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Heat-kernels and maximal LP — L?—estimates:
the non-autonomous case

Matthias Hieber Sylvie Monniaux

ABSTRACT. In this paper, we establish maximal LP — L? es-
timates for non autonomous parabolic equations of the type
u'(t) + A(t)u(t) = f(t), u(0) = 0 under suitable conditions
on the kernels of the semigroups generated by the opera-
tors —A(t), t € [0,7]. We apply this result on semilinear
problems of the form '(t) + A(t)u(t) = f(t,u(t)), u(0) = 0.

1 Introduction

Maximal regularity results for linear initial value problems are very effective
tools when dealing with nonlinear, in particular quasilinear or fully non-
linear, problems. In fact, it is known that the standard evolution operator
approach is in particular not applicable to reaction-diffusion equations where
the “diffusion matrices” depend on Vu. However, involving maximal regular-
ity results and techniques based on the implicit function theorem, one is able
to treat problems of the kind described above. For an up-to-date overview of
the results and techniques known in this context, we refer to the monographs
[2], [19], [16] and [5].

From the point of view of harmonic analysis, it is natural to replace
the property of maximal LP—regularity by the LP—boundedness of certain
Banach space valued singular integrals. More precisely, let 1 < p,q < oo,
Q c IRY open and —A be the generator of an analytic semigroup on L?(Q).
Then there is maximal LP — L9—regularity for the problem

(1) W(t)+ Au(t) = f(1), te[0,T]
u(0) = 0



if and only if the convolution operator R given by

(RO = [ Ae941(s) ds

acts boundedly on LP(0,7; L%(£2)). Since Mihlin’s theorem for operator-
valued symbols is applicable in this situation if and only if ¢ = 2 one is forced
to use other techniques in order to prove LP—boundedness of R. By using the
transference principle, Lamberton [15] proved maximal [P — Li—regularity
for ([II) provided the semigroup 7' generated by —A acts as a contraction on
L1(Q) for all ¢ € [1,00]. Observe that his approach is necessarily restricted
to second order differential operators and does in particular not allow to
treat parabolic systems. On the other hand assuming suitable heat-kernel
bounds on the semigroup generated by —A, maximal LP — L¢—regularity for
the solution of (1) was proved recently by Hieber and Priiss in [I4]. For
generalizations see [7]). It seems that the idea of using heat-kernel bounds
in this context was first used in [21] by Strook and Varadhan. The problem
of maximal LP — L?—regularity for arbitrary parabolic evolution equations of
the form () with —A being the generator of an analytic semigroup on some
LP—space, as formulated by Brézis (see e.g. [0]), seems to remain open, in
general.

Considering quasilinear problems of the form w'(¢)+ A(t, u(t))u(t) = f(t),
u(0) = 0, maximal regularity results for the non-autonomous linear equation

(2) W)+ Au(t) = f(t), te[0,T]
uw(0) = 0

are of great interest. If the domains of A(t) are constant, i.e. if D(A(t)) = D
for all ¢t € [0, T] one obtains maximal regularity results for (2) by the one for
the autonomous case simply by writing

u'(t) + A0)u(t) = (A(0) — A(t))u(t) + f(t), u(0)=0

and by using perturbation arguments. Observe, however, that the domains
D(A(t)) vary with t for example when A(t) is the L?—realization of a second
order differential operator subject to co-normal Neumann boundary condi-
tions.

In this paper we do not only prove maximal LP — L9—regularity results
for examples of this kind, but treat the general case where {A(t),t € [0,T]}
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satisfies the Acquistapace-Terreni commutator condition and the heat-kernels
of the semigroups T; generated by — A(t) satisfy suitable bounds. The method
we use is very much inspired by the ones used in [I14] and [7]. Essentially
it is based on the technique developed in [I1] and [I0] allowing to prove
L' — LL —boundedness of singular integrals with weaker conditions on the
kernel than the classical Hormander almost L!'—condition.

In order to treat parabolic differential operators acting on Riemannian
manifolds we choose spaces of homogeneous type as underlying setting.

This paper is organized as follows. In Section 2, we give the precise
assumptions and state our main theorem. The proof of the main result is
given in Section 3. In Section 4, we apply of our result to semilinear problems
of the form «/(t) + A(t)u(t) = f(t,u(t)), u(0) = 0, where the domains of A(t)
may vary with ¢.

Throughout this paper, we denote by L£(X,Y’) the space of all bounded
linear operators from X to Y, whenever X and Y are Banach spaces. If A
is a linear operator in X, we denote its domain by D(A), its resolvent set
by p(A) and its spectrum by o(A). Moreover, for any 6 € (0,7), we set
Yo :={z €C)\ {0};]arg(2)| < 6}.

2 Assumptions and the main result

Let (2,m,d) be a space of homogeneous type. This means that 2 is a
topological space, m is a o—finite measure on 2 and d is a quasi-metric (i.e.
d(z,z) < v4(d(z,y) + d(y, 2)) for all z,y,z € Q, where v > 1) on Q. We
assume the doubling property : there exists a constant Cp > 1 such that
m(Bq(x,2r)) < Cp m(Bq(z,r)) holds for all x € Q and all » > 0, where
Bo(x,r) :={y € Q;d(z,y) < r}. We remark that this property implies the
strong homogeneity property (H) given as follows :

(H) there exists two constants Cy > 1 and ¢ > 0 such that
m(Bq(z,ar)) < Cy a*m(Bg(z,r))
holds for all x € Q, a > 1, r > 0.

We consider now M, a measurable subset of €2, and we let T' > 0. Let
{A(t),t € [0, T]} be a family of linear densely defined operators in L*(M,m).
We assume that



(A) there exists ¢ € (0,%) such that o(A(t)) C E,, and for all ¥ € (¢, 7)

9
there exists a constant My > 0 such that

M

A— ANt < 7Y
0= AW ey < 7105

holds for all A eC \ Xy, ¢t € [0, 7.

The condition (A) implies that the operators —A(t) generate uniformly bounded
analytic Co—semigroups (e=74®), -y on L*(M,m). We assume that for all

t € [0,T] and for all o > 0, there exists ki(o,-,-), bounded and measurable
on M x M such that

(HOf)@) = [ klow ) fp)dm(y) m—aa zeM

for all f € L?*(M,m). We assume moreover that the kernels satisfy a uniform
estimate of the following type :

(K) there exist a constant n > 0 and a bounded decreasing function ¢

defined on (0,00) satisfying lim r**g(r) = 0 for some v > 0 such
that

k(0. 2, y)] < min (m(BQ(lx’O%)) 7 m(BQ(ly,g%))> ) <d(:,%y)>

holds for all t € [0,T], o > 0, and for m — a.a. z,y € M.

It is well-known that condition (K) is satisfied for a large class of differential
operators. For details in the context, we refer to [4], [9], [12], [3], [8]. The
condition (K) implies that the semigroups {(e=74®),50,t € [0, T]} act con-
sistently also on LI(M,m) for 1 < ¢ < co. Moreover, they are uniformly
bounded and analytic on LI(M,m) for 1 < ¢ < oo (see [I1], Proposition 2.3).
Denote their generators by —A,(t). We assume moreover that the operators
{A,(t),t €]0,T]} verify the following commutator conditions on LI(M,m),
for all ¢ € (1, 00).



(C,) There exists w, € (cp, g), ag, B, € 10,1] with o, < S, and a constant
cq > 0 such that

¢ |t — s|Pa

1A (1) (A = Ag () (Ag(H) ™" = Ag(s) ™ Dllezamamy < 1+ ) o

forall A eC\ X, and s,t € [0,T].

The condition (Cy) and the assumption (A) imply in particular that

(M, +1) |t — s|52

(ca) [[(A— A@))fl — (A= A(S))leﬁ(LQ(Mvm)) < (14 A1

forall A eC\ X, and s,t € [0,T].

We assume also the following commutator condition on L' (M, m) and L>®(M,m).
For ¢ =1 and ¢ = oo, it holds

(¢q) There exists w, € ((p, %), ay, B, € [0,1] with a, < 8, and a constant
cq > 0 such that

cq [t — 5|

A=A, TN A Merammy < ————~
H( q( )) ( q(s)) ”ﬁ(L (M,m)) = (1 + |)\|)1—aq
forall A eC\ ¥, and s,t € [0,T].

Definition 2.1 The family of operators { A(t),t € [0, T]} belongs to the class
MR(p,q), and we say that there is maximal LP—regularity on LI(M,m) if
for all function f in LP(0,T; LY(M,m)), there exists a unique function

u € WH(0,T; LY(M,m))  with A,(-)u(-) € LP(0,T; LY(M,m)),
verifying (3) in the LP(0,T; LY(M,m))—sense.
We are now in the position to state the main result of this paper.

Theorem 2.2 Assume that the family {A(t),t € [0,T]} satisfies the assump-
tions (A), (K), (Cy) for all ¢ € (1,00), (c1) and (cx). Let 1 < p,q < 0.
Then the family {A(t),t € [0,T]} belongs to the class M R(p,q).



3 Proofs

The results in [1], [I8] imply the following facts. If u is a solution of (2)) then
u fulfills the equation

Alt)u(t) = /OtA(t)Qe(ts)A(t)(A(t)1 — A(s) Y A(s)u(s) ds
+ OtA(t)e_(t_s)A(t)f(s) ds

for a.a. t € (0,7). For the time being, let ¢ € (1,00) be fixed. If the con-
stant ¢, in (C,) is sufficiently small, the operator Q € L(LP(0,T; LY(M,m)))
defined by

Qo)1)= [ Al MOAW) T = As) Ngls) ds, 1E (0,7)

has norm less than 1 for all p € (1,00). Observe, however, (see also [17],
Remark before Corollary 2), that the family {A(t),t € [0, T]} belongs to the
class M R(p, q) if and only if this holds true for { A(¢)+v,t € [0,T]}, where v
is an arbitrary constant. Hence, there is no loss of generality in choosing the
constants ¢, in (C,) as small as we want, by choosing «, slightly larger. It
follows that the operator 1 — Q is then invertible in £(LP(0,T; LY(M,m))).
We summarize our observations in the following proposition.

Proposition 3.1 The family {A(t),t € [0,T]} belongs to the class M R(p, q)
if and only if the operator S defined by

t
(SH(0) = [ AW 4O f(s) ds e [0,7]
0
acts as a bounded operator on L(LP(0,T; LI(M,m))).

In [13], Theorem 3.2, we proved that assuming (A) and (Cy), the family
{A(t),t €0, T]} belongs to M R(2,2). Hence the operator

S L*(0,T) x M, A®@m) — L*((0,T) x M,A®m)
defined by .
() (Sh)(ta) = ([ A@e =940 (s, )ds) (@)
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for A\ ® m — a.a. (t,z) € (0,T) x M acts boundedly on L?((0,T) x M).
Here A denotes the Lebesgue measure on (0,7'). Moreover, we proved in
[13], Theorem 3.1, that M R(p, q) is independent of p € (1,00). Hence, the
Marcinkiewicz interpolation theorem implies the following result.

Proposition 3.2 Let S be defined as in (3). Then the assertion of Theorem
(2.3 holds true provided S, as well as its adjoint, is of weak type (1,1).

At this point some remarks on our strategy how to prove that S is of weak
type (1,1) are in order. For the time being consider the autonomous case,
i.e. A(t) = A for t € [0,T] and write f € L'((0,7) x M) in its Calderon-
Zygmund decomposition as f = g + b with b = >_b;. The strategy used in
[14] and [7] to show that R defined as in Section 1 is of weak type (1,1) is
to decompose Rb; as

RV,.b; + (R — RV,,)b;

with an appropriate “smoothing term” V... Observe that in the non-autonomous
situation the operator S defined as in (B]) seems not to be treatable directly
with the semigroup methods developed for the autonomous case. However,
semigroup methods do work for S with

t
SF(t) = / A(s)e==946) £(s) ds.
0
In fact, we decompose Sb; in the following as
SU,.b; + (S, — SU.)b; + (S — S,)b;

with S defined below associated to the kernel —d; k,(t — s, z,y) o4 (s). In
order to control the above three terms we need assumptions (C,), (¢1) and

(Coo)-

The rest of this section is devoted to the proof of the fact that S is of
weak type (1,1). To this end, let @ = (0,7) x M and = A ® m. Let S be
the bounded operator on L?(Q, i) defined as above. Denote the kernel of S
by p. Then p: @ x @@ — IR is of the form

p(t,l‘, S, y) = _81kt(t - S5,T, y)]l(()ﬂf)(s) H—a.a (ta IL‘), (S,’y) € Q



ok
with the notation 01k (o, z,y) = a—t(a, x,y). This means that
o

Sf(t,z)=— /Ot /M Okt — s, x,y) f(s,y) ds dm(y)

holds for each continuous function f with compact support in @, for y —a.a.

(¢, z) & supp(f).
Next, let p be given by

Q X Q = (t,l‘, Say) L ﬁ(t,l‘, Say) = _alks(t - vaay)]l((],t)(s)

for u—a.a. (t, ), (s,y) € Q. Denote by S the operator in L?*(Q, j) associated
with p.

Lemma 3.3 Under the conditions (A) and (cy), the operator S is bounded
on L*(Q, ).

Proof. Since S is bounded on L*(Q, ut) (Proposition B1] and [13], Theorem
3.2), it suffices to prove that S — S is bounded on L?(Q, u). By assumption
(A), we have

S-97t) = [(AEe =4 A0 (s, s
= [ (G 2O A0 = = A0) (s an) s

i Jr.,

where w, is defined as in (Cy) and T, = (00, 0)e™2 U e ™2(0, 00). Therefore,
taking into account the estimates (A) and (cy) it holds for all f € L*(Q, i)

105 = 8) £t ) z2mam) <
1 ! o t—s)r cos wa
S (ng + ].)CQ —/0 (/0 Te_( ) (( 83 - ) ||f( )||L2(M,m)d$

T 1+r

)
t
S (Mo costn, 2,02, 82) [ (1= )% (s, lecanmds,

where C(M,,,, cosws, Ca, ta, B2) is a constant depending only on the listed
quantities. Applying Young’s inequality, we have

1S = 8) fllz2(@un < C(Muy, coswa, e, a2, B, T)|fll 2@ -
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O

Consider next for 7 > 0, the operator U, € L(L*(Q, 1)) associated to the
kernel u., given by

1
Qx Q> (tas,y) — u(t,;5,y) = Lip—r), (s) - ki(T,2,9).

Moreover, define S, € L(L*(Q, 1)) to be the operator associated to the kernel
pr given by

1 s+T
pTiQXQB(t,l’;S,y)'—)—;/ alk;t(t_o-+7_axay) ]10<t do.
Let D := (0,7) x © and define the quasi-metric § on D by

o((t,2); (s,9)) = |t = s| +d(z,y)"  (t,2),(s,y) € D,

where n was defined in (K). Then (D, p, ) is a space of homogeneous type.
Define H, € L(L*(D, u)) associated to the kernel h, given by

t—s 1 ]_ d
ho(t,ass,y) =< e = min( - 1 ) g( (‘”;y)>
T m(BQ(:L‘aTE) m(BQ(yaTE) Tn

for (t,z),(s,y) € D x D. Finally, set Bp(&,p) = {n € D;(n,&) < p}, the
ball in D with center £ and radius p.

Lemma 3.4 Under the conditions (A), (K), (ca) and (c1), the following
assertions hold

(a) lu(&n)| < h-(§,n) for w—ae. &neQ and for all ™ >0 ;

(b) (Harnack inequality) there exist a constant ¢ > 1 such that

sup  h.(&,n) <c inf  hon (&,
Sup he(§myse b B ()

holds for all (,& € D and all >0 ;

(c) there ezists a constant C' > 0 such that for all T > 0,

e €30t )| < € sup s [ o) dito)

holds for all £ € D and all v € L*(D,u) ;
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(d) forallT > 0, the operator S— S, € L(L*(Q, 1)) associated to the kernel
p — p, verifies

Yy i= Sup /5<5,n>2m Ip(&,m) = p- (&, m)]dp(€) < o0

neQ, >0
forall 0 >0 ;

() forallT > 0, the operator S, —SU, € L(L*(Q, 1)) extends to a bounded
operator on LY(Q, ). Moreover, ||S; — SU.||z(11(q.u) s independent of
7> 0.

Proof. (a) Taking into account assumption (K), the assertion follows by the
choice of u, and h.

(b), (¢) Assertions (b) and (c) were shown in [14], Lemma 4.2 and Lemma
4.3.

(d) The proof of assertion (d) follows the lines of [7], Section 3.4. We
omit the details.

(€) For all 7 > 0 and for all f € L*(Q, u) N LY(Q, i), we have

(Sr = SU)f(t,-) =

T1 s+7
= /0 ; (/ (A1<t>€*(tfo+T)A1(t) _ Al(o-)e*(tfaJrT)Al(U))]lJSt dO’) f(S, ) ds
T 1 s+t 1
= / ds = [ 1< do (— e oM (XN — A1 (1) = (A = Ay (o)D) f(s, ) dA) .
0 T Js = 21 Jry,

Taking into account the estimate (c;), the argument given in the proof of
Lemma implies

(A (t)e oAt — 4, (g)e= oA £, ) el paptm) <

1 o —0+T)r cosw (t_o-)ﬁl
<)y e gy st 4 raanm

(t— o)
(t — o+ T)atl

< C(COSM,Cl,Oéhﬁl) ﬂagt”f(57'>HL1(M,m)-

Therefore, we obtain
||(ST - SUT)f(Sv ')HLI(M,m) S

10



71 (t— o)™
< C(coswr, e, ar, Pi) / / (ot ot To<edo [|f(s, )l rmmds

< Cleoswn,en,an, 3) [ (=95, escaamds.
Then, applying Young’s inequality, we have

1(Sr = SUN) fllrri@uy < C(Ma,, coswi, er, o, B, T fll 2@y

which implies the assertion. a

Proposition 3.5 Under the conditions (A), (K), (c2) and (¢1), the operator
S is of weak type (1,1) on Q.

Proof. First, remark that the operator S is of weak type (1,1) on @ if and
only if the operator R defined by Rf := 1gS(1gf) is of weak type (1,1) on
D = (0,T) x Q. To prove this last assertion, we define the following bounded
operators on L*(D, ) :

(4) Rf = ]IQS<]1Qf>7 RTf = HQST<]1Qf>7 VTf = HQUT<]1Qf)

Consider the Calderén-Zygmund decomposition of a function f € L'(D, p)
(see [20], 14, Theorem 2). Then there exist N € IN and k > 0, depending only
on (D, u, ), such that for each function f € L'(D,u) and for all r > % if
u(D) < oo and for all r > 0 otherwise, there exist functions g¢,b; (i € IN) in
LY(D, pt) such that we can write f as f = g+ > b; and with the following
) iclN
properties
(1) lg(t,z)| < kr for p—a.e. (t,x) € D ;

(77) for all i € IN, there exist (¢;,2z;) € D and 7; > 0 such that supp(b;) C
B; :={(t,x) € D;d((t,x); (t;,z;)) < 7} and

billy < Krp(B;);

=

(i) Y p(B) < £l
icIN

(iv) each point of D is contained in at most N balls B;.

11



In order to prove Proposition 3.5, we have to show that there exists a
constant C > 0 such that for all function f € L*(Q, u) N L'(Q, i), and for all
r >0,

rp({(t,x) € D;[Rf(t,x)] >r}) <C| [l

To this end, let f € L*(D,pu) N LY(D,u) be fixed. For 0 < r < ,%”717 we
have

ru({(t,2) € D [Rf(t,2)] > r}) <rp(D) <[ f]L-

Let r > % be fixed. The Calderén-Zygmund decomposition for (f,r) gives

then f =g+ Y  b; where g,b; (i € IN) satisfy (i) — (iv). Remark that the
iclN
condition (7) ofethe decomposition implies that g € L>(D, ) and ||¢]|c0 < k7.
Moreover, the conditions (i7) and (iii) imply that »_ ||b;]li < £*|f]l1, and
icIN
then [lglls < (L + &2)[Lf-
The idea of the following proof is to decompose Rb; as

Rb; = Rvnbz‘ + (R, — Rvﬁ)bi + (R = Ry,

with operators R, R, and V; defined as in () and 7; chosen suitably.
We subdivide the proof in four steps.

e STEP 1
The function g defined as above belongs to L'(D, u) N L>(D, i) and

lgllz < llgllillgllee < 7 £(1+ K5I fl]r-

Since the operator R is bounded on L?*(D, u) we have by Chebychev’s in-
equality

r 16 16
p({(t,2) € Di|Ry(t, )| > 7)) < — IRgll5 < = IRIZ (22D, ll913
1
s - 16 k(14 &) RIZ 2o I f 11
e STEP 2
The function Z V..b; belongs to L?(D, p), where 7; is the radius of the ball

icIN
B; and the operators V. were defined in (). This follows from the estimates

12



(a), (b) and (c) of Lemma [B.4] (see also [14], Section 5, Step II, or [7], proof
of Theorem 2.6). Moreover, there exists a constant cst (depending only
on N, k, the constant C' appearing in the assertion (¢) of Lemma B4 and
the norm of the maximal Hardy-Littlewood operator on L?*(D, u1)) such that

2

> Vb,

iclN 2 .

Therefore, using the the fact that the operator R is bounded on L*(D, u)
(Lemma [33)) and Chebychev’s inequality we have, as in the first step

,u({(t,x)ED; >£})

< est r|fl

R (Z ani) (t,z)

icIN

2

16 || =~
r icIN 2
16 ’
< ) IRIZ 20 | D Vaibi
icIN 2

1 ~
< . 16 cstHRHf;(Lz(D,ﬂ))Hf”l-

e STEP 3
By Lemma B.4] (e), there exist a constant K > 0 such that for all i € IN

I(R,, — RV:)bill1 < KJ|by]]1-

Therefore, by Chebychev’s inequality, it holds

" ({(t,x) € D;| Y (R, — RV,)bilt, )| > 2})
iclN
4
< SKY bl
icIN
1
<

4K+ ]

e STEP 4
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We have now to estimate the quantity

”«&mea })

For that purpose, set B := Bp((t;,x;),5Vs7:), where 75 > 1 is the constant
appearing in the triangle inequality for the quasi-metric . Choose 5 =
(27y4)™ if the constant 4 correspond to the quasi-metric d. We then have using
the strong homogeneity property (H), u(B}) < Cu(5vs)‘u(B;). Therefore,
using Lemma[3.4] (d) with ¢ = 4 and the properties of the Calderén-Zygmund

decomposition, it holds
> <
1 <

I ({(tw) € D;

> (R = R:)bi(t,x)
icIN

>

e~ =3

> (R— R.)bi(t,x)
icIN

icIN icIN
< Ou) X n(B)+ X - [ (R Rt )] dt dr
icIN N " P\B

4
< e B =
< Cule)” £ 1+ ( s [

N neq /3 n)>4n

— pr,(§,m)dp(€ ) > IIbill

16]1\]
L (5o v
< - (CH(575) K+ dugk ) [FAIEe

We have proved the existence of a constant C > 0 such that for all f &
LYD,u) N L*(D, u), |Rf|l1.w < C||f]l1, which means that R is of weak type
(1,1) on D. Hence S is of weak type (1,1) on Q. O

By interpolation, we know that the operator S acts as a bounded operator
on LY(Q,pn) = L0, T; LY(M,m)) , for all ¢ € (1,2]. In order to prove that
this is also the case for ¢ € [2,00), we will show that S’, the adjoint of S, is
also of weak type (1,1).

Proposition 3.6 Under the conditions (A), (K), (c2) and (¢ ), the operator
S’, the adjoint of S, is of weak type (1,1).

14



Proof. For f € L*(Q, ), we have u — a.e.

S'f(t,-) = /T A(s) e 7046 £(s, ) ds

t

where the operators A(s)’ (s € [0,T]), acting on L*(M,m), are the adjoints
of A(s) (s € [0,T]). We now set G(s) := A(T — s)' (s € [0,T]) and let ¢
be given as in (A). Then the family {G(s),s € [0,T]} satisfies the following
estimates :

(G) 0(G(s)) C X, and for all ¥ € (¢, m), there exists a constant My >
M
0 such that [|[(A = G(8)) lzz2mmy < TTM holds for all A € €\
2797 s € [O7T]7

co(M,, +1) |t — s|*

(&) |A=GE)™ = (A= G() ewemmmy) < (1+ |\)e

for all A eC\ X, and s,t € [0,T].

The semigroups generated by G(s) (s € [0,T]) are associated to kernels
k(o,z,y) = ks(o,y,x) m — a.e. satisfying estimate (K). The operators
Gi(s) = A(T — s)' (s € [0,T]) acting on L'(M,m) verify an assumption
analog to the assumption (cq):

Coo |t — 5|5

() A= Gi(®))™ = (A= Gi() e mmy < T+ )=

forall A\ eC\ X, and s,t € [0,T].

With the previous notations, we may express S'f, for f € L*(Q, u), as

(S,f)T(tv ) — /Ot G(S)e_(t_S)G(S)fT(S, .)ds

for a.a. t € (0,T), where for ¢ € L*(0,T;L*(M,m)) the function ¢r is
defined by ¢r(s) := ¢(T — s) for a.a. s € (0,7). Using the same argument

15



as in the proof of Lemma [B.3] and (c}) and (c}), it follows that the operator
S’ defined by

(S/f)T(ta ) = /Ot G(t)e_(t_s)G(t)fT(S, .)ds

is bounded on L?(Q, xt). Hence the operator S’ — S’ is bounded on L'(Q, ut).
It remains to show that the operator S’ is of weak type (1,1). Since S’ has
the same form as S, we may apply Proposition and the estimates ()
and (c})to conclude that S’ is of weak type (1,1). O
Combining Proposition 3.2l with Proposition 3.5 and [3.6] the proof of Theorem
is complete.

4 Applications to semilinear problems

Let © ¢ IR be a bounded domain with smooth boundary and 7' > 0. We
consider the following parabolic initial value problem

ou

5% + A(t,x,D)u = f(t,u,Vu) in (0,7) x Q
(5) B(t,x,D)u = 0 on (0,7) x 09
u(0,z) = 0 in Q
where
(6) fec (0, T] x R x RM).
The operators A(t,z, D) and B(t,z, D) are given by
"0 ou
A(t,z,D)u = _i,jZ1 o, (aivj(t,x) 6—90]> +a(t,x)u
- ou

B(t,z,D)u = > a;;(t,z)vi(z)

ij=1 dz;

Here (v1(x),...,vn(z)) denotes the outer normal vector at a point z € 0f).
We assume moreover that

(i) ai; € C([0,T];CHQ)), a € C([0,T];C(Q)), 1 <i,j < N

(Z’L) Qi 5 = Qjq, 1 S Z,] S N

16



(7ii) there exists a constant 6 > 0 such that

N
> ai(t x)&E > 6E)7 forall € € RY.

i,j=1

In order to apply our maximal LP— L9— regularity result to the semilinear
equation (B)), we can rewrite (Bl as an equation in L9(2) for 1 < ¢ < co. To
this end, define

D(A,#) = {ueW?>(Q); B(t,z,D)u(z) = 0,r € 9Q}
A,(u(z) = A(t,z,D)u(x), fora.e. x el

Then, for each ¢ € [0, T, the operator A,(t) generates an analytic semigroup
{Ti(c),0 > 0} on L9(2), which is bounded provided a is sufficiently large.
Assume in addition to (i) that

(iv) a;; € C*([0,T]; L=(2)) (1 < 4,57 < N) and a € C*([0,T]; LN(2)) for

one p > %

Then it was proved by Yagi [22], Theorem 4.1 that (C,) is satisfied, for all
q € (1,00) provided properties (i) — (iv) hold. Moreover, it is known (see
e.g. [9], [3], [§]) that the heat-kernel k;(o, x,y) of T;(c) fulfills

2
—b lz—y|

|ki(o, 2, )| < e o, T,y€ o>0 tel0,T]

ESES

for suitable constants M,b > 0. Finally, assumptions (¢;) and (¢, ) hold by
[22], Theorem 4.2.

Summing up, it follows that {A,(¢),¢ € [0, 7]} fulfills the assumptions of
Theorem 2.2 Hence, it follows from this theorem that the family {A(¢),t €
[0, 7]} belongs to M R(p, q). Now we rewrite () as

u'(t) + Alt)u(t) = F(t,u(t)), te(0,T)
u(0) = 0

with € C117([0,T] x CH(Q); L(Q)) given by
F(t,u)(x) :== f(t,u(z),Vu(z)) ze€Q, tel0,T].
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Let 7 € (0,T] and define Z, := WP(0,7; L4(Q)) N D.(A,,) for 1 < p,q <
oo, where D (A,,) = {u € LP(0,7;LI(Q));u(t) € D(A,t)) for a.e. t €
(0,7) and A,(-)u(-) € LP(0,7; L%(£2))}. The space Z. is a Banach space with
the norm

[ullz, := llullwirorza@) + | Ag()ul) | eo,riLo)
for u € Z,. By choosing p and ¢ large enough, we find s € (1—1), 11— % — 2—]\(2)
such that
(7) Zy = WoP(0,7; WIm1(Q)) — C([0, 7]; C1(9)).

Let now u € Z, and consider the mapping ® : u +— v, where v is the solution
of the linear problem

V() + At)v(t) = F(tu(t), te(0,7)
v(0) = 0.

Since {A(t),t € [0,T]} € MR(p, q), there exists a constant M > 0 (indepen-
dent of 7) such that

[®(u) = @)z, < MI[F(,u(-)) = FC () er©.rza9)
for all u,w € Z, and all 7 € (0,7T]. The assumption ([6) implies that

1ECyu() = FCat)eromzae) < Dl =l g e @)y
Hence we have

1 _
[ (u) = @)z, < MLT% |lu =l 0 1100 @)

for u,uw € Z,. It follows from (7)) that
[(u) = @(@)[|z, < ML |[u —1|z,.

By choosing 7 small enough, the Banach fixed point theorem implies the
following result.

Theorem 4.1 Assume that a;; (1 <1i,7 < N), a and f satisfy the assump-
tions above. Then there exist p1,q; € (1,00), Ty € (0,T] such that for all
p € [p1,00) and all q € [q1,00) there exists a unique u € W(0,Ty; L4(Q))
with u(t) € D(Ay(t)) for ae. t € (0,T1) and A,(-)u(-) € LP(0,Ty; LI(R2)),
satisfying (4) on (0,T7) x €.
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