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Balian-Vénéroni variational principle

Cédric Simenel1, 2, ∗

1Department of Nuclear Physics, Research School of Physics and Engineering,
Australian National University, Canberra, Australian Capital Territory 0200, Australia

2CEA, Centre de Saclay, IRFU/Service de Physique Nucléaire, F-91191 Gif-sur-Yvette, France.
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The Balian-Vénéroni (BV) variational principle, which optimizes the evolution of the state ac-
cording to the relevant observable in a given variational space, is used at the mean-field level to
determine the particle number fluctuations in fragments of many-body systems. For fermions, the
numerical evaluation of such fluctuations requires the use of a time-dependent Hartree-Fock (TDHF)
code. Proton, neutron and total nucleon number fluctuations in fragments produced in collisions
of two 40Ca nuclei are computed for a large range of angular momenta at a center of mass energy
Ecm = 128 MeV, well above the fusion barrier. For deep-inelastic collisions, the fluctuations cal-
culated from the BV variational principle are much larger than standard TDHF results. For the
first time, a good reproduction of mass and charge experimental fluctuations is obtained, and the
correlations between proton and neutron numbers are determined, within a quantum microscopic
approach.

The quantum many-body problem is the root of many
theoretical physics fields aiming to describe the structure
and dynamics of interacting particles such as electrons
in metals, molecules, atomic clusters, Bose-Einstein con-
densates, or atomic nuclei [1]. However, it can be solved
exactly for simple cases only. In most practical applica-
tions, mean-field models are considered in a first approx-
imation, and, eventually, serve as a basis for beyond-
mean-field approaches [2, 3]. In mean-field theories, the
interaction between the particles is replaced by a one-
body mean-field potential generated by all the particles.
It is, then, assumed that each particle evolves indepen-
dently in this potential.
For instance, N independent fermions may be de-

scribed by a Slater determinant |φ〉 =
∏N

i=1 â
†
i |−〉, where

â†i creates a particle in the state |ϕi〉. In such a state,
all the information is contained in the one-body density-
matrix ρ associated to the operator ρ̂ =

∑N
i=1 |ϕi〉〈ϕi|.

The self-consistent mean-field evolution of ρ is given by
the time-dependent Hartree-Fock (TDHF) equation [4]

ih̄
∂ρ

∂t
= [h[ρ], ρ] , (1)

where h[ρ] is the Hartree-Fock (HF) single-particle

Hamiltonian with matrix elements hαβ = δ〈φ|Ĥ|φ〉
δρβα

, Ĥ is

the full Hamiltonian, and ραβ = 〈ϕα|ρ̂|ϕβ〉 = 〈φ|â†β âα|φ〉.
Equation 1 is obtained by solving the variational prin-

ciple where the Dirac action

SD =

∫ t1

t0

dt 〈φ|

(

ih̄
∂

∂t
− Ĥ

)

|φ〉 (2)

is required to be stationary in the subspace of Slater de-
terminants |φ〉 with fixed boundary conditions at times
t0 and t1. The TDHF approach is usually sufficient to
predict the expectation values of one-body observables

X̂ =
∑N

i=1 q̂X(i) but may fail to reproduce their fluctua-
tions and correlations determined from

σXY =

√

〈X̂Ŷ 〉 − 〈X̂〉〈Ŷ 〉, (3)

as, e.g., in deep-inelastic heavy-ion collisions [5]. This is
an intrinsic limitation of this variational principle com-
bined with the constraint that the state is a single Slater
determinant at any time [6]. The knowledge of such
fluctuations is, however, crucial to all quantum systems.
Thus, their theoretical prediction is an important chal-
lenge for quantum many-body models.
The limitation discussed above can be overcome thanks

to the Balian and Vénéroni (BV) variational principle
based on the action [7–10]

SBV = TrD̂(t1)B̂(t1)−

∫ t1

t0

dt Tr

(

B̂
∂D̂

∂t
− iD̂[Ĥ, B̂]

)

,

(4)
where B̂ and D̂ are the time-dependent trial observable
and density matrix of the trial state, respectively, and
Tr denotes a trace in the Fock space. They are con-
strained to obey the boundary conditions D̂(t0) = D̂0

and B̂(t1) = Q̂, where D̂0 is the initial state and Q̂ is the
operator we want to evaluate at time t1. If one chooses in-
dependent particle states, D̂ = |φ〉〈φ|, and one-body ob-
servables, B̂ = X̂, for the variational spaces, one recover
the TDHF equation (1) [8]. According to this variational
approach, TDHF is, then, the best mean-field theory to
describe expectation values of one-body observables, but
cannot be used, in principle, to determine their fluctua-
tions and correlations which are outside the variational
space for B̂(t). To obtain such fluctuations, the varia-

tional space has to be increased to B̂ ∈ {eγâ
†â} [9, 10].

The observable to be evaluated is Q̂ = exp(−λ1X̂−λ2Ŷ ).
Indeed, fluctuations and correlations can be recovered
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for small λ1 and λ2 using ln〈exp(−λ1X̂ − λ2Ŷ )〉 ≃

−λ1〈X̂〉−λ2〈Ŷ 〉+
λ2

1

2
σXX +

λ2

2

2
σY Y +λ1λ2σXY . Keeping

the approximation D̂ = |φ〉〈φ|, this leads to [10]

σ2
XY (t1) = lim

ǫ→0

tr [ρ(t0)− ρX(t0, ǫ)] [ρ(t0)− ρY (t0, ǫ)]

2ǫ2
,

(5)
where tr denotes a trace in the single-particle space. The
one-body density matrices ρX(t, ǫ) obey the TDHF equa-
tion (1) with the boundary condition

ρX(t1, ǫ) = exp(iǫqX)ρ(t1) exp(−iǫqX), (6)

where qX is the matrix representing the single particle
operator q̂X . In Eq. (6), ρ(t) is the solution of the TDHF
equation (1). The initial condition ρ(t0) is derived from
the initial density matrix D̂0 = |φ0〉〈φ0| by ραβ(t0) =

Trâ†βâαD̂0 = 〈φ0|â
†
β âα|φ0〉.

The optimum mean-field prediction of σXY in Eq. (5)
differs from the ”standard” TDHF expression which is
evaluated from Eq. (3) using ρ(t1):

σ2
XY (t1) = tr{qY ρ(t1)qX [I − ρ(t1)]}, (7)

where I is the identity matrix. Although both Eqs. (5)
and (7) are associated to mean-field approximations, the
first one is more general as it is derived using a larger
variational space for the observable evolution. In the
next, BV and TDHF fluctuations or correlations refer
to Eq. (5) and (7), respectively. Before to discuss the
present calculations, let us first summarize previous ap-
plications of the BV variational principle.
Earlier works have focused on particle number fluctua-

tions in nuclear collective vibrations [11] and in heavy-ion
collisions [12, 13]. Marston et al. [13] have also investi-
gated the fluctuations in momentum and kinetic energy
of the fragments. The technique used in these works is
similar to the one employed here. However, the use of
simple effective interactions and geometry restrictions in
the TDHF codes were strong limitations which prevent
realistic predictions. Thus, their results should be consid-
ered only as qualitative. In these works, the BV fluctu-
ations are always larger than their TDHF counterparts.
This is encouraging and constitute a strong motivation
for realistic calculations with the BV variational prin-
ciple to compute fluctuations of one-body observables.
Modern three-dimensional TDHF codes [14–17] with full
Skyrme energy-density-functional (EDF) [18] including
spin-orbit interaction can now be used for realistic ap-
plications of the BV variational principle. Recent calcu-
lations using such a code have been made to determine
particle fluctuations in the daughter nucleus produced in
giant dipole resonance decay [19] and in nuclear colli-
sions [20].
In this work, the predictive power of the BV vari-

ational principle is illustrated in realistic calculations
of heavy-ion collisions in comparison with experimental

data. The fluctuations σNN , σZZ , and σAA, where N
and Z are the neutron and proton numbers, respectively,
and A = N + Z, are computed in fragments resulting
both from deep-inelastic and quasi-elastic collisions. The
correlations σNZ are determined for the first time within
a quantum microscopic approach, thanks to the BV vari-
ational principle.

The tdhf3d code is used to compute σXY from the
BV variational principle with the SLy4d parameteriza-
tion of the EDF [14]. The TDHF equation (1) is solved
iteratively in time, with a time step ∆t = 1.5× 10−24 s,
in the center of mass frame. A smaller time step, ∆t =
1.0× 10−24 s, has also been used to confirm the conver-
gence of the BV fluctuations. The single-particle wave-
functions are evolved on a Cartesian grid of 56×56×28/2
points with a plane of symmetry (the collision plane) and
a mesh-size ∆x = 0.8 fm. The initial distance between
collision partners is 22.4 fm. Refs. [2, 21] give more de-
tails of the TDHF calculations.

To evaluate BV fluctuations from Eq. (5), the first step
is to perform a TDHF evolution forward in time from t0
to t1. To account for the transformation of Eq. (6), at
time t1, the occupied single particle wave functions are
boosted according to

|ϕXj
(t1, ǫ)〉 = exp(iǫqXj

Θ(r̂))|ϕj(t1)〉, (8)

where X stands for N , Z, or A. If the occupied single
particle wave-function ϕj refers to a proton (resp. a neu-
tron), we have qNj

= 0 and qZj
= 1 (resp. qNj

= 1 and
qZj

= 0), while qAj
= 1 for protons and neutrons. The

function Θ(r) is equal to 1 for the fragment on which
the fluctuations are calculated, and Θ(r) = 0 for the
other one. Arbitrarily, σXY are measured on the frag-
ment which has its center of mass in the x+ y > 0 plane.
The time t1 is determined, for each collision, by the time
at which at least one fragment center of mass reaches
11.2 fm from one edge of the box. This prevents spurious
distortion of the wave functions due to the hard bound-
ary conditions. It also ensures a minimum separation
distance of 22.4 fm for symmetric collisions. This value
is large enough to ensure a convergence of σXY with t1
as the fragments interact only via Coulomb repulsion at
this distance [12, 13].

The second step is to compute a backward evolution
from t1 to t0 of each set of single particle wave func-
tions ϕXi

(t, ǫ). Several values of 10−3 ≤ ǫ ≤ 10−2

are considered to determine the limit in Eq (5). Fol-
lowing Refs. [12, 20], the initial density matrix ρ(t0)
in Eq. (5) is replaced by a backward evolved den-
sity matrix ρI(t0, ǫ = 0), i.e., without the transfor-
mation in Eq. (6), to minimize numerical inaccura-
cies. Note that the latter are easily controllable and
this procedure is not necessary with a smaller time
step ∆t. The trace in Eq. (5) is then evaluated with
tr [ρI(t0, 0)− ρX(t0, ǫ)] [ρI(t0, 0)− ρY (t0, ǫ)] = ηII +
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FIG. 1: Evolution of the fragment centers of mass for
40Ca+40Ca at Ecm = 128 MeV, for different angular mo-
menta L in unit of h̄.

ηXY −ηIX−ηIY , where ηXX′ =
∑

ij

∣
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(t0)|ϕX′
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∣

∣

∣
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and the sums run over occupied states. The quadratic
evolution of the trace with ǫ is used as a convergence
check [13], as well as the property ηII = At, where At is
the total number of nucleons.

Let us investigate the collision of two 40Ca nuclei at a
center of mass energy Ecm = 128 MeV. The calculations
have been performed in steps of 5h̄ starting with orbital
angular momentum L = 65, for which a capture reaction
occurs (defined as no re-separation of the fragments after
a calculation until 135×10−22 s), to L = 100, correspond-
ing to a quasi-elastic reaction. Figure 1 shows the tra-
jectories of the fragment centers of mass for L = 70, 75,
and 80, corresponding to the most violent collisions lead-
ing to two fragments in the exit channel which have been
investigated in this work. We see that a wide range of
scattering angles may occur at angular momenta around
L = 70, which is a known feature of deep-inelastic colli-
sions. Experimentally, mass and charge fluctuations for
deep-inelastic collisions are then determined at large scat-
tering angles [22, 23].

The TDHF fluctuations [Eq. (7)] have been determined
from the probability distributions of A, Z and N in the
fragments at time t1 using a particle number projection
technique [21]. The resulting fluctuations σAA and σZZ

are shown in Fig. 2 by dashed lines. The fluctuations
obtained from the BV variational principle using Eq. (5)
are shown by solid lines. They are much more important
than the TDHF predictions for L ≤ 80. However, at
large L (quasi-elastic reactions), the BV and TDHF mass
fluctuations are similar. The neutron fluctuations σNN

are not shown for clarity as they are very similar to the
proton ones.

Charge fluctuations have been measured experimen-
tally for this system by Roynette et al [22]. They
obtained a plateau at σexp

ZZ ≃ 5 for scattering angles
θcm ≥ 50 deg, associated to deep-inelastic collisions.
The calculations show that these scattering angles are
obtained for angular momenta in the range 65-75 (see
Fig. 1). The BV fluctuation is σZZ ≃ 4.3 at L ≃ 70
(see Fig. 2), in good agreement with the experimental
value, while TDHF underestimates σexp

ZZ by a factor of
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FIG. 2: TDHF (dashed lines) and BV (solid lines) fluctuations
of A (thick black) and Z (thin green) for 40Ca+40Ca at Ecm =
128 MeV as a function of angular momentum L in units of h̄.
BV correlations between N and Z are also shown (dotted
line). BV predictions of σZZ and σNZ have been computed
for L ≤ 80 only.

∼ 5. Note that the theoretical predictions are made for
the primary (excited) fragment. As the fragments cool
down by nucleon emission, their mass and charge fluctu-
ations might increase [19]. However, this increase from
evaporation process should remain a small correction [5].
The fragment mass distribution has also been measured
for the 40Ca+40Ca system by Evans et al., but at lower
energies, Ecm = 98.5 and 115.5 MeV [23]. Their data
are consistent with σAA ≃ 11 for the primary fragment
mass distribution. Considering the uncertainties in the
reconstruction of the primary fragment masses, their re-
sult is in reasonable agreement with the BV fluctuations
σAA ≃ 8.7 at L = 70 (see Fig. 2).

At this point, it is worth mentioning that these calcu-
lations show the first reproduction of experimental mass
and charge fluctuations from a fully quantum microscopic
formalism with no adjustable parameter. Indeed, ear-
lier calculations of σAA [13] were, in fact, compared to
σZZ experimental values [24] (see discussion in Ref. [20]),
and, therefore, strongly underestimated the experimental
data. In addition, they neglected the spin-orbit interac-
tion which is known to generate important dissipation in
nuclear collisions [25]. In fact, repeating the calculations
of [13] for 40Ca+40Ca at L = 30 and Ecm = 139 MeV,
with a full Skyrme functional, Broomfield obtained a cap-
ture reaction instead of a deep-inelastic collision [20].

In addition to fluctuations, the BV correlations σNZ

between the proton and neutron numbers in the frag-
ments have been computed from Eq. (5) (dotted line in
Fig. 2). These finite values of σNZ are at variance with
the TDHF correlations which are strictly zero. This was
checked numerically using σ2

NZ = (σ2
AA−σ2

ZZ −σ2
NN )/2.

However, this is not an intrinsic limitation of the TDHF
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formalism, but a consequence of the constraint that the
single particle states have a pure isospin, as in most
TDHF applications in nuclear physics. In fact, the prob-
ability P (N,Z) to have a fragment with Z and N , in
standard TDHF calculations, is the product of the prob-
abilities P (Z)P (N) to have Z andN , independently [21].
For instance, in the symmetric collisions studied here,
the TDHF probability to have the N = Z 32S nucleus
is the same than for the neutron rich 40S. The produc-
tion of the latter should, however, be hindered by the
symmetry energy which is known to induce a fast charge
equilibration in the fragments [26]. The BV prediction
of σNZ are of the same order of magnitude as σZZ and
σNN in deep-inelastic collisions (see Fig. 2). The predic-
tions of such correlations are another attractive feature of
the BV variational principle and may be compared with
experimental data where both mass and charge of each
fragment are measured.
Quantum microscopic calculations of particle number

fluctuations in fragments produced in heavy-ion collisions
have been determined with the Balian-Vénéroni varia-
tional principle in a mean-field approximation with a
three-dimensional TDHF code and a full Skyrme func-
tional. The resulting fluctuations are of the same or-
der as the ”standard” TDHF ones in quasi-elastic reac-
tions. In deep-inelastic collisions, however, they are much
larger than the TDHF ones. Charge and mass fluctua-
tions in deep-inelastic collisions are in good agreement
with experimental data. The correlations between pro-
ton and neutron numbers in the fragment distributions
have been determined for the first time with a micro-
scopic quantum approach. Applications to multi-nucleon
transfer in actinide collisions could be used to predict
probabilities for super-heavy element production [27, 28].
The role of pairing correlations on fluctuations should
be investigated using independent quasi-particle states.
This could be done thanks to recent developments of
time-dependent Hartree-Fock-Bogoliubov codes [29–31].
Stochastic-mean-field methods might also be applied to
investigate the role of initial beyond-mean-field correla-
tions on fluctuations in deep-inelastic collisions [32].
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