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THE NONLINEAR HODGE-NAVIER-STOKES EQUATIONS
IN LIPSCHITZ DOMAINS

MARIUS MITREA AND SYLVIE MONNIAUX

ABSTRACT. We investigate the Navier-Stokes equations in a suitable functional
setting, in a three-dimensional bounded Lipschitz domain €2, equipped with “free
boundary” conditions. In this context, we employ the Fujita-Kato method and
prove the existence of a local mild solution. Our approach makes essential use of
the properties of the Hodge-Laplacian in Lipschitz domains.

1. INTRODUCTION

Let Q C R? be a bounded Lipschitz domain. That is, 9Q can be locally described
by means of graphs of real-valued Lipschitz functions in R?, suitably rotated and
translated. The Navier-Stokes system with Dirichlet boundary conditions for an in-
compressible fluid occupying the domain Q reads (in the absence of body forces) as
follows

U _Au+Vp+(u-Viu = 0 in ]0,7[xQ
(L.1) divu = 0 in ]0,T[xQ2
u = 0 on ]0,T[x00
U(Oa) = u in £,

where u denotes the velocity of the fluid, p stands for its pressure, and ug is the
initial velocity (assumed to be divergence-free and with vanishing normal component
on 99). We denote by A the Stokes operator (see Definition 2.4 in [Rd)).

The space D(A3) is critical for the problem (1)) in the Hilbert space setting. For
the initial value ug € D(A%), it has been shown in B (see also [I)) that (L)
admits a solution u € €(0,T; D(A1)) (T depending on the size of ug) in the case
where Q@ C R? is any domain bounded or unbounded, smooth or non smooth. In
the LP—space setting, the critical space D(A%) corresponds to L3(€2; R3) by Sobolev
embeddings. This case is more subtle since nothing is known about the behavior of
the Stokes operator in LP—spaces if the domain € is not smooth enough. Taylor
conjectured in [@] that the Stokes operator generates an analytic semi-group in LP
for certain values of p, which is a key tool to prove existence of mild solutions, but
this remains unproved.

Besides Dirichlet, another natural set of boundary conditions which have received a

substantial amount of attention in the literature (cf. [0}, [|], [, ([, @, [, [, [,
4, 17, B3, 7, B, B, and the references therein) is provided by the following
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2 MARIUS MITREA AND SYLVIE MONNIAUX

“free boundary” conditions (in the terminology employed on p. 503 of [)

(1.2) v-u = 0 on ]0,T[x9Q
' vxcurlu = 0 on ]0,T[x09,

“no_

where v denotes the outward unit normal to 2. The first equation above is a
penetration” condition, whereas the second one indicates that the vorticity is normal
to the boundary. It is of interest to compare (D) with the more traditionally used

Navier’s slip boundary conditions to the effect that
v-u = 0 on ]0,T[x00
[(Vu+Vu" Wi = 0 on ]0,T[x09.
We do so in Section 2 where we show that, if 9Q € C?, then ([L.9) differ from ([L.3) only
by a zero-order term (which actually vanishes on the flat portions of 992). Incidentally,
this clarifies a somewhat obscure point in the literature (cf. p.341 in [R] where

apparently the incorrect claim is made that ) and (B) are identical).
Granted that v is a sufficiently smooth vector field, we may write

(1.3)

(u-V)u=1Vl|ul®+u x curlu.
Therefore, substituting p in ([.1) by the so-called dynamical pressure (cf., e.g., [L6])
7= Ll +p

and adopting (@) as boundary conditions, we arrive at the following initial boundary-
value problem

%7AU+V7T+UXCHI‘1U = 0 in ]0,T[xQ
divu 0 in ]0,7T[xQ
(1.4) v-u = 0 on ]0,T[x0Q
v x curlu 0 on ]0,T[x0Q
u(0,-) = wug in €.

The boundary conditions (@) are natural for the Hodge-Laplacian (i.e., the Laplacian
acting on vector fields), in which context are known as relative boundary conditions
(cf. [R7)). For this reason, we shall refer to ([.4) as the Hodge-Navier-Stokes system.

The existence of mild solutions for ([L.1]) with initial data ug € L3(Q;R?®) has been
studied in [[l4] in the case where = R3, and in [[LJ] in the case when € is a bounded
domain with a (¢°°) smooth boundary. In both instances, the major tool in the proof
of the existence of a mild solution was the fact that

(1.5) the Stokes semi-group is analytic in L?

for every 1 < p < oco. Of course, for arbitrary bounded Lipschitz domains, simple
functional analysis gives that (E) is always valid when p = 2. On the other hand,
Deuring has proved in [E] that there exist three-dimensional, bounded, cone-like do-
mains (hence, in particular, Lipschitz) such that ([.5) fails for certain values of p. This
spectrum of results raises the issue of determining the optimal range of p’s for which
(L3) holds. In [2], Taylor has conjectured that, for bounded Lipschitz domains in
R3, ([.5) holds for all p’s in an open interval containing (2,3].

While in its original formulation, this question remains open at the present time,
progress in a related direction has recently been registered in [@], where the authors
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have proved that the Hodge-Stokes operator (more on this below) generates an ana-
lyticity semi-group in LP for all p’s in a certain open interval containing [%, 3]. This is
the natural analogue of Taylor’s conjecture for the system ) In turn, this result
suggests the consideration of the nonlinear problem )7 a close relative of (),
from the perspective of the classical Fujita-Kato approach.

Concerning the linear part of ([.4), we summarize the results of 1] in Theorem [[.]]
below. Let A be the operator associated with the linear part of ([L.4), which we shall
refer to as the Hodge-Stokes operator. In the context of LP—spaces (1 < p < 00),
A = A, is defined as follows

D(A,) = {ue LP(QR3): divu=0inQ, curlu € LP(Q;R3)
(1.6) Au € LP(Q;R?) and v-u =0, v x curlu = 0 on 9Q}
Apu = —Au = curlcurly, Vu e D(Ap).

The operator A, acts as an unbounded operator in
X, ={uec LP(QR?) : divu=0in Q and v-u = 0 on 9Q}.

The orthogonal projection P : L?(Q;R3) — X», known as the Helmholtz projection
extends to a bounded operator P, : LP(Q; R3) — X, whenever p belongs to an interval
Jpa, go[ whose endpoints satisfy 1 < po < 3 < 3 < ¢gq < 0o and 1/pg + 1/gq = 1;
in particular, Jpo,go| contains [3,3]. See Theorem 11.1 of 3] where it has also
been pointed out that if € is of class €' then one can take po = 1 and gq = oo.
This implies, in particular, that X, is a closed subspace of L?(Q;R?) for p €]pa, ga|
and, when equipped with the LP norm, a Banach space. The following result is a
combination of Lemma 3.9, Theorem 6.1 and Theorem 7.3 of .

Theorem 1.1. For each p €]|pq, qal, the operator —A, generates an analytic semi-
group (e_tAP)tzo in Xp, referred to in the sequel as the Hodge-Stokes semi-group,
satisfying

sup (||e_tAP||Xp_>Xp + [Vt curle ™7 ||y, p0 + ||tcurlcurle_tAP||Xp_>Lp) < 0.
>0

The nonlinear problem (@) can be now rewritten in the following form

u(t) € D(Ap), t €]0,T]
(1.7) /() + Ayu(t) + P, (u(t) X curlu(t)) = 0, t€]0,T]
u(0) = wug € Xy,

by formally applying the projection IP, to the first equation listed in (L.4). Our goal
is to show the existence of a solution for the problem ([l.7) with small initial data
ug € X3, when Q is a bounded Lipschitz domain. See Theorem @ for a precise
formulation.

2. THE RELATIONSHIP BETWEEN FREE-SURFACE AND SLIP BOUNDARY CONDITIONS

In the three-dimensional context, one has the readily verified identity

(2.1) (v xcwlu), =v-du—du;,  1<j<3.

Consider now the case when ) is a domain in R™ (where n > 2) and u = (uq, ..., up)
is a vector field (as before, playing the role of the velocity field of a fluid). In this
context, the analogue of our boundary conditions (D) is
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(2.2) v-u=0and v-0dju—0d,u; =0o0n]0,T[x00Q, for every j € {1,..,n}.

We wish to contrast these so-called free-boundary conditions with Navier’s slip bound-
ary conditions, which we now proceed to recall. To get started, introduce the defor-
mation tensor of u as

(2.3) Def (u) := % (9jur + Oru;) =L(Vu+vu'),

1<jk<n — 2

an w1 nxn denotin e n X n liaentl matrix, reca. auc S stress tensor
d, with Inxn denoting th identity matrix, recall Cauchy’s stress t

(2.4) T(u,7) := 2Def (u) — 7w lyxn.
Also, set

B(u) = [T(u,m)V]tan =T(u,m)v — (T (u,7)v,v)v
(2.5) = (Vu+Vu')r —2((Vu)r,v)v.

Then Navier’s slip boundary conditions read

(2.6) v-u=0 and B(u)=0on ]0,T[x00.

To compare the two sets of boundary conditions (.9) and (R.§), we wish to compare
B(u) with the vector (v-9;u—0d,u;) 1<j<n’ We shall do so under the assumption that
the boundary the underlying domain 2 C R" is of class 2. The reader is referred to
the Appendix (Section 6) of this paper for definitions and properties of a number of
geometrical entities associated with the C? surface S := 0. Then, if U, v are as in
Proposition @, for a reasonably well-behaved vector field v in U we may write

—~
=

)

B(u) (Vu+ Vu' )y — 2((Vu)v,vyv

@ (l/ -0ju+ Opuy; — 2(v - &,u)yj)

1<j<n

S RO ET) R CROTSI CREOI)

1<j<n 1<j<n’

Above, the first equality is just the definition of B(u), the second is equality obtained
by expanding (Vu+ Vu )y, while the third equality one is a matter of trivial algebra.
Let now j € {1,...,n} be fixed. By decomposing the vector e; into its tangential part

(€j)1an and its normal part (e; - v)v = v;v, the quantity v - 9;u becomes

—~

v-Oju L V- ((ej . V)u)

= v (([(ej)tan +vjv] - V)u
( )

= - (V(ej)tmu + Vjauu)

4)
= V(ej)t(m(l/ cu) — [V(ej)mny] cu+ (V- Opu)y;.

The first equality is a consequence of 9; = e; - V, the second equality is due to
the decomposition of e; into its tangential and its normal parts, while the the third
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equality is based on the fact that v-V = 0, and (€j)an - V = V(e;)ran- It is Televant
to note that V(,),,, is a tangential derivation operator along 9. Pugging this back
into the expression of B(u) we obtain

Bw) = —(v-ou- auuj)lgjgn +2(vdu— (v auu)uj)lgjgn

- (1/ - Oju — auuj) + Q(V(ej)tm (v-u)— [V(e].)mnu] . u)

1<j<n 1<j<n’
The last step is now to identify the quantity V(. ,,,v. One has
VeV = (vef kT V(ij)yk)lgkﬁn

= (ajl/k — z/ja,,yk)
which shows that, in the neighborhood U of OS2, we have

B(u) = — (1/ -Oju — 8,,uj)

1<k<n’

+ Q(V(ej)t(m (v- u)) —2Ru + 2[(0yv) - u]v,

1<j<n 1<j<n

where R is the matrix defined by (@) Restricting both sides to 02 yields, thanks
to Proposition [p.1(iii) and (6.9),

(2.7) B(u) = — (u - Oju — al,uj) —2Ru+ Q(V(ej)tm (v- u))

1<j<n 1<j<n

Since V(¢,),,, is a tangential derivation operator along J¢2, the extra assumption that
v-u = 0 on 0f) guarantees both that the last term in (@) vanishes, and that u|sq
is a tangential field. Consequently, Ru = —Wu on 0f), where W is the Weingarten
map on 9f (cf. Section 6). In summary, the above shows that an equivalent way of
expressing the boundary conditions (.6) is

(2.8) v-u=0 and — (1/ -Oju — &,uj) +2Wu=0 on ]0,T[x0S.

1<j<n

In particular, if n = 3, then the above Navier’s slip boundary conditions become

(2.9) v-u=0 and —vxcurlu+2Wu=0 on |0,T[x00.

A few comments are in order here. The quantity Wu appearing in (P.§) and (.9)
is a zero-order term. It has a clear geometrical significance vis-a-vis to the surface
O (cf. Section 6 for a discussion) and it depends linearly on the velocity field w.
Furthermore, on the flat portions of 9Q we have that W = 0 (since v is constant)
Hence, there is genuine agreement between the boundary conditions (.6) and (£.9)
on the flat patches of 0€). Finally, we wish to point out that using the language
of differential forms on R™ (so that d denotes the exterior derivative operator, x
stands for the Hodge-star operator, and A, V are the exterior and interior product,
respectively) and canonically identifying vector fields with 1-forms, we have

(2.10) —vxcurlu =vVdu,

in the three-dimensional setting. Indeed, for any 1-form u in R™ we have
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n

Z v Z 6juk[dxi V (dacj A\ d.%'k)]

vVdu =
i=1 Jok=1
= Z vj(0jur — Opuy)dxy, — Z v (0jur, — Opuj)dx;
1<j<k<n 1<j<k<n
= Z <Z v (Oku; — ajuk)> dx;
j=1 \k=1

= Z(@Vuj — V- aju)dzj,

j=1

so (B.10) follows from (R.1). Hence, the correct substitute for v x curlu = 0 in the n
dimensional setting is vVdu = 0. In particular, when n = 2 this takes the simpler form
du =0, or daus — Oruz = 0. Indeed, in general we have du = VA (v Vdu)+vV (v Adu)
and, in the two-dimensional setting, the 3-form v A du necessarily vanishes.

3. AN INVERSE OF THE curl, MODULO GRADIENT VECTORS

Let © be a bounded Lipschitz domain in R3. The Bessel potential scale L?(2) is then
defined, for s € R and 1 < p < o0, by

(3.1) LP(Q) :={fla: fe (I —A)"2LP(R3)},

equipped with the natural infimum norm, which we shall denote by || - ||s,p. As is well
known, if k£ is a nonnegative integer, then

(3.2) L) ={f € LP(Q) : 3214<ill0“ fllr(e) < o0},
the classical LP-based Sobolev space of order k in Q.

Assume next that Q C R? be a bounded domain, star-shaped with respect to a ball
B C Q. In particular, from the lemma on page 20 in [, it follows that Q is a
Lipschitz domain. In this setting, we proceed to review an assortment of results from
Section 4 of @], phrased in the context and terminology of the current paper. To
set the stage, fix a function 6 € €°(B) with the property that [0 = 1. Then there
exist three linear operators K, Ko and K3 such that

K. (%COO(Q;M))' — (%CW(Q;M*))I, 1<0<3,

where we have set A% := R, A! := R3 A2 :=R? and A3 := R. The operators K, are
regularizing of order one in the sense that

(3.3) Ko LP(Q; AY) — LR A7), p el o0,
and
(3.4) Ko LP QA% — LP(Q;AY),  pe]l, oo,

Moreover, for u :  — A¢ sufficiently smooth, the following formulas are valid:
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u = Ki(Vu)+ [,(0u) for £ =0,
(3.5) u Ky (curlu) + V(Kqu) for £ =1,
u Ks(divu) + curl (Kou)  for £ =2,
u = div(Ksu) for £ = 3.

When acting on a sufficiently smooth function u : Q — A, the operators K, take the
following form

(3.6) Kou(x) = /B/o t0) (z — ) xpulte + (1 —t)y)dtdy, z€Q, 1<L<3,

where X, denotes, respectively, the scalar product between two vectors if £ = 1, the
cross product between two vectors if £ = 2, and multiplication of a scalar and a vector
if £ = 3. Assume now that p €]pq, ga[- By the second equality in (@), for v € X,
such that curlu € LP(Q;R?), we have

(3.7) u = Ppu =P, (K> curlu).
At this stage, (@) and Theorem suggest the following.

Theorem 3.1. Let Q C R? be a bounded domain which is star-shaped with respect
to a ball, and let p €lpq, qal. Fiz q €]p, ol and assume that o €]0, 1] is such that
L_a — L Then the Hodge-Stokes semi-group (eftAP)tZO, considered in X, satisfies

l_e=1
the estimate

(3.8) sup |[t2 e~ t4r l|x,—ra +sup HtHTacurleftAp | x,—ra < 00.
>0 >0

Proof. For each u € X, N X,(= X,), which is a dense subspace of X, Theorem L]
gives that

(3.9) e~ rul, < cllull,, fort>0
and
(3.10) [Vt curle™rul|, < c|lul,, fort>0.

From (B-4) and (B-J) we then obtain

(| Ko curl e =*Aea], c|lcurle™tru|_y ,

IN

—tA

IN

(3.11)
Coing further, from (B.1() and (B.3), we also have

clle”rull, < cllullp, fort>0.

[Vt Ky curle vy, < ¢Vt curle™ vy,

N

(3.12) <

If v is as in the statement of the theorem, (B.11]), (B.12)) plus standard interpolation
and embedding estimates give that

cllullp, for ¢ > 0.
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Ht% Kgcurle_tA’)UHq < CHt% KQCHﬂe_tAPUHa’p

A

c|| Kz curl e_tAPuH}D_O‘H\/gKQ Cuﬂe—m”u”?,p

(3.13)

The fact that u € X, guarantees that e~y € Xq4. Also,, as already discussed, the
projection P, is known to be bounded on L4(€2;R3). Using (B.7) (with p replaced by
¢ and u replaced by e~*4u) and (B.13) we may write

IN

cllullp, for ¢ >0.

||t%eitApU||q = H]Pq(t%eimpu)nq = H]P)q(t% Ky CurleitApumq

(3.14)

This accounts for the first part of @) As for the second part of @), we use the
semi-group property, Theorem [[.]] as well as (B.14) in order to write

IN

c|[t? Kocurle v, < c|lull,, fort>0.

_ _t _t
||curle tAPqu < Jcurle 2A‘7||XqﬁLqu 2APqu
t _1 t _a
(3.15) < ¢ (5) : (5) *lully, fort>o0,
This completes the proof of the theorem. (I

4. THE CASE OF ARBITRARY LIPSCHITZ DOMAINS

Let Q C R? be an arbitrary bounded Lipschitz domain (not necessarily star-shaped
with respect to a ball, as assumed in most of §2). By Lemmas 1-2 on page 22 and
Lemma on page 25 of [E], there exist a finite, open cover of by domains star-shaped
with respect to a ball and a smooth partition of unity subordinate to this cover. More
specifically, there exist a family of open sets O; such that

N
(4.1) aclJo;
j=1

and, for j = 1,..., N, the domain €; := QN O; is star-shaped with respect to a ball
B;, along with a family of functions ¢; € €°(€2;), 1 < j < N, such that

(4.2) Y @) =1, forallzeQ

For each j =1,..., N, select §; € €>°(§;) with supp6; C B; and fBj 0; =1, and then

define K g as in (@), relative to the domain ;. These operators satisfy properties
similar to (@), in each domain €;. Finally, for £ = 1,2, 3, we introduce

Ko : (62(Q,AY) — (€2°(Q, AT

K= Y00, ;K] (65u),

and note that the mapping properties (@)—@) remain valid for K, defined above,
even if the bounded Lipschitz domain 2 is not necessarily star-shaped with respect
to a ball.

(4.3)
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Moreover, by (B.9), for each u € (£2°(Q, RB))’ we may write

V(K 2 > (Vo) K] (6 +Z¢J u))
D3 (VKo +Z¢J(¢J K (eurl (¢5u) )

Z Vo, K (¢ju )—l—u—Kgcurlu—ZqﬁjKj Vo, X u).

j=1

Equality (1) is routine algebra. Equality (2) is a consequence of (@) applied to K g .
Finally, equality (3) follows from () and the identity curl (¢;u) = ¢;curl u+Ve; xu.
Introducing

R: (62(QR%) — (62°(Q,R?))
Ru =0 (6;K3(V6; x u) — (Vo)) K{(é5u))

allows us to rephrase the identity just derived in the form

(4.4)

!
(4.5) u = V(Kju) + Ky curlu + Ru, Yue (%COO(Q,RB)) .
The following is an extension of Theorem @ to arbitrary Lipschitz domains.

Theorem 4.1. Assume that Q C R3 is an arbitrary bounded Lipschitz domain. Fix

o

p €]pa, qal and q €]p, qa| such that % -5 = % for some « €]0,1[. Then the Hodge-

—tA

Stokes semi-group (e~ "'»);>0, considered in X, satisfies the estimate

(4.6) sup |[t2 e || x, 14 + sup HtHTacurle_tA”HXp_,Lq < 0.
>0 >0

Proof. Up to (and including) (B.13), we follow the same arguments as in the proof
of Theorem B.1, with Ko defined as in ({.g). Tt is in (B.14) that the operator R
intervenes for the first time, when @) is employed in place of (@) To estimate its
contribution, we first note that, from (@) and the discussion in the first part of §2,
we have

(4.7)  R:LP(Q,R®) — LP(Q,R?) boundedly, whenever 1 < p < oo.

Thus, based on (@) and well-known properties of analytic semi-groups (cf., e.g.,
Theorem 6.13 on p. 74 in [24]), we may estimate

[t2 R(e™ru)|ly, < cllt? Re™u)|layp
< c|R(eMru) |y IVER(eT )T,
< cHt%e Pu||p =c|A~ (t?A?e tA”u Mp
< c|ATE|x,nx, [t AT e | x, L x, llully
(4.8) = c|lullp, fort>0,

which is of the right order. With this in hand, we may then conclude much as in the
endgame of the proof of Theorem @ O
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5. MILD SOLUTION TO THE HODGE-NAVIER-STOKES SYSTEM

Throughout this section, Q2 denotes a bounded Lipschitz domain in R3. Let T > 0
be fixed and assume that € > 0 is such that 3(1 + ¢) < ¢q, where go was defined in
Theorem . Introduce the following Banach space

r = {ue@(0,T] X5) N6 (0, T); LA (% R?) : curlu € %(0,T); LY R)

with sup ([fu(s)lls + 1757 u(s)llaqe) + V5 curlu(s)s) < °°}

<s<

endowed with the norm

luller == sup fu(s)lls+ sup [T u(s)llsre) + sup [[v/scurlu(s)]s,
<s<T 0<s<T 0<s<T

Proposition 5.1. Let ug € X3 be arbitrary and set a(t) = e *Aug, for all t > 0.

Then a € Ep and ||aller < c|lullx,-

Proof. That a € €([0,T]; X3) is a consequence of the fact that (e™*4);>¢ is a %
semi-group in X3. Thanks to Theorem [L.1, we have curla € €¢(]0,T]; L3(Q; R3)) with

sup ||Vscurla(s)|lz < ||uols- By (B.§) with p = 3, we also get that a € L(); R?)
0<s<T

for all g €]3, o[ and
sup_|[sFa(s)llq < [luolls
0<s<T

— 5. In particular, the choice ¢ = 3(1+¢) entails « = == € (0,1). O

. 1 _
provided i Tre

1
3

3(14¢)

Lemma 5.2. Let u,v € Er be arbitrary. Then u x curlv € €(]0,T); L 2%= (Q;R?))
and

1+2e
(5.1) sup |20 u(s) x curlv(s)]| suser < [luller(|vller-
0<s<T 2te
Proof. For u,v € Er, it is clear that u x curlv € €(]0, T]; L4(Q2, R?)) provided
1 1 1 2+¢

¢ 373079 " 30ro

For later use, let us point out here that

3(1+¢)
5.2 =22 clpa,qal,
52) 0= 229 o, gol
since po < (3(1 +¢)) = % < ¢ < 3. Moreover, since ||sT+ u(s)l314e) < lluller

for all s €]0,T[ and ||y/s curlu(s)||s < ||v||e, for all s €]0,T[, we get

5% u(s) x curlv(s) | sarey < ||lullep|v]le,  for all s €]0,TT,
2+4¢e

S42e This proves (f.1)). O

1 _ 1
Whereﬂ.— §+2(++8) = (1+E)'

Consider next the mapping ® defined on £ x Er by

[0, T] 3t ®(u,v)(t) = /0 ef(tfs)A(f%P%)(u(s)xcurlv(s)Jrv(s)xcurlu(s)) ds.

Proposition 5.3. The application ® is bilinear, symmetric, and continuous from
5'1“ X 5'1“ nto 5T-
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Proof. The fact that ® is linear and symmetric is clear from its definition. We shall
focus on proving that ®(u,v) belongs to & whenever u,v € Er. The continuity of @
follows a posteriori from the estimates implicit in the justification of this membership.
To get started, we note that from (.1)-(F.9) we have

_ 1+2e
< 572059 |Jufler[|vller,

H(—%]P’M)(u(s) x curlv(s) + v(s) x curlu(s))

o B
for all s €]0, 7). Specializing (B.§) to the case when p = 3(21:;), g=3and a = ﬁ,
yields
e*(t*S)A(_lp 1 1
5 3(21;5)) u(s) x curlv(s) + v(s) x curlu(s) ,
_ 142e 1
(5.3) Ses 2059 (¢ — ) T |ullgr vl
and
chrle*(t*S)A(f%Ps(Hq)(u(s) x curlv(s) + v(s) x curlu(s)) H
2+e 3
(5.4) < s T (0= 5) 73T [ulleg o]

for all 0 < s <t < T. Applying now (B.§) with p = 3(21:;), g=31+c¢)and a =1,
we obtain

Hef(tfsm(_%mwa))(u(s) x curlv(s) + v(s) x curIU(S)) H

3te 3(1+4¢)
142 1

(5.5) Ses 2 (= )77 |uller[vller-

From the estimate (f.3) it follows that, for each ¢ €]0, 7],

(1) t _142e 1
[®(u,v)()]s < ¢ </ s 20F) (¢ — ) 209 d5> ullezllvller
0

(2) L e 1
< ¢ /0’ 2059 (1 — o) 2059 do | |uller 0] er-
0

The inequality (1) above is obtained by integrating (5.9) between 0 and t. Passing
from (1) to (2) is done by making the change of variables s = to in the integral just
alluded to.

(5.6)

By the same method, and relying on the estimate (@), we obtain that for each
t €]0,T]

lcurl @ (u, v)(¢)||3

IN

t _ 1+42e _ _2+4e
. ( [t ds) e loller
0

(5.7) 1
1 _ 142e _ _24e
ot ( [t oyt do) lllexlloller-
0

IN

Using now the estimate @) and employing the same method, we see that for all
t €]0,T]
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b o
[@(uw, v)(D)llsa4e) < C</ sTR0 (8 — )7 d8> [ullerllvller
0
(5.8) L
< o ([ H 1= 0)ddo) fullep oy
0
In concert, the estimates (5.6), (F.7) and (F.§) then imply that ®(u,v) € Er. O

We are now ready to prove the existence of solutions for the functional analytic
equation

(5.9) u=a-+ D(u,u).
We shall refer to these as mild solutions of the Hodge-Navier-Stokes system (m)

Theorem 5.4. Let Q C R3 be a bounded Lipschitz domain and fix T > 0. Then
there exists & > 0 with the property that for each uy € X3 with |Jugl|s < 0 there exists
a unique mild solution u of the Hodge-Navier-Stokes system (@) (i.e., a function

u € Er satisfying (B.9) on [0,T]).

Proof. Since ® : Ep x Ep — Er is bilinear and continuous, the idea is to implement
Picard’s Fixed Point Theorem. As in [@], the sequence (v, )nen of functions in Er
defined by vg := a, as the first term, and then, iteratively,

Unt1 = a+ P(vy,v,), neEN

converges to the unique solution u € & of (5.9) provided |jug| x, is small enough
so that, say, |lalle;, < WM' That this can be ensured is guaranteed by

Proposition @ (I

6. APPENDIX

Let M be a €2 manifold, possibly with boundary, of (real) dimension n. As usual,
by TM and T*M we denote, respectively, the tangent and cotangent bundle on M.
We shall also denote by TM global (C1) sections in TM (i.e., TM = C*(M,TM)).
Similarly, we identify T*M = C1(M,T*M). We shall assume that M is equipped
with a C' Riemannian metric tensor g = ZNC gikdr; ® dxp, and denote by V the
associated Levi-Civita connection. Among other things, the metric property

(6.1)  Z(X,Y)=Vz(X,Y)=(VzX,Y)+(X,VY), VX,Y,ZeTM,

holds. Consider next S < M, a €2, orientable sub-manifold of codimension one in
M, and fix some v € TM such that v|s becomes the outward unit normal to S. If
VS is the induced Levi-Civita connection on S (from the metric inherited from M)
it is then well-known that

(6.2) VY =7n(VxY), VX, YeTS,

where 7 : TM — TS is the canonical orthogonal projection onto T'S, the tangent
bundle to §. In particular, the second fundamental form of S becomes

(6.3) II(X,Y):=VxY -VSY =n(VxY), VX YecTS.
In this setting, the Weingarten map
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(6.4) W:TS — TS,
originally defined uniquely by the requirement that

(6.5) WX)Y)=(vII(X,Y)), VX, YeTS,
reduces to
(6.6) WX =-Vxvr on S, VX eTS,

known as Weingarten formula. An excellent reference for the material in this section
is [@] The following propositions, proved in [@], describes an extension of the unit
normal to a hypersurface enjoying a number of useful properties.

Proposition 6.1. For €2 surface S C R™ there exist a neighborhood U of S along
with a vector field v € C*(U) with the following properties:
(i) vl =14 U;
(ii) v|s coincides with the unit normal to S;
(ili) Vov=0o0n S, ie., Oyv;=0o0nS forj=1,2,..,n;
(iv) dv=0o0on S, te, Ogvj —Ojup =0o0n S, fork,j=1,2,...,n;
(v) div = (n — 1)H, where H stands for the mean curvature of S;

Moreover, for the n X n matrix valued function

(6.7) R(z) := Vv(z) = (Okv;())j K, xelU,
the following are true:
(vi) Rv=04inlU;
(vii) Tr(R)=(n—1H inU.
In addition, when restricted to the hypersurface S, R has the following additional
properties:
(viii)) R depends only on S and not on the choice of the extended unit v.
(ix) RT=R on S;
(x) (Ru)|s is tangential to S for any vector field u: S — R™. In fact,

(6.8) R =-W

the opposite of the Weingarten map of S. In particular, the eigenvalues
{Kk;j}1<j<n—1 of =R (at points on S) as an operator on T'S are the principal
curvatures of S, and its determinant is Gauss’s total curvature of S.
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