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Abstract

This paper presents a heavy traffic limit theorem for the virtual
waiting time of a customer in multiphase queues. In this work, func-
tional limit theorem is proved for values of important probability char-
acteristics of the queueing system investigated as well as the virtual
waiting time of a customer.
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1 Introduction

One of the main research trends in the theory of queues corresponds to
the asymptotic analysis of formulas or equations, describing the distribu-
tion of one or another probabilistic characteristic of the queue. Kingman
(1961, 1962)) achieved the first results on the limiting behaviour of single
channel queues in heavy traffic. The single-phase case, where the intervals of
time between the arrival of customers are independent identically distributed
random variables and there is one single device, has been completely inves-
tigated in the well known papers (see, for example, Borovkov (1972, 1980)).
Functional limit theorems for a virtual waiting time of a customer in a single
queue are proven under various conditions of heavy traffic (see Kyprianou
(1971)). Functional limit theorems for the waiting time of a customer and



queue length of customers in a multiphase queue are also proved under var-
ious heavy traffic conditions (see Minkevicius (1986, 1991)). In this work,
we will prove a functional limit theorem for another important probabilistic
characteristic of multiphase queues (virtual waiting time of a customer in
conditions of heavy traffic).

The virtual waiting time of a customer in every phase of the queue is
unlimited, and the service discipline is “first come, first served”. Denote =
as a weak convergence of probability measures (see Billingsley (1968)). The
main tool for the analysis of a multiphase queue in heavy traffic is functional
limit theorems for renewal and compound renewal processes (the proof can
also be found in Billingsley (1968)).

Let us consider a k-phase queue. When a customer is served in the j-
st phase of the queue, he goes to the j + 1-st phase of the queue. When
a customer is served in the k-st phase of the queue, he leaves the queue.
Let us deﬁne t, as the time of arrival of the n-th customer at a multiphase
queue, Sy U) as the service time of the n-th customer in the j-th phase of the
queue, z, = ty1 — by, 7;(t) = max{l: 321, S ) < #1 (such a total number
of customers can be served in the j-th phase of the queue if devices in the
queue are working without time out), denote e(t) = max{l : >>'_, z <t} as
the total number of customers arriving at a multiphase queue until time ¢,
and 7;(t) as the total number of customers that depart after service at the
j-th phase of the queue until time ¢, xo(t) = 70(t) = e(t), j = 1,2,...,k.
zj(t),7 =1,2,...,k and e(t) are counting processes (see Borovkov (1980)).

Also, let us define W;(t) as a virtual waiting time of a customer in the
j-th phase of the queue for time ¢ (i. e., time which must waiting until service

customer, arrive to j-th phase of the queue at time t), S;(t) = 3173 A S(j
the time that can got, if we summarize service times of customers, arriving
at the j-th phase of the queue until time t;

yi(t) = S;(t) —t, mo(t) = e(t), fily()) =y(t) — f y(s), j=1,2,....k

0<s<t

In particular, the j-th phase can be considered as a queue < G, G, G, 1 >
(see definition in Borovkov (1972)). Hence, if S;(0) = W;(0) = 0 (also see
Borovkov (1972)),

W;(t) = fily;(), 7=1.2,... k. (1)



Let us consider, as in Minkevicius (1986), multiphase queues in the series:
SZ(Jn) are independent identically distributed random variables in the n-th

multiphase queue, SZ»(%) =Zin, 1 >1,n>1 7=12... k.
Also let us define «;,, = MSY apy =Mz, 0jp = DSS% > 0,

1,n
00n = D21y >0, Vi = Ojn - ()™, 020 = Gjin - () '+
R _ o, .
0-.7'*1,” ’ (Oéjflvn) . (Oéj:n)z > OJ 6]," = Ozi - 17 Jp= 17 27 AR k7 n Z L.
7—1n

Throughout this work, we assume that the following conditions hold

— < 00, 2
O A o <2 )
02, =05 >0 (3)
and
Vim — 02 >0, j=1,2,... k. (4)

2 The main result

Our primary focus is on the case
Bim- /M — By <00, j =12k (5)
So we will prove such a theorem.

Theorem 2.1. If (2) - (5) hold, then

(Wl(nt). Wi(nt)
g

where §;(t) = 6; - zj(t) + 7j_1(t) + Bj -t , j=1,2,...,k and 7;,_1(t) satisfy
the functional recurrent stochastic equation

) e () GO,

%j—l(t) = 6']'_1 . Zj_l(t) — sSup ((3']‘_1 . Zj_l(S) - 7A'j_2<8))7 7:0() = 0, and
0<s<t

z;(t) are independent standard Wiener processes, j=2,...,k, 0 <t <1.



Proof. Note that

ijzl(:nt) S(j) Tj,zl(:nt)(s 7 )

p nt ;= Qi
yi(nt) = _ =l ’ 4 Qn Tj—1(nt) —nt
vn vn vn vn

Tj—1(nt) ) zj—1(nt) ) z;-1(nt) )

( 7-a) (L V-0 (X 67 -a.)
_ 1= 1= + 1=

(6)
Hence, for the difference between the first and second terms on the right

in (6) to converge in probability to zero, it suffices that (see Iglehart (1973))

(nt) — 7 (nt
sup z;(nt) T](n)ﬁo’j:]_’Q,...,k. (7)

0<t<1 n

Also note that for j = 1,2,...,k (see Borovkov (1972))

z;(nt) — 7;(nt) < Xk: < x;(nt) — x;_1(nt)

sup
e " i—1 0st=1 n

k

x;(nt t Ti—1(nt ¢ 1 .

<3 (oup [E0 Ly gzl £ L L

R Qin' 0stsl n Qi—1,n Qin  Qi-1p

k
z;(nt) t A
= W 1= = +é - Bint =0,
{zzl Ogtlﬁ)l | n i ’ 6Z,n}

1
where & = max max < 00 .

0<i<k n>1
From (7) and (8) it follows that the difference between the first and second
terms on the right of (6) converges in probability to zero.
The third term on the right of (6) is a complex counting process and

w ™ G)
; (S = ajn)
vn

:>O'j'2j<t)7j:1,2,...,k (9)



where z;(t) are independent standard Wiener processes, j = 1,2,...,k (see
Borovkov (1980)).
Let us investigate the last term in (6). Note that

sup |J”—Jln -1i(nt) < sup |oj_1n] - [Bjnl - L)
0<t<1 n 0<t<1
e;(nt) e;(nt) ¢
< I . . . su J < Q5 . 1 - su < -
< j-1] - [Bjnl ogtlg)l < laganl - 1Bl 0§t1§)1| n 040,n| (10)
oy e;(nt t N
+M.|ﬂ]’n|§a.|ﬁj’n|. sup |M__|+Oé'a"ﬁ],n|:>07
|co o<t<t N Qon
j=1,2,... k.

So from the formula (see Minkevicius (1991))

(1) = x;(t) — Oiligt(l’j(s) — 7j-1(8))

it follows that

nt nt
i o) = 224 g fayn) - 2
J,n _ J,n

Vn vn

zj(ns) — e ne (11)

™ ijl(TlS)— oy
ogsgt{ ’ ( Vn ) > vn

i=1,2,...k 0<t<l1.

However,
ns
Qi - (Tjn) = 05 - 7(t), (12)
where z;(t) are independent standard Wiener processes, j=1,2,...,k, 0 <
t <1
Define
zj(ns) — e

Tin(t) = ajp - (T%>’ j=1,2,... .k 0<t<1.



Hence, from (11) and (12) we get
where 7;(t) are fulfilled functional recurrent stochastic equation

7j(t) = 05 - 2j(t) — sup (6 - 2(s) — 7j-1(s)), (13)
0<s<t
G=1,2,. .k 1=0,0<t<1.
Thus, (6) — (12) imply that we have proved the theorem. The proof is
complete.
]

Concluding remarks

1. A single phase case of Theorem 2.1 is investigated in Kyprianou (1971).

2. Theorem 2.1 of this paper has been proved for a class of multiphase
queueing systems in heavy traffic with the service discipline “first come, first
served”, endless waiting time of customers in each phase of the queue, and
where the times between the arriving customers to queue are independent
identically distributed random variables. However, Theorem 2.1 can be ap-
plied to a wider class of multiphase queueing systems in heavy traffic: when
arrival and service of customers in a queue is by group, when times between
the arriving customers to the multiphase queueing systems are independent
and weakly dependent random variables, etc.

The author thanks Prof. Br. Grigelionis and referees for much helpful
advice on this and and other topics.

References

[1] Billingsley, P. (1968), Convergence of Probability Measures (New York,
Wiley).

2] Borovkov, A. A. (1972), Probability Processes in Theory of Queues
(Moscow, Nauka).

[3] Borovkov, A. A. (1980), Asymptotic Methods in Theory of Queues
(Moscow, Nauka).

[4] Tglehart, D. L. (1973), Weak convergence in queueing theory, Adv. Appl.
Probab., 5, 570 — 594.



Kingman, J. F. C. (1961), The single server queue in heavy traffic, Proc.
Camb. Phil. Soc., 57, 902 — 904.

Kingman, J. F. C. (1962), On queues in heavy traffic, J. R. Statistical
Soc., 24, 383 — 392.

Kyprianou, E. (1971), The virtual waiting time of the GI/G/I queue in
the heavy traffic, Adv. Appl. Probab., 3, 249 — 269.

Minkevicius, S. (1986), Weak convergence in multiphase queues, Lith.
math. month., 26, 717 — 722.

Minkevicius, S. (1991), Transient phenomenas in multiphase queues,
Lith. math. month., 31, 136 — 145.



