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Abstract We consider the GARCH-type model: S = ¢2Z, where 02 and Z
are independent random variables. The density of ¢ is unknown whereas the
one of Z is known. We want to estimate the density of o2 from n observations
of S under some dependence assumption (the exponentially strongly mizing
dependence). Adopting the wavelet methodology, we construct a nonadaptive
estimator based on projections and an adaptive estimator based on the hard
thresholding rule. Taking the mean integrated squared error over Besov balls,
we prove that the adaptive one attains a sharp rate of convergence.
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2000 Mathematics Subject Classification 62G07, 62G20.

1 Motivations

We consider the random sequence (S;);cz where, for any i € Z,
Si = O'Z-QZZ‘, (1)

(Z;)iez is a sequence of identically distributed random variables with common
known density fz :[0,1] — (0,00) and (02);ez is a sequence of identically dis-
tributed random variables with common unknown density f,= : [0, 1] — (0, 00).
For any i € Z, Z; and o? are independent. We suppose that (S;);cz is strictly
stationary and exponentially strongly mixing (to be defined in Section 2). We
aim to estimate f,2 when only n random variables Si,...,S, are observed.
The model (1) belongs to the family of the GARCH-type time series models
classically encountered in financial models when the volatility process (02);cz
is unobserved (see for instance Carrasco and Chen (2002) for an overview).
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In the literature, the most common approach is to rewrite (1) as a convolu-
tion model via the logarithmic transformation: In S; = Ino2+1n Z;, i € Z. Then
the density of Ino? is deconvolved and estimated by using Fourier transform
and nonparametric methods (kernel, splines, wavelets, ...). See e.g. Masry
(1991), Comte et al. (2008) and Van Zanten and Zareba (2008). In the inde-
pendent case, methods ans results on the classical density convolution model
can be found in Caroll and Hall (1988), Devroye (1989), Fan (1991), Pensky
and Vidakovic (1999), Fan and Koo (2002), Butucea and Matias (2005), Comte
et al. (2006), Delaigle and Gijbels (2006) and Lacour (2006). However, note
that the density of Ino? is obviously not f,» and the estimation of f,2 from

In Sq,...,InS, seems not really natural (see for instance (Comte et al. 2008,
3.5)).
In this study, the “direct” estimation of f,2 from S1,...,.S, is investigated.

Adopting a methodology similar to the one of Chaubey et al. (2010a) (for the
density estimation problem under multiplicative censoring), we construct two
new estimators based on wavelet basis. The first one, linear and nonadaptive,
uses projections, and the second one, non-linear and adaptive, uses the hard
thresholding rule introduced by Donoho et al. (1996). We evaluate their per-
formances by determining upper bounds of the mean integrated squared error
(MISE) over a wide range of smoothness function classes: the Besov balls. We
prove that our adaptive estimator attains a sharp rate of convergence. “Sharp”
in the sense that it is close to the one attained by the linear wavelet estimator
constructed to minimize the MISE.

The paper is organized as follows. Assumptions on the model and some
notations are introduced in Section 2. Section 3 briefly describes the wavelet
basis and the Besov balls. The estimators are presented in Section 4. The
results are set in Section 5. Technical proofs are collected in Section 6.

2 Assumptions and notations

Let us now clarify the assumptions made on (1).

Assumption on (S;)icz. For any m € Z, we define the m-th strongly mixing
coefficient of (S;);ecz by

am = sup [P(AN B) —P(A)P(B)|,
(A,B)e]—‘foc,ox]-‘fwo
where, for any u € Z, F foo’u is the o-algebra generated by the random
variables ..., S,_1,S5, and ]—"}; -0 18 the o-algebra generated by the random
variables Sy, Sy+1,-- -
We consider the exponentially strongly mixing case i.e. there exist three
known constants, v > 0, ¢ > 0 and 6 > 0, such that, for any m € Z,

am < veap (~clml|?). )
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This assumption is satisfied by a large class of GARCH processes. See e.g.
Withers (1981), Doukhan (1994), Modha and Masry (1996) and Carrasco
and Chen (2002).
Note that, when § — oo, we are in the standard i.i.d. case. So (1) becomes
the classical density convolution model.

Assumption of fz. We suppose that there exists a positive integer v such
that

1

m( oz eo,1). (3)

fz(x) = —lnz
Note that f7 is the density of H?Zl U;, where Uy, ..., U, are ni.i.d. random
variables having the common uniform distribution on [0, 1].

Assumption on f,2. We assume w.o.l.g. that the support of f,2 is [0, 1] and

fo2 € L2([0,1]), where

L2((0,1]) = {h: 0,1] — R; </01h2(x)dm>1/2 < oo}.

Assumption on the density of S1. Note that, thanks to the independence of
0? and Z1, the density of S is

1
x 1
fst@) = [ 2 () dtisds e ol
x Y Y
We suppose that there exists a known constant C, > 0 such that

sup fs(x) < C.. (4)
z€[0,1]

3 Wavelets and Besov balls

Wavelet basis. Let N be an integer such that N > v (where v is the one in
(3)), ¢ and ¥ be the initial wavelets of dbN. In particular, we have
— supp(®) = supp(¢)) = [1 — N, N,
— ¢ and 1 are of class C”.
Set

bjk(x) = 2762w — k), Yjk(@) = 2P w — k).
With an appropriate treatments at the boundaries, there exists an integer
7 satisfying 27 > 2N such that the collection B = {¢, x(.), k € {0,...,27—
1} vik(); 5€N=H0,...,7—1}, k€ {0,...,27 —1}}, is an orthonormal
basis of L.2([0, 1]). We refer to Cohen et al. (1993).
For any integer £ > 7, any h € L%([0, 1]) can be expanded on B as

2¢—1 oo 291

h(z) =Y aepder(@) +) D Bistir(z), = €0,1],
k=0

j=0 k=0
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where «; ;, and ;1 are the wavelet coefficients of h defined by

Qj ks :/0 h(z)p;r(x)d, Bj.k :/o h(z); k(x)dz. (5)

Besov balls. Let M > 0, s > 0, p > 1 and r > 1. A function h belongs to
B, (M) if and only if there exists a constant M* > 0 (depending on M)
such that the associated wavelet coefficients (5) satisfy

1/p\ "

271 /p oo 21
97(1/2=1/p) (Z am|p> + Z 93(s+1/2—1/p) Z 1.kl

k=0 j= k=0
< M*.
In this expression, s is a smoothness parameter and p and r are norm

parameters. For a particular choice of s, p and r, B, , (M) contain the
Holder and Sobolev balls. See Meyer (1992).

4 Estimators
Estimators of the wavelet coefficients. The first step to estimate f,2 consists
in expanding f,2 on B and estimating its unknown wavelet coefficients. For
any positive integer £ and any h € C*([0,1]), set
T(h)(z) = (zh(x))', Tu(h)(x) =T(Ti-1(R)(x), =x€[0,1]. (6)

For any integer j > 7 and any k € {0,...,2/ — 1},
— we estimate a; = fol fo2(x)¢; 1 (x)dx by

(v is the one in (3))
— we estimate §; = fol fo2(x))j i (x)dx by

Bk = ST (5)(S0). (®)
i=1

Some statistical properties of &, and Ej,k are studied in Propositions 2
and 3.

We consider two wavelets estimators for f,2: a linear estimator and a hard
thresholding estimator.
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Linear estimator. Assuming that f,» € B, (M) with p > 2, we define the

linear estimator fL by

290 1

fL(x) = Z ajoxk¢jo,k(x)’ T € [07 1]’ (9)
k=0

where @, is defined by (7) and jo is an integer which will be chosen later
(see Theorem 1 below).
For a survey on wavelet linear estimators for various density models, we
refer to Chaubey et al. (2010a).

Hard thresholding estimator. We define the hard thresholding estimator fH
by

271 j1 291
Fla) =" Grptrrla) + Y Bikl(ia, izna,}Yik(@),  (10)
k=0 j=1 k=0

x € [0, 1], where @, j is defined by (7), Bj,k by (8), j1 is the integer satisfying

1/(2v+1) 1/(2v+1)
2 \Inn, = \lnn, ’

0+1)
b

n, = n?/(

0 is the one in (2), « is a large enough constant (the one in Proposition 3)

and
Li [Inn.

The feature of the hard thresholding estimator is to only estimate the
“large” unknown wavelet coefficients of f,2 which contain the main char-
acteristics of fj2.

For the construction of hard thresholding wavelet estimators in the stan-
dard density model, see e.g. Donoho et al. (1996) and Delyon and Juditsky
(1996), in the (standard) convolution density model, see e.g. Pensky and
Vidakovic (1999) and Fan and Koo (2002), and in the density model under
multiplicative censoring, see Chaubey et al. (2010b).

5 Results

Upper bounds for fL and ]/C\H are given in Theorems 1 and 2 below.

Theorem 1 Consider (1) under the assumptions of Section 2. Suppose that
foz € B, (M) with s >0, p>2andr >1. For any q € (0,1), let fE be (9)
with jo such that

lnl/(28+2v+1+q) < 97Jo < nl/(23+2u+1+q).
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Then there exists a constant C' > 0 such that
LN 2
E (/ (fL(x) — fo2 (x)) dz) < On~28/@st2vtl+a)
0

Theorem 2 Consider (1) under the assumptions of Section 2. Let FH be (10).
Suppose that fo2 € By (M) with r > 1, {p > 2 and s > 0} or {p € [1,2) and
s> (2v+1)/p}. Then there exists a constant C > 0 such that

E < / () - 1) d:c) <c (“;:*

where n, = n’ O+t and 0 is the one in (2).

i

> 2s/(2s+2v+1)

The proof of Theorem 2 is based on several probability results (moment in-
equalities, concentration inequality,...) and a suitable decomposition of the
MISE.

Theorem 2 shows that, besides being adaptive, fH attains a rate of con-
vergence close to the one of f~.

Note that, if we restrict our study to the independent case i.e.  — oo and
v = 1, the rate of convergence attained by f becomes the one for the clas-
sical density model under multiplicative censoring i.e. (Inn/n)?/(25+3) See
(Chaubey et al. 2010b, Theorem 5.2) with p, = 1.

__ Conclusion and perspectives. We construct a new adaptive estimator
fH for f,» from (1). It is based on wavelets and thresholding. It attains a
sharp rate of convergence over Besov balls.

A possible perspective of this work is to consider other realistic dependence
conditions (polynomial strongly mixing dependence, associated sequences, . .. ).

Moreover, perhaps we can improve the estimation of f,2 by considering
other kinds of thresholding rules as the block thresholding one (BlockJS, ...).
See e.g. Cai (1999, 2002) and Chesneau et al. (2010). However, to bound the
MISE of such block thresholding estimators (as mentioned in (Van Zanten and
Zareba 2008, 3.3)), it is not immediately clear how to extend some technical
results (Talagrand’s inequality, ...) to the dependent case.

All these aspects need further investigations that we leave for a future
work.

6 Proofs

In this section, we consider (1) under the assumptions of Section 2. Moreover,
C' denotes any constant that does not depend on j, k and n. Its value may
change from one term to another and may depends on ¢ or .
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6.1 Auxiliary results

Lemma 1 For any positive integer £ and any h € C*([0,1]), set

G(h)(z) = —zh'(z), Gu(h)(z) = G(Gr-1(h))().
1. We have
faQ(m):GU(fS)(x)v T € [0,1],
2. Let T, be (6). We have, for any h € C¥([0,1]),

1 1
/ oz (x)h(2)da = / Fs(2)T, (h)(z)da.
0 0

Proof of Lemma 1.

1. By definition of fz and the Binomial theorem, we obtain

fsto) = [ 1 (i) fue) Sy

1
oo [ = )y

- ﬁ Z (u 1) (~Ina)" / (g e @,%dy.

Therefore, using >-"_¢ ("H(-1u =0,

u

/ 1 - v—1\u u— ! v—1—u 1
fs(ff):—(y_l)!g_:< u )x(—lnx) 1/gc(lny) ! f,,z(y)gdy

- 2_: () may = a(o)
-1 <(_11),§_j (" ucmar [ (g e <y>;dy>

v—1
— (Inz)" 1 f,» (x)%ﬁ Z

> (e

u=1

So

G(fs)(x) = —xfs(x)
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For any ¢ € {1,...,v — 1}, proceeding ¢ times in a similar fashion to the
above i.e. using derivations and the equality Zz;in ) (ufin)! (-1)* =

u

(v=1)! (—1)m Zz;gl—l (V*mfl)(_l)“ =0, m € {0,...,¢}, we obtain

(v—m—1)! u
-1\ 1 1
CuIs)e) = Gy 3 e( ) [ ) )
Hence
Gu-1(fs)(x / Jo2(y

and, by a derivation,

for(z) = —a(Gyo1(fs)(2)) = Gu(fs)(@). (12)

2. Using (12), an integration by parts and the fact that G,_1(fs)(1) =0, we
obtain

/ o (2)h(z)dz = / Go(fs)(@)h(z)dz
0 0

- / (G (fs) (@) h(x)de

0

1
=[2Gy (fs) (@) h(@)} + / Goer(fs)(@)(ah(z))'dz
- / G (f5) (@) T(h) (x)dx

Proceeding v — 1 times in a similar fashion to the above i.e. using v — 1
integrations by parts, we have

| Gortto@rm@ds = [ Gooalfs) ) Talh) ()i ..
0 0

- / Fs (@), (h) () da
/ Lo (2) () dz = / Fo(2)T(h)(x)dz
0 0

This ends the proof of Lemma 1.

Therefore

Pr0p0s1t10n 1 Let ¢ >2, for any j > 7 and any k € {0,...,27 — 1}, o =
fo fo2(x)¢; k(x)dx and T, be (6). Then

1.
E(T,(¢j.%)(S1)) = a; k-
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2.
sup |T, (k) ()| < 6,237 FD7/2,
z€[0,1]
where 61 = V! Y0 SUD,c1- N, N] 16 (2)].
3.

E ((Tu(¢j,k)(51))2) < 0,22V

where 0y = C,v(v!)? ZZ:O fﬁN(gb(“)(y))Qdy.
4. for any q € (0,1), there exists a constant C > 0 such that

v <Z TV(¢j>k)(Si)> < Cn2®vtai,
=1

These results hold for ) instead of ¢ (and, a fortiori, B = fol for (X)) 1 (x)dz
instead of o).
Proof of Proposition 1.

1. Since ¢ € C¥(]0,1]), it follows from Lemma 1 that

E (T, (6;4)(S1)) = / T, (6;.0)() fs(2)d = / for ()5 (2) = a0
(13)

2. For any u € {0,...,v}, we have (¢; ;)" (z) = 2@u+Di/2¢(w) (205 — k).
Hence

sup [T, (¢5)(x)] < w1 sup |2 (¢56) ™ (2)]

z€[0,1] u—=0T€[0,1]
<y 2wz sup |60 (a))
uz::o z€[1—N,N]

§ 012(2V+1)j/2. (14)

3. Since S1(£2) = [0, 1], we have

v

E ((Tu(¢5)(51)?) < v(w)? 3B (S7((650™ (51))?)

u=0

< 3E (00 (0)%). (1)

u=0
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Using (4), (¢;.x)™ () = 2@v+D3/2¢(w) (212 — k) and doing the change of
variables y = 2/x — k, we obtain

B (00 502) = [ (00 @) fs(a)aa < . / 00 () d
1
@i [ (6 (25 — k) 2da
< 0.2 / (6 (@ — k)%
27—k
_ 2uj (u) 2
C.2 / )R
N
< 022 / (6 (y))2dy. (16)
1-N

Putting (15) and (16) together, we obtain

v N
E (T, (65)(51))?) < Car(u)? 3 220 / (6 (1) 2dy
u=0 1-N
< 09229, (17)

4. We have

v (Z Ty<¢>j,k><sz->>
i=1

=nV (T, (¢;1)(S1)) + 2D D> C(T(¢5.4)(Sw), T (.4 (Se))

v=2 /(=1
< nV (T (65)(51)) 2|33 C (T (65,0)(5). T (S0)| . (18)
v=2 (=1
Using (17), we have
V(T (65)(S1)) < E (T (¢5,4)(51))?) < 0229 (19)

The stationarity of (S;);cz implies that

n v—1

Z Z T, (95.x) T.,(¢4.1)(Se))

n

=) T (¢5.1)(50), T (¢5.1) (Sm))

m=1
n

<n Y [C(Tu(d5.)(S0)s To(65k) (Sm)) |-

m=1
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By the Davydov inequality (see Davydov (1970)), it holds that

C (T2(636)(S0), T (636) (Sw)) |
< 1004, (B ((T1(61)(S0)* =)

—q
2q
< 10ay, ( sup ITu(¢j,k)($)> (E (T (54)(S0))*) "
Using (14) and (17) we obtain
€ (L0 (6)(50). T (65)(S)) | < Ca (2C++03/2) 7 (209"
< 02t igy

Since Y » _al, <> al = C, we have

n v—1 n
> D CT(61)(S0). T (5)(S0)| < Cn2 07 3 at,
v=2 (=1 m=1
< Cn2@r i, (20)

It follows from (18), (19) and (20) that

v <Z TV(¢j,k)(Si)> < Cn2@vtai,
=1

The proof of Proposition 1 is complete.

O

Proposition 2 For any integer j > 7 and any k € {0,...,27 — 1}, let aj =
fol fo2(x)jk(x)dx and a;y, be (7). Then, for any q € (0,1),

1. there exists a constant C > 0 such that

1
E ((aj,k - aj,k)2> < 02(2”“)’%-

2. there exists a constant C > 0 such that

1
E ((aj,k - aj,,c)“) < 02(41"“14‘(1)]5_

These inequalities hold for Bj,k defined by (8) instead of Q;k, and B, =
fol foz(2); 1 (x)dz instead of o .

Proof of Proposition 2.
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1. Using Proposition 1, we have

E ((aj,k - Olj,k)Q) =E ((aj,k- —E (aj,k))Q) =V (k)

_ly (Z Ty(dy,k)(si))

1 1
<C—n n2#+0i = 092v+a) ~. (21)
2. The triangular inequality yields
&k — gl < okl + la k-
Using again Proposition 1, we obtain
@l <~ Z IT(05)(SOl < sup 1T, (05) ()] < C2(2+Dif2,

z€0,1

We have sup,co,1) |61 ()] < 27/%sup, 1y, [¢(2)| = C27/2. So

|tk </ for ()| djn(x )\dx<02j/2/ for(2)dz = C27/?
< Co@r+1i/2, (22)
Therefore
@ — aj| < C2BV DI, (23)

It follows from (23) and (21) that

E (@5 — ajn)) < C2OHVIE (@5 — ag0)? ) < C2L 1590

S\H

The proof of Proposition 2 is complete.

O

Proposition 3 Foranyj € {r,...,j1} and any k € {0,...,27 =1}, let B; 1 =
fo fo2 ()¢ k(x)dx, Bk be (8) and A; be (11). Then there exist two constants,
k>0 and C > 0, such that

=~ 1
P <|5j,k — Bkl > fi)\j/2) < CH’
where n, = nf/(0+1),

Proof of Proposition 3. Lemma 2 below presents a Bernstein inequality for
exponentially strongly mixing process. This is a slightly modified version of
(Modha and Masry 1996, Theorem 4.2).
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Lemma 2 (Modha and Masry (1996)) Let v > 0, ¢ > 0, § > 1 and
(Zi)icz be a stationary process such that, for any m € Z, the associated m-th
strongly mixing coefficient satisfies

Qm, < yETP (—c|m|9) .

Letn € N*, h : R — R be a measurable function and, for any i € Z, U; =
h(Z;). We assume that there exists a constant M > 0 satisfying |U1| < M <
o0o. Then, for any A > 0, we have

1 n
d(
where u = (1/2)(0/8)1/(9-%1)'
For any 7 € {1,...,n}, set

Ui =T, (¥,1)(Si) = Bj k-
Proposition 1 applied with v instead of ¢ implies that

E(U;) =0, E (U7) <E (T, (¢;,6)(S1))?) < 62227

uNZnf/(0+1)
E (U?) +>\M/3)> ’

> )\> < 2(1 +4e™?y) exp (—2(

and, using (22),

U1 < sup [Ty () (@)] +18j6] < (01 +  sup [9(a))22 1772,
z€[0,1] z€[1—N,N]

It follows from Lemma 2 applied with Uy, ..., U,, A = k\;/2 and M = (64 +
sup,epy -y [9(2)])23¥TD9/2  and the inequality 271 < n,/Inn, that

P (|B\j,k — Bj,k‘ > H)\j/Q) =P ("rll ZUZ'
=1

unQ)\?n*

Z K)\j/?)

<Cexp |- : -
8 (6222”3 + K01 + Sup,en— N, \w(x)\))\j2(21’+1)]/2/6)
2]
< Cexp | - uk®Inn, '
8 (62 + £(61 +sup,cn v [V(2)])27/2y /I, /n. /6)
1
where
uk?

8 (62 + 501 + upep_y v [6(@))/6)

Since lim, o, p(7) = oo, there exists a x > 0 such that p(k) = 4. Therefore,
for such a x, we have
) 1
P <|Bj7k — Bkl = H)\j/Q) <0

This completes the proof of Proposition 3.
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]

6.2 Proofs of the main results

Proof of Theorem 1. We expand the function f,2 on B as

2701 oo 29-1
for(z) = Z o,k Pjo .k (%) + Z Z Biwik(x), x€10,1],
k=0 j=jo k=0
where
1 1
o = [ L @oni@dr. B [ @il
We have, for any = € [0,1],
R 290 —1 oo 291
Fr@) = for (@) = D @k — o) Bjok(®) = D Y Binthjk().
k=0 j=jo k=0

Since B is an orthonormal basis of L?([0, 1]), we have

290 1 co 29-1

L, 2
E ( [ (F@ - ) dx) = 3 E (@i —ann)®) + 20 D B
0 k=0 Jj=jo k=0
Using Proposition 2, we obtain
290 -1
5" (e aa)?) < O] < gt
; ) S n =
k=0

Since p > 2, we have B, (M) C B; ., (M). Hence
oo 291
Z Z ﬂ?k S C2f2jos g Cn72s/(25+211+1+q)'

j=jo k=0

Therefore

1
E </ (fL(z) — fo2 (x))2 da:) < Op~2s/(@st2v+1+q)
0

The proof of Theorem 1 is complete.
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Proof of Theorem 2. We expand the function f,2 on B as

27—1

Z Qr k:¢7'k: Z Z ]Jc’lp], S [Oa 1]7
where
1 1
Qrp = / fo2 (2) 7 1 (x)dz, Bjk = / fo2 ()2 1 (x)d
0 0
We have, for any z € [0, 1],

F (@) = for ()

271 J1 271
= Z(&Tk Qr k (ﬁ~,—k +ZZ (ﬂ]kl{m DY } Bjk> wjk( )
k=0 Jj=7 k=0
co  29-1
S Bistin()
j=ji1+1 k=0

Since B is an orthonormal basis of L?([0, 1]), we have

E(/Ol (fH(x)faa(x))gd:v> —R+S+T, (25)

where
27 -1 ji 279-1 R 9
R=) E <(aﬂk - aT,k)2) , S=) ) E ((511’@1{@,@%} - ﬂjv’f) )
k=0 j=7 k=0
and

oo 29—1

> D B

Jj=j1+1 k=0

Let us bound R, T and S, in turn.

Using Proposition 2, n, < n and 2s/(2s + 2v + 1) < 1, we obtain

(h’l n ) 2s/(2s+2v+1)

T

R< 027(2V+1+q) < c < C— <C
N«

(26)

For r > 1 and p > 2, we have B; (M) C B5  (M). Since 25/(2s +2v + 1) <
2s/(2v + 1), we have

nn, >25/(2u+1) (ln n*>25/(25+2u+1)
<C .

T

T<C Z 2725 < 027215 < O (

.= n
Jj=j1+1 *
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For 7 > 1 and p € [1,2), we have By (M) C 352/2_1/17(M). Since s >
(2v +1)/p, we have (s+1/2—1/p)/(2v +1) > s/(2s+ 2v + 1). So

o0
T<C Z 2~ 2j(s+1/2-1/p) < (9—251(s+1/2-1/p)

j=ji+1
2(s+1/2—1/p)/(2v+1) 2s/(2s+2v+1)
<C (lnn*) <C (lnn*) .
Ny Ny

Hence, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > (2v + 1)/p}, we
have

1 . 2s/(2s+2v+1)
T<C ( sl > : (27)
Ty
We can write the term S as
S =51+ 852+ 53+ 54, (28)
where
j1 27-1 N 9
$i= > E ((53* ~ By 1{|Ej,k>mj}1{ﬂj,k|<mj/2}) :
Jj=7 k=0
j1 29-1 N 9
$:=> D E <(5ﬂ%k ~Bx) 1{|Emzmj}l{ﬁ,-,klzw/z}> :
j=1 k=0
j1 29-1
2
S3=) > E (»Bj,kl{@,k\<mj}1{\ﬁj,k|zmj})
j=7 k=0
and _
J1 27-1
2
Sa = Z Z B (ﬁjvkl{lﬁj,k\<m\j}1{\5_7’,k|<2ﬁ/\j}) :
j=71 k=0

Let us investigate the bounds of S7, S5, S3 and S; in turn.
Upper bounds for S1 and S3. We have

{lgj,kl < KAj, Bkl = 2"6%} C {|§j,k — Bjxkl > H/\j/Q}v

{lgj,k

> kAj, [Bk] < ff)\j/Q} - {|Bj,k — Bjkl > ﬁ)\j/2}

b

and

{|§j,k| < KAj, 1Bkl = 2%/\3‘} - {Wj,kl < 2|Bjx — Bin
So

j1 29-1

~ 2
max(5y, 53) < CZ Z E <(Bj’k - Bj’k> 1{|I§j,k—ﬁj,k|>n)\j/2}) :

j=1 k=0
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It follows from the Cauchy-Schwarz inequality, Proposition 2 with ¢ € (0, max(1, (2v+
1)/6) which implies 299 < 2931 < @+ < /97 < 271 <, and Propo-
sition 3 that

- 2
E <<Bj,k - /ijk) 1{|Ej‘k_5j,k>"£)‘.7‘/2})

< (E ((gj,k - 3;‘,14:)4))1/2 (P (|3jk — Bjkl > H)\j/2))1/2

1/2 1/2 1/2
<C (2(4u+1+q)j1) (14> _ ngw% (2(1+q)j1> < 022uji2_

n n n n

* * *

Since 2s/(2s 4+ 2v + 1) < 1, we have

1 J1 . 1. 1
- (14+2v) - (142v) -
max(Sh 53) < Cng JE:T 27 < an 271 < Cn*

< Clnn* <C<1nn* (29)

- Ny Nk

) 2s/(2s4+2v+1)

Upper bound for S,. Using again Proposition 2 with ¢ € (0, max(1, (2v+1)/0)
which implies 297 < 297t < nz/(QVH) < n/n., we obtain

3 ? 1 a1 1
E <(Bj,k — ﬂj,k) ) < 02(2V+Q)Jﬁ < 02211] <2q]n> < 0221,]7

Moy
< o2 lnn*.
M
Hence
Inn J1 271
S <C—=3 2% Y Lyjs, j5un /2
=T k=0
Let jo be the integer defined by
1 - 1/(2s+2v+1) ) - 1/(2s+2v+1)
= 2 < | —— . 30
2 (lnn*> < - (lnm) (30)
We have
Sy < 821 + 52,9,
where
Inn J2 27 1
a1 =0 =3 27 Y L ulmmn/2)
Jj=T k=0
and
J1 201

Inn, Vi
S22=0C n Z 2% Z L{18, 1>k, /2}-
j=ja+1 k=0
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We have
Inn Inn Inn 2s/(2s+2v+1)
o1 < CO— : ZW(H?”) < C—2202042) < ¢ ( > .
T T
] T
For r > 1 and p > 2, since B, (M) C B3 (M),
nn 271 o 291
* 2v 2 2 2728
$22<C ZWAQZM—CZ > iy 02
*sz-&-l J k=0 j=ja2+1 k=0
2s/(2s+2v+1)
<C (lnn*> .
T

Forr > 1, p € [1,2) and s > (2v + 1)/p, using (g, .|k, /2y < ClBjxlP/A],
B, (M) C BstY27YP (M) and (25 + 20+ 1)(2 - p)/2+ (s +1/2— 1/p+v —
2v/p)p = 2s, we have

2791

S0 < Clnn* Z 221/] Z 185, [”

n
¥ j=gatl JkO

IA

(2-p)/2 oo
C<1nn*> Z 9iv(2=p)9—i(s+1/2-1/p)p

n L=
* Jj=j2+1

IN

(2-p)/2
o <lnn*> o—da(s+1/2=1/p+v—2u/p)p
Ty

c <1Il T > 2s/(2s+2v+1) .
Ty

So, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > (2v + 1)/p}, we have

Inn,
S2§0<nn

Ty

IN

2s/(2s+2v+1)
) . (31)

Upper bound for Sy. We have

j1 29-1

Si < Z Z /szikl{‘ﬂj,k|<2ﬁ)\j}'

Jj=7 k=0
Let ja be the integer (30). Then
Sy <841+ Sa2,

where

jo 291 j1 29-1

Sii=Y_ > Bhlsal<nys  Sa2= Y > Brlis,il<znn)-

j=1 k=0 J=Jj2+1 k=0
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We have
)2 Inn 72 Inn
S < JN2 — 0% J(1+2v) * oja (1420)
1 SCY 2PN =0 =R 0 <C— =2
j=T j=
2s/(2s+2v+1)
<c <1nn*> .
Ty
For r > 1 and p > 2, since B, (M) C B3 (M), we have
oo 271 ] lnn 2s/(2s+2v+1)
Si2< Y, Y B2 <C ( ) .
j=ja+1 k=0 Tox

Forr >1,p € [1,2) and s > (2v+1)/p, using 5?’,61{‘53.,”@,%} < CA?7P|5j,k

B, (M) C ByE27VP (M) and (25 + 20+ 1)(2 - p)/2+ (s +1/2 = 1/p+v —
2v/p)p = 2s, we have

p
’

J1 291
Sip<C DY AT Bl
Jj=j2+1 k=0
nn\ @)/2 i 271
=C * jv(2—p) .z
() 2 e s
j=j2+1 k=0

IN
Q

(2-p)/2
<1n N ) Z 9iv(2=p)9—i(s+1/2=1/p)p
Tx j=ja+1

(2—p)/2
o <1n N > o—d2(s+1/2=1/p+v—2v/p)p

<
Ty
2s/(2s+2v+1)
<C <ln n*> .
Ty
So, for r > 1, {p > 2 and s > 0} or {p € [1,2) and s > (2v + 1)/p}, we have
1 . 2s/(2s+2v+1)
Sy <C ( nn ) . (32)
Ty
It follows from (28), (29), (31) and (32) that
Inn, 2s/(2s+2v+1)
s<c ( nn > . (33)
Tl

Combining (25), (26), (27) and (33), we have, for r > 1, {p > 2 and s > 0}
or {p€el,2)and s > (2v+1)/p},

E < / () - 1)’ d:c) <c (“;:*

The proof of Theorem 2 is complete.

> 2s/(2s+2v+1)

O
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