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FROM THE SCHRODINGER PROBLEM TO THE
MONGE-KANTOROVICH PROBLEM

CHRISTIAN LEONARD

ABSTRACT. The aim of this article is to show that the Monge-Kantorovich problem is the
limit of a sequence of entropy minimization problems when a fluctuation parameter tends
down to zero. We prove the convergence of the entropic values to the optimal transport
cost as the fluctuations decrease to zero, and we also show that the limit points of the
entropic minimizers are optimal transport plans. We investigate the dynamic versions of
these problems by considering random paths and describe the connections between the
dynamic and static problems. The proofs are essentially based on convex and functional
analysis. We also need specific properties of I'-convergence which we didn’t find in the
literature. Hence we prove these I'-convergence results which are interesting in their own
right.
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1. INTRODUCTION

The aim of this article is to describe a link between the Monge-Kantorovich optimal
transport problem and a sequence of entropy minimization problems. We show that the
Monge-Kantorovich problem is the limit of this sequence when a fluctuation parameter
tends down to zero. More precisely, we prove that the entropic values tend to the optimal
cost as the fluctuations decrease to zero, and also that the limit points of the entropic
minimizers are optimal transport plans. We also investigate the dynamic versions of these
problems by considering random paths.

Our main results are stated at Section [J, they are Theorems B.3, B.6 and B.1.

Although the assumptions of these results are in terms of large deviation principle, it
is not necessary to be acquainted to this theory or even to probability theory to read
this article. It is written for analysts and we tried as much as possible to formulate the
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2 CHRISTIAN LEONARD

probabilistic notions in terms of analysis and measure theory. A short reminder of the
basic definitions and results of large deviation theory is given at the Appendix.

In its Kantorovich form, the optimal transport problem dates back to the 40’s, see
[Kan43, [Kan4g]. It appears that its entropic approximation has its roots in an even older
problem which was addressed by Schrodinger in the early 30’s in connection with the
newly born wave mechanics, see [Sch33].

The Monge-Kantorovich optimal transport problem is about finding the best way of
transporting some given mass distribution onto another one. We describe these mass
distributions by means of two probability measures on a state space X : the initial one
is called py € P(X) and the final one g € P(X) where P(X) is the set of all probability
measures on X. The rules of the game are (i): it costs ¢(z,y) € [0, 00| to transport a unit
mass from z to y and (ii): it is possible to transport infinitesimal portions of mass from
the z-configuration gy to the y-configuration p;. The resulting minimization problem is
the celebrated Monge-Kantorovich problem

/ cdr — min; 7€ P(X?): 7o = po, 11 = i1 (1)
X2

where P(X?) is the set of all probability measures on X? and my, 7; € P(X) are respectively
the first and second marginal measures of the joint probability measure 7 € P(X?).
Optimal transport is an active field of research. For a remarkable overview of this exciting
topic, see Villani’s textbook [ViI09] and the references therein.

Now, let us have a look at Schrodinger’s problem. Suppose that you observe a very large
number of non-interacting indistinguishable particles which are approximately distributed
around a probability measure py € P(X') on the state space X'. We view p as the initial
configuration of the whole particle system. Suppose that you know that the dynamics of
each individual particle is driven by a stochastic process whose law is R* € P(Q) : i.e. a
probability measure on the space

Q = x01

of all pathd]] from the time interval [0, 1] to the state space X. The parameter k describes
the fluctuation level 1/k. As k tends to infinity, R* tends to some deterministic dynamics:
R>™ describes a deterministic flow. As a typical example, one can think of R as the
law of a Brownian motion with diffusion coefficient 1/k. Knowing this dynamics, the law
of large numbers tells you that you should expect to see the configuration of the large
particle system at the final time ¢ = 1 not very far from some expected configuration,
with a very high probability. Now, suppose that you observe the system in a configuration
close to some p; € P(X) which is far from the expected one. Schrodinger’s question is :
“Conditionally on this very rare event, what is the most likely path of the whole system
between the times t = 0 and t = 127 As will be seen at Section B, the answer to this
question is related to the entropy minimization problem

%H(P|Rk) —min; P €P(Q): Py= o, P = i (2)
where H (P|R¥) is the relative entropy of P with respect to the reference stochastic process
RF and the renormalization factor 1/k is here to prevent the entropy from exploding as
the fluctuations of R¥ decrease. Recall that H(P|R) := [,log (%) dP € [0,00], for
any P, R € P(£2). Schrodinger’s problem looks like the Monge-Kantorovich one not only
because of gy and py, but also because of some cost of transportation. Indeed, if the

1During the rigorous treatment, we shall only consider subspaces Q of X%, for instance the subspace
of all continuous paths.
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random dynamics creates a trend to move in some direction rather than in another one, it
costs less to the particle system to end up at some configurations p; than others. Even if
no direction is favoured, we shall see that the structure of the random fluctuations which
is described by the sequence (R¥);>; encodes some zero-fluctuation cost function ¢ on x2.
Remark that, although 1/k should be of the order of Planck’s constant A to build a
Euclidean analogue of the quantum dynamics, in [Sch3J] Schrédinger isn’t concerned with
the semiclassical limit £ — oo. Let us also mention that Schrodinger’s paper is the starting
point of the Euclidean quantum mechanics which was developed by Zambrini [[CZ0g.

An informal presentation of the convergence result. Our assumption is that (R*)g>;
satisfies a large deviation principle in the path space 2. This roughly means that

k - .
R"(A) X exp (_kfgi C(w)) , (3)
for some rate function C' : 2 — [0,00] and a large class of measurable subsets A €
Q. For a rigorous definition of a large deviation principle and basic results about large
deviation theory, see the Appendix. Very informally, the most likely paths w correspond
to high values R*(dw) and therefore to low values of C'(w). Under endpoint constraints,
it shouldn’t be surprising to meet the following family of geodesic problems

Clw) = min; weQ:wy=z,w =y

where x,y describe X and wy and w; are the initial and final positions of the path w.
We see that the large deviation behavior of the sequence (RF)ys; brings us a family of
geodesic paths. It will be shown that the limit (in some sense to be made precise) of the
problems () is the Monge-Kantorovich problem with the “geodesic” cost function

c(z,y) =inf{C(w);w € Q:wy =o,w1 =y}, z,y€X. (4)

For instance, if R* is the law of a Brownian motion on X = R? with diffusion coefficient
1/k, the rate function C'is given by Schilder’s theorem, a standard large deviation result
which tells us that C'is the classical kinetic action functional which is given for any path

w by
1

Cw) = —/ | |? dt € [0, o0]
2 Jioy

if w = (wt)o<t<1 is absolutely continuous (w is its time derivative), and +oo otherwise.
The corresponding static cost is the standard quadratic cost
1
C(l‘,y):§|y—l‘|2, xanGRd-

As a consequence of our general results, we obtain that if the quadratic cost transport
problem admits a unique solution, for instance when [, |z|?uo(dz), [, |y[*11(dy) < oo and

to is absolutely continuous, then the sequence (P*);>; built with the diffusion processes
which are the unique solutions to (B) as k varies, converges to the deterministic process

ﬁ@:AﬁM@ﬂmmem)

where for each x,y € X', 0™ is the constant velocity geodesic between x and y, d,=v is the
Dirac measure at 0 and 7 € P(X?) is the unique solution to the quadratic cost Monge-

Kantorovich transport problem ([l). The marginal flow of P is defined to be (ﬁlg)(]gtgl
where for each 0 <t < 1, P, = [, ,2v(-) T(dxdy) € P(X) is the law of the random

position at time ¢ when the law of the whole random path is P € P(). This flow is
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precisely the displacement interpolation between g and py with respect to the quadratic
cost transport problem, see [Vil09, Chapter 7] for this notion.

Presentation of the results. The quadratic cost is an important instance of transport
cost, but our results are valid for any cost functions ¢ and C' satisfying (B) and (), plus
some coercivity properties. For each k > 1, denote p* € P(X?) the law of the couple of
initial and final positions of the random path driven by R* € P(Q). Then,

1 )
H(rlt) = min; 7 € P(A?) s mp = po, ™1 = o (5)

is the static “projection” of (B).

In the sequel, any limit of sequences of probability measures is understood with respect
to the usual narrow topology. Theorem B.7 states that, as k tends to infinity, there exists
a sequence (4§)r>; in P(X) such that limy . puf = g1 and the modified minimization
problem

1 )
H () > mins 7€ P(X?) s 7 = o, 71 = g (6)

verifies the following two assertions:

e The minimal value of (f) tends to the minimal value of ([ll), where ¢ is given by
(@), which is precisely the optimal transport cost T,(uo, f1);
o If T,(uo, p1) is finite, for all large enough k, (f) admits a unique minimizer 7,
the sequence (7%);>; admits limit points in P(X?) and any such limit point is a
solution to the Monge-Kantorovich problem ([l]), i.e. an optimal transport plan.
It is not necessary that c is derived from a dynamical cost C' via (fl). A similar result
holds in this more general setting, this is the content of Theorem B.J. The dynamical
analogue of this convergence result is stated at Theorem B.g and the connection between
the dynamic and static minimizers is described at Theorem B.7.

Examples of random dynamics (R*)z>; are introduced. They are mainly based on
random walks so that one can compute the corresponding cost functions C' and c. In
particular, we propose dynamics which generate the standard costs ¢,(z,y) = |y — z|?,
z,y € RY for any p > 0, see Examples [[.q for such dynamics based on the Brownian
motion.

We also prove technical results about I'-convergence which we didn’t find in the litera-
ture. They are efficient tools for the proofs of the above mentioned convergence results. A
typical result about the I'-convergence of a sequence of convex functions (fx)r>1 is: If the
sequence of the convex conjugates (f})r>1 converges pointwise, then (fx)r>1 I'-converges.
Known results of this type are usually stated in separable reflexive Banach spaces, which
is a natural setting when working with PDEs. But here, we need to work with the narrow
topology on the set of probability measures. Theorem [6.9 is such a result in this weak
topology setting.

Finally, we also proved Theorem which tells us that if one adds a continuous con-
straint to an equi-coercive sequence of I'-converging minimization problems, then the
minimal values and the minimizers of the new problems still enjoy nice convergence prop-
erties.

Literature. The connection between large deviation and optimal transport has already
been done by Mikami [Mik04] in the context of the quadratic transport. Although no
relative entropy appears in [Mik04] where an optimal control approach is performed, our
results might be seen as extensions of Mikami’s ones. In the same spirit, still using optimal
control, Mikami and Thieullen [MTO06, obtained Kantorovich type duality results.
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Recently, Adams, Dirr, Peletier and Zimmer [ADPZ] have shown that the small time
large deviation behavior of a large particle system is equivalent up to the second order to
a single step of the Jordan-Kinderleher-Otto gradient flow algorithm. This is reminiscent
of the Schrodinger problem, but the connection is not completely understood by now.

The connection between the Monge-Kantorovich and the Schrodinger problems is also
exploited implicitly in some works where ([) is penalized by a relative entropy, leading to
the minimization problem

/ cdm + %H(ﬂp) — min; 7€ P(X?): 71 = po, ™ = i1
XQ

where p € P(X?) is a fixed reference probability measure on X2, for instance p = o ® ju1.
Putting p* = Z; 'e™* p with Z, = [, e ™" dp < oo, up to the additive constant log(Zy)/k,
this minimization problem rewrites as (H). See for instance the papers by Riischendorf
and Thomsen [RT93, and the references therein. Also interesting is the recent
paper by Galichon and Salanie [GJ] with an applied point of view.

Proposition .4 below is an important technical step on the way to our main results.
A variant of this proposition, under more restrictive assumptions than ours, was proved
by Dawson and Gértner [DG94, Thm 2.9] in a context which is different from optimal
transport and with no motivation in this direction. Indeed, [DG94] is aimed at studying
the large deviations of a large number of diffusion processes subject to a hierarchy of
mean-field interactions, by means of random variables which live in P(P(2)): the set of
probability measures on the set of probability measures on the path space ). The proofs of
Proposition B.4] in the present paper and in [DG94] differ significantly. Dawson-Gértner’s
proof is essentially probabilistic while the author’s one is analytic. The strategy of the
proofs are also separate: Dawson-Gartner’s proof is based on rather precise probability
estimates which partly rely on the specific structure of the problem, while the present one
takes place in the other side of convex duality, using the Laplace-Varadhan principle and
['-convergence. Because of these significantly different proofs and of the weakening of the
hypotheses in the present paper, we provide a complete analytic proof of Proposition .4
at Section f.

Organization of the paper. Section P is devoted to the presentations of the Monge-
Kantorovich and Schrédinger problems. We also show informally that they are tightly
connected. Our main results are stated at Section [J. We also give here a simple illustration
of these abstract results by means of Schrodinger’s original example based on the Brownian
motion. Since our primary object is the sequence of random processes (RF)g>q, it is
necessary to connect it with the cost functions C' and ¢. This is the purpose of Section [
where these costs functions are derived for a large family of random dynamics. The proofs
of our main results are done at Section §. They are partly based on two I'-convergence
results which are stated and proved at Sections | and []. Finally, we recall some basic
notions about large deviation theory at the Appendix.

Notation. Let us introduce our main notations.

Measures. For any topological space X, we denote P(X) the set of all Borel probability
measures on X and we endow it with the usual narrow topology o(P(X), Cp(X)) weakened
by the space Cy(X) of all continuous bounded functions on X. We also furnish P(X') with
the corresponding Borel o-field.

The push-forward of the measure m by the measurable application f is denoted by fgm
and defined by fygm(A) = m(f~(A)) for any measurable set A.
The Dirac measure at a is denoted by 4.
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Measures on a path space. We take a polish space X which is furnished with its Borel o-
field. The relevant space of paths from the time interval [0, 1] to the state space X is either
the space Q0 = C([0, 1], X) of all continuous paths, or the space 2 = D([0, 1], X) of paths
which are left continuous and right limited (cadlagf]) paths. We denote X = (X;)se(0,1]
the canonical process which is defined for all ¢ € [0, 1] by

Xt(CU) = W, w = (wt>t6[0,1] € Q

For each t € [0, 1], X; is the position at time ¢ which is seen as an application on Q. Of
course, X is the identity on €. The set € is endowed with the o-field o(X;,t € [0,1])
which is generated by the canonical process. It is known that it matches with the Borel
o-field of Q when  is furnished with the Skorokhod topologyf] which turns €2 into a polish
space, see [Bil6g. We denote P(X), P(X?) and P(Q) the set of all probability measures
on X, X? = X x X and Q) respectively. For any P € P(Q), i.e. P is the law of a random
path, we denote

P, := (Xy)xP € P(X), te]0,1].

In particular, Fy and P; are the laws of the initial and final random positions under P.
Also useful is the joint law of the initial and final positions

Po1 == (Xo, X1)4P € P(X?).

Of course, Py, carries more information than the couple (Fy, P;) because of the correlation
structure. A similar remark holds for P € P(Q) and (P,;t € [0,1]) € P(X)[%!. We denote
the disintegration of P with respect to (Xo, X;) : P(dw) = [, P™(dw) Py (dxdy) where

PY() =P | Xo=2,X1=vy), z,ye X

is the conditional law of X knowing that Xy = x and X; = y under P. Its is usually called
the bridge of P between x and y.
When working with the product space X2, one sees the first and second factors X as
the sets of initial and final states respectively. Therefore, the canonical projections are
denoted Xy(z,y) := = and Xi(z,y) := vy, (z,y) € X% We denote the marginals of the
probability measure m € P(X?) by 7y := (Xo)gm € P(X) and m; := (X;)x7 € P(X).
Functions. Recall that a function f: X — (—o00, 00] is said to be lower semicontinuous
on the topological space X if all its sublevel sets {f < a}, a € R are closed. It is said to
be coercive if X is assumed to be Hausdorff and its sublevel sets are compact.
Let X and Y be two topological vector spaces equipped with a duality bracket (z,y) € R,
that is a bilinear form on X x Y. The convex conjugate f* of f : X — (—o0, 0] with
respect to this duality bracket is defined by

[ ) = ig;{(x,y) — f(x)} € [-o0,00], yeY.

It is a convex o(Y, X)-lower semicontinuous function.
The relative entropy of the probability P with respect to the probability R is

(4£) dP € [0,0¢] if P< R
otherwise.

H(P|R) := { golog

2This is the french acronym for continu a droite et limité & gauche.
3In the special case where the paths are continuous: Q = C(]0,1], X), this topology reduces to the
topology of uniform convergence.



2. MONGE-KANTOROVICH AND SCHRODINGER PROBLEMS

In this section we present the Monge-Kantorovich optimal transport problem and the
Schrodinger entropy minimization problem. Then, we show informally with the aid of
Schrodinger’s original example that they are connected to each other, by letting some
fluctuation coefficient tend to zero.

Warning. This informal section contains probabilistic material. The probability-allergic
reader can skip it without harm. Nevertheless, it also contains some very clever ideas of
Schrodinger which acted as a guide for the author.

The Monge-Kantorovich optimal transport problem. Let ¢ : X2 — [0,00] be
a lower semicontinuous function on X2 with possibly infinite values. For any z,y € X,
c(x,y) is interpreted as the cost for transporting a unit mass from location z to location y.
Let pg, 1 € P(X) be two prescribed probability measures on X'. An admissible transport
plan from g to p; is any probability measure m € P(X?) which has its first and second
marginals equal to my = o and m = pq, respectively. For such a 7,

/ cdr € [0, 0]
X2

is interpreted as the total cost for transporting po to 1 when choosing the plan 7. The
Monge-Kantorovich optimal transport problem is the corresponding minimization prob-
lem, i.e.

/ cdr — min; 7€ P(X?) : 7y = po, ™ = pi1. (MK)
X2

A minimizer 7© € P(X?) is called an optimal plan and the minimal value inf(MEK]) € [0, oc]
is the optimal transport cost. Remark that (MK]) is a convex minimization problem. But,
as it is not a strictly convex problem, it might admit several solutions.

The Schrodinger entropy minimization problem. Take a reference process R on {2
(the unusual letter R is chosen as a reminder of reference). By this, it is meant a positive
o-finite measure on €2 which is not necessarily bounded. Consider n independent random
dynamic particles (Y1 < i < n) where each random realization of Y lives in 2. More
specifically, (Y% 1 < i <n) is a collection of independent random paths where for each 4,
the law of Y is

Law(Y' | Vi) = R(-| Xo = Y{) € P(Q) (7)
and (Yg;1 <14 < n) should be interpreted as the random initial positions.

Ezample 2.1 (Schrodinger’s heat bath). As a typical example, one can take R to be the
law of the Brownian motion (Wiener process) on X = R? with diffusion coefficient ¢ and
the Lebesgue measure as its initial distribution. The random motions are described by

Y/ =Y]+0oB), 1<i<n,tel01]

where Y{!,..., Y are random independent initial positions, B!,..., B" are independent
Brownian motions with initial position B =0 € R%, i =1,...,n, and ¢ > 0 is the square
root of the temperature o2.

Schrodinger’s original problem [Bch33] which is based on this specific example can
be stated as follows. Suppose that at time ¢ = 0 you observe a large particle system
approximately in the configuration py € P(R?Y). The law of large numbers tells you that
with a very high probability you observe the system at time ¢t = 1 in a configuration
very near the convolution ug * N(0,0%I) of o and the normal density with mean 0 and
covariance matrix ¢?Id in RY. But, since the number n of particle is finite, it is still



8 CHRISTIAN LEONARD

possible (with a tiny probability of order e=** with a > 0) to observe the system at time
t = 1 in a configuration which is significantly far form the expected profile of distribution
o * N'(0,0%1). Now, Schrodinger’s question i} Suppose that you observe the system at
timet = 1 in a configuration which is approzimately p, € P(R?) and that u, is significantly
different from po * N'(0, 0%1), what is the most likely path of the whole system from pg to
w1 during the time interval [0,1]?7 In [Fch33], Schrédinger gave the complete answer to
this question with a proof based on Stirling’s formula. Although proved informally, there
is nothing significant to be added today to his answer.

The modern way of addressing this problem is in terms of large deviations, see [DZ9g]
for an excellent overview of the large deviation theory (a short reminder about large
deviation theory is also given at the Appendix). This has been done by Féllmer in his
Saint-Flour lecture notes [F0I8§]. Denoting J, the unit mass Dirac measure at a, the
whole system is described by its empirical measure

1 n
nizl

It is a P(£2)-valued random variablef] which contains all the information about the dynamic
system up to any permutation of the labels of the particles. Nothing is lost when the
particles are indistinguishable. It also contains more information than the random path

which describes the evolution of the Conﬁguratlons. The observed initial and final config-
urations are the empirical measures

LY = EZM, Lt = 525%1' e P(X
=1 =1

Now, we give an informal presentation of the answer to Schrédinger’s question. For a
rigorous treatment, one can have a look at [FoIS§|. Take g, 41 € P(X) and Cf, C? two
d-neighborhoods in P(X') (with respect to a distance on P(X’) compatible with the narrow
topology o(P(X), Cp(X))) of o and pq respectively. One can recast Schrodinger’s problem
as follows: Find the measurable sets A C P(€2) such that the conditional probability

P(L" € A, L} € C3, LY € CF)

P(Ly € G}, L} € CY)
is maximal when n is large and J is small. We introduced the §-blowups CJ and C? to
prevent from dividing by zero. A slight variant of Sanov’s theoremﬁ, a standard large de-

viation result whose exact statement is in terms of large deviation principle, see Theorem
A7 at the Appendix, states that

P(L" € A) X exp (—ninf {H(P|R); P € A}), ACP((Q)

P(L" e A| Ly € Cy, LT € CY) =

4Schr6dinger’s french words are: “Imaginez que vous observez un systeme de particules en diffusion,
qui soient en équilibre thermodynamique. Admettons qu’a un instant donné ty vous les ayez trouvé en
répartition a peu pres uniforme et qu’a t; > ¢y vous ayez trouvé un écart spontané et considérable par
rapport a cette uniformité. On vous demande de quelle maniere cet écart s’est produit. Quelle en est la
maniere la plus probable 77

SStrictly speaking L™ is a measurable function with its values in P(Q) and the statement “L™ € P(Q)”
is an abuse of notation. Nevertheless it is a useful shorthand which will be used below without warning.

SIf R is a probability measure, then this is really Sanov’s theorem and H(P|R) € [0, c0].
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for any measurable subset A of P(Q2) (by the way, one must define a o-field on P(Q2))
where

H(P|R) := / log (fl;) dP € (—o00,¢], P € P(Q)

is the relative entropy of P with respect to R. Under integrability conditions on g
and gy which insure that there exists some P € P(Q) such that Py = pg, P = p; and
H(P|R) < o0, one deduces that

P(L" € A |l e CO.L0 e CF) = exp (—ninf {H(P|R);P: P € A,Py € Cj, P, € C}})
0 0 Ynbeo o exp (—=ninf {H(P|R); P: Py € C3, P, € C9})

It follows that we have the conditional law of large numbers

{1 if A> P9

lim P(L" € A| Ly € CF, L} € CF) = 0 otherwise

n—oo

where P° is the unique solution of the entropy minimization problem

H(P|R) — min; PeP(Q):P,ecC P cC’
The uniqueness comes directly from the strict convexity of the relative entropy H(-|R).
We finally see that, under some conditions on the limits CJ 6—¢(>) {1o} and C? 6—¢(>) {1}, the
solution to the Schrodinger problem is

lim lim P(L" € A| L} € C3, L} € C9) =

640 n—o0

{1 if As P

0 otherwise

where P is the unique solution of the Schrodinger entropy minimization problem:
H(P|R) - min; P eP(Q): Py = po, P =p11. (S)

If one prefers relative entropies with respect to probability measures, P is also the unique
solution to

H(P|R*) — min; P € P(Q): Py =po, P =n (8)

where the o-finite measure R has been replaced by the probability measure
RF(dw) = / R(dw | Xo = x) po(dx) € P(Q) 9)
X

which is the law of the process with initial distribution pg € P(X) and the same dynamics
as R. This last formulation is analytically suitable, but it introduces an artificial time
asymmetry. Nevertheless, we keep it because it will be useful. Remark that

H(P|R™) € [0, 0]

is nonnegative and the minimization problems (B) and () share the same minimizer under
the constraint Py = po since H(P|R"*) = H(P|R) — [, 95 it > dFy = H(P|R) — = it > dpo.

The minimization problem (§) looks like the Monge—Kantorovmh problem (@) but
we can do better in this direction, relying on the tensorization property of the relative
entropy. Namely, for any measurable function ® : 0 — Z where Z is any polish space
with its Borel o-field, we have

H(PIR) = H(oPlogR) + [ H(PC16=2)|RC |6 =2) 0pP(@z). (10
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With ¢ = (Xo, X;), this gives us

H(P|R) = H(Py|Rn) +/

X

o (Pl‘y
2

RV Pyy(dady). (11)
Now, decomposing the marginal constraint Py = pg, Py = pp into Py = 7 € P(X?) and
(Xo)am = po, (X1)gm = 11 we obtain
= inf{inf[H(P|R); P € P(Q) : Py; = 7};m € P(X?) : 7o = o, 71 = i1 }-
With ([1]), we see that the inner term is
inf[H(P|R); P € P(Q) : Py = 7|

— H(n|Ry) + inf {/){2}[(]3*‘9
= H(7|Ro)

where the inf is uniquely attained when P* = R for m-almost every (z,y), since in

Rmy> w(dedy); P € P(Q) : Py =7

this case 0 = H (P“”y ny) which is the minimal value of the relative entropy. This also
shows that for each m € P(X?),

inf[H(P|R); P € P(Q) : Pyy = 7] = H(R"|R) = H(7|Ry) (12)
where

RT() = /X R w(dedy) (13)

is the mixture of the bridges R*Y with 7 as a mixing measure. Hence, the solution of ()
is

P=FR"
where 7 € P(X?) is the unique solution of
H(7|Ry) — min; 7 € P(X?) : 79 = o, m1 = 1. (14)

Connecting (B) and (MK]). The problem ([[4) is similar to (MK]), but it remains some-
thing to do in order to connect Ry with some cost function c¢. We are going to do it in
the special case which is described at Example R.1], by letting the temperature

1/k = o”

tend to zero where k > 1 describes the positive integers. The general situation will be
investigated later at Section j.
Let us make the k-dependence explicit in our notation. We denote R* the law of the
process Y* which is defined by

Y=Y, ++/1/kB, 0<t<1 (15)

with Yy having the Lebesgue measure as its distribution. In particular, the joint law of
the initial and final positions under this reference process at positive temperature 1/k is

2
Rt drdy) = do (21K exp (—K2 570 ay
Rewriting ([[4)) with the k-dependence made explicit, we get

1 :
EH(TF|R§1) — min; 7€ P(X?) : 1 = po, M = p1. (Sk)
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We “tilde” the name of this problem, because there will be another “untilded” problem
later:

1 .
EH(W|R6Lf’k) —min; 7€ P(X?): mo = po, m = p1y, (Ss1)

with better convergence properties, where the constraint p; is replaced by the “moving”
constraint u¥ which is indexed by k and satisfies limy_,o, ¥ = 1 and RE, is replaced by
R see ().
We have also introduced the renormalization ¢ H(-|Rf;). To see that 1 is the right multi-
plying factor, suppose that 7 is such that H(w|Rf,) < co. This implies that 7 < RE, < A
where \(dxdy) = dxdy stands for the Lebesgue measure on R? x R?. We see that

(x| Rly) = H(x|) + 5 log(2n/k) + k;/ Iy~

Rd xRd 2

m(dzdy).

ly—z|?

5 m(dxdy) < oo, we obtain that the Boltzmann

If we assume that 7 satisfies fRded
entropy H (7|\) is finite and

1 _ 2
lim —H(7T|R§1):/ v =2 vy
k RdxR4

k—o0 2
which is the cost for transporting m to m; with respect to the quadratic cost
c(a,y) =ly —=z[*/2, zyeR™.

This indicates that (S%]) might converge to (MK|) in some sense, as k tends to infinity.
Indeed, this will be made precise and proved in the subsequent pages.
The renormalized problem (J) with the dependence on k made explicit is

Because of ([[3), its solution is R*™ where 7" is the solution to (@ﬂ) Remark that for
two distinct k, &' > 0, the supports of R¥ and R¥ are disjoint subsets of Q. Therefore,
at the level of the process laws P € P(Q2), we see that for all P € P(Q), H(P|RF) = oo
for every k > 1 except possibly one. It appears that the pointwise limit of %H (-|R*) as k
tends to infinity is irrelevant. We shall see that the good notion of convergence is that of

[-convergence. Also, we shall need the following “untilded” variant of (57):

1
ZH(PIR®™) = min; P € P(Q) : Py = po, P = i, (S")

where limy,_, o ,u’f = /.

3. STATEMENT OF THE MAIN RESULTS

The statements of our results is in terms of I'-convergence and large deviation principle.
We start introducing their definitions.

['-convergence. We refer to the monograph by Dal Maso [M J| for a clear exposition of
the subject. Recall that if it exists, the I'-limit of the sequence (fy)g>1 of (—o0, col-valued
functions on a topological space X is given for all  in X by
I- 1 = lim inf
dm fule) = sup L tof fi(y)
where N (z) is the set of all neighborhoods of z. In a metric space X, this is equivalent
to:
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(i) For any sequence (xj)g>1 such that limy . xx = z,
liminf fy,(zx) = f(2)
k—o0
(ii) and there exits a sequence (Zy)g>1 such that limg_,o Zx = = and
liminf fi.(Zy) < f(2).
k—oo

Item (i) is called the lower bound and the sequence (Zy)r>1 in item (ii) is the recovery
sequence.

Large deviation principle. We refer to the monograph by Dembo and Zeitouni [DZ99]
for a clear exposition of the subject. Let X be a polish space furnished with its Borel
o-field. One says that the sequence (7v,)n,>1 of probability measures on X satisfies the
large deviation principle (LDP for short) with scale n and rate function I, if for each
Borel measurable subset A of X we have
. . 1 ) 1 (i
— inf I(z) <liminf —log~y,(A) < limsup —logv,(A) < — inf I(z) (16)

x€int A n—oo N n—soo N xecl A

where int A and cl A are respectively the topological interior and closure of A in X and
the rate function I : X — [0, 00| is lower semicontinuous. The inequalities (i) and (ii) are
called respectively the LD lower bound and LD upper bound, where LD is an abbreviation
for large deviation. The LDP is the exact statement of what was meant in previous section
when writing

vn(A) = exp <—n inf I(x))

n—00 €A

for “all” A C X.

The main results. For any topological space X, we denote P(X) the set of all Borel
probability measures on X and we endow it with the usual weak topology o(P(X), Cy(X))
weakened by the space Cy(X) of all continuous bounded functions on X. We also furnish
P(X) with the corresponding Borel o-field.

One says that a function f : X — (—o00,00] is coercive if for any real a > inf f, the
sublevel set {f < a} is compact. This implies that f is lower semicontinuous if X is
Hausdorff, which will be the case of all the topological spaces in the sequel.

The convex analysis indicator of a set A C X is defined by

0 ifzeA

) X.
oo otherwise T

Y

LzeA}y = LA(fU) = {

We keep the notation of Section JJ. In particular, X is a polish space (metric complete
and separable) with its Borel o-field and

Q= D([0,1], X)

is the set of all cadlag X'-valued paths endowed with the Skorokhod metric, which turns
it into a polish space.
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Static version. For each integer k > 1, we take a measurable kernel
(0" € P(X);2 € X)
of probability measures on X. We also take ug € P(X'), denote
prre (dady) = po(dx)p™*(dy) € P(X?)
and define the functions

1
C(’fl’“O(w) = EH(W\pk’“O) + tmo=po}s k> 1; Ch(m) == /2(2 cdm + tmg=po}s T € P(XQ).

Proposition 3.1. We assume that for each x € X, the sequence ((X1)up™")i>1 satisfies
the LDP in X with scale k and the coercive rate function

c(z,): X = [0, 0]
where ¢ : X* — [0, 00] is a lower semicontinuous function.
Then, for any po € P(X) we have: T-limy_,o Coi*® = CY° in P(X?).

Let us define the functions
1
T (o) = int { (a0 € PE) 0 = oy = v}
= inf{Cl(P);7m € P(X?): 7, = v}, v e PX)
and
To1(po,v) = inf {/ cdm;m € P(X?) 1 o = o, 1 = 1/}
X2
= inf{C}’(n);m € P(X?) : m = v}, vePX).
The subsequent result follows easily from Proposition B.1].
Corollary 3.2. Under the assumptions of Proposition [3.4, for any po € P(X) we have
['- lim T(?l(:u(]v ) = T01<M07 )
k—o0
on P(X). In particular, for any u; € P(X), there exists a sequence (uf)r>1 such that
limy oo 1§ = py in P(X) and limy_o0 Tt (g0, 1) = Tor (o, p11) € [0, 00].
Now, let us consider a sequence of minimization problems which is a generalization of
(B&) > at Section . It is given for each k > 1, by
1
EH(WVJIC’M) —min; 7€ P(X?): w0 = po,m = i (S61)
where (uf)g>1 is a sequence in P(X) as in Corollary B-3. The Monge-Kantorovich problem
associated with (Bf]),~, is
/ cdr — min; 7€ P(X?): 7y = po, T = . (MK)
X2

The main result of the paper is the following theorem.

Theorem 3.3. Under the assumptions of Proposition B.1, for any po, 1 € P(X) we have
limy,_, o inf (B%)) = inf (MK]) € [0, cc].

Suppose that in addition inf (MK]) < oo, then for each large enough k, () admits a
unique solution 7 € P(X'?).

Moreover, any limit point of the sequence (7*)i>1 in P(X?) is a solution to (MK). In
particular, if (MK) admits a unique solution © € P(X?), then limy_,o 7 = 7 in P(X?).
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Remark that limy o inf (Bf]) = inf (ME]) is a restatement of limy oo T (s, pf) =

To1(po, 1) in Corollary B3,
Proposition B.1] and Theorem B.3J admit a dynamic version.

Dynamacal version. For each integer k > 1, we take a measurable kernel
(RM € P(Q%);x € X)
of probability measures on {2, with
0" = {Xy = z}.

We have in mind the situation where R¥ € P(Q) is the law of stochastic process and
RF* = RF(- | Xy = ) is its conditional law knowing that X, = =, see ([]). For any
o € P(X), denote

i) .= /X RN () po(dz) € P(Q),  RE() = /X RE2 () po(d) € P(A?).

We see that R*#0 is the law of a stochastic process with initial law py and its dynamics
determined by (R**;x € X) where x must be interpreted as an initial position, while
ng’l’m = (Xo, X1)x R0 is the joint law of the initial and final positions under R0, Let
us define the functions

1
C’%MO(p) = EH(P‘RIWLO) + tp=uo}, k21, Cro(p) = /QCdP—i_ WPo=p}, P € P(Q)

where C': 2 — [0, 00] is a lower semicontinuous function.

Proposition 3.4. We assume that for each x € X, the sequence (RF®);>, satisfies the
LDP in Q with scale k and the coercive rate function

c*=C+ U Xo=a} * Q— [0,00]

where C': Q — [0, 00] is a lower semicontinuous function.
Then, for any po € P(X) we have: T-limy_,o, CF#Ho = CHo in P(Q).

Let us define the functions
1
T*(uo,v) = inf {EH(P\Rk’“O); PeP(Q): Py=po, P = V}
= inf{CF"(P);PcP(Q): P =v}, vePX)
and
T(po,v) = inf{/ CdP;PeP(Q): Py= o, P = 1/}
Q
= inf{C*"(P);PeP(Q): P =v}, vePWX).
Corollary 3.5. Under the assumptions of Proposition |3.4, we have
I'- lim Tk(:uO’ ) = T(:uO? )
k—o0
on P(X). In particular, for any u, € P(X), there exists a sequence (u¥)y>1 such that
lim le =t
k—o0

in P(X) and limy_,o0 T* (o, p¥) = T (110, p11) € [0, 00].
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Now, let us consider a sequence of minimization problems which is a generalization of
(B"),>, at Section (. It is given for each k > 1, by

1
EH(P|R’“’“°) —min; P EPQ): Py=po, P = it (%)

where (u});>1 is a sequence in P(X) as in Corollary B.5. The dynamic Monge-Kantorovich
problem associated with (§79),-, is

/Cdp — mln, Pe P(Q) : PO = ,uo,Pl = M1. (MKdyn)
Q

Indeed, next result states that (§),., tends to (MKgy]) in the sense that not only the

values of (§7),5, tend to inf (MEgy]), but also the minimizers of (§7),-, tend to some
minimizers of the limiting problem (MKgy]).

Theorem 3.6. Under the assumptions of Proposition 5, for any po, i1 € P(X) we have
limy o0 inf (B) = inf (MKgy]) € [0, o).

Suppose that in addition inf (MKqy]) < oo, then for each large enough k, (87) admits a
unique solution P¥ € P(Q).

Moreover, any limit point of the sequence (ﬁk)kzl in P(Q) is a solution to (MEKgy]). In
particular, if (MRgdl) admits a unique solution P € P(Q), then limy_,o P* = P in P(S).

From the dynamic to a static version. Once we have the dynamic results, the static ones
can be derived by means of the continuous mapping P € P(Q) — (Xo, X1)xP = Py €
P(X?). The LD tool which is behind this transfer is the contraction principle which is
recalled at Theorem below. The connection between the dynamic cost C' and the
static cost c is

c(z,y) = inf{C(w);w € V:wy=z,w0; =y} €[0,00], x,y€cX? (17)
This identity is connected to the geodesic problem:
Clw) = min; weQ:wy=2z,w =y. (G™)

Since C” is coercive for all x € X, there exists at least one solution to this problem, called
a geodesic path, provided that its value c(x,y) is finite.

The above static results hold true for any [0, co]-valued function ¢ satisfying the as-
sumptions of Proposition B.I] even if it is not derived from a dynamic rate function C'
via the identity (7). Note also that the coerciveness of C® for all x € X, implies that
y € X — c(x,y) is coercive (the sublevel sets of ¢(z,-) are continuous projections of the
sublevel sets of C* which are assumed to be compact). Nevertheless, it is not clear at
first sight that c is jointly (on X?) measurable. Next result tells us that it is jointly lower
semicontinuous.

The coerciveness of C also guarantees that the set of all geodesic paths from x to y :

' :={weQuw =z,w =y,Cw) =c(z,y)}
is a compact subset of 2 which is nonempty as soon as ¢(x,y) < co. In particular, it is a
Borel measurable subset.

Theorem 3.7. Suppose that the assumptions of Proposition are satisfied.

(1) Then, not only the dynamic results Corollary B.4 and Theorem [3.@ are satisfied
with the cost function C, but also the static results Proposition 3.1, Corollary [3.3
and Theorem [3.3 hold with the cost function c which is derived from C by means of
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(). 1t is also true that c is lower semicontinuous and inf (MKgy]) = inf (MK]) €
[0, 00].
Suppose in addition that pio, p1 € P(X) satisfy inf (MK]) := To1 (o, 1) < 00, so that both
(ME)) and (MKqw) admit a solution.
(2) Then, for all large enough k > 1, (B&]) and (BY) admit respectively a unique
solution 7 € P(X?) and P* € P(Q). Furthermore,

PF— REF = / RE¥Y() 7 (dady)
X2

which means that P* is the 7% -mizture of the bridges RY of RF.
(3) The sets of solutions to (MK]) and (MKgy]) are nonempty convex compact subsets
of P(X?) and P(Q) respectively.
A probability P € P(Q) is a solution to (MKay]) if and only if Py is a solution to
(ME) and
PY(I™) =1, Y(z,y) € X, Py-a.c. (18)
In particular, if (ME]) admits a unique solution © € P(X?) and for T-almost every

(x,y) € X2, the geodesic problem (GTY) admits a unique solution v*¥ € Q. Then,
(MKqy.]) admits the unique solution

P= / 8.y 7(dady) € P(Q)
X2
which is the T-mizture of the Dirac measures at the geodesics ¥ and

lim PF = P

k—o0
in P(Q).

Remarks 3.8.

(1) Formula ([I§) simply means that P only charges geodesic paths. But we didn’t
write ﬁ(F) = 1 since it is not clear that the set I' := ['*¥ of all geodesic
paths is measurable.

(2) In case of uniqueness as in the last statement of this theorem, the marginal flow
of P is

z,yeX

e = ﬁt = / 5%% %(da:dy) S P(X), t e [0, 1].
X2

It is the displacement interpolation between pg and ;.
As a consequence of the abstract disintegration result of the probability measures
on a polish space, the kernel (x,y) — 04y is measurable. This also means that
(x,y) — 7™ is measurable.

(3) If no uniqueness requirement is verified, then

= (X)4P € P(X), tel01]

is also a good candidate for being called a displacement interpolation between py
and ;.

(4) The problem of knowing if (7%);>1 converges even if (MEK]) admits several solutions
is left open in this article. It might be possible that this holds true and that the
entropy minimization approximation selects a “viscosity solution” of (MEK]).
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Back to Schrodinger’s heat bath. We illustrate these general results by means of
Example 2. A well-known LD result is about the large deviations of the Re-valued
process which we have already met at ([[§) and is defined by

Y =04+ \/1/kB,, 0<t<1, (19)

where the initial condition Y;"* = z is deterministic, B = (By)o<i<; is the Wiener process
on R% and we decided to take 02 = 1/k. with k > 1 an integer.

Theorem 3.9 (Schilder’s theorem). The sequence of random processes (Y*?),>; satisfies
the LDP in Q = C([0, 1], R%) equipped with the topology of uniform convergence with scale

k and rate function
w
Cm(w) :/ | t
(R
if wo = = and w is an absolutely continuous path (its derivative is denoted by w) and

C*(w) = o0, otherwise.

For a proof, see [DZ98, Thm 5.2.3].

With our notation, this corresponds to

laoe* .
C(w):{ Joy T dt € [0,00] Hwee g

00 otherwise

| 2

dt € [0,00], we

where €2, is the space of all absolutely continuous paths w : [0,1] — R% By Jensen’s
inequality, ([[7) leads us to

c(a,y) =y —2[2/2, .y eR

which is the well-known quadratic transport cost. Let R¥* € P(Q) denote the law of Y*2.
Then RMo(.) = [o, RE*(-) po(dz) € P(Q) is the law of

YE =Yy ++/1/kB;, 0<t<1,
with initial law: Law(Yp) = po € P(RY). Also denote pF#0 = (Xg, X;) g RF# € P(RYxRY),
le.

_ 2
pheasdy) = o) 2 k) exp (K27

The above results tell us that if there exists some 7* € P(R? x R?) such that 7} = o,
7 =y and [ou, pa [y — 2?7 (dady) < oo, then Toy (po, 11) < 00, there exists a sequence
(u¥)k>1 such that limy,_,o puf = py in P(RY) and for any large enough k > 1, the entropy
minimization problem

1
EH(W‘pkM) —min; 7€ PR x RY), 7 = o, m1 = pif

admits a unique solution 7% € P(R? x R%), the sequence (7%);>; admits at least a limit
point in P(R? x RY) and any such limit point is a solution of the Monge-Kantorovich
quadratic transport problem

2
/ wﬂ(dxdy) — min; 7€ P(R? x RY), 70 = po, m = p1a.
Rd x R4

In addition, we have limy,_,o 1 H (7| pF#0) = Ty (10, f11).

Moreover, for all large enough k > 1, the corresponding dynamic problem

1
EH(P|R’W°) —min; P €P(Q), Py = o, P, = pf
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has a unique solution P* € P(2) which is given by

P* = Rb" = /R . REY() 7 (dxdy) € P(Q),
X

the sequence (ﬁk)kzl admits at least a limit point in P(£2) and any such limit point is a
solution of the dynamic Monge-Kantorovich quadratic transport problem

2
/ [/ 2 dt} P(dw) — min; P € P(Qac), Po = po, P = pa.
Qac LJ[0,1]

2

In the case where pg or p; is absolutely continuous with respect to the Lebesgue measure
on R? it is well known [Bre91, McC94] that (MK]) admits a unique solution 7. By Theorem

B-7, we obtain limy_,., P* = P in P(Q) where

P() = / Ot (1-tyo+ty) () T (dzdy) € P(Q)
Rd x R4

and the corresponding displacement interpolation is the marginal flow of P which is
() = Bi(-) =/ S(1-tyet1y (1) T (dady) € P(RY), te€0,1].
R4 x R4

Moreover, the marginal flow of Pk is

WO = PR = [ RO R dndy) € PRY, 1 0,1
R4 xRd
and for each t € [0, 1], limy_,00 uf = p¢ in P(R?).

Mikami’s paper [Mik04] is in the context of Schrodinger’s heat bath based on the Wiener
process as above. Although no relative entropy nor I'-convergence enter the statements
of [Mik04]’s results, some of the previous results about Schrodinger’s heat bath are close
to the main results of [Mik04] which are proved by means of cyclical monotonicity with
a stochastic optimal control point of view. Theorems B.3, B.6, B-] apply to a large class
of optimal transport costs, see Section [|. They shed a new light on [Mik04]’s results and
extend them in the sense that the reference process R is not restricted to be the Wiener
process and the LD principle which is satisfied by (R*)z>1 is not restricted to the setting
of Schilder’s theorem.

4. FROM STOCHASTIC PROCESSES TO TRANSPORT COST FUNCTIONS

We have just seen that Schilder’s theorem leads to the quadratic cost function. The
aim of this section is to present a series of examples of LD sequences (R*);>; in P(Q)
which give rise to cost functions ¢ on X2.

Simple random walks on R¢. Instead of ([J), let us consider
VR =+ W, 0<t<1, (20)

where for each k > 1, W* is a random walk. The law of Y% is our R** € P(Q).

To build these random walks, one needs a sequence of independent copies (Z,)m>1 of a
random variable Z in R%. For each integer k > 1, Wk is the rescaled random walk defined
forall 0 <t <1, by

Lkt

1
W=7 (21)
j=1
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where |kt| is the integer part of kt. This sequence satisfies a LDP which is given by
Mogulskii’s theorem. As a pretext to set some notations, we recall its statement. The
logarithm of the Laplace transform of the law m, € P(R?) of Z is log [, ¢ my(dz). Its
convex conjugate is

cz(v) := sup {C cv— log/ s mZ(dz)} , vER (22)
CERd R4

One can prove, see [DZ9]], that cz is a convex [0, co]-valued function which attains its

minimum value 0 at v =EZ = [, 2 mz(dz). Moreover, the closure of its effective domain

cl{cz < oo} is the closed convex hull of the topological support supp m  of the probability

measure myz. Under the assumption (R3) below, it is also strictly convex.

For each initial value z € RY, we define the action functional

2 () = f[O,l] cz(Wy)dt if w € Qe and wy = x weq.
+o00 otherwise ’
Theorem 4.1 (Mogulskii’s theorem). Under the assumption
/ e“*my(dz) < 400, V(¢ €RY, (23)
R4

for each x € R the sequence (R*®)y>1 of the laws of (Y*®)>1 specified by (BQ) satisfies
the LDP in Q = D([0,1],R%), equipped with its natural o-field and the topology of uniform
convergence, with scale k and the coercive rate function C%.

For a proof see [DZ9§, Thm 5.1.2]. This result corresponds to our general setting with
Cw)=0Czw):= { f[o,u cz(wy)dt if w € Que

+00 otherwise
Since ¢y is a strictly convex function, the geodesic problem ([G™) admits as unique solution
the constant velocity geodesic

o™ te[0,1] — (1 —t)x +ty € R (25)

w € (24)

Now, let us only consider the final position

| =

k
VW=a+-> 7

j=1

Denote p* = (X;)4R" € P(X) the law of ¥*". By the contraction principle, see
Theorem [A.9 at the Appendix, one deduces immediately from Mogulskii’s theorem the
simplest result of LD theory which is the Cramér theorem.

Corollary 4.2 (A complicated version of Cramér’s theorem). Under the assumption (B3),
for each x € R? the sequence (p*")i>y of the laws of (Y™ )i>1 satisfies the LDP in R
with scale k and the coercive rate function

yeX—czly—x)€0,00] yeiX
where ¢z is given at (R2).

Furthermore, cz(v) = inf{Cz(w);w € Q: wy = x,w; = x +v} for all z,v € R,

Last identity is a simple consequence of Jensen’s inequality which also lead us to (23)
a few lines earlier. Cramér’s theorem corresponds to the case when z = 0 and only the
deviations of Ylk’o = % Zle Z; in R? are considered.
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Theorem 4.3 (Cramér’s theorem). Under the assumption (B3), the sequence (3 Zle Zj)k>1
satisfies the LDP in RY with scale k and the coercive rate function cy given at (B2).

For a proof, see [DZ98, Thm 2.2.30].
We have just described a general procedure which converts the law my € P(RY) into
the cost functions Cz and cz. Here are some examples with explicit computations.

Examples 4.4. We recall some well-known examples of Cramér transform cy.

(1) To obtain the quadratic cost function cz(v) = |v|?/2, choose Z as a standard
normal random vector in R? : my(dz) = (27)~%? exp(—|2|?/2) d=.
(2) Taking Z such that P(Z = +1) =P(Z = —1) = 1/2,i.e. mz = (0_1+941)/2 leads
to
[(14+v)log(l4+v)+ (1 —v)log(l —v)]/2, if —1<v<+1
cz(v) =< log2, ifve{-1+1}
+o0, ifvg[—1,+1].
(3) If Z has an exponential law with expectation 1, i.e. mz(dz) = 1;>01e™* dz, then
cz(v)=v—1—logvifv >0 and cz(v) = +o0 if v < 0.
(4) If Z has a Poisson law with expectation 1, i.e. mz(dz) = e 'Y, o £6,(dz), then
cz(v) =vlogv —v+1if v >0, cz(0) =1 and cz(v) = +oc if v < 0.
We have ¢z(0) = 0if and only if EZ := [, 2mz(dz) = 0. More generally, cz(v) € [0, +00]
and cz(v) = 0 if and only if v = EZ. We also have

Cazp(u) = cz(a" (v — b))
for all invertible linear operator a : R? — R? and all b € R?,

If EZ = 0, ¢y is quadratic at the origin since cz(v) = v - T ,'v/2 + o(|v|?) where 'y is
the covariance matrix of Z. This rules out the usual costs c¢(v) = |v|P with p # 2.

Nevertheless, taking Z a real valued variable with density Cexp(—|z|P/p) with p > 1
leads to ¢z (v) = |0’ /p(1+ 0}y—e0(1)). The case p = 1 follows from Example [.4-(3) above.
To see that the result still holds with p > 1, compute by means of the Laplace method
the principal part as ¢ tends to infinity of fooo e IPeS dy = \/2m(q — 1) /2e89(1 +
O¢—s+00(1)) where 1/p+1/q = 1.
Of course, we deduce a related d-dimensional result considering Z with the density
Cexp(—|z[h/p) where |2[p = 3., |2i[P. This gives cz(v) = [v[b/p(1 + 0pyo0(1))-

Remark 4.5. Let R* be defined by (20) and (21]) where Z is only allowed to take isolated

values as Examples [4(2) and (4). Suppose that 1 has a discrete support, then R
has also a discrete support. It follows that any P € P(Q2) which is absolutely continuous
with respect to le’“ % is such that P; has a discrete support. Now, if you choose a diffuse
measure for p, there is no solution to the non-modified minimization problem (P]). We
see that it is necessary to introduce a sequence (u});>; of discrete measures such that
limy, oo 1} = gy for the sequences of entropy minimization modified problems (BF])i>1
and (§)x>1 to admit solutions.

Nonlinear transformations. By means of the contraction principle (Theorem [A.9), we
can twist the cost functions which have been obtained earlier. We only present some
examples to illustrate this technique.

The static case. Here, we only consider the LD of the final position Y. We have just
remarked that the cost functions ¢z as above are necessarily quadratic at the origin. This
drawback will be partly overcome by means of continuous transformations.
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We are going to look at an example
Ylk’x =z +Vk

where (V*)g>; satisfies a LDP which is not given by Cramér’s theorem. Let (Z;);>1 be
as above and let o be any continuous mapping on R?. Consider

1
Vk = (E Z Z]> .
1<5<k

We obtain c(v) = inf{cz(u);u € RY, a(u) = v}, v € R? as a consequence of the contraction
principle. In particular if « is a continuous injective mapping, then

c=czoa . (26)

For instance, if Z is a standard normal vector as in Example f.4-(1), we know that the
empirical mean of independent copies of Z : %21 <j<k Zj, is a centered normal vector
with variance Id/k. Taking o = «, which is given for each p > 0 and v € R? by «,(v) =
271/P|y|2/P=1y, leads us to

VIS (2k) 2P 2, (27)

the equality in law ha simply means that both sides of the equality share the same

distribution. The mapping «;, has been chosen to obtain with (B@):
c(v) == c,(v) = [vP, wveRL
Note that V* has the same law as k~'/? Z, where the density of the law of Z,, is x| z|P/2~1e~I#I"

for some normalizing constant k.

The dynamic case. We now look at an example where
Vi =+ VE 0<t<1 (28)

where (V¥);> satisfies a LDP in © which is not given by Mogulskii’s theorem.

We present examples of dynamics V* based on the standard Brownian motion B =
(Bi)o<t<1 in R In these examples, one can restrict the path space to be the space Q =
C([0,1],RY) equipped with the uniform topology. The item (1) is already known to us,
we recall it for the comfort of the reader.

Ezamples 4.6.
(1) An important example is given by
VE=kTV2B,, 0<t<1.

Schilder’s theorem states that (V*),>; satisfies the LDP in Q with the coercive
rate function

00wy = { o lwn/2dt i @ € Doy = 0
—+00 otherwise.

As in Example f.4-(1), it corresponds to the quadratic cost function |v]?/2, but
with a different dynamics.
(2) More generally, with p > 0, we have just seen that

VFE = (2k)"YPIB P IB, 0<t<1
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corresponds to the power cost function c,(v) = |[v|P, v € R?, since V}* Yk as in
(P7). The associated dynamic cost is given for all w € Q by

CO(w) = p*/4 f[0,1] jwiP2 P dt if w € Qac,wo = 0
400 otherwise.
(3) Similarly, with p > 0, the dynamics
VE = (2k) 7P B PP B, 0<t <1

also corresponds to the power cost function c,(v) = |v[P, v € R?, since V[ Ak
as in (R7). But, this time the associated dynamic cost is given for all w € Q by

2
Co(w) = if(o,l] 1{Wt7é0}|wt/t|p (2 = p)we/|wi| + ptwe/|we|| dt if w € Qae,wo =0
+00 otherwise.

Recall that a geodesic path from z to y is some w € 2,. which solves the minimization
problem (G™Y). It is well known that the geodesic paths for Item (1) are the constant
velocity paths o®; see (RH). The geodesic paths for Item (2) are still straight lines but
with a time dependent velocity (except for p = 2). On the other hand, the geodesic paths
for Item (3) are the constant velocity paths.

Modified random walks on R¢. Simple random walks correspond to (R§) with V* =
W* given by (BI). We introduce a generalization which is defined by (B§) with

VF=a,(WF), 0<t<1

where a : (t,v) € [0,1] x R — a4(v) € R is a continuous application such that ag(0) = 0
(remark that W} = 0 almost surely) and « is injective for all 0 < ¢ < 1.
For all z € R? and all £ > 1, the random path Y** = z 4 V* satisfies

Yk,a: — (I)(Wk,aﬂ)

where W5 = x + W* and ® : Q —  is the bicontinuous injective mapping given for all
w e N by (w) = (Pr(w))o<t<1 where

Dy (w) = wo + ar(wr —wp), 0<t<1.
As for (P8), the LD rate function of (Y*%),5; is CF = C' + tx,—,} where
C = CZ o) (I)_l

and Oy is given at (P4). It is easy to see that for all ¢ € Q, ®71(¢) = (O, '(#))o<i<1
where for all 0 < t < 1, ®;1(¢) = ¢o + Bil¢y — ¢o) with B, := o; '. Assuming that f3 is
differentiable on (0, 1] x R?, we obtain

C(w) = { f[o,l] €z (&tﬁt(wt —wo) + Vi (w; — wo) - wt) dt if w € Qe

+00 otherwise
For each x,yR?¢, (G™) admits a unique solution *¥ which is given by the equation
O~ (™) = g»* 51 W=2) where o® is the constant velocity geodesic, see (BH). That is

M=+ athi(y—x), 0<t<1
The corresponding static cost function ¢ which is specified by ([7), i.e.
c(z,y) = CH™), z,y € R
In the case when a doesn’t depend on t, we see that for all z,y € R,
c(z,y) = C(y") = Cz(o™* W) = cz(a” (y — 1)),

w € .
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which is (Rg]), but the velocity of the geodesic path
¥ =Va(ta™ (y — ) a7y — )

is not constant in general.

5. PROOFS OF THE RESULTS OF SECTION

The main technical result is Proposition B.4.

It will be used at several places that Xy, X; : @ — X are continuous. This is clear
when Q = C([0, 1], X') since it is furnished with the topology of uniform convergence. In
the general case where Q = D([0,1], X) is furnished with the Skorokhod topology, it is
known that X; is not continuous in general. But, it remains true that X, and X, are
continuous, due to the specific form of the metric at the endpoints.

Proof of Proposition B.4. The space Cy(2) is furnished with the supremum norm
| fIl = supq |f], f € Cp(Q) and C,(Q2)" is its topological dual space. Let My(2), resp.
M, (©2) denote the spaces of all bounded, resp. bounded positive, Borel measures on 2.
Of course, M;(Q2) C Cy(Q) with the identification (f, Q)c,).c,r = [, fdQ for any

Q € My(Q2). We write (f, Q) := (f, Q)c,),c,y for simplicity.
Dropping the superscript & for a moment, we have (R* € P(Q2);2 € X) a measurable

kernel and R := [, R*(-) po(dx) where o € P(X) is the initial law.
Lemma 5.1. For all Q € Cy(Q2),

H(Q|R") + 1{Qep(9):Qu=po} = SUP {<f7 Q) — /Xlog@faRx) Mo(dx)}-

FeCL()

This identity should be compared with the well-known variational representation of the
relative entropy
€Uy

which holds for any reference probability measure R € P(£2) on any polish space ).
Proof. Denote

o(f) = /X log(e!, R*) po(der) € (—00,00],  f € Cy(®)

Its convex conjugates with respect to the duality (C,(€2), Cy(2)) is given for all @ €
Cp(Q2)" by ©%(Q) = supyec, o {(f, @) —O(f)}. It will be proved at Lemma that
any Q € Cy(Q) such that ©*(Q) < oo is in M, (). Let us admit this for a while, and
take @ € M, () such that ©*(Q) < co. Taking f = ¢(Xp) with ¢ € Cy(X), we see that
SUD e (X) [y @ d(Qo— o) < ©*(Q). Hence, ©*(Q) < oo implies that Qg = 19. This shows
us that if ©*(Q)) < oo, then @ is a probability measure with Qy = 1.

It remains to prove that for such a @ € P(£2), we have ©*(Q) = H(Q|R"°). Since 2 is a
polish space, any @) € P(£2) such that Qo = po disintegrates as

Q)= [ @O mldr)
X
where (Q%;x € X) is a measurable kernel of probability measures. We see that

0'(Q) = sup /X (£, Q") — log(e!, R*)] po(d).

FeCy(Q)
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We obtain
Q) < / sup [(f, Q%) — log(e!, R*)] polde)
X fECH(Q)
‘ / H(Q*|R) poldr)
X
— H(Q|R™)

where (R9) is used at the marked equality and last equality follows from the tensorization
property (I0). Note that z — H(Q*|R*) is measurable. Indeed, (Q, R) — H(Q|R) is
lower semicontinuous being the supremum of continuous functions, see (B9). Hence, it is
Borel measurable. On the other hand, x — R* and = — @) are also measurable, being
the disintegration kernels of Borel measures on a polish space.

Let us prove the converse inequality. By Jensen’s inequality: [, log{e/, R”) po(dz) <
log [ (e, R") po(dx) = log(el, R}, so that

0'(Q) > sup { / 1 dQ — log / edeﬂo} — H(QIR")

FeCu(2)

where the equality is (B9) again. This completes the proof of the lemma. O

During the proof of Lemma p.1], we used a result which is stated at Lemma [.9. Denote
also

M) = [ supls = Cpulde) = [ supl7 = Chyalda), 1 € Coie)

where QO = {X, = 2} C Q. It will appear later that the function A is the convex
conjugate of the I'-limit C. Its convex conjugate with respect to the duality (Cy(£2), Cp(£2)")

is given for all @ € C,(Q2)" by A*(Q) = supsec, ) 1(f, Q) — A(f)}-
Lemma 5.2.

(1) {6 < oo} C My (Q);
(2) {A* < 00} € My (Q).

Proof. For a positive element @ € C,(2)’ to be in M,(Q2), it necessary and sufficient
that it is o-additive. That is, for all decreasing sequence (f,),>1 in Cy(§2) such that
lim,, o fn = 0 pointwise, we have lim,,_,..(fn, @) = 0.

e Proof of (1). Let us prove that {©* < oo} C M, (Q).
Let us show that @ > 0 if ©*(Q) < oo. Let f € Cp(€2) be such that f > 0. As O(af) <0
for all a <0,

v

0*(Q) ig}g{df, Q) —O(af)}

sup{a(f, @)}

a<0

_ {0, if (£,Q) >0

400, otherwise.

v

Therefore, if ©*(Q) < oo, (f,Q) > 0 for all f > 0, which is the desired result.
Let us take a decreasing sequence (f,),>1 in Cp(€2) which converges pointwise to zero.
By the dominated convergence theorem, we have

lim O(af,) =0, Va>0.
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It follows that for all @ € Cy(£2)’,
©%(Q) = suplimsup{a(fs,Q) —O(afn)}

a>0 mn—oo

v

sup (limsup alfn, Q) — li_)m @(afn))

a>0 n— 00

= sup ahm Sup(fn7 Q)

a>0 n— 00

B { 0 if limsup,, ,  (fn, @) <0

+00 otherwise.

Therefore, if ©*(Q) < oo, we have limsup,,_,. (fn, @) < 0. Since we have just seen that
@ > 0, we have the desired result.

e Proof of (2). Let us prove that {A* < co} C M (9).
Let us show that @ > 0 if A*(Q) < co. Let f € Cp(2) be such that f > 0. As inf C' =0,
A(af) <0 for all @ <0, and we conclude as at item (1).

Let us take a decreasing sequence (f,)n>1 in Cy(2) which converges pointwise to zero.
By Lemma p.3 below, for all z € X, (supQ{ fn — C“”})n>1 is a decreasing sequence and
lim,, o0 SUP{ fn — C*} = 0. As |supg{fn — C*}| < supq|fi| < oo for all n and z, we
can apply the dominated convergence theorem to obtain that lim,,_,., A(af,) = 0, for all
a > 0 and we conclude as at item (1).

Finally, one must be careful with the measurability of z € X — w,(z) := info{C* —
fn} = —supo{fn — C*} € R. Since Q and X are assumed to be polish, we can apply a
general result by Beiglbock and Schachermayer [BS0Y, Lemmas 3.7, 3.8] which tells us
that for each n > 1 and each Borel probability measure p on X', there exists a Borel
measurable function 4, on X such that @, < u, and u,(z) = u,(z) for p-a.e. x € X. O

During the proof of the previous lemma we have invoked the following result.

Lemma 5.3. Let J be a coercive [0, 00]-valued function on Q and (f,)n>1 a decreasing
sequence of continuous bounded functions on ) which converges pointwise to some bounded
upper semicontinuous function f. Then, (supo{fn — J}),>, is a decreasing sequence and
lim sup{f, — J} =sup{f — J}.
n—oo () ¢
Proof. Changing sign and denoting g, = J — f,, ¢ = J — f, we want to prove that
lim, . info g, = infg g.
We see that (g,),>1 is an increasing sequence of lower semicontinuous functions. It
follows by the Proposition 5.4 of [Mas93] that it is a I-convergent sequence and

I- lim g, = lim g, = g. (30)
n—oo

n—o0

Let us admit for a while that there exists some compact set K which satisfies

lgf n = 1%f Gn (31)
for all n. This and the convergence (B0) allow to apply Theorem 7.4 of [Mas93] to obtain
lim,, . info g, = info I'-lim,,_,+ g, = info g which is the desired result.

It remains to check that (BIl) is true. Let w, € Q be such that J(w,) < oo (if J = 400,
there is nothing to prove). Then, infq g, < gn(wi) = J(wi) — fu(ws) < J(ws) — fws) <
J(w,) — infg f. On the other hand, for all n, f, < fi < A:=sup fi. Let B:= A+ 1+
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J(w,) —infq f. For all w such that J(w) > B, we have g,(w) > B —supg f, > B— A >
J(w,) —infg f + 1. We have just seen that for all n,

: < . . S . .
1gfgn < J(wy) 1gff and w;Jl(Ii)f>Bgn(w) > J(wy) 1%ff +1

This proves (B]]) with the compact level set K = {J < B} and completes the proof of the
lemma. ]

Recall that for all @ € My(Q), C*#(Q) = +H(Q|R*"°) + 1{Qy=po}- With Lemma 1),
we see that

CH(Q) = AL(Q), Q€ Cy(Q) (32)

where A} is the convex conjugate of

A(f) = /X log(e!!, BE) po(d), f € ()

with respect to the duality (C,(Q), Cp(2)). The keystone of the proof of Proposition B.4
is the following consequence of the Laplace-Varadhan principle.

Lemma 5.4. Under the assumptions of Proposition B.4, for all f € Cy(2), we have

(1) limyo0 Ak (f) = ACS);
(2) suppsy [A(N] < IFIL - [ACHT < [IFIF:= supg [ f]-

The functions Ay and A are convex.

Proof. Our assumptions allow us to apply the Laplace-Varadhan principle, see Theorem

A3 It tells us that for each z € X,

lim 1 log(e*! | RF*) = sup{f — C"}.
k—oo k Q

On the other hand, it is clear that for each k > 1, |+ log(e*, R**)| < || f||. Passing to the
limit, we also get |supg{f — C*}| < ||f||.- Now by the Lebesgue dominated convergence
theorem, we obtain the statements (1) and (2).

Note that z +— supn{f — C*} is measurable as a pointwise limit of measurable functions.
It is standard to prove with Holder’s inequality that f +— %log(ekf , RF®) is convex. It
follows that A; and A are also convex. O

We are in position to apply Corollary p.4. Let us equip C,(Q)’ with the *-weak topology
a(Cy(2), Cy(2)). By Corollary (.4, we have

- lim A} = A’ (33)
where
A" (Q) = sup {<f7 Q) Cy(),Ch () —/ sup{f — C*} Mo(dfﬁ)} . Qe Cy().
FECH(2) x Q

This limit still holds in M(€2) € Cy(2)’, by Lemma p.2.
Because of (B2), (B3) and Lemma p.3, to complete the proof of Proposition B.4, it
remains to prove the subsequent lemma.

Lemma 5.5. Let C be a lower semicontinuous [0, ocol-valued function on the polish space
Q1. Denote C* = C + 1{9—y) for each x € X, where 0 : Q@ — X is a continuous application
with its values in polish space X. Take p € P(X) and suppose that

infC* =0
Q
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for p-almost every x € X. Then, we have

s {tr.@ = [ st - cputan}

FeCy (22

N / CdQ + tger@yo,0-np, @ € My(Q). (34)
Q

Note that since C' > 0 and C' is measurable, the integral [, C'dP makes sense in [0, oc]
for any P € P(Q).
As the function C' of Proposition B.4] is such that C* is a LD rate function for all z € X,
it satisfies the assumption infg C* = 0 for p-almost every x € X.

Proof. Let us first check that if @ € M,(Q2) satisfies A*(Q) < oo, then @ € P(2) and
0,0 = u € P(X). We already know by Lemma that @ € M} (Q2). Choosing f = ¢ o6
with ¢ € Cy(&X), since info C* = 0, we see that supg{¢ o 0 — C*} = ¢(x). Hence,
SUDgec, () [y 0d(04Q — ) < A*(Q) < oo which implies that #4Q = p. This proves
the desired result.

It remains to prove the equality for a fixed P € P(£2) which satisfies 04 P = p. Because
Q and X are polish spaces, we know that P disintegrates as follows: P(-) = [, P*(-) u(dz),
with x € X — P*(-) := P(- | 0 = z) € P(2) Borel measurable. For any f € Cy(2),

(P) = [ suplf =y utde) = [ [(5.P7) = sup{f = O ()
= [ Py (7= € = sup(f = 7). Pt

< /X (C*, P*) ju(de)

- [cap
Q

Optimizing, we obtain

sup ){<f,P>— / sgp{f—Cm}u(dx)} < [ car

FeCy (22

If C'is in Cy(2), the case of equality is obtained with f = C| P-a.e. and in this situation
we see that the identity (B4) is valid. This will be invoked very soon.

In the general case, C is only assumed to be lower semicontinuous. By means of
the Moreau-Yosida approximation procedure which is implementable since €2 is a metric
space, one can build an increasing sequence (C),),>1 of functions in Cy(§2) which converges
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pointwise to C'. Therefore,

s {00 [ suptr - oy utan}

FeCH(Q

< [car
Q

O sup/CndP
Q

n>1

D sup sup {(f,P>— /X sgp{f—Cﬁ}de)}

n>1 feCy(Q)

= s {rp)vow [t o}
FECH(Q) n>1Jx @

(iii)

< sw {P [ inter -
FECHEQ) x @

= s 0P - [ st - catan) ).
FECH(Q) x Q

which proves the desired identity (B4).

Equality (i) follows from the monotone convergence theorem. Since C,, stands in Cy(£2),

equality (ii) is valid (this has been proved a few lines earlier) and the inequality (iii) is

a direct consequence of C,, < C for all n > 1. Note that z € X — info{C? — f} € Ris

upper semicontinuous and it is a fortiori Borel measurable. O

Proofs of the remaining results. The keystone of the proofs of the remaining results
is Proposition B.4.

Proposition [3.1. Proposition B.1] is a particular case of Proposition B.4. Indeed, choosing
) = X? which can be interpreted as the space of all X-valued paths on the two-point
time interval {0, 1}, and taking C'(w) = ¢(wp, w1) where ¢ is assumed to be lower semicon-
tinuous, with w = (x,y) we see that C*(2',y) = c(x,y) + t{p=sy for all z, 2",y € X. The
assumption that c(x,-) is coercive on X is equivalent to the coerciveness of C* on X2

Corollary 3.4 and Theorem[3.4. With Proposition B.4 in hand, Corollary B.§ and Theorem
B.g are immediate consequences of Theorem [7.1] and of the equi-coerciveness with respect
to the x-weak topology o(P(£2), Cy(Q)) of {C,C*;k > 1}. This equi-coerciveness follows
from Corollary .4 and Lemma [-4. The uniqueness of the solution to (F) follows from
the strict convexity of the relative entropy.

Corollary [5.9 and Theorem [5.3. Similarly, once we have Proposition B.] in hand, Corol-
lary B3 and Theorem B.3 are immediate consequences of Theorem [.1] and of the equi-
coerciveness with respect to the x-weak topology o (P(X), Cy(X)) of {Co1,Ch; k > 1}. This
equi-coerciveness follows from the fact that the set of all probability measures 7 € P(X?)
such that my = po and m; € {uy, u¥; k > 1} is relatively compact since limy_,o0 ptf = p11; a
consequence of Prokhorov’s theorem in a polish space.

Again, the uniqueness of the solution to (B&]) follows from the strict convexity of the
relative entropy.

Note that, when C' and ¢ are linked by ([[7), one can also derive the equi-coerciveness of
{Co1,Ck k> 1} from the equi-coerciveness of {C,C*; k > 1}, as in the proof of Theorem



29

Theorem [B.7]. The proof of Theorem B.7 relies upon the subsequent lemma.

Lemma 5.6. Under the assumptions of Proposition [3.4, the function ¢ defined by (L) is
lower semicontinuous and

inf{/CdP;PEP(Q),Pm :ﬂ'} :/ cdrm € [0, 00],
Q X

for all m € P(X?).

Proof. Let us define the function
V() := inf {/ CdP;P€P(Q): Py = w} , mEPA?).
Q

As C' is assumed to be lower semicontinuous on {2, ¥ satisfies the Kantorovich type dual
equality:

U(r)=sup [ fdr, =¢cP(X? (35)

feF Jx2

where F := {f € Cy(X?); f(Xo, X1) < C}. For a proof of (BJ), one can rewrite mutatis
mutandis the proof of the Kantorovich dual equality. See for instance [Léd, Thm 3.2] and
note that this result takes into account cost functions which may take infinite values as
in the present case.
This shows that W is a lower semicontinuous function on P(X?), being the supremum of
continuous functions. Define the function

?/1(957?/) = 111(5(:13,3/))7 T,y € X.

We deduce immediately from the lower semicontinuity of W that v is lower semicontinuous
on X?. Hence it is Borel measurable. Since it is [0, oc]-valued, the integral f L Wdmis
meaningful for all 7 € P(X?). We are going to prove that

U(r) = /XQ@/)dﬂ, T € P(X?). (36)

For any 7 € P(X?), we obtain

U(n) = mf{//w </QCdPl“y) w(dady); P € P(Q)}
> /X inf{/QCdP;P eP(Q): Py = 5(x,y)} (dxdy)

= Ydm.

XQ
Let us show the converse inequality. With (BH), we see that for each f € F and all
(z,y) € X2, Y(x,y) = V(0(ay) = [ys fdO@y = f(x,y). That is f < ¢, for all f € F.
Therefore, ¥(m) = sup;c» [y2 fdm < [,2 % dr, completing the proof of (B@).

It remains to establish that ¢» = c¢. With (B7), we get ¢» = sup F. But it is clear that f €
F if and only if for all z,y € X, f(z,y) < inf{C(w);w € Q : wy = z,w1 = y} := c(z,vy).
Hence, 1 is the upper envelope of the set of all functions f € Cy(X?) such that f < c.
In other words ) is the lower semicontinuous envelope lsc of c¢. Finally, for all z,y € X,
Isc(z,y) = ¢(z,y) = inf { [,CdP™; P € P(Q)} > c(x,y) > Isc(z,y). This implies the
desired result: ¢ =l1sc=c. 0
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With this result at hand, let us prove Theorem B.7. It is assumed that for any z € X,
(RF),>1 satisfies the LDP with scale k and rate function C*. We have p** = (X;)xRb*.
Taking the continuous image X; : €2 — X, by means of the contraction principle, see
Theorem [A.7 at the Appendix, we obtain that for any z € X, (p"%);>; satisfies the LDP
with scale k and rate function

y € X = inf{C*(w);weN:w =y} =c(r,y) € [0, x].

e Proof of (1). The first assertion of Theorem B.7 follows from the lower semicontinuity
of ¢ which was obtained at Lemma [.6. Indeed, this shows that the assumptions of
Proposition B.1] are fulfilled. The identity inf (MKgqy,]) = inf (MK]) is a direct consequence
of Lemma b.0.

e Proof of (2).The second assertion follows from inf (MKg,]) = inf (MK]), the convergence
of the minimal values which was obtained at item (1) together with the strict convexity
(for the uniqueness) and the coerciveness (for the existence) of the relative entropy. The

relation between P* and 7% is ().

e Proof of (3). Let us first show that P+ (C, P) + t{p,—u,} is coercive on P(Q). By (B4)
and the proof of Corollary .4, we see that its sublevel sets are relatively compact. Since
C is lower semicontinuous, it is also lower semicontinuous. Therefore, it is coercive and
s0 is P+ (C, P) 4 t{py=po,Pi=p1}- In particular, if inf (MKgy)]) < 0o, the set of minimizers
of (MKgy) is @ nonempty convex compact subset of P(2).

Let P be such a minimizer. It disintegrates as ﬁ() = [ ﬁmy(-)ﬁm(dxdy) and with

Lemma [.0, we see that Py := 7 is a solution to (ME]). Moreover, JyecdT = (7)) =
fQC’dﬁ = [y (fQC’dﬁ:”y> 7(dzxdy) and fQC’dﬁxy > ¢(x,y) for m-a.e. (z,y). Hence,

Jo CdP™ = c(x,y) for m-a.e. (z,y). This means that for w-a.e. (z,y), ﬁmy(l"”y) = 1 where
I ={w € Quwy =z,w; =y,C(w) =c(x,y)} is the set of all geodesic paths from z to
y. Remark that I'*¥ is a compact subset of {2 which is nonempty as soon as c(z,y) < oco.
In particular, it is a Borel measurable subset. Following the cases of equality, it is clear
that if, conversely P € P({2) satisfies P™(I'*¥) = 1 for Py-a.e. (z,y), then P minimizes
Q fQ C d@ subject to Qg; = FPy;. This completes the proof of the theorem.

6. '-CONVERGENCE OF CONVEX FUNCTIONS ON A WEAKLY COMPACT SPACE

A typical result about the I'-convergence of a sequence of convex functions (fx)r>1 is:
If the sequence of the convex conjugates (f})r>1 converges in some sense, then (f)g>1
[-converges. Known results of this type are usually stated in separable reflexive Banach

spaces. For instance Corollary 3.13 of H. Attouch’s monograph [Att84] is

Theorem 6.1. Let X be a separable reflexive Banach space and (fi)g>1 a sequence of
closed convex functions from X into (—oo,+00] satisfying the equi-coerciveness assump-
tion: fr(z) > a(||z]]) for all x € X and k > 1 with lim,_, o «(r)/r = +oo. Then, the
following statements are equivalent

(1) J =seqXy-T'-limg oo fi
(2) f* = X:-D-limp_yo0 f7
(8) Yy € X*, f*(y) = limp00 f7 (y)

where X* is the dual space of X, seqX,, refers to the weak sequential convergence in X
and X} to the strong convergence in X*.
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Going beyond the reflexivity assumption is not so easy, as can be seen in Beer’s mono-
graph [Beed3.

In some applications in probability, the reflexive Banach space setting is not as natural
as it is for the usual applications of variational convergence to PDEs. For instance when
dealing with random measures on X, the narrow topology o(P(&X'), Cy(X')) doesn’t fit the
above framework since C,(X) endowed with the uniform topology may not be separable
(unless X' is compact) and is not reflexive.

The next result is an analogue of Theorem p.1| which agrees with applications for random
probability measures. Since we didn’t find it in the literature, we give its detailed proof.

Let X and Y be two vector spaces in separating duality. The space X is furnished with
the weak topology o(X,Y).

We denote ¢ the indicator function of the subset C' of X which is defined by tc(xz) =0
if  belongs to C' and (¢(x) = +00 otherwise. Its convex conjugate is the support function

of C': Lg(y) = Sup$ec<$,y>, yeY.

Theorem 6.2. Let (gi)r>1 be a sequence of functions on'Y such that
(a) for all k, gi is a real-valued convez function on'Y,
(b) (gr)k>1 converges pointwise to g = limg_,o0 Gi,
(c) g is real-valued and
(d) in restriction to any finite dimensional vector subspace Z of Y, (gx)k>1 I'-converges
to g, i.e. T-limgo0(gr + tz) = g + Lz, where 1z is the indicator function of Z.
Denote the convex conjugates on X : fi, = gy and f = g*.
If in addition,
(e) there exists a o(X,Y)-compact set K C X such that dom f, C K for all k > 1
and dom f C K

then, (fr)k>1 ['-converges to f with respect to o(X,Y).

The proof of this theorem is postponed after the two preliminary Lemmas .5 and [.4.
Remark 6.3. By ([Mas93], Proposition 5.12), under the assumption (a), assumption (d)
is implied by:

(d’) in restriction to any finite dimensional vector subspace Z of Y, (gx)r>1 is equi-
bounded, i.e. for all y, € Z, there exists § > 0 such that

sup sup{|ge()iy € Z, |y — yo| < 0} < 00.

A useful consequence of Theorem [.7 is

Corollary 6.4. Let (Y,|| - ||) be a normed space and X its topological dual space. Let
(gr)k>1 be a sequence of functions on'Y such that

(a) for all k, gi is a real-valued convez function on'Y,
(b) (gr)e>1 converges pointwise to g := limg_,o0 gr and
(d”) there exists ¢ > 0 such that |gr(y)| < c(1+ ||y||) for ally € Y and k > 1.
Then, (fir)k>1 ['-converges to f with respect to o(X,Y) where fi, = g; and f = g*.
Moreover, there exists a o(X,Y)-compact set K C X such that dom f, C K for all k > 1
and dom f C K.

Proof. Under (b), (d”) implies (c). As (d”) implies (d’), we have (d) by Remark .3
Finally, (d”) implies (e) with K = {z € Xj|z[. < c} where ||z|. = sup, <1 (7, v)
is the dual norm on X. Indeed, suppose that for all y € Y, g(y) < ¢+ ¢|ly|| and take
x € X such that ¢*(x) < +oo. As for all y, (z,y) < g(y) + g*(x), we get [{z,y)|/|ly]] <
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(¢*(x) + ¢)/|ly|| + c. Letting |ly|| tend to infinity gives ||z||. < ¢ which is the announced
result.
The conclusion follows from Theorem [6.2. O

Lemma 6.5. Let f : X — (—o0,+00] be a lower semicontinuous convex function such
that dom f is included in a compact set. Let V be a closed convexr subset of X.

Then, if V satisfies

VNdomf#0 or VNcldomf =0, (37)
we have
inf f(z) = = inf (f*(y) + 0y (=y)) € (—00, o] (38)
T€ ye
and if V' doesn’t satisfy (B1), we have
inf f(z) = — mf(f*(y) + oy (~y)) = +oo (39)
T€ ye

for all closed convex set W such that W C int V.

Proof. The proof is divided in two parts. We first consider the case where V Ndom f # 0,
then the case where V N cldom f = ().

e The case where V Ndom f # (). As V is a nonempty closed convex set, its indicator
function ¢y is a closed convex function so that its biconjugate satisfies (i = vy, i.e.
w(r) = sup ey {(z,y) — ¢i,(y)} for all x € X. Consequently,

inf = inf — i .
inf f(z) = inf ztelg{f () + (z,y) — o (y)}
One wishes to invert inf,cx and sup,cy by means of the following standard inf-sup the-
orem (see [Eke74] for instance). We have inf,ecx sup, ey F(7,y) = sup,cy infrex F(2,y)
provided that inf,ex sup,ey F(7,y) # o0 and

- dom F' is a product of convex sets,

x +— F(z,y) is convex and lower semicontinuous for all y,
there exists y, such that x — F(x,y,) is coercive and

y — F(x,y) is concave for all z.

Our assumptions on f allow us to apply this result with F(z,y) = f(x) + (x,y) — ¢ (y).
Note that
inf — 4
inf f(z) > —o0 (40)
since f doesn’t take the value —oo and is assumed to be lower semicontinuous on a
compact set. Therefore, if inf,cy f(z) < 400, we have

Inf f(z) = sup mE{f (@) + (2. y) = ()} = = WS W) + o (o)
e The case where V Ncldom f = (). As cldom f is assumed to be compact, by Hahn-
Banach theorem cldom f and V' are strictly separated: there exists y, € Y such that

1y (Yo) = SUPev (T, Yo) < iferdom £(T, Yo) < infrecdom £(T, yo). Hence,

inf_{(z,%0) = ()} > 0 (41)

r€dom
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and

—Inf(f*(y) +w(=y)) = sup b {f(2) +(z,y) —w(y)}

yey yeY T

= sup inf {f(z)+ (z,y) —w(y)}

yey z€dom f

> inf f(z)+sup inf {(z,ay,) - i (ayo)}

a>0 z€dom f

= inf + inf sy Yo/ T v o
inf @) +supa inf {(z,90) =t (o)}

r€dom

:+OO

where the last equality follows from (f0) and (). This proves that (BY) holds with
W=1V.

e Finally, if (B7) isn’t satisfied, taking W such that W C intV insures the strict
separation of W and cldom f as above. O

Lemma 6.6. Let the o(X,Y)-closed convex neighbourhood V' of the origin be defined by

V={reX;(y,z) <1,1<i<n} (42)
with n > 1 and yy,...,y, € Y. Its support function i}, is [0, 00]-valued, coercive and its
domain is the finite dimensional convex cone spanned by {yi,...,yn}. More precisely, its

level sets are {15, < b} = b cev{y,...,yn} for each b > 0 where cv{yi,...,yn} is the
convez hull of {y1, ..., yn}-

Proof. The closed convex set V' is the polar set of N = {y1,...,y,}: V =N° Letz; € V
and z, € E = Mici<pkery;. Then, (y;, 21 + x,) = (y;,x1) < 1. Hence, 1 + z, € V.
Considering the factor space X/F, we now work within a finite dimensional vector space
whose algebraic dual space is spanned by {y1,...,yn}

We still denote by X and Y these finite dimensional spaces. We are allowed to apply
the finite dimension results which are proved in the book [RW9§] by Rockafellar and
Wets. In particular, one knows that if C' is a closed convex set in Y, then the gauge
function vo(y) := inf{\ > 0;y € AC'},y € Y is the support function of its polar set
C° = {z € X;(x,y) < 1,Vy € C}. This means that v¢ = 5. (see [RWIF], Example
11.19).

As V = (N°°)° and N°° is the closed convex hull of N, i.e. N°® = cv(N) : the convex
hull of N, we get V = cv(N)° and

L#{/ = VYev(N)-

In particular, for all real b, ti,(y) < b & Yoov)(y) < by € b ev(N). It follows that the
effective domain of ¢, is the convex cone spanned by v, ..., v, and ¢, is coercive. O

Proof of Theorem [6.3. Let N'(z,) denote the set of all the neighbourhoods of z, € X. We
want to prove that [-limy_, fr(z,) = SUPy e (2,) 1Mk 00 INf ety fr(x) = f(x,). Since f
is lower semicontinuous, we have f(z,) = Supyep(s,) infzer f(), so that it is enough to
show that for all U € N (z,), there exists V € N (x,) such that V' C U and

lim inf fi(z) :;Iel‘f/f(l’) (43)

k—oo xeV

The topology o(X,Y) is such that N'(z,) admits the sets
V={zeX;[{y,x —xo)| < 1,i <n}
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as a base where (y1,...,y,),n > 1 describes the collection of all the finite families of
vectors in Y. By Lemma .1, there exists such a V' C U which satisfies
inf = —inf h for all £ > 1 and inf =—inf h
inf fu(z) = — Inf hy(y) for all k > 1 and inf f(z) = — inf h(y)
where we denote hi(y) = gi(y) + ¢i(—y) and h(y) = g(y) + 1 (~y), y € Y.
Let Z denote the vector space spanned by (yi, ..., y,) and hf, h? the restrictions to Z
of hy and h. For all y € Y, we have

(=) = = (2o, y) + 14, (—¥) (44)

and by Lemma B.G, the effective domain of ¢}, is Z. Therefore, to prove ([J) it remains to
show that

Jim inf A7 (y) = inf h”(y). (45)

By assumptions (b) and (d), (h7) T-converges and pointwise converges to h?. Note that
this ['-convergence is a consequence of the lower semicontinuity of the convex conjugate
¢}, and Proposition 6.25 of [Mas9]].

Because of assumptions (a) and (c), (h?) is also a sequence of finite convex functions
which converges pointwise to the finite function h?. By ([Roc97], Theorem 10.8), (h?)
converges to h% uniformly on any compact subset of Z and h? is convex.

We now consider three cases for x,.

The case where x, € dom f. We already know that (h{) T-converges to h?. To prove (f),
it remains to check that the sequence (h{) is equicoercive (see [Mas93], ?7).

For all y €Y, g(y) — (0, y) = —f(xo) and () imply 17 (y) = —f(x,) + 13 _,,(—y)- Since,
—f(z,) > —o0 and ¢},_,,_is coercive (Lemma [B.0), we obtain that h? is coercive. As (hf)
converges to hZ uniformly on any compact subset of Z, it follows that (h?) is equicoercive.
This proves ({3).

The case where z, € cldom f. In this case, there exists z/ € dom f such that V' =
o+ (V—x,)/2={zr e X;|Qy;,x— )| <1,i <k} € N(x)) satisfies z, € V' CV C U.
One deduces from the previous case, that () holds true with V” instead of V.

The case where x, € cldom f. As (hf) T-converges to h”, by ([Beed]], Proposition 1.3.5)
we have limsup,,_, . inf,cy hf(y) < infyey h?(y). As z, € cldom f, for any small enough
V e N(z,), infyey h?(y) = —infuey f(x) = —oo. Therefore, limy o inf ey hi(y) =
inf,cy h(y) = —oo which is ({H).

This completes the proof of Theorem [6.9. O

7. I'-CONVERGENCE OF MINIMIZATION PROBLEMS UNDER CONSTRAINTS

As the subsequent theorem demonstrates, the notion of I'-convergence is well-designed
for minimization problems. Let (fx)r>1 be a I'-converging sequence of (—oo, co]-valued
functions on a metric space X. Let us denote its limit

- lim f = f.
k—o0

Let 0 : X — Y be a continuous function with values in another metric space Y. Assume
that for each k > 1, fi is coercive and also that the sequence (fi)r>1 is equi-coercive, i.e.
for all @ > 0, J,,{fr < a} is relatively compact in X.

Theorem 7.1. Under the above assumptions, the sequence of functions (Yy)g>1 on Y
which 1s defined by

Ur(y) == inf{fy(z);z € X : 0(x) =y}, yeVk>1
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['-converges to
U(y) :=inf{f(z)iz € X :0(z) =y}, yeV
In particular, for any y* € Y, there ezists a sequence (y;)k>1 inY such thatlimy_,. y; =y
and limy_, oo inf{ fr(x);z € X : 0(x) = y;} = inf{f(x);x € X : 0(x) = y*} € (—o0, .
Moreover, if y* satisfies inf{f(xz);x € X : 0(x) = y*} < oo, then for each k > 1, the
minimaization problem

*

fr(x) > min; z € X :0(x) =y,
admits at least a minimizer Ty € X. Any sequence (&x)r>1 of such minimizers admits at
least one limit point and any such limit point is a solution to the minimization problem

f(z) > min; z€ X :0(z)=y".

The proof of this result which is based on Lemmas and [7.3 below, is postponed
after the proofs of these lemmas.

Let Y be another metric space. We consider a I'-convergent sequence (gx)x>1 of [0, 0o]-
valued functions on X x Y with

I'- lim g, = g.
k—o0
Let us define for each £ > 1 and y € Y,
Uely) = nf gi(,y),  (y) = nf g(z,y).

Assume that for each & > 1, gi is coercive and also that the sequence (g)r>1 is equi-
coercive on X X Y.

Lemma 7.2. Under the above assumptions on (gi)g>1, I'-limg oo p = ¢ in Y.

Proof. Let us fix y* € Y and prove that I'-limg_,o, ¥x(y*) = ¥ (y*). Since g is assumed
to be coercive, for every y € Y, there exists 2y, € X such that Yx(y) = gx(Zr,y, v)-

Lower bound. Let (yi)r>1 be any converging sequence in Y such that limy_,. yx = y*. we
want to show that

liggf Yr(ye) > YV (y").

Suppose that lim infy_, ., ¥x(yx) < 00, since otherwise there is nothing to prove. We denote
.
Ty = Ty, Then,
*

lim inf ¢ (yx) = liminf g (2, yx) @ Jim Ty Ym) 9 Jim In(Tp, Yn)
k—o0 k—oo m—00 n—00

where the index m at equality (a) means that we have extracted a subsequence such that
liminfy_, ., = lim,_, . At equality (b), once again a new subsequence is extracted in order
that (z}),>1 converges to some limit point z* :

lim ) = ™.
n—oo

The existence of a limit point x* is insured by our assumptions that liminfy . ¥ (yx) <
oo and Uk21{9k < a} is relatively compact for all @ > 0. Now, by filling the holes

in an approriate way one can construct a sequence (Zj)g>1 which admits (z,),>1 as a
subsequence and such that limy_,., 7, = z*. It follows that

v
liminf oy (yr) = lim g, (2}, yn) > liminf gx (T, yr) > g(z*,y*) > ¥ (y")
k—o00 n—oo k—o00

which is the desired result. At the marked inequality, we have used our assumption that
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Recovery sequence. Under our assumptions, the I'-limit ¢ is coercive on X X Y, see
[Mas93, Thm 7.8]. It follows that g(-,y*) is also coercive and that there exists & €
argmin g(-, y*). Let (xx, yx)k>1 be a recovery sequence of (gx)r>1 at (Z,y*). This means that

limy oo (zk, y) = (2, y*) and Uminfy o0 gk (zk, yr) < 9(Z,y*) = ¥ (y*). We see eventually
that

lim inf Ur(ye) < lim inf Ie(Tr, i) < (Y5,
which is the desired estimate. O

Let us fix y* € Y. By Lemma [7.9, there exists a sequence (y;)r>1 such that
Jim gy =7, lim Y (yp) = 9(y). (46)
—00 k—o0
Let us define
or(z) = ge(z,yg), e(z):=g(x,y"), zeX

for all £ > 1. Since g, is coercive, @y, is also coercive. In particular, if ¢ (y*) = inf x ¢ < o0,
its minimum value ¥ (y;) = infx ¢y is finite and therefore attained at some 75, € X.

Lemma 7.3. In addition to the assumptions of Lemma [7.3, suppose that infx p < oo.
For each k, let &y be a minimizer of pr. Then the sequence (Zx)r>1 admits limit points in
X and any limit point is a minimizer of .

Proof. We have already noticed that for each k, ¢, is coercive so that it admits one or
several minimizers. Since limy_,o infx ¢ = infx ¢ < 0o, we see that sup, infx ¢ < oco.
It follows from the assumed relative compactness of | J,-,{gx < a} for all a > 0, that
U,>, argmin ¢, is also relatively compact. Therefore any sequence (i1)x>1 of minimizers
%) € argmin ¢y, admits at least one limit point.

As i (Zr) = Yr(yr), we see with (@) that

lim (%) = inf @.

k—o0
On the other hand, let Z be any limit point of (#x)x>1. There exists a subsequence (indexed
by m with an abuse of notation) such that lim,, ,, Z,, = Z. Because of the assumed I'-
limit: I'-limy_, . gr = ¢, we obtain

¢(2) == g(&,y") < liminf g,,(Zm, yp,) := Iiminf @y, () = lim @x(24) = inf .
m—o0 m—o0 k—o0

It follows that 2 is a minimizer of ¢. O

Proof of Theorem [7.]. Consider the functions

ge(z,y) == fi(z) + Ly=0(z)}> (r,y) € X XY,
for each k£ > 1 and

g(z,y) = f(x) + Hy=0(z)}> (r,y) € X x Y.
Because of Lemmas [.2, [.3 and (), to complete the proof it is enough to show that
I-lim gr, =g (47)
k—o0

together with the coerciveness assumptions of these lemmas.

Let us begin with the coerciveness. Since for each & > 1, fi is coercive and 6 is
continuous, we see that for any large enough a, {gr < a} = {(z,y) € X x Y ;z € {fi <
a},y = 6(x)} is compact, i.e. for each k > 1, gi is coercive. As (fi)r>1 is assumed to be
equi-coercive, its [-limit f is coercive and it follows by the same argument that g is also
coercive. We also see that |~ {gx < a} ={(z,y) € X xY ;2 € Uy {fi < a},y=0(z)}

is relatively compact, i.e. (gx)r>1 Is equi-coercive.
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Let us prove that (fq) holds true. Let (z,y) € X x Y be fixed. We have to prove that:

(i) For any sequence (g, yx)r>1 such that limg oo (2k, yx) = (2, 9),
lim lnfk—mo fk(xk) + Uy =0(z)} > f(l‘) + Ly=0(x)}-
(ii) There exists a sequence (Zy, Jk)g>1 such that limy oo (Zk, Ux) = (z,y), and
hminfy oo fi(T) + tg=o@0y < (@) + ty=o@)}-
Suppose first that y # 6(z). Then (ii) is obvious and due to the continuity of 6, for any
sequence (T, Yx)r>1 such that limg oo (zg, yx) = (x,y) we have that for all large enough
k, 0(xy) # yg. This proves (i).
Now, suppose that y = 6(z). Then (i) follows from liminf, . fu(Tr) + ty=o(z)}
liminfy oo fi(zr) > f(x) = f(x) + t{y=6(z)}, Whenever limy_,o 2z, = x. To prove (ii)
take a recovering sequence (Zy)r>1 for (fi)r>1 at x, i.e. liminf, o fr(Zx) < f(z) and pu
Ux = 0(Zy), for each k > 1. By the continuity of 6, limg_,, Jx = ¥, so that limg_, (T, k)
(z,y). We also have liminfy_,o fu(¥r) + tig=0@)y = iminf_o fu(@r) < f(2) = f(2)
L{y=0(z)}, Which proves (ii) and completes the proof of the theorem.

v

O+

APPENDIX A. LARGE DEVIATIONS

Large deviation principle. We refer to the monograph by Dembo and Zeitouni [DZ9]
for a clear exposition of the subject. Let X be a polish space furnished with its Borel
o-field. One says that the sequence (7,),>1 of probability measures on X satisfies the
large deviation principle (LDP for short) with scale n and rate function I, if for each
Borel measurable subset A of X we have
inf Ql‘ 'fll A) < i 1l A(i) inf

=, nf I(z) < liminf —logy,(A) < im sup - ogyn(A) < — nf I(x)  (48)
where int A and cl A are respectively the topological interior and closure of A in X and
the rate function I : X — [0, 00| is lower semicontinuous. The inequalities (i) and (ii) are
called respectively the LD lower bound and LD upper bound, where LD is an abbreviation
for large deviation. The LDP is the exact statement of what was meant in previous section
when writing

n—00 z€EA

vn(A) = exp (—n inf I(x))

for “all” A C X.
It is sometimes too much demanding to have the upper bound limsup,,_, ., % log v, (C) <
—inf,ec I(x) for all closed sets C. One says that we have the weak LD upper bound if

1
lim sup ~log Wn(K) < = inf I(z)
for every compact subset K of X. In case (7,),>1 satisfies the LD lower bound (for all
open subsets) and the weak LD upper bound (for all compact subsets), one says that
(Vn)n>1 satisfies the weak LDP.

An important instance of large deviation principle is given by the Sanov theorem.
Consider a probability measure R € P(X’) on the polish space & and furnish P(X") with
the narrow topology o(P(X), Cy(X)) and the corresponding Borel o-field. Let Z;, Z, ...
be a sequence of independent X'-valued random variables with common law R, i.e. P(Z; €
B) = R(B) for any Borel measurable subset B C X and any ¢ > 1. In other words
(Z1y..., Zyp) 4P = R®" for all n > 1.
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Theorem A.1 (Sanov’s theorem). Under the above assumptions, the empirical measure
1 n
L" = — 0z, € P(X
- ; z € P(X)

satisfies the LDP [| in P(X) with scale n. Its rate function is H(-|R) : P(X) — [0, 00], the
relative entropy with respect to the reference probability measure R.

Here, the LDP stands in X = P(X) and for each n, v,, = (L,) 2P € P(P(X)). For a proof
of this result, see [DZ9§, Thm 6.2.10].

Next theorem states that the continuous image of a LDP is still a LDP with the same
scale.

Theorem A.2 (Contraction principle). Let (v,)n>1 satisfy the LDP in X with scale n
and rate function I. Suppose in addition that I is not only lower semicontinuous, but that
it is coercive. For any continuous function f: X — 'Y from X to another polish spaceY
furnished with its Borel o-field,

(farm)nz1
satisfies the LDP in'Y with scale n and the rate function

J(y) =inf{I(z);2: f(z) =y}, yeV

Moreover, J is also coercive.

For a proof, see [DZ98, Thm 4.2.1].

Let us look at an example of application of the contraction principle which is in the
mood of this article. Consider an independent sequence of identically distributed random
paths, i.e. (Z1,...,Z,)#P = R®" where the reference probability measure R belongs to
P(€2). The empirical measure L™ is a P(€2)-valued random variable. Now let f be the
marginal projection

F(P) = (Xo, X1)4P = (Po, P) € P(X) x P(X), P € P(Q).

It is a continuous function. This is clear when Q = C([0, 1], X') and it remains true when
Q= D([0,1],X) (t = 0,1 being the initial and final times, X, and X; turns out to be
Skorokhod-continuous). Using the notation of the previous section, we see that

f(L") = (Lg, LY).

By Sanov’s theorem, the sequence of empirical measures L" satisfies the LDP in P(€) with
scale n and rate function H(-|R). Applying the contraction principle with f as above, we
see that (Lg, L})n>1 satisfies the LDP in P(X) x P(&X') with scale n and rate function

J(po, p1) = inf{H(P|R); P € P(Q) : Py = po, P = pu} € [0,00],  puo, 11 € P(X),
compare ().

Theorem A.3 (Laplace-Varadhan principle). Suppose that (V,)n>1 satisfy the LDP in X
with a coercive rate function I : X — [0,00], and let f be a continuous function on X.
Assume further that

1
lim liminf — log/ e"f(m)I{sz} Yn(dz) = —o00.
X

M—0c0 n—oco N

"This is an abuse of definition. The correct statement should be: the sequence ((L™)4P),>; satisfies
the LDP.
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lim L log /X @) o, (d) = sup{ f(x) — I(x)}.

n—oo N, reX

For a proof, see [DZ98, Thm 4.3.1].
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