050,01 05,0
1 0s%L0 )M\ 0s%,0 |——
1
L 050,01 052°,0 4

1
S go.0

Figure 1: Perfect matchings between subblocks and unions of subblocks of T',.

Proof. We need to analyze the external connections of each of the 16 subblocks of
I',,. By way of example we do this for the subblock 1OS 3O in all the other cases

the analysis is similar. Each string o € 105’11930 is of the form o = 101700 where
T € Fp_5. So o is adjacent to

e precisely one vertex 101701 € Sy' (if 7 ends with 1 then 101701 € 105,01,
otherwise 101701 € 105+°,01);

. . &0l . 1,0 . .
e no vertices in Sy, since each vertex of S, is at distance 2 or more from each
0,1
vertex of Sp’;
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e precisely one vertex in 52’0, namely 001700 € OS?L’_OQO
When analyzing other subblocks, we find out in a similar way that
e cach vertex in 105;;1401 U 105711’9401 is adjacent to precisely one vertex in
105,°,0;

e each vertex in 1OS 3O is adjacent to precisely one vertex in OS

e each vertex in OS 2O is adjacent to precisely one vertex in 1055 030 U 1OS 30

Taken together, these facts imply that the external connections of the subblock

105’711’930 are precisely the edges of M5 U Mg with one endpoint in 10,5';’330. O
It follows from (21) — (24) and from Proposition 6.1 that
S’}l}f = 7111414 2+Sn04k 2+8n14k 2+S?104k s (n=4,k=2),
:L?c = 871113k L+ 5, 3 ,k— 2t syt 3,k— 1+Sn03k2 (n=3k=2),
S?L}c = 3711131@ L8 3.k~ L 3,k— 2+5n03k2 (n=3,k=2),
SL(]]ﬂ = Siz12k+$11102k 1"‘3212/& 1+3202 k2 (M=2,k=>2)

Together with the corresponding initial conditions, this system of recurrences implies
that the generating functions,

ey = Y sy
Sey) = Y s,
Py = Y sy,
0z y) = Z sypt" Y

n,k>0

satisfy the system of linear algebraic equations

sPl(z,y) = ay+ 2Py +2ty? (sM(z,y) + 50, y) + 50 (@, y) + s0(x, ),
sz, y) = 2%y + 2%y sV (z,y) + 5O (@, ) + 232 (s0(z,y) + (w, Y)),
sPl(zyy) = 2Py + a2ty (M (x,y) + 510z, ) + 2Py (8O (@, y) + (m v)),
%0z, y) = L+ay+2®st (z,y) + 2%y (s"(z,y) + s (2, 9) + 2%y? s"O(2,9)

whose solution is

L1, _ zy(l — xy)
B e (r ey 29)
1,0y — 01, _ 9529
2
00(z,y) = ] . (27)

(1 —zy)(1 — 2?y) — 23y
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Expanding these rational functions into power series we obtain

81’1 N i w—1 n — 2w
ko 2w+k—-—n—-2)\k—w)’

w=0
k
1,0 _ 01 w—1 n — 2w
Sk T Snk T Z(Zw—l—k—n—l)(k‘—w)’
w=0
k
0.0 w—1 n — 2w
’ — . 28
Sk §<2w+k—n><k—w) (28)

By noting that f, = si’i—f—s;’%—l—sg’i—l—sg’% and by using Pascal’s identity repeatedly,
we obtain (1) again.
To recompute £, 1, note that for n > 3,

L, = 10F,_30 U 0F,_1
= 10F,-30 U (05}, U080, u0s>!t uos>).

Each o € 10F,_50 is of the form ¢ = 1070 with 7 € F,_3. Hence o is adjacent
to precisely one vertex in 0F,_1, namely 0070 € 052’91. Conversely, each vertex

0070 € 05°, is adjacent to 1070 € 10F,_30. So for n > 3,k > 1,

1,1 1,0 0,1 0,0
bnge = fo—sk—1 + S 1k + S1p + Sk T Spo1k1
0,0 0,0
= Josk—1 + fo—1k + S 11 T Syl (29)

Using (1) and (28), this formula can be shown equivalent to (2).
From (25) — (29) and the values ¢y = 10 = 1, ¢11 = 0 it is straightforward to
compute the generating functions

1+ a2y + (1 —y)a?y
(1—azy)(1 —22y) — a3y’

fla,y) = D fapr™b =

n,k>0
loy) = D buga™y" = 1+ (1 —yz+a2%y’+ (1 —ya’y — (1 —y)’zly
7 n,k>0 " (1—zy)(1 — 22y) — 23y

from which additional interesting information concerning the degree sequences
(frk)h—o and (€, 1)} _, can be obtained easily. For instance:

1. Since the generating functions f(z,y), £(z,y), st (z,y), s¥%(x,y), s®'(z,y),

s90(z,y) all have (1 —zy)(1 —2%y) — 23y = 1 — 2y — 22y? — 23y + 23y? as their
denominator, each of the sequences s, € {fnk, lnk, s;’i, 3711’%, sg’}c, SSL’%

satisfies the same recurrence
Snk = Sn—1k—1 1 Sp—2k—1+ Sn—3k—1 — Sn—3,k—2

for all large enough n and k.
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2. From
1+x
S zfnk N g Y
n>0 k=0 n>0
it follows that |V (T',,)| = F,42, and from
1+ 22
St = ol = P = Ykt
n>0 k=0 n>0

it follows that |V (Ag)| = Lo —1=1, |V(A,)| = Ly, for n > 1.

3. From
"\ 9
Zm Zkfn,k = a*f(l“,?/)‘yzl
n>0 k=0 Yy

B (1—m—x2)2 B 5

n>0
it follows that |E(T,,)| = (nFp+1 + 2(n + 1)F,)/5, and from
0 2(2
Z Zkﬁnk = —l(z,y)]y=1 = (— ZQnFn 1"
n>0 k=0 y (1- n>0
it follows that |E(Ay,)| = nF,_1.

4. More generally, for each p > 0 one can easily compute the generating functions
of the sequences of the p-th moments (3 kP fr k)oeg resp. (O p_o kPln k)02,
of the degree sequences (fr k)}_o resp. (€n i)}y from the higher derivatives of
f(z,y) resp. ¢(x,y). Since

;ypp @)y = S K

n>0 k=0

where k2 = H?;é(k — 7) is the p-th falling power of k, we have

n n p
D>oam> Kk o= Y 2" Y Spikdfok

n>0 k=0 n>0 k=0 j=0
p p o7
= ZS ,]Z ijfnk ZSp,jmf(fUay)‘yzl
j=0 n>0 J=0 Y

where S, ; denotes Stirling numbers of the second kind. Similarly,

ankaﬁmk ZSW@]J (,y)]y=1-

n>0 k=0 7=0
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