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Abstract

In this paper, we consider two cases of rolling of one smooth connected
complete Riemannian manifold (M, g) onto another one (M, §) of equal di-
mension n > 2. The rolling problem (N S) corresponds to the situation where
there is no relative spin (or twist) of one manifold with respect to the other
one. As for the rolling problem (R), there is no relative spin and also no
relative slip. Since the manifolds are not assumed to be embedded into an
Euclidean space, we provide an intrinsic description of the two constraints
”without spinning” and ”without slipping” in terms of the Levi-Civita con-
nections V9 and V9. For that purpose, we recast the two rolling problems
within the framework of geometric control and associate to each of them a
distribution and a control system. We then investigate the relationships be-
tween the two control systems and we address for both of them the issue of
complete controllability. For the rolling (NN.S), the reachable set (from any
point) can be described exactly in terms of the holonomy groups of (M, g)
and (M ,g) respectively, and thus we achieve a complete understanding of
the controllability properties of the corresponding control system. As for the
rolling (R), the problem turns out to be more delicate. We first provide gen-
eral properties for the reachable set and determine the associated Lie bracket
structure. Regarding the controllability issue, we only have partial results, for
instance dealing with the situation where one of the manifold is a space form.
Finally, we extend the two types of rolling to the case where the manifolds
have different dimensions.
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1 Introduction

In this paper, we study the rolling of a manifold over another one. Unless other-
wise precised, manifolds are smooth, connected, oriented, of finite dimension n > 2,
endowed with a complete Riemannian metric. The rolling is assumed to be either
without spinning (/N.S) or without spinning nor slipping (R). When both manifolds
are isometrically embedded into an Euclidean space, the rolling problem is classical
in differential geometry (see [R7]), through the notions of ”development of a man-
ifold” and ”rolling maps”. To get an intuitive grasp of the problem, consider the
rolling problem (R) of a 2D convex surface S; onto another one Sy in the euclidean
space R3, for instance the plate-ball problem, i.e., a sphere rolling onto a plane in
R3, (cf. [[J] and [RO)). The two surfaces are in contact i.e., they have a common
tangent plane at the contact point and, equivalently, their exterior normal vectors
are opposite at the contact point. If v : [0,7] — S} is a C"! regular curve on S}, one
says that Sy rolls onto S5 along v without spinning nor slipping if the following holds.
The curve traced on S; by the contact point is equal to v and let 4 : [0,T] — S5
be the curve traced on Sy by the contact point. At time ¢t € [0,7], the relative
orientation of Sy with respect to S; is measured by the angle 6(t) between +(t) and
&(t) in the common tangent plane at the contact point. The state space () of the
rolling problem is therefore five dimensional since a point in () is defined by fixing
a point on S, a point on Sy and an angle in S!, the unit circle. Requiring that
there is no instantaneous relative speed nor twist of S; with respect to S5 defines
uniquely the curves 4 and 6 once a point on S; and an angle are chosen at time
t = 0. For the rolling (N.S), one must choose two C* regular curves v and 4 on S
and S, respectively, and an angle 6, so that one says that S; rolls onto Sy along ~
and 4 without spinning if (a) the curves traced on S; and Sy by the contact point
are equal to v and 4 respectively; (b) the no-spin constraint and the initial condition
0y determine a unique curve # which measures the relative orientation of Sy with
respect to S7 along the rolling. The most basic issue linked to the rolling problems
is that of controllability i.e., to determine, for two given points ¢, and ggua in the
state space @, if there exists a curve v so that the rolling of S; onto Sy along ~
steers the system from g,y t0 ganar- If this is the case for every points ¢ and ggna
in @, then the rolling of S; onto S, is said to be completely controllable.

If the manifolds rolling on each other are two-dimensional, then the controlla-
bility issue is well-understood thanks to the work of [P], [H] and [Ld] especially. For
instance, in the simply connected case, the rolling (R) is completely controllable if
and only if the manifolds are not isometric. In the case where the manifolds are
isometric, [J] also provides a description of the reachable sets in terms of isometries
between the manifolds.

In particular, these reachable sets are immersed submanifolds of () of dimension
either 2 or 5. In case the manifolds rolling on each other are isometric convex
surfaces, [[[f] provides a beautiful description of a two dimensional reachable set:
consider the initial configuration given by two (isometric) surfaces in contact so that
one is the image of the other one by the symmetry with respect to the (common)
tangent plane at the contact point. Then, this symmetry property (chirality) is
preserved along the rolling (R). Note that if the (isometric) convex surfaces are not
spheres nor planes, the reachable set starting at a contact point where the Gaussian
curvatures are distinct, is open (and thus of dimension 5).



From a robotics point of view, once the controllability is well-understood, the
next issue to address is that of motion planning, i.e., defining an effective procedure
that produces, for every pair of points (gnit, gana) in the state space @), a curve
Vaminaena SO that the rolling of S; onto Sy along V4.0 Steers the system from
init, 1O Gainar- In [, an algorithm based on the continuation method was proposed to
tackle the rolling problem (R) of a strictly convex compact surface onto an Euclidean
plane. That algorithm was also proved in [ff] to be convergent and it was numerically
implemented in [l]] (see also [[[7] for another algorithm).

To the best of our knowledge, only the rolling (R) was considered in the litter-
ature, eventhough it is the more delicate, as explained below. The rolling problem
(R) is traditionally presented by isometrically embedding the rolling manifolds M
and M in an Euclidean space (cf. [27, [[0]) since it is the most intuitive way to
provide a rigorous meaning to the notions of relative spin (or twist) and relative slip
of one manifold with respect to the other one. However, the rolling model will de-
pend in general on the embedding. For instance, rolling two 2D spheres of different
radii on each other can be isometrically embedded in (at least) two ways in R?: the
smaller sphere can roll onto the bigger one either inside of it or outside. Then one
should be able to define rolling without having to resort to any isometric embedding
into an Euclidean space. To be satisfactory, that intrinsic formulation of the rolling
should also allow one to address at least the controllability issue.

The first step towards an intrinsic formulation of the rolling starts with an in-
trinsic definition of the state space Q. It is of dimension 2n + n(n — 1)/2 since it
is locally diffeomorphic to neighborhoods of M x M x SO(n). There are two main
approaches for an intrinsic formulation of the rolling problem (R), first considered
by [B] and [{] respectively. Note that the two references only deal with the two
dimensional case but it is not hard to generalize them to higher dimensions. In [,
the state space () is given by

Q={A:T|,M — T|;M | A o-isometry, = € M, & € M},

where ”o-isometry” means positively oriented isometry, (see Definition below)
while in [{], one has equivalently

Q = (Foon(M) x Foon(M))/A,

~

where Foon(M), Foon(M) be the oriented orthonormal frame bundles of (M, g),
(M, §) respectively, and A is the diagonal right SO(n)-action (see Proposition B.g
below) .

The next step towards an intrinsic formulation consists of using either the par-
allel transports with respect to V9 and V9 (Agrachev-Sachkov’s approach) or al-
ternatively, orthonormal moving frames and the structure equations (Bryant-Hsu’s
approach) to translate the constraints of no-spinning and no-slipping and derive the
admissible curves, i.e., the curves of @) describing the rolling (R), cf. Eq. ([4).
Finally, one defines either a distribution or a codistribution depending which ap-
proach is chosen. In the present paper, we adopt the Agrachev-Sachkov’s approach
and we construct an n-dimensional distribution Dg on () so that the locally abso-
lutely continuous curves tangent to Dr are exactly the admissible curves for the
rolling problem, cf. Definition f.3. The construction of Dr comes along with the
construction of (local) basis of vector fields, which allow one to compute the Lie
algebraic structure associated to Dg.



One should mention the recent work [§] dealing with an intrinsic formulation of
the rolling problem (R) (see Definition 4 page 18 in the reference therein). However,
that definition does not allow one to parameterize the admissible curves using a con-
trol system and a fortiori to construct a distribution (or a codistribution) associated
to the rolling. Therefore, the computations in that paper related to controllability
issues are all performed by embedding the rolling into an Euclidean space.

We now describe precisely the results of the present paper. In Section B, are
gathered the notations used throughout the paper. After that, the control systems
associated to the rolling problems (N.S) and (R) are introduced in Section . Besides
the state space @), one must define the set of admissible controls. For (NJS), it is
the set of locally absolutely continuous (l.a.c.) curves on M X M while, for (R),
it is the set of locally absolutely continuous (l.a.c.) curves on M only. As control
systems, we obtain two driftless control systems affine in the control (X)yg and (X)g
for (N.S) and (R) respectively. We also provide, in Appendix [, expressions in local
coordinates for these control systems.

The study of the rolling problem (N.S) is the objet of Section [l We first construct
the distribution Dyg of rank 2n in @ so that its tangent curves coincide with the
admissible curves of (X)ys and we provide (local) basis of vector fields for Dys.
The controllability issue is completely addressed since we can describe exactly the
reachable sets of (¥)yg in terms of HY? and HY? the holonomy groups of V9 and
V9 respectively. We thus derive a necessary and sufficient condition for complete
controllability of (N'S) in terms of the Lie algebras of HV’ and HY’. For instance, if
both manifolds M and M are simply connected and non symmetric, then the rolling
problem (IVS) is completely controllable in dimension n # 8 if and only if H V¥ or
HY is equal to SO(n). We conclude that section by computing Lie brackets of
vector fields tangent to Dys.

In Section f], we start the study of the rolling problem (R). As done for (N.S), we
construct the rolling distribution Dg as a sub-distribution of rank n of Dyg so that
its tangent curves coincide with the admissible curves of (X)g and we provide (local)
basis of vector fields for Dg. We show that the rolling (R) of M over M is symmetric
to that of M over M i.e., the reachable sets are diffeomorphic. Already from these
computations, one can see why we considered the rolling problem (NS): from a
technical point of view, it is much easier to perform Lie brackets computations first
with vector fields spanning Dyg and then specify these computations to vector fields
spanning Dg. Moreover, the complete controllability of (N.S) being a necessary
condition for the complete controllability of (R), one can derive at once that, for
simply connected and non symmetric rolling manifolds, if the rolling problem (R)
is completely controllable in dimension n # 8 then HY’ or HY’ must be equal to
SO(n).

The controllability issue for (R) turns out to be much more delicate than that
for (NS). One reason is that, in general, there is no "natural” principal bundle
structure on mg @ Q — M which leaves invariant the rolling distribution Dg.
Indeed, if it were the case, then all the reachable sets would be diffeomorphic and
this is not true in general (cf. the description of reachable sets of the rolling problem
(R) for two-dimensional isometric manifolds). Despite this fact, we prove that the
reachable sets are smooth bundles over M (cf. Proposition p.11)).

We also have an equivariance property of the reachable sets of Dg with respect
to the (global) isometries of the manifolds M and M, as well as an interesting result



linking the rolling problem (R) for a pair of manifolds M and M and the rolling
problem (R) associated to Riemannian coverings of M and M respectively. As a
consequence, we have that the complete controllability for the rolling problem (R)
associated to a pair of manifolds M and M is equivalent to that of the rolling problem
(R) associated to their universal Riemannian coverings. This implies that, as far
as complete controllability is concerned, one can assume without loss of generality
that M and M are simply connected. We then compute the first order Lie brackets
of the vector fields generating Dg and find that they are (essentially) equal to the
vector fields given by the vertical lifts of

Rol(X,Y)(A) := AR(X,Y) — R(AX, AY ) A, (1)

where XY are smooth vector fields of M, ¢ = (z,%; A) € Q and R(-,-), R(, )
are the curvature tensors of g and ¢ respectively. We call the vertical vector field
defined in Eq. () the Rolling Curvature, cf Definition below. Higher order Lie
brackets can now be expressed as linear combinations of covariant derivatives of the
Rolling Curvature for the vertical part and evaluations on M of the images of the
Rolling Curvature and its covariant derivatives. )

In dimension two, the Rolling Curvature is (essentially) equal to K (z)— KM (%),
where KM(-), KM (.) are the Gaussian curvatures of M and M respectively. At
some point ¢ € Q where K™ (z) — KM(2) # 0, one immediately deduces that the
dimension of the evaluation at ¢ of the Lie algebra of the vector fields spanning Dr
is equal to five, (the dimension of )) and thus the reachable set from ¢ is open in
(). From that fact, one has the following alternative: (a) there exists gy € @ so
that K™ — KM = 0 over the reachable set from Qo, yielding easily that M and M
have the same Riemannian covering space (cf. [J] and [[]); (b) all the reachable sets
are open and then the rolling problem (R) is completely controllable. In dimension
n > 3, the Rolling Curvature cannot be reduced to a scalar and it is seems difficult
compute in general the rank of the evaluations of the Lie algebra of the vector fields
spanning Dg.

We however propose several characterizations of isometry between two Rieman-
nian manifolds based on the rolling perspective. The first one refers to a "rolling
against loops” property which assumes that there is a go = (xg, Zo; Ag) € @ such
that for every loop 7 on M based at xg, the corresponding rolling curve 4p, (7, qo)
on M starting from ¢ is a loop based . Then we prove that, under the previ-
ous condition (M, g) and (M, §) have the same universal Riemannian covering, cf.
Theorem p.33.

The second characterization consists of revisiting the classical Ambrose theo-
rem (see [PJ] Theorem II.5.1) and showing how the standard argument actually
gets simplified when recast in the rolling context. We also prove a version of the
Cartan-Ambrose-Hicks theorem, Proposition .10, by using the rolling model. In
this version, we also also include a condition for certain submersions to exist, not
only (local) geodesic embeddings. Our proofs are in parallel to those presented in
m, 23

In Section [, we present controllability results when one of the manifolds, let say
(M ,§), is a space form i.e., a simply connected complete Riemannian manifold of
constant curvature. Our results are actually preliminary and we hope to complete
them in a future version of the present draft. Let us summarize them. The main
feature of this particular case is that there is a principal bundle structure on the



bundle mg ps : @ — M, which is compatible with the rolling distribution Dg. In the
case M has non-zero constant curvature, this allows us to reduce the problem to a
study of a vector bundle connection VR of the vector bundle 7ryer : TM®R — M
and its holonomy group, which is a subgroup of SO(n + 1) or SO(n, 1) depending
whether the curvature of M is positive or negative, respectively. If M has zero
curvature i.e., it is the Euclidean plane, the problem reduces to the study of an
affine connection and its holonomy group, a subgroup of SE(n), in the sense of [J.
In all the cases, the fibers over M of the Dg-orbits are all diffeomorphic to the
holonomy group of the connection in question.

In the zero curvature case, we prove that the rolling (R) is completely controllable
if and only if the (Riemannian) holonomy group of V¥ is equal to SO(n). This result
is actually similar to Theorem IV.7.1, p. 193 and Theorem IV.7.2, p. 194 in [[J]. In
the non-zero curvature case, we only study the rolling onto an n-dimensional sphere.
We prove that if the holonomy group of the rolling connection VR is reducible, then
the sphere endowed with the metric induced by the Euclidean metric of R®*! must
be a Riemannian covering space of (M, g).

In Section [, we show how to extend the formalism developed previously to the
case where the rolling manifolds have different dimensions. In that case, we show
that the rolling of M over M is not anymore symmetric with that of M over M,
which is reasonable. We also provide basic controllability results.

We finally gather in a series of appendices several results either used in the text
or directly related to it. In particular, we show how the Dyg relates to the Sasaki-
metric on the tensor space T*(M) @ T(M). In the final appendix, we provide, for
the sake of completeness, the classical formulation of the rolling problem (R) as
embedded in an Euclidean space.

Acknowledgements. The authors want to thank P. Pansu and E. Falbel for
helpful comments as well as L. Rifford for having organized the conference ”New
Trends in Sub-Riemannian Geometry” in Nice and where this work was first pre-
sented in April 2010.

2 Notations

For any sets A, B,C and U C A x B and any map F : U — C, we write U, and U®
for the sets defined by {b € B | (a,b) € U} and {a € A | (a,b) € U} respectively.
Similarly, let F, : U, — C and F° : U* — C be defined by F,(b) := F(a,b) and
F®(a) := F(a,b) respectively. For any sets Vi, ..., V, themap pr, : Vix---xV, = V;
denotes the projection onto the i-th factor.

For a real matrix A, we use Aé» to denote the real number on the i-th row
and j-th column and the matrix A can then be denoted by [A;] If, for example,
one has A} = a;; for all 4,j, then one uses the notation A% = (a;;)} and thus
A = [(ay)}]. The matrix multiplication of A = [A}] and B = [B}] is therefore given
by AB = [(Zx ALB});]-

Suppose V, W are finite dimensional R-linear spaces, L : V — W is an R-
linear map and F = (v;)8%V, G = (w;)H0W are bases of V, W respectively. The
dim W x dim V-real matrix corresponding to L w.r.t the bases F' and G is denoted
by Mpa(L). In other words, L(v;) =3 _; M pa(L)}w; (corresponding to the right
multiplication by a matrix of a row vector). Notice that, if K : W — U is yet another



R-linear map to a finite dimensional linear space U with basis H = (u;)8%V, then
MF,H(K O L) = MQH(K)MF,G(L).

If (V,g), (W,h) are inner product spaces with inner products g and h, one defines
LTsh : W — V as the transpose (adjoint) of A w.r.t g and h ie., g(LTorw,v) =
h(w, Lv). With bases F' and G as above, one has Mpg(L)T = Mg g(LTs"), where
T on the left is the usual transpose of a real matrix i.e., the transpose w.r.t standard
Euclidean inner products in RY, N € N.

In this paper, by a smooth manifold, one means a smooth finite-dimensional,
second countable, Hausdorff manifold (see e.g. [[J]). A smooth manifold N ¢ M
is an immersed submanifold of M if the inclusion map ¢ : N — M is a smooth
immersion. We call N embedded submanifold if the topology on N induced by the
inclusion ¢ coincides with the manifold topology of N. By a smooth submanifold of
M, we always mean a smooth embedded submanifold.

A smooth bundle (over M) is a smooth map 7 : E — M between two smooth
manifolds £ and M together with a prescribed smooth manifold F' (unique up to
diffeomorphism), called the typical fiber of 7, such that, for each € M, there is
a neighbourhood U of z in M and a smooth diffeomorphism 7 : 7= 4(U) — U x F
with the property that pr; o 7 = m|.-1). Such maps 7 are called (smooth) local
trivializations of 7.

For any smooth map 7 : £ — M between smooth manifolds £ and M, the set
7 1({x}) = 7 1(x) is called the 7-fiber over x and it is sometimes denoted by E|.,
when 7 is clear from the context. A smooth section of a smooth map 7 : E — M is
a smooth map s : M — FE such that m o s = id,;. The set of smooth sections of 7
is denoted by I'(m). Local sections of 7 are sections defined only on open (possibly
proper) subsets of M. The value s(x) of a section s at z is usually denoted by s|,.

A smooth manifold M is oriented if there exists a smooth (or continuous) section,
defined on all of M, of the bundle of n-forms manary : A"(M) — M where n =
dim M. Otherwise mentioned, the smooth manifolds considered in this paper are
connected and oriented.

A smooth vector bundle is a smooth bundle where the typical fiber F' is a finite
dimensional R-linear space together with a collection of local trivializations so that
there is a well defined vector space structure on each 7-fiber (see [[L] for the precise
definition). Some important vector bundles for us over a manifold M are the tangent
bundle mpy 0 T(M) — M and different (k,m)-tensor bundles mri vy : Tk (M) —
M. We will many times write TM := T (M) etc. to ease the notation.

If G is a smooth Lie-group, a smooth bundle 7 : E — M is called a right
principal G-bundle if there exists a smooth right action y : £ x G — E of G on
E (ie., p(p(y,g), h) = u(y, gh) where the product gh is computed in G) such that
mopu=mopr, and p is free (i.e., u(y,g) =y for a y € E implies g = e the identity
of ) and transitive on 7-fibers (i.e., for every y,z € 7~ !(x) there is a g € G such
that p(y, g) = z). It follows from the definition that this bundle has G as the typical
fiber. Similarly, using a left action one defines a left principal G-bundle. For short,
by a principal bundle we mean a left or right principal bundle (the side of the action
being clear from context). There is no difference between left and right principal
bundles since a right principal bundle 7g with action o : ExG — FE can be identified
with a left principal bundle 7z with action A : G x E — E; Xg,y) = u(y,g~") and
vice versa.



For a smooth map 7 : E — M and y € E, let V|, (7) be the set of all Y € T'|, E
such that 7,(Y) = 0. If 7 is a smooth bundle, the collection of spaces V|, (7), y € E,
defines a smooth submanifold V(7) of T(E) and the restriction mrg : T(E) = E
to V() is denoted by 7y (r. In this case 7y (r) is a vector subbundle of 7pg) over
E.

For a smooth manifold M, one uses VF(M) to denote the set of smooth vector
fields on M i.e., the set of smooth sections of the tangent bundle mpp : (M) — M.
The flow of a vector field Y € VF(M) is a smooth onto map ®y : D — M defined
on an open subset D of R x M containing {0} x M such that S®y(,y) =Y sy )
for (t,y) € D and ®y(0,y) = y for all y € M. As a default, we will take D to be
the maximal flow domain of X.

A subset D C T (M) of the tangent bundle of M is called a smooth distribution
on M if 7TT(M)|D is a smooth vector subbundle of 7w over M. For x € M, the
fiber mrn|p ({z}) is denoted by D], and the common dimension of the spaces D|,,
x € M, is called the rank of the distribution D.

For any distribution D on a manifold M, we use VFp to denote the set of vector
fields X € VF(M) tangent to D (i.e., X|, € D|, for all x € M) and we define
inductively for k > 2

VFY = VEL ' + [VFp, VEE ],

where VFL, := VFp. The Lie algebra generated by VFp is denoted by Lie(D) and
it equals | J, VFp.

For any maps 7 : [a,b] = X, w : [¢,d] — X into a set X such that v(b) = w(c)
we define

(1), t € la, 0]
U~y:la,b+d—c] — X; LU~)(t) =
wUy:le I WU {w@—b+@,t€wﬁ+d—d.
A map v : [a,b] - X is a loop in X based at g € X if y(a) = v(b) = xo. In
the space of loops [0,1] — X based at some given point xy, one defines a group

N

operation ”.” | concatenation, by

wey = (L= (5 L (= w(b)).

This operation gives a group structure on the set of loops of X based at a given
point zo. If N is a smooth manifold and y € N, we use §2,(N) to denote the set
of all piecewise C'-loops [0,1] — N of N based at y. In particular, (2,(N),.) is a
group.

A continuous map ¢ : I — M from a real compact interval I into a smooth
manifold M is called absolutely continuous, or a.c. for short if, for every tq € I,
there is a smooth coordinate chart (¢,U) of M such that c(ty) € U and ¢ o c|.-11)
is absolutely continuous.

Given a smooth distribution D on a smooth manifold M, we call an absolutely
continuous curve ¢ : I — M, I C R, D-admissible if ¢ it is tangent to D almost
everywhere (a.e.) i.e., if for almost all ¢ € I it holds that ¢(t) € D|y). For xp € M,
the endpoints of all the D-admissible curves of M starting at xq form the set called
D-orbit through xy and denoted Op(zg). More precisely,

Op(z9) = {c(1) | ¢:[0,1] = M, D—admissible, ¢(0) = x¢}. (2)



By the Orbit Theorem (see []), it follows that Op(x) is an immersed smooth
submanifold of M containing zq. It is also known that one may restrict to piecewise
smooth curves in the description of the orbit i.e.,

Op(z9) = {c(1) | ¢:[0,1] — M piecewise smooth and D—admissible, ¢(0) = xo}.

We call a smooth distribution D’ on M a subdistribution of D if D' € D. An
immediate consequence of the definition of the orbit shows that in this case

OD/(I‘()) C OD(I‘()), Vag € M.

Ifrn:E— M,n:F — M are two smooth maps (e.g. bundles), let C*(m,n)
be the set of all bundle maps # — 7 i.e., smooth maps g : £ — F such that
nog = m. For a manifold M, let mys, : M x R — M be the projection onto the first
factor i.e., (z,t) — x (i.e., mpp = pry). Recall that there is a canonical bijection
between the set C*°(M) of smooth functions on M and the set C*°(id;, maz, ) given
by £ o = (2 (3, £(2).

Ifrn:E— M,n:F — M are any smooth vector bundles over a smooth manifold
M, f € C®(m,n) and u,w € 7 '(z), one defines the vertical derivative f at u in
the direction w by

A)ulF) = (Do) w)(w) = S|, 7t ). Q

Here w — (D, f)(u)(w) = v(w)|,(f) is an R-linear map between fibers 7~ 1(z) —
n ().

In a similar way, in the case of f € C*°(F) and u,w € 7~ !(z), one defines the 7-
vertical derivative v(w)|,(f) := D, f(u)(w) := &|of(u+tw) at u in the direction w.
This definition agrees with the above one modulo the canonical bijection C*(F) =
C*>(idg, 7g,). This latter definition means that v(w)|, can be viewed as an element
of V].(m) and the mapping w — v(w)|, gives a (natural) R-linear isomorphism
between 7~1(x) and V|, (7) where 7(u) = z. If 4 € T'(7) is a smooth 7-section, let
v(w) be the m-vertical vector field on E defined by v(w)|,(f) = v(@0|:)|.(f), where
m(u) =x and f € C®(E). The same remark holds also locally.

In the case of smooth manifolds M and M ,xe M,z e M , we will use freely and
without mention the natural inclusions (C) and isomorphisms (=): T'[,M,T'; M c
T|(xx(M><M) >~ T|,M & T|;M, T*\ M, T*|; MCT‘$$)(MXM)NT*| M@
T*;M. An element of T (,3) (M X M) = T, ( ) @ T|z(M) with respect to the
direct sum splitting is denoted usually by (X, X), where X € T|, M, X e T\xl\}[
Sometimes it is even more convenient to write X + X := (X, X) when we make the
identifications (X, 0) = X, (0, X)=X.

If (M,g), (M,§) are smooth Riemannian manifolds, the space M = M x M is
a Riemannian manifold, called the Riemannian product manifold of (M, g), (M . 3),
when endowed with the product metric g := g @ ¢

Let V, V.V (resp. R, I%,E) denote the Levi-Civita connections (resp. the Rie-
mannian curvature tensors) of (M, g), (M, §), (M = M x M,§ = g&§) respectively.
From Koszul’s formula (cf. [[5]), one has

Vi YY) = (VxY,VY), (4)
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when XY € VF(M), X, YVe VF(M ) and hence from the definition of the Rieman-
nian curvature tensor

~

R(X,X),(Y,\Y))(Z.Z) = (R(X,Y)Z,R(X,Y)Z), (5)

where X,Y,Z € T|,M, X,Y,Z € T|; M.
For any (k,m)-tensor field 7" on M we define VT to be the (k,m + 1)-tensor
field such that (see BF], p. 30)

(V) (Xq,..., X, X) = (VXT) (X1, ..., Xn), (6)

Xy, 0, X, X €T| .M.

Let x: I — M and X : I — T'M be a smooth curve and a smooth vector field
along x respectively i.e., a smooth map such that X(t) € T|,yM forallt € I. A
local extension of X around t, is a vector field X € VF(M) such that there is an
open interval J with t, € J C I and X|m(t) = X(t) for all t € J. Then one defines
Vi) X as Vm-(to)f( and it is easily seen that this vector does not depend on the
choice of a local extension of X around t;. The same construction holds true for
tensor fields along the path z(-).

The parallel transport of a tensor Ty € 1% |, (M) from z(0) to x(t) along an
absolutely continuous curve x : I — M (with 0 € I) and with respect to the
Levi-Civita connection of (M, g) is denoted by (PV?){(x)Ty. In the notation of the
Levi-Civita connection V¢ (resp. parallel transport PV?), the upper index g (resp.
V9) referring to the Riemannian metric g (resp. the connection V9) is omitted if it
is clear from the context. We also recall the following basic observation.

Proposition 2.1 Let (M, g) be a smooth Riemannian manifold and ¢t — z(t) an
absolutely continuous (a.c. for short) curve on M defined on an open interval I > 0.
Then the parallel transport T'(t) = (PV*)i(x)Ty along t + x(t) w.r.t g of any (k,m)-
tensor Tp € 1% | ,(0)(M) uniquely exists and is absolutely continuous.

Let (x,2) : I — M X M be a smooth curve on M X M defined on an open real
interval I containing 0. If (X (t), X(¢)) : I — T(M x M) is a smooth vector field on
M x M along (z,2) ie., (X(t), X(t)) € T|ww),z)(M x M) then one has

Va0 a0 (X5 X) = (Vi X, @i«(t)X) (7)

only if the covariant derivatives on the right-hand side are well defined (see the next
remark).

Remark 2.2 Let M =R, M =R and (c(t), é(t)) = (,0), (X(t), X(t)) = (1,¢t) and
equip M and M with the Euclidean metrics: ¢(Y,Z) =Y Z, §(Y,Z) = Y Z. Then the
left hand side of ([f]) is defined and equals (0, 1) but on the right hand side the covariant
derivative V; t)X Vot is not defined: if Y € VF(M) were a local extension of X
around t = 0 then t = X( ) = Y|c(t = (O) for all ¢ in some open interval containing

0. This is a contradiction. Note that an extension of (X (¢), X (t)) = (1,t) around t = 0
is provided for example by (z,2) — (1, z).

If (N, h) is a Riemannian manifold we define Iso(N, h) to be the (smooth Lie)
group of isometries of (N, h) i.e., the set of diffecomorphisms F': N — N such that
Fily : T|yN — T|pu)N is an isometry for all y € N, cf. [BF, Lemma I11.6.4, p. 118.
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It is clear that the isometries respect parallel transport in the sense that for any
absolutely continuous 7 : [a,b] — N and F' € Iso(N, g) one has (cf. 23], p. 41, Eq.

(3.5))
s o (PY)u(n) = (PY)o(F o) 0 Filya). (8)
The following result is standard.

Theorem 2.3 Let (N, h) be a Riemannian manifold and for any absolutely continuous
v :10,1] = M, v(0) = yo, define

AwawaAGWﬂwWMMeTMN,temu

Then the map AZ)h CY AZ)h (7)(+) is an injection from the set of absolutely continuous
curves [0, 1] — N starting at 3o onto an open subset of the Banach space of absolutely
continuous curves [0,1] — T'|,, N starting at 0.

Moreover, the map AZ)h is a bijection onto the latter Banach space if (and only if)
(N, h) is a complete Riemannian manifold.

Remark 2.4 (i) For example, in the case where 7 is the geodesic ¢ — exp, (tY")
for Y € T'|,,N, one has

AT (D) = .

(i) It is directly seen from the definition of AZ)}L that it maps injectively (piecewise)
Ck-curves, k = 1,..., 00, starting at 7, to (piecewise) C*-curves starting at 0.
Moreover, these correspondences are bijective if (N, h) is complete.

(iii) The map AZ:L could be used to give the space of absolutely continuous curves
[0,1] — N starting at yo a structure of a Banach space if (IV,h) is complete or
an open subset of a Banach space in the case (N, h) is not complete.

3 Characterization of the Rolling Problems as Con-
trol Problems

3.1 Definition of the State Space
Following [P], [B] we make the following definition.

Definition 3.1 The state space Q) = Q(M, M) for the rolling of two n-dimensional
connected, oriented smooth Riemannian manifolds (M, g), (M, g) is defined as

Q={A:T|,M — T|;M | A o-isometry, = € M, & € M},

where “o-isometry” stands for “orientation preserving isometry” i.e., if (X;), is a
positively oriented g-orthonormal frame of M at x then (AX;)!, is a positively oriented
g-orthonormal frame of M at z.
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The linear space of R-linear map . A:T|.M — T|; M s canonically isomorphic
to the tensor product T%|,.M & T | M. On the other hand, by using the canonical
inclusions 1™ |, M C T (55 (M x M), T|;M C T|(xx (M x M), the space T*|,M ®
T3 M is canonically included in the space Tl(M X M) |2y of (1, 1)-tensors of M x M
at (x,#). These inclusions make T*M @ TM := Ue.syenrsnr T oM @ T 2 M a subset
of T{(M x M) such that T MeTil = T8 (MxAT) | e vigrnr 2 T°M ® TM — M ><AM
is a smooth vector subbundle of the bundle of (1, 1)-tensors T (v airy ON M x M.

The state space @ = Q(M, M) can now be described as a subset of T*M @ TM
as

={AeT"(M)@T(M)|@wa | (v,%) € M x M,
|AX ]|, = [|X]|,, VX € T|,M, det(A) =1}.

In the next subsection, we will show that 7q := 7. 0/l is moreover a smooth
subbundle of 7. oy though it is not a vector subbundle.

It is also convenient to consider the manifold 7*M @ TM and we will refer to
it as the extended state space for the rolling. This concept of extended state space
naturally makes sense also in the case where M and M are not assumed to be
oriented (or connected).

A point A € T*M ® TM with Trener(A) = (2,2) (or A € Q with mg(A) =
(z,z)) will be sometimes denoted by (x, Z; A) to emphasize the fact that A : T'|,M —
T|QM. Thus the notation ¢ = (z, &; A) simply means that ¢ = A.

3.2 The Bundle Structure of ()

In this subsection, it is shown that 7 is a bundle with typical fiber SO(n). We will
also argue that, even though SO(n) is a Lie-group, the bundle 7 cannot in general
be given a natural (or useful) SO(n)-principal bundle if n > 2 (see also Theorem
fT4). We will now present the local trivializations of 7.

Definition 3.2 Suppose the vector fields X; € VF(M) (resp. X; € VF(M)), i =
1,...,n form a g-orthonormal (resp. g-orthonormal) frame of vector fields on an open
subset U of M (resp. U of M). We denote I = (X;)i,, I' = (X;)iL, and for x € U,
& €U welet FI, = (Xil.)iuy, F'lz = (Xilz)iZ; Then a local trivialization 7 = 7, ;. of
Q@ over U X U induced by F, Fis given by
7o (U x U) = (U x U) x SO(n)
(x,2; A) — ((a:,fc),MFlz,F‘j(A)),

For the sake of clarity, we shall write My z (A) as Mpp(A). Obviously
|AX], = [[X]l, for all X € T[,M is equivalent to A'93A = idy),y and thus we
get

MF,F( )TMFF< ) MF F(ATg’g)MF,ﬁ(A) = MF,F(idT\zM) = idgn,

where T' denotes the usual transpose in gl(n), the set of Lie algebra of n x n-real

matrices. Since det M, (A) = det(A) = +1, one finally has M. z(A) € SO(n).
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Remark 3.3 Notice that the above local trivializations 7. ;. of 7 are just the restric-
tions of the vector bundle local trivializations

(WT*(M)@;T(M))_l(U x U) — (U x U) x gl(n)

of the bundle T (M)T(NT) induced by F, F' and defined by the same formula as 7 ;.

In this setting, one does not even have to assume that the local frames F/, F are g-
or g-orthonormal. Hence 7q is a smooth subbundle of 7., .,y with @ a smooth

submanifold of T*M ® TM.

We next spell out the transition functions of the above defined local trivializations
of ¢ (and also of 7. ;o7 y; Dy the above remark). If F' = ((X7), U F = (X)), U")
are other g-, g-orthonormal frames (with UNU’ # 0, UNU’ # 0) and A = [A]] €
SO(n), then

(Tp B OT F;)((:c,i:),A) = Tpr p (1’735; ZA{g(X

- (3 [(ZAngXk ),])

- (($7 A) [(A(X Xl/))l]A[ leXk T)
- ((z,2), M (g, i) AM g e (i), ) )")

forzeUNU, 3eUNU". -
Any local trivialization 7 : Wél(U) — U x SO(n) of my defined on an open set

U C M x M would define a principal SO(n)-bundle structure on 7o' (U) (or rather
for WQ‘ﬂc—gl(U)) by the formula (see Bg], p. 307)

(@, @5 A), B) = 77 ((2, ), (pry 0 7) (2, 23 A) B), (9)

with g : Wél(U) x SO(n) — Wél(U) the right SO(n)-action of this principal bundle
structure. However, we will show that if we take for the local trivializations 7 the
ones induced by local orthonormal frames 7 = 7, 5 as above, then the (local) actions
p i defined by the above formula by these different local trivializations 7 5 do not
glue up to form a global principal bundle structure for m¢ if the dimension n of M
and M is greater than 2. We state this in the following proposition.

Proposition 3.4 The local actions ([) do not render the bundle 7 to a principal
SO(n)-bundle except when n < 2.

Proof. 1f mg were a principal SO(n)-bundle w.r.t local trivializations induced by the
orthonormal frames of M and M, then the right action u : @ x SO(n) — @ of SO(n)
on () of this principal bundle structure would be given (locally) by (see above)

ul(w, 2 A), B) = 7 (2, ), (pry 0 7) (2, 3; A) B),

for any of the local trivializations 7 = 7, induced by orthonormal local frames
F,F of M, M and any (z,#; A) with z, & in these domains and any B € SO(n).
Equivalently, the above condition could be written as

(pry o 7)(1(g, B)) = (pryo 7)(q) B,
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for any ¢ € @ in the domain of definition of 7 and B € SO(n).

The formula for the transition maps of these local trivializations as expressed
before this proposition shows that the action p is not well defined if n > 3. In fact
we would be led to an equation of the type

(pry o TF/,F’)(:U7 #; A)B = (pry 0 Tgr for © 7’;;)((557 ), (pry o TF,ﬁ)<x7 ; A)B)7
ie.,
M 5 (A)B = M o (idypy, ) (M o (A) B) Mg (id ey, ar) ™
= My 5 (A) BMpr p(idr),ar)
which, by multiplying by M, z.(A)~" from the left, is equivalent to
Mg p(idp),m) B = BMpr p(idr),ar) (10)

Since SO(n) is not commutative for n > 3, the left and right hand sides are not
equal in general: they are equal for all B, ) F" if and only if SO(n) is commutative
i.e. if and only if n € {1,2}. Hence mg is not a principal SO(n)-bundle, at least
w.r.t the trivializations that we used, if n > 3. 0

Remark 3.5 If M and M are parallelizable (e.g. if M and M are Lie groups) i.e.,
if there are global frames and hence global orthonormal frames F, F’, then one can
introduce a principal SO(n)-bundle structure for g by Eq. (B) even for n > 2. However,
this principal bundle structure then depends on the choice of the global frames F, F
i.e., we might (and could if n > 2) get a different principal bundle structure by the
choosing the orthonormal frames differently. We will define on @) a distribution Dg
(see Definition p.2) that models the natural constraints for the rolling problem and by
simple computations one can check that in general for n > 3 the distribution Dy is not
invariant with respect to this principal bundle action for 7.

Hence the principal bundle structure on parallelizable manifolds (or, in the general
case, the local principal bundle structures defined by (g)) is (in general) not useful for
the study of the rolling model.

We will also study briefly a less restrictive model of rolling (rolling with spinning
allowed) where one considers a distribution Dys on Q. In this case, it will be shown in
Theorem f.I4 below that in general there cannot be a principal bundle structure for 7
which leaves Dyg invariant.

Remark 3.6 Clearly the fact that we chose SO(n) to act on the right in () does
not affect the conclusion of the previous Proposition: Left local actions (in an obvious
manner) lead to the same conclusion i.e., they don't glue up correctly to give a " natural”
global SO(n)-action.

Indeed, if instead of (B) we tried to define the left SO(n)-action on @ by demanding
that locally

NB, (w,%;A)) = 7' ((2,%), B(pry o 7)(x, 33 A)),
we still could not define the action globally. Indeed, it is enough to notice that instead
of (L0) we would get
BM s 5 (A) =M 5 (id gy, i) (BMp 5(A)) Mo (i, )™
=M o (idgy, ) BM g 5(A)
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BM g g (idgy yp) = Mp (g i) B
which, again, is only true for all B, ', I if and only if n € {1,2}.

Despite the lack of a "natural” principal bundle structure for mg when n > 3, we
may still make use of the vector bundle structure of the ambient bundle 7. /) eri)
(the extended state space).

Notice that any mg-vertical tangent vector (i.e., an element of V|,(mg)) is of
the form v(B)|, for a unique B € T*M ® TM|(L@) where ¢ = (z,2; A) € Q. The
following simple proposition gives the condition when, for a B € T*M QTM |(z,2), the
vector v(B)|; € V|g(Tpupseryy) is actually tangent to @ i.e., an element of V|, (7g).
Proposition 3.7 Let ¢ = (z,2;A) € Q and B € T*(M) ®T(M)\($@). Then v(B)|,
is tangent to () (i.e., is an element of V|,(mg)) if and only if

§(AX, BY) 4 g(BX, AY) =0

forall X, Y eﬁT\xM. Denoting T = T4, this latter condition can be stated equivalently
as ATB + BT A =0 or more compactly as B € A(so(T|,M))

We will be denoting the (g, §)-transpose operation T, ; by T also in the se-
quel. The proposition says that V| z:4)(7g) is naturally R-linearly isomorphic to
A(so(T|.M)).

Remark 3.8 We may reformulate the fact given by the previous proposition as follows.
Define s0(M) = U, ey 50(T | M) (with M a Riemannian manifold) i.e.,

so(M)={BeT! (M) | B + B=0}.

One sees that so(M) is a closed embedded submanifold of T} (M) = T*M @ TM.
Moreover, the map mgo(n) == 7rT11(M)|50(M) clearly defines a smooth vector bundle with
typical fiber s0(n), where n = dim(M).

We may pull back mg(ar) with @ map mg y = pryomg @ Q — M to a smooth
bundle (g )" (Teo(ar)) = (m@nr)*(s0(M)) — @ over Q). Its elements are all pairs
((z,2;A),B) € Q x so(M) where x = T4y (B) and the bundle map is defined by
(WQ7M>*(7T50(M)><<377i;A>7B) = (.T,i’; A)

Proposition B.7 shows that the bundle map L : (mg ar)* (mso(ar)) — V(7g) defined
by L((x,; A), B) = v(AB)|(3,3;4) is a diffeomorphism.

3.3 The State Space as a Quotient

In this subsection, we will show that (the n-dimensional version of) the construction
of the state space for rolling that has been used e.g. in [[] in dimension two is actually
isomorphic to the state space Q).

Proposition 3.9 Let Foon(M), FOON(M) be the oriented orthonormal frame bun-
dles of (M, g), (M, §) (resp. let F(M), F(M) be the frame bundles of M and M).
Denote by u, /i the right SO(n)-actions (resp. right GL(n)-actions) defining the usual
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principal bundle structures on these spaces i.e., pu((Xi)i_y, [AL]) = (32, AFXy)p, and
similarly for fi. Define a diagonal right SO(n)-action

~

A : (Foon(M) x Foon(M)) x SO(n) — Foox(M) X Foon(M),

~ ~

by (resp. right GL(n)-action A : (F(M) x F(M)) x GL(n) — F(M) x F(M)))
A(((X0), (X)), A) = (((X2), A), 4((X5), A)).

The map ¢ : Foon(M) x Foon(M) — Q(M,M) (resp. & : F(M) x F(M) —
T*M ® T M) such that

(X0, (X)) = (D aXi = ZazX@')

2

is a smooth surjective submersion. Moreover, for each ¢ € Q(M, M) (resp. ¢ €
"M ® TM) the inverse image £71(q) coincides with an orbit of A. Thus ¢ induces
a diffeomorphism € : (Foon(M) X Foon(M))/A — Q(M, M). (resp. £ : (F(M) x
F(M))JA = {AeT*M®TM | Ais invertible}).

Proof. The smoothness and surjectivity of £ are obvious and it is also easy to see
that ¢ is a submersion. Thus it is enough to show that £7'(¢) coincides with an
orbit of A. First suppose that

p((Xi), A)i = ZAfXja A((X;), A); = Z AlX;.

Then, for any real numbers ay, - - , a,, one has
(A (((X0), (X)), A))(; axX) = E(u((X3), A), i((X0), A))(; ap X

= (u((Xz),A),ﬂ((Xz),A))(;ak(A Dii((X;5), A)s)

:; ar(A)iA((X;), A); :kz a (A1) ALX; = Ek:akf(k = (X)), (Xi))(zk: ax Xp)-

This shows that

A{((X), (X))} x G) € €71(&((Xa), (X)),

with G = SO(n) (resp. G = GL(n)). The orbits of A all have the same dimension
as SO(n), i.e., " (resp. dim GL(n) = n?) and since

2
dim £ (¢) = dim(Foon(M) X Foon(M)) — dim Q(M, M) = dim SO(n),
for any g € Q(M, M) (resp.
dim £ (q) = dim(F(M) x F(M)) — dimT*M @ TM = dim GL(n)),

we have that this inclusion is actually an equality. This proves the proposition. [
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Remark 3.10 In the above proposition we implicitly assumed that (Foon(M) X
Foon(M))/A (resp. (F(M) x F(M))/A) already has a natural structure of a smooth
manifold namely that of a quotient manifold. But it is easily seen that the action A is
free and proper and hence by a well known result (see [L5] Theorem 9.16) it follows that
unique smooth quotient manifold structures for the above quotient sets exist. Hence the
facts established in the above proof guarantee that ¢ is a diffeomorphism.

Remark 3.11 Here is the product right action

~

X ﬂ : (FOON(M) X FOON(M)) X (SO(TL) X SO(TL)) — FOON(M) X FOON(M)

~

of SO('I?,) X SO('I?,) on FOON(M) X FOON<M) given by

o ((06), (X)), (A, A) = (u((X0), A), fl(X0), A)).

As it is easily seen, it is unfortunately not true that the action p x i maps a A-orbit
into a A-orbit, unless the dimension n is equal to two (in which case SO(n) = SO(2)
is commutative) and hence, in the case n > 2, the map p x ji does not induce a map

~

Q x SO(n) — Q (where Q = (Foon(M) x Foon(M))/A by the above proposition).
This is yet another way of seeing that Q = Q(M, M) cannot be given a "natural”
SO(n)-principal bundle structure for n > 3 i.e., we cannot induce on () the principal

~

bundle structures of the frame bundles Foon(M) and Foon(M) if n > 2.

Remark 3.12 Notice that on F(M) (resp. on Foon(M))one may also consider the
left GL(n) (resp. SO(n)) action X given by A(4, (X;)); = >_. A X;. Since A} = (AT
it is trivial that this is related to the above right action by A(A, (X;)) = u((X;), AT).
Notice that u(\(A, (X)), B) = u(p((X;),AT), B) = u((X;), ATB) which, if n >
3 and ATB # BAT, is different from (A4, u((X;)), B)) = p(u((X;),B), AT) =
u((X;), BAT). This means that the left and right actions A and x do not " commute”.

Another way to define naturally a left actions is to use instead of above A the in-
verse right-action \;(A, (X;)) := u((X;), A71). Also in this case, u(\(A, (X;)), B) =
p(p((X;), AN, B) = u((X;),A"'B) is not equal, if n > 3 and AB # BA, to
M (A u((X5)),B)) = p(p((X3), B), A7) = u((X;), BA™'). On Foon(M) it is clear
that the actions A and \; coincide.

It was proposed in [B] that one could use the inverse left action on Foon(M) and
the left action on FOON(M) to induce, respectively, left and right actions on (). How-
ever this is not possible for the following reason (which basically is a repetition of
what has been said above). Suppose ¢ = (z,%;A) € @ and let F, F' € Foon(M),
F,F' € Foon(M) are such that £(F,F) = q and &£(F',F') = q. Then there is a
B € SO(n) such that u(F,B) = F', ji(F,B) = F'. By using, for example, the left
SO(n)-action A on Foon(M) we get A\(C,F') = XNC,u(F,B)) = p(F, BCT) and
also u(A(C, F),B) = u(F,CTB). But £(\(C, F'), F') = £(\(C, F), F) if and only if
w(\(C, F),B) = MC, F’) which thus is not true unless C'B = BCT. The case of
the inverse left action (which is just the right action /i) on Foox(M) leads to the same
conclusion.

3.4 The Control Problem

Each point (x,2; A) of the state space QQ = Q(M, M) can be viewed as describing
a contact point of the two manifolds which is given by the points x and = of M
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and M, respectively, and an isometry A of the tangent spaces T'|, M, T +M at this
contact point. The isometry A can be viewed as measuring the relative orientation
of these tangent spaces relative to each other in the sense that rotation of, say, 7| M
corresponds to a unique change of the isometry A from T'|,M to T|$M . A curve
t— (2(t),&(t); A(t)) in Q can then be seen as a motion of M against M such that
at an instant ¢, 2(t) and Z(t) represent the common point of contact in M and M,
respectively, and A(t) measures the relative orientation of coinciding tangent spaces
T)oyM, T|5¢(t)M at this point of contact.

In order to call this motion rolling, there are two kinematic constraints that will
be demanded (see e.g. [@], [B] Chapter 24, [q]) namely

(i) the no-spinning condition;
(ii) the no-slipping condition.

In this section, these conditions will be defined explicitly and it will turn out
that they are modeled by certain smooth distributions on the state space (). The
subsequent sections are then devoted to the detailed definitions and analysis of the
distribution Dyg and Dy on the state space (), the former capturing the no-spinning
condition (i) while the latter capturing both of the conditions (i) and (ii).

The first restriction (i) for the motion is that the relative orientation of the two
manifolds should not change along motion. This no-spinning condition (also known
as the no-twisting condition) can be formulated as follows.

Definition 3.13 An absolutely continuous (a.c.) curve

q: I —=Q,
t= (x(t), 2(0); A1),

defined on some real interval I = [a, b], is said to describe a motion without spinning of
M against M if, for every a.c. curve [a,b] — T'M; t — X(t) of vectors along t — x(t),
we have

~

VipX(t) =0 = V;,(A(H)X(t) =0 forae. t€[ab]. (11)

(See also [ for a similar definition.) Notice that Condition ([[J]) is equivalent to
the following: for almost every ¢t and all parallel vector fields X(-) along x(-), one
has

(Vi@ AW)X(t) = 0.

(This is well defined as mentioned in the paragraph immediately below Eq. (B).)

Since the parallel translation Pj(z) : T|yM — T|yuM along z(-) is an (iso-
metric) isomorphism (here X (t) = P}(x)X(0)), this shows that ([[1]) is equivalent
to

V(i(t)i(t))A(t) =0 forae.t€ [a,bl. (12)

The second restriction (ii) is that the manifolds should not slip along each other
as they move i.e., the velocity of the contact point should be the same w.r.t both
manifolds. This no-slipping condition can be formulated as follows.
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Definition 3.14 An ac. curve [ — Q; t — (x(t),2(t); A(t)), defined on some real
interval I = [a, b], is said to describe a motion without slipping of M against M if

At)i(t) = z(t) for ae. t € [a,b]. (13)

Definition 3.15 An a.c. curve [ — Q; t — (x(t),z(t); A(t)), defined on some real
interval I = [a, ], is said to describe a rolling motion i.e., a motion without slipping or
spinning of M against M if it satisfied both of the conditions ({T]),(3) (or equivalently
(L2).(L3)). The corresponding curve t — (x(t), &(t); A(t)) that satisfies these conditions
is called a rolling curve.

It is easily seen that ¢t — ¢(t) = (z(t), 2(t); A(t)), t € [a,b], is a rolling curve if
and only if it satisfies the following driftless control affine system

() = u(?),
(X)r z(t) = A(t)u(t), for a.e. t € [a, b]. (14)

V(@A) Alt) = 0,

where the control u belongs to U(M), the set of measurable T'M-valued functions u
defined on some interval I = [a, b] such that there exists a.c. y : [a,b] — M verifying
u =9 a.e. on [a,b]. Conversely, given any control u € U(M) and gy = (x0, To; Ag) €
(), a solution ¢(-) to this control system exists on a subinterval [a,V], a < b < b
satisfying the initial condition g(a) = go. The fact that System ([4) is driftless and
control affine can be seen from its representation in local coordinates (see (Pd) in
Appendix [A).

We end up this subsection by the following simple remark.

Remark 3.16 In many cases, it is more convenient to work in the extended state
space T*(M)®T (M) rather than in (its submanifold) @ because Tope (AryeT(a1) 1S @ Vector
bundle. Since the above constraints of motion ([IT) and (I3) can also be formulated
in this space in verbatim, we will sometimes take this more general approach and then

restrict to Q).

4 Study of the Rolling problem (NS)

4.1 The No-Spinning Distribution Dyg

In this section, we build a smooth distribution Dyg on the spaces () and T"M @ T M
which plays the role of modelling the no-spinning condition for the rolling, see ([[1]).
We will also study the geometry related to this distribution. For more general
constructions and some more general results than the ones in this section, see [[],
3.

We begin by recalling some basic observations on parallel transport. As noted
in Proposition P, if one starts with a (1, 1)-tensor Ay € T |(z,50) (M X M) and has
an a.c. curve t — (z(t), #()) on M x M with 2(0) = z, &(0) = &, defined on an
open interval I 3 0, then the parallel transport A(t) = Pi(x,2)A exists on I and
determines an a.c. curve. But now, if A rather belongs to the subspace T*M @ T'M
or Q of T}(M x M), it will actually happen that the parallel translate A(t) belongs
to this subspace as well for all ¢ € I. This is the content of the next proposition.
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Proposition 4.1 Let ¢ — (2(t), () be an absolutely continuous curve in M x M
defined on some real interval I 3 0. Then we have

Ay e T"M @ TM —> A(t) = PHx,2)Ag e T"M @ TM Vit eI,
AyeQ = A(t)=Pixr,2)A0€Q Vtel,

and
Pg(x, T)Ag = Pg(i:) o Ago Pto(x) YVt e 1. (15)

Proof. Let Y € TlyoM, Y € T|soyM and let Y (t) = Pi(x)Y, Y(t) = Pi(2)Y be
their parallel translates along ¢ — x(t) and ¢ — Z(t) respectively. Similarly, choose
w € T*| )M and denote w(t) = Pj(z)w its parallel translate. Then Y (¢), Y(¢) and
w(t) can be viewed as a curves in T(M x M) and T*(M x M) using the canonical
inclusions T‘ t)M T|a:(t M - T‘ ((t),2(t)) (M X M) T ‘ t)M crTr |(g3 t),5(t)) (M X M)
With Ay € T*M®TM|(33 0),2(0)) C T (M X M)|($(0) (0)) and A( ) Pt(ZL‘,l‘)AO €
THM x M)|(a().4()), We have, for a.e. t (the contractions that use are obvious),

v(g'a(t),aé(t))(14(')“1(')) = (v(ab(t),i(t))A(')>w<t> + A (Vimw()) =0,

and similarly V (@), (t))(A(~)Y(~)) — 0. It implies that A(t)w(t), A(t)Y (t) (as ele-
ments of T (M x M)) are parallel to t — (i(t), z(t)) with initial conditions Agw = 0
and AyY = 0 since Ay € T*M ® TM. By the uniqueness of solutions of ODEs,
this shows that A(t)w(t) = 0 and A(t)Y(t) = 0 for all ¢ € I i.e., since Y,w were
arbitrary, A(t) € T*M @ TM for all t € I.

Suppose next that Ay € Q|((0),2(0)) and denote A(t) = Pj(x,z)A;. Then A, €
T*M ®@TM and, by what we just proved, A(t) € T*M @ TM for all t € I. It follows
that A(t)Y (t) € T\j(t)M and thus taking its norm w.r.t g allows us to compute a.e.

%IIA(t)Y(t)HQ 20((Via.50p ALY () + A Vi Y (), A)Y (t)) = 0.

The initial condition for ||(A(t)Y (¢ )H% at t = 0 is H(A(O)Y(O)H; = HYH;, since
Ay = A(0) is an isometry (and Y (0) = ) Since HY(t)H; also satisfies & HY(t)H; =0
and the initial condition ||Y(O)||_ = ||Y|| we see that ||A(t)Y(t)||§ = ||Y(t)||§ for all
t € I (since the maps t — ||A(t)Y (¢ )||§, t— ||Y(t)||§ were a.c.). Since the parallel
translation Pf(z) : T'|y0)M — T M is a linear (isometric) isomorphism for every
t, this proves that A(t) : T)usyM — Tl|ayM is an isometry for every t. Because
t — det(A(t)) is a continuous map I — {—1,+1} and det(A(0)) = det(Ay) = +1
it follows that det(A(t)) = +1 for all t. Hence A(t) € @ for all t.

Finally Eq. ([[7) is proved as follows. Consider B(t) := P}(#) o Ago P?(x), which
is an a.c. curve in T*M @ T M (or even in Q if Ay € Q) along t — ((t), 2(t)). Now
B(0) = Ay and, for Xo € T|y0)M, X(t) := Pj(x)X,, we have

0 =V (P (#) (A0 Xo)) = Vi (B(HX (1))
=(ViynBO) X () + Bt)Vi X (1) = (Vi B) X (#),
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from which it follows, since X, was arbitrary, that v(ij)(t)B(t) =0 for ae. t € 1.
Thus t — A(t) and t — B(t) solve the same initial value problem and hence (being
a.c.) are equal A(t) = B(t) i.e.,

Piw, #)Ao = Py(#) 0 Ago P(x), Ve,

which is what we wished to prove.
O

Let T(M x M) x ;5 (T*(M) @ T(M)) be the total space of the product vec-
tor bundle 7o vy X arear Tre(nyeran Over M x M. We will define certain lift

operations corresponding to parallel translation of elements of T*M ® TM.

Definition 4.2 The No-Spinning lift is defined to be the map
Drs : T(M x M) X,y (TH(M) @ T(M)) — T(T*(M) @ T(M)),

such that, if ¢ = (v,4;4) € T*(M) ® T(M), X € T|,M, X € T|;M and t —

(z(t),2(t)) is a smooth curve on in M x M defined on an open interval 1 > 0 s.t.
#(0) = X, 2(0) = X, then one has

As((X,X),0) = L], i 2)A € T1,(T"(M) @ T(D)). (16)

The smoothness of the map Z\g can be easily seen by using fiber or local coor-
dinates (see Appendix []). We will usually use a notation Zs(X)|, for Zs(X,q)
when X € Tz (M x M) and ¢ = (z,3;A) € T*(M) @ T(M). In particular,
when X € VF(M x M), we get a lifted vector field on T*(M) @ T(M) given by
q = Zs(X)], The smoothness of Zyg(X) for X € VF(M x M) follows imme-
diately from the smoothness of the map Zxg. Notice that, by Proposition [I.T], the
No-Spinning lift map Z\g restricts to

s T(M x M) %, Q— TQ,

where T'(M X M) Xy r @ 18 the total space of the fiber product T yr. i) X a1 a1 T-

~

We now define the distribution Dyg on T%(M) ® T (M) and @ capturing the
no-spinning condition (see Eq. ([[1])).
Definition 4.3 The No-Spinning (NS) distribution Dxs on T*(M) @ T(M) is a 2n-
dimensional smooth distribution defined pointwise by

Dxs|(z,2:4) = <IN (T | (z,2) (M X M))|(:c,:i:;A)a (17)

~

with (z,2;A) € T*(M) ® T(M). Since Dns|lo C T(Q) (by Proposition B.1]) this
distribution restricts to a 2n-dimensional smooth distribution on () which we also denote
by Dys (instead of Dyslg)-

The No-Spinning lift Zys will also be called Dygs-lift since it maps vectors of
M x M to vectors in Dys.

The distribution Dyg is smooth since %s(X) is smooth for any smooth vector
field X € VF(M x M). Also, the fact that the rank of Dyg exactly is 2n follows
from the next proposition, which itself follows immediately from Eq. ([[q).
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Proposition 4.4 For every ¢ = (z,%;A) € T"M ® TM and X € T (@5 M x M,
one has

(T psrin)« (Das(X)g) = X,
and in particular (7g).(%s(X)],) = X if ¢ € Q.

Thus (77 i)+ (tesp. mg) maps Dys|(z,3;4) isomorphically onto T\(xvj)(MxM)
for every (z,i;A) € T*M & TM (resp. (z,2;A) € () and the inverse map of
(T marin) <[ Dxsly (TSP (TQ)«|Dygl,) 18 X = s (X)]q-

Remark 4.5 It should now be clear that an a.c. map t — q(t) = (z(t),2(t); A(t))
in T*M @ TM or Q satisfies ([L1) if and only if ¢ is tangent a.e. to Dys i.e., for a.e. t
it holds that Q(t) € DNS|q(t)-

The following basic formula for the lift Zyg will be useful.
Theorem 4.6 For X € T (M x M) and A € D(7 o nsorir). We have
gNS(YﬂA\(z@) = A*(Y) — I/(VYA) |A‘(z’j), (18)

where v denotes the vertical derivative in the vector bundle T M@T N and A, is the
map T(M x M) — T(T*M @ TM).

Proof. Choose smooth paths ¢ : [~1,1] = M, ¢: [-1,1] — M such that (¢(0), &(0)) =
X and take an arbitrary f € C*(T*M @ TM). Define A(t) = Pi(c,¢)Al(s,2)- Then

— < - 0
gNS<X>|A‘(z,i) = A(0) = A*(E)
Also, it is known that (see e.g. [BJ], p.29)
Pto(c, é) (A|(c(t),é(t)) = A|(x,50) —+ tVYA + tQF(t), (19)

with ¢ — F(t) a C>-function | — 1,1[— T*|,M ® T|3M. On the other hand, one
has

F(Alew.ewy) — [(B(c, &) Al wa)

(4.(X) = A(5) f = t
(B DAl + ROV A + PR AF(D) — f(Pife, Al )
Y50 t
1 ["d b AT 2pt( . A
= 1151_{% ), Ef(PO(c, &)A|(w,z) + sPy(c, &)V A+ s°Pi(c,¢)F(t))ds
d _ _
:£ s:of(A‘(J:’i‘) + 8Vy14 —+ 82F<O)) = V(VyAﬂAf

We shall write Eq. ([§) from now on with a compressed notation

s(X)[a = Au(X) = v(VxA)|a.
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Remark 4.7 If A € D7 ypyoran) and ¢ := Ala) € Q (eg. if A€ '(mq)), then

on the right hand side of ([[g), both terms are elements of T'|,(T*M ® TM) but their
difference is actually an element of T'|,Q).

Also, it is clear that Eq. ([L§) only indicates the decomposition of the map A, w.r.t
to the direct sum decomposition

T(T*M & TM) = Dng @T*M@)TM V(ﬂ'T*M@TM), (20)

TQ = Dns ®q V(mg), (21)
when A € I'(mg) respectively.

As a trivial corollary of the theorem, one gets the following.

Corollary 4.8 Suppose t — (x(t), Z(t); A(t)) is an a.c. curve on T*M @ TM or Q
defined on an open real interval I. Then, for a.e. t € I,

Ds (1), 2(0))] o aepaiy = A = V(Vawien Dlewswam)-

Hence t — (x(t), z(t); A(t)) is tangent to Dyg at ty € I if and only if v@(to),i(m))A = 0.

4.2 The Control System Associated to the No-Spinning Prob-
lem

We next parameterize the set of all absolutely continuous curves which are tangent
to the distribution Dyg as a driftless control affine system.

An a.c. curve t — q(t) = (x(t),2(t); A(t)) in @ describes a rolling motion of M
against M without spinning if and only if §(t) = Ls(@(t), f(t))|q(t) for a.e. ¢. This
can be expressed equivalently by saying that ¢(-) is a solution of a control affine
driftless system

#(t) = u(t).
(X)ns z(t) = u(t), , forae. t€]a,b, (22)

Vuw,a@nA() =0

~

where the control (u, %) belongs to the set U([a, b], M) x U([a, b], M). The fact that
System (P2) is driftless and control affine can also be seen from its representation in
local coordinates; see (PQ) in Appendix [A.

4.3 The Analysis of the Control System (X)yg

In this subsection, we investigate the structure of the reachable sets associated to

(¥)ns and relate them to the holonomy groups of the Riemannian manifolds (M, g)
and (M, g).
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4.3.1 Description of the Orbits of (X)ys

We begin this section by recalling some standard definitions and introducing some
notation concerning the subsequent subsections. If (N, h) is a Riemannian manifold,
then the holonomy group H Vh\y of it at y is defined by

V', = {PYN() | v € (N},

and it is a subgroup O(T'|,N) of all h-orthogonal transformations of T'|,N. If N is
oriented, then one can easily prove that th|y is actually a subgroup of SO(T'|, V).
If F=(Y;),, n=dimN, is an orthonormal frame of N at y we write

HY|p = {Mpr(A) | A€ H|,}.

This is a subgroup of SO(n), isomorphic (as Lie group) to HY"|,. Lie algebra of the
holonomy group HY"|, (resp. HY"|p) will be denoted by h¥"|, (resp. h¥"|r). The
Lie algebra hV" |, is a Lie subalgebra of the Lie algebra so(7’|,N) of h-antisymmetric
linear maps T|,N — T|,N while h¥" |z is a Lie subalgebra of so(n).

In this setting, we will be using the notations H|, = HV|, and H|; = HV|m
respectively for the holonomy groups of (M, g) and (M,§) at x € M and & € M.
If F and F are respectively orthonormal frames of M and M we use H | and H |z

respectively to denote HY|p and H v| - The corresponding Lie algebras will be

written as b|$7 6|i7 b|F7 6|ﬁ'
We now describe the structure of the orbit Opy (Ay) of Dys through a point
(o, Zo; Ag) € Q as follows.

Theorem 4.9 Let ¢y = (x0,Zo; Ao) € Q. Then the part of the orbit Op,.(qo) of
Dys through ¢ that lies in the m-fiber over (zo, &) is given by

ODNS<qO) N Q‘(mo,io) = {iL © AO oh ‘ il € ﬁ|ﬁ07 h € H‘;ol} (23)
= H|x0 oAgpo H|

xo ?

and is an immersed submanifold of the fiber Q|40 = Wél(l‘o, Z0).

Moreover, if F, F are orthonormaAI frames at x, Iy, as above, then there is a
diffeomorphism (depending on F' and F)

ODNS (qO) N Q‘ (xo0,20) — H|F FF(AO)HElv (24)

where the groups on the right hand side are Lie subgroups of SO(n).

In the previous statement, we have used the following notation. If G is a group
and S is a subset of G, then S Li={g7' | g € S}. Of course G~! = G but, in Eq.
(B), it is somewhat more convement to leave H|, ! and not to replace it by H|,.

Proof. Notice that ¢; = (2, Zo; A1) € Opys(q0) N Wél(xo,a?o) if and only if there is
a piecewise C! path t — q(t) = (x(t), 2(t); A(t)), t € [0,1], with ¢(0) = qo, ¢(1) = @1
and tangent to Dys. This is, on the other hand, equivalent, by the definiton of Dys,
to the fact that A(t) = Fj(z,2)Ap. It is also clear that ¢ — (2(t), #(t)) is a piecewise
C" loop of M x M based at (z, o) i.e., it belongs to Q(wo,i0) (M % M) which can
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be identified, in a natural way, with Qu, (M) x Qz,(M). By these remarks, Eq. ([F)
and the above definition of the holonomy groups, we get

Oy (@) N 75" (20, F0) = { Py (T) Ao | T € Qug,a0) (M x M)}
:{P&(xaf)AO | LS QxO(M),:i" < cho(M)}
={P)(#) 0 Ago P(x) | © € Qyy(M), & € Q3 (M)} = Hlz, 0 Ag 0 H|,.).

We next prove that H|;, 0 Ago H |7 is an immersed submanifold of Q|(z,.20)- Let
f: ﬁ|$0 X H|zy = Q|(z0,3,) be a map given by f(iz h) = hoAgoh~'. The map f is
clearly smooth, when we consider H|;, (resp. H|3,) as a Lie subgroup of SO(T'|,, M)
(resp. SO(T\;,:0 )). Moreover, denote G = H|;, x H|,, and consider the smooth
(left) group actions p : G X Q|(zg,20) = Ql(wo,30) A1d M : G X G — G of G on Q|(zg,20)
and itself given by p((h,h),A) =ho Aoh™t, m((h,h), (k,k)) = (hk, hk). Then we
see that

~

w((h,h), f(k,k)) =ho (l%vook’l)oh’I
—(hk) o Ago (hk) ™" = f(hk,hk) = f(m((h,h), (k,k))),

which shows that f is G-equivariant map. Since G acts transitively (by the action
m) on itself, it follows that f has constant rank (see [[[J Theorem 9.7).
Unfortunately f is not injective but there is an easy solution to this obstacle.
Notice that K := f~!(Ap) is a closed subgroup of G, hence G/K (the right coset
space) is a smooth manifold and f induces a smooth map f : G/K — Q|(zyi0);
which is still G-equivariant, when one uses the (left) G-action m on G/K induced
by m. Now f is injective and constant rank, hence an injective immersion (see [[J]
Theorem 7.14) into Q|(z.4,)- But the image of f is exactly H|z, o Ago H|, L.

Moreover, given orthonormal frames F' and F, we clearly see that
hoAgoh— Mg p(h)Mp p(A)) Mpr(h)
gives the desired diffeomorphism
Hlzy0 Ago H|b — H|pMp p(Ao)H|5"
O

Corollary 4.10 If M and M are simply-connected, then each mo-fiber Op (go) N
Ql(z,2), with (z,2) € M x M, of any orbit Op_(qo), g0 = (20, Z0; Ag), is a compact
connected embedded smooth submanifold (). In particular, if a Dyg-orbit is open in )
then it is equal to Q.

Proof. Without loss of generality we may assume that (z, ) = (o, Zo). By Theorem
3.2.8 in ] (in this relation, see also Appendix 5 in [L3]), the simply connectedness
assumption implies that H|,, and H|;, are respectively (closed and hence) compact
connected Lie-subgroups of SO(T|,, M) and SO(T |z, M).

Now Opys(90) N Ql(zo,20) 15 compact (as a subset of Q) and connected since it
is a continuous image (by the map f in the proof of Theorem [£.9) of the compact
connected set [ |z X Hlz,, Finally notice that a compact immersed submanifold is

embedded.
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The last claim follows from the fact that an open orbit Op.(qo) has a open fiber
Opys(90) N Ql(wo,20) I Q|(z0,30)- This fiber is also compact by what we just proved
and hence Op . (90) N Q| (zo,50) = @|(z0,20) Py connectedness of Q| (z,3)- This clearly
implies that Q@ = Opys(qo)- O

The next corollary gives the infinitesimal version of Theorem f.9.

Corollary 4.11 Let gq = (o, Z0; Ag) € Q. Then

T40Opys(90) NV g (mq) = v({k 0 Ag — Ago k | k € Blug, k € Blag Pl (25)
= V(6|ﬁo o Ao — Ao © blug)lgos
where B|,,, b|z, are the Lie algebras of the holonomy groups H|,,, H|s, of M, M.
Proof. As in the previous proof, consider the map
f i Hl|sy X Hl|py — Opys(q0) N Wél(:co,a?o),
(h,h) — hoAgoh™,
which is known to be a submersion by the previous considerations. We deduce that

f*<6 X b) = T|QO<ODNS (AO) n 7161(1’0, jO)) = T|(IOODNS (QO) n V|Q0<7TQ)'

But it is obvious that f*\ﬁxb(/%, k) = v(ko Ay — Ag o k)4, which then proves the
claim.

O

Remark 4.12 By the previous corollary and the Ambrose-Singer holonomy theorem
(see [IT], [L3]), we have for gy = (zo, Zo; Ao) € Q,
T4sOpys(an) NV lao (M) ={ PY(&) RI:(X, V) Py (&) Ao — AgPL(€) R|. (X, Y) Py (¢) |
reM,zeM, X,)Y eT|,M, XY €T|; M,
cE C’;W([O, 1], M), ¢(0) = xq, ¢(1) =z,
¢ € Ch([0,1), M), ¢(0) = 2o, &(1) = 2},
where C ([0,1], M) (resp. C.,([0, 1], M)) is the set of piecewise continuously differ-
entiable maps [0, 1] — M (resp. [0,1] — M).
Theorem [£.9 shows that, since M ,M are connected, all the mg-fibers of the
reachable set Op.(qo) are diffeomorphic i.e.,

Opys (00) N 75" (20, Z0) = Opyg(qo) N7yt (21, 21),

for every (x1,21) € M X M. This follows from the fact that if points x,y € M, then
(since M is connected) H|, and H|, are isomorphic, the same observation holding
in M. We will now prove that the reachable set Op . (qo) has actually a bundle
structure over M x M.

Proposition 4.13 For ¢y = (xg,Zo; Ag) € @, denote TOpyg(d0) = 7TQ|@DNS(qO)
Then 7o, (q0) * Opys(0) = M % M is a smooth subbundle of 7 with typical fiber
H|z, 0 Ago H|gm1 and Op,(qo) is a smooth immersed submanifold of Q).

27



Proof. The surjectivity of mo, (4 onto M x M follows immediately from the con-

nectivity of M, M. o A
Choose local charts (¢, U) and (¢, U) of M and M around g, o centered at o,
Zo (i.e., @(xg) =0, ¢(Zo) = 0) and so that ¢(U) and ¢(U) are convex. Then, define

s (g0

T.d) - O;Ns(q)(UxU)—)(UXU)x (]:I|£OvooH|;01)

(.3 A) = ((2,2), PY(t = (67 (to(2)), 67 (t0(2)))) A),

where we notice that, since A = Pj(c,¢)Aq = Fy(¢) o Ag o PP(c) for some piecewise
C! paths ¢: [0,1] = M and ¢: [0,1] = M with ¢(0) = zg, ¢(0) = %, one has

PY(t v (67 (t6(2), 67 (t(2)))) A
= B}(t > &7 (t9(2))) 0 Ao PY(t = 67 (t6(x))))
— Bl(t = 67 (t9(2))) 0 PA(&) 0 Ay o P(c) o PY(t = 67 (t6(x))).

The concatenation of the path ¢ and t — ¢! (t<;5(3:)) is
M based at 2, and the concatenation of ¢ and t — ¢ (
loop based of M at #). Thus P? (t = (o7 (tp(2)) Lo
]:I|§30 o AQ ¢} H|;01.

It is clear that 7, ;) is a smooth bijection onto (U x U) x (H|930 o Ago H|;1). Its
inverse map is given by zp( 5,8)

a piecewise C' loop of
¢(7)) is a piecewise C!
¢(#))))A is an element of

V(@ 2), B) = (2,8 By (t = (67 (t9(2)), 67 (t6(2)))) B),

which is clearly smooth into ¢ with image contained in Opy.(qo) and hence it is
smooth into Opy(qo) by the basic properties of an orbit. This shows that Op(qo)
is a smooth bundle.

Since the maps 7 ;) defined on Wél(U x U ) by the same formula as T(p.d) Br€

diffeomorphisms (by an identical argument as above) onto (U x U) x ﬂél(l‘o,i‘o),
we see that To, (g 18 @ smooth (immersed) subbundle of 7q.
0

We may now also prove that 7o : @ — M x M cannot be equipped with a
principal bundle structure leaving the distribution Dyg invariant except in special
cases.

Theorem 4.14 Generically, in dimension n > 3, mg cannot be equipped with a
principal bundle structure which leaves Dyg invariant.

More precisely, if n > 3 and F, F are oriented orthonormal frames of M and M at
o and i, respectively, and if H|p C SO(n), H|; C SO(n) are the holonomy groups
with respect to these frames, then H|pNH | # {idg»} implies that there is no principal
bundle structure on 7y which leaves Dyg invariant.

Especially this holds if M (resp. M) has full holonomy SO(n) and M (resp. M) is
not flat.

Proof. Suppose p1 : G X Q — @ is a left principal bundle structure for 7 leaving
Dys invariant. Notice that G is diffeomorphic to the mg-fibers i.e., to SO(n) (but,
of course, does not need to be isomorphic to it as a Lie group). The fact that for
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all ¢ € G we have (p,).Dns C DNS is clearly equivalent to (,ug) .,?NS(X X)|, =

Is(X, X)|u(gq) for all ¢ = (z,4;A) € Q and X € T|,M, X € T|;M. But this

means that for all ¢ € G, (x f A) € @ and a.c. paths 7, 4 starting at x, &
)

respectively, we have i(g, qpy(q)(t)) = gpys(1(g, 4))(t) where gpyy(q) is the unique
solution to ¢(t) = Lns(¥(1), fy(t))|q q(0) = gq. Since we know that if ¢ = (z, 2; A) €
Q, then ¢p.(q)(t) = (v(t),(t); F, ( ) o Ao PP(v)) for all ¢, we get that

(g, P§(3) 0 Ao PP(7)) = P{(%) o (g, A) o P)(7).

Let F, F be chosen as in the statement above. Define (zo,20; 4g) € @ by
Ap =, 9(X;,-)X; and choose B € H|p N H|z, B # idg~. Choose loops v, 4 based
at o, 2o such that My r(Pj(y)) = B, My :(Pj (7)) = B. Since M, 5(Ag) = idgn
by the definition of Ay, we have

My (o) =idzn = Bidgn B~ = My p(BH3) M p(Ao) Mi(FL(3))

—Mp.r(PY(7))

=M (P (7) 0 Ag 0 (7))
ie.,
Ay = By(§) 0 Ago PL(7).
Applying to this what was done above, we get

11(g, Ao) = p(g, Py(3) 0 Ago PY(7)) = Py (7) o (g, Ao) o P)(7), Vg e G

i.e.,
M p(i(g, Ao)) = BMpp(p(g, 40)) B, g €G.

But u(G, Ag) = mg' (20, #9) whence M 5 (1(G, Ag)) = SO(n) and thus we have
found a B € SO(n) which is not the identity idg» such that C' = BC'B™! for all
C € SO(n) i.e., B belongs to the center of SO(n). But in dimension n > 3 the
center of SO(n) is {idg~ }, contradicting the fact that B # idg.. This contradiction
shows that the existence of a principal bundle structure p on 7 that preserves Dyg
is impossible in this case. O

4.3.2 Consequences for Controllability

From the previous characterizations of the reachable set of (¥)yg, we now derive
consequences for the controllability of the control system (X)yg.
We start with the following remark.

Remark 4.15 All the results, except Theorem f.14], of the previous section can ob-
viously be formulated in verbatim in the space T*M ® TM instead of Q (i.e., we may
replace Q) by T"M ® TM everywhere) and the statements hold true in this setting.
However, Theorem (formulated in T*M®TM) then implies each orbit Op,.(qo) of
Dxs in T*M & T'M, qo = (o, 2;Ag) € T*"M ® TM, can have dimension of at most
2n + dim H|,, 4+ dim H|z, < n® + n. Since the dimension of T*M ® TM is n® + 2n,
the orbit Op,(qo) has a codimension of at least n. This shows that Dyg (or the related
control problem) is never completely controllable in T*M ® TM.
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Theorem [.9 states that the controllability of Dys is completely determined by
the holonomy groups of M and M. The next theorem highlights that fact at the
Lie algebraic level.

Theorem 4.16 The control system (X)ygs is completely controllable if and only if,
for every A € SO(n), the following holds:

h+ A"'HA = so(n), (26)

where b and 6 are respectively the Lie subalgebras of s0(n) isomorphic (as Lie algebras)
to the holonomy Lie algebras of V and V.

Proof. Clearly, an orbit Opy(qo) = Q, where (2o, Zo; Ao) = @ € @, is an open
subset of ) if and only if T|,0py(q0) = T'|,Q for some (and hence every) ¢ €
Opys(q0). Thus the decomposition given by Eq. (BI]) implies that an orbit Opy(qo)
is open in @ if and only if V| (7g) C T'|,Opys(q0) for some ¢ € Opys(qo)-

By connectedness of @), we get that Dys is controllable i.e., Opy(q0) = @ for
some (and hence every) (zo;Zo; Ag) = qo € @ if and only if every orbit Opy(q),
(z,2;A) = q € @ is open in Q.

From now on, fix (zg,Z0) € M X M. Proposition implies that every Dys
orbit intersects every mo-fiber. Hence Dyg is controllable if and only if V|,(7g) C
T'|,0pys(q) for every q = (20, 03 A) € Q|(a9,30)- By Corollary {11, this condition is
equivalent to the condition that, for every ¢ = (2o, Z0; A) € Q|(z0,20):

v(Blay 0 A= Aobl,) = Vly(mg).
Next, by Proposition B.7, one deduces that, for every ¢ € @,
Vlg(mq) = v(Also(T.M)))l,

and thus we conclude that Dyg is controllable if and only if, for all ¢ = (xg, Zg; A) €

Q|(a:0,§:0)7
Ao 6|x0 oA —bly =s0(T|.M).

Choosing arbitrary orthonormal local frames F and E of M and M at z, and
T, respectively, we see that the above condition is equivalent to

MF,F(A>716|FMF,F(A> - h‘F = 50(77,), VA € Q|(a:0,5:0)7
where ) o
blr = {Mp(k) | k€b}, blp={Mz(k)| ke b},

are the holonomy Lie algebras as subalgebras of so(n) w.r.t. the frames F and F
respectively.
The proof is finished by noticing that { M z(A) | A € Ql(zyz0)} = SO(n) and
that the orthonormal frames F, F were arbitrary chosen.
]
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Theorem 4.17 Suppose M, M are simply connected. Then (X)yg is completely
controllable if and only if

b+ b = so(n) (27)

where b,ﬁ are the Lie subalgebra of s0(n) isomorphic (as Lie algebras) to the holonomy
Lie algebras of V and V respectively.

Proof. By Theorem [L.1{, necessity of the condition is obvious.
Conversely suppose that the condition in Eq. (B7) holds. This condition implies
that for (g, o) € M x M there is an gy = (20, Zo; Ao) € Ql(wo,20) Such that

Aal o 6|§co oAy — b‘:vo = 50<T|$0M>'

By Proposition B.q and Corollary f.TT this means that T'|,,Opys(q0) N Vg (7o) =
V|4 (mg) and hence T'|,,Opys(q0) = T)4@ by Eq. (BI) which implies that Opy. (o)
is open in (). Corollary [L.I0 then implies that Op,(q0) = @ i.e., (X)ns is completely
controllable. O

There is a complete classification of holonomy groups of Riemannian manifolds
by Cartan (for symmetric spaces, see [[]) and Berger (for non-symmetric spaces, see
[IT]). Hence the above theorems reduce the question of complete controllability of
(X)ns to an essentially linear algebraic problem.

For instance, in the case where both manifolds are non-symmetric, simply con-
nected and irreducible, we get the following proposition.

Theorem 4.18 Assume that the manifolds M and M are complete non-symmetric,
simply connected, irreducible and n # 8. Then, the control system (X)) ns is completely
controllable if and only if either H or H is equal to SO(n) (w.r.t some orthonormal
frames).

Proof. Suppose first that H|p = SO(n). Choose any gy = (zo,Z0; Ag) € Q and
define F' = AgF (which is an orthonormal frame of M at &, since Ay € Q) and
compute, noticing that M, z(Ag) = idgn,
7o' (20, %0) N Opys(90) = H|pH|p = H|SO(n) = SO(n),

where the first diffeomorphism comes from Theorem f.9. But the mg-fibers of Q
are diffeomorphic to SO(n) and hence ' (o, Zo) N Opys(go) = mg' (20, #0). By
connectedness of M, M it follows that Q = Op(qo).-

Assume now that both holonomy groups are different from SO(n). We also
remark that if one holonomy group is included in the other one, then complete

controllability cannot hold according to Eq. (R6). Using Berger’s list, see [[L], and
taking into account that

Sp(m) C SU(2m) C U(2m) C SO(4m)

where n = 4m, it only remains to study the following case: n = 4m with m > 2,
one group is equal to U(2m) and the other one to Sp(m) - Sp(1). Recall that

dim (f](Qm) (Sp(m) - Sp(l)l) < dim U(2m) + dim Sp(1) = 4m? + 3.

U(2m)-Sp(1)

31



On the other hand dim SO(4m) = 8m? — 2m which is always strictly larger than
Am? + 3 for all m > 2.
0

Remark 4.19 If n = 8, one is left with the study of the case where one of the
holonomy groups is equal to Spin(7) and the other one is either equal to U(4) or to

Sp(2) - Sp(1).

As a corollary to Theorem [1.9 and Theorem [.16, we get the following result of
non controllability in the case where both manifolds are reducible.

Proposition 4.20 Suppose that both (M, g) and (M,g) are reducible Riemannian
manifolds. Then (X)yg is not completely controllable.

Proof. We need to show that, under the assumptions, there exists gy = (zo; Zo; Ao) €
@ so that the orbit ODNS((]Q) is a proper subset of Q

Fix o € M and &, € M. Since (M,g) and (M, ) are reducible, there exist
subspaces V1, Vs C T|soM and Vi,Va C T\xOM with n; = dim(V;) > 1, n; =
dim(V;) > 1 and such that H|,,(V;) C V;, H|z, (Vi) C V;, fori =1,2.

Let X{,... ,X,il and X2, ..., Xfu be an orthonormal basis of V1 and an orthonor-
mal basis of V5 respectively and, similarly, let )A(ll, ey X}Ll and Xlz, e ,X%Q be an
orthonormal basis of V; and an orthonormal basis of V5 respectively . Here, V; and Vi,
1 = 1,2, are equipped with the metrics induced by g|mO and gz, respectively. These
vectors form orthonormal frames F and F of M and M at ¢ and Zq respectively.

It follows from the Ambrose-Singer Holonomy Theorem (cf. [[I] Theorem 2.4.3,
[[3 Theorem 8.1) that the Lie algebras h|z and b|; of H|p and H|; respectively
split into direct sums of Lie-subalgebras,

blr = b1 ® b2 C s0(m1) © s0(n2),
bl = b1 by C s0(R) @ s0(iy).
Without loss of generality, we assume that n; > n;. )
Finally, we define the linear map Ag : T'|,, M — T'|3;, M by
Ao(le):X]l, j:]_,...,nl, AQ(X]) Xrlbl_,’_], j:]_,...,’fll—nl,

and

A

Ao(XF) = X oonyy J =M —mt L na.
Thus, we have My, z(Ag) = idg~ and hence

blr + My p(Ao) 1Bl 5 M 5(Ao) = by @ b2 + b1 @ ba.

The latter linear vector space is necessarily a proper subset of so(n). In fact, if E;
is the n x n-matrix with 1 at the i-th row, j-th column and zero otherwise, then the
above linear space does not contain E,;; — Ey,, € so(n). Therefore, the claim follows
from Theorem [.1@. O

Corollary 4.21 Suppose that (M, g) and (M, §) are equal to the Riemannian prod-

ucts (M X My, g1 go) and (M1 ng,gl@gg) with dim M; > 1, dim M; > 1,i = 1,2
respectively. Then, (X)yg is not controllable on Q).
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Proof. From the basic result on holonomy groups, we get the following decomposi-
tion H|, = HV"'|,, x HV*|,,, where & = (21, 22) € M, and H|, = HY"' |3, x HY"|;,,
where & = (i1, 45) € M. This shows that the actions of H and H on T|,M, T|;M,
respectively, are both reducible. Thus, the claim follows from the previous proposi-
tion. U

4.4 Computations of Lie Brackets

In this section, we compute commutators of the vectors fields of T*M ® TM and
() with respect to the splitting of T(T*M ® TM) (resp. TQ) as a direct sum
Dns @ V(Trepsorar) (tesp. Dns @ V(mg)) as given in Remark 7 above. The
main results are Propositions .25, .25 and [£.2§. These computations will serve as
preliminaries for the Lie bracket computations relative to the rolling distribution Dg
studied in the next section. It is convenient to make the computations in T*M T M
and then to simply restrict the results to Q).

We will now introduce some notations that will be used in the sequel. If T €
C(T e nrarar Traxan) (esp. 1€ C°(q, Topar sin)), we will denote by Zs(1°(+))
the vector field on T*M ® TM (resp. Q) defined by

(z,2; A) = Lus(T(A))] (2,3:4)-

U € C®(Tpupporin Tremerir) (tesp. U € C®(mq, Ty yperyy) such that U(A) €
A(so(T'|,M)) for all (x,%; A) € Q, see Proposition B.7) we will use v(U(-)) to denote
the (vertical) vector field on T*M @ T'M (resp. @) defined by

(z, 25 A) = v(U(A))|(@,2:4)-
Next, for (o, Zo; Ag) € T*M ® TM and
X € Tlwop0)(M x M), U € C™ (T prayruirs Tresrorat):
(resp. (w0, %0; Ao) € Q and U € C°(7Q, Tpupsoryy) Such that U(A) € A(so(T'|,M))
for all (z,; A) € Q), we define Ls(X)|(wp,00:40U € T*M @ TM by
gNS(Yﬂ(ﬂm,fm;Ao)U = vY(U(A)) - V(vYA”(xo,fm;Ao)U? (28)

where A is any local smooth 7. Merir-Section (resp. mp-section) such that Al (zo.59) =

Ay and we have written U ([l) for the composition U o A. We will use this latter
compactified notation also in the sequel. It is easy to check that Formula (§) is
well defined (i.e., does not depend on the choice of the extension fl).

We next have the following simple proposition.

Proposition 4.22 Let X € VE(T*M®TM). Then, there are unique smooth bundle
maps T € C*™(Trw pgrin Trusan)r U € C(Tpenroran Trepgrir) such that
X @iy = Lus(T(A)|waa) + v(UA) sy, (v,34) e T"M @TM.  (29)

Conversely, the smooth bundle maps TAand U defined previously determine a unique
smooth vector field on X on T*M ® T'M by the above formula.
The same result also holds on () by assuming that

such that U(A) € A(so(T|,M)) for all (x,%; A) € Q (see Proposition B.1).
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Proof. First of all, there are unique smooth vector fields X* and X" such that
X"|(@3.4) € Drsl@ainy, Xl@ant) € Vit (g o),

for all (x,4; A) € T*M ® TM and X = X" + X", Then, we define

T(A) = (WT*M®TM)*Xh|(x,i;A)v U(A) = y‘(ml,ﬁ;A)<Xv|(x7f§A)>’
where V|, z;4) is the isomorphism

T"M ® TM| 50 = Vi) (Tpiori); B = v(B)lw.sa)-
In the case of () this last isomorphism is replaced by the isomorphism
A(so(T|.M)) = V@) (mo); B v(B)|(@za4)-

This clearly proves the claims. O

The next lemma will be useful in the subsequent calculations.

Lemma 4.23 Let (z,2;A) € T"M ® TM~(resp. (z,7; A) € Q). Then there exists
a local 7. e p-section (resp. mp-section) A around (x, %) such that A,z = A and
VYA =0 for all X € T|(1-7:i-)(M X M)

Proof. Let U be an open neighborhood of the origin of 7’|, z) (M X M), where the

g-exponential map exp : U — M X M is s a diffeomorphism onto its image. Parallel
translate A along geodesics ¢ — exp(tX), X € U, to get a local section A of

~

T*(M)® T(M) in a neighborhood of T = (z, ). More explicitly, one has
Aly = Py (t — & (H(exp7) (7)) 4,

fory e U. If (z,2;A) € Q, this actually provides a local my-section. Moreover, we
clearly have Vg A = 0 for all X € T'|(, 4 (M x M).
O

Notice that the choice of A corresponding to (z, z; A) is, of course, not unique.

Lemma 4.24 Let A be a smooth local T vrerar-Section and /~1|(x,53) = A. Then, for
any vector fields X,Y € VF(M x M) such that X|@a) = (X, X), Yi|es = (Y, Y),
one has

(V. V¥lA) sy = —AR(X,Y) + R(X,Y)A+ (Vg 714) | @) - (30)

Here [V, V5 is given by Vi o V- — V- 0 Vi and is an R-linear map on the set of
local sections of 7. ;7 around (z, ).
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Proof. For an arbitrary Z € VF(M), which we may interpret as a vector field on
M x M as usual, we calculate

(Vx, V¥

)Z
=Vx(Vy(AZ) — AVyZ) — (V3 A) (VxZ
Vy(Vx(AZ ) AV Z) + (VxA)(Vy Z)
Vy(AZ) = (VxA)(VyZ) -
V? 1)(VxZ) + AV (VxZ) + (VxA) (V5 Z)
VH(AZ) + AV+, V<]Z

vl
YNAZ)+Vixy(AZ) + ARY,X)Z) + AV gy x, Z
+

ZVY((VYA)Z)_(_VA)(vX ) = Vy(VxA)Z) + (VxA)(Vy2)

~—

I
<+ ZI
—~ ><\

Il
=
e

(

R(X.Y)Z)+ R(X,Y)(AZ)
and evaluating the above quantity at (z, ), we get
(V5. VHA) Z| w2y = —AR(X,Y) Z) + R(X,Y)(AZ) + (Vg 714) Z|(2.0).

Since the value Z|, can be chosen arbitrarily in T'|,M, the claim follows.
O

Proposition 4.25 Let T = (T,7),5 = (5,5) € C(Tope prerars Tr(axarn) and
q=(x,2;A) € T*M @ TM. Then
(AT (), Zas(SOy =Zs([T(A), S(A)])],
+ V(AR(T(A), S(4)) — R(T(A), S(A)A) |, (31)

where A is chosen to be any local section as in Lemma @_corresponding to ¢ =
(,@; A). The same result also holds on @ by assuming that 7', S € C°°(7q, Ty i1y )-

Proof. Let f € C®(T*M ®TM). By using the definition of Zys and v, one obtains
that

Ls(T(A))]o(Ls(S()(f))
= T(A)(s(S(A))]4(f)) ~ %\Ost(g(A+tVT(A>f1))|A+tv

T(A)A
- m) GAA) - (ft\ FA+ 1952)4)

\ S(A+ V7 A)(f <A+ﬁm)21))

(f)

A+1tVg A)A + 5VS(A+N (A + VT(A)A)))-

+%\of(

Here, we used the fact that VA = 0 for all X € T|(@,3)(M x M) and the fact
that 2 and T(A) commute (as the obvious vector fields on M x M x R with points
(z,,t)) to write the last expression in the form

T(A)

d

T(ASA(FA)) — S| TAFA + T3 4) - ),

S(A)(f(A+tV74)A))

+ %}of(A + StVE(A) (VT(A)A))).

35



By interchanging the roles of T and S and using the definition of commutator of
vector fields, we get from this

(A (T()), Lis Sl f)
~[T(A), SN + | (A + 550 (Trn D)

0? — — ~
- %‘OJC(A + Sth(A)(VE(A)A)))

=[T(A), S(A)]],(f(4)) + %’(ﬂj(tvS(A) (VzayA)lo(f)

+ V(VE(A) (VT(A)A))M(JC) - V(vT(A) (vS(A)A)”q(f)
- V([vT(A)avS(A)]Amq(f)-
Finally, using Lemma [£.24, we get that the last line is equal to

[T(A), S(A)]wa)(f(A))
— (V) 5| m A — AR(T(A), S(A)) + R(T(A), S(A)A)o(f),
from which the claim follows by using the definition of Zyg and the linearity of
v()lg-
U

Notice that the expression Zs([T(A), S(A)])|, in the statement of the propo-
sition only depends on A but not on the choice of the local smooth section A as
long as it has the properties: /~1|(x,53) = Aand VxA =0VX € T (z,5) (M x M) as in
Lemma [£.23.

Proposition 4.26 Consider
T € C®Tpepgorar Tr(axan)s U € CF(Tpupsorin Treproran)s
and ¢ = (z,2;A) € T*M ® TM. Then

s (T()), v(U)]lg = = LasWU DT, + v (Vr (U(A)))

. (32

where A is chosen to be any local section as in Lemma .23 corresponding to ¢ =
(z,z; A). The same result also holds on ) by assuming that

Tec C®(mQ: Trxany)s U € CF(mQs Tpanrerar)s
such that U(A) € A(so(T|,M)) for all (z,2;A) € Q.
Proof. Let f € C®(T*M ® TM). Then Zus(T(A))|o(v(U()(f)) is equal to

TA) O () = Gl O+ Trg D), 20,
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which is equal to T(A) (v(U(A)) ‘A(f)) once we recall that %(A)A = 0. In addition,
one has

AUAN|(BsTON) = S| Zas A+ A0 ()

= = T+ tU(A) (F(A+ U (A)))

8— ~ ~ ~
~ 3301 ‘Of(A +tU(A) + SVT(A—HU(A) (A + tU(A)))

T(A+tU(A)(f(A+tU(A))) —

\ F(A+tU(A) + stVF 4 0ay (U(A)),

‘0 8 ot'o
Since vT(A_’_tU(A))A - O
We next simplify the first term on the last line to get

o TA+tU(A) (f(A+1U(A)))
= D, T(AYU(A)(F(A)) + T(A) (v(U (A 1(1)),

and then, for the second term, one obtains

Is 8t} fA+tU(A) + Sth(AthU(A))(U(A)))

4
ds'0

D, f(A)(U(A) + sV (U(

=
=
|
>
<
=
=
_—
<
=
=
=
=
=

Therefore one deduces

[Ls(T()), v(U())] (
= — Aw(UA))|,T ><f> v(Vr < <A>>)\q< )
:—st<u<U<A>>\qT>\q<f>+v< 70 (U(AD)],(F),

where the last line follows from the definition of Zyg and the fact that

VV(U(A)MA = 0. This completes the proof. .

Remark 4.27 Notice that the term I/(VT(A)(U(A))) }q in the statement of the propo-
sition only depends on A but not on the choice of the local smooth section A as long as
it has the properties: A,z = A and VxA = 0 VX € T, 5 (M x M) as in Lemma
B23. There is an alternative way of seeing this: If f € C*°(T*M ® TM), then from
the definition of %\g, one has

(Ve (U)o > - —st@(A))w () +T(A)(FU(A))
= — As(T(A)) vy (f) + AdT(A)(f o )
= — As(T(A) |l (f) + «i”NS T(A)],(f

q

where the right hand side only depends on A and not on the choice of the local section
A as explained above. Notice also that the map v — v(v)|, is always injective on any
vector bundle.
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From the above calculation, we actually get the following formula

v (T U |y = —GsT(ADloes) + U AsTAN]). (39)

Unfortunately, this is not much use to simplify Formula (B2) since there one has to
calculate IJ(VT(A)(U(A))) ’(xvi;A) but not IJ(VT(A)(U(A))) ’U(A).

By using the notation introduced at the beginning of this section, the result of
the previous proposition can be written into the form (¢ = (z,Z; A))

[As(T(), (Ul = v(Zs(T(A)0)) |, — Lrs(w(U(A))],T)

(34)

q7

and this provides us with another argument for seeing the fact explained in the
previous remark.
Finally, we derive a formula for the commutators of two vertical vector fields.

Proposition 4.28 Let U,V € C®(Tp. yrorir Tremerir) and ¢ = (2,2, A) € T"M®
TM. Then

UE), v (Vg =v((UA))]V = v(V(A))]aU) ], (35)

The same result also holds on @ by assuming that U,V € C*°(7q, 7. yrepy;) such that
U(A),V(A) € A(so(T|,M)) for all (x,7;A) € Q.

Proof. Let f € C(T*M @ TM). Then,

U]V O)D) = SV A+ U [asrwn (F)

:af_gs}of(A +tU(A) + sV(A+tU(A))) = %}ODV(]‘“)(A)(V(A +tU(A))

=D, (N)(A) (W U(A)]V) = %}Of(fl + i (U(A)]V) = v (UA)]V)]a(f),

from which the result follows.

5 Study of the Rolling problem (R)

5.1 The Rolling Distribution Dy

In this section, we investigate the rolling problem as a control system (X) g associated
to a subdistribution Dgr of Dyg defined as follows.

Recall that the no-spinning distribution Dyg defined on () models the fact that
the admissible curves t — ¢(t) = (x(t),z(t); A(t)) inscribed on @, i.e., the curves
describing the motion of M against M, must verify the no-spinning condition ().
The latter is equivalent to the condition that ¢ — ¢(t) is tangent (a.e.) to Ds,
q(t) = Ls (x(t),i(t)) }q(t) for a.e. t. As regards the rolling of one manifold onto

another one, the admissible curve ¢(-) must also verify the no-slipping condition ([[3)
that we recall next. Since ¢(-) is tangent to Dys, we have A(t) = Pi(x,z)A(0), and
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hence the no-slipping condition ([[J) writes A(t)@(t) = &(t). It forces one to have,
for a.e. t,

q(t) = Ls (f(t)a A(t)f(t)) ’q(t)'

Evaluating at ¢ = 0 and noticing that if gy := ¢(0), with gy = (z¢, Zo; Ag) € @ and
#(0) =: X € T|,,M are arbitrary, we get

Q(O) = ZNS(Xa AOX)|Q0'
This motivates the following definition.

Definition 5.1 For ¢ = (z,2;A) € @, we define the Rolling lift or Dg-lift as a
bijective linear map

gR : T|mM X Q‘(JC@) — T‘qQ,
given by
.,g/ﬂR(X, Q) = .,g/ﬂNs(X, AX)|q (36)

This map naturally induces 2% : VF(M) — VF(Q) as follows. For X € VF(M)
we define ZR(X), the Rolling lifted vector field associated to X, by

Zr(X) Q= T(Q);
q = Zr(X)lg;

where ZR(X)|, := Zr(X, q).
The Rolling lift map Zi allows one to construct a distribution on @ (see [f])

reflecting both of the rolling restrictions of motion defined by the no-spinning con-
dition, Eq. ([[1]), and the no-slipping condition, Eq. (L[3J).

Definition 5.2 The rolling distribution Dg on () is the n-dimensional smooth distri-
bution defined pointwise by

Drl(,3:4) = LR(T|o M) (2,3;4), (37)
for (z,2;A) € Q.

The Rolling lift Zr will also be called Dg-lift since it maps vectors of M to
vectors in Dg. Thus an absolutely continuous curve ¢ — ¢(t) = (z(t), Z(t); A(t)) in
@ is a rolling curve if and only if it is a.e. tangent to Dg i.e., ¢(t) € Drlqw) for a.e.
t or, equivalently, if ¢(t) = Zr(2(t))|qq) for a.e. t.

Define 7g p = pry o mg : @ — M and notice that its differential (7g p). maps
each Dg|(z,3,4), (¥, 2; A) € @, isomorphically onto T'|, M. This implies the following
standard result.

Proposition 5.3 For any g9 = (x0,Z0; Ag) € @ and absolutely continuous 7 :

[0,a] — M, a > 0, such that ¢(0) = x(, there exists a unique absolutely continu-
ous ¢ : [0,d] = @, q(t) = (v(t),5(t); A(t)), with 0 < o’ < a (and o’ maximal with
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the latter property), which is tangent to Dg a.e. and ¢(0) = go. We denote this unique
curve q by

t = qpr (7, )(t) = (7(£), 4pr (75 @) (1); Apg (7, q0) (1)),

and refer to it as the rolling curve with initial conditions (7, qo) or along ~ with initial
position qg. In the case that M is a complete manifold one has a’ = a.

Conversely, any absolutely continuous curve ¢ : [0, a] — @, which is a.e. tangent to
Dg, is a rolling curve along v = 7 as © q i.e., has the form gp, (7, ¢(0)).

Proof. We need to show only that completeness of (M 9) implies that a =a. In
fact, X(t) := Ay [y P2(7)7(s)ds defines an a.c. curve ¢ — X(t) in T3 M defined

on [0 al and the completeness of M 1mphes that ‘there is a unique a.c. curve ¥
on M defined on [0,a] such that X(t) = [ P2(4)4(s)ds for all t € [0,a] (see also
Remark p.J below). Defining A(t) = P MG )vooP (7), t € [0, a] (parallel transports
are always defined on the same interval as the a.c. curve along which the parallel
transport takes place) we notice that ¢ — (y(t),¥(t); A(t)) is the rolling curve along
7 starting at qo that is defined on the interval [0, a]. Hence o’ = a.

O

Of course, it is not important in the previous result that we start the parametriza-
tion of the curve v at t = 0.

Remark 5.4 It follows immediately from the uniqueness statement of the previous
theorem that, if v : [a,b] = M and w : [¢,d] — M are two a.c. curves with v(b) = w(c)
and gqp € @, then

G (WU, G0) = ¢y (@, 4Dr (7, 40) (D)) U 4D (7, 0)- (38)
On the group €,,(M) of piecewise differentiable loops of A based at x one has

4o (WY, @0) = qog (W, 4pr (7, 20) (1)) .qps (7, 20),
where v,w € Q. (M).

Specializing to (M, g) and (M, §), we will write in the sequel A,, and A, for
AY and Av respectively, where xo € M, 2y € M.

o

Remark 5.5 It follows from Proposition [.1 that, for ¢y = (0, %o; Ag) and an a.c.
curve ~y starting from x, the corresponding rolling curve is given by

oy (7, 90) (8) = (7(£), A7} (Ao 0 gy (1)) (1) Pe (A7} (Ao 0 Auy (7)) © Ago P2(7)). (39)

In the case where the curve v on M is a geodesic, we can give a more precise
form of the rolling curve along v with a given initial position.

Proposition 5.6 Consider ¢y = (9, Zo; Ag) € Q, X € T|,,M and 7 : [0,a] — M;
v(t) = exp,,(tX), a geodesic of (M, g) with v(0) = xo, ¥(0) = X. Then the rolling

curve gpg (7, 90) = (7, ¥px (75 @); Apr (75 @) : [0,a'] = Q, 0 < a’ < a, along 7 with
initial position qq is given by

ADr (7, 40)(t) = &XD5, (LA X)), Apy (7, 90)(t) = Py (0, (7, 0)) © Ag © F(7).

Of course, @’ = a if M is complete.
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Proof. Let 0 < a’ < a such that §(t) := exp,, (tA¢X) is defined on [0,a']. Then, by
proposition [T, q(t) := (v(t), 4(1); A(t)) with A(t) = P{(3) 0 Ag 0 P(), ¢ € [0,
is a curve on Q and A(t) is parallel to (v,%) in M x M. Therefore t — ¢(t) is
tangent to Dys on [0, a’] and thus ¢(t) = Ls(§(t), %(t))|q(t). Moreover, since v and
4 are geodesics,

A()4(t) = (P§(A) 0 Ao) (BY(7)3(1) = Py(A)(AaX) = A(t),
which shows that for ¢ € [0, ],
q(t) = Las(Y(0), A(D)¥())lge)
= Zr(7(1))

Hence t +— ¢(t) is tangent to Dy i.e., it is a rolling curve along v with initial position

q(0) = (7(0),7(0); A(0)) = (0, Zo; Ao) = o-

q(t)’

O

Remark 5.7 If y(t) = exp, (tAoX) and gy = (0, Z0; Ag), the statement of the
proposition can be written in a compact form as

App (7, 90) (1) = P (s = &XD(yy 1) (5(X, A0 X)) Ao,

for all t where defined.

The next proposition describes the symmetry of the study of the rolling problem
of (M, g) rolling against (M, g) to the problem of (M, §) rolling against (M, g).
Proposition 5.8 Let 1/); be the rolling distribution in Q := Q(M, M). Then the
map

Q= Q; oz, A) = (3, A7Y
is a diffeomorphism of Q onto Q and
t«DRr = 1/);.

In particular, 1(Opy,(q)) = Op-(:(q))-

Proof. 1t is obvious that ¢ is a diffeomorphism (with the obvious inverse map) and

for an a.c. path q(t) = (v(t),7(1); A(t)) in Q, (to q)(t) = (4(t),7(1); A()™) is ac.
in @ and for a.e. t,

i(t) = AW (®) it = AW 4(0)
{A(t) — Rl o A0 P {

These simple remarks prove the claims.

Remark 5.9 Notice that Definitions and make sense not only in () but also
in the space T*M ® T'M. It is easily seen that Dy defined on T*M ® T'M by Eq. (B7)
is actually tangent to () so its restriction to () gives exactly Dr on () as defined above.
Similarly, Propositions 5.3, -8 and B.g still hold if we replace Q by T*M @ T'M and Q
by T*M ® T M everywhere in their statements.
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5.2 The Bundle Structure of a Dgr-orbit

We begin with the following remark.

Remark 5.10 Notice that the map 7o : Q@ — M is in fact a bundle. Indeed, let
F = (X;), be a local oriented orthonormal frame of M defined on an open set U.
Then the local trivialization of 7 s induced by F'is

77 o (U) = U x Foon(M);  7p(z, 37 A) = (z, (AXi]2)i),

is a diffeomorphism.

We also notice that since mq y-fibers are diffeomorphic to FOON(M), in order that
there would be a principal G-bundle structure for ¢ 5/, it is necessary (but not sufficient)
that FOON(M) is diffeomorphic to the Lie-group G. In section f we consider special
cases where there is indeed a principal bundle structure on 7 »s which moreover leaves
Dr invariant.

From Proposition p.g, we deduce that each Dr-orbit is a smooth bundle over M.
This is given in the next proposition (the proof being similar to that of Proposition

E13).
Proposition 5.11 Let gy = (20, Zo; Ag) € @ and suppose that M is complete. Then

TOpy (0),M = TQ,M|0p, (40) * Opr(90) = M,
is a smooth subbundle of 7¢ .

Proof. We first show that 7o, (q),ar is surjective. If x € M, there is a piecewise
R k)
smooth path v : [a,b] — M from x4 to 2 such that each smooth piece is a g-geodesic.
By Proposition p.f] and completeness of M it follows that there is a rolling path
aps (7, Q) : [a,b] — @Q along v with initial position gy defined on the whole interval
[a,b]. But then WODR(qO)M(QDR (7,q0)(b)) = = which proves the claimed surjectivity.
Since Dg|, C T,0p,(Ap) for every ¢ € Op,(qo) and (mg )« maps Dg|, iso-
morphically onto T, M, one immediately deduces that mo, () is also a
submersion. This implies that each fiber (TFODR(QOLM)il(:L‘) = Opg(q0) N ﬂé}M(l‘),
x € M, is a smooth closed submanifold of Op, (qo).
Choose next, for each x € M, an open convex U, C T|,M such that exp, |y, is
a diffeomorphism onto its image and 0 € U. Define

7ot T (Us) = Uy X mg Yy (),
q = <y7 g? A) = (y7 (SU, &'DR(fYy,mu Q>(1)7 AD}{(V@/,&U; Q)(l)))v

where v, ., : [0,1] = M; v, .(t) = exp,((1 —t) exp, ' (y)) is a geodesic from y to z. It
is obvious that 7, is a smooth bijection. Moreover, restricting 7, to Opy (o) clearly
gives a smooth bijection

Opy (90) N 70 (Uz) = Us % (Opy(g0) Mg ().

The inverse of 7, 7,1 : U, x 7T51M<SL’) — Wé}M<Ux) is constructed with a formula
similar to that of 7, and is seen, in the same way, to be smooth. This inverse
restricted to U, X (Opy(go) N 75l () maps bijectively onto Opy (qo) N 7o (Us)
and thus 7, is a smooth local trivialization of Op,(qy). This completes the proof.

O
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In the case where M is not complete, the result of Proposition [f.1]] remains
valid if we just claim that TOp,, (g0),M 1S & bundle over its image, which is an open
connected subset of M. The next remark illustrates this point.

Remark 5.12 In the previous proposition, the assumption of completeness of M
cannot be removed. In fact, choose M = R?, M = {z € R? | ||z]| < 1} (with ||| the
Euclidean norm). Then

Q= M x M xS0(2), T(Q)=Q xR xR xs0(2)
and Dg is given by
Dr|(z2:4) = {(v, Av,0) | v € R*},

as a subspace of T'|(;::4)Q = R? x R* x s0(2). If 2y = 0, &y = 0 and Ay = idg= is
the identity map T|oM = R2 — T|oM = R2, we have that the orbit is equal to the
2-dimensional submanifold of @) given by {(x, Aoz, Ao) | ||z|| < 1} and its image under
the projection on the first factor, mg 1/ is a proper open subset {z € R? | ||z| < 1} of
M. Thus WQ,M|@DR(M@O;AO) is not a bundle over M, since this map is not surjective.

Proposition 5.13 For any Riemannian isometries I € Iso(}M, g) and F eIso(M, §)
of (M, g), (M, g) respectively, one defines smooth free right and left actions of Iso(}M, g),
Iso(M, g) on @ by

qQ - F = (F_l(ffo),fo;Ao © F*|F*1(xo))a P qo ‘= ($0,F(930);F*|5c0 OA0)7
where gy = (g, Zo; Ag) € Q. We also set
F-qO-F:: (F-qo)-F:F-(qO-F).

Then for any gy = (w0, 20; Ao) € Q, a.c. v : [0,1] — M, v(0) = zo, and F €

~

Iso(M,g), F € Iso? ,§G), one has
F oy (1,00)(t) - F = ap (F 0, F - qo - F)(8), (40)
for all t € [0,1]. In particular,
F-Op(q0) F=0p,(F-q-F).

Proof. The fact that the group actions are well defined is clear and the smoothness of
these actions can be proven by writing out the Lie-group structures of the isometry
groups (using e.g. Lemma I11.6.4 in [RF)). If go- F' = qo- F’ for some F, F’ € Iso(M, g)
and qo € Q, then F~'(z0) = F'""(2¢), Fi|sy = F!|s, and hence F = F’ since M is
connected (see 5], p. 43). This proves the freeness of the right Iso(M, g)-action.
The same argument proves the freeness of the left Iso(M, §)-action.

Finally, Eq. (f0) follows from a simple application of Eq. (). In fact, by

Remark p.3 the rolling curve gp, (7, q0) = (7, 40 (75 @0); Apg (7, 0)) is defined by

PP (A0 (7, 40)) A5 (7, @0) (t) = Ao P (7)4(2),
Apy (7, 00)(t) = Py (3 (7, q0)) © Ag 0 PY(7).
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First, by using (f), we get

POE 04, (3,00)) 5 (F 0 A (1, a0))(6) = F PP 0y (1,00)) P (P (7, 0) (1)
—RLAGPY ()3 (1) = (FA0P) (F PO P F (1)
(AR )PY(F 07) S 0 ) (1),
and since by definition one has
P)(Apg(F o7, F-qo- F)Apy (F o, Foqo - F)
S o))

the uniqueness of solutions of a system of ODEs gives that

(B, AP (F o)

F o 4py (7, 40) = App (F ' 0, F - qo - F).
Hence
F.Apy (7, 40) P = EL(P(3my (7, 00)) © Ao 0 P)(7)) F.
=P(F 0 4py (7, q0)) 0 (FLAgFy) 0 PX(F ™" o)
=P(3p (F o, F-qo- F)) o (FLAGF.) 0 PY(F ™" o) = Apy (F o, - g0 - F)
which proves (E0).
U

Corollary 5.14 Let gy = (z0,%0; 40) € @ and v, w : [0,1] — M be absolutely
continuous such that v(0) = w(0) = zy, ¥(1) = w(1). Then assuming that ¢py (7, o).
4oy (W5 Q0), qpg (WL, qo) exist and if there exists F' € Iso(M, g) such that
F g0 = gpy (w7, 00) (1),
then
F : qDR(w7 QO)(I) - qDR,(77 QO)(I)

Proof.

405 (7, 90) (1) = o (w-w™" 7, 60) (1) = (apy (W, g (W7, 00) (1)) gD (W7, 00) ) (1)
= (4pg (W, F - q0)-pg (w7, 40)) (1) = gpp (w0, F'- o) (1) = F - gp (w, qo)(1).

U
Proposition 5.15 Let m : (My, 1) — (M,g) and 7 : (My, 1) — (M,§) be
d

Riemannian coverings. Write Q, = Q(M,, M) and (Dg); for the rolling distribution in
Q1. Then the map

Q1 —Q; Mz, @1 A1) = (m(21), 7(81); 7l © Ar 0 (Mulay) ™)
is a covering map of (), over () and
I1.(Dr)1 = Dg.

Moreover, for every ¢; € @ the restriction onto O(py), (q1) of I is a covering map

Owe) (1) = Op,(Il(q1)). Then, for every 1 € Q1, (O(py),(¢1)) = Op,(ll(q1))
and one has Op.y, (¢1) = @1 if and only if Op (Il(q1)) = Q.
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As an immediate corollary of the above proposition, we obtain the following
result regarding the complete controllability of (Dg).

Corollary 5.16 Let 7y : (M, g1) — (M, g) and # : (M, §1) — (M, §) be Rieman-
nian coverings. Write Q) = Q(M, M) Dgr and Q, = Q(Ml,Ml), (DRr); respectively
for the state space and for the rolling distribution in the respective state space. Then
the control system associated to Dy is completely controllable if and only if the control
system associated to (Dg); is completely controllable. As a consequence, when one ad-
dresses the complete controllability issue for the rolling distribution Dg, one can assume

with no loss of generality that both manifolds M and M are simply connected.
We now proceed with the proof of Proposition p.17.

Proof. 1t is clear that II is a local diffeomorphism onto ). To show that it is a
covering map, let ¢; = (z1,21; A1) and choose evenly covered w.r.t 7, T open sets U
and U of M, M containing m(x1), #(i1), respectively. Thus 7~ '(U) = Uie; Ui and
# Y U) = Uye; Ui where Uy, i € I (vesp. U;, i € I) are mutually disjoint connected
open subsets of M; (resp. M) such that 7 (resp. #) maps each U; (resp. Uj)
diffeomorphically onto U (resp. U). Then

~ ~

I (rg (U x U) =gl (m x #) (U x U)) = | 7ol (Ui x Uy),

iel,jel

where m,, ! (U; x U;) for (i,7) € I'x I are clearly mutually disjoint and connected. Now
if for a given (i, ) € I x I we have (y1, 91, B1), (21, 1; C1) € Wéll(Ui x U;) such that
I(y1, y1; B1) = (21, 21, C4), then y; = 21, 91 = 2, and hence By = C4, which shows
that II restricted to Wéll(Ui x Uj) is injective. It is also a local diffeomorphism,
as mentioned above, and clearly surjective onto Wél(U x U ), which proves that

Wél(U x U ) is evenly covered with respect to II. This finishes the proof that II is a
covering map.

Suppose next that qi(¢) = (71(t), %1 (f); A1(t)) is a smooth path on )1 tangent to
(Dr)1 and defined on an interval containing 0 € R. Define ¢(t) = (y(t),(¢); A(t)) :=
(ITo g;)(t). Then

A(t) =mAn(t) = R A () (t) = AT () = A)(t)

A(t) =Fuls 0 © Py((t)) 0 A1(0) 0 B (1) © (Mulyyr) ™
=P5(3(1)) o Tulsary © A1(0) © (Tulyury) ™ 0 BY(7)
=F5(3(t) 0 A(0) o (),

which shows that ¢(t) is tangent to Dgr. This shows that II,(Dgr); C Dr and the
equality follows from the fact that II is a local diffeomorphism and the ranks of
(Dr); and Dy are the same i.e., = n.

Let ¢ = (x1,21; A1). We proceed to show that the restriction of II gives a
covering O(pyy, (1) = Op, (I1(q1)). First, since II,(Dgr); = Dr and I1: Q; — Q is
a covering map, it follows that II(Opy), (¢1)) = Op, (IL(q1)).

Let ¢ := TI(q1) and let U C @ be an evenly covered neighbourhood of ¢
w.r.t. II. By the Orbit Theorem, there exists vector fields Yi,...,Y; € VF(Q)
tangent to Dr and (uy,...,ug) € (L'([0,1]))? and a connected open neighbour-
hood W of (uy,...,uq) in (L*([0,1]))? such that the image of the end point map
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_____ v,y (g, W) is an open subset of the orbit Op,(¢) containing ¢ and included
in the II-evenly covered set U. Let (Y;)1, 7 =1,...,d, be the unique vector fields on
()1 defined by IL.(Y;); =Y;, i =1,...,d. Since II,(Dr), = Dk, it follows that (Y;)
are tangent to (Dr); and also, IToendy,), . (v,)) = endy,,. v, o (ILxid). It follows
that end(vy),,....(vy)1)(¢1, W) is an open subset of O(py), (¢1) contained in II-*(U) for
every ¢; € (o, (@) (a):

Since end(yy),,...(v,),) is continuous and W is connected, it thus follows that for
each ¢ € (H|@(DR)1(ql))*1(q), the connected set end(y;),,...vy))(¢1, W) is contained
in a single component of II71(U) which, since U was evenly covered, is mapped
diffeomorphically by IT onto U. But then IT maps end(y,), ... (v,):)(q1, W) diffeomor-
phically onto endy,

.....

_____ v, (g, W). Since it is also obvious that

(Mo, @) (endw;,. v, (¢, W) = U end((yi),..vayn) (@1, W),

qlle(mo(DR)l (1)) "1 (@)

we have proved that endy,

ODR<Q) w.r.t H|O(DR)1(‘11)'
Finally, let us prove that for every ¢; € @)1, the following implication holds true,

Op,(Il(q1)) =Q = O(DR)l(ql) = Q1,

(the converse statement being trivial). Indeed, if Op, (II(q1)) = @, then, for every
q € Q, Op,(¢q) = Q and, on the other hand, the fact that II restricts to a covering
map Oy, (¢7) = Op,(II(¢})) = Q for any ¢; € @ implies that all the orbits
Opr). (41), q1 € @1, are open on (1. But @ is connected (and orbits are non-empty)
and hence there cannot be but one orbit. In particular, Opy), (¢1) = Q1. O

v, (g, W) is an evenly covered neighbourhood of ¢ in

.....

5.3 Computations of some Lie Brackets

We compute some commutators of the vector fields of the form Zx(X) with X €
VF(M). The formulas obtained hold both in @ and T*M ® TM and thus we do
them in the latter space.

The first commutators of the Dg-lifted fields are given in the following theorem.

Proposition 5.17 If XY € VF(M), q = (g, #; A) € T*(M) ® T(M), then the
commutator of the lifts Zx(X) and Zr(Y) at ¢ is given by

[LR(X), La(Y)lg = ZR([X,Y))]q + V(AR(X,Y) — R(AX, AY)A)|,. (41)
Proof. Choosing T(B) = (X,BX), S(B) = (Y,BY) for B € T*(M) ® T(M) in
proposition we have
L (X), V)], = Ls([X + AX,Y + AY])|, + v(AR(X,Y) — R(AX, AY) A)|,,

where

(X, AX), (Y, AY)] ‘(330 @) = Vixin Y, AY) — V(YAY) (X, AX)
=(VxY = Vy X, Vax(AY) = Vax(AV))| -+ Vieax)Y = Vioan X
+ Vix0) (A (wo,20) — ﬁ(yo (AX)

| (z0,&0)
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in which e.g.
@AX<AY)‘530 = (v(O,AX)A”(xO,fUO)Y/‘iO + A‘($07i0)<voy)|mo =0,
V(O,AX)}/ = 07
V(x,0)(AY)|(zo.20) = (Vx.0)A)|(0,30) Y 2o + AV XY |y = AV Y [
Therefore

LX), L (V)]ly =Zis (VXY = Ty X,0) + 0+ (0, AVxY — AVy X))

q

~

+V(AR(X,Y) — R(AX, AY)A)|,,

which proves the claim after noticing that, by torsion freeness of V, one has VxY —
VyX =[X,Y].
O

Proposition p.I7 justifies the next definition.

Definition 5.18 Given vector fields X, Y, Z1, ..., Z; € VE(M), we define the Rolling
Curvature of the rolling of M against M as the smooth mapping

Rol(X,Y) : T pnrornr = Tr marins
by
Rol(X,Y)(A) := AR(X,Y) — R(AX, AY)A, (42)
and similarly, the smooth mapping
VRNX,Y, Z1, ., Zk) t Topengoras = Testersiss
by
V'RI(X,Y, Zy,. ... Z)(A) i= AVFR(X,Y, (), Z1, ..., Z)
— VFR(AX, AY, A(-),AZy, ..., AZ,).  (43)
Restricting to (), we have
Rol(X,Y),V'Rol(X,Y, Z1, ..., Zk)(A) € C™ (%0, e pyrar):
such that, for all (z,%; A) € @Q,
Rol(X, Y)(A), V'Rol(X,Y, Zi, ..., Z)(A) € A(so(T |, M)).

Remark 5.19 With this notation, Eq. ([]) of Proposition B.17 can be written as
[Zr(X), Zr(Y)]lg = ZR([X, Y])|g + v(Rol(X, Y)(A))]q-

Recall that, on a Riemannian manifold (N, h), a smooth vector field ¢ — Y (¢)
along a smooth curve t — ~(t) is a Jacobi field if Y satisfies the following second
order ODE:

Vi VALY (1) = RMA(1), Y (£)4(t).

The next lemma relates the rolling curvature Rol to the Jacobi fields of M and M.
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Lemma 5.20 Suppose that ¢y = (zo,Z0; Ag) € T"M ® TM, ~ : la,b] — M is
a smooth curve with y(a) = x¢ and that the rolling problem along ~ has a solution

4o (7, %0) = (7, Y0 (7, @0); Apg (7, @o)) on the interval [a,b]. If t — Y (t) is a Jacobi
field of (M, g) along v, then Y (t) = Ap, (7, q0)(t)Y (t) is a vector field along 4p, (7, q0)
and, for all t € [a, 1],

o o)) Vimn o) (Y () =R (30 (7:00) (0, Y (1)) 305 (7, 0) (8)
+ Rol(4(2), Y () (Apg (7, q0) (1)) ¥(2)-

Proof. Since v(,-y(t),;yDR(,y,qo)(t))ADR (7,90)(-) = 0 and Y is a Jacobi field, one has

~

\Y

~ ~ N

Vi 61000 Ving rao))Y ()
=Apy (7, 90) () Vi) V50 Y (+) = App (7, q0) () R(F(t), Y (£))4(t)
=Rol(§(t), Y (¢))(Apg (7: q0) (£))¥(2)

+ R(Ap, (7, 90) ()7 (2), Apy (7, 90) ()Y (£)) Apg (7, q0) (£)(2)

from which the claim follows by using the facts that

Ay (7, @) (1) () = Aoq (v, @0) (1) and Ay (v, 40) (1)Y (1) = Y (1)

We will use Lemma .2{ to prove Theorem [.44.

Remark 5.21 Notice that if, in Lemma p.20, it held that

Rol(Y(1), ¥(t)) (Apy (7, 40) (1))3(1) = 0,
for all t € [a, 1], then Y defined there would be a Jacobi field along Yps (7, Qo). Hence,

Rol measures the obstruction for Y = Ap, (7, q0)(t)Y (t) to be a Jacobi field of M, if
Y'(t) is a Jacobi field on M along 7.

Before proceeding with the computations of higher order brackets of the vector
fields ZRr(X), we prove the following lemma.

Lemma 5.22 Let A € D(7 o nsorar) @nd (2,23 A) € T*M & TM such that Alwsy =
Aand VA =0 for all X € T () (M x M). Then, for X1, ..., X4, Y € VF(M),

Vivan) (VRoI(X1, Xo, Xy, ..., Xiso)(4)) (44)
k+2

=V RoI(X 1, Ko, V)(A) + Y VRoI(X, .., Vy X, Xpsa) () (45)
=1

Proof. 1f k = 0, we have V' Rol(X;, X3)(A) = Rol( Xy, X;)(A) and since Vy_ay)A =

0, one gets
Viv.av)Rol(X1, X5)(A) = Viyayy (AR(X1, X5) — R(AX,, AX2)A)
=AVy(R(X1, X2)) — (Viyar)yR(AX,, AX,))A
—AVR(X1, X5, (-),Y) + AR(Vy X1, Xo) + AR(X;, Vy X5)
— VR(AX,, AX,, A(-),AY) — R(AVy X1, AX5)A — R(AX,, AVy X)),

where on the last line we have computed V(K Ay)(AXZ‘) = AVy X;. The case k£ > 0
is proved by induction and similar computations. O
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Proposition 5.23 Let X,Y,Z € VF(M). Then, for ¢ = (z,2;A) € T*"M ® TM,
one has
% (2), (R, Y )l = — Zis(ROI(X, Y)(A)2)], + (T RoI(X, Y, 2)(4) |,
+v(Rol(V2X,Y)(4))| +v(Rol(X,VY)(4))] .
Proof. Taking T(B) = (Z, BZ) and U = Rol(X,Y) for B € T*M ® TM in Propo-
sition [£.26, we get
[Zr(Z), v(Rol(X, Y)(-))]lq
= — Ls(W(R(X, Y)(A))]o(Z + (VD))g + (V24 a2(Rol(X, Y)(A)))]-

From here, one easily computes that

V(Rol(X,Y)(A))|o(Z + ()Z) = —|o(Z + (A + tRol(X, Y)(A))Z) = Rol(X,Y)(A)Z,

dt
and by Lemma p.22, one gets

YV 21az(Rol(X,Y)(A)) = leoI(X, Y, Z)(A) + Rol(VzX,Y)(A) + Rol(X,VzY)(A).
U

By Proposition p.17 b.17, the last two terms (when considered as vector fields on
"M ® TM) on the right hand side belong to VF2

Since for X,Y € VF(M) and ¢ = (z,2;A) € Q we have v(Rol(X,Y)(A4))|, €
Opy,(q) by Proposition p.I7, it is reasonable to compute the Lie-bracket of two
elements of this type. This is given in the following proposition.

Proposition 5.24 For any ¢ = (z,2;A) € Q and X, Y, Z, W € VF(M) we have
[(Rol(X,Y) (), v(Rol(Z, W)())]],

=v(Rol(X,Y)(A)R(Z,W) — R(Rol(X,Y)(A)Z, AW)A — R(AZ,Rol(X,Y)(A)W)A
— R(AZ, AW)Rol(X,Y)(A) — Rol(Z, W)(A)R(X,Y) + R(Rol(Z, W)(A) X, AY) A
+ R(AX,Rol(Z,W)(A)Y)A + R(AX, AY)Rol(Z, W)(A))| .

U(A

)

Proof. We use Proposition where for U,V we take

) = Rol(X,Y)(A) and
V(A) = Rol(Z,W)(A). First compute for B such that v(B Vi,

l, € V|,(Q) that
v(B)|,U =v(B)|,(A— AR(X.,Y) — R(AX, AY)A)
§t |,((A+tB)R(X,Y) — R((A+tB)X,(A+tB)Y)(A+tB))
—=BR(X,Y) — R(BX,AY)A — R(AX,BY)A — R(AX, AY)B
So by taking B = V(A) we get

v(V(A))|U =Rol(Z, W)(A)R(X,Y) — R(Rol(Z, W)(A)X, AY)A
— R(AX,Rol(Z,W)(A)Y)A — R(AX, AY)Rol(Z, W)(A)

and similarly for v(U(A))|,V . O
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From Proposition .24 we get the following proposition.

Proposition 5.25 Let g9 = (20, Z0; Ao) € Q. Suppose that, for some X € VF(M)
and a real sequence (t,)%, s.t. t, # 0 for all n, lim,, ;o £, = 0, we have

V|<I’.5£R(X)(tn7(I0)(7TQ) C T'(Opg()), Vn. (46)

Then As(Y, Y)’qo € T4 Opy(qo) for every Y € T, M that is g-orthogonal to X|,,

and every Y € T3, M that is g-orthogonal to AgX|,,. Hence the orbit Op, (go) has
codimension at most 1 inside Q).

Proof. Letting n tend to infinity, it follows from ([Ig) that V|, (7g) C T'|4Opr (20)-
Recall, from Proposition B.7, that every element of V|, (7g) is of the form v(B)|,,,
with a unique B € Q|(z,20) satisfying ATB € so(T|,,M). Fix such a B and define
a smooth local section S of so(T'M) — M defined on an open set W 3 z, by

S| = PL(t = exp,, (texp,l(2))) (AT B).

Then clearly, S|,, = AT B and VyS = 0 for all Y € T|,,M and it is easy to verify
that S|, € so(T|,M) for all z € W.

We next define a smooth map U : Wél(W X M) — T*M @ TM by Uz, i; A) =
AS|,. Obviously v(U(z,#;A)) € V|@waa) (o) for all (z,#; A). Then, choosing in
Proposition .24, 7= X + (-)X (and the above U) and noticing that

v(U(Ao))lgT = U(Ao)X = BX,
one gets
(L (X), (U ()]lgy = =Zs(BX) oo + v(Vix,2050) (U(A))) o (47)
where A|(m°’”}°l — Ay. By the choice of S and A, we have, for all Y = (Y,Y) €

T|(xo,5m)M X M,

Vi (U(A)) = V(AS) = (V5-A) S| @y ) + Al (o) VS = 0,

and hence the last term on the right hand side of (1) actually vanishes.

By definition, the vector field ¢ — ZR(X)|, is tangent to the orbit Op,(qo)
and, by the assumption of Equation ([i§), the values of the map ¢ = (z,%; A) —
v(U(A))l|, are also tangent to Op,(qo) at the points ® 4, (x)(tn, q0), n € N. Hence
(@ 2(x)) ) VU D@ ) (t000) € TlaoOpy (@0) and therefore,

LR (X), v(U()]lgo
— lim ((q)iﬂR(X”*tn)*V(U('))|‘I>_2R(X)(tn7(I0) - V<B>|(I0

n—00 tn

S T‘QOODR<qO)7

i.e., the left hand side of (1) must belong to T'|,,Opy (qo). But this implies that

gNS<BX)|(I0 € T‘QOODR<qO)7 VB s.t. V<B> € V‘QO(WQ)
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ie.,
gNS(Aoso(T‘:BOM)XHQO C T|€IOODR <q0)-

Notice next that so(T'|,,M)X is exactly the set X|7, of vectors of T'|,,M that are
g-perpendicular to X|,,. Since Ay € @, it follows that the set Agso(7T|,,M)X is
equal to ApX |j0 which is the set of vectors of T |xOM that are g-perpendicular to
ApX|z,- We conclude that Zs(Y)|qo = ZR(Y)|qo —Zns(A0Y)|go € T Oy (o) for
allY € XL
Finally notice that since the subspaces X+ x {0}, R(X, 49X) and {0} x (4oX)*
of T'|(zg,0) (M X M) are linearly independent, their Zys-lifts at gy are that also
and hence these lifts span a (n — 1) + 1+ (n — 1) = 2n — 1 dimensional subspace
of T4, Opy (qo). This combined with the fact that V|, (mg) C T4 Opy(q0) shows
dim Op,(q0) > 2n — 1 + dim V|, (7g) = dim(Q) — 1 i.e., the orbit Op,(qo) has
codimension at most 1 in (). This finishes the proof.
U

Corollary 5.26 Suppose there is a point gy = (¢, Zo; Ag) € @ and € > 0 such that
for every X € VF(M) with ||X||, < € on M one has

V|‘1>_s_ﬂR(X)(t,QO)<7TQ> C T(ODR<QO>)7 t] <e.

Then the orbit Op, (qo) is open in Q.
As a consequence, we have the following characterization of complete controllability:
the control system (X)) is completely controllable if and only if

VgeQ, Vly(mg) € T|Opy(q)- (48)

Proof. For the first part of the corollary, the assumptions and the previous propo-
sition imply that for every X € T|,,M we have ZAs(Y,Y )]s € TlgOpy(q0) for
every Y € X1 YV € AgX*. But since X is an arbitrary element of T, M, this
means that Dyslq C 1| Opy(q0) and because T'|,,Q = Dxslgy @ Vg (mg), We get
T)40@ = T4 (Opy (q0)). This implies that Opy (¢o) is open in Q. The last part of the
corollary is an immediate consequence of this and the fact that () is connected. O

Remark 5.27 The above corollary is intuitively obvious. Assumption given by Eq.
(Ag) simply means that there is complete freedom for infinitesimal spinning, i.e., for
reorienting one manifold with respect to the other one without moving in M x M. In
that case, proving complete controllability is easy, by using a crab-like motion.

5.4 Controllability Properties of Dy
5.4.1 First Results

Proposition has the following simple consequence.

Corollary 5.28 The following cases are equivalent:

(i) The rolling distribution Dg on @ is involutive.
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(ii) Forall X,Y,Z € T|,M and (z,2; A) € T*(M) @ T'(M)
Rol(X,Y)(A) = 0.

(iii) (M, g) and (M, §) both have constant and equal curvature.
The same result holds when one replaces () by T*M ® TM.

Proof. (i) <= (ii) follows from Proposition [(.17.
For the rest of the proof, we use

oxy) = g(R(X, Y)Y, X), and 0,5 y) = §(R(X, Y)Y, X),

to denote the sectional curvature of M w.r.t orthonormal vectors X,Y € T'|,M and
the sectional curvature of M w.r.t. orthonormal vectors X,Y € T \xM respectively.
We have seen that the involutivity of Dy is equivalent to the condition in (ii) which
is again equivalent (since sectional curvatures completely determine Riemannian
curvatures) to the equation

Oxy) = O(ax,ay), V(r,T;A)€Q, XY € T|, M. (49)

(ii)=-(iii) If we fix z € M and g-orthonormal vectors X,Y € T'|,M, then, for any
# € M and any g-orthonormal vectors X,Y € T|QZ\>[, we may choose A € Q|2
such that AX = X, AY =Y (in the case n = 2 we may have to replace, say, X by
—X but this does not change anything in the argument below). Hence the above
equation ([[9) shows that the sectional curvatures at every point & € M and w.r.t
every orthonormal pair X,V are all the same i.e., o(x,y). Thus (M, §) has constant
sectional curvatures i.e., it has a constant curvature. Changing the roles of M and
M we see that (M, g) also has constant curvature and the constants of curvatures
are the same.

(iii)=(ii) Suppose that M, M have constant and equal curvatures. By a standard
result (see B3] Lemma I1.3.3), this is equivalent to the fact that there exists k € R
such that

R(X,Y)Z =k(g(Y, 2)X — g(X,Z)Y), X,Y,Z€T|,M, z¢€ M,
RX,Y)Z =k(3(Y,2)X — §(X,2)Y), X,Y,Ze€T|:M, i¢cM.
On the other hand, if A € Q, X,Y,Z € T|,M, we would then have

~

R(AX, AY)(AZ) = k(3§(AY, AZ)AX — §(AX, AZ)(AY))
=A(k(g(Y, 2)X — g(X, 2)Y) = A(R(X,Y)Z).

This implies that Rol(X,Y)(A) = 0 since Z was arbitrary.
U

In the situation of the previous corollary, the control system (X)g is as far away
from being controllable as possible: all the orbits Op.(q), ¢ € @, are integral
manifolds of Dg.

The next consequence of Proposition can be seen as a (partial) generalization
of the previous corollary and a special case of the Ambrose’s theorem p.43. The
corollary gives a necessary and sufficient condition describing the case in which at
least one Dg-orbit is an integral manifold of Dg. It will be used in the proof of

Theorem (.39 below.
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Corollary 5.29 Suppose that (M, g) and (M,g) are complete. The following cases
are equivalent:

(i) There exists a gy = (o, Zo; Ag) € @ such that the orbit Op,(qo) is an integral
manifold of Dg.

(ii) There exists a gy = (o, To; Ag) € @ such that

Rol(X,Y)(A) =0, V(z,2 A) € Op,(q0), X,Y € T|,M.

(iii) There is a complete Riemannian manifold (N, 2) and Riemannian covering maps
F:N—-M,G:N— M.

Proof. (i) = (ii): Notice that the restrictions of vector fields Zr(X), X € VF(M),
to the orbit Op, (qo) are smooth vector fields of that orbit. Thus [-Zr(X), Zr(Y)] is
also tangent to this orbit for any X,Y € VF(M) and hence Proposition p.17 implies
the claim.

(ii) = (i): It follows, from Proposition p.17, that Drlop (4). the restriction
of Dr to the manifold Op,(qp), is involutive. Since maximal connected integral
manifolds of an involutive distribution are exactly its orbits, it follows that Op, (qo)
is an integral manifold of Dg.

(i) = (iii): Let N := Op,(qo) and h := (mg m|n)*(g) i-e., for ¢ = (x,2;A) € N
and X,Y € T|,M, define

MZr(X)lg, Zr(Y)]g) = 9(X,Y).

If = mqu|y and G := 7, |n, we immediately see that F' is a local isometry
(note that dim(/N) = n) and the fact that G is a local isometry follows from the
following computation: for ¢ = (z,2; A) € N, X,Y € T|,M, one has

I(GA(Lr(X)]g), Gu(Lr(Y)g)) = 9(AX, AY) = g(X,Y) = W(Lr(X)lg, Zr(Y)]y)-

The completeness of (N, h) can be easily deduced from the completeness of M and
M together with Proposition 8. Proposition IL.1.1 in [F] proves that the maps
F, G are in fact (surjective and) Riemannian coverings.

(iii) = (ii): Let g € M and choose zp € N such that F(z;) = xy. Define
Zo = G(z) € M and Ay := G,|., © (Fy|,)"" which is an element of Ql(z0,30) since
F, G were local isometries. Write gy = (20, Zo; Ao) € Q.

Let v:[0,1] — M be an a.c. curve with v(0) = x. Since F' is a smooth covering
map, there is a unique a.c. curve I' : [0,1] — N with v = F oI and I'(0) = z.
Define 4 = G oI" and A(t) = Gi|rw o (Filre) ™' € Q, t € [0,1]. It follows that, for
a.e. t €[0,1], ‘ .

1) = GilrpT'(t) = A@)F ().

Since F,G are local isometries, ﬁ@(tm(t»A(-) = 0 for a.e. ¢t € [0,1]. Thus ¢t —
(v(t),4(t); A(t)) is the unique rolling curve along v starting at gy and defined on [0, 1]
and therefore curves of ) formed in this fashion fill up the orbit Op, (go). Moreover,
since F, G are local isometries, it follows that for every z € N and X,Y € T|p)M,
Rol(X,Y)(G.|. o (F.|.)™!) = 0. These facts prove that the condition in (ii) holds
and the proof is therefore finished.

U
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We conclude this subsection with a necessary condition for complete controlla-
bility, which is an immediate consequence of Theorem [.1§.

Proposition 5.30 Assume that the manifolds M and M are complete non-symmetric,
simply connected, irreducible and n # 8. If the control system (3)g is completely
controllable, then one of the holonomy groups of M or M is equal to SO(n) (w.r.t some
orthonormal frames).

5.4.2 A ”Rolling Along Loops” Characterization of Isometry

In this paragraph, we provide a general non-controllability result that will be used
later on. It will be the converse of the following simple proposition.

Proposition 5.31 Suppose (M, g) and (M,@) have a common Riemannian covering
space (I, k) with projections (local isometries) F': N — M and G : N — M. Then if
there exist xg € M, o € M such that

F~(x0) € G™1(0),

then for gy = (o, Z0; Ag) € Q with Ay = G, o (F.|,)"" one has that for every loop
v € Q. (M) based at z the corresponding curve 4p. (7, qo) on M determined by the
rolling curve starting from ¢, (exists and) is a loop based i i.e.,

~

Y € on(M) — ’?DR(77 QO) € Qi‘O(M)

Proof. If v € Q,,(M), let I' be the unique lift of v to N such that I'(0) = ¢ and
define 4 = F'ol', A(t) = G,o(Fi|rw) ™" Then q(t) = (y(t),4(t); A(t)) is an element
of Q|(y(),5()), since F, G are local isometries and moreover, gy = ¢(0),

A(t) Z%(G oT)(t) = G.I(t) = (G, o (Eefry) ) (EL(1) = A(1)¥(1)
Vi (A PU)X) =V 10 (GalFelr) " PH(3)X)
=GV {1300 (Felre) " Py (1) X
=(Gx o (Filr) ) Vs (P(1)X) =0,

for every t € [0,1] and every X € T'|,,M. This proves that ¢(t) = ¢pg (7, q0)(%)
and since v is a loop based at xg, F(I'(1)) = v(1) = x, which means that I'(1) €
F~Y(zg) € G7Y(&0) and thus Yp,(v,q)(1) = 4(1) = G(T'(1)) = Zy. By definition,

~

Ao (75 90)(0) = Z¢ and hence 4p, (7, q0) € Qsz,(M). This completes the proof. O

Conversely, we have the following theorem which is the main result of this sub-
section.

Theorem 5.32 Let (M, g), (M,g) be complete Riemannian manifolds and suppose
that there is a gy = (0, Z0; Ao) € @ such that for every loop v € Q,, (M) based at
the corresponding curve 4p, (7, qo) on M determined by the rolling curve starting from
Qo is a loop based zj i.e.,

~

v E QJBO(M> = ;Y'DR</77 (10) € Q:io(M)' (50)
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Then (M, g) and (M, §) have a common Riemannian covering space (N, k) such that
if : N — M, G: N — M are the corresponding covering maps, then

F~(x0) € G™1(0).
Proof. For u,v € T|,,M, a Jacobi field along the geodesic ¢ — exp, (tu) =: 7,(t) is
given by

0
Yio(t) = 52| 0xPay (H(u + 50)) = t(expy, )| (v),

together with the initial conditions: Y, ,(0) = 0, V5, Yun = v. Define a function
Guw 2 [0,1] x [=1,1] = M by
Oy w(t,s) ==

ADr (7‘ = eXP,, ((1 —7)(u+ sv)),qDR (0' = exp,, (U + ov), ¢pg (Vus qo)(l))(3)> (t).

It is clear from Proposition [. that for every s € [—1, 1] the map ¢ — @, (¢, s) is a
geodesic and moreover it is clear that w(t,0) = Apg (Yu, @) (1 —t). This implies that

- 0

Yuﬂ) (t) = %

Ouo(l—1t,s), te]|0,1],
s=0

defines a Jacobi field of (M, §) along the geodesic 4p, (1, ¢o). We now derive some
properties of this Jacobi field.
We first observe that

V1) =] (55 5D, -+ 00), 40, (s 0) (1)) ()

0
:A'DR(’Yua QO)(]')% }0 eXp:vo (u + SU)

=Apg (Vu, 90) (1) Yau(1). (51)
We now claim that @, (1, s) = 2 for all s. Indeed, we may write w, (1, s) as

Ouw(l,s) = ’AYDR( (7' = expy, (1 —7)(u + sv))).(a > exp,, (u + asv)).%i, qo)(l) = Tp

=;(*)e§zo (M)

and since the expression (%) is a loop on M based at zg, it follows from the assump-
tion that the path defined on right of the first equality sign is a loop on M based
at Zp, hence its value at t = 1 is Zp. From this follows the second property of Yu,v,
namely

Y.,(0) =0, (52)
since Yy, ,(0) = 2 e oWunp(l,8) = %’0(3 — o) = 0.
This is a key property since it implies that Yu,v has the form
N 0. . - )
Yau(t) = 5-](&Ds, (H(Aou + s0(u,v))) = H(EDs, )+ leagu(B(u, v)),  (53)
where 0(u,v) = @%&BQO(U\OU)YAVUWL:O' It is clear that (u,v) — 0(u,v) is a smooth

map (T, M)? — Tz, M. We also observed that 4, (t) := 4o (Vu, G0) = exp;, (tAou).
We next show the following relation.
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Lemma 5.33 W.ith the above notations,

@iyu(t)ffu,vh:l = ADR (71“ qo)<1>v"yu(t)yu,v|t:1- (54)
Proof. Writing 0, := & expmo(t(u—i—sv)), 05 = Z exp,, (t(u+sv)) 9, = 2o(1-t,s),
Dy = L20(1—t,s) and 9, = (8s,,), we have
V: Yol _v, 2 (1 —t,s) _v, 2 (1 —t,s)
a7 IEL T hs [ "l % 0th 5=0
- 0 .
Vo, 5| Ao (71 exp,, (1= 7)(u + 50),

oy ((0 = exp,, (u + o50)) 70, QO)(1)> (1—1) o

¥, (A0 (07> expyy (0 050)) s a0) (1) 31 o )|,

:@3 (ADR (a = exp,, (1 + ov), ¢pg (Yus @) (1) ) pn ‘1 exp,, (t(u + sv))) .
— ( Apy (0 expy, (u+ ov), 4oy (Y, qo)(l))(s)) . %}1 exp,, (t(u + sv))

=0

+ Ap (01 5D, (1 90), 004 (320 80) (D) ) (Vo oo, ey (10 4 50)))

s=0

0
= Ay (Vs 60) (1) Va, [ expy, (Hu + 50)) |

4

—Yau(t)
=Apg (Yus 90) (1) Vi, 0y Yaoli=1,

which gives (p4)).

O
The next technical result goes as follows.
Lemma 5.34 Consider 9(u,v) defined by (B3). Then,
0(u,v) = Agv, Yu,v € T, M. (55)
Proof. Notice first that for any 7 € R,
Yiuo(t) = 085} expmo( (Tu + sv)) = %%}Oexpmo(ﬁ(u +ov)) = %Yuw(tT),
where, in the first equality, we substituted o := 2. Therefore (B1) implies that
Vo1 = Apg (s 20)(1) V(1) = Ay (3, 0) (7)Yor (7).
ie.,
Apg (Yur 40) (7)Y (7) = 7V7u0(1). (56)
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On one hand, from (B4), (Bd) and (B3)) one has (recall that 4,(t) = ypg (Yu, ¢0)(t) =
eXDj, (tAow))

~

Vf*yu(t)f/u,v’t =Apg (Vs 00) (1) Vi) Yuuli=1 = @' o (ADg (Y, 40) (1) Yoo (1)) =1
=V (VD) = Yau(1) + V»y Yoo (D] 2y
:Y (1) + V'y ® 38 ‘ exp;, (tAou + s@(tu,v)))}tzl
=Y,..(1 )+V7 (t) ((expjo)*|t,40u(ﬁ(tu,v))}tzl-

On the other hand, using only (B3) one has

. . . o, .
v%(t)Yuw}tﬂ :Vﬁu(t)%} eXPs, (t(Aou + sv(u,v)))‘t:1
=V (0 (HEDs, ) uleau (B (u,v)))]

(6600 + 93 (000D
=5 ‘Oexpx0 (Aou + s0(u,v)) + V* (®) ((e/@geo)*\mou(@(uaU>))\t:1
—Yu,v( )—FVA/u(t)((eXme) |tA0u( (u v )»t:l'

Combining these two formulas, whose left hand sides are equal, and canceling the
common terms Y, ,(1) we end up with

Ve 0 (D)l eau (01w, )| -y = Vi, (6B, ) leaou (9(u, 0))] -

Here we can simplify the left hand side by the following computation: With the
notation

9
ot

0

D, = —
Js

XDy, (tAou + s0(tu,v))), Dy = —expg, (tAou + s0(tu,v))),

(notice also that Dy|,—o = 7 (1)) we get

A

_ . 0 N
V%(t) ((expio)*\mou(z}(tu, v))) }t=1 = VDt%}Oeijo (tAou + so(tu, v))) }t=1

~ 0, __ .
=Vp, a}leprm (tAOu + s0(tu, v))) }5:0

:@Ds (@f:o)*houﬁ-s@(u,v) (AOU + 5010 (u, U)(u))) ’5:0
:vDs (8/}.(5330) |A0u+sf)(u,v) (AOU) |8:0 + vDs (&5@0)* |A0u+sﬁ(u,v) (88117(’&, ’U)(U)) ’3:0
:@Ds expg, (tAou + s0(u, v))‘ 0

9\

0

- vDsah@afm (AOU + S@(uv U) + (1 o t>881®<u’ U>(u)) }520

R o, .
:VDt% loexpi0 (tAou + sv(u, U))) ’t:l
- 0 . .
_ tha_ loexpg@0 (Agu + st(u,v) + (1 — t)s010(u, v)(u)) }t=1
:¢§ (t)((epro) |tagu(0(u, v) }t=1
— V5, (8D )| agu (0, v) + (1 = )10 (u, v) (w))|,_,
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where 010(u,v)(w) for u,v,w € T|,,M denotes the directional derivative of 0 at
(u,v) in the direction w. The last term on the right of the previous formula simplifies
to

@Dt (€XDgs, )+l A0u ({J(Ua v) + (1 —t)010(u, U)<u)) ‘t:l
7 (6B, g (00, )) + (1~ )&, (10, 0) (1))
= - (@ino)*‘f\ou (3117(% U>(u))

t=1

Combining the last three formulas, one obtains
(XD, )| a0u (010 (u, v) (u)) = 0.

Thus for all v such that Apu is not in the tangent conjugate locus Qio of exp;, one

has 0,9(u,v)(u) = 0. Moreover, since the complement of Qs, is a dense subset of
Tz, M, the continuity of (u,v) — 010(u,v)(u) implies that

010(u,v)(u) =0, Vu,veT|zM.

But this implies that

td "1
O(u,v) —0v(0,v) = / —O(tu, v)dt = / — 010(tu, v)(tu) dt = 0,

and hence we need only to know the values of 9(0,v) to know all values of 0(u,v).
By the definition of w, ,(t) one sees that

Gt 8) =5my (T exDy, (1= 7)50), apy (01 €x0,,(00), 4 (0, ) (1)) (5) ) (1)

=40
=4, (7‘ — exp,, ((1 —7)sv), gpy, (0 — exp,, (05v), qo) (1)) ()
o (7 Xy (750). 00)(1 = £) = sy (1 — 1500,
which implies that

0

A ) g,
Yo.(t) = 55 ool —1,8) = g}oexpio (t(0 + sAgv)),

and therefore, comparing to (53), one obtains
@(O, ’U) = Ao’U.

This finally proves (B3) since by the above considerations, 9(u,v) = 0(0,v) = Agv.
U

Equations (1), (B3) and (p3) show that (take t = 1)
(@io)*uou(AOU) = ADR(qua QO>(1)(<eXpmo)*‘u(v))7 vuv vE T|$0M' (57)

We now show that (B(J) holds with ¢y replaced by any element of the fiber
Opy(q0) N ﬂé}M(l‘o) of the orbit above .
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Lemma 5.35 Write F,, := Opy(qo) N7y}, (). Then

qu:Bm 7€Q$O<M) = ’AYDR<’Y,Q) GQQ()(M)' (58)
Remark: 7g(Fy,) = (2o, Zo)-

Proof. Let q € F,,. Then there is a w € (M) such that ¢ = ¢p,(w,qo)(1). Then
if v € Q. (M),

106 (7, 0)(1) = 25 (7, g5 (W5 90) (1)) (1) = Yy (7:w; q0) (1) = o,

where the last equality follows from (B0) since y.w € Q,,(M). Since Yp, (7, q)(0) =

7
To.41(q) = 2o as remarked just before the proof, we have 4py (v, q) € Qz,(M).
U

Define U to be the subset of T'|,,M of points before the cut time i.e., if for
X €T|:,zM, [|X]|, =1 we let 7(X) €]0, oc] denote the time such that the geodesic
vx is optimal on [0, 7(X)] but not after, then

U={sX|XeT|,,M, [ X]l,=1, 0<s<7(X)}.
Since (M, g) is complete, U := exp, (U) is dense in M and exp,, : U — U is a
diffeomorphism.
We now have the following result.

Lemma 5.36 For each g € F,, let

bq U — M; bq :e/{(\pio o Ao (exp,, |U)_1

~
A

where ¢ = (x0,%9; A). Then each mapping ¢, is a local isometry (U, g|5) — (M, §)
and ((bq)*‘ThcoM = A.

Proof. Since q = (wo,%0; A) € Fy,, the previous lemma implies that (B7) holds
with g9 = (o, Zo; Ao) replaced by ¢. Therefore, if x € U and X € T|,M write
u = (xpy, |)1(2) € TlayM and v = ((expy, |))a(X) € TIu(T]oy M) = Tloy M
and (B7) with gy replaced by ¢ implies

(@)« (Xl = [| (€Bsq)+ © Ao ((expy, [0) ™)) (X)),
= || (&ps,) |Au (Av)|, = [|Apg ( %,q><1><expm> o <v>HA
= [[(exD)=lu(V)[], = [[(€xDg )l (x4, o)) (X)),
=X, .

where the 4. equality follows from the fact that A € T|,, M — T|3,M is an isometry.
The claim (¢q)«|7|, 0 = A is obviously true. O

We will now start proving that Rol(-,-)(Ap, (7, q)(t)) = 0 for every piecewise
Cl-path (not necessarily a loop) v on M such that v(0) = zy and for all ¢. First we
prove a special case of this (but with gy replaced by any g € F,).
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Lemma 5.37 Let ¢ € F,,, u € T|,,M be a unit vector and let v, be the geodesic
t — exp,, (tu), Then

Rol(:, ) (Apg (1, 9)(1)) = 0, VL € [0, 7(u)].

Proof. Write q¢ = (xq, Zo; A) and notice that by definition of U we have tu € U for
all t € [0, 7(u)[.
Since ¢, of the previous lemma is a local isometry, it follows that

Py(¢q(7u)) 0 A= (¢g)e 0 Fy(u), VO <t <7(u).

Also, L0, (74)(t) = (¢g)+u(t) for all ¢ so we may conclude that

4pg (Y, ) () = (u(t), (¢q © 1) (1); (Pg)«

%(t)), Y0 <t< T(u)

Again, since ¢, is a local isometry, for all X,Y,Z € T|,M, x € U we have
(09):(R(X,Y)Z) = R((¢g): X, (¢9):Y)((¢q):Z) L., Rol(-,-)((¢g)s]c) = 0 for all

z € U. But then

ROI(" ')(A”DR,(%M Q)(t)) = ROI('> ')((¢q)*|“/u(t)) =0, 0<t< T(u)

Continuity of Rol and ¢py (74, ¢) now allows us to conclude that the above equation
holds for all 0 <t < 7(u). O

Now we may prove the claim that was asserted before the previous lemma.

Lemma 5.38 Let vy :[0,1] =+ M a piecewise C''-path on M such that v(0) = =.
Then

ROI('? ')(ADR<77 QO)@)) =0, Vte [07 1]'

Proof. 1t is clearly enough to prove the claim in the case t = 1. Choose any vector
u € Tz, M such that ~, : [0,1] — M is the minimal geodesic from zg to y(1). Define
q = qpg (757, q0) (1) and notice that since v, 'y € Q,, (M), we have g € F,,. Thus
by the previous lemma,

Rol(-, ) (Apy (yu, ¢) (1)) = Rol(-, ) (Apg (v ) ([Jull,)) = 0,

Tully

since 7'(”:”9) = |[ull,. But

pr (Vs 0)(1) = 40 (Yus @0r (075 40) (1) (1) = ap (Ve 75 60) (1) = g (7, G0) (1)

and hence

0= ROl(', ')(A'DR(’YU, Q)(]-)) = ROI(', ')(ADR(’% QO)(l))

which concludes the proof. O

Finally we may proceed to the proof of the theorem itself. Indeed, since Op,(qo)
is the set of all gp,, (7, qo)(1) with all the possible piecewise C'-curves 7 : [0,1] — M
such that v(0) = x¢, the previous lemma implies that the condition (ii) of Corollary
F.29 is satisfied. Thus there is a Riemannian manifold (N, /) and Riemannian
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covering maps F : N — M, G : N — M ie., (M,g) and (M, §j) have a common
Riemannian covering space.

Actually, by Corollary p.29, we may take N = Op,(q), F = mom|n, G =
To.arlv and hence if ¢ € F~'(xg), then there exists a v € Q,,(M) such that ¢ =

~

qpr (7, 40)(1) and hence G(q) = g (7, @) (1) = Zo since Yp (7, @) € Qa, (M) by the
assumption. This shows that F'~1(zq) C G~!(Z) and concludes the proof.
U

Remark 5.39 The difficulty in the proof of the previous theorem is due to the fact
that the contact points xg, Zo are fixed i.e., we only assume that loops that are based
at xy generate, by rolling, loops that are based at .

If we were allowed to have an open neighbourhood of points on M with the property
that loops based at these points generate loops on M, one could prove that (M, g) and
(M,g) have the same universal Riemannian covering by an easier argument than above.

More precisely, suppose there is a gy = (¢, Zo; Ao) € @ and a neighbourhood U of
2o which consists of points x such that whenever one rolls along a geodesic from x, to
x followed by any loop at z, then the corresponding curve on M, generated by rolling,
is a geodesic followed by a loop based at the end point of this geodesic.

This means that there is a (possibly smaller) normal neighbourhood U of x such
that defining a local ¢ p-section ¢ on U by

Q(x) = (2, f(2); Als) = oy (¢ = expy, (tex ! (2))), 40) (1),

then it holds that

~

Ve eU, vy € Q(M) = Ap(7,4(x)) € L,y (M).

Notice that gy = ¢(xo). (In the case of the previous theorem, we had U = {z(}, which
is not open.)

We will now sketch an easy argument to reach the conclusion of the theorem under
this stronger assumption.

Write Toy, (40) = TQ,M|0p,, (40) @S usual. We show that the vertical bundle V (7o, (4))
is actually trivial in the sense that all its fibers consist of one point only (the origin).
From this one concludes that Opy (go) is an integral manifold of Dy an hence 7oy, (4)
is (complete and) a Riemannian covering map once the manifold Op,(qo) is equipped
with the Riemannian metric pulled back from that of A (or M).

Take © € U and v € V3u)(Top, (40))- This means that there is a smooth curve
s T'(s), s € [0,1], in Op,(qo) such that g (I'(s)) = z for all s and I'(0) = v.

One may then choose for each s a smooth path v, in M starting at x and defined
on [0, 1] such that gpy (7s, ¢(2))(1) = I'(s). We have v, € Q,(M) since

V5(1) = w1 (apr (75, 4(2)) (1)) = m@u(T(s)) = =

Thus by assumption,

~

Aor (Vs 4()) € Qi (M)
from which

(rqin)+ = ~laauir (D) = < lyAn (3 8@)(1) = <] (s = (@) =0.
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This proves that every element of V|5 (Top, (40)), @ € U, is of the form v(B)|4)
where B € T*[,M & T,y M and §(BX, A|,Y) + §(Al.X, BY) =0, VX,Y € T|, M.
Take a vector field of the form ¢ — v(B|,)|, on Op,(qo) defined along the image

of ¢. Arguing as in Proposition b.29 and using Eq. (E17), we conclude that for every
X € T|,,M we have

_gNS(BL]oX)‘QO + V(v(XAoX)B‘Q(')) S T|CIOODR(QO)

and hence, by what we just proved above, the image of this vector under (7, y/). must
be zero i.e., B|,, X = 0. Since this holds for all X € T|,,M, it means that B|,, = 0
and hence we have that V|, (To,, (4)) = {0}. Thus the vertical bundle V (7o, (4))
has rank = 0 since its fiber is = {0} at one point.

Remark 5.40 The assumption given by Formula (BQ) is a special case of a more
general one: There is gy = (20, Z9; Ag) € @ and points x; € M, &7 € M such that

v E Q$07$1(M) = ’?DR(77 QO) € chmh(M)v (59)

where Q,, ., (M) is used to denote the set of piecewise C''-curves from zq to x1 in M
with Qg 2, (M) defined similarly for M.

We actually reduce this setting to the one given in Theorem as follows. Fix
once and for all a curve w : [0,1] — M s.t. w(0) = g, w(1) = 1 and write ¢ =
qpp (W, q0)(1). Then ¢ = (z1,71; A;) by assumption given by Eq. (B9), with A; :
T)eyM — T)s,M. Then if v € Q,, (M) is any loop in M based at z;, one gets that
Y.w € Quyzy (M) is a path from xy and z;1. By assumption in Eq. (B9) again, one has

s (1, @) (1) = Jpr (Y@, 90) (1) = 1,

and since 4p,, (7, ¢1)(0) = 1, we have obtained

~

Y€ Qe (M) = Apy(v,q1) € s, (M).

Therefore any result obtained under Assumption (B0) will also hold true under the as-
sumption given by Formula (B9).

5.4.3 The Ambrose’s Theorem Revisited

The results developed so far allow us to somewhat simplify the proof of the Am-
brose’s theorem (see [R] Theorem II1.5.1). In fact, the elaborate construction of
the covering space X (of the manifold M) is no longer needed since we build this
space by simple integrating the distribution Dg. Actually, as in RF], we will first
prove (a version of) the Cartan’s theorem ([PJ] Theorem I1.3.2) by using the rolling
framework and then use that result and some “patching” to obtain the Ambrose’s
theorem. The considerations are in parallel to those found in [[], BJ].

Definition 5.41 A continuous curve v : [0, a] — M on a Riemannian manifold (M, g)
is called once broken geodesic, broken at ty, if there is a ¢y € [0,a] such that 7|[0,t0},
Y|fto,a] are geodesics of (M, g).

Notice that if ¢ = (z,%; A) € @ and ~ is a once broken geodesic on M starting
at x broken at ty, then 4p, (7, q) is a once broken geodesic on M broken at t.
Ambrose’s theorem can now be stated as follows.
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Theorem 5.42 (Ambrose) Let (M, g), (M, §) be complete n-dimensional Rieman-
nian manifolds and let gy = (¢, Zo; Ag) € Q. Suppose that M is simply connected and
that, for any once broken geodesic ~ : [0, a] — M starting from xy, we have

~

Ay (7, 60) (1) (R(X,Y) Z) = R(Ap (7, 90) ()X, Apg (7, 60) ()Y ) (Apg (7, QO)<t)Z)(7 )
60

forall XY, Z € T|,»M and t € [0,a]. Then, if for any minimal geodesic 7 : [0, a] — M
starting from x, one defines ®(y(t)) = exp;, (tAo7(0)), t € [0,a], it follows that the
map ® : M — M is a well-defined Riemannian covering.

Remark 5.43 The assumption of Ambrose’s theorem is equivalent to the following:
For any once broken geodesic 7y : [0, a] — M starting from x and for all X, Y € VF(M),
t €10,a],

Rol(X, Y)(Apy (7, 20)(#)) = 0,

which by Proposition is equivalent to

[gR(X)v gR(YH‘QDR(%QO)(t) = gR([Xv Y])‘QDR('quo)(t)'

i.e., that the distribution Dy is involutive at each point of @) of the form ¢p (7, qo)(%).
This should suggest that it is worthwhile to study the integrability of Dy near the point
qo € Q, although we are not allowed to use Frobenius theorem.

On a Riemannian manifold (N, h), we use d;, to denote the distance function
(metric) on N induced by h and, fory € N, X € T|,N, r > 0, we use By, (y,7) C N
(resp. Bp(X,r) C T|,N) to denote the open ball of radius » on N (resp. T'|,N)
centered at y (resp. X) w.r.t dj, (resp. h).

The next result provides a local integral manifold of Dg under milder assumptions
than those given in the statement of Ambrose’s theorem.

Theorem 5.44 (Cartan) Let (M, g) and (M, §) be (not necessarily complete) Rie-
mannian manifolds. Consider ¢ = (z,%; A) € @ and € > 0 such that the exponential
maps exp,, : By(0,,€) C T|;M — By, (x,€) and exp; : B(0z,€) C T|:M — By, (7€)
are (defined and) diffeomorphisms. Then the following are equivalent:

(i) For every (non-broken) geodesic v : [0,1] — By, (,€) starting from z, we have

Apg (7, (O (R(X,Y) Z)
=R(Apy (v, 9) ()X, Apy (v, 0) ()Y ) (A (v, 0) (1) 2) (61)

i.e., Rol(X,Y)(Ap,(7,¢)(t))Z =0 for every X,Y, Z € T,y M and t € [0,1].

(i) For every (non-broken) geodesic v : [0,1] — Bg,(x, €) starting from z, we have

Apg (7, ¢) () (R(X, 4(1))3(1))
=R(Apy (7, @) ()X, A0 (7, 0) (1)) Y2 (7, 4) (8) (62)

i.e., Rol(X,5(t))(Apr(v,q)(t))¥(t) = 0 for every X € T|, WM and t € [0,1]
(except the break point of 7).
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(iii) There is a connected integral manifold N of Dy passing through ¢ such that
Toum|n — By, (2, €) (or mg yy|v — Ba,(Z,¢€)) is a bijection.

(iv) The map ® := exp,; o A o exp,! | By, (z,¢) i an isometric diffeomorphism (onto
Bd ({i‘, 6))

g

Moreover, if any of the above cases holds, then, for every X € B,(0,,¢), it holds
that

(I)*|expz(X) = POI(S = &\p£<SAX)) © A © P10<S = epr(‘SX))
= B (s > 80, 0 (s(X, AX)) ). (63)

Proof. (i) = (iii): By taking Y = Z = 4, one has

ADR(77 Q)<t>Y = ADR</77 q) (t)Z = }YDR(W@ Q)<t)7

for all ¢ € [0, 1].
(i) = (iv): Let u,v € T, M, |lul|, < € and define for ¢ € [0, 1]

d

Yuo(t) = g‘oexpm(t(u + sv)) = t(exp, )« |-

It is the Jacobi field on M along the geodesic v, (t) := exp,(tu), t € [0,1], with
Y,,(0)=0,V,Y,,=v.
Proposition p.f implies that the rolling curve gpy (74, q) along 7, is given as

Ao (Y, @) (8) = &xp5(tAW),  Apy (Yus @)(t) = P3(Apr (Yus @) © A 0 PY ().

On the other hand, the assumption implies that
Rol(Ye,o(t), 7u () (Apg (vus @) (1)) 7u(t) = 0, ¢ € [0, 1]

and Proposition imply that Yu,v = Apy, (Yu, ¢)Yu,w is a Jacobi field on M along
the geodesic Ypy (Vu, )-
Clearly, Y, ,(0) =0 and V4,Y,, = AV,Y, , = Av, from which it follows (by the

uniqueness of solutions of second order ODEs) that Yu,v must be the Jacobi field
given by

A d, _
Vio(t) = | S (A + 50)) = (&g )l Av).

Setting ¢ = 1, we see that

Apg (Yus ) (1) (€xPy )« uv = (XD )] au(Av),

for all u,v € T|,M with [Jul[, < e. In other words, this means that

. ]y = (6xD;)s]au 0 Ao (exp,)ily = Apy (Veupr1 (> (1),

for every y € Bg, (z, €), where By, (, €) is also equal to {exp,(u) € T'|, M | ||lul|, < €}.

Since Apy, (Yexps1(y)+ ¢)(1) € Q, this means that ., is an isometry T'|, M — T|q>(y)M
i.e., ¢ is an isometry.
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(iv) = (iii): This follows from Lemma p.45 below.

(iii) = (i): Proposition p.17 implies that Rol(X,Y)(A’) = 0 for all (2, 2'; A’) € N
and X,Y € T,/ M.

On the other hand, the assumption implies that f := (mg.s)|y' is a smooth local
section of mg s defined on By, (x,€) whose image is the integral manifold N of Dg.

Let v(t) = exp,(tu), t € [0,1], be a geodesic of M with ||ul|, < e. Then, since
f o~ is an integral curve of Dy and f(7(0)) = g, the rolling curve gp,(7,q) is
defined on [0, 1] and is given by gp.(7v,q)(t) = f(y(t)) for all ¢ € [0,1]. Hence
qps (7,q)(t) € N for all ¢ € [0,1], which implies that Rol(X,Y)(Apg(7,9)(t))Z =0
for all X,Y,Z € T|,)M. This completes the proof. O

Lemma 5.45 Let 2o € M and &, € M with corresponding open neighborhoods U
and U. Then there is a isometry onto ¢ : U — U if and only if there is a smooth
local 7 ar-section f: U — (), whose image is an integral manifold of Dy and projects
bijectively by 7 ;; onto U.

Moreover, the correspondence ® < f is given by

Proof. Let ® be an isometry onto U — U and define fp as above. For every z € U
and u € T|, M, let v,(t) := exp,(tX). Since ® is an isometry, ® o+, is a g-geodesic
starting at ®(x). Moreover, defining A(t) = ®,|,, ) € Q and taking any X, € T'|,M,
X(t) = Pi(vu)Xo, we have A(t) X (t) = PL(P 0 7,)(P.(Xp)) and hence

(v('i/u(t),%(@oyu)(t))A(t))X(t) = V.50 (ABX(1) = At) Vs, X (1) =0,

which proves that ¢ — (7,(t), (P o v,)(t); A(t)) =: ¢(t) is an integral curve of Dg
through ¢(0) = (2, ®(x); ®.|,). On the other hand, ¢(t) = fo(7.(t)) and thus it
follows that

(fa)«(u) = q(0) € DR|q(0)'

Hence the image of fg is an integral manifold of Dy and it clearly projects bijectively
onto U by T¢ -

Conversely, suppose that f : U — @ is a local mg-section whose image is an
integral manifold of Dr and which projects onto U. Define ® ¢ as above. Then
®;: U — U and, for every x € U and X € T|, M, we have f.(X) = Zx(X)| @ and
thus

1(@0). X, = || (7 (£ (X))

= || Eam (B, = 1@, = 11,
where the final equality follows from the fact that f(z) € @. The fact that ® is a
bijection U — U is clear. Hence the conclusion. O

We can now provide an argument for Theorem .42 According to the assump-
tions done in the statement, Theorem [5.44 implies that there is an integral manifold
of Dr passing through gy = (¢, Z9; Ag). Hence, we may choose the maximal con-
nected integral manifold N of Dr passing throught gy (where N is the union of all
connected integral manifold of Dr passing through ¢, see e.g. Lemma 3.19 in [4]).
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Endow N with a Riemannian metric h given by: h(Zxr(X)|,, ZR(Y)|,) = 9(X,Y)
for ¢ = (z,2; A) € N and X,Y € T|,M. It is then clear that

F:=promg|y: N = M, andG::prQOﬂQ|N:N—>M,

are local isometries onto open subsets of M and M (see also the proof of Corollary
5.21).

We next intend to prove that (IV,h) is a complete Riemannian manifold. Here,
we have to be more careful than in the proof of (i) = (iii)” in Corollary .29 since
we cannot assume that N is the whole orbit Op, (o).

First of all, the facts that N is an integral manifold of Dg and F'is a local isometry
imply that, for any ¢ = (z,2; A) € N and any g-geodesic t — (t) = exp,(tX) on
M starting at x, the rolling curve t — gp, (7, ¢)(t) stays in N is a h-geodesic on N
for t in a small interval containing 0.

Let us assume that NV is not complete. Then there exists a h-geodesic I" : [0, T[—
N starting from ¢q where [0, 7] is the maximal non-negative interval of definition
and T < co. Since F' is a local isometry, F'o I is a g-geodesic on M and since T is
an integral curve of Dy, it follows that there is a unique X € T'|,, M such that, for
t € [0, T, one has

D(8) = gy (5 = exp,, (X)), q0) (1
— ((expy (£X), 8, (40X ); PL(s — &3, (s40X)) 0 Ag 0 P(s 1 exp,, (sX)).

We write (v(t),4(t); A(t)) := T'(t). Since M and M are complete, the right hand
side of the above equation makes sense for all ¢ > 0 and we define I" on [T, 00| by
this formula. We emphasize that we assume T to be a geodesic on N only for [0, T'[.

Write gr = (27, #1; Ar) := I'(T"). Choose € > 0 such that exp,  and exp,  are
diffeomorphisms B(0, €) — Bq, (77, ¢€), B(0,€) — By, (I, €) respectively.

If w is any geodesic [0, 1] — By, (z7, €) starting from 27, then the concatenation
w Uy of w and 7 is a once broken geodesic starting from x, and therefore, Eq. (p0)
implies that the assumptions of Theorem p.44, Case (i), are satisfied (with (w, qr)
in place of (7,q)). Indeed, for every X,Y € T'| M and t,

Rol(X, Y')(Apg (w, g7)(t)) = Rol(X, Y)(Apg (w, gpr (7, 40) (T))(1))
—Rol(X,Y)(Apy (w7, qo)(t + T)) = 0.

Therefore, Case (iii) there implies the existence of a connected integral manifold N
of Dr passing through gr = ['(T).

Since N is an integral manifold of Dy and T is an integral curve of Dy and since
I(T) € N, it follows that T'(t) € N for all ¢ in an open interval |T — 5, T + 5]
containing T'. Since I'(t) € N for ¢t € [0, T, it follows that, for some ty €]T —n, T,
we have I'(tg) € NN N.

Thus N NN # § and hence N U N is a connected integral manifold of Dy
passing through ¢y which, because of the maximality of N, implies that N C N.
This implies that I" is a geodesic of N (since F o' = 7 is a geodesic of M and F
is a local isometry) on the interval [0, T + 7|, contradicting the choice of the finite
time 7. Thus (N, h) is complete.

Since F' = pr; omg|ny and G = pry o mg|n are local Riemannian isometries, it fol-
lows from Proposition I1.1.1 in [25] that they are covering maps. Taking finally into
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account that M is simply connected, one gets that F' is an isometric diffeomorphism
N — M and hence G o F~1 : M — M is a Riemannian covering map.
Finally notice that if v : [0,a] — M is a minimal geodesic starting from xq, then

(G o F71)(y(t)) = exp;, (tAo¥(0)) and hence & = G o F71.

6 Rolling Against a Space Form

This section is devoted to the special case of the rolling problem (R) with one of
the Riemannian manifolds, usually (M ,§), being equal to a space form i.e., a simply
connected complete Riemannian manifold of constant curvature. The possible cases
are: (i) Euclidean space with Euclidean metric (zero curvature), (i) Sphere (positive
curvature) and (iii) Hyperbolic space (negative curvature), cf. e.g. [BJ].

As mentioned in the introduction, the rolling problem against a space form ac-
tually presents a fundamental feature: on the bundle g as : @ — M one can define
a principal bundle structure that preserves the rolling distribution Dg, and this
renders the study of controllability of (X)g easier to handle.

We will first provide a detailed study for the rolling against an Euclidean space
and then proceed to the case of space forms with non-zero curvature.

6.1 Rolling Against an Euclidean Space

In this section, we give a necessary and sufficient condition for the controllability of
(X)g in the case that M = R" equipped with the Euclidean metric § = s,,.

Recall that if V' is a finite dimensional inner product space with A the inner
product, the special Euclidean group of (V,h) also denoted SE(V) is equal to V' x
SO(V), and is equipped with the group operation * given by

(v,L) * (u, K) := (Lu+v,LoK).

Here SO(V') is defined with respect to the inner product h of V. In particular, we
write SE(n) for SE(R") with R" equipped with the standard inner product.

Now fix a point gy of @ = Q(M,R™) of the form gy = (¢, 0; Ag) i.e., the initial
contact point on M is equal to zy and, on R", it is the origin. Since (R",s,) is flat,
for any a.c. curve t — &(¢) in R” and X € R™ we have P!(2(t))X = X, where we
understand the canonical isomorphisms 7'z yR™ = R™ = T3 R". It follows that
we parameterize the rolling curves explicitly in the form:

o0 (1 0 DO = (10,3 + A [ PO APYR). (64

where v € Q,(M).
From this it follows that for any (xg, 0; Ag), (20, Z; A) € Q and v € Q,,(M), the
point o (7, (20, 33 A))(1) is equal to

(w0, & + AAG Amg (7, (0, 05 Ag)) (1); AAG Ay (7, (0, 0; Ap)) (1))
Let v € Q,,(M) be a piecewise C'-loop of M based at zy. We define a map
P = Pqo - Qwo(M) — SE(TL),
p('Y) - (/}\/DR (’77 qo)(l)v A”DR(’% qO)(l)Aal)7
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where gy = (0, 0; Ag) € Q. Hence by Remark .4 and the above formulas we have

plw.7) = (303 (@, 43 (7, 40) (1)) (1), Apg (w, 4 (7, 60) (1)) (1) Ag ")
=(92r (7 90) (1) + Apg (7, 90) (1) Ay Fpg (w, 60) (1),
Apy (7, 20) (1) Ag " Apy (w, 00) (1) Ay )
=(¥r (7, 20) (1), A (7, 20) (1) Ag ') * (o (@, 0) (1), Apy (w, 90) (1) 447
=p(7) * p(w)-
Thus p is a group anti-homomorphism (§2,,(M),.) — (SE(n), ). This proves that

the elements of the form p(w), w € Q. (M), form a subgroup of SE(n). We also see
that

(fAYDRQVv Q)(l)v ADR<77 Q)<1>> = (fv A) * <07 A0>71 * Pyo (7) * <07 AO)v

where ¢ = (29, %; A), g0 = (x0,0; Ag) € Q and v € Q,, (M).

We also make the simple observation from Eq. (B4) that the image of pry o
p i (M) — SO(n) is exactly AgH|,,Ag*, where H|,, is the holonomy group
of (M,g) at zo. Here AgH|,,A;" = H|r with respect to the orthonormal frame
F = (Ayter, ..., Ay e,) where ey, ..., e, is the standard basis of R".

From these remarks the next proposition follows easily.

Proposition 6.1 Let Q@ = Q(M,R") and gy = (z¢, To; Ag) € Q. Then the map
K, : Wé}M(l‘o) — SE(n);
(w0, 33 A) = (2 — 29, AAZY)

is a diffeomorphism which carries the fiber Wé; (qo).01(@0) of the orbit Op, (go) to a
R )
submanifold of SE(n). In particular, if £ = 0 we have that

Koy (W(;;R(qo),M(xO)) = Pqo (on (M))

which is a Lie subgroup of SE(n).

We will make some standard observations of subgroups G of an Euclidean group
SE(V), where (V,h) is a finite dimensional inner product space. Call an element of
G of the form (v,idy) a pure translation of G and write T' = T'(G) for the set that
they form. Clearly T is a subgroup of GG. As before, pry, pr, denote the projections
SE(V) — V and SE(V) — SO(V). The natural action, also written by %, of SO(V)
on V is defined as

(u, K)xv:=Kv+u, (uK)eSOWV), veV.

Proposition 6.2 Let G be a Lie subgroup of SE(V) with pry(G) = SO(V'). Then
either of the following cases hold:

(i) G=SE(V) or

(i) there exists v* € V which is a fixed point of G.
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Proof. Suppose first that T = T'(G) is non-trivial i.e., there exists a pure translation
(v,idy) € T, v # 0. Then for any (w, A) € G it holds that

G 3w, A) ' x (v,idy) * (w, A) = (A 'w, A7) % (v +w, A)
= (A v+ w) — A w,idy) = (A v, idy)

which implies that

T 5 {(A 7, idy) | (w, A) € G} ={(A ", idy) | A € pry(G) = SO(V)}
=S5"740, [Jv[l) x {idv}

where S""!(w,r), w € R",r > 0 is the sphere of radius r centered at w € V and
|-l = h(-,)¥2. If w € V such that ||w|| < ||v]| then it is clear that there are
u,u’ € S"7L0, ||v||) such that u + v’ = w (choose u € S™(0, ||v||) N S (w, ||v])
and ' = w — u). Therefore

(w,idy) = (u,idy) * (¢, idy) € T

i.e., B(0,||v]]) € T where B(w,r) is the closed ball of radius r centered at w. Thus
for all k € N,

{BO [lvl) + -+ B0, [[vl)} > {idy}

TV
k times

= (B(0, ||v]}) x {idy}) X (B0, ||v])) x {idv}) C T.

k times

From this we conclude that V' x {idy} =T
Therefore we get the case (i) since

G=TxG={(u,idy) * (w,A) |ueV, (w,A) € G}
={(u+w,A) |ueV, (w,A) € G}
={(u,A) [u eV, Aepry(G)=80(V)}
—V x SO(V) = SE(V).

The case that is left to investigate is the one where T is trivial i.e., " = {(0,idy) }.
In this case the smooth surjective Lie group homomorphism pry|q : G — SO(V)
is also injective. In fact, if A = pry(v, A) = pry(w, A) for (v, A), (w, A) € G and
v # w, then

G w A)xw, A7 = (w A)x (A v, A = (w—v,idy) €T

and since (w — v,idy) # (0,idy), this contradicts the triviality of 7. It follows
that pry|g is a Lie group isomorphism onto SO(V') and hence a diffeomorphism. In
particular, G is compact since SO(V') is compact.

We next show that there exists v* € V which is a fixed point of G. Indeed,
taking arbitrary v € V' and writing puy for the (right- and) left-invariant normalized
(to 1) Haar measure of the compact group G, then we may define

vt = /(B*v)d,uH(B).
e
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Thus for (w, A) € G,

(w, A) % v* =w + Av* :/

; (w+ A(B % v))dun(B) :/ (((w, A) x B) % v)dun(B)

:/G(B*U)d,UH<8> = v, G

where, in the second equality, we have used the linearity of the integral and normality
of the Haar measure and in the last phase the left invariance of the Haar measure.
This proves that v* is a fixed point of G and completes the proof.

O

Remark 6.3 With a slight modification, the previous proof actually gives the following
generalisation of the last proposition: If G is a connected subgroup of SE(V) such that
the subgroup pry(G) of SO(V) acts transitively on the unit sphere of V' then either (i)
G =V X pry(G) or (ii) there is a fixed point v* of G.

The previous proposition allows us prove the main theorem of this section.

Theorem 6.4 Suppose (M, g) is a complete Riemannian n-manifold and (M,g) =
(R™, s,,) is the Euclidean n-space. Then the rolling problem (X)g is completely con-
trollable if and only if the holonomy group of (M, g) is SO(n) (w.r.t. an orthonormal
frame).

Proof. Suppose first that (X)g is completely controllable. Then for any given gy =
(o, #0; Ap) € Q we have that " (z0) = Wé; (qo).01(@0)- In particular, taking any
b R b

qo € Q of the form gy = (x0,0; Ay) (i-e., To = 0), we have by Proposition that
SE(n) = Ko (mg01(20)) = Koo (T, (g0).0(%0)) = pag (Qag (M)

Hence the image of pr, o p,, is SO(n) and, on the other hand, this image is also

AoH|,,Ag' as noted previously. This proves the necessity of the condition.
Assume now that the holonomy group of M is SO(n) or, more precisely, that

for any x € M we have H|, = SO(T|,M). Let ¢ = (2,0;A) € Q and let G, :=

Kq(ﬂ(;};R(q),M(x)) (see Proposition B.1]) which is a subgroup of SE(n). Since

SO(n) = AH|;A™" = (pry 0 p)(Qu(M)) = pry(Ko(moy, ()r(2))) = Pra(Gy),

by Proposition p.2, either (i) G, = SE(n) or (ii) there exists a fixed point w; € R"
of Gy.

If (i) is the case for some gy = (0, 0; Ap) € Q, then, since K, maps Wé}M(qO) N
Opy (qo) diffeomorphically onto Gy = SE(n), it follows that 75", (q0) N Opy(q0) =
Tohr () and hence Opy (go) = Q (since TOp, (q0),M 18 a subbundle of mg 1) ie., (X)r
is completely controllable.

Therefore suppose that (ii) holds i.e., for every ¢ € @ of the form g = (z,0; A)
there is a fixed point w; € R" of G,. We will prove that this implies that (M, g) is
flat which is a contradiction since (M, ¢g) does not have a trivial holonomy group.

Thus for any point of @ of the form ¢ = (x,0; A) we have for all loops v € ,(M)
that

1
APYO)A w4 [ PYY(s)ds =
0

q’
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since p, is a bijection onto Gy and w; is a fixed point of GG. In other words we have

1
(PP (v) —id) A" wy + / P°(~)4(s)ds = 0.
0
Thus if ¢ = (x,0; A) and ¢’ = (2,0; A’) are on the same 7¢ fiber over (z,0), then
(PY(7) —id)(A ™ wy — A ) = 0

for every v € Q,(M). On the other hand, since M has full holonomy i.e., H|, =
SO(T|. M), and H|, = {PX(v) | v € Q.(M)}, it follows from the above equation
that

A_lw; = A’_lw;‘,.
This means that for every x € M there is a unique vector V|, € T'|,M such that
Vie=A"w}, Vqe Wél(l‘,()).

Moreover, the map V : M — T'M; x — V|, is a vector field on M satisfying

PY )]s — V], = — / POy (s)ds, Wy € Qu(M). (65)

It follows from this that, for any piecewise C* path v € C;W([O, 1], M), we have

1
Vi = BE0) (Vi = [ PROYi(s)ds). (66)
Indeed, if w € Q,1)(M), then v L.w.y € Qo) (M) and therefore
PP(V)PP(W)POI(V)VH(O) — Vo = P10(771~W-7)V|7(0) — Vo)

:—/0 Pso(fyl.w.fy)%(fyl.wry)(s)ds

== [ POyisas = P [ PYatas = 0PI [ PGS s

1
= [ POy s)as £ PPV = Vi)
1
+ PO)PIR0) [ PRO)i(s)ds,
0
that is
1
(PE@) =) B 0) (Vo — [ P2D3(5)s) = (PYe) = id) Vo
Equation (B@) then follows from this since {P(w) | w € Q,q)(M)} = H|,q) =
SO(T'|5(1)M).
Since (M, g) is complete, the geodesic vx(t) = exp,(tX) is defined for all ¢ €

[0,1]. Inserting this to Eq. (B0) and noticing that P2(vx)¥x(s) = X in this case for
all s € [0, 1], we get

Vi = Py (rx)(V]e — X),
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Therefore, if X = V|, and z := vx(1) = exp,(V|,), we get
V], =0. (67)

Inserting this fact into Eq. (b3), one gets

| Proiteas =0, vy ea.on,

Fix ¢* = (z,0; 4p) € Q (for any isometry Ag : T|,M — T|oR"). Eq. (B4) implies
that

Y (7, (20, 0; A9))(1) = 0, Vv € Q.(M).

We now apply Theorem [.33 to conclude that (M, g) has (R",s,) as a Rie-
mannian covering (i.e., (M,g) is flat) and hence reach the desired contradiction
mentioned above. Even though this allows to conclude the proof, we will also give
below a direct argument showing this.

Equation (pf) is trivially equivalent to

t
POV ) = Vo) — / PO(7)3(s)ds

where v € C}, ([a,0], M), a < b, is arbitrary. Taking 7 to be smooth and differen-
tiating the above equation w.r.t to ¢ (notice that both sides of the equation are in
T|y)M for all t), we get

Pto(’Y)vv(t)V‘v() = _Pto("Y);Y(t)a
that is
Vi Ve = =)

Since v was an arbitrary smooth curve, this implies that V' is a smooth vector field
on M and

ViV =—X, VX eVF(M). (68)

For any X € VF(M), the special curvature R(X,V)V can be seen to vanish
everywhere since

R(X, V)V =VxVyV —VyVxV — V[X,V}V =-VxV+Vy X+ [X, V]
=V, X]+ [X,V] =0,

where, in the second equality, we used ().
For any X € T|,M, we write yx(t) = exp,(tX) for the geodesic through z in the
direction of X. It follows that

Visx =) (V] - / PO )i (5)ds)

~Fil)(= | Xds) = Fila) (=) = ~tix 1) (69)
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Now for given X, v € T|,M let Y (t) =
vx such that Y(0) =0, Vi Y |=0 =

exp, (t(X + sv)) be the Jacobi field along

5
ds 10
v. Then one has

. ) 1
v“'fx(t)v“'/xyv = R('YX(t)a Y(t))’)/x(t) = t_QR(V|"/X(t)7 Y(t))v|7x(t) =0,

for ¢ # 0 which means that t — VY is parallel along vx i.e.,
VixY = Py(7x)Vix Y = Fy(1x)v.

This allows us to compute

d
2 ZQag(Vme’ Y(t))

dtQ || @Il
=29(VixVax Y, Y (1) +29(Vix Y, VixY)
=0
=29(P}(vx)v, Py (vx)v) = 2 ||v][?

and hence for any ¢

d 2
T YOI =2[vl2t+ =], 1Y) =2]v]2t,

=,

because —}0 |Y'( )|| = 29(Vix0Y,Y(0)) = 0 since Y (0) = 0. Again, since Y (0) =
0,

1Y @)1 = llolly £+ 1Y ()15 = lloll; ¢

which, when spelled out, means that |[[t(exp,).[ix(v)|, = [[tv]|, and hence, when
t=1,

[(exp. )ulx (W)l = llvlly, VX, veT[:M. (70)

This proves that exp, is a local isometry (T'|.M,g|,) — (M,g) and hence a
Riemannian covering. Thus (M, g) is flat and the proof if finished.
U

Remark 6.5 For results and proofs in similar lines to those of the above Proposition
and Theorem, see Theorem IV.7.1, p. 193 and Theorem IV.7.2, p. 194 in [[3].

6.2 Rolling Against a Non-Flat Space Form

In this subsection, we study the controllability problem of (X)g in the case where
M is a simply connected n-dimensional manifold with non zero constant curvature
equal to %, with k& # 0.

6.2.1 Standard Results on Space Forms

Following section V.3 of [I3], we define the space form M, of curvature % as a subset
of R"" n € N, given by

A k
Mk — {<x1’...’xn+1) e Rn+1 | .T% —|—.I‘ +kxn+1 k xn+1 + — ‘]{)‘ O}
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Equip M, with a Riemannian metric §, defined as the restriction to M, of the
non-degenerate symmetric (0, 2)-tensor

Sk = (dz1)® + - + (da,)® + k(dz, )
k
|K| N

also when k£ < 0. If the dimension n is not clear from context, we write (M, x, Gn.k)
for the above Riemannian manifolds.

The condition x,.1 + 5 > 0 in the definition Mk guarantees that Mk is connected

Remark 6.6 (i) If k =1 then M; = S (the usual Euclidean unit sphere in R™*+1)
and s,,; is the usual Euclidean metric s, on R™*1. For a fixed n € N, the

spaces M, for k > 0 are all diffeomorphic: the map ¢ : (T1,. .., Tn, Tngr) =
(%, cee ”C—’];,xnﬂ) gives a diffeomorphism from M) onto M;. Moreover, ¢y is a

A

homothety since ¢;g1 = %gk.

(i) If k = —1 then s, _ is the usual Minkowski " metric” on R™*!. For a fixed n € N,

the spaces M, for k < 0 are all diffeomorphic: the map ¢y, : (:c;, ey Ty Tpy1)
(\/x_l—k, ey \/m—j—k,xnﬂ) gives a diffeomorphism from M) onto M_;. Moreover, ¢

is a homothety since ¢; g, = —%gk.

Let G(n, k) be the Lie group of linear maps R™™ — R™*! that leave invariant
the bilinear form

(T, Y = Z Y + KTpi1Yns1s
i=1

for x = (z1,...,2p41), ¥y = (Y1,---,Yns1) and having determinant +1. In other
words, a linear map B : R"™! — R™™! belongs to G(n, k) if and only if det(B) = +1
and

(Bx, BYy), . = (¥, Y)n ), Yo,y € R
or, equivalently,
B'I,.B =1,;, det(B)=+1,
where I, , = diag(1,1,...,1, k). In particular, G(n,1) = SO(n+1) and G(n,—1) =
SO(n, 1).

The Lie algebra of the Lie group G(n, k) will be denoted by g(n, k). Notice that
an (n+ 1) x (n + 1) real matrix B belongs to g(n, k) if and only if

BT, + I,,B =0,

where I, ; was introduced above.
Sometimes we identify the form s, on R"™ with (-,-) , using the canonical

identification of the tangent spaces T'|,R"™! with R"™!. Notice that if & € M, and
V e T|;R"", then

VeT|:M, <<= s,(V,2)=0.
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In fact, if we identify V as a vector (Vi,...,V,11) in R*"! then the condition for V'

A~

to be tangent to the hypersurface M, is

0=(V, grad (a7 + -+ z) + kzp41))

n+1

= Z Vi + krp 1 Vi
i=1
:Sn,k:(‘/u i)7
with (-,-), ; the standard Euclidean inner product of R"*!.

Remark 6.7 By using the bilinear form (-, )nk one may restate the definition of M
by

n,

R k
M= {2 R | {2,2), = k. d + 20},

Remark 6.8 For convenience we recall a standard result ([L3], Theorem V.3.1): The
Riemannian manifold (M, i) has constant sectional curvature % and the isometry group
Iso( My, §r) is equal to G(n, k).

~ We understand without mention that when considering the action of G(n, k) on
M, we consider the restriction of the maps of G(n, k) onto the set Mj.
6.2.2 Orbit Structure

Proposition 6.9 The bundle 7 5 : Q — M is a principal G(n, k)-bundle with a left
action i : G(n, k) x @ — @ defined by

w(B,q) = (z,Bi; Bo A),

where ¢ = (, #; A) and in B o A we understand the range T'|; M}, of A to be identified
with a linear subspace of R™! in the canonical way.
Moreover, the action u preserves the distribution Dy i.e., for any ¢ € ) and B €

G<n7 k)y
(NB)*DR|q = DR|M(Bq)

where pp : Q — Q; ¢ — p(B,q).

Proof. Let us first check that for (x,2; A) € Q, BoA: T|,M — R can be viewed
as an orientation preserving map T'|,M — T|pzMj, and that really (x, Bi; Bo A) is
an element of (). First of all, Bt € M, when & € M, as remarked above. Moreover,
for X € T'|, M,

Snk((Bo A)(X),Bz) = s, (AX,2) =0,
since AX € T|$Mk Hence Bo A: T|,M — T|B§:M. Similarly, for X, Y € T|, M,
gr((B o A)(X), (BoA)(Y)) = snx((BoA)(X),(BoA)(Y))
:Sn,k(AXv AY) = gk(AXa AY) = g(Xa Y)a
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and clearly Bo A preserves orientation (since G(n, k) is connected). Thus (z, Bi; Bo
A) e .

It is clear that p is a well defined left G(n, k)-action on @, that it is free, maps
each mg p-fiber to itself (mg arop(B, q) = mo,am(q)) and that it is transitive fiberwise
(for each ¢q,¢" € Wé}M(LU), w(B,q) = ¢ for some B € G(n,k)). It remains to check
the claim that this action preserves Dy in the sense stated above.

Let B € G(n, k) and gy = (20, Z0; Ag). The fact that Iso(My, §) = G(n, k) means
that defining F : My — M,; F = Bly;, then F' € Iso(Mj, §). Clearly F(iy) = Biyg
and F,|;, = B\T%Mk and hence by Proposition p.13

A ~

(B, qpg (7, 00) (1)) = F - qpg (7, 90)(t) = qpp (7, F' - q0)(t) = qpp (7, (B, o)) (1),

for any smooth curve v : [0,1] — M, v(0) = x¢ and t € [0,1]. Taking derivative
with respect to ¢t at t = 0 and using the fact that, by definition, ¢p, (7, qo) is tangent
to DR, we find that

(1), HO)) = (). | 000 (7, 0) () = | (B 4y (7. 0) (1)

=< (1 1B, ) () = L)l

This allows us to conclude. O

We will denote the left action of B € G(n, k) on g € Q usually by B-q = u(B, q).

Proposition 6.10 For any given ¢ = (z,2; A) € () there is a unique subgroup G, of
G(n, k), called the holonomy group of Dg, such that

Gy q = Opy(q) Vg (2).

Also, if ¢ = (z,2";A’) € @Q is in the same 7g p-fiber as ¢, then G, and G, are
conjugate in G(n, k) and all conjugacy classes of G, in G(n,k) are of the form G .
This conjugacy class will be denoted by G.

Moreover, mo,, (g1 : Opy(q) = M is a principal G-bundle over M.

Proof. These results follow from the general theory of principal bundle connections
(cf. [, [I3J]) but the argument is reproduced here for convenience.
Let ¢ € Op,(g) N WélM(x) and choose a v € Q. (M) such that ¢ = gp, (7,9)(1).

Since the G(n, k) action is free and transitive on Wé}M(ZL‘), it follows that there is
a unique B,(y) € G(n, k) such that B,(y)-q¢ = ¢. We define G, = {B,(7) | 7 €
Q. (M)} and note that for v,w € Q,(M) one has

(By(7)By(w)) - ¢ = By(7) - (By(w) - @) = By(7) - qpr (w, ¢)(1) = gy (w, By(7) - 9)(1)
=qps (W, 4px (7, 0)(1)) (1) = gpg (w7, 9) (1) € Opy(q) N 7ok (),

which proves that B,(7)B,(w) = By(w.y) € G,. Next if v~ : [0,1] — M denotes
the inverse path of v i.e., v71(t) = (1 —t) for t € [0, 1], it follow that

(BiMBy(v™) - a=ap (v "7, 0)(1) = ¢,
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i.e., By(y)™' = B,(y"') € G,. This shows that G, is indeed a subgroup of G(n, k).
Moreover, it is clear that

Gy q = Opylq) Nghy(a),

where the left hand side is {B - ¢ | B € G}.
Let us prove the statement about the conjugacy class of G;. Take ¢’ = (z,2"; A') €

(). Because G(n, k) acts transitively on the fibers, there exists a B € G(n, k) such
that ¢ = B - q. Therefore for any v € Q,(M),

(B™'By(7)B) - q=(B'By(7))-¢ = B~ - qpa(7.¢)
=gp. (7, B ¢') = ap (7, 9) = By(7) - ¢,

i.e., B~'B,(v)B = B,(7) since the G(n, k) action is free. This proves that B~'GyB =
G,. Moreover, if there is a B € G(n, k) and a subgroup G’ of G(n, k) such that
B7'G'B = G, then defining ¢’ := B - q one gets that G' = G.

By Proposition p.1]], TOpy, (g),M 1S & smooth bundle and, by what has been said
already, it is clear that G, preserves the fibers W(T);R(q)’ yl(@) = ﬂélM(:p) N Op,(q)
and the action is free. Recall that, if a map from some manifold to the ambient
manifold is smooth and its image is contained in the orbit (as a set), then this map
is also smooth as a map into the orbit (as a manifold) (cf. [I4], Theorem 3.22 and
Lemma 2.17). As a consequence, the action of G, is also smooth. From this, one
concludes that TOp, (q),M 1S & G,-bundle and hence a G-bundle since the Lie groups
in the conjugacy class are all isomorphic. O

6.2.3 The Rolling Connection

Let mryer : TM @ R — M be the vector bundle over M where mryqr(X,r) =
7w (X). In this section we will prove the following result.

Theorem 6.11 There exists a vector bundle connection VR of the vector bundle
Trmar that we call the rolling connection, and which we define as follows: for every
reM,YeT|,M, X e VFM), reC®M),

VR (X, r) = (VYX +r(2)Y,Y(r) — %g()ﬂx, Y)), (71)

such that in the case of M rolling against the space form M, k # 0, the holonomy
group G of Dy is isomorphic to the holonomy group HV"™ of VR,
Moreover, if one defines a fiber inner product hy on T'M @ R by

he((X, 1), (Y,s)) = g(X,Y) + krs,

where X,Y € T|,M, r,s € R, then VR is a metric connection in the sense that for
every X,Y,Z € VF(M), r,s € C*(M),

Z(hk((X7T)7 (K 3))) - hk(VEOI(Xv r)? (Y7 5)) + hk((Xv r)? VEOI(Ya 5))

Before providing the proof of the theorem, we present the equations of parallel
transport w.r.t VR along a general curve and along a geodesic of M and also the
curvature of VR Tet v : [0,1] — M be an a.c. curve on M, (0) = x and let
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(Xo,70) € T|sM ®R. Then the parallel transport (X (t),(t)) = (PV")4(7)(Xo, 0)
of (Xo,70) is determined from the equations

Vi X +r(t)y(t) =0,

1) - ~a(i(8). X(8) = 0. "

for a.e. ¢t € [0,1]. In particular, if v is a geodesic on (M, g), one may derive the
following uncoupled second order differential equations for X and r,

1 ) )
Vi Vi X + Eg(X (t),4(t)(t) =0,

o (73)
iy DO,

for all ¢.
One easily checks by direct computation that the connection VR on 77/ has
the curvature,

RY™(X,Y)(Z.1) = (RIX.Y)Z ~ L(o(Y. )X — g(X,2)Y),0),  (74)

where XY, Z € VF(M), r € C*(M).
We will devote the rest of the subsection to prove Theorem [.11].

Proof. The rolling distribution Dg is a principal bundle connection for the principal
G(n, k)-bundle mg ps : Q — M and hence there is a vector bundle £ : E — M with
fibers isomorphic to R and a unique linear vector bundle connection VR : T'(¢) x
VF(M) — I'(¢) which induces the distribution Dg on ). This clearly implies that
the holonomy group G of Dg and H v of VR are isomorphic. We will eventually
show that ¢ is further isomorphic to mryer and give the explicit expression ([]) for
the connection of mryer induced by this isomorphims from VR on ¢.

There is a canonical non-degenerate metric hy, : E©FE — M on the vector bundle
¢ (positive definite when & > 0 and indefinite of Minkowskian type if & < 0) and
the connection VR is a metric connection w.r.t. to hy, i.e., for any Y € VF(M) and
s,0 € I'(v),

Y (hi(s,0)) = hi(V3's, 0) + hi(s, Vio). (75)

The construction of £ goes as follows (see [LI]], section 2.1.3). Define a left
G(n, k)-group action B on Q x R™*! by

B(B’ (Q7v)) = (B q, B’U),

where g € Q,v € R"™ B € G(n, k). The action f3 is clearly smooth, free and proper.
Hence E := (Q xR™™) /A is a smooth manifold of dimension n+(n+1) = 2n+1. The
[-equivalence classe (i.e., 3-orbit) of (¢,v) € Q x R™*! is denoted by [(¢g,v)]. Then
one defines £([(g,v)]) = mo,m(g) which is well defined since the S-action preserves
the fibers of @ x R"™ — M; (q,v) — mg am(q). We prove now that £ is isomorphic,
as a vector bundle over M, to

TTM®R - TMdR — M,
(X, t) — WTM(X).
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Indeed, let f € T'(€) and notice that for any ¢ € Q there exists a unique f(g) € R™*!
such that [(¢, f(q))] = f(mg.n(q))) by the definition of the action 3. Then f: Q —
R™! is well defined and, for each ¢ = (z,#;A), there are unique X|, € T|, M,
r(q) € R such that

flq) = AX|, +r(q)2.

The maps ¢ — X|, and ¢ — 7(g) are smooth. We show that the vector X|,
and the real number r(gq) depend only on z and hence define a vector field and
a function on M. One has [((z,%;A),v)] = [((z,y; B),w)] if and only if there
is C € G(n,k) such that Cz = ¢, CA = B and Cv = w. This means that
Clima = BA Yima : T|sMy, — T|3M, (with imA denoting the image of A) and
this defines C' uniquely as an element of G(n, k) and also, by the definition of f,
Cf(zx,#,A) = f(x,9, B). Therefore,

BX‘(m,Q;B) + T('Tu ga B)Z) = C<AX|(:B,§:,A) + T(SL’, '%7 A)'fj) = BX‘(m,i;A) + T('Tv ia A)Z),

which shows that X|4.8) = X|(@s:4), (2, 9; B) = r(x, &; A) and proves the claim.
Hence for each f € I'(§) there are unique X; € VF(M) and r; € C*°(M) such
that

fla) = [((x,2; A), AX¢|, 4 7¢(2)2)],

(here the right hand side does not depend on the choice of (z,1; A) € mg,},(x)).
Conversely, given X € VF(M), r € C*(M) we may define fx,) € I'(§) by

foen (@) = [((z, 2; 4), AX |, +r(2)2)],

where the right hand side does not depend on the choice of (z,z; A) € WélM(ZL‘)
Clearly, for f € T'(§), one has fix,,,) = f and, for (X,r) € VF(M) x C*(M),
one has (Xj ,7fy., ) = (X,r). This proves that the map defined by

(&) — VF(M) x C*°(M)
[ (Xg,ry)

is a bijection. It is easy to see that it is actually a C'*°(M)-module homomor-
phism. Since C*°(M)-modules I'(§) and VF (M) x C*°(M) are isomorphic and since
VE(M) x C*°(M) is obviously isomorphic, as a C°°(M)-module, to I'(mrpar), it
follows that & and 7ryer are isomorphic vector bundles over M.

We now describe the connection VR and the inner product structure h; on &
and we determine to which objects they correspond to in the isomorphic bundle
TTM®R-

By Section 2.1.3 in [[I] and the above notation, one defines for f € T'(§), Y €
T|.M,ze M

VlF;OIfLr = [((:L’,:%; A)7$R<Y)‘(J:,i‘;z4)7)}a

where f: @ — R""! is defined above and LRY)|(2,3; A)f is defined componentwise
(i.e., we let ZR(Y)|(z,4;4) to operate separately to each of the n + 1 component
functions of f). The definition does not depend on (z, 2; A) € WélM(l‘) as should be
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evident from the above discussions. The inner product on &, on the other hand, is
defined by

hie([((z, 2; A),v)], [((z, 95 B), w)]) = g(X,Y) + krt,

where v = AX +rz, w = BY + ty. It is clear that hy is well defined.
We slightly work out the expression for VRl Let feT(€),Y €T|,M, z € M.
Then f(y,y, B) = BX¢|, + r(y)y where X; € VE(M), ry € C™(M),

LYV @asayf = LoY)|(wa:4)((y, §; B) = BXyly) + Y (rp)d + rp(z)AY

and choosing some path v on M such that 4(0) =Y, then ¢p, (7, q)(0) = Z&(Y)|,,
where ¢ = (z,%; A) and therefore

N . d .
Sni(Lo(Y)|@aa) ((, 95 B) = BXyl,), ) = Sn,k(&\o(ADR(% Q) X|yw), )

d .
:&\Osn,k (App (7, ) O Xty 40 (1, ) (£)) — Snp (AXf]0, AY)

Therefore,
) 1 A .
L)@ ((y,9; B) — BXyl,) + Eg(thm Y)Z € T M,
and we write

_ . 1 R
(Y )| (@,a:0) f :(D%R(Y)kx,m)((y,y; B) — BXy|,) + EQ(Xf|m7 Y)Z + 7“f(fU)AY>
1

(Y () = 20(Xs1, V)3

Correspondingly, using the isomorphism of ¢ and 7ryer, to the connection VR
and the non-degenerate metric hj, on &, there is a connection VR and an indefinite
metric hy (with the same names as the ones on £) on mryqr such that for X €

VE(M), r e C®°(M) and Y € T|, M,
_ . 1 .
VRN X, 7) :<A 1(D§fR(Y)|(x,§;;A)((y,y; B) — BX\y) + Eg(X\x,Y)x) +r(z2)Y,
1
V() = 19(X].Y)). (76)
where (x,2; A) € @ is arbitrary point of @) over x and

hk«Xv T)v (K 5)) = g<X7 Y) + krs,

for X, Y € T|,M, r,s € R.
We will now prove the metric property ([[H) of the connection VR This will be

done in the case of the bundle m7y;or but it gives the equivalent result on &.
If (X,r),(Y,s) € I'(nmryer) and Z € T|, M then

Z(h (X, 1), (Y, 5))) =Z(g(X,Y) + krs)
=9(V2X,Y]2) + 9(Xla, V2Y) + kZ(r)s(x) + kr(2)Z(s).
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On the other hand,
hi(VEN(X,7), (Y, 5)) =Sn.k <$R(Z)|(m,ﬁ;A)((?/,??§ B) — BX|y)

+%g(X|x, 2)i+r(x)AZ, AY) +k(Z(r) - %g(X|z, Z))s(x),
for any ¢ = (x,#; A) € w5y () and choosing a path v s.t. 4(0) = Z we get

AOVE(X, 1), (7, 5)) =5 o (A (3,0) ()X o), AY)
(@92, Y L) + () = 9(XLar 2)) (),
from which we finally get
(VX ), (Y, ) + (X, 1), TE(Y,)
s (el (4D (1, DO X ]y0). AY) 4 52 (AX, T, (Ap (1:0) () o)
(@92, Y L) + (R2() — 9(X]e, 2)s(2) + s()g(Z, X1.)
+ (k2() ~ 9(Y ]2, 2))r(a)

:%}Osn-Fl(ADR(’Y? )Xy, Ape (7, Q) ()Y |yw) + kZ(r)s(x) + kr(x)Z(s)

= (X b, V) + RZ()s(x) + k() Z(s)
(VX Y],) + g(XLur VY + RZ(0)s(o) + hr(a) 2(5),

which is exactly Z (he((X,7), (Y, 5))).
Motivated by Eq. ([[), we make the following definition. If Y € T|,M and
X € VF(M) then define

N 1
VX = AN (AR (Y)|@waa) (v, 93 B) = BX|,) + Eg(X|$, Y)#),

where (z,; A) is an arbitrary point on the fiber ﬂélM(:L‘) over z. It is easily seen
that it is R-linear in X and Y and, for f € C*(M),

VENFX) =Y ()Xo + fla)VEX,

SO VR is a connection on M. Moreover, from the above computations, we see that
VRl is a metric connection with respect to g i.e., for X, Y € VF(M) and Z € T|, M,

Z(g(X,Y)) = g(VF'X,Y) + g(X, VE'Y).

We will prove that VR = V i.e., that VR is the Levi-Civita connection of qg.
To do this, we show that the connection VR is torsion-free.
Let X,Y € VF(M), x € M. Then taking any q = (z,2; A) € ﬂélM(:L‘) and any
local smooth m-section A such that A|, = A and VA|, = 0, we compute
(V'Y = VX)), =A™ (LR(X)| sy (4, 55 B) = BY|y) + g(Xs, Y]2)2)
—A7! (gR( )|(:r,:i";A)((y v; B) = BX|y) + g(X|$, Y|x)i‘)
=AY (Viy.ay)(AX) = Viy.ay)(AX))
=(VxY = VyX)|, = [X,Y]l]..

81



Since VR is a torsion-free metric connection w.r.t. ¢ on M, it follows by unique-
ness of Levi-Civita connection that

@Rol —V.
Thus if X € VE(M), r € C®(M) and Y € T|, M,
Rol 1
VR = (Vy X + (@)Y Y (r) = 29(X].. Y)).

This concludes the proof of Theorem [.11].

O
Remark 6.12 Define a number 55» fori,7=1,...,n+ 1 as follows,
0, ©#7,
o =91, i=j=1,...,n,

k, i=j=n+1.

We say that a frame (X, ;)4 of T'|,M @R is hy-orthonormal if hy ((X;, t;), (X, t;)) =
52’3 We may build the manifold FC])%N(WTM@R) of hi-orthonormal frames in the standard
way.

Now we will prove that the bundle FggN(ﬁTM@R) of hj-orthonormal frames of
Trmer IS isomorphic to mg as as a bundle over M. The isomorphism & : 7o —
Fls o (Trarer) can be described as follows. Let (x,4; A) € Q. Then there are unique
(Xz,tl) S T|$M@R, 1= 1, NN ,7’L+1 such that €, = AXZ+tZZi' where €, 1= 1, ey TL+1,
is the standard basis of R"*!. One easily computes that

hk((X“tl), (Xj,tj)) = g(XZ,X]) + k’tztj = Sn,k(AXia AX]) + Sn,k(tija tjflA?)

=snk(€i,ej) = 5,{3,

since s, ,(AX;,t;2) =0, s,,(t;7, AX;) = 0. Thus define ®(z,2; A) := (X, )L
We will give a description the inverse map @' Let (X;,t,)"! € Fit (mraar).
Then there are unique a; € R such that 327" a;(X;,t;) = (0,1). We notice that

1=

a; =kt; foralli=1,...,n and a,4+1 = t,11, since
n+1 n+1
0 = g(z aiXZ-, Xj) = Z al(éf] — k’tzt]),
i=1 i=1
and because "' a;it; = 1. Hence k3" 12 +12,, = 1. Define & := i (kti)e; +
tni1€ni1 for which s, ,(2,2) = k(kY ;7 +12.,) = k ie, & € M. Moreover,

it is easy to see that each e, — t;Z is s, j-orthogonal to & and hence we may define
AT .M — T|$Mk by requiring that AX; = ¢; — t;2, ¢ = 1,...,n + 1. It can
be shown that A is well defined by this formula and an orthogonal linear map i.e.,
(z,2; A) € Q. Also, evidently ®(z,#; A) = (X, t;)1L.

6.3 Controllability Results for Rolling Against a Non-Flat
Space Form

It is now clear, thanks to Theorem p.T]], that the controllability of the rolling prob-
lem of a manifold M against a space form M) amounts to checking whether the

82



connection VR of 771er has full holonomy or not i.e., whether HV™ = G (n, k) or
not.

For the rest of the section, we assume that k£ only takes the values 1 and —1, and
for notational purposes, we use the letter ”¢” instead of k" and thus ¢ € {+1, —1}.

In Riemannian geometry, the reducibility of the Riemannian holonomy group is
characterized (in the complete simply connected case) by the de Rham Theorem
(see RH]). We aim at giving an analog of this result w.r.t. VR in Theorem
below. Before doing so, we first prove a simpler result showing that the conclusion
of Theorem below is not trivial.

Proposition 6.13 Suppose that (M, g) is a space form of constant curvature equal
to ¢ € {+1,—1}. Then the rolling connection VR defined by the rolling problem(R)
of (M,g) against (M,,s,.) (i.e., we roll (M,g) against itself) is reducible and, for
each x € M, the irreducible subspaces of the action of the holonomy group HVROI|9C on
T|.M ® R are all 1-dimensional.

Proof. Let (p',...,p""™) be the canonical chart of R"™! where p’ is the projection
onto the j-th factor and write h = h, for the inner product in TM & R. We will
assume that the space form M is the subset M, of R™*! as defined previously Define
a vector field 7 := Z’:Jrll P’ ap i (R™s,,.0)
of the function (p')*+-- -+ (p" ) +c(p"+1) . Notice that Z is s, .~orthogonal to the
submanifold M = Mc of R™"! and hence T|,M is the spc-orthogonal complement
of Z|, for x € M. Moreover, s, .(Z,Z) = c.

Next we define, for j = 1,...,n + 1, the vector fields

0 0
Y;‘ = a—p] — CS"’C(ﬁ—pj’Z)Z

and functions

0
op’
The restrictions of Z, Y}, 77 onto M will be denoted by the same letters. Notice that
(Y;,r7), 7 =1,...,n+ 1 are h-orthogonal at each point of M and hence they form
a global orthogonal frame of mry/ar-

Denote, as usual, by V the Levi-Civita connection of (M, g). Take any vector
fields X = Z"+1 X’ (M)and U =3 U4 a € VF(M) and let U be some

extension of U onto a nelghbourhood of M in R**! Wlth corresponding components
Ut. Then we have for z € M,

AR

ri(z) = CSne(

VxUl, = U*(X|a:) - CSn,C(U*(X|J:)> Z|2)Zlq

where we understand U* as a map TR — TR"*! using the obvious isomorphisms
T|x(TR"™) — T|,R"*! for each X € T|,R"".
Then we compute for any x € M and X = Z"H X' 8 eT|.M

n+1 n+1
0

ZXZ inapi =X,

i=1
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and (notice that (%)* =0)

n+1
, 0 0 0
Yi)(X) = X'(Y;)4 ) = —CSpo(=, Z:( X)) Z|e — CSne(m—, Z|o) Z:(X
(05000 =3 X0 () = —esun 20N Zhe = sl 70 2)
0 0
= - Csn,c(@a X)Z|J: - Csn,c(a—pja Z|$)X7

from which we get
VxVj = (¥3)u(X]e) = csne((Y3)(X12), Z2) Z]a
0 0
=—cSpelz—,X)Z|s — csmc(i, Zl)X + csmc(a—pj,X)Z\x

op?’ op’
J Z X, Z|) 72|, = 9 Zl:)X
+Sn,c(8—pj7 |J:) Sn,c( ) |J:) |m__csn,c(@a |x) .
=0
Moreover,
X (1) :csn,c(%, Z.(X)) = CS"’C(ﬁipJ’X)

e X Y)) =800 (Xs ) e 00(X Z12) sne(Z025) = sa(X, -2
, » =] , ’8]7] s ) y 7ap] s aap] )

=0

and thus

vE.r)

‘ N1
(VY 77 ()X, X () = Zs0.(X, Y )

0 0 0 0
( - CSn,c<$7 Z|m)X + CSn,c(@u Z‘:B>X7 Csn,c(a—pju X) - CSn,C(X7 @))
=(0,0).

This means that all the mpyer-sections (Y;,77), j = 1,...,n+1 are VR°-parallel
globally. In particular, for any = € M and loop v € Q,(M),

d

ST (5,0 ha) = (P70 Ta0) (V5 8) = 0,

which means that (x = 7(0))
(Y5, 2) ey = (PY (0 (Y5, P, W,
and hence
(PY )N = (Vi P) by = (V5 Pl

i.e., that the 1-dimensional subbundles spanned by each (Y;,r7) are invariant under

the holonomy group of VR Thus we have proved what we claimed.
O

Below we will only consider the case of positive curvature ¢ = +1 i.e., rolling
against the unit sphere.
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Theorem 6.14 Let (M, g) be a complete Riemannian manifold and (M, s,,1) be
the unit sphere with the metric induced from the Euclidean metric of R™*!. If the
rolling connection VR (see ([7T])) corresponding to rolling of (M, g) against (M, $,.1)
is reducible, then (M3, s,.1) is a Riemannian covering of (M, g) .

Recall that the reducibility of the connection VR® means that its holonomy
group, which is a subgroup of G(n,c), is reducible i.e., there exists two nontrivial
invariant subspaces V;, Va ¢ {{0}, R™™} of R"™! which are invariant by the action
of this group.

Proof. In this case we have ¢ = 41 (corresponding to the sphere space form) and
we will write h = hy for the inner product on TM & R.

Fix once and for all a point yp € M. The assumption that VR is reducible
means that there are two subspaces Vi, Vo C T'|,, M @ R which are nontrivial (i.e.,
Vi, Vo ¢ {{0},T|,,M @ R}) and invariant by the action of the holonomy group of
VRl at zp. Since the holonomy group of VR acts h-orthogonally on T|,,M, it
follows that V; L V5.

Define subbundles mp, : Dy = M, j=1,2 of mrarer such that for any x € M
one chooses a piecewise C'! curve v : [0,1] — M from g to x and defines

Djl. = (PY )NV, =12

These definitions are independent of the chosen path v since if w is another such
curve, then w=t.y € Q,,(M) is a loop based at zy and hence by the invariance of
Vi, 7 =1,2 under the holonomy of VR

(PY)5(nV; = (PY7)5(w) (PY " )a(w ™ )V, = (PY7)(w)Vs.

(.

~~

=Vj

Moreover, since parallel transport (PVROI)})(V) is an h-orthogonal map, it follows that
D, L Dy w.r.t the vector bundle metric h.

It is a standard fact that D;, 7 = 1,2, are smooth embedded submanifolds of
TM @ R and that the restriction of mrper to D; defines a smooth subbundle Tp,
as claimed. Moreover, it is clear that

mp, ® Tp, = TTMER,

and this sum is h-orthogonal.

We will now assume that both D;, j = 1,2, have dimension at least 2. The case
where one of them has dimension = 1 can be treated in a similar fashion and will be
omitted. So we let m+1 = dim D; where m > 1 and then n—m = (n+1)—(m+1) =
dimD, > 21ie., 1 <m <n—2. Define for j = 1,2

D} =pry(D;) ={X | (X,r) € D;} C TM,
and
N;j={reM]|(0,1) € D;|,} C M.

Trivially, Ny N Ny = (. Also, N;, j = 1,2, are closed subsets of M since they can
be written as N; = {& € M | pj(T|,) = T} where p; : TM @ R — D; is the
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h-orthogonal projection onto D; and 7' is the (smooth) constant section x +— (0, 1)
of TTMOR-

We next briefly sketch the rest of proof. We will show that N, are nonempty
totally geodesic submanifolds of M and, for any given z; € N;, j = 1,2, that (M, g)
is locally isometric to the sphere

8§ ={(X1,X2) €T, N @ T, Ny | [ Xallg + 1 Xally = 13,

with the metric G := (glrj2 v, ® glrjs n;)|s- Here L denotes the orthogonal com-
plement inside T'|,M w.r.t. g. Since (S,G) is isometric to the Euclidean sphere
(Ml, Sp,1) this would finish the argument. The latter is rather long and we decom-
pose it in a sequence of ten lemmas and we start with the first one.

Lemma 6.15 The sets N;, j = 1,2, are non-empty.

Proof. Note first that Ny U Ny # M since otherwise N; = M\ N, would be open
and closed and similarly for No. But then if, say, N; # 0 we have N; = M by
connectedness of M i.e., the point (0,1) € Dy|, for all x € M. Then for all x € M,
X € VF(M) one has, by the invariance of D; by the holonomy of VR and by ([1),

Dil. 3 VEEL(0,1) = (X[, 0),

which implies that D; = TM @ R, a contradiction.

Let ' € M\(Ny U Ny) be arbitrary. Choose a basis (Xo,70), ... (Xm,7m) of
D1l Then at least one of the numbers rq,...,r, is non-zero, since otherwise
one would have (X;,7;) = (X;,0) L (0,1) for all ¢ and thus D], L (0,1) ie.,
(0,1) € Dyl ice., 2 € Ny which is absurd. We assume that it is 7o which is non-
zero. By taking appropriate linear combinations of (X, 7;), ¢ = 0,...,m (and by
Gram-Schmidt’s process), one may change the basis (X;,r;),i =0, ..., m, of Dy|, so
that ry,..., 7, =0, 7o # 0 and that (X, ), (X1,0) ..., (X, 0) are h-orthonormal.
Also, Xy, ..., X, are non-zero: for Xy,..., X,, this is evident, and for X it follows
from the fact that if Xy = 0, then ro = 1 and hence 2’ € Ny, which contradicts our
choice of 2’

Now let v : R — M be the unit speed geodesic with ~(0) = 2/, ¥(0) = H))((—oollq

Parallel translate (X;, ;) along v by VR to get mp,-sections (X;(t),r;(t)) along 7.
In particular, from ([(3) one gets

75(t) +15(t) = 0,

with 79(0) # 0, r(0) = --- = r,(0) = 0. From the second equation in ([[2)
one obtains 7;(0) = ¢(¥(0), X;(0)) = ||X0||;1 9(Xo, X;) and thus 7;(0) = 0 for i =
1,...,m since (X;,0) is h-orthogonal to (Xo,). Moreover, 74(0) = || Xol|,. Hence
ri(t) =0foralltand i =1,...,m and ro(t) = || Xo||, sin(t) + 7o cos(t). In particular,

at t = tg := arctan(—”)?g” ) one has r;(tg) = 0 for all ¢ = 0,...,m which implies
g

that D1, L (0,1) ie., y(to) € Na. This proves that N, is non-empty. The same
argument with D; and D, interchanged shows that Ny is non-empty.

Lemma 6.16 For any z € M and any unit vector u € T'|, M,

(PY™)6(7)(0, 1) = (= sin(t)3u (1), cos(t)). (77)
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Proof. Here and in what follows, v, (t) := exp,(tu). Write

(Xo(t), mo(1)) := (PY)j(7)(0,1).

The second equation in ([f2) implies that 7(0) = g(7.(0), Xo(0)) = g(u,0) = 0 and,
since 7¢(0) = 1, the second equation in ([[3) gives

ro(t) = cos(t).
Notice that, for all ¢t € R,
Vit (= m(t) () + ro(t)Fu(t)

Vi) (= sin(t))u(t) = sin(t) Vs, 0 Fu(t) + cos(t)u(t)
= - cos(t)fyu( ) — 0+ cos(t)y.,(t) =0,

i.e., —sin(t)y,(t) solves the same first order ODE as X,(t), namely V. )Xo +
0(t)3.(t) = 0 for all ¢ by the first equation in ([g). Moreover, since

(= sin(t)3u(t))li—o = 0 = Xo(0),

it follows that X(t) = —sin(t)4,(t), which, combined with the fact that ry(t) =
cos(t) proven above, gives ([(1).

O

Lemma 6.17 The sets N;, j = 1,2, are complete, totally geodesic submanifolds of
(M, g) and D}|, = T|,N;, Yoz € N;, j = 1,2.

Proof. We show this for NV;. The same argument then proves the claim for N,. Let
r € Ny and u € DM|, a unit vector. Since (0,1) € Dyl., Eq. ([7) implies that

Dilruiy 2 (PYV)5(7,)(0,1) = (= sin(t)4,(t), cos(t))
Next notice that
VE (cos(t)yu(t),sin(t)) =( = sin(t)Fu () +sin(t)3u(t), cos(t) — g(Fu(t), cos(t)7u(t)))
:(07 O)?

and hence, since (cos(t)%,(t),sin(t))|i—o = (u,0) € Di|, (this is so because u €
DM|,, hence there is some r € R such that (u,r) € D;|, and since (0,1) € Dy,
because x € Ny, then Dy|, > (u,r) —r(0,1) = (u,0)), we have, for all t € R,

(cos(t)Fu(t).sin(t)) = (P¥7)j(u,0) € Dil,

Hence for all t € R,

Tult) D sin(t)(cos(t)%(t), sin(t)) + Cos(t)( — sin(t)A. (1), cos(t)) =(0,1).

This proves that any geodesic starting from a point of N; with the initial direction
from D’ stays in N; forever. Hence, once it has been shown that N is a submanifold
of M with tangent space T|,N; = DM|, for all z € Ny, then automatically N; is
totally geodesic and complete.

Dy
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Let z € N;. If one takes an open neighbourhood U of z and local 7p,-sections
(Xona1,Tm+1), - - -5 (Xp, ) which form a basis of Dy over U, then it is clear that
NNU={z €U |rpu(z)=---=ry(z) =0}

Thus let (Xyi1,Tmt1)s - -+ (Xn, 7o) € D, be a basis of Dy|,. Choose € > 0 such
that exp, is a diffeomorphism from By (0, €) onto its image U, and define for y € U,
j=m+1,...,n,

(X5,m3)ly = (PY)5(r = exp,(r exp, ' (9))) (X5, 7).
Then (Xj,r;) are local mp,-sections and it is clear that
M NUe={y €Uc | rmua(y) = =raly) = 0}.
Moreover, from ([3),
Vrile =Xjley j=m+1,....n,

which are linearly independent. Hence, by taking ¢ > 0 possibly smaller, we may
assume that the local vector fields Vr;, j = m +1,...,n, are linearly independent
on U.. But this means that NyNU, ={y € U, | rpy1(y) = --- =rp(y) =0} is a
smooth embedded submanifold of U, with tangent space

TN ={X eT|,M | g(Vr;;X)=0, j=m+1,...,n}
={XeT|,M|g(X;,X)=0, j=m+1,...,n}
=D},
Since x € N; was arbitrary, this proves that N; is indeed an embedded subman-

ifold of M and T|,N; = DM|, for all z € N;.
]

Lemma 6.18 Let d;(x) := d,(N;,x), x € M. Then in the set where d; is smooth,
(V cos(di(-)), cos(di())) € D}, (78)
where V is the gradient w.r.t g.

Proof. Let x € M\N;. Choose y € Ny, u € (T|,N1)* such that v, : [0,d;(z)] = M
is the minimal normal unit speed geodesic from N; to z. Since (0, 1) € D[, (because
y € Ny), it follows that the parallel translate of (0, 1) along -, stays in D; which, in
view of ([(1), gives

Dile 2 (PY)5 ()0, 1) =( = sin(ds (2))uldi (x)), cos(ca ()
= (= sin(dy(2)) V(d ()], cos(da (x))
:(V cos(dq(+)) |z, COS(d1<5U)>) ,

where the last two equalities hold true if z is not in the cut nor the conjugate locus
of N7 (nor is x in Ny, by assumption). Working in the complement of these points,
which is a dense subset of M and using a continuity argument, we may assure that
the result holds true everywhere where d; is smooth. The same argument proves the
formula ([7§) for ds as well.

O
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Lemma 6.19 For every Y € VF(M), one has
9(R(Y.Vdi())Vdi(-),Y) = g(V.Y) — (Vy(di())", (79)

wherever d;(-) is smooth.

Proof. Tt is known (see [R4]) that for any Y, Z € VF(M), d;(-) satisfies a PDE

—g(R(Yly, Vdi(y))Vdi(y), Z|,) =Hess*(di(-))(Y ]y, Z1,))
+(VVd1(y)Hess(d1('))) (Y|yv Z|y)>

for every y € M such that d; is smooth at y (and this is true in a dense subset of M).
In particular, y ¢ N;. Also, since the set of points y € M where cos(d;(y)) = 0 or
sin(dy(y)) = 0 is clearly Lebesgue zero-measurable, we may assume that cos(d; (y)) #
0 and sin(d;(y)) # 0.

Notice that (Xo,79) := (V cos(di(-)), cos(di(-))) belongs to D; and has h-norm
equal to 1. We may choose in a neighbourhood U of y vector fields Xi,...,X,, €
VF(U) such that (X, 7o), (X1,0),..., (X, 0) is an h-orthonormal basis of D; over
U. Assume also that (Xo,7) is smooth on U. This implies that there are smooth

one-forms w]?, i,7 =0,...,m defined by (set here r; =--- =17, =0)
vlF;OI(XlWTi) = szj<y)<Xj7Tj>7 Y e VF<M)7
i=0

or, more explicitly,
Vv X +1Y =) wi(Y)X,
=0

Y(r;) —g(Y,X;) = Zwé(Y)Ti,

Since (Xg,70),- .., (Xm, T m) are h-orthonormal, it follows that wj- = —wf . The fact
that ry = --- =r,, = 0 implies that

—g(Y, X;) = ij(Y)ro, j=1,....m
ie.,
9(¥, X))
cos(dy(+))
But then one has that (notice that w) = 0)

wy(Y) =

VyXo+ 1Y = ZW8<Y>X]‘7

which simplifies to
—sin(dy (1)) Vy Vdi () — cos(di (-)) Vy (di (1)) Vd, ()
1

= —cos(di())Y + m ;Q(Xja Y)X;,
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or

VyVd;(-) = — cot(dy (- ))Vy<d1< ))le( )+ cot(dq(+))Y

— X; YY) X
sin(dy(+)) cos(dy(+) Zg

Writing S(Y') := VyVd,(-) = Hess(d(+))(Y, ), one obtains

(Vear)S)(Y) = Voa iy (S(Y)) = S(Vya,(yY)
:Sinz(ill(-))VY(dl('))le(') — cot(di(-))9(Vva, )Y, Vdi(-))Vdi(-)

Bl sinZ(ill(-))Y (COSQ( di(1))  sin? d1 ) Zg (¥, X;)

B Sin(dl( COS dl Z Y del X -+ g(Y X )Vle )

+ cot(di(-)) \VVWN')Y( (- )) Vd,(+),
—g(Vdr().5 Vva, (0Y)
where we used that Vyg,(y(di(+)) = g(Vdi(-), Vdi(-)) = 1. On the other hand,
Hess?(dy())(Y, ) = $*(Y) = S(S(Y))
=5 (= cotl(di (-)) Ty (dh () Ve () + cot(d ()Y

1 m
- BE) e a) ;gm,}f)xj)

= — OBy () Ty () T () + o ()Y = s S gl V)X,
. 1
sinQ(dl(-)) cos?(dy())

j=1

where we used that Vd, (-), X1, .. ., X, are g-orthonormal (recall that Xo = — sin(d;(-))Vdy(+)).
Thus, for any Y, Z € VF(M), one has on U that
—g(R(Y,Vdi(-))Vdi(-), Z)

= —g(¥,2) + (sm )~ ) Tl () V()

~ sin(dy(+)) cos(d(+) Z; 9(Y, Va0 X3)9(X5, Z) + 9(V, X;)9(Vva, () X, Z)).

We also set Z =Y and hence get

—g(R(Y,Vdi(-))Vdi(-),Y) == g(Y,Y) + Vy(di(-)) Vy(di(-))
2
~sin(dy(+)) cos(dy(-))

> 9V, Vya ) X))g(X;,Y).
j=1

90



Here

ZQYVXO ( )

j:1 sin( d1
- d1 Z YZW Xo)X;9(X;,Y)
ey d1 Z Xi)g(X;,Y) =0,

)1 (%)2

where expression (x); is skew-symmetric in (4, 7) while (x)y is symmetric on (i, j).
Hence the sum is zero. We finally obtain

g(R(Y,Vdi(-))Vdi(-),Y) = g(Y,Y) — (Vy (di(-)))’,

as claimed. It is clear that this formula now holds at every point of M where d;(-) is
smooth and for any Y € VF(M). In particular, if Y is a unit vector g-perpendicular
to Vd;(-) at a point y of M, then Vyd;(-)|, = g(Vdi(-)|y,Y|,) = 0 and hence

sec(Y, di(-))], = +1.

O

Lemma 6.20 For every z € Ny, a unit vector u € (T|,N1)* and v € T|,M with
v L,

’ SlIl

[(expy)«leu ()l !H vlly, teR. (80)

In particular, for all unit vectors uy, us € (T|,N;)* one has
exp, (muy) = exp,(mus).

Proof. Let Y, ,(t) = £oexp,(t(u + sv)) be the Jacobi field along 7,(t) = exp,(tu)
such that Y, ,(0) = 0, V5, (0)Yuw = v. Since v L u, it follows from the Gauss lemma,
(see [29)) that Y, ,(t) L 4.(t) for all ¢. Moreover, the assumption v € (T'|,N;)*
implies that Vd;(-)|,,) = Ju(t) and thus Vy, ) (di(-)) = 9(Fu(t), Yu(t)) = 0.

By polarization, one may write (79) into the form
R(Z(t)a Vu(t))’Yu(t) = Z(t) - g(Z(t)7 Vu(t))/YU(t)a
for any vector field Z along ~,. In particular,
V"yuv"yuyu,v = _R(Yu,va Vu)/yu = _Yu,va

since g(Yuo(t),Yu(t)) = 0 for all £. On the other hand, the vector field Z(t) =
sin(t) Pt (., )v satisfies along 7,

VaoVaZ = —21),
Z(0)=0, Vs, Z|4=0 = v,
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i.e., the same initial value problem as Y, ,. This implies that
Yoo(t) = sin(t) Pt (va)v, (81)

from which we obtain (B0Q) because Y, . (t) = t(exp, )« |t (v).

The last claim follows from the fact that the map exp,|s : S — M where
S ={u¢€ (T|,N1)* | ||u|| = n} is a constant map. Indeed, if u € S, v € T,S and
we identify v as an element of T'|,M as usual, then by what we have just proved
(note that u = Wﬁg),

_ sin(m)

[[(expy )« |u(0)] [v]l, = 0.

g T
Hence exp, |s has zero differential on all over S which is connected, since its dimen-
sion is n —m — 1 > 1 by assumption. Hence exp, |5 is a constant map.

O

Lemma 6.21 For every x € N; and unit normal vector u € (T'|,N;)*, the geodesic
t — 7,(t) meets N exactly at ¢ € (Z + 3)m. The same holds with the roles of N; and
N5 interchanged.

Proof. Let x € Ny and u € (T|,N1)* be a unit vector normal vector to N;. For

(X,r) € Dy, define (X (t),r(t)) = (PV")i(7)(X,r). Then by ([2), (F3) we have
(notice that g(u, X) = 0 since u € (T|,N;)* = (DM|,)*+ and X € D¥|,)

r(t) = r(0) cos(t).

Hence, (X (t),7(t)) is h-orthogonal to (0, 1) if and only of r(t) = O i.e., r(0) cos(t) = 0.
This proves that (0,1) L Dy, ie., (0,1) € Dyl ie., vu(t) € Ny if and only if
t € (3 + Z)m (obviously, there is a vector (X, r) € Dy, with r # 0).

O

Lemma 6.22 The submanifolds Ny, /Ny are isometrically covered by Euclidean spheres
of dimensions m and n —m, respectively, and the fundamental groups of N; and N are
finite and have the same number of elements. More precisely, for any = € N; define

S ={u € (TLN)* | Jlull, = 1},

equipped with the restriction of the metric g|, of T'|, M. Then

Sy = No;  ur— expm(gu),

is a Riemannian covering. The same claim holds with Ny and N, interchanged.

Proof. Denote by C; the component of N; containing x. We will show first that
C7 = Nj i.e., Np is connected.

Let y; € N;. Since C is a closed subset of M, there is a minimal geodesic 7,
in M from C; to y; with 4,(0) = v a unit vector, z; := 7,(0) € C; and 7,(d) = y1,
with d := d,(y;, C1). By minimality, v € (T|,,C1)* = (T'|,,N1)*. Hence by Lemma
the point x5 := exp,, (5v) = 7,(5) belongs to N,. Since the set

Say = {u € (T]ayNo)* | JJull, = 1}.
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is connected (its dimension is m > 1, by assumption that we made before), Lemma
implies that exp,, ( Sm) is Contalned in a single component C] of N;. Writing
u = Y,(5), we have +u € S;, so

T d

Sl expy, (1) = exp,, (5 = )]s = o1,

C1 2 exp,, (—Zu) = exp,, ( —

and since also z; € (1, it follow that C] = C;. But this implies that

Yo(T) = exp,, (Tv) = exp,, ( exp,, (tv)) = exp,, (3u) € Ci.

<l

2dt'z

It also follows from u € (T|,,No)* that f'yv(ﬁ) = L. exp,, (tu) € (T|,,(xN1)*. Since
2

exp,,((d —5)u) = y1 € N1, Lemma p implies that d — Z € (3 + Z), from which,
since d > 0, we get d € Nym, where NO {0,1,2,...}.

By taking z5, = v,(37) € N, we may show snnilarly that v,(27) € Cy and by
induction we get 7, (km) € C for every k € Ny. In particular, since d € Nom, we get
y1 = Y(d) € Cy. Since y; € Ny was arbitrary, we get N; C Cy which proves the
claim.

By repeating the argument with N; and N, interchanged, we see that N, is
connected.

Eq. (B(Q) shows that, taking u € S, and v € T|,S,, i.e., v L u, v L T|,Ny,

s

Jyexp, (2<u+m>)Hg | .

(exp,):l5u50)]| = Il

This shows that u + exp,(5u) is a local isometry S, — N,. In particular, the
image is open and closed in Ny, which is connected, hence u + exp,(5u) is onto
Ny. According to Proposition I11.1.1 in [PH], u +— exp,(fu) is a covering S, — Nj.

Similarly, for any y € Ny the map S, — Ny; u + exp,(Fu) is a Riemannian
covering.

Finally, let us prove the statement about fundamental groups. Fix a point z; €
N; and write ¢;(u) = exp, (ju), i = 1,2, for maps ¢ : Sy, — Ny, ¢2 : Sz, — Ny
The fundamental groups 71(N7), m(NV2) of Ny, Ny are finite since their universal
coverings are the (normal) spheres S,,, S,, which are compact. Also, ¢;*(z5) and
¢y ' (1) are in one-to-one correspondence With m1(Ns) and 7 (V7) respectively.

Define ®; : ¢7'(z2) = Spp; P1(u) = =5 expml(tu) € S,, and similarly @, :

¢y (21) = Sayp; Polu) = —%’% exp,, (tu) € le. Clearly, for u € ¢;*(22),

7 d

$o(P1(u)) = exp,, (— Sql

‘ €XPa, (tu)) = eXpm((g - t>u>|t=% = T,

i.e., ®; maps ¢ (z2) — ¢ (z1). Similarly @ maps ¢5 ' (21) — ¢ (z2). Finally,
®, and ®, are inverse maps to each other since for u € ¢ (z2),

d
S dt's

d

- XDy, ( — t&’g expxl(su)) =

d

Dy (P (u)) = it

= exp,, ((5 —u) = u,

and similarly ®,(®,(u)) = u for u € ¢, *(z,).
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For the sake of simplicity, we will finish the proof of Theorem [.14 under the
assumption that N is simply connected and indicate in Remark following the
proof how to handle the general case.

The fact that N, is simply connected is clearly equivalent to saying that

Sy = No;  ur— expm(gu),

defined in Lemma is an isometry for some (and hence every) x € Ni. It then
follows from Lemma that N; is (simply connected and) isometric to a sphere
as well.

We next get the following.

Lemma 6.23 Fixz; € N;, j = 1,2 and let
S = {u € (LN | ull, =1}, Suy = {u € (T Na)* | Jlull, = 1},
the unit normal spheres to Ny, N, at x1, x5 respectively. Consider first the maps
f1:8z, = N fa i Sz, = Ny (82)
fi(u) = exp,, (Fu) f2(v) = exp,, (5v),

and the map w which associates to (u,v) € Sy, X S, the unique element of Sy, (,) such
that expy, ) (Fw(u,v)) = fi(u). Finally let
%M;X&JSW%M (83)
U(t,u,v) = expfg(v)(tw(u, v)).
Suppose that S :=]0, Z[x Sz, X Sy, is endowed with the metric § such that
9ltuw) = dt* +sin®()glry,s,, + cos’()glr),s,, -
Then W is a local isometry.

Proof. We use GG to denote the geodesic vector field on T'M i.e., for u € TM we
have

3y d?
G|y :==7.(0) = @}Oexpﬂm](u)(tu).

Then the projections on M by 7ry, of its integral curves are geodesics. Indeed, first
we notice that

d? . d? .
Glaur) = @‘0 exp., o (87u(t)) = @‘0%(’5 +8) = Fu(t),

and hence, if I" be a curve on T'M defined by I'(t) = 4,(t), then
(1) = 4u(t) = Glsw) = Glro,

and I'(0) = w. Hence T satisfies the same initial value problem as t — ®g(t, u),
which implies that

O (t,u) =4,(t), VteR, ueTM,
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and in particular,
(a0 D) (t,u) = Y (t), VteER, ueTM.

For every w € T'M there is a direct sum decomposition H, @V, of T|,TM where
Vi = V]u(mrar) is the mppy-vertical fiber over v and H, is defined as

d
Hy = {1 P ) | X € Tlapy, M}

We write the elements of 7|, 7M w.r.t. this direct sum decomposition as (A, B)
where A € H,, B € V,,. It can now be shown that (see 2] Lemma 4.3, Chapter II)

(®e)e)«|u(A, B) = (Zap) (1), Vi Zap), (AB)eT|,TM, ueTM,

where Z4 py is the unique Jacobi field along geodesic 7, such that Z 4 py(0) = A,
Viu0Zap) = B.
We are now ready to prove the claim. First observe that

U(t,u,v) = (mrm o Pg)(t, w(u,v))

and hence, for (%,Xl,XQ) eTs,

\p*(%, X1, X>) :(WTM)*(%%(L w (1, v) + (P6)e) sl ws (X1, X2))

:(WTM)* (G‘Cbc(t,w(um)) + (Zw*(X17X2)<t)7 V%(T(T]V[O@G)(t,w(uﬂ}))Zw*(X17X2)))
:’.Yw(u,v) (t) + Zw*(Xth)(t)-

On the other hand,
T
(a0 (I)G)(§7 w(u7v)) = fi(u),

from where

(f1)elu(X1) = Zw.(X1,X2) (g)

Similarly, since
(7TTM o (I)G) (07 w(u, ’U)) = ﬂ-TM(w(ua 'U)) = fg(’l}),
we get

(f2)ulo(X2) = Zu,(x1,x2)(0).

As in the proof of Lemma .20, we see that the Jacobi equation that L, (X1,X2)
satisfies is Vo) ® Vi (wmy Zws (X1, X2) = —Zw.(x1,x2)(t). Tt is clear that this implies
that Z,,(x,,x,) has the form

Zw*(Xl,X2)<t) = Sm(t)P(f (7w(u,v))‘/1 + COS@)P(?(fyw(u,v))‘/%
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for some Vi, Vo € T|pwM. Now, taking into account the boundary values of

Zuw,(x1,x2)(t) at t =0 and ¢t = 7§ as derived above, we get

Vi =P2 () (F1)«]u(X1)),
Vo =(f2)«[o(X2).

Define

Y1(t) = sin(t) By (Vu(uw) Vi = sin(t) Pr (Yao(u)) ((f1)slu(X1)),

2

Y5(t) = cos(t) By (Vaw(uw)) Va = c08(t) Py (Vao(uw) ) ((f2)[o(X2)),
which means that
Z =Y+ Y.

Notice that Y} and Y5 are Jacobi fields along v (u,)-
Since w(u,v) € (T ) N1)*" and Yy (5) € (T, N2)* and

Yi(3) = (f)slu(X1) € Tl Nay - Ya(0) = (f2)ulo(X2) € Tl ) N1,
it follows that
Y1,Ys L Y-
We claim that moreover
Y1 LY.

Indeed, since (f2)«]o(X2) € T'| sy N1 and (0,1) € Dy|s, ) (by definition of Ny), we
have ((f2)+]»(X2),0) € Di|f,0) and hence, for all ¢,

(Z1(t),71(1) == (PY" )5 (Yot (f2) | o(X2), 0) € Dy

On the other hand, r; satisfies #; + r; = 0 with initial conditions r1(0) = 0 and

71(0) = 9(FYw(uw) (0), Z1(0)) = g(w(u,v), (f2)«]s(X2)) = 0 s0 ri(t) = 0 for all £. Thus
Zl<t) satisfies Vﬁw(u’v)(t)Zl =0 i.e., Zl<t) = Pot(f)/w(u,v))<<f2)*|v(X2)) Slmllarly, if

w (uvv) = _%‘% eprg(v) (tw(uvv)) = —"Vw(u,v)@)a
(Za(5 = 1),m2(5 = 1) = PV )b (urtuwn) (J1)elu(X1), 0) € D,

and we have 75(5 —t) = 0 and Z5(5 — t) = Pj(Yuw(uw)((f1):]o(X1)) ie., Zo(t) =
P (’Yw(uv )((f1)«]0(X1)). But since Dy L Dy w.r.t. h, we have that (Z1,r1) L (Za,79)

wrt. hie. , 9(Z1(t), Za(t)) = 0 for all t (since 71(t) = r2(t) = 0). Thus,

g(K@)v Yr?@)) :Sin<t> <t>g(P" (710 (u,v) )((fl) ‘ ( ))7 Pg(fyw(u,v))«]%)*‘U(X1>))
=sin(t) cos(t)g(Za(t), Z1(t)) = 0

This proves the claim, i.e., Y] L Y5.
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Since [|w(u,v)||, = 1, one has

2

0 . 2
H\I'*@’X“X?) = [[Fwgu (8) + Yai(t) + Ya(t)]]
g
. 2 2 2
= [Fwan @], + M@ + Y201
=1+ sin* (1) [|(f1)-]u (XD + cos® () [[(f2)]o(X2)]| -
Finally, since
T T
(f1)lu(X1) = (expy, )l 5u(5X1) and (f2)[u(Xz2) = (expg, )il 30(5 X2),
Eq. (B0) implies that
LT
G ulXD, = [sim(DHIXl, = 12Xl
T
1(f2)slo(X2)llg = [sin(H) [ Xell, = [[ Xl
and therefore
w20, %) =1 s 1R + co0) 1
\gpAnA2)) = 2lly 1l
g
. 0
:g|(t,u,v)(§7X17X2)u
i.e., Uis a local isometry S — M. O

We next need one extra lemma.

Lemma 6.24 The manifold M has constant constant curvature equal to 1.

Proof. By Lemma F23, we know that W : S — M is a local isometry. Now (S, §)
has constant curvature = 1 since it is isometric to an open subset of the unit sphere
(cf. [P4] Chapter 1, Section 4.2). The image W(S) of W is clearly a dense subset of
M (indeed, ¥(S) = M\(N; U Ny)), which implies that M has constant curvature
=1.

U

This completes the proof the theorem in the case 1 < m < n — 2, since a
complete Riemannian manifold (M, g) with constant curvature = 1 is covered, in a
Riemannian sense, by the unit sphere i.e., M;. The cases m = 0 and m = n — 1
i.e., dimD; = 1 and dim Dy = 1, respectively, are treated exactly in the same way
as above, but in this case Ny is a discrete set which might not be connected.

O

Remark 6.25 The argument can easily be modified to deal with the case where N,
(nor Ny) is not simply-connected. The simplifying assumption of simply connectedness
of N7 and N, made previously just serves to render the map w(-,-) globally defined on
Sz, X Sgz,. Otherwise we must define w only locally and, in its definition, make a choice
corresponding to different sheets (of which there is a finite number).
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Remark 6.26 As mentioned in the introduction, the following issue to address is that
of an irreducible holonomy group of the rolling connection VR i.e., for a given 2 € M,
the only non-trivial subspace of T'|,M @ R left invariant by parallel transport w.r.t V!
along loops based at x € M is T'|,M & R.

7 Rolling of Spaces of Different Dimensions

7.1 Definitions of the State Space and the Rolling Distribu-
tions

Definition 7.1 Let (M,g), (M, §) be Riemannian manifolds of dimensions n =
dim(M) > 2 and n = dim(M) > 2, not necessarily equal. Then one defines:

(i) if n <n,
QIM, M) :={AecT*MTM | j(AX,AY) = ¢(X,Y), X,Y € T|,M, z € M},

the set of isometric infinitesimal immersions. This defines a smooth manifold of
T*M @ TM of dimension

-1 1
dim(Q) ::n+ﬁ+n(ﬁ—n)+%:n+ﬁ+nﬁ—%.

(i) Ifn>n,

QIM,M)={AecT"M®TM | j(AX,AY) = g(X,Y), X,Y € (ker A)*,
x € M, Ais onto a tangent space of M},

where Lt is the orthogonal subspace of L C T|,M w.rt. g. This defines a
smooth submanifold of 7*M & T'M of dimension
n(n—1 n(n+1
dim(Q) :n+ﬁ+ﬁ(n—ﬁ)+% =n+n+nn— @
If n. =7 and M, M are oriented we also demand in (i) and (ii) that the elements of
() to preserve the orientations. Hence we recover the definition used before.

One defines distributions Dysg, Dr on () and the lifts Zys, £k as before. In
both cases the dimension of Dyg is n + n and that of Dy is n. Notice that by the
above definition the dimension of Q(M, M) is the same as that of Q(M, M). These
manifolds are actually diffeomorphic as the next proposition shows.

Before proceeding, we introduce some notations. Given (M, g) and (M, §) as
before, we write Q = Q(M, M) and Q = Q(M M). We write Dy, DR, st and
ZR on Q as before but on Q we erte the corresponding objects as DNS, DR, iﬂNs
and ZR Thus dim Dg = n but dim DR = n. As before, for ¢ = (z,2; A) € Q we
write AT : T|;M — T|,M the (g, §)-transpose of A i.e., g(X, ATY) = §(AX,Y) for
all X € T|,M, Y € T|: M.
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Proposition 7.2 For every (z,#; A) € Q, one has (i, 2; AT) € Q and the application
T:Q—Q T(x,i;A)=(&1; A7),

is a diffeomorphism. Moreover, this diffeomorphism T is an isometry of fiber bundles
Tq — Tg that preserves the no-spinning distributions on these manifolds i.e.,

T.Dxs = Dxs.

Proof. Suppose w.l.o.g. that n < n. It is clear that ATA = idg), s for every
(z,#;A) € Q and ker(AT) = im(A)* and thus if X,V € ker(AT)* = im(A), one
gets

g(ATX, ATY) = g(ATAX, ATAY) = g(X,Y) = §(AX, AY) = §(X,Y),

where X, Y € T'|,M were such that AX = X, AY =Y. This proves that T(z,7; A)
is actually an element of Q).
Let then § = (Z,2; B) € ) and define

S(q) = (z,&; BT) € T*M @ TM.

Since im(BT) = ker(B)*, we have for X,Y € T|, M,
9(B"X,B"Y) = y(BB"X,BBTY) = j(X,Y),

directly from the definition of Q and since BBT = idp|,a (since n < n). This shows
that S: Q — Q.

Moreover, one clearly has that 7 and S are maps inverse to each other. They are
obviously smooth, hence () and Q are diffeomorphic. Also, T is actually a bundle
isomorphism 7y — 75 whose inverse as a bundle isomorphism is S.

Finally, observe that if v, 4 are smooth paths in M, M starting at xq, Z¢, respec-
tively, at ¢t = 0, and if gy = (xo, Zo; Ao) € Q(M, M) then

(P3(3) o Ag o PX(7))T = Py(7) o A7 o PY(4),
T(v(t),4(t); Po(3) © Ao 0 Fy(v)) = (3(8),7(8); Fo(v) © T (o, o3 Ao) © P (7)),

which immediately shows, by differentiating ;| and using the definition of Zys,

that

iilo

T*‘QOXNS(Xv X)

= As(X.X)|

q0 T(qo0)

where X = 4(0), X = 4(0). This proves in particular that 7, maps Dyg isomorphi-
cally onto Dys. This completes the proof.
]
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Corollary 7.3 In the case n < 7, one has for gy = (x,%0; Ag) € Q(M, M) and
X € T|,M,

T*|Q0$R(X)|qo = ZR(AOX”‘I’(QO)'

In particular, T, D C Dg.

Proof. Indeed, for X € T|,,M and gy = (xo, To; Ag) one has

T*|QOZR(X)|QO :T*|qogNS(X7 AOX) ZO?N\S(AOXaX) _

q T(q0)

= gR(AOX) |T(q0)7

since X = (ATY(AgX) = T(go)(AoX). Hence T maps Dy of Q(M, M) into Dr of
Q(M, M).
U

Remark 7.4 Recall that the distribution Dy on Q(M, M) has dimension n and Dr
on Q(M, M) has dimension 7. Hence the inclusion T,Dr C Z/); is strict whenever
n < n. This shows that the model of rolling of manifolds of different dimensions against
each other is not symmetric with respect to the order of the manifolds M and M.

We can now provide a description of the vertical fiber V|,(mg) for a point ¢ =
(x,2;A) € Q.
Proposition 7.5 If ¢ = (z,2; A) € @Q, then the vertical fiber V|,(7g) is given by

v({BeT*.M@T[;M | ATB € so(T|,M)})| , ifn<n,

v({B €T* .M @T|;M | BAT € so(T|:AN)})|, ifn >

Vl]y(mq) = {

Proof. Let ¢ = (z,2;A) € Q and B € T*|,M ® T|QM. Proving the proposition
amounts to show that v(B)|, (which is a priori only an element of V|q(7r yr0rir))
belongs to V|,(mg) if and only if

(i) ATB € so(n), if n < 7,
(i) BAT € so(), if n > .

Choose first a mo-vertical curve ¢(t) = (x, Z; A(t)) inside @ such that A(0) = A
ie., q(t) € my'(x,2) C T*|.M @ T|; M.

In the case (i), we have g(A(t) X, A(t)Y) = g(X,Y) for all X,Y € T|.M so by
differentiating, at ¢t = 0, g(AX, BY) + g(BX, AY) =0 for all X, Y € T|,M, where
B € T*|,M ® T|;M is such that A'(0) = v(B)|,. This condition can be written
as g(BTAX,Y) + g(ATBX,Y) = 0 for all X,Y and hence BTA + ATB = 0. The
result follows, since for a given (z,2;A) € @, the set of B € T*|,M ® T|; M s.t.
ATB € s0(T|,M) has dimension equal to dim o (,2).

In the case (ii), we have g(A(t) X, A(#)Y) = g(X,Y) for all X,Y € (ker A(t))! =
im(A(t)T). Choose X,Y € T|;M. Then g(A#®)TX, A®)TY) = §(X,Y), since
ABADT = idy, yr» and so by differentiating at ¢ = 0, we get g(ATX, BTY) +
g(BTX,ATY) = 0, where B € T*|,M & T|;M is such that A’(0) = v(B)|,. This
clearly means that BAT + ABT = idy, jy and the result follows.

U
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Remark 7.6 The case (ii) considered above could be handled by using the diffeo-
morphism 7' : @ — (@ introduced in Proposition .2 Indeed, if n > 7, we may
apply (i) on Q to obtain that for ¢/ = (2, 2; A’) € Q, we have that Vg (mg) consists

of B/ € T*|sM ® T|,M such that A"B € so(T|;M). But taking ¢ = (2, #; A),
¢ =T(q), BeT|.MT|; ;M and B’ = BT, this means ABT € so(T|;M) ie.,
BAT € so(T|;M).

7.2 Controllability Results
7.2.1 Rolling Problem (NYS)

Since Theorem (1.9 and Corollary .11 evidently hold as such in the case of non-equal
dimensions (i.e., n # n), we will be more interested to see how Theorem [.1§ could
be formulated. We first need a definition.

Definition 7.7 For n,n > 2, we define

{Ae R)*@R" | ATA =idg}, if n<n,
SO(n;n) = ¢ {A € (R")* @R | AAT =idga}, if n>n,
SO(n), if n=n,

where (R™)* @ R™ is the set of n X 7 real matrices and A7 denotes the usual transpose
of matrices.

Theorem 7.8 Fix some orthonormal frames F/, F of M, M at z € M,z e M and
let h = b|p C s0(n), h = h|; C s0(n) be the holonomy Lie-algebras of M, M w.r.t to
these frames. Then the control system (3)yg is completely controllable if and only if
for every A € SO(n;n),

{Be (R")*@R" | ATB €so(n)}, ifn

Ab —hA = {{B € (R")*®R" | BAT € s0(n)}, ifn

7.2.2 Rolling Problem (R)

Notice that Proposition p.17 still holds when n = dim M is not equal to 7 = dim M.
The rolling curvature of DR on @ is denoted as before but that of DR on Q is written
as Rol i. e.,

Rol(X,Y)(B) = BR(X,Y) — R(BX, BY)B,

for (#,2;B) € Q and X,Y € T|; M.
As a consequence, we have a generalization of Corollary p.28.

Corollary 7.9 Use the notations introduced previously and assume that n < 7. Then
the following two cases are equivalent:

(i) Dg is involutive,

(ii) (M, g) and (M, §) have constant and equal curvature.
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Also, if n < n, then there is an equivalence between the two cases below:
(1) 2/);{ is involutive,
(2) (M, g) and (M, §) are both flat.

Proof. For some of the notations, see the proof of Corollary p.2§.
(i) = (ii): Assume that Dy is involutive. This is equivalent to the vanishing of
Rol i.e.,

AR(X,Y)Z) = R(AX,AY)(AZ), Y(z,i;A) e Q, X,Y,Z e T|,M,
which implies

=§(R(AX, AY)(AY), AX) = 6(ax,av),

for every X, Y orthonormal in T[,M and (z,%; A) € Q.
Let € M, @ € M be arbitrary points and X, X € T|,M and X,Y € T|; M be

arbitrary pairs of orthonormal vectors. R A
Choose any vectors Xj,..., X, € T|,M and X5 ... X, € T|zM such that

A~

XY, X5,..., X, and X,Y, X;,..., X, are positively oriented orthonormal frames.
Since n g n, we may define ¢ = (:U,a?; A) € Q by

AX =X, AY =Y, AX;=X, i=3,....n,

to obtain that o(xy) = 6% yy. Thus (M, g) and (M, §) have equal and constant

curvature, since the orthonormal pairs X,Y and X , Y were arbitrary and chosen
independently from one another.

(ii) = (i): Since (M, g), (M, g) both have equal constant curvature, say k € R,
we have

R(X,Y)Z =k(g(Y,2)X —g(X,2)Y), XY, ZeT|M, zeM,
RX,YV)Z =k(9(Y,2)X —4(X,2)Y), X,Y,Z€T|;M, 2 €M.
On the other hand, if (z,2;A) € Q, X,Y,Z € T|,M we get

R(AX, AY)(AZ) = k(§(AY, AZ)(AX) — §(AX, AZ)(AY))
—A(k(g(Y, Z)X — g(X. Z)Y) = A(R(X,Y)2).

This implies that Rol(X,Y)(A) = 0 since Z was arbitrary. Hence Dy is involutive.
(2) = (1): In this case R = 0 and R = 0 so that clearly RoI(X Y)(B)Z =
B(R(X,Y)Z) — R(BX BY)(BZ) = 0 for all X,Y,Z € T|;M and (i,2; B) € Q.
This proves that DR is involutive.
(1) = (2): Assume that Dg is involutive i.e.,

B(R(X,Y)Z) = R(BX,BY)(BZ), V(& x;B)eQ, X,Y,ZeT|:;M.



or

ox,y) = Q(B(R(BTXa BTY)(BTY)a X) = &(BTX,BTY)-

Given any r € M, & € M, XY € T|.M and X,V e T|:M, choose some
X3y, Xp €T M, X5,...,X; € T|zM such that

XY, X3,....,X, and X,YV, X5, ..., X5,
are positively oriented orthonormal frames. We define
BX =X, BY=Y, BX,=X, i=3,...,n,
BX; =0, i=n+1,...,n

so that ¢ = (2, z; B) € Q, BTX = X, BTY =Y and hence oxy) = CAT()Z )- Thus
(M, g), (M, §) have constant and equal curvature. )
Suppose that the common constant curvature of (M, g), (M,g) is k € R. We

need to show that k = 0. Choosg any (Z,z; B) € Q Since n < n, we may choose
non-zero vectors X € ker B and Y € (ker B)*. Then

0 =Rol(X,Y)(B)X = k(§(V, X)BX — §(X, X)BY) — R(BX, BY')(BX)
—k(0 — HX

2 . A2 A
BY)—0=—k||[X| BY
g g

and since

X - # 0 and BY # 0 (since 0 # Y € (ker B)*), it follows that k = 0.
g
This completes the proof.

O

We may also easily generalize Corollary p.29. The use will be made of Gauss-
formula, which relates the curvature of a submanifold to that of the ambient Rie-
mannian manifold and O’Neill-formulas, which relate the various curvatures related
to Riemannian submersions (see [BJ], Propositions 3.8, 6.1, 6.2 and Corollary 6.3,
Chapter II). Since the proof is slightly less trivial, we state this as a proposition.

Proposition 7.10 Suppose that (M, g) and (M,g) are complete with dim M = n,
dim M = n. The following cases are equivalent:

(i) There exists a qo = (o, Zo; Ag) € Q such that Op,(qo) is an integral manifold of
Dr.

(ii) There exists a gy = (o, Zo; Ag) € @ such that

Rol(X,Y)(A) =0, V(z,2 A) € Op,(q0), X,Y € T|,M.

(iii) There is a complete Riemannian manifold (N,h), a Riemannian covering map

~

F: N — M and a smooth map G : N — M such that:

(1) If n < n, G is a Riemannian immersion that maps h-geodesics to g-geodesics.

(2) If n > 7, G is a Riemannian submersion such that the co-kernel distribution
(ker G.)* C TN is involutive and the fibers G~1(%), # € M, are totally
geodesic submanifolds of (IV, k).
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Moreover, in the case (iii)-(2), we may choose N to be simply connected and then
(N, h) is a Riemannian product of (N, h1), (N2, ha), where dim Ny = 7, dim Ny =
n —n, the space (Ny, g1) is the universal Riemannian covering of (M, §) and G is given
by

G:N =N, x Ny = M; Gy,ys) = #(t1)

where 7 : Ny — M is a Riemannian covering map.

Proof. (i) <= (ii): This is proved with exactly the same argument that was used
in the proof of Corollary [5.29.

(i) = (iii): Let N := Op,(qo) and h := (mg.m|n)*(g) i.e., for ¢ = (x,2;A) € N
and X,Y € T|,M, define

MZr(X)lg, Zr(Y)]g) = (X, Y).

If FFi:=7mgum|y and G := 7TQ7M|N, we immediately see that F' is a local isometry
(note that dim(N) = n). The completeness of (N, h) follows from the completeness
of M and M using Proposition [.q which holds in verbatim also in the case where
n # n. Hence by Proposition I1.1.1 in [23], F'is a (surjective) Riemannian covering.
Suppose then that n < 7. Then for ¢ = (z,2;A) € N, X,Y € T|,M, one has

9(G(Lr(X)]g), Gu(Lr(Y)) = §(AX, AY) = g(X,Y) = M(Lr(X)lg, Zr(Y)]o),

, G is a Riemannian immersion. Moreover, if T : [0,1] — N is an h-geodesic,
1t is tangent to Dr and since it projects by F' to a g-geodesic 7, it follows that
T = gp,(7,T(0)) and Proposition f.§ shows that GoT = 4p, (7, T(0)) is a g-geodesic.
This proves (iii)-(1).

On the other hand, if n > n, then for ¢ = (z,2;A) € N, any X € T|.M
st. Lr(X)|, € (ker G| )" and Z € ker A, we have G.(Z&(Z)|,) = AZ =0 ie.,
r(2)|, € ker(G.|,) from which ¢(X, Z) = h(Zr(X)|4, ZR(Z)],) = 0. This shows
that X € (ker A)* and therefore, for all X, Y € T'|,M such that Z&(X)|,, % (Y)|, €
(ker GL[q)*, we get (G (L (X)lg), Go(LR(Y)g)) = M(Lr(X)|g, ZR(Y)],) as above.
This proves that G : N — M is a Riemannian submersion.

For any X,Y E VF(N) orthonormal and tangent to (ker G,)* around a point

g € N, we have O(Y 7 = 0(G.X,G.7) (0" is the sectional curvature on N) in that
nelghbourhood because F'is a Riemannian covering map and because

baxoy = IRGX,GY)GY),G, )) §(R(AFX,AF.Y)(AFR.Y), AFX))
—§(AR(F,.X,F.Y)F,Y,AF.X)) = g(R(F.X,F,Y)F.Y , ATAF,X))
=g(R(FEX, FEY)RY , FX) = 0 5.m.7):

since Rol = 0, F.X € (ker A)* on N and where we wrote A = G, o (F,|,)™!
q = (z,7; A) in the chosen neighbourhood. By Corollary 6.3, Chapter II in [@],
follows that for any X,Y € VF(NV) tangent to (ker G,)* in an open set, [X,Y] is
tangent to (ker G,)* in that open set. Thus (ker G,)* is involutive.

We still need to prove that the G-fibers are totally geodesic. Let ¢ = (z,%; A) €
Q,V € kerG.|, = T|,(G1(%)). Then V = %(u)|, for some u € T|,M and if v

is the g-geodesic starting from x with the initial velocity u, then I' := ¢p, (7, q) is
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the h-geodesic with initial velocity V' (since F' is a Riemannian covering) and also
4 = 4pg (7, q) is a g-geodesic by Proposition p.q with initial velocity '7(0) = A¥(0) =
Au = G,V = 0, by the choice of V. But this means that 4 is a constant curve,
4(-) = 2 for all ¢, which implies that G(T'(t)) = 4(t) = 2 for all ¢ i.e., T'(¢t) € G~(2).
This proves that every fiber G71(%), & € M, is a totally geodesic submanifold of
(N, h) and so we have finally proved (iii)-(2).

(i) = (ii): Let zp € M and choose zp € N such that F'(z) = x. Define
Zo = G(z) € M and Ay := Gyl 0 (Fulsy) ™' : Tl M — T3y M

The fact that gy = (zg, To; Ag) belongs to () can be seen as follows: if (iii)-(1)
holds, we have

9(AX, AgY) = §(Gulo((Filz) T X), Galo (Fil:,) 1Y)
=h((Fil:) ' X), (Fils)7'Y) = g(X,Y),
where we used that G is a Riemannian immersion and that F' is a Riemannian
covering map. On the other hand, if (iii)-(2) holds and if X, Y € (ker 4g)*, clearly
(Ful.) 71X, (FulL) 7Y € (ker Gil.,)* and hence also §(A4¢X, AgY) = g(X,Y) since

G is a Riemannian submersion.

Let v : [0,1] = M be a smooth curve with v(0) = xy. Since F' is a smooth
covering map, there is a unique smooth curve F [0,1] = N with v = F oI'. Define
4 = GoT and A(t) = Gilrw) © (Filre) ™', t € [0,1]. As before, it follows that
A(t) € Q for all ¢t € [0,1] and

Y(t) = Gl () = AL)(8). (84)

We claim that, for all ¢ € [0, 1],

Vi imAl) =0, (85)
and
Rol(-,-)(A(t)) = 0. (86)

Indeed, suppose now that (iii)-(1) holds. This means that, for every z € N, there
is a neighbourhood U of z in N such that G(U) is a totally geodesic submanifold
of (M,§) and G : U — M is an isometric embedding. Now if X is a vector field
parallel along ~ in M, then since F' is a Riemannian covering, there is a unique
vector field X parallel along I' in (N, h) such that F,X = X. For any t, € [0, 1],
choose U as above around T'(t). Then near t, we have that G, X is parallel to 4 in
(M, §). This proves that

0= V;(G.X(1) = Vi (AO)X () = (Vis0.200 AC)) X (8),

and since X (t) was an arbitrary field parallel along 7, we have ?MM@)A(-) =0

ie., (B9).

Since, locally, the shape operator of G(N) w.r.t (M, §) vanishes and G(N) is lo-
cally Riemannian embedded submanifold of (M, g), we also have G.(RMX,Y)Z) =
R(G.X,G.Y)(G,Z) forall X,Y,Z € T|,N, 2 € N (see [RF], Proposition 3.8, Chap-
ter II) and hence for all X,Y,Z € T'| M,

AM(R(X,Y)Z) = G.(Firp)  (R(X.Y)Z) = G.(R"(X,Y)Z)
=R(G.X,G.Y)(G.Z) = RIA)X, A()Y)(A(1)Z),
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where X = (F,|r4) ' X etc. This proves (BG).

On the other hand, suppose (iii)-(2) holds. First we see that Eq. (B@]) follows
from [P], Proposition 6.2, Chapter II (the operators A and T there vanish, by
assumptions on N and ) and the fact that F' is a Riemannian covering.

To prove (BJ) we proceed as follows. Taking the simply connected covering of IV,
lifting the metric h and composing G and F' with the projection from this covering
to N, we see that the conditions (iii)-(2) still hold and thus we may assume that N
was simply connected in the first place. Take any piecewise C! curve w on N and
let Vo € ker G.u0), Xo € (ker Go)* o). If Z(t) is the parallel translate of X + Vg
along w, we get from [B5], Proposition 6.1, Chapter II (again, the operators A and
T there vanish by assumptions) that

0 vw(t Z(t) = (vw(t Z(t) )LJF(V?J(t)Z(t)T)Ta

where for Y € TN we wrote Y7 and Y+ for the components of Y in the distributions
(ker G,)* and ker G,, respectively (this notation is in accordance with the notation
in the referred result of [R5 and is not completely compatible with ours). This proves
that Z(t)T and Z(t)* are fields parallel to w and since Z(0)T = Xy, Z(0)* = V,
we have that Z(t)T and Z ()1 are the parallel translates of X, and Vj, respectively.
But this implies that

(PY")o(w)(ker Glu) = ker Gulugn,  (PY)5(w) ((ker Gulu) ™) = (ker Glum) ™,

i.e., TN = ker G, & (ker G,)* is a splitting to TN into two subbundles that are
invariant under V"-parallel transport.

Since N is simply connected and complete, it follows from de Rham’s Theorem
(see [BF], Theorem 6.11, Chapter II) that (N, h) = (N1, h1) X (Na, hs), a Riemannian
product, where (N1, hq) and (Ns, hy) are both complete and simply connected and
TN, = (ker G,)*, TNy = ker G,.

To see now that Eq. (BJ) holds, let X be a vector field parallel along v in M,
write I' = (I';, ), take X = (X1, X,) (wr.t TN = TN; @ TN,) to be the unique
lift of X onto a vector field along I" in N and compute

0 ZA(t)V&(t)X( ) G. \vi2 = G, v

o faen X () = G:VE (X1 + GV

X17

F(t 1 (t)

since VF (t)XQ € TNy = ker G,.. On the other hand, G¥2 : N, — M; y1 — G(y1,y2)

is a local isometry for any y, € Ny and hence
0 =G, v?1(1%)71 = (GFQ(t)) V? (t @(G’%(t) YuI'1(8) ((GFQ(t ) Y1)
=V:(G.X) = V@(t)(A(')X(')),

A(t)
since A(t) = G, I'(t) = G.I'1(t) = (G20, I (t) and G, X = G, X; = (G2, X.
Thus (BY) holds and this finishes the proof of (BH)-(Bf) in the case that (iii)-(2)
holds.

Thus we have shown, because of (B4) and (8]), that ¢t — (v(¢),75(¢); A(t)) is the
unique rolling curve along v starting at gy = (xg, Zo; Ag) and defined on [0, 1] and
therefore curves of @) formed in this fashion fill up the orbit Op,(qp). Therefore,
Eq. (BE) implies that Rol vanishes on Op, (qo) which means that we are in case (ii).

To prove the last claim in the statement of the proposition, we continue the
deduction done above in the case that condition (iii)-(2) holds. Since for any ys € No,
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G¥ : N, — M is a local Riemannian isometry and Nj is simply connected and
complete, it follows that GY? is a universal Riemannian covering of M. We show that
the map G¥2 is independent of the choice of yo € Nj i.e., that G(y1,y2) = G(y1,v5)
for all y; € Ny and yo,y5 € No. Indeed, take any smooth path I's in Ny from
I5(0) = y» to To(1) = g4 Then, (G, o Is(t)) = G.I(t) = 0 for all ¢ since
['y(t) € TNy = ker G,. This shows that Gy, oI’y is a constant curve in M and thus
G(y1,y2) = Gyl(Tz(O)) Gy, (M2(1)) = Gy, ).

We fix 35 € Ny and define 7 := =GY%2: N; — M which is a universal Riemannian
covering. By what we just proved, it holds that G(y1,y2) = G(y1,y5) = 7(y1) which
establishes the claim. O

A Fiber and Local Coordinates Point of View

Let F = (X;), F = (X;) be (not necessarily orthonormal) local frames of M and
M defined on the open subsets U, U, respectively. We have local frames of 1-forms
F* = ((6),U), F* = ((#7),U) dual to these frames i.e., defined by 67(X ) =

07(X;) = 6/. The Christoffel symbols I‘ = (Tp)l, I‘k = (f‘A)U of V, V w.rt
the frames F, F are defined by (see [P ], p. 266) VXZ.X] = >, T Xk, inX] =
D f‘f]f(k Any (z,;A) € T*|,(M) @ T|3(M) with (z,%) € U x U can be written
in the form
A=A ® Xils,
irj

i.e., (pry o 7pp)(A) = [AY] (see section BF). Moreover, if F,F are orthonormal
frames, then A € Q if and only if [A’] € SO(n).

Let t — ~(t), t — F(t), t € I, be smooth curves in U, U, respectively, such
that v(0) = xg, ¥(0) = &, where [ is a compact interval containing 0. Moreover,
take ¢y = (xo,%0; Ag) € T*M ® TM. The no-spinning condition ([J) (i.e., the
parallel translation equation) for the curve ¢t — q(t) = (v(t),3(t); A(t)) (i.e., A(t) =
Pl(~,4)A) starting at ¢ can be written as

AZ .
: )= T GO0+ T EuGA0r 0 =0, 67

where t € I and

Y(t) = Zvi<t)Xi|v(t)v Z X 40
This shows immediately that the equation for no-spinning is a linear ODE in A;'. and
thus the solution with the initial condition A(0) = Ay exists for the whole interval

I where 7,4 are defined. The control system (X)ys can now be written locally in
the form

(3(t) = Y 0" () Xilsq

i

A(t) = Z 0 () Xils),
Al
d Zr Zr HOLRO)
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or

(4(t) = Y v' () Xily0,

i

() =0 (1) Xils, tel,
\(t) = Z v Ls(Xi,0)] aey + Z ' Las (0, Xi)|aq)s

\

where the controls v = (v!,...,0v"), o = (0%,...,9") are elements of L

IOC(I Rn)
(actually an open subset of it since the images of 7,4 should belong to U, U, re-
spectively). From this local form, we see that (3)yg is a driftless control affine
system.

The curve t — q(t) = (v(t),7(t); A(t)) is a rolling curve i.e., satisfies conditions

(1) and (L3) if and only if

=" ALt)(e), (88)
3 (Zr Zr EHAL )0 () =0, (89)

where 4(t) = 3, 0" (£) Xi| ). Aty =3, @’(t)XiH(t). Supposing that U is a domain of
a coordinate chart ¢ = (#1,...,2") of M and taking as the frame F the coordinate
fields X; = %, the previous equation can be written as

) = S Ai (e, (90)
S Z(ZF Zr AbAL0)om @), (O1)

where 4 = 2704 and t € I. This system is nonlinear in 4, A} and thus the existence
of solutions, for a given initial condition 4(0) = Zy, A(0) = A, cannot be guaranteed
on a given compact interval I > 0 where 7 is defined (even in a case where one is
able to get U = M).

Moving back to a general frame F (i.e., we are not assuming that it consists of
coordinate vector fields), the local form of the control system (X)g can be written
as

(5(t) = Z 0 (1) Xl

dA

tel,

or
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where the controls v = (v!,...,v") are elements of L] (I,R") as above. From this

1
local form, we see that (X)g is a driftless control affine system.

B Sasaki-metric on T*M @ TM and Q

The no-spinning distribution Dyg can be given a natural sub-Riemannian struc-
ture (see e.g. [[J]) with the sub-Riemannian metric hnsp = (75(9))|pys since
(WQ)*|DNS|(M;A) is a linear isomorphism 7’|z 3,.4)Q — T,z (M X M) at each point
q = (z,2;A) € Q and (7). (Ls(X, X)|,) = (X, X), for every ¢ = (z,4; A) € Q
and X € T|,M, X € T|; M.

Actually, we have more since there is a Sasaki-metric gj on the whole tensor
space T*(M) @ T(M) given in the following.

Definition B.1 The Sasaki-metric g} on T*(M) @ T(M) is defined by
91(&,m) =g (Lasly " (pr1(8)), Lusly * (pra(m)))
+((g"®g)or)(vly 1(p1“2(€))7’/|;1(pf2(7))))7 (92)

where

g = (z,8A) € T*(M) @ T(M), &n € T|(T"(M) & T(M)),
pry, pr, are projections of the decomposition
T(1(M) @ T(M)) = Dns @ V<7TT*(M)®T(M)>7
(see (E0)) onto the first and second factors, Zxg|, ', v|, " are the inverse maps of
T(o.3) (M x M) = T|,(T"(M) ® T(M))

X = Las(X)lg, (93)

and
(T*(M) ® T(M))|w.5) = Ve(Tr-anyrain)
B — v(B)|,. (94)

Note that ¢* : T*(M) @ T*(M) — R is the dual metric induced by g and finally 7 is
the R-linear isomorphism

(T*M @ TM) @ (T*M @ TM) — (T*M @ T*M) @ (TM ® TM)
uniquely determined by
HweX)e@eY)=(wol)e(XoY).

Denote by g, the restriction (i.e., the pull-back) of the metric g1 onto Q.
Let us now use the local frames and notation as in Appendix [A. Writing £, n €

T|(T*M @ TM), q = (z,4; A), as
E=) (€Xile + € Xilz) + > &5 © Xils,
7 ,]

n=_ (Xl +nE'Xila) + Ym0 ® Xils,

i 0]
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one gets
pra(6) = € — Ls > (€Kil + EXils) |,
=> (%‘ ) T AT+ f‘in,kA?gm)ei|x ® X,
i.j km
the similar formula holding for pry(n) and hence
91 =Y & 9(Xila, X51) + Y E 9(Xila, X;2)
ij ij

+ 30 (6d - ok Al 4 B Ak
k,m

i7j7a76

- (mg — ) T AR + f‘ﬁlvagém> g7 (0", 0°)3(X;, Xp).
k,m

Moreover, with this choice of the Riemannian metric on T*M @ TM and Q we
have the following result.

Proposition B.2 Let U,V € C™ (T yrarirs Tremrerir)r X € Tl(wo,i0) (M X M) and
qo = (o, To; Ap). Then the Sasaki-metric g} has the following properties:
(i) Letting tr = trr): aer|,,m denote the trace of linear maps 7’|, M — T'[,, M and
T the (g, §)-transpose of the linear maps T'|,, M — T'|;, M, one has

Tilao (U (A0))laos v(V (A0))gy) = tr(U(A0) "V (A0)) (95)

(i) Choosing a smooth local 7. ;o y-Section Ast. fl\(m;m) — Ap and V5-A = 0
for all Y € T[4 ) (M x M),

s (X))o (31 (v(U (), v(V (1)) (96)
=31 (/(VxU (A)lao» v(V(40)) o) + 71 (V(U(40)) g0 (Ve (A))lao)-

The same result holds if we throughout replace T*M ® TM by @ and g1 by Jg with
the exception that U,V € C*(nq, T pyuris) St U(A),V(A) € Aso(T|,M) for all
(z,2;4) € Q.

Proof. Let (X;), (X;) be smooth g,g-orthonormal frames of vector fields M, M
defined on the neighborhoods U, U of 2o, &. Denote by (6"), () the corresponding

: : AN oo(—1
dual frames. Then there are unique functions a?, b € C <7TT*M®TM<U x U)) s.t.

U(A) =) ai(x, A0, @ Xils, V(A) =D bi(x,d; )6, @ Xils,

.3 1,J
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and thus (below we will denote a’ (o, Zo; Ao), U (o, Zo; Ao) simply by af, b’)

jr 7
Gilao (V(U(A0))lags ¥(V (A0))lgo )
:((g* ® g) © T)( Z aébf<9j|ro ® Xi‘:io) ® <9l‘$0 ® Xk|ﬁ0))
igikl
= Z a,; b 9]‘3«“0 ® el‘xo) ® g<X |$0 ® Xk|$0 Z aébf(sjl(sjk‘
i,5,k,1 4,5,k

—Za Zg (A0) X, V(40)X,) = tr(U(Ao)"V (Ao))-

This proves (i). .
Next, by the definition of Z\g and the choice of A, we have

s (X))o (91 (v (U(-)),V(V(J))) X?( (U(A))|A7V<V<A)|A))

zy(Zaé(A) Z a’ (A))b (qo +Za( A)).

Assuming for simplicity that (X;), (XZ) were chosen so that Vy X; =0, Vo X; = 0
foralli and Y € T|,,M,Y € T|;,M (and hence Vy 6" = 0 for all i and Y € T|mO ),
we get

Vi(U(A)) = Lus(X)|g0(a)0 |0y @ Xilao, Vi(V(A)) = Lus(X)go (050 |y @ Xils,.
This shows that

ZXNS g (@55 (g0 +ZCL G0) s (X) lgo (b5)

=tr(<vy<U<A>>>Tv<Ao>> n tI«(U(Ao)‘(
G W(V5U(A))] g0, v(V (A0))]go) + GL(0(U

x(V(4)
(Ao aos (V5 V (A)|ao)-

O

Proposition B.3 The maps T (M)T(N) and g are surjective Riemannian submer-

sions onto M x M. Hence the restrictions of the Levi-Civita connection V71 and the
Riemannian curvature R on the Dyg-horizontal fields are respectively given by

_ = — 1 AT v
Vo s Zs(Vly = Ls(VxY)l, + S(ARXLY) = R(X,V)A),,

and

91 (B% (s (X), «i”NS (V) Ls(X), Zs(Y))

—3(R(X.Y)X,Y) H (AR(X,Y) — R(X,Y)A),

Y

I

with ¢ = (z,2;A) € T"M @ TM, X = (X, X) where X € VF(M),X € VF(M) and
similarly for Y. The same formulas hold if one replaces g} with 9o
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Proof. The first statement is obvious by construction. For the statement about the
connection, we use Koszul’s formula (cf. [[[3]), to notice that

=1
v
NS

o Zas(V) = Ls(Tx¥) + [ Ls(X), LV

where for Z € T(T*M ® TM) we denote Z = Z" + Z¥ with Z" € Dyg and Z° €
V(7 pgrnr)- The fact about the Riemannian curvature is deduced similarly (see

[13)). O

Theorem B.4 Suppose t — ¢(t) = (z(t), Z(t); A(t)) is a smooth curve on T*(M) ®

~

T (M) that is Dng-horizontal i.e., §(t) € Dys for all t. Then the following are equivalent:
(i) t — q(t) = (x(t), 2(t); A(t)) is a geodesic of (T*(M) @ T(M),q})
(i) t — x(t) and t — &(t) are geodesics of (M, g) and (M, §) respectively.
Moreover, in this case t — A(t) is given by parallel transport as follows:
A(t) = Pi() o A(0) o PY(x) = Pi(z, %) A(0). (97)

The same facts hold if (T*M @ TM,gl) is replaced by (Q,90)-

Notice that the claim of the theorem can also be written more compactly as
follows: For any ¢ = (z,2;A) € T*M @ T'M,

. L
Tr«MeTM © eXpZI oNslq = €XP(z,2)> (98)

with a similar formula holding when 7*M ® TM is replaced by Q.

Proof. This follows from the fact that m .., (resp. ) is a Riemannian sub-
mersion. Nevertheless, for the sake of convenience we outline the easy proof here.
The fact that ¢t — q(t) = (x(t),2(t); A(t)) is Dns-horizontal implies that ¢(t) =
Las(@(t), 2(t))|qq) for all t. Thus, by Proposition B.3, we get
v

q(t

)q' = Zxs (Vi“(t)jca @fv(t)‘%) ‘q(t)’

since R(&(t), &(t)) = 0, R(&(t), £(t)) = 0. The claim follows from this since s ()lqe)
is a linear isomorphism for each ¢. Also, Eq. (P7) follows easily from the definition

of Dys and Eq. ([3).
U

Corollary B.5 The Dyg-horizontal curve on @ is a geodesic of (Q,g,) if and only
if it is a geodesic of (T*(M) ® T(M),g).

Theorem B.6 The Riemannian manifolds (1, g), (M, §) are complete Riemannian
manifolds if and only if (T*(M) ® T'(M),g;) or (Q,7g) is complete.

Proof. The completeness of (T*(M) & T(M),g!) (resp. (Q,9¢)) implies the com-
pleteness of (M, g), (M, §) since T« (T (€SP TQ) is a Riemannian submersion

onto (M x M, g) and pry, pry are Riemannian submersions from M x M onto M and
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M, respectively (recall that Riemannian submersions map geodesics to geodesics).
This proves the direction “<".

Thus assume that (M, g), (M, §) are complete, which is equivalent to the com-
pleteness of (M x M,g). Let (@, &n; A,) € (M) ® T(M) be a Cauchy-sequence.
Then (z,,%,) is a Cauchy sequence in M X M and hence converges to a point
(y,9) € M x M since M x M is a complete (metric) space. Choose a local triv-

ialization 7 : 7rT “(M)XT )(U x U) = (U x U) x gl(n) of T*(M) x T(M) induced

by some coordinate charts ((z"),U), ((&"),U) (see Appendix [) of M, M around
y, U respectively. By Proposition I1.1.1 in [PJ], the metric dgi induced by g1 on

T*(M)®T(M), and hence on (U x U) x gl(n) through 7, gives the original manifold
topology. Choose an open neighbourhood V'x V of (y,7) such that V x Visa compact

subset of U x U. Then (V x V) x gl(n) is a complete space that contains a Cauchy-
sequence ((Tn, Tn), an) = 7(Tp, Zn; A,) for n large enough. Hence it converges to
(y,7,a) € (V x V) xgl(n) and thus (2, Z,; A,) converges to 7 (y,9,a) = (y,9; A).
This proves the completeness of T*(M) ® T'(M). We thus get the completeness of
(@ since @ is a closed submanifold of T*(M) ® T'(M).

U

Remark B.7 More generally, suppose 7 : E — N is a smooth bundle, (E,G), (N, g)
are Riemannian manifolds, 7 is a Riemannian submersion and the typical fiber of 7 is
complete (i.e., all the fibers m7~!(x) are complete subsets of E). Then the argument of
the previous proof applies and shows that E is a complete Riemannian manifold if and
only if M is a complete Riemannian manifold.

We record the following result.

Proposition B.8 Let N be an integral manifold of Dg and equip it with the Rieman-
nian metric gy := gi|n. Then (N,gy) is a totally geodesic submanifold of (T*(M) ®

~

T(M), g1)- .
The same claim holds if one replaces (T*M @ T'M, ;) by (Q, ) and assumes that
N C Q.

Proof. The assumptions immediately imply that the projection

TN =Pprpo 77T*(M)®T(M)|Na

is a local isometric diffeomorphism from (N, gy) into (M, g) since pry © Ty er i
maps Dy isometrically onto T'M by the definition of g and Dg.

Now if t — (x(t),z(t); A(t)), t €]a, b, is a geodesic of N then (since it is tangent
to Dg) we have z(t) = A(t)i(t) and t — x(t) = my(z(t), 2(t); A(t)), t €la,b], is a
geodesic of (M, g). We have

@é(t)f(t) = @i(t)(A( )Z) = (Vi) A)EE) + AW Vi,
and once we use the facts that V& = 0 (since z is a geodesic on M) and
V(i w.ienAd = 0 (by the definition of Dys) to conclude that @i(t)f(t) =0 ie,

t — 2(t), t €]a,b], is a geodesic of M. Thus Theorem B.4 implies that ¢ —
(x(t),2(t); A(t)) is a (Dr-horizontal) geodesic of (T*(M) @ T'(M),qt). The proof is
complete. O
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C The Rolling Problem Embedded in RY

In this section, we compare the rolling model defined by the state space ) =
Q(M, M), whose dynamics is governed by the conditions ([Z)-([[J) (or, equivalently,
by Dg), with the rolling model of two n-dimensional manifolds embedded in R as
given in [27] (Appendix B). See also [§], [IJ].

Let us first fix N € N and introduce some notations. The special Euclidean
group of R is the set SE(NV) := SO(N) x RY equipped with the group operation x
given by

(p, A)* (¢, B) = (Aq+p, AB), (p, A),(q, B) € SE(N).

We identify SO(N) with the subgroup {0} x SO(N) of SE(N), while RY is identified
with the normal subgroup RY x {idg~} of SE(N). With these identifications, the
action % of the subgroup SO(N) on the normal subgroup R" is given by

(p,A)xq=Aq+p, (p,A)€SE(N), peR".

Let M and M C RY be two (embedded) submanifolds of dimension n. For
every z € M, we identify T'|.M with a subspace of RV (the same holding in the
case of M) i.e., elements of T|,M are derivatives &(0) of curves o : I — M with
0(0) = z (I > 0 a nontrivial real interval).

The rolling of M against M without slipping or twisting in the sense of [27)] is
realized by a smooth curves G : I — SE(N); G(t) = (p(t),U(t)) (I a nontrivial real
interval) called the rolling map and o : I — M called the development curve such
that the following conditions (1)-(3) hold for every ¢ € I:

(1) (a) 6(t) == G(t) xo(t) € M and
(b) Tl (G(t) x M) = T M.

(2) No-slip: G(t) * o(t) = 0.

(3) No-twist: (a) U(t)U(t)’1T|&(t)./\;l C (T|&(t)./\>l)J‘ (tangential no-twist),
(b) UBU ()T |s@yM)* C T|s(9M (normal no-twist).

The orthogonal complements are taken w.r.t. the Euclidean inner product of RY.
In condition (2) we define the action 'x” of G(t) = (U(t), p(t)) on RN by the same
formula as for the action *" of SE(N) on RY.

The two manifolds M and M are embedded inside RY by embeddings ¢ : M —
RY and i : M — RY and their metrics g and g are induced from the Euclidean
metric sy of RY ie., g = t*sy and § = i*sy. In the above setting, we take now
M = (M), M = i(M).

For z € M and 2 € M, consider the linear orthogonal projections
PT:T|.RY = T|.M and P*: T|.RY — T|. M*,

and
PT . T|:RY — T|:M and P+ : T|:RN — T|:M*,

respectively.
For X € T|.RY and Y € T['(mrgpn|m) (here mpga|pg is the pull-back bundle
of TRY over M), we use V%Y to denote PH(V¥Y) and one proceeds similarly
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@)l{}} = pi(V;\’Y) for X € T|:RY and Y € T(mrgn|y). We notice that, for any
zeM, X €T|,.Mand Y € VF(M), we have

VY'Y =0Vt (V) + \%24

and similarly on M.
Notice that V+ and V1 determine (by restriction) connections of vector bundles
Trpme : TME — M and mp o0 : TM* — M. These connections can then be used

. . . . L
in an obvious way to determine a connection V' on the vector bundle
W(TML)*®TML . (TMJ_)* ® TMJ_ — M X M

Let us take any rolling map G : I — SE(N), G(t) = (p(t), U(t)) and development
curve o : I — M and define z = 17! o 0. We will go throught the meaning of each
of the above conditions (1)-(3).

(1) (a) Since 6(t) € M, we may define a smooth curve & := "' 0 4.

(b) One easily sees that
UT|spM = Tls0)(G(t) * M) =T[5y M

Thus A(t) := i7" o U(t) o tu|ry,,m defines a map T'|,;yM — T|@(t)M, which
is also orthogonal i.e., A(t) € Q|ww)zw) for all t. Moreover, if B(t) :=
U)|zr|,ymr, then B(t) is a map T|ogpyM*+ — T\&(t)./\;ll and, by a slight
abuse of notation, we can write U(t) = A(t) & B(t).

Thus Condition (1) just determines a smooth curve ¢ — (x(t), Z(t); A(t)) inside
the state space QQ = Q(M, M).

(2) We compute

0=G(t)xa(t) = U(t)o(t) + p(t)
d .
= (GO xa(t) = U®)s(t) = o(t) —U(t) o v 0 it oa(),
which, once composed with i;! from the left, gives 0 = &(t) — A(t)&(t). This
is exactly the no-slip condition, Eq. ([[3).

(3) Notice that, on RY xRN = RV the sum metric sy @ sy is just son. Moreover,
if v : I — RY is a smooth curve, then smooth vector fields X : I — T(RY)
along v can be identified with smooth maps X : I — RY and with this

observation one has: X (t) = Vi, X.

(a) Since U(t) = A(t) ® B(t), we get, for t — X (t) € T|5-(t)M, that

UU®X (1) = Vs X = U0VeEy (U6)TX()
:PT(@%X(-)) + th) X (+)

—U0)/(PT(Viy (AT X () + Vi (AL X ()
=(ViesnAC)AD)™ (@' X (1) + (Vi(t) X() - B(t)vi(t)(A(')le('))),
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from which it is clear that the tangential no-twist condition corresponds to the

condition that v(i(tm(t))A(-) = 0. This means exactly that t — (x(t), 2(t); A(t))
is tangent to Dyg for all ¢ € I. Thus, the tangential no-twist condition (3)-(a)

is equivalent to the no-spinning condition, Eq. ([]).

(b) Choose t — X1(t) € T|;,(t)./\>lL and calculate as above
URU ) X (t) = PT(vgz)X%)) + V45a(t)
U@ (PT (V3 (B () + Vi (BO) X))
= (PT(V, XH() = AW PT (Vi (B() X ()
+ (v(ld(t),&(t))B('))B(t)_lX(t),

and hence we see that the normal no-twist condition (3)-(b) corresponds to
the condition that

=1
ViewswB() =0, vt

In a similar spirit to how Definition was given, one easily sees that this
condition just amounts to say that B maps parallel translated normal vectors
to M to parallel translated normal vectors to M. More precisely, if X, €
TM* and X (t) = (PY")i(0) X, is a parallel translate of X, along o w.r.t. to
the connection V+ (notice that X (¢) € T, M= for all t), then the normal
no-twist condition (3)-(b) requires that ¢t — B(¢)X(¢) (which is the same as

A

U(t)X(t)) is parallel to t — &(t) w.r.t the connection V= i.e., for all ¢,

B(B)(PY )o(0)Xo) = (P¥)5(6)(B(0)Xo).
We formulate the preceding remarks to a proposition.

Proposition C.1 Let ¢ : M — RY and i : M — RY be smooth embeddings
and let ¢ = *(sy) and § = i*(sy). Fix points 29 € M, &, € M and an element
By € SO(T|L(mO)Ml,T|;@O)ML). Then, there is a bijective correspondence between
the smooth curves t — (x(t),z(t); A(t)) of ) tangent to Dys (resp. Dg), satisfying
(2(0),z(0)) = (zo,%) and the pairs of smooth curves t — G(t) = (p(t),U(t)) of
SE(N) and t — o(t) of M which satisfy the conditions (1), (3) (resp. (1),(2),(3) i.e.,
rolling maps) and U(0)|7), , m+ = Bo.

Proof. Let t — q(t) = (z(t),2(t); A(t)) to be a smooth curve in @ such that
(z(0),2(0)) = (z0,Z0). Denote 0 = 1ox, 6 =ioz and let B(t) = (PﬁL)f)((cr, 7))By

be the parallel translate of By along ¢ — (o(t),d(t)) w.r.t the connection V. We
define

U(t) == (i 0 A(t) 0 ;1) @ B(t) : T]oiyM — TlsnyM,

and p(t) = 6(t) — U(t)o(t). Then, by the above remarks, the smooth curve ¢t —
G(t) = (p(t),U(t)) satisfies Conditions (1),(3) (resp. (1),(2),(3)) if t — ¢(t) is
tangent to Dys (resp. Dg). This clearly gives the claimed bijective correspondence.

U
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