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LOCAL TB THEOREMS AND HARDY INEQUALITIES

P. AUSCHER AND E. ROUTIN

ABSTRACT. In the setting of spaces of homogeneous type, we give a direct proof of the local Tb
theorem for singular integral operators. Motivated by questions of S. Hofmann, we extend it to
the case when the integrability conditions are lower than 2, with an additional weak boundedness
type hypothesis, which incorporates some Hardy type inequalities. The latter can be obtained
from some geometric conditions on the homogeneous space. For example, we prove that the

monotone geodesic property of Tessera suffices
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2 P. AUSCHER AND E. ROUTIN

1. INTRODUCTION

The goal of this paper is to study a question raised by S. Hofmann in [HoJ] (question 3.3.1).
The question is whether in existing local T'b theorems, one can weaken the integrability conditions
on the accretive systems to any exponent greater than 1. So far, the known arguments for, say,
antisymmetric kernels, [[J, [AHMTT], [Holl], [AY], [TY], handle exponents greater than or
equal to 2 and no less. Motivations in [HM] are towards obtaining uniform rectifiability of
n—dimensional Ahlfors-David regular sets which are seen as boundaries of domains satisfying
some interior access condition to the boundary, and whose Poisson kernel satisfies some scale
invariant LP estimate for p larger than 1 and p close to 1. Here, we work on spaces of homogeneous
type with scalar operators. We do not consider non-doubling spaces or Banach space valued
theory, where T'b theorems are proved under L*° or BMO control on b, and we refer to the
work of Nazarov, Treil and Volberg [NTV]], [NTVZ], and T. Hytonen [Hy], [Hyd]. The interest
of local T'b theorems over the ”global” T'b theorem of David, Journé and Semmes [DJY] (and
M¢Intosh, Meyer [MM] where it was introduced for the first time) is that there is no need for
producing para-accretive functions which are unavoidable in such a formulation (see the work
of Han and Sawyer [HY]). And in application, the local statement is much easier to use. An
occurrence of this is in the work of the first author with Alfonseca, Axelsson, Hofmann, Kim
[AAAHK].

We partially answer Hofmann’s question with our Theorem B.1. That is, we provide an
argument that works for all integrability exponents. This argument is based on the Beylkin-
Coifman-Rokhlin algorithm [BCR] (see also the work of T. Figiel [H]), but in adapted Haar
wavelets rather than the normal ones. However, as we shall see, our proof works at the expense
of a supplementary weak boundedness property assumption when the integrability exponents
are close to 1. As a matter of fact, we think that the statement proposed in [[Hod] is not correct
for exponents close to 1, due to the inapplicability of Hardy inequalities, without a further
hypothesis (which appears in the analysis of one term, which is not susceptible to cancel with
other controlled terms). It is thus interesting to isolate this hypothesis but it could be hard to
check. The understanding of this issue might require some extra efforts.

Historically, local T'(b) theorems were introduced and proved on spaces of homogeneous type
by M. Christ [[J] with L> bounds on the accretive systems. The first author, Hofmann, Muscalu,
Tao and Thiele [AHMTT]] found a generalization for all exponents but for model singular integral
operators called perfect dyadic. This argument was carried out to standard singular integral
operators by S. Hofmann [@] but a restriction on the exponents appeared, to be able to use
Hardy inequalities. Then the first author and Yang [@] were able to find a different argument
improving on exponents, still with a restriction though. This argument was carried out to spaces
of homogeneous type by Tan and Yan [[[Y]], we mention however some gaps there, as Hardy
inequalities need to be proved or assumed on such spaces.

This gives us the opportunity to study, on a space of homogeneous type, inequalities (which
we call of Hardy type)

f T
| [ et s dualduts)| < 1l aanllalls

for INJ =g,and 1 <p < 400, 1/p+1/p' = 1. Our terminology comes from the fact that in
Euclidean spaces, such inequalities follow from the well known 1—dimensional Hardy inequality.
It turns out that they hold without any restriction if I, J are Christ’s dyadic cubes (see Section
2). This seems not to have been noticed in the literature for dual pairs of exponents and we prove
it in Section 9. It depends in particular on the small layers for dyadic cubes. However, if I is a
ball B and J, say, 2B\ B, then it is not clear in general. It clearly depends on how B and 2B\ B
see each other through their boundary. We prove that some small boundary hypothesis (called
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the relative layer decay property) suffices. We also show that this property holds in all doubling
complete Riemannian manifolds, length spaces and more generally in any monotone geodesic
space of homogeneous type. The latter notion arose in geometric measure theory from the work
of R. Tessera [[I]], and was recently proved by Lin, Nakai and Yang [LNY]] to be equivalent to a
chain ball notion introduced by S. Buckley [BJ].

The paper is organized as follows. In Section 2 we recall some basic definitions and results
in spaces of homogeneous type, such as the existence of dyadic cubes and the definition of
singular integral operators. In Section 3 we state our main results, that is Theorem (main
Tb theorem with hypotheses on dyadic cubes), Theorem B.5 (T theorem with hypotheses on
balls), and Theorem B.7 (relaxing support conditions on accretive systems), and comment our
hypotheses. We prove Theorem B.§ and Theorem B.7 in Section 4, while the proof of Theorem
B.1] is developed over the three subsequent sections: we introduce some notations and give some
preliminary results in Section 5, notably the existence of adapted Haar wavelets in a space of
homogeneous type, explain important reductions in Section 6, and finally detail the algorithm
and estimate all the terms involved in Section 7. We then devote Section 8 to the study of two
particular cases: the case of perfect dyadic operators and the case when the exponents are not
too small, that is 1/p 4+ 1/¢ < 1, for which the proof is much easier. Finally, we have a closer
look at Hardy type inequalities in Section 9.

This work is part of a doctorate dissertation of the second author. It was conducted at
Université Paris-Sud and the Center for Mathematics and its Applications (CMA) at ANU.
The authors are particularly grateful to CMA for their warm hospitality and financial support
during their visit. The authors also thank S. Hofmann, T. Hytonen, J.-M. Martell for discussions
related to this work.

2. NOTATIONS AND PRELIMINARIES

Throughout this work, we assume that (X, p, 1) is a space of homogeneous type, that is, X is
a set equipped with a metric p and a non-negative Borel measure p on X for which there exists
a constant C'p < +oo such that all the associated balls B(z,r) = {y € X;p(z,y) < r} satisfy
the doubling property

0 < u(B(z,2r)) < Cpu(B(z,r)) < 00

for every x € X and r > 0. We also assume that p({z}) = 0 for all x € X. We will use the
notation A < B (resp. A = B) to denote the estimate A < CB (resp. (1/C)B < A < CB) for
some absolute constant C' which may vary from line to line.

2.1. Dyadic cubes. The following result, due to M. Christ (see [(J]), states the existence of
sets analogous to the dyadic cubes of R™ in a space of homogeneous type.

Lemma 2.1. There exist a collection of open subsets {Q?x C X :j€Zac I}, where I
denotes some (possibly finite) index set depending on j, and constants 0 < 6 < 1, ap >0, n > 0,
and C1,Cy < +o0 such that

1) For all j € Z, p({X\ Uz, @4}) = 0.

2) If j < j', then either Qg C QL or Qg NQL=0.

3) For each (j,a) and each j' < j there is a unique B such that Qb C Qg.
4) For each (j, ), we have diam(Q%) < C167.

5) Each Q) contains some ball B(2},ag6?). We say that 2, is the center of the cube QY.
6) Small boundary condition:

p({z €@ px, X\QL) <td}) < Cot"u(QL) Vi,a, Vt>0.

(
(
(
(
(
(
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We will call those open sets dyadic cubes of the space of homogeneous type X. For a cube
Q = @b, j is called the generation of @, and we set [(Q) = 6. By (4) and (5), I(Q) is comparable
to the diameter of @, and we call it, in analogy with R", the length of Q. Whenever Q4™ ¢ Q,
we will say that ngrl is a child of Qj , and QJB the parent of fol. For every dyadic cube @, the

notation é denotes the collection of all the children of (). It is easy to check that each dyadic
cube has a number of children uniformly bounded.

A neighbor of @ is any dyadic cube @’ of the same generation with p(Q, Q") < I(Q). The
notation @ will denote the union of () and all its neighbors. It is clear that @ and @ have
comparable measures. It is easy to check that a cube @ has a number of neighbors that is
uniformly bounded.

2.2. Singular integral operators. For 1 < p < oo, the space of p-integrable complex valued
functions on X with respect to p is denoted by LP(X), the norm of a function f € LP(X) by
| fllp, the duality bracket given by (f,g) = [y fgdp (we do mean the bilinear form), and the
mean of a function f on a set E denoted by [f]g = u(E)~! fE fdu. For any z,y € X, we set

Az, y) = w(B(z, p(z,y)))-
It is easy to see that A(z,y) is comparable to A(y, z), uniformly in z,y.

Definition 2.2. A standard Calderén-Zygmund kernel on X is a function K : X x X\{z =
y} — C such that there exists a constant « > 0 for which

and
ket . N plz, z)\“ 1
(2.2) K (z,y) — K(2',y)| + |[K(y,z) — K(y, )’5<p(x,y)> Az, y)

whenever p(z,2') < p(x,y)/2, and p(z,y) > 0.

Denote by D, the space of all Hélder continuous functions of order a € (0, 1] with compact
support and D/, the dual space of D, (we refer to [[J] for the detail). A singular integral operator
(sio) T on X is a continuous mapping from D, to D!, which is associated to a standard kernel
K(z,y), in the sense that

(Tf,g) = // K(z,y)f(y)g(z)du(z)du(y)

whenever f,g € D, with disjoint supports. Standard computations and a density argument
show that one can extend 7' from LP(K) into LS (K*¢) for any compact K, so that

(2.3) Tf(z)= /K(m, y) f(y)du(y)

for all f € LP(X) with supp f C K and almost all ¢ K. In the following, 7% will denote
the operator adjoint to T'. Let us state the well known standard estimates for singular integral
operators.

Proposition 2.3 (Standard Calderén-Zygmund estimates). Let T' be a singular integral operator
on X. Let r > 0,x5 € X and let B be the ball of radius r centered in xp. Let g be a function
of mean 0 supported on B, and f a function supported on the complement of 2B. Then we have
the standard estimate

(2.4) (g TH) < llglh /

(2B)

B VR
C<p( y)> Az, y) " f(y)ldu(y).

B,
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Similarly in the dyadic setting, if Q) is a dyadic cube in X of center zg, g a function of mean 0
supported on Q and f a function supported on the complement of Q, we have

(2:5) .71 5 lalh [ (51895 ) Mgl

Over the course of this article, we will often use what we call Hardy type inequalities. The
prototype of Hardy type inequalities is

1

/I/J%ggf)dydx‘ gC(/J\f(y)\”dyf (/J \g(m)]”/dm>7,

when I, J are adjacent intervals, supp f C I, suppg C J, and 1 < v < oo, v/ = 5. This
easily follows from the boundedness of the Hardy operator Hf(z) = 1 [ f(t)dt (hence our

terminology), and does not use regularity of %_y Thus one can hope to extend such inequalities

on spaces of homogeneous type with kernel 1/A(z,y) and measure p when I, J are reasonable
disjoint subsets of X. Let us state such a result in the dyadic setting.

Lemma 2.4. Let Q, Q' be two disjoint dyadic cubes in X. Let 1 < v < 400, with dual exponent
V'. There exists C < 400 such that for all function f supported on Q, f € L*(Q), and all
function g supported on Q', g € L (Q'), we have

[fwe@)l, ,
(2. L | S i) < il

The constant C' only depends on Cp and v.

We refer to Section 9 for the proof of Lemma P.4. Observe that this result immediately yields
the following corollary regarding singular integral operators.

Lemma 2.5. Let T' be a singular integral operator on X. Let 1 < v < 400 with dual exponent

V.

e There exists C < +oo such that for every disjoint dyadic cubes Q,Q’, and every functions
f. g respectively supported on Q,Q’, with f € L*(Q), g € L (Q'), we have

(2.7) (Tf.9) < Cllfllze@ gl o).

o There exists C < 400 such that for every dyadic cube Q, and every function f supported
on Q with f € LY(Q), we have

Proof. Use (R.1), Lemma P.4, and for the second part the fact that the number of neighbors of
any given cube is uniformly bounded. O

3. MAIN RESULTS AND COMMENTS

Our main result is the following.

Theorem 3.1. Let 1 < p,q < +o0. Let T be a singular integral operator with locally bounded
kernel. Assume that there exists a (p,q) dyadic pseudo-accretive system adapted to T'. Then T
extends to a bounded operator on L*(X), with bounds independent of || K ||so.ioc -

Let us explain what is a (p, q) dyadic pseudo-accretive system adapted to 7.
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Definition 3.2. (p,q) dyadic pseudo-accretive system.

Let 1 < p,q < +oo with dual exponents p/, ¢, and let T be a singular integral operator on X.
We say that a collection of functions ({bé}Q, {bé}@) is a (p,q) dyadic pseudo-accretive system
adapted to T if there exists a constant C'4 < +00, such that for each dyadic cube Q, bb, b2Q are
supported on Q with

1 _ _ 2
(3.1) /QdeM = pu(Q) = /QdeM,
(3.2) /Q (BoI? + [B3]7) di < Ca (@),
(33) [ (2@ + ) ) i < Can(@),

Furthermore, the functions biQ are required to satisfy the following properties: for all C' < 400,
there exists Cy < +o00 and 1 < v < +oo such that for every (@, Q') dyadic cubes, for every
dyadic cubes R C @', R, C (R\R) N Q, R, mutually disjoint, with p(R’,R,) < I(Rp),
(b5 [Plr < O, [|bé|q]Rn < C, and for every set of coefficients (o, ),, we have

<b% (Zan13n> ,T(bé,lR/)> Zaan”

We also need a control of the diagonal terms: for all C' < 400, there exists Cyypp < +00 such
that for every (Q,Q’) dyadic cubes, for every dyadic cube R C Q N Q' with [|b}, [Pl < C,

[|bé|q]R < C, we have

(3.5) |(b1r, T(by1R))| < Cwap u(R).

We require the bég to satisfy also the symmetric properties, with respectively b' instead of b2, p
instead of ¢, ¢ instead of p, and T™* instead of T.

1
u(R)v.

14

(3.4) <Cu

We remark that the statement has a converse. If T is bounded, then the collection ({1¢}qg, {1g}0@)
is a (p, q) accretive system adapted to T for any exponents. Several comments are in order. Let
us begin with the case 1/p+1/¢ > 1.

(1) In this case, we cannot use the Hardy inequality (B.f) with exponents p and ¢ replacing
v and v/. So our hypotheses (B.4) and (B.J) are a substitute for the missing (P.§). In
practice, they could very well hold due to specific relations or cancellations between the
b’@ and T.

(2) Observe that, while being a rather unsatisfactory condition, (B.4) and (B.§) imply the
following weaker statement: for every dyadic subcubes R, R’ of cubes @, Q’, such that
R, R’ are neighbors, and bb,, bzg satisfy the same size estimates as above on R, R/, we
have

(3.6) (03 1r: T(boy 1r))| S W(R)).

This weaker property is more satisfactory as it is a lot closer to what we are used to
calling a weak boundedness property. Unfortunately, (B.f)) suffices for all but one term
we could not estimate otherwise than assuming the stronger property (B.4).

(3) Note that it is not clear whether for any systems (bé), (bé) satisfying (B.1) and (B.9),
if T is bounded on L?(X) then (B.J), (B:4), (B-H) hold. But a (p,q) accretive system

adapted to T is, as its name indicates, not any pair of systems.
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Let us now assume 1/p + 1/q < 1. First, we show that (B4) is necessarily satisfied as a
consequence of (B-2) and (B.J), and it is an application of Lemma P.§. This is stated in the
following proposition.

Proposition 3.3. Let 1 < p,q < +00 with dual exponents p',q’, and such that 1/p+1/q < 1.
Let T be a singular integral operator on X. Suppose that (bég), (b2Q) constitute a collection of

functions supported on Q, satisfying (B.1), (B-9), and the following weaker form of (B.3),
(37) [ (@i + @) e < Canie)
Then the functions b’@ satisfy (B.3) and (B.4).

Proof. We first prove (B-J). By (£.§), we have

(il + 1T )P du s [ (I + 18
o s [

il o
q

< ([ whran)” w@ =% + ([ #3ede) " w@)
Q Q
< (@),

where we have applied the Holder inequality to get the second inequality, which is made possible
only because 1/p 4+ 1/q < 1 implies that p/q’,q/p’ > 1. The inequality (B.3) follows. Now we
prove (B.4) with v = ¢ (and the symmetrical inequality will hold for v = p). Write

<b§2 (Z ozann) ,T(bg,1R,)> b3 (Z ozann)

By (£.9), and using again the fact that 1/p +1/¢ <1,

5 ||T(bé2’1R')HLq/(ﬁ7\R/)

q

L
7

1T 1) sy < 0y S (R

Moreover, because the R,, are disjoint,

1 1
q q
b <Zan13n> §<Zlanlq/R |b2Q|qd,u> §<Z|an|q,u(Rn)> <
n q n n n

Z aann
n

q

0

As formulated, the inequality (B.H) is not a direct consequence of (B.1]), (B-3) and (B.74). For
this, one needs further control for bé,,T(bé,),bé,T*(bé) on R than the one written in (B.7).
This can be achieved (see Section 8.2). In other words, when 1/p+1/¢q < 1, a possible definition
of a (p,q) accretive system adapted to T’ to prove Theorem B.1] is (B1)), (B.) and (B.7). In
particular, this covers p = q = 2.

Our argument to prove Theorem B.]] involves using the BCR algorithm introduced in [BCR],
applied with Haar wavelets adapted to the dyadic pseudo-accretive system (bé?), which allows us
to obtain a direct proof without having to use the decomposition of a singular integral operator
as the sum of a bounded operator and a perfect dyadic singular integral operator used in [[AY]]
and [[TY]]. We will develop this in the following sections.

Since dyadic cubes can be ugly sets in practice, on which checking (B.3), (B.4) or (B.H) might

be difficult, a natural question is whether or not one can switch from dyadic hypotheses in
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Theorem B.] to hypotheses made on balls. The following Theorem B.J deals with this concern,
but first let us give one more definition.

Definition 3.4. Hardy property.

Let (X, p, ) be a space of homogeneous type. We say that X has the Hardy property if for
every 1 < v < +oo, with dual exponent 1/, there exists C' < +oo such that for every ball B in
X, with 2B denoting the concentric ball with double radius, and all functions f supported on
B, f € L¥(B), g supported on 2B\B, g € L”,(QB\B), we have

o)
(3.8) / /B\B My TN yau(y) < C1f gl

Obviously, if X has the Hardy property, (B.§) will remain true with 2B replaced by ¢B for
any ¢ > 1, with a different constant C. We refer to Section 9.2 for geometric conditions ensuring
that a space of homogeneous type has the Hardy property.

Theorem 3.5. Let 1 < p,q < 400 with dual exponents p',q', such that 1/p+1/q < 1. Let T be
a singular integml operator with locally bounded kernel. Assume that there exists a collection of
functions ({b5} 5, {b%}B), such that there exists a constant C < +o0o such that for every ball B
mn X, bB is supported on B, and we have

(3.9) | Vo= (B) = [ .
(3.10) [ 0P+ 10317 d < C (B,

(3.11) (17 Oh) + 1705 ) du < Cu(),

Then T extends to a bounded operator on L*(X), with bounds independent of | K||co joc-
Furthermore, if (B.11)) is replaced by the weaker uniform bound

(3.12) /B (IT @R+ 1T @) ) du < C u(B),

then the conclusion still holds provided X has the Hardy property.

Remark 3.6. (1) In [TY]], the authors state Theorem B.5, with hypothesis (B.1), but they
do not assume X has the Hardy property. They justify their statement by reducing
to a dyadic pseudo-accretive system as in our proof of Theorem B.J (see the following
section). It might have been a bit over-optimistic, as we do not see how to obtain (B.3)
from (B.13) without using a Hardy type inequality, and the Hardy property (B.§) might
not always be satisfied in a general space of homogeneous type.

(2) We had to assume that 1/p+ 1/¢ < 1. Indeed, when 1/p+ 1/¢q > 1, the incompatibility
of exponents p,q makes things tricky, and we cannot see a way of adapting (B.4) and
(B-H) to the balls setting.

(3) We will prove in the next section that integrability over X is equivalent to integrability
over C'B for any C' > 1, and it obviously implies integrability over B. Conversely though,
integrability over B does not necessarily imply integrability over X. It does when a Hardy
type inequality on balls is satisfied in the space X. Some particular relation between T
and the b% could also be a substitute.
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Finally, a natural question is whether one can relax the support condition on the accretive
system and impose that the 622 are only supported in a slight enlargment, say @Q, of Q. We
answer this question with following Theorem B.7.

Theorem 3.7. Let 1 < p,q < +oo with dual exponents p',q'. Let T be a singular inte-
gral operator with locally bounded kernel. Assume that there exists a collection of functions
({bQ}Q {b }Q) and a constant C' < +o00 such that for every dyadic cube Q in X, by, is sup-

ported on Q, and we have

1 _ _ 2
(3.13) /@deM — Q) = /@bgdu,
(3.14) bl + 1217) du < € (@),
Q
(315) J (el + @) dn < C i)

Suppose as well that for all C < 400, there exists Cyg < 400 and 1 < v < +oo such that for
every (Q, Q") dyadic cubes, for every dyadic cubes R’ C Z)\’ R, C (ﬁ\R') N Q, R, mutually
disjoint, with p(R', R,) < l(Ry,), (b5 [Plr < C, [|b |9 R, < C, and for every set of coefficients
(an)n, we have

(3.16) ‘<52 (Z aann> bQ,lR/)> > anlg,

Suppose also that for all C' < 400, there exists Cywpp < 00 such that for every (Q,Q’) dyadic
cubes, for every dyadic cube R C QN Q' with [|bQ, Plr < C, [|b |r < C, we have

(3.17) KleR? (lelR >‘ < CWBPM(R)-

We naturally require the bég to satisfy the symmetric properties, with respectively b' instead of

1
o

u(R)v

14

<CH

b2, p instead of q, q instead of p, and T* instead of T.
Then T extends to a bounded operator on L*(X), with bounds independent of || K||co joc-

Remark 3.8. As for Theorem B.1], when 1/p + 1/q < 1, we have a simpler formulation because
one needs not (B.16)) and (B.17) and the result holds only assuming (B.13), (B-14) and (B.15).

4. PROOFS OF THEOREM B.J AND THEOREM B.7]

Proof of Theorem [3.3. Theorem B.J is a direct consequence of Theorem B.1] in the particular
case when 1/p +1/¢ < 1. In this case, one needs not check hypotheses (B.4) and (B.) as we
remarked earlier (see Section 8.2 for the detail). We begin by proving the first part of Theorem
B.5. Assuming there exists a pseudo-accretive system ({bL}, {b%}) on the balls B of X satisfying

(B9), BI0) and (BI1), for i = 1,2, and Q a dyadic cube, let us consider the functions b’ o

where Bg is a ball contained in @) of radius comparable to the diameter of (). The existence of
such a ball is given by property (5) of Lemma P.1 Then, normalizing the biBQ so that they have

mean 1 on @, we obtain a collection of functions b}, supported on @, and that satisfy
[bgle =1,

lWe thank T. Hytonen for his suggestion which led us to the formulation of this theorem.
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/Q (L [P + 8319 du < /B (b 7 + 163, )i < 1(Q),

(@i + ol ) dn s | (170 17 0 ) dn 5 0@

Thus, applying Theorem B.]] in the particular case when 1/p + 1/q < 1, we obtain the bound-
edness of T on L?(X). For the second part of Theorem B.§, we prove that if X has the Hardy
property then (B.12) implies (B.11]). Observe first that as a consequence of (B.§) and of the fact
that 1/p+ 1/q < 1, we have

[ (1o 17 @) du < ().
2B\B

The result is then a direct application of the following lemma.

Lemma 4.1. Let T be a singular integral operator on X. Let o > 1, let B be a ball in X,
and fg a function supported on B such that || fpll11(y < p(B). Then T(fp) € L"(X\aB) and
”T(fB)HE» (X\aB) < H(B) for all1 < v < +4o0.

Admlttlng Lemma [L.1], one only has to apply it to the functions b ‘5, with a = 2, and v; =
q,vo = p', to obtain

[ (e + @) de < s

X\2B

Summing up, we obtain (B.11]) as desired. O
Proof of Lemma [[.]. For x € X\2B, applying (R.3) and (R.1), write

5()| H(B)
TUBNS | 3Gy ™) S 2B pw B

Now, for j >0, set B; = 2/T'aB and C; = B;\B;_1, and split the integral over X\aB as

| it s wyr Y HE
X\aB

_7>0

Splitting this sum into bundles for which p(B;) is comparable, we have

B;) — u(B;_
Z w(C _Z Z 1( ]L(Bl:’)(yj 1)

izo ¥ k>0 j:2kp(B)<u(Bj)<2k+1u(B)
1
< Z (B Z (1(Bj) — w(Bj-1))
e u(B)) ") okt
k>0 J:2kpu(B)Sp(Bj)<2F+1u(B)

2’““#(3) —
< 2 @ u(B))” S B

Finally, we obtain as desired
[ e s ue)
X\aB

and Lemma [ follows. O
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Proof of Theorem [3.7]. The proof uses the same idea as in the previous argument and can be
skipped in a first reading of the paper. We define new systems from the given ones and check the
hypotheses of Theorem B.J. These verifications can be long and technical to write but not dif-
ficult. They only use basic Calderén-Zygmund estimates for singular integrals (P.§) and Hardy
inequalities on dyadic cubes (.7). Details are as follows.

Let 0 < C < 400, and suppose that there exists a dyadic pseudo-accretive system ({bé}, {bé})
on X satisfying (B.13), (B.14)), (B.13), (B.17) and (B.16) for some 1 < o < +o0. For i = 1,2, and
Q@ a dyadic cube, set 5&2 = A\gbl ., where Q¥ is a dyadic subcube of @ such that [(Q*) = §*1(Q),
p(QF,Q°) > (1 + C1)I(QF) where Cy is the constant intervening in property (4) of Lemma P
(that is, Q" is far enough from the border of @), and \g is such that [ﬁb]Q = 1 for every cube Q.
That Q¥ can be so chosen follows from the small boundary condition (6) of Lemma R.1 because
such cubes occupy a set of measure larger than % w(Q) if k is taken large enough (independently
of Q). We prove that {Bé}Q, {Bé}Q form a (p,q) dyadic pseudo-accretive system adapted to
T. Remark first that because QF is taken sufficiently far from the boundary of Q, the B& are
always supported inside @, so that (B.)) is satisfied. Next, observe that the (Ag)q form a set of
uniformly bounded coefficients : as a consequence of (B.13), we have for every dyadic cube Q,

_ 1@
n(Q)
by the doubling property. We have by (B.14)

| 0B 188000 5 [ (el + 6 < @) 5 1@,
so that (B.2) is satisfied. Similarly, for (B.d), we have by (B.19)

/@ (TG + T i S [ (T + 1T 020 i S u(@) S (@),

AQ S,

Let us now prove (B.§). Let Q1,Q2 be two dyadic cubes and let R C Q1 N Q2 be such that
[|ﬂbl|p]3 <, [|ﬂ%2|q]R < C. First, if R C Q¥ N Q%, (B.F) is a direct consequence of (B.17).
Suppose now that for example R C Qk, R ¢ QF. Write

(B Lro T (B, 1)) = (b1 TVl 52)),

because le’f is supported on C?f .IERN é?f # @, then we must have [(R) > I(Q¥). Remark that
since [(R) < 1(Q1) this implies that R and Q% have comparable measure. Write

J

where the Q’i ; are dyadic neighbors of Q’f , and each one of them is strictly contained inside R.
Remark that there is a finite number (uniformly bounded) of such cubes, and write

(4.1) <bé§1R,T(bg,f1Q,fj)> = (bé?,le;fj,T*(béglgw =%+ X9+ 3.

= +1_ —. Applying (B
ra@ ot T LraE, APPY g (B-17)

on Qlij C Q5NQ¥, one gets |21] < pu( ’fj) Decompose further 35 in a sum on dyadic neighbors

where we have applied the decomposition 1 = 1Q’f 41
sJ

of Q’i j (they have their measure comparable to that of Q’i j), and apply (B.16) in the particular
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case when there is only one cube R, to each one of those terms to get |Xa] < ,u(Q]fJ)%,u(Qlf e
,u(Q’f’j). To bound the last term, it remains to apply the standard estimates : write

1 _ 1 1 _
barlat, = (bortar, — oglar, Yot ) + Batlas lor, = F +9
where both functions are supported on QL ; and f has mean zero. Remark that by (B.14)

1 u(Q’“)" T
1 P11/ 1 p <
bltlas, | S =5 /A gl < £ /QATMQ,H an) s,
Thus ka Iflde < p( 13)- Remark also that Hbék]R\ < C'4 because of the size estimate of
2

ﬁQ2 on R. For z € Ql and y € R\Qlj, we have \(z,y) = u(QF) = u(R) because as we have
already remarked these two cubes have comparable measure. By (R.J), we thus have

Ol TS [ 10kdn [ 101, o L
Q2 R\Ql,j Qlf,] R 2 R\Q ( IJ,R\QRJ)

For the second term, we have

«

k
WAL ) S k)

1
7

1
(B g T S [0y 1 o T M S HR)TH(QE,) Y S (R,

by the Hardy inequality (R.7). Thus |£3] < u(R). As we have a uniformly bounded number of
J, we have shown in this case

(B8, 1k, T(Bo, 1R))| < 1(R).
Suppose now that R ¢ C?f ,R¢ @5 Write again
(B0: 11 T(BY, 1R)) = (b g T (Bt i)
For this to be different from zero, we must have [(R) > max(1(Q¥),1(Q5)). Write then as before
rRQE=UJat,  Rnab=Jak
j i
with Q’i ; (resp ng) dyadic neighbors of Q¥ (resp Q%), and decompose
(bt o)) = D_{bgslas - Tbgelor ))-
i
Fix i and j. If Q’i ;N Q’; ; 7é @, then we estimate the above term by decomposing it as in (f.1)).

If Qk N QSZ = @ and p(Q} o Qb ) <min(/ (Q%),1(Q5)), then apply (B-1G) in the particular case
When there is only one cube R, to get the expected bound. Finally, if Q N Q2 i = 9 and

2 —
B2 i

p(QF T Qk ) = min(l (Q%),1(Q5)), an standard computation using (R.H) also glves the expected
bound, that is

(89,18, (B8, 1) S 1(R),
and (B.§) is proved.
We now prove (B.4). Let Q1,Q2 be two dyadic cubes, N a set of integers, and R’ C @, for
every n € N, R,, C (j%\’\R’) N Q2, R, mutually disjoint, with p(R’, Ry,) < I(Rn), [|65,[Plr < C,
Hﬁgb |9 R, < C, and let (ay,)nen be a set of coefficients. We distinguish two cases. Suppose first
that R’ C é?f If forallm € N, R, C @2‘3, then (B4) is a direct consequence of (B.16)). Else,

for the dyadic cubes R,, which are not contained inside ng but intersect Q’; (and thus satisfy
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(R,) > l(Q’;)), write as before R, N Qé‘ = U;R,, i, where the R, ; are dyadic neighbors of Qé
Denote by Ny the set of integers n such that R, satisfy the previous property. Remark that Ny
is a finite set, and that its cardinal is uniformly bounded : indeed, for n € Ny, the dyadic cubes
R, satisfy 1(Q%) < I(R,) < 1(Q2) and they are disjoint with respect to one another. Remark
also that we have for every n € Ny and every 1, [|bé2|q]Rn,i < C. As a matter of fact, since

R, ; is a dyadic neighbor of QL. its measure is comparable to the measure of Q%, so that since

RnCQg,Wehave%g%;gland

1(Ry)
M(Rn,i)

(165,177, < 168, )R, S C

For every n € Ny, and every ¢ such that p(R,;, R') > l(Rn,), apply as before the standard
Calderén-Zygmund estimates (R.§) and the Hardy inequality (R.7) to get

[0 Lt Ty L)) < [T (O L 1 T )bl L]+ (Bl [T (L, ). Bl L)

‘blk(y)‘ d

Q w(y) i,
< (R )Ry / 1 + (R, ) u(R
~ HLn g T, o PLini) P [ )
(B 1) r P(Ys 2n,i)® (B (2nis p(Y5 2nsi))) (Bu)7 w(R)

Q=

where z,; is the center of the dyadic cube R, ;. To estimate this integral, split it onto coronae
for which 2'1(R,,;) < p(y, 2ni) < 27N (R,,) : let By = Bz, 271 (R,,;)) and applying Holder’s
inequality, write

1o ()] d 1 1
L e R ) S 2o TR B o, Pt
0 P(zni ) 1B (Ys p(zniy))) ™ o 20U B ) 1(B1) Jrop,
1 1
1 1 p(By)* < 1 )5
S e
Z(Rm)alzzl:oﬂa w(By) R,’ Q'f’

1
< WR)? 1
~ 1 Z 9la’

H(Bni)* (B )7 i1,
where Iy is a fixed integer which only depends on the dimensional constant ag of Lemma P.1).

We have applied the Hélder inequality to get the second line, and the fact that for every [ > [y,
w(By) 2 1(Ry,i) to get the last line. Consequently, since pu(Ry ;) < p(Ry), we obtain

1
B2 R Ty L)) S (Ra) 7 (RY)'.

For every n € Ny and every ¢ such that p(Ry,;, R') < l(Ry;), apply (B.16) in the particular case
when there is only one cube involved to get
2 1 1 /L 1 NS
1 (Bl L)} S (Rai) (R S (RS (R

Since p(R,) < u(R') and since there is a finite uniformly bounded number of i, we have

|<bé§1RnaT(b1Q]f1R/)>| S :U'(Rn)”,U/(R/) o
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with v = max(c,p’). Now, applying (B.16) to the terms for which n € N\Ny, and the fact that
the cardinal of Ny is uniformly bounded, write

<ﬁé2 (Z aann) ’T(%llR’)>‘: <b2Q§ <Z aann> 7T(bég’f1R’)>‘
neN neN

< §j<%FMRm)M N7+ 3 anli(Ra)r p(R) ¥

neN\No neNp

AN

S el w(Ra) | (BT +{ S ]’ w(Ra) | n(R))7

nEN\NQ neNg

Remark that using Holder’s inequality with > u(R,) < p(R’) we can raise o to v if o < p'.

Thus, we have
‘<ﬁ52 <Z an13n> T (85, 1r) >
neN

It remains only to see what happens When R’ is not contained inside Qk and is not disjoint
with Qk In this case, write again R’ N Q1 UJGJR], where the R] are dyadic neighbors of Qk
Distinguish the j for which p(R}, R") > I(R’) (let Jy be the set composed of such j) and those for
which p(R}, R“) < I(R};) (remark that there can very well be no such j). For the latter, apply the
same argument as above : the only difference is that there can be a finite (uniformly bounded)
number of n for which I(R,) > I(R}) (and then since I(R,) < I(R') they have comparable
measure) but one only has to apply either the dual estimate of (B.16) if p(R,, R}) < [(R}), or
the usual decomposition and (2.7) if p(R,, R}) > I(R}), to get the expected bound for each one
of those terms. We obtain for every j € J\Jp

‘< (Zan13n> bQ,lR,> Zaann

with v; = max(e,p’). For j € Jy, apply once again the same kind of decomposition as before :
setting f =), a,lg,, we have

2 1 _ 2 1 1l , , 1 , 2 ,
(B . Ty 1) ) = (B T, — byl L)) + by (V2 f T(1g))
=1+ X

Z Oéann R/)L’

neN

1

R/) ui

v

Remark that Hbé)’f]Rﬂ < 5((23))“1751{]1{4 = (G) < 1. Apply (R.H) and the disjointness of the

cubes R, to get

1
< 2 1 , 1 , , P

1
q
Sl ([ Bglan) " S 17l u(m):.
URn 2

Q=



LOCAL TB THEOREMS AND HARDY INEQUALITIES 15

Apply the Hardy inequality (R.7) to o for some 1 < r < ¢ to get

1 1 1
> i o o 5
ol s ([ i)yt < ([ nran) ™ ([ wdgdoan) )

where the last inequality is obtained by applying Holder’s inequality with the exponent 6 =
Since Y pu(Ryn) S pu(R'), we have [ o \bék\qdu < Cu(R'), and thus
n 2

=

T
)

q
pell

1
1Sa| S 1 o (R) 2,

with vy = rf = %. Finally, as there is a finite uniformly bounded number of j in J, we obtain

as expected the bound

<ﬂ52 <Z Oéann> ,T(ﬁégllR')> > anlg,

with v = max(v1,19,¢"), and thus (B:4) is proved. The dual estimates obviously follow by
symmetry of our hypotheses. It remains only to apply Theorem B.J to get the boundedness of
T. O

1
< u(R'),

v

5. PRELIMINARIES TO THE PROOF OF THEOREM

We shall use the language of dyadic cubes rather than tiles used in J[AHMTT].

5.1. Adapted martingale difference operators. Let @ be a dyadic cube of the space of
homogeneous type X. For every f € L?(X) we define

Eq(f) =flole and Aq(f)= > Eq(f)— Eq(f).
Q'eqQ
It is easy to check that if u(X) = +oo, for any f € L?(X) we have the representation formula
=3 Aof,
QCX
with ||f]|3 = > 0cx |Agfl3. If w(X) < +oo, replace f by f — [f]x on the left hand sides. We
omit the details and refer to [AOMTT]| for further explanation.

Let P be a collection of cubes in X. We will say that a locally integrable function b is pseudo-
accretive on P if |[b]g| 2 1 for all @ € P, and is strongly pseudo-accretive on P if we have

I[blg] 2 1 and |[b]o/| 2 1 for all @ € P, @ € Q. Conversely, we say that such cubes @ are
respectively pseudo-accretive (pa), strongly pseudo-accretive (spa) with respect to b. A cube
that is pa but not spa with respect to b is called degenerate pseudo-accretive (dpa) with respect
to b. Given a function b strongly pseudo-accretive on @ (that is, on P = {Q}), we define

EQ(f) = %1@

A(F) =Y Ey(f) = By(f):
Q'eQ
A straightforward computation shows that

bAL fdp = 0.
| %

Note that the operators A% introduced here are not the same ones than those defined by S.
Hofmann in [Holl. However, if D% is the operator defined in [Holl], we have D% = bAlé. It will
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be easier to work with the operators A% introduced here because we do not assume b € L%(Q).
The following proposition gives a wavelet representation of theses operators.

Proposition 5.1. Let Q be a dyadic cube and Ng the number of children of Q. If b € LY(Q)

1s strongly pseudo-accretive on @, then there exist 0 < C' < oo and functions q%s gz%s, 1<s<

Nqg — 1 with the following properties

(1) The functions qﬁQ qﬁQ are supported on QQ and constant on each child of Q.
(2) fobog'du = [ $¢'bdp = 0.
(3) llgg’ll2 + llogll2 < C.
(4) [y b¢5° by dp = .
(5) For all f € LY(X)
No-1
Abf =" (0500
s=1
(6) For all f € LY(X)
1 No—1 Ng—1
& 2 WP <1807 I <€ 3 Wl

Moreover, C depends only on C(b, Q) = supg,5([b]]o; |[b]él|, |[b]é/1|)

The proof is postponed to appendix A. Let us comment. If Ng = 1, then there is nothing to do
as A% f = 0 anyway. On the other hand, Ng is uniformly bounded as mentioned earlier. Recall
here that (f,g) = [y fgdu. Next, these functions are adapted Haar functions as in [AHMTT|]

with a biorthogonality property. Note that (1) and (2) imply that Hqﬁgsul + HQA%SHI < CM(Q)%
- 1 ) .
and |65’ [|oc + 165 ]l < CECU(Q)™, with

51 O — Q)
( ) X ch(ug/eQ M(Ql)

As long as C'(b, ) remain uniform as @ and b vary, we obtain uniform estimates. As this shall
be the case throughout, and as s will play no role in our analysis, we shall make the standing
assumption that, unless it is 0, AZ} f rewrites as

AQT = (f,00)h-
Given a dyadic cube QQ C X, set
Rg ={Q' dyadic; Q" C Q}.

Now, if {P;} is a collection of non overlapping dyadic subcubes of a cube @y, set

Qo {P}) = Ro, \ | J Rp.,
and assume that Q(Qo, {P;}) C {Q C Qo : Qspab}. Then we have the following results.
Lemma 5.2. Let 1 < g < +o00, let Cypy(b) = sup; [[b|7] 4%, We have, with Q := Q(Qo, {Fi}),

D11 80)F < Crpy 0 1 172(qo)-

Qe
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Proof. We refer to Lemma 6.7 of [AHMTT] for the detail. The only difference is that we use
here the language of cubes rather than tiles. O

Lemma 5.3. Suppose that Cyp,)(b) < 400, blg,up, € L>(Qo), and b € LY(Qq) for some 1 <
q < +o00. Let cg be a set of uniformly bounded coefficients, and define, with Q := Q(Qo,{F;}),
the bounded bilinear form

(LE.g) = co(f,¢h) (. g), for f.g € L*(Qo).

Qe
Then L is bounded on LY (Qo) for all 1 < v < +o0, with

ILfllLv (o) S IH{eq e (Crpy () + 1) [ £l 2w (@o)-

Furthermore, ZQEQ (f, gz%)bq% unconditionally converges in LY(Qo) if 1 < v < q and f €
LV(QQ), with

> et 64)bd) <Ll v (Cipy (0) + [101g0\up, loo) 112w (o)
Qs 1(Qo)

The implicit constants in the < depend only on the doubling constant Cp and v.

Proof. Let F = Qo\UP;. First, L is bounded on L?(Qg) by Lemma .3 and the Cauchy-Schwarz
inequality. We now prove that L is of weak type (1,1). Indeed, let f € L'(Qo) N L?(Qo),
A > 0, and write a classical Calderén-Zygmund decomposition of f: there exist functions h
and (B;); supported in mutually disjoint dyadic cubes @; such that f = h+ ). f3;, with h €

LYQo)NL>(Qo), 1hllr oy S 1 (o) 1PllLee (o) S A, and for all 4, |3l 11 (o)nr2(q) < +00,
Observe that L3 =), ZQEQ cq (B, q%)gz%, so that if @ strictly contains @; then (g;, gz%) =0
since [ 0; B; = 0 and (ﬁ% constant on the children of ). It is thus clear that LS is supported in
U;Q;, where Q; denotes the closure of ;. Hence Lf = Lh on Qo\ U; Q;. Now, write

p({z € Qo+ [Lf(2)] > A}) < p({w € Qo\U; Qi : [Lh(x)] > A}) + ZM(@),

and note that u(Q;) = u(Q;) by (6) of Lemma PRI Since h € L'(Qo) N L™=(Qo), h € L*(Qo)

with HhH%?(Qo) S A fllz1 Qo) so that, using the boundedness of L on L?(Qo),

—~ 1 LI
pl{r € Qo\ Ui Qi 12A()| > M) < 3 /Q [LAPdp S IR £
0
Furthermore, we have by the maximal theorem for dyadic averages

1
ZM(Qz‘) < Sl o)

This proves that L is of weak type (1,1). By duality and interpolation, L is thus bounded on
L¥(Qo) for all 1 < v < 400, with the required control on its norm.
The second part of Lemma [.J amounts to proving that for all 1 < v < ¢, and f € L"(Qo),g €

LV’(QO),
(L £, bg)| < IEllpvrv (Copy®) + [B1gouplloo) 1 1|o @) 19107 (o)
Write
(Lf,bg) = > cqlf, ¢0)(0h,bglr) + > cqlf, ¢h)(0h,balyp) = (1) + (i).

Qe QeN
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First, as a consequence of what precedes, we have

(O] < ILlzv—re [f e Qo) 11Fgll o gy < Il v —rv 101 E ool f v Qo) 191l v () -
For the second term, write
= > D> calf. 0060, 1n)balr + D D clf. 80)(00. (bg — [bglr)1p,)-
QEN 1 QEN 1

Observe that for any Q) € 2, either @ and P; are disjoint, or ¢22 is constant over P;, which yields
in any case

(@, (bg — [balp)1p) = (%) /P (bg — [bglp, )y = 0.

Therefore,

=575 colf. o) (6h. 15, byl
Qe 1
and

|G < Lz rv 11l Qo)

> [bglr1p,

i

1/
<|Lllr—rv [ f1lv Qo) <ZM bg]Pl”) :

L' (Qo)

Observe that for all 7, applying the Holder inequality, we have

1/v
) (
i< (s il
1/v/
< Cpy(b ( / lg]” d#) :
because v < q. Consequently, we get

1/
(6] < D2l Cimy )1 (Z / |9|u/dﬂ>

<Ll Crpy Ol o) 91l Lvr (o)

Ilbglr] < -

1 ) 1/
gl” du)
I

where the last inequality comes from the fact that the P; are non overlapping cubes. As this ar-
gument is valid for any set of uniformly bounded coefficients (c¢q)g, this proves the unconditional
convergence of the sum ZQEQ (f, gz%)bgz% in LY(Qo), and we are done. O

Remark 5.4. The operator L is a sample of a perfect dyadic singular integral operator as in

[AHMTT]]. See Section 8.1.

5.2. A stopping time decomposition. We now state a stopping time lemma, already seen
in [AHMTT]| and [Holl], and which is central in our argument.

Lemma 5.5. Let 1 < p,q < +oo with dual exponents p',q’ . Assume that T is a singular integral
operator with locally bounded kernel. Suppose that there exists a (p,q) dyadic pseudo-accretive
system ({le}, {bQQ}) adapted to T'. Then there exist 0 < e < 1 and C < +oo depending only on
the doubling constant Cp, the implicit constants in (B.1) and R.2), and the constant C4 from
(B.-2) and (B.7), such that for each fized dyadic cube Qo, Rg, has a partition

Rq, = 'y Qéuffer U (URP%),
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adapted to b = béo as follows
(1) The tops {Pl} are non overlapping dyadic subcubes of Qg with

(5.2) > u(Py) < (1= 2)u(Qo).

We say that they realize a (1 — €)-packing of Qq.

(2) b is strongly pseudo-accretive on ', and degenerate pseudo-accretive on Qéuffer.

(3) We have for all Q € Q' U Qéuffer U{P,}n the mean bounds

(5.3) /Q (1P + 1TG)1") dp < Cu(@).

(4) Qllmffer ={Q € Rg,\URp: | In: P, € Q}, that is Qll)uffer is composed of the dpa
cubes with respect to b, and we have, with Cx as in (b.)), the Cx-packing property

(5.4) Y. Q) < Cxu(Qo).

Qeﬂéuffer

(5) We have the decomposition
(5.5) F=1flab+ D bALF+ D &f + > (fip — [flpibpy),

Qeﬂl Qeﬂéuffer

where the "buffer functions” 522 are supported on @), have mean zero, and take the

form
of = X aqbly+ ) (dpbpy —apbley),
Q'ed PleQ
Q/€QIUQII)1LffeT

where the coefficients aQ,ab,aé depend on f and b, and obey the bounds

> (lagr| + lagy| + lagy]) S 1F1lze(qo)-
Qe
A similar statement holds with bég, Tle and p, ¢’ replaced by b, T*bé and q, p'.

Proof. Only minor modifications have to be made to adapt the proof to the homogeneous setting.
The stopping time is simply on whether

(1) [lbllg <o
(i@) (bl + [IT®)"]e > C

for dyadic subcubes Q of Qg for appropriately chosen § > 0 and C' < +oc0. We refer to [Hol|| for
a proof that can be followed line by line (we do not need the control with the maximal function
used there). The fact that (5.3) holds also for @ = P, comes from the doubling property. The
decomposition formula (B.7) is identical to Lemma 6.11 of [AHMTT]. O

Observe that this lemma does not require (@) nor (B.5) to be satisfied. Remark as well
that with our previous notation, we have Q' U Q... = Q(Qo, {F;}). We now introduce the
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stopping-time projections which are fundamental to our analysis. For f € L'(Qg), and with the
notation of Lemma f.5, for i € {1,2}, set

(5.6) a0 f = f =3 (Flpi — [Flpsbbs) = Moo + 3 Fpibs.

This operator not only depends on biQ0 but also on the stopping-time cubes P! and the cor-
responding functions b%,,. Thus, the notation is not completely accurate but simplifies the
understanding.

Lemma 5.6. The stopping-time projections M2 have the following properties: for all f €
L>(Qo), we have

(5.7) [ P < (1 G (@)

0

with C4 the constant in (B.3) and (p1,p2) = (p,q)-

(5.8) %0 flo = [flo,
for all Q € Q' U Q%)uffer u{Pi}.

(5.9) 11°0 (IT%0 £) = T1%0 f.

(5.10) ("0 f)1g = "0 (f1q),
for all Q € QU quffer U{Pi}.

(5.11) /Q [0 f[Pidps < (14 Ca) £ (@),
for all Q € QU Qbuffer U{Pi} .

Proof. We prove first (5.7) and (5.11). By (b.6) we have |Hbi@0 FIPr = [fPilgpupi +2n [Lf]pi b P
By (B.9) for b%, and (b.2), we have

/Q % 1y < 11 (@) + W i 2 / bl Pl
< 1B (@) + 11 cAzu (P2) < (14 CA)I 1B oy 1(Q0).

If Qe QU ., U{P:}, then Q cannot be contained in any P!. Thus, applying again (B.9)
for b’ »i and the disjointness of the cubes P, we have

/ %0 FPidjs < (17175 gyt (Q\ U PL) + 1 gy Ca S (P < (14 Ca) £ gy (Q)-

n;PiCQ
For (b.§), observe that because of (B.]) for b}“
J s = [ s 3 Ul = | s

and (f.§) follows. Note that property (@) is a direct consequence of ()R Only the property
(b.10) thus remains to be proved. Observe that for a cube @ € Q' U Qbuffer U{P.}, and for any
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n, [flglp: = 0if QN P! = @ and [f1Qlp: = [flp: if P! C Q. As we have already remarked,
there is no other possibility, so that

% (f1g) = flowups + 9, [flpibp: = (I f)1g.
n; P CQ

0

5.3. Sketch of the proof of Theorem B.1]. To prove Theorem .1, we will begin by showing
that we can reduce to proving that for every f, g supported on a reference cube 0y and uniformly

bounded by 1, we have |(Hb2@0 f,T(Hbé?O 9))| < Cu(Qo). This is done in Section 6 and involves
estimating the error terms; we will see that stopping-time Lemma [p.J plays a central part in
this, and particularly (f.) and (5.J). To prove the above inequality, we apply (f.) of Lemma
b.§ to decompose the stopping-time projectors II on our adapted Haar wavelet basis given by
Proposition p.1. This gives us a number of matrix coefficients to estimate, which, to put it
briefly, is éiﬂone using the decay of the kernel of 7' and hypotheses (B-2), (B-3), (B-4) and (B.H) of
Theorem B.1|.

6. REDUCTIONS

We now proceed to the proof of Theorem B.J. Let T be a singular integral operator with
locally bounded kernel on X, and assume that there exists a (p,q) dyadic pseudo-accretive
system ({le}, {bQQ}) adapted to T Tt is of classical knowledge that to prove the L? boundedness
of T', it suffices to show that there exists a constant C' < 400 such that for every dyadic cube

Q,
(6.1) IT1QllLr @) < Cu(@Q) and [T 1g]L1(g) < Cu(Q).

By symmetry of our hypotheses, it is enough to prove the second assertion. We give ourselves
a reference cube )y, and we do this for all the cubes @) contained in Q. Since Qg is arbitrary,
the general case follows, as long as our constants are independent of Q. As a matter of fact,
if 4(X) < 400, then X can be assumed to be a dyadic cube itself and (6.1) follows readily.
Otherwise, if pu(X) = 400, let us introduce the equivalence relation on the dyadic cubes ”Q ~
@2 < 3 Q dyadic cube such that Q1 UQ2 C Q. It is easy to see that in a space of homogeneous
type, there must be a finite number of equivalence classes for this relation. Thus, the argument
which follows will give us a constant C; for each one of those equivalent classes, by letting Qg
grow into one such equivalent class. But since they come in a finite number, (p.1)) follows.

Let us now proceed to our argument. For a dyadic cube @), we denote by Eg the set of all
functions supported on ) and uniformly bounded by 1. By duality, it suffices to prove that

1
A= sup |—(f,T1p)| < 1.
e Ao Q>‘
fEEQ

Note that A < 400 with our a priori assumption C = || K|| 00 (Qyxq,) < +00 and u(Qo) < +o0.

Indeed, |{f,T1g)] < C|flloott(Q)? so A < Cu(Qo) < +oo. Of course, this is not the bound we
are after.

6.1. First reduction. Let

1 b2
B = sup |——(II'ef,T1 ‘
QcQo M(Q)< @)
feEqQ

Lemma 6.1. We have A < B+ 1.
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Proof. Let us fix a cube @) in X, a function f € Eg, and for the sake of simplicity, denote b2Q
by b? and e by II12. We write

f=T2f+) fj with fj= flps = [f]psbpe.
J

We thus have (f,T1g) = (II*f,T1g) + ¥, with

2= Z (fi:T1q),
J

which we decompose in two parts
Si=3 (fTlpz) and Sp=3 (f;,Tlg\p2)-
J J

By definition of the quantity A, the fact that f1 P2 € E P2 and (p.), we have
Z’flp? T1P2 ’<AZM ) <AL = e)u(@Q).
By () for T*(b%,jg), we also have
Z ’<[f]PJZb?Dj27T1P]?>‘ S ZM(PJQ) S (@),
j j

which takes care of the sum 1. For the sum X5, we write

As the functions f; have mean zero, a standard computation using (2.5) allows us to bound the

first sum by > ,u(Pf) < p(Q). For the second sum, (R.7) applied to f; € LY(Q) by (B.9) for bPQ,
and 1o € L7 (Q) gives us the same bound. We have obtained

{f, T1Q) < Bp(Q) + Al = e)u(Q) + Cu(@),
and Lemma [.1 follows using A < +oo. O

6.2. Second reduction. This is where our argument departs from the ones in [AHMTT]] or
[Ho]. Let Q be a fixed dyadic subcube of Q. Let us consider

1
Q)

Ag =sup ‘ <Hb2?f,T1Q/>',

Bg = sup | (1% f, TI'¥ 1),

1
m(Q')
where the suprema are taken over all the b2Q pseudo-accretive subcubes Q' of @, and all the

functions f € Egr. As Q is itself b2Q pseudo-accretive, it is clear that B < supg Ag. Again
Ag < +oo for each @ by our qualitative assumptions.

Lemma 6.2. We have Ag < Bg + 1.
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Proof. As before, let us fix a pseudo-accretive subcube Q' of @, a function f € E¢, and let us
forget @Q and @' in our notations for the sake of simplicity. We write
1@/ — HllQ/ = Zgi’ with g; = 1p1 — b};;,
i 7
where we recall that the P! are given by the decomposition of @’ with respect to bb, as in

(2

Lemma p.5 and IT! = 1’ We thus have (12f, Tlg) = (I f, T(II'1¢)) + %, with
© =) (II’f,Tg).

We first consider the sum Y running over the indices 4 such that the cubes Pi1 are pa 2 (here,
P! pa 2 means that P! € Q? U Ql%uffer) and we write

We then have
(IP(f1p1), Tgi) = (*(f1p1), T1pr) = (IP(f1p1), Thipy)
By definition of Ag, the fact that f1p1 € Ep1, and (5.2), we have
2 1 /
Z (1T (f1Pi1)=T1Pi1>’ < Ag Z w(P;) < Ag(l —e)u(Q).
Pi1 pa2 Pil pa2
On the other hand, by (5.10)), (5.11)), and (B.3) for T(b}ﬂ) on P!, we have
(I (f1p1), Tp)| S I f 1l ooy I TOp) (1) S u(P) S p(@").
i i ; (P
le pa 2 P%,1 pa?2 Pil pa 2
Finally, again for Pi1 pa 2, we have by Lemma .4,
2(flgnp) = flrnnen + D Fleebpe = flonp = D fis
P2NP}=0o P2NP}=0o
with f; = fle — [f]sz 2 83 before. The sum Zpl pa2 (1o AP ,Tg;)| can be estimated in the
same way we treated the sum Yo in Lemma B.I] It thus remains to estimate the term

1 2~pl_
P pa2 Pj NP =2

which we defer for now. We now estimate the sum Xy running over those indices i such that P}
is not pa 2, which means that there exists an index k (unique), with Pi1 C P,?. For a fixed index

k, denote
Z 9i-
PlcP?
Observe that Gy, is supported on P?, with mean zero and that [ P2 |Gr|Pdp < p(P?) by (B3) for
the bl P on P! and P1 C P2 Write

3
2 2
I°f = flgnpz + [f]P,gbp,g - ij,
ik
which allows us to decompose X9 into three parts: Yo = X5 + X5 + 35, Once more, we estimate
the sum 35 = 3", <f1Q'\P,§aTGk> as we estimated the sum Y in Lemma p.]. The sum Xj =
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>k [f]sz <T*(b?3]?), G) is also easy to manage using the hypothesis (B.3) for T*(b%}s) on P? and

the support and size properties of the functions Gi. Overall, we are left to estimate the term

Se=X14%y == > > (finTe) - > > (15T

1 2~ Pl 1 2~ pl_
P pa2 Pj NP =9 P nonpa?2 Pj NP =2

(i,§):P}NP} =2

We split the sum into two parts, depending on whether (i, j) is such that [ (P]»Q) < I(PL) or not.
Let us consider for example the sum for the indices (i, ) satisfying that condition, the other
sum can be treated in a symmetric way. We want to estimate

Sh=— > (f;,Tg).

(i,j):Pj?mPilzfa
2 1
(PHUPY

Fix the index ¢. Then either P2 C Pl\P1 or P2 N P1 @ because of the relative sizes of those
cubes. Set F; =) f; where the sum runs over all the indices j such that Pj2 C Pi1 \P! . Lemma
B and the use of hypothesis (B-3) for T'(b},,) on P! assure that

[(F3, Tgi)| < [(E3 T1py)| + (B3 Topi)| < p(P)).

For the indices j such that P2 N P1 @ we have to work a little bit more. Using that g; is of
mean 0 and applying (2.7), We obtaln for each concerned couple (4, 5)

1 o
5 To0l S [, 160 [, 1550 (o) sy @ty

(P \° 1
S A Y I (i) T

k>1

SH(P) Y S (Bl 8PN [ gl
P2NCk(P})

k>1

where zp1 denotes the center of the cube P! and
Cu(P}) = {z € X|67"1U(P}) < p(w, zp1) < 67MI(P)}.

Now, remark that since [ (P]»Q) < I(P}), for each j there are at most two sets Cj(P!) non disjoint
with Pj2. Thus we can sum over j with £ fixed, and as the functions f; are supported on the
cubes Pj2 with [|f5] < ,u(sz), we get

S [ S S () S pCUP)
G I EINCk(E,

P?NCy,(P})#2
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Then, summing over k, we have

Yo WnTal S 6 u(Bzps, 6~ UPN) T w(CL(P)) (P}

k>1

Sy 6 (Pl S P
k>1

L p2~Ppl_
].PjﬁPi =g

It remains only to sum over i to get |X3] < p(Q'). To summarize, we have obtained

({2, T1g)| < Bou(Q') + Aq(1 — e)n(Q') + Cu(Q),
and Lemma [.9 follows using Ag < oo. O

Remark 6.3. Observe that this argument does not require the properties (B.4) and (B.9) to be
satisfied. We used (B.J) (and not (B.7)) once. No further conditions on p, ¢ are required.

As a consequence of what precedes, we will be done if we prove there exists a constant C' < +o0
such that

(1% £, (1T g))| < Cu(Q)

for all dyadic subcube @Q of Qq, all b2Q pseudo-accretive subcube Q' of @, and all f,g € Egr. By
(b.10) of Lemma p.6, if Q' is a bé pseudo-accretive subcube of @ and f,g € Eg/, we have

2 2 2
Hbe = HbQ (le/) = (Hbe)lQ/ = le/\(Uij) + Z [f]PJZb?DjQ,
P2cqQ’
J

and
bL,
IT'e g = ng’\(UPil) =+ Z [g]leb}:,}
Pil CQ,
Thus, the expressions reduce to partitions of @)’ by dyadic subcubes and possibly the complement

of their union. From this point on, we no longer use the (1 —¢)-packing property (b.2) in Lemma
F.H and the 1-packing property suffices, that is we do not care if Q’ \(UPj?) = &, which is a

possibility. This means that @’ can become our reference cube, and bé could be as well replaced

by any function b? for which the non pseudo-accretive cubes are the Pj2 C Q' and Lemma p.j
holds with (1 —¢) replaced by 1 in (f.2). To simplify notation, we shall do this and set Q' = Qo,
and even further assume it is of generation 0. We have to prove

(6.2) (I f, T(1T'g))| < Cu(Qo)

for any f,g € Eg, where II' = Hbéo, and Lemma f.J holds for both with the (1 —¢) of (5.9)
replaced by 1. For simplicity, we denote biQ0 by b?. We shall also say Q spa i (resp. dpa i) if

Q € Q' (resp. Q € Qfmffer). We also set Aé? = Ag and 522 = {S.

7. BCR ALGORITHM AND END OF THE PROOF

We intend to prove (.9) with the simplification of notation.
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7.1. Representation of projections. By the decomposition formula (f.§) of Lemma p.5, we

have ' ' o '
' =[flob' + Y VAGF+ > &4
Qspai Qdpai
Set Eif = [flg,b%, and Vj > 0,
Dif = > VAGf+ > &of = Y Lo+ D &f
Qspai. deai_ Qspai. deai_
H(Q)=81 (Q)=4sJ (Q)=81 H(Q)=81
j—1

Ejf =Eyf+) _ Dif.
=0

Lemma 7.1. With the previous notation, we have

(7.1) Eif= Y [bi]Qb lo+ Y. [flpibh: -
Qpai Q@ P§
U@)=¢7 U(Ph)>87
Furthermore, we have when f € L (Qy)
(7.2) II'f= lim Eif,

j—+oo
with the convergence taking place in L'(Qq).

Proof. The first part of Lemma [7.1] is a linear algebra computation, we will omit the detail. The
second assertion is an application of the dominated convergence theorem in L!(Qp). Observe

first that, by (), we have
B < O+ S .

where C' = inf |[b]g/|, the infimum taken over the pa i cubes (). To see that E;f converges fi-a.e.
on Qq towards IT°, use again ([-I]) and observe that for every n, EJZ f is constant on P¢ for j large
enough (depending on n), and equal to [f]P;Lbi;.i. If z € F' = Qop\ U P!, then by the Lebesgue

differentiation theorem % tends p-a.e. towards % when () tends towards xz. Thus E; f tends

p-a.e. towards f on F*, and, by (b.9), E;f tends p-a.e. towards II' f on Qq. It remains only to

apply the dominated convergence theorem in L*(Qo) to get ([-3).
g

Now, because of ([(.3), and because we assumed the kernel of the operator T to be locally
bounded, we can take the limit and write

(I, TI'g) = Jim (E2f,TE}g)

= (E3f, TEyg) + Y _ ((D}f,TDjg) + (D} f,TEjg) + (E} f, TDjg))
j=0

= (B3 f,TEyg) + (f,Ug) + (f.Vg) + (f, Wg).

This is the so called BCR algorithm, introduced in [BCR] for the classical martingale differences.
Here we use the adapted martingale differences. Let us remark that the first term is easy to
estimate because f,g € Eg,, and because of (B.2), (B.J). Remark also that the two last terms
V, W can be treated in the same way by duality. They lead to paraproduct type operators. The
diagonal term U is relatively easy to treat. With this decomposition and the wavelet represen-
tation, we will obtain matrix coefficients of the form (b*0g, T(b'0r)), where the functions 6, 0
are supported on the cubes @, R respectively. The idea is mostly to use the kernel decay and
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the standard Calderén-Zygmund estimates (R.§) when the cubes @, R are far away, and to use
the weak boundedness properties (B4), (B.H) when they are close.

Before tackling those estimations, let us first introduce some more notation. For () and R
two dyadic cubes of the space of homogeneous type X, set

W@, R) = pu(R,Q) = xeg}yfeR {u(B(z, p(z,9))), n(B(y, p(z,y)))}

and

D=

p(@Q)3p(R) (UL Za it p(@, R) > sup(U(Q), I(R))
1 if Q) =1U(R), and p(Q,R) <UQ).

Of course ag g is not defined on all pairs of cubes (@, R), but that does not matter as we will
only use this notation when we are in one of the above cases. We will frequently use some
coefficient estimates to bound the terms of the form (b%6g, T(b*6r)) we evoked earlier, and we
will constantly refer to Appendix B for the detail of these estimates.

aQ7R = aR7Q = {

7.2. Analysis of U. First, let us decompose

Jj=>0

with

(U = > (.00 (005, T(b 61)) (g, o),
Qspa2;Rspal
H(R)=1(Q)

(fUsg) = D (f,00)(0°0%, T(ER9)),
Qspa2;Rdpal
I(R)=1(Q)

(£ Usg) = D, (&S T(0'0R) g, dk).
Qdpa2;Rspal
(R)=1(Q)

(f,Usg) = Y (&&f.T(Rg))-

Qdpa2;Rdpal
(R)=L(Q)

Observe that the sums with respect to j have disappeared once we notice they force the cubes
Q@ and R to have equal lengths.

Estimate of (f,U1g). We refer to Appendix B for the detail, but, applying (B.1]) of Lemma

B-1, we have
(£ s Y aqrl(f68)I (g ok)l.

Qspa2;Rspal
HR)=U(Q)

Remember that by Lemma [.3

160 S IFIB S 1(Qo),

Q spa?2
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and similarly for (g, gb}%) Therefore, we have by the Cauchy-Schwarz inequality
(LU S Y aqrl(f,60)l1(g, k)]

Qspa2;Rspal
H(R)=1(Q)

1/2 1/2

M(R 12 212 M(Q) 1/2 1\,2
<l Saen (@) (262 S oo (W) g, &%)

Qspa2;Rspal 'u Qspa2;Rspal 'u
H(R)=UQ) HR)=U(Q)

~—

Let us state a lemma that will handle those sums.

Lemma 7.2. Let R be a fixed dyadic cube of the space of homogeneous type X. We have the

following summing property
Q) ) 1
> 1@ (som) mom st

Q;UQ)=I(R)
p(Q,R)ZI(R)

Furthermore, if p € N, we have the stronger summing property

Q) \* 1 -
2 u@ (p(Q,R)> M(Q,R)Sé ’

Q;U(Q)=0PI(R)
p(Q,R)2l(R)

which, by summing over p € N, yields

Q) \* 1
2. m@) (p(@R)) WQ.R) ~

QiUQ)<UR)
P(Q.R)>I(R)

The exponent v can be replaced by any o > 0.

Proof. Tt is enough to prove the second inequality. The idea is to split the sum for 6~™I(R) <
p(Q,R) < 6™ (R),m € N (here and subsequently, we then write that p(Q, R) ~ §~™I(R)):

write
Q) \* 1  a (R @ 1
2 Q) <p<Q,R>> ol 2 M@ (p(@R)) W(Q.F)

Q:l(Q)=6PI(R) m>0Q;1(Q)=6PI(R)
p(Q,R)>I(R) p(Q,R)~5~™MI(R)

yJes mao M(Q)
SO0 Y O

m>0  Qil(Q)=6PU(R)
P(QR)~5~I(R)

” - 1(Q)
S D R SR

m>0  Qil(Q)=6PI(R)
p(Q.R)~6—MI(R)

where zr denotes the center of the cube R. All those cubes @) are non overlapping as they are
of the same generation, and they are all contained in a ball of comparable measure to the ball

B(zg, 6 ™I(R)). We therefore have

QiI(Q)=oPI(R) u(B(zr,6-™I(R))) ~

p(Q,R)~6~I(R)

and summing then over m € N, we get the desired estimate. Moreover, it is clear that a can be
replaced by any o’ > 0. O
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Now let us go back to our argument. For a fixed cube R, we write

&>1/2: ( l(Q) )04 1 (M)l/Q
> car(lizg iz POGen) wam t 2 Naw)
H(Q)=UR) p(Q,R)>I(R) p(Q,R)<I(R)

Lemma [ insures that the first sum is uniformly bounded, and the second sum is bounded as
well, because such cubes @ and R have comparable measure (they are neighbors), and any given
cube R has a uniformly bounded number of neighbors. We thus have for any given cube R,

H(Q)=lL(R)

and similarly, for any given cube @),

= con(48)"

Rspal
I(R)=1(Q)
Therefore,
1/2 1/2
LT S | DD 1. 68 S lgor)* | < Qo)
Qspa?2 Rspal

Estimate of (f,Usg). Remark that by duality, (f,Usg) is estimated in the same way. Refering
to estimate (B.d) of Lemma [B.1], we have

(U S S agru®):|(f, ¢3)-

Qspa2;Rdpal
L(R)=1(Q)

We split this sum into two parts, depending on whether p(Q, R) > I(Q) or not. By the Cauchy-
Schwarz inequality and Lemma [[.9, we have

1/2
1 I(R) \* 1
> aqmu®} LIS | SILRP X um) (50)
Qspa2;Rdpal Qspa2 Rdpal;l(R)=1(Q) p(Q’R) IU’(Q? R)
L(R)=1(Q) p(Q,R)>1(Q)
P(Q.R)>1(Q)
1/2
Q) \* 1
| Tum > w0 (5i0)
Rdpal Qspa2l(Q)=I(R) (@, R) we, k)
p(Q,R)>1(R)
1/2 1/2
S el | R | < Qo)
Q@ spa2 Rdpal

the last inequality being a consequence of the fact that 3 p 4.1 #(R) S 1(Qo). The remaining
sum is easy to estimate: since for a fixed @) there is a uniformly bounded number of neighbors
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R, one can write

1
> u®):[(f.83) <
Qspa2;Rdpal
L(R)=1(Q)
p(Q,R)<I(Q)

N
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Qspa?2 Rdpal
RCQ;U(R)=UQ)

> B

Qspa?2

1/2 1/2
(f, 85I Yo u®
Rdpal Qspa2
QCRUQ)=I(R)
1/2 1/2
> R S 1(Qo)-

Rdpal

Estimate of (f,Usg). This term is pretty easy to handle.

Indeed, applying the coefficient

estimate (B.J), we have

1 1
(LU S Y. agru(@)? u(R)?2
Qdpa2;Rdpal
U(R)=U(Q)
1 1 I(R) @ 1

<y S uQEuR)E +p@ Y u(R)( )

Qdpa?2 \ RdpaLil(R)=1(Q) Rdpa 1;1(R)=1(Q) (@ R) e, R)

P(Q,R)<U(Q) p(Q,R)>1(Q)

< >0 Q) S Qo).

Q dpa?2

where we have used Lemma and once again the fact that any fixed cube ) has a uniformly
bounded number of neighbors.

7.3. Analysis of V. As in the previous subsection, we write

(f.Vg) => (D:f. TEjg) = (f,Vig) + (f,Vag) + (£, Vag) + (£, Vag),
Jj=0
with

() = X (RN T )
s

(FVegy= D D L0 (0700, T(0p:))lglps.
Qspa2(PH>I(Q)

UV = Y (LT ALE,
Qdpa2;Rpal [ ]R
U(R)=UQ)

(vag = >, > <£2gf,T(b}:;)>[g]p;-

Qdpa2(PH>1(Q

The term Vi will be the most difficult term, it is where a parapoduct appears, which will require
the use of hypothesis (B.4) to be controlled.
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Estimate of (f,V,g). We split the sum into two parts, as before, depending on the distance
between P! and Q. When p(P}, Q) > I(P!), we have, by the coefficient estimate (B.§),

7

S Y KETCRde | S>> mPH2u@)2aq,p

Qdpa2 y(PH>1(Q) Pl Qdpa2;(Q)<u(P})
p(PL.Q)>1(P}) p(Q,PH>1(P})

X Q \* 1
Z“P 2 Q) <p<Q,R>> Q. R)

Q dpa2;U(Q)<U(P})
(Q, P1)>l(P1

S o uPY) < Qo)
Pl,1

where we have once again used Lemma [.J to obtain the third inequality, and the 1—packing
property of the PZ-1 to get the last one. It then remains to estimate the sum

(FVvagy =), D>, (fT0p) Z Y D (&S Tlp)llp:

Pl Qdpa2(Q)<U(P}) P! pcpl QQdCP;Q
p(Q,PH<U(P}) 1(P)= z(pl

which we will do below, when we take care of the term V5 ;.
Estimate of (f,Vsg). This term is easy to handle. Indeed, applying the coefficient estimate

(B:4), and the fact that the mean of b! is bounded below uniformly on the pa 1 cubes R, we
have

(LVaIS D > [ fT( bllR>>|”§ﬁ]R‘

I
@dpaz, P Q)

<Y Y agruQ:u(®):

Qdpa2 Rpal

UR)=U(Q)
I(R) \“ 1 1
S D m@ > nR)( e QR T Q2 > wRy:
Qdpa? RpaLil(R)=1(Q) P Qdpa?2 Rpal;zm):l(@
p(R,Q)>L(R) p(R.Q)<I(R)
S @+ D w@Q) < Qo).
Qdpa?2 Qdpa?2

where once more the last line is a consequence of Lemma [[.9, the fact that neighbor cubes
have comparable measure, that any dyadic cube ) has a uniformly bounded number of such
neighbors, and the C'y —packing property of the dpa 2 cubes (p.4).
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Estimate of (f,Vag). First, let us examine the part of the sum when the cubes Pi1 and @ are
close, that is

TATED DI DRI A (I

P1 Q spa 2;1(Q)<I( Pl)
p(Q, P1><l(P1>

=20 20 3 L eed. TOR)ley

1 —
P; pcp} QQng;f
uP)=1(P})

We put this sum together with the term left to estimate (f, Vi 19) to get

5= Z Y| D (LR Tbp ) + Y (E5F. T(bp)

PCPI Qng?f Qdez;2
C
UP)= l<P1>

By definition, we have

Y o) VP05, T(0p)) + Y (€5S. T (b)) = (P (f1p), T(bpa)) — [f1p(0*1p, T (bp1))-
Qspa?2 Qdpa2
QCPp Qcp

We can assume that P is pa 2 (else the above sum reduces to 0), so that, using (B3) for T'(b},,)

on P C Z/D}, we get
|01, TR S 0% La(p) 1T Op) | o (py S 1(P).-

Observe that since the sz contained in P are non overlapping dyadic subcubes of P,

IRy S 11y + S I02allEapy S (P + 32 u(PE) S (P,
PJ?CP PJ.QCP

and thus, applying again (B.3) for T(b}p_l) on P, we have [(II*(f1p), T(b},;)>| < u(P), giving the
expected bound on (f, (Va1 + Va,1)g). 1 z
We now estimate the sum in (f, V5g) running over the pairs of cubes @ and Pi1 which are far

away from one another. Applying the coefficient estimate (B.7) and then the Cauchy-Schwarz
inequality, one gets

Yo D> e Tlp el S > ) (P12 ag p

Pl @spazu@<i(pl) Pl @spazi@<i(Ph
p(@Q,PH21(P}) p(Q,PHy>1(P})

Pl 1/2 l a/2 ) 1/2 I /2
- ;Q 2%:)« pl){|<f %) (C(2 P)l)l/2 (Qé?)ll)aﬁ }{'M(PIV (lég(Qp) 1)1/2 (é?)ll)a/Q}

p(Q, P1>>l(P1>

SR

)
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with

p! l “
Si= ¥ WP Y A (mcg?z)?;)) |

Qspa2 PLIPL>1(Q)
p(PLQ)>1(PL)

B n(Q) Q) \“
52—;M(PS) > H(Q, P (p(Q,P})>'

Qspa2;1(Q)<U(P}
p(Q,PH>1(P})

By Lemma [[.9 and the 1—packing property of the P!, we have already So < >, u(P) < p(Qo)-
For the first sum, we have to work a bit more. The result is obtained applying another summing
lemma:

Lemma 7.3. Let Q be a fized dyadic cube of the space of homogeneous type X. Let p € N. We
have the following summing property

QN1
Y w0 (sam) mam s

Ril(R)=5"PI(Q)
p(R,Q)>I(R)

which, by summing over p € N, immediately yields

Q) \* 1
2. ) (p(@R)) WQ )~

R;l(R)>1(Q)
p(R,Q)Z1(R)

Proof. Observe that since p(Q, R) > I(R) > I(Q), we have u(Q, R) = pu(B(zq, p(2q,y))) for all
y € R, with zg denoting the center of the cube Q. In the same way, p(Q, R) = p(2q,y) for all
y € R. Therefore, we can write

Q) \* u(R) Q) \* du(y)
2 (p(Q,R)> /uc(Q,R)5 2 /R<P(ZQ=3/)> w(B(zq, p(2q,¥)))

Ril(R)=6"PU(Q) R;l(R)=6"PL(Q)
p(R,Q)>I(R) p(R,Q)>1(R)

Q) \* dp(y)
< /p(zQ,y)>l(R) <P(zQ7y)> :U'(B(Zva(Zva)))

Q) \* du(y)
SO /p(zQ,y>~5—mz(R> <5ml(R)> 1(B(zq,6~™(R)))

m>0

UQ\" = g B8R _
(i) X" ) =

B(z0,0 ™(R))) ~

The second inequality comes from the fact that the cubes R are non overlapping as they are all
of the same generation. Then we obtained the third inequality by splitting the integral over the
coronae p(zqg,y) ~ 0~ "I(R), and the last line follows easily. O

Going back to our argument, Lemma [[.J ensures that S; < > Qspa2 (S5 <;%>|2 < w(Qo), and it
thus concludes the estimation of the term (f, Vag).

Estimate of (f,V1g). This is the most difficult term. Recall that
9glR
(o) = 3 ()P T )

Qspa2;Rpal
HR)=U(Q)
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We split it into three parts: write
<f’ Vlg> = <fa VY1,19> + <f’ V1,2.g> + <f’ V1,3g>,

with
TR SRR R S
Qspa2and non pa 1
(2@
(fViag) = 3 <f,¢é><b2¢éaT<b”@>>[gl]fi’
@ spa2andpal

(FVisg) =Y Y. [(f.68) (b ¢0, <b113>>[[ ]] +(f,90) (05, T(0' (1g—Y _ 1r1)) [[ ]f; :
Qspa2 Rpal; R#AQ R/ pal
andpal I[(R)=I(Q) I(R)=1(Q)

Estimate of (f, V1 1g). Remark first that @ non pa 1 means Q C P! for some i. Hence,

FViagd=>_ Y > (f.05) (V7 5, T(b'1 )>[[li]]1;-

Pl Qspa2 Rpal
v QcP1 H(R)=1(Q)

Now, applying the coefficient estimate (B.§) and the fact that the mean of b' is uniformly
bounded below on the pa 1 cubes, we obtain

Vgl 3030 30 aqrl(f.op)ln(R)z.

Pl Qspa2 Rpal
¢ oQcpl UR=UQ)

Fix P!, and observe that the cubes R involved in this sum are necessarily outside of P!. Split

the sum for the cubes R that are contained in P1 and those that are outside of P1 We first
show that

I= > Y aqrllféd)u(R)? S u(P)).

Qspa2 Rpall(R) Q)
Qcr} RNPI=o

For such pairs of cubes (Q, R), as Q C P! we necessarily have p(Q, R) > p(P!, R) > I(P}), and
w(@, R) 2 (P R), so that, applying the Cauchy-Schwarz inequality, one gets

2 1 U(R)” p(Q)2 p(R)>
I<Q§;2 ; 70N uR)> o e~ BT )

QcPl (R, P1)>l(P1)

1/2 1/2
(R)*  w(R) 1(R)
S DI IRl 1 > Y@ :
Qspa?2 Rpal P ) lu’(‘Pz 7R) Qspa?2 Rpal IU,(PZ ,R)
QCP} UR=UQ) Qcpl UR=UQ)
p(R,PL)>L(P}) p(R.P})>1(PL)

By Lemma [7.3, we get

I(R) \" wR) 1(Q)\*
Z UQ) (p(Pz‘l’R)> M(Pil’R) S (l(P‘1)> o

Rpal;l(R)= 7
p(R,PH>1(PL)
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Therefore,
1/2 1/2
Q) \“
5| S wenk| | X w@ (i)
Qspa2 Q spa?2 )
Qcp} Qcp}
1/2

SUfllzeeny | Do0™ Y. w@) | Su®h.

m>0 Qcpg
UQ)=8™1(P})

We are left to show that

H=3 3 aqrllf.0y)nR)* S u(P)).

spa2 Rpa1;l( R) Q)
Qcr} RCP!

We again split this sum for the cubes @) that are at a distance less than [(Q) to the complement
of P!, and for those that are not. In the first case, for a fixed such cube @, there are the cubes R
which are neighbors of @ - they come in a uniformly bounded number and they have a measure
comparable to that of @) - and there are the cubes R at a distance greater than {(Q) of Q. Write

L= > ST agrllf, 6B u(R)?

QspaQ;QCPil Rpal;l(]i)\:l(Q)
P(Q.(P1e)<I(Q) RCPp}

< N R+ Y wQ)3 pUR) (pl(R))>

Qspa2QCP} Rpa Lil(R)=U(Q) @ B) \p(Q, R
P(Q.(PH4)<U(Q) RCPLip(R,Q)>1(Q)
1/2 1/2
< 1o 22
S D e @)? > @) DA [
Qspa?2; QCP1 Q spa 2;QCPZ.1 QspaQ;QCPil
p(Q,(P})CKl(Q) P(Q.(PH)<U(Q) P(Q.(PH4)<U(Q)

applying Lemma [7.9 to get the second inequahty and then the Cauchy-Schwarz inequality to
get the last one. By Lemma .2, ZQCPZ_I [{f, q%>| S HfHL2 P < wu(P}). Furthermore,

d>oow@)=> > Q)

Qcp} m20 Qcrliu@)=smu(p})
P(Q,(PH)<UQ) P(Q.(PHYe)<s™ (Pl
S n({ze P :ple, (P S 6™MI(P})
m>0

S Y 8Pl S p(Ph,

m>0



36 P. AUSCHER AND E. ROUTIN

by the small boundary condition (6) of Lemma P.1], so that, as desired, we have 1I; < u(Pl).
The sum left to estimate is

L, — 2 1 p(R) ( Q) )“_
: Qspzﬂgcpl Rpal%-l(@)‘<f’¢Q>’M(Q) M(Q’R) p(Q,R)
p(Q,(P})C)Zl(ZQ) reP}

For such couples of cubes (Q, R), we have necessarily p(Q, R) > p(Q, (P})¢) > 1(Q) as R and
P! are disjoint. For a fixed cube Q, we thus see that

s ) ( Q) >°‘< (&)“/ZZ H(R) ( I(R) >”‘/2
o QB Q. R)) ~\p(@:(B))) o= u(Q.R) \p(Q.R)
0(1%,’@)21?@) p(éé)Zl?Q)

*(raim)

by Lemma [F.3. Applying the Cauchy-Schwarz inequality, we thus have

1 l 2
s Y @ (g o)
Qspa2;,QCP} P 7( @ ) )
P(Q.(PH)>1(Q)
1/2 1/2
l (0%
<Y e > (o) 1@
Qspa2;,QCP} Qspaz;QCP} PR A
P(Q,(PHE)>1(Q) P(Q,(PH)>1(Q)

Lemma .9 ensures that the first term is bounded by ,u(Pil)l/ 2. For the second term, observe

that
&)O‘ — 6a(m—j)
= G ) =@ %Z T o

P(Q.(PH)>1(Q)
where, for m € N, j € Z, with m > j > jo,

HQ)
05

and jg is such that 670 > C > 6701, with C; the constant intervening in Lemma @ Indeed, for
the cubes @ intervening in the above sum, we always have p(Q, (P})¢) < diam(P}) < C1i(P}),
which forces j > jo. Observe that if x € Q C Ey,j, then p(x, (P1)°) < p(Q,(PH) +1(Q) <
SN (PY) + 6™I(PY) < 671(P}) since m > j. Thus the cubes of E,, ; pave a corona {z € P} :
p(z, (PH°) < §71(PL)}. But by the small boundary condition (6) of Lemma P.1, this corona has
its measure bounded by §/7u(Pl). Therefore,

Z(ml&)aﬁb@)s > 0Pl Y 8N (P S (P,

1
acr PL@ (F)°) meNjez 3>jo

merie
P(Q,(PH)>1(Q) >j>jo

Enj={QCP: = 0" and FU(P) < p(Q, (P)°) < 1P},

which gives us the bound Il < ,u(Pil). Summing then all these terms in ¢, and applying the
1—packing property of the P!, we obtain the expected bound |(f, V119)| < p(Qo).
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Estimate of (f, V) 2g). This is where the paraproduct appears, and unfortunately, a non trivial
error term. Write

(Vo) = 3 (FORPRTON AL — 37 (F ) Ped Ty, il
Qspa2andpal [b @spa2andpal HFDH2HQ) [b ]Q
=I1+1I

Observe that for the pa 1 cubes @, the set of coefficients formed by ([E?]%)Q is uniformly

bounded. It is easy to see that the hypotheses of Lemma [.J are verified (with b = b?). Indeed,
as a consequence of (p.d), we have C{PZ}(b2) < 1. Moreover, on F' = QO\UPJQ, it is clear that b2
J

is uniformly bounded as a consequence of Lebesgue differentiation theorem. We can thus apply
Lemma p.3 to the term I, with v = ¢, and it gives us the bound

1S 1 L zo@n) ITO)] o gy S 1(Q)-

Next, we can rewrite the second term involving a sum over the cubes P!. We split it into two
parts, depending as usual on whether or not the cubes @ and Pl-1 are at a distance less than
I[(P}). Applying the coefficient estimate (B-§), one gets

> GERIe)EL Y X W) g

1 Qspa2andpal Pl Qspa2andpal

bUQSUPL (@, PP bUQ)SUPHp(@,PH >R
Remark that we already estimated this sum when we were taking care of the term (f, Vag). We
have seen that it is bounded by p(Qo). For the remaining sum, observe that since a pa 1 cube
Q is disjoint with any P!, such a cube which is at a distance less than I(P!) to P! is necessarily
contained inside one of the neighbors of le We thus have left to estimate the term

)OND SRS DI RGeS
1,1 Pcpl\Pl QSPanndpal

1(P)= z(Pl

Fix P! and P. Set F = P\ U sz, and decomposing

7
2 32 2 2
b2 =b’1p + > b*1p2 + > b*1p2,
P2CP:p(P?,P1)>1(P?) P2CP:p(P?PH<I(P?)

write

(GNP T ) e = B1 S0+ 3

Q

Qspa2andpal
Qcp

As in Lemma [.3, denote by L the operator appearing in these sums. For the first term, apply
the boundedness of L given by Lemma to get

[l = (LS BTG 1)) S 1 () I LET B L)l
< WPY 0| oy S (B,

where the second inequality comes from the Hardy inequality (R.§), and the fact that b*1p €
L>®(P), and the last inequality from the fact that by (5.3), b'1p1 € LP(P}), and P, P} have
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comparable measure. For the second term s, remark that for any fixed j, as sz is strictly
contained in any spa 2 cube, Lf is constant on Pj2. Thus we can write

Sol=] Y [Lflp®P1p, T 1)

Pch
p(Pj2 P.1)>l(P.2)

PO
> ) ) (y).

PQCP
o(P2 21> U(P2)

A

For a fixed j such that p(P]?,Pil) > l(PjQ), as [(Pl) > l(PjQ), observe that for a fixed y € P},
sup,cp2 A(x,y) =~ inf  p2 A(x,y) uniformly in y and j. Therefore, we can integrate in x to get
J J

[ LR @ldue) < EApsln(PD) < [ |L£@)duta),
P P;

i
and we obtain
|[L f bl |[L f bl
R O gane) < [ [ LB
2 Pl Pl
pPZcpP
S HLfHLp/(P)”blHLP(P;) S ,U(Pil)a
where the last line is obtained applying the Hardy inequality (R.€]), the boundedness of L, and
(B-3) for ' on P!. Only the third term Y3 remains. This is the term for which we will need to

use the stronger weak boundedness property (B.4) (and it is the only time in the proof we use
it!). We do not see how to estimate this term without this extra property. As for Yo, write

Ss= Y, [Lf]P;(bzlsz,T(bllpi1)>:<b2 > [Lf1p21p2 ’T(bllPB)>'

P].QCP P].QCP
p(P?.P1)<U(P?) p(P?.P1<I(P)
Apply (B.4) to get
1/v
1. y 1
23] S Z [Lf]P]?lP]? u(PHv S Z u(PHIILf| ]PJZ ek
P?cP P?CP

14

1
SNLfllpr ey w(PHY S u(Pl),

where once again we have used the boundedness of L given by Lemma .3 It remains only to
sum over the neighbors P of Pil, which come in a uniformly bounded number, and then over
the Pi1 (recall that they realize a 1-packing of @), to obtain as desired

1115 37 w(P) 5 Q).
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Estimate of (f, V) 3g). This is the only term left to estimate to complete the proof. For @ spa
2 and pa 1, and R pa 1 of the same generation, set

[ R, T 1)) if Q+R
PQR =1 (£,6) 1262, T (1g — X wor 1) if Q=R

W(R=U(Q)
so that the definition of V3 rewrites

(fVigg)= > > Bor

Qspa2 Rpal
andpal I[(R)=I(Q)

Observe that for any fixed spa 2 and pa 1 cube @,

Z Bo,r = 0.

Rpal
HR)=U(Q)

Recall that for any pa 1 cube R, [g]gr = [II'g]r by (b.§) of Lemma [5.6, allowing us to replace
[9]r by [I'g]x in the above sum. Recall also that

Mg = Elg —i—ZDllg.
>0

Fix a pa 1 cube R. As blA}gg and fég have mean 0, it is clear that [Dllg]R = 0 as soon as
| < I(R), which implies [II'g]p = [Elglr + D ISU(R) [Diglr. Note that [Elglr = [g]o,[b']R-
Furthermore, if | > [(R), there is a unique cube Sg of generation [ such that R C Sg. If Sg is
spa 1, then [D}glr = [blA}gRg]R = [b']r{y, ¢~19R>[¢}9R]R’ since AgRg is constant on the children
of Sk and therefore on R as well. Else, Sg is dpa 1 (R being pa 1 it cannot be contained in a
Pl), and then [D}g|gr = [%R g]r. Consequently, we can write

(LVisgh= Y. > Bar ng]

Qspa2 Rpal R
andpal I(R)=l(Q)

= > /BQR— S 'alg 6565k

Qspa?2 Rpal Sspa 1;1(S)>1(Q)
andpal I(R)=l(Q) SDR,S#R

DD 5@1% > l&sdrp+ D lde ). Bor
Q spa?2 Rpal SdpaL;l(S)>1(Q) Qspa?2 Rpal
andpal I(R)=l(Q) SDR,S#R and pa 1 (R)=U(Q)

The last sum is equal to zero because of the summing property of the 5g r we stated above. We
have thus decomposed our term into two parts: (f,Visg) = (f,Viz19) + (f,V1,3.29).

Estimate of (f,V1,3,19). Inverting the sums over R and S, one gets

(fVizag) = > > > Barlg 08) e8]k

Qspa?2 Sspal Rpal; l(R) l(Q)
andpal 1(S)>1(Q) RCS,R

Next, we want to use the pseudo-annular decomposition used in [AY]. To achieve this, let us
introduce some more notation. For N € N, @ spa 2, S spa 1 with [(S) > [(Q), and R pa 1 with
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I(R)=1(Q) and R C S,R # S, set

Ba.n it p(Q,R) ~ 6 NTU(R)
=Y meaum=u@ Por if Q=R
RCS;R#£S
p(R,Q)~6—N+11(R)
0 else.

N
Ba.sr=

where as before p(R, Q) ~ 6 N*1(R) means 6 VH(R) < p(R,Q) < 6~ NI(R). Obviously, for
N =0, the cubes R such that p(Q, R) ~ 0l(R) simply are the cubes R at distance less than [(R)
of (). Remark that everything has been done so that for all N € N, for fixed () and S,

N
Y BOsr=0.
RpaLil(R)=1(Q)
RCS;R#S
Now, set
N N 1 1
79,8 = Z B0.5.r(9: 935) 5] R,
Rpa LI(R)=1(Q)
RCS;R#S
and

FVi9 =D D Ws

Qspa?2 Sspal
andpal I(S)>1(Q)

so that Vi31 = > nen Vfgl. We will prove that for all N >0

I(f, V1],\:f>,,1g>‘ < (N + )5 u(Qo),

and it will give us the expected bound for V; 31 by summing over N € N. To prove this result,
we split the sum into two parts depending on the relative sizes of ) and S:

Vg =Y D W+ D Y Adg=I+1IL

Qspa2 Sspal Qspa2 Sspal
andpal sN43_LQ) andpal UQ) N3
TIE = 1) =

For the first term, fix cubes @ and S. Remark that for a cube R # @, Bg,S,R #0=p(Q,R) >
§~N+1(R), so that applying the coefficient estimate ([B-5), one gets

185 5.kl S 1Uf> 83) ag.r n(R)Z S [(f, d%)] 1

@
= 5%
/~
R(\l
- @
\_/

S (F,08) Q)28

Remark also that we have |(g, %) [05]r| < (g, ¢IS>\,u(S)_% as a consequence of properties (1)
and (2) of Lemma [.]. Finally, observe that Wégv,s #0 = p(Q,S) <5 NI(Q), because else all

the 52277 s.r are equal to zero. Now, combining all this, write

) n(Q)\ 2 pR)
IR S [ 00)Ig, 88) <W> > 1(Q, R)

Qspa?2 Sspal Rpal
1(Q I(R)=1(Q
e e, e
p(Q,5)<6—N1(Q) p(R,Q)~s—Ni(Q)

< §Ne g1/ gl2,
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where

R
s=Y X lwear ¥ A5

Qspa?2 Ssplal ) }55&71
5N+3<%§5 ( })BE,S('Q)
p(Q,5)<6—N1(Q) p(R,Q)~5—NUQ)
12 #(Q) n(R)
Qspa?2 Sspal K Rpal H ’
! I(R)=l
5N+3<%§5 ( })BC,S('Q)
0(Q,5)<6—N1(Q) p(R,Q)~6—N1(Q)

Let us first consider S;. Observe that for a fixed cube Q of center zg, if p(Q, R) ~ §~NI(Q),
then u(Q, R) ~ u(B(2g,6 N1(Q))). Therefore

p(R) 1 1(S)
2@ R S iBees @) 2= P iBhe.s @)
I(R)=1(Q) I(R)=1(Q)

P(R,Q)~—NUQ)

Then, the cubes S of a fixed generation, at a distance less than 6 ~VI(Q) of @, and of a diameter
not exceeding §~V31(Q), pave a ball of a measure comparable to u(B(z2g,d V1(Q))). So,
summing over those cubes S, and then summing over those N + 3 generations, we get

SISV Y (e S OV +DIIFIZ20n S (N + Du(Qo)-
Q spa?2

For Sy, it is the same idea. Observe that for a fixed cube S of center zg, if p(Q, R) ~ 6~ NVI(Q),
then 1(Q, R) ~ u(B(zr,6NI(Q))), where 2z is the center of the cube R. But since S has a
diameter not exceeding 6V 731(Q),, we even have u(Q, R) ~ u(B(zs,6V1(Q))). Therefore

) WB (@)
W) (@ R) ~ (Blas 6 NIQ)

I(R)=1(Q)
RCS
P(R,Q)~6—N1(Q)

Now, summing once more over cubes () of the same generation, then summing over those N 4 3
generations, and at last summing over the cubes S spa 1, we also get

S2 S (N + Du(Qo),

which finally gives us the bound
1 S (N +1)8¥u(Qo),

for all N € N. We now estimate the term

= Z Zyg,s.

Qspa2 Sspal
andpal [(Q) N+3
(s) =0

Fix such cubes @ and S. For any cube R strictly contained inside S, we know that gb}g is
constant over R. Denote by fr(S) the union of the boundaries S7\\S’ of all the children S’ of S.
If p(Q,fr(S)) > 6~ V=1(Q), then either Q NS = @&, which implies that all the Bg,S,R are equal
to zero, and Wégv,s as well, or Q C S. In this case, if 537,5,}% # 0, then p(Q, R) < 6 NI(Q), and
with the assumption we made it implies that R is in the same child of .S as ). Therefore, for all
the 5&57}% non equal to zero, [¢4]g has the same value, and ’ygs = [ptlo > g ﬁgﬁﬂ = 0. Thus
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Wégv,s £0 = p(Q,fr(9)) <6 N1(Q). Now, if that condition is satisfied, applying the coefficient
estimate (B.H), we have

N 2 1 sNa p(R)
158l S 145, 63| @Yo
and
N Al < 2 1 &)é(;Na p(R)
ISR RS R G ) D S oo = oy
P(R,Q)~—NUQ) P(R,Q)~—NUQ)
Na 2 1 wQ) :
S G

Therefore, if we introduce the set EiVS =U PeoN, P, where
) t,

Ops = {P C Qu;1(P) = t1(S) and p(P,fr(S)) < (6N '0)I(9)},
we have

W ol < 8V, 2] 19, 0L (%) lacey,

Remark that if x € P, with P € Hts, then p(z, fr(S)) < p(P,fr(S)) +1(P) < (6~ N=1)I(S) +

<
t1(S) < (6~N-1)I(S) as N > 0. Thus, by the small boundary condition (6) of Lemma P.1,
M(Eg,vs) < (07N)nu(S). Let B > 0 be such that n — 28 > 0, and let )\_Q) = (0~ NP
(

L UQ)

wheneve 05 = 8. Now, by the Cauchy-Schwarz inequality, write

11| < gV Z Z| s ¢Q QCENQ) Z Z| N | AI(Q) u((g)) 1QcE g

Qspa?2 Sspal 1(S) Qspa?2 Sspal )
andpall(( ) <sN+3 andpall(( ) <sN+3

M
M

Observe that for a fixed cube @ and a fixed value of I(S), the number of cubes S such that
QC EY Q) 1s uniformly bounded. Therefore
1)

> Z‘f%’)‘ locey,, NZ!f% G 1+JQBZ1QcEN_

Qspa2 Sspal l Q spa?2 J>N+3 Sspal 1(S)”
and pal l( ))§6N+3 ll((g))76J

< S 1B S Qo)

Q spa?2
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We can similarly bound the second sum: we have

Q ~N—1+j)— Q
e e

~—

Qspa2 Sspal (_ Sspal _]>N+3 Qspa2
and pa 1 %§5N+3 Q)= %Z(S)
QCE&J,S
EYg)
2 _N— 1 5,8
S I S
Sspal j>N+3 K
142 —N—1+4j\n—2
S Y0 Hges)l >, (N
Sspal j>N+3
2
S Y g8l S nlQo).
Sspal

We thus proved that |II] < §V9u(Qo), and therefore for all N € N, we have as expected
I{f, Vl{\é,lgﬂ S(N +1)0Y*u(Qp). Summing over N € N, this handles the term (f, V1 319).

Estimate of (f,V1,329). Remember that by definition of the ”buffer” functions £ég, if RC 9,

S € S, we have [€Lg9lr = ag/[b!]R, where ag denotes the coefficient uniformly bounded by
llgllee < 1 introduced in Lemma [5.5. Therefore

(FVisag)= D>, >, > > ﬁQ,R as’

Qspa2 Sdpal Rpall(R) uQ
andpal I(S)>1(Q) S,ES

= > D D ay MS% S Bor u(S) k.

Qspa2 Sdpal Rpal;l(R)=1(Q)
andpal I(S)>1(Q) SIGS RcCS’/

Remark that by the C'x —packing property (@) of the dpa 1 cubes,

> X s w3 £ X w) < (@)

Sdpal g/eg Sdpal

That is all we need to apply exactly the same argument we applied to (f, Vi 319), i.e. applying
the pseudo-annular decomposition of V; 32 into operators Vlj\g o, estimating those operators, and
then summing over N € N. Indeed, the crucial point was that we could bound the coefficients
(g, o5)[0L]R] Dy [{g,0%)] ,u(S)fé, and then that the |(g, ¢L)| were square summable over the
spa 1 cubes S. We have the same square summability property here, and everything works

out in the same way, so that though we will omit the detail, we obtain the expected estimate
[{(f, Vi329)] < 1(Qo). This completes the proof of Theorem B.1]

8. TWO PARTICULAR CASES

8.1. Perfect dyadic operators. The notion of perfect dyadic operators was introduced in
IAHMTT]]. We recall the definition.

Definition 8.1. Perfect dyadic singular integral operators (pdsio).
We say that T is a perfect dyadic singular integral operator on X if it satisfies the following
properties:

(1) T is a linear continuous operator from D, to D..

(2) T has a kernel K satisfying the size condition (2.1)).
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(3) (g, Tf) is well defined for pairs of functions (f,g) € LE(X) x LQI(X) for 1 < p < +o0
and if, furthermore, they are integrable with support on disjoint dyadic cubes (up to a
set of measure 0)

(9. Tf) = / /X 9K @) f0)dula)uty).

(4) For all (f,g) as above, if f has support in a dyadic cube @ and mean 0, then (g,T'f) =0
whenever the support of g does not meet @ (up to a set of measure 0).

A pdsio has in a sense its singularity adapted to the dyadic grid. As was proven in [AHMTT]]
in the setting of the real line (but there is no difficulty adapting it to a space of homogeneous
type), pdsio satisfy Theorem B.J without having to suppose conditions (B.4), (B.H), and with
(B1) instead of (B.3). Looking at our proof, it is easy to recover this result. Indeed, most of
the terms we had to estimate simply vanish if one considers pdsio, and only the diagonal terms
remain, which makes the proof a lot more straightforward. Here is how one estimates those
diagonal terms. Consider for example the term

2 1 2 1
Won, TE'60) = Y- [bhla 0?1, TE L)) dh .
Q'€Q.R'€Q
when @ is a spa 1 and spa 2 cube. It remains to compute (b?1o,T(b'1p)). If Q' # R/,

one cannot use the Hardy type inequality (R.7) directly because the exponents p,q can happen
to be uncompatible if 1/p + 1/q > 1, but one can circumvent this as follows: observe that

[('1p — W plr)du = [ (b®1g — [b* g 1o )du = 0, so that
(8.1) (B*1, T(0' 1)) = (1, T(Lp ) bR = B (Lo T(1r)) 0] -
Now, we can apply (B.7) because 1o/, 1p € L°(X). If Q' = R/, using the fact that T is perfect
dyadic, write
(1o, T(b'1g)) = (W1 — B*lobly, T(b 1)) + [b°)qr (b3, T(b' 1y — [b']qrbgy))
+ [ (b (b T(bg))
(Pl — [Plobly T(Y) + Bl (T (). b lg: — o)
+ (%[l (b T (b)),

and all those terms are easily estimated applying (B.2), (B.-3) (on same Q') and the fact that Q'
is pa 1 and pa 2. We thus always have

(10, T 1)) S (@) u(R)Y? < (@),
because these cubes have comparable measure as they are children of the same cube. Conse-

quently, using the L*° estimates of the functions qﬁg, gbg seen in Section 5.1, we still have the
estimate

(060, T(b o)) S 1.
and all this argument remains valid when 1/p + 1/g > 1. All the other terms can be treated in
the same way: to put it roughly, when considering pdsio and estimating terms where one had
to use (B.6)), one can always reduce to considering L> functions by substracting the mean value
of the functions involved, and then apply the Hardy inequality (R.7) to those L™ functions.
Similarly, one needs not suppose an integrability of T(b’é) over @, an integrability condition

over @ suffices. Putting all this together, we recover Theorem 6.8 of [AHMTT]]|, with a different
proof.
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Remark 8.2. The identity (B.]]) shows that, whenever T is a pdsio, if @ # R are neighbors and
supp f C Q,suppg C R, then for all 1 < p,q < 400, we have

1—1_1

(Tf, 9| < Tl 1) [[flell9lr] < Cr(@) 7 [ flpllglle-

Such an inequality is wrong when 1/p + 1/g > 1 for standard sio. This indicates that pdsio do
not approximate well standard sio in this range of exponents.

8.2. The case 1/p+ 1/q < 1. We have stated in Section 3 that when 1/p+ 1/¢ <1, Theorem
B.1] is valid under the hypotheses (B.1]), (B.2) and (B.7). This is Theorem 3.4 of [AY]. Let us
prove this statement. We already pointed out that in that particular case, hypotheses (B.J) and
(B:4) come as a consequence of (B.l), (B-2) and (B.7) (see Proposition B.3). However we cannot
directly show (B.H), which we obviously need in order to estimate all the diagonal terms. The
proof thus has to be adapted slightly. More precisely, we need to include a stronger control in
stopping time Lemma [.5: we need to control also the maximal function (non dyadic) of b', as
we want the means [|Mb1|p]é2 to be uniformly bounded on the pa 1 cubes ). To achieve this,
the stopping time has to be on whether

(@) ("o <o

(@) [ TbY" g + sup [|Mb' )5 > C,

for dyadic subcubes @ of Qg for appropriately chosen 6 > 0 and C < +oo, and where the
supremum runs over the unions F of dyadic cubes such that Q C E C ). This can easily be
done and we refer to [Hol|] for the detail. Once having this additional control, the diagonal
terms of (B.H) can be estimated as follows. If R is a pa 1 and pa 2 dyadic cube, write

(b* 1R, T(b'1R)) = [V°|R(T™(b%). b 1R) + (h, T (b)) — (B, T(b' 15 p)) — (h, T(b'15.)),

where h = b%1p — [b?] Rb%. Remark that by the controls given by the stopping time, we have
|All§ < p(R). For the first term, use (B.) for T*(b%) on R, (5.3) for b and b* on R, and p’ < ¢:

1 R(T (B), 8 ) S 1T 62 | 19 oy S 1R,
For the same reasons, the second term is also bounded:
(B, TN S Bl 1T 0N L (ry S H(R).
Apply (B.7) to the third term, ¢’ < p, and the control on Mb' given by the stopping-time to get
[ T 3 N S BT O L ) Ly S IR
< WA | 7y S B(R).

Finally, for the last term, since h has mean 0, we can apply (B.5) to get

itz s [ wel [l (555 o

zER yER® (x’y xay)

. 1
< h(x 2_30‘/ Ly du(y)du(x
/meR| ( ”; QJz(R)gp(x,y)<21+1z(R)| ( )|)\(907y) W)du(z)
. 1
< h(z 9 Ja . / b (y)|dp(y)dp(x
/xeR’ ( )‘Z p(B(x, 27T (R))) B(z,21+1l(R))’ W)lduly)du(z)

Jj=0

< / V@M @) diaw) S 1o IOy S 1(R),
A



46 P. AUSCHER AND E. ROUTIN

where once again we have used the control on Mb! given by the stopping time and ¢ < p.
Summing up, we obtain as desired

(0" 1R, T(b'1R))| S W(R),

for the pa 1 and pa 2 cubes R. This allows us to estimate all the diagonal terms appearing in
our argument, which we previously took care of by applying hypothesis (B.§). It means that
when 1/p 4+ 1/¢q < 1, we do not need to assume (B.), nor (B.4), and this proves Theorem B.J]

under (B.1)), (B:2) and (B.7).

9. HARDY TYPE INEQUALITIES ON SPACES OF HOMOGENEOUS TYPE

9.1. A closer look at the Hardy inequalities. We introduced in the previous sections some
Hardy type inequalities which we will review in detail now. First, let us give the proof of Lemma

Proof of Lemma P-]. f| Let I be the integral in (R.6). We prove that for all 1 < 7,5 < oo, we
have

L5 (LAY gt} + (11 (Mgl )

and the Hardy-Littlewood maximal theorem then gives the desired result, choosing 1 < r < v
and 1 < s < v/. Without loss of generality, we can assume f,g > 0. We have

f(y) g()
I:
e g(x)/ o Awg W@+ [ TW [ Ry @)
p(z,Q)>0 p(y,Q") <p(z,Q) p(y,Q")>0 p(y,Q")>p(z,Q)

Indeed, u({z € Q' p(z,Q) = 0}) = u({y € Q| p(y. @) = 0}) = 0, because of the property (6)

of Lemma R.I|: we have for example

{reQ|p(,Q) =0} C [{z €@ |p(zQ°) <2775"},

jeN

and all those sets have their measure bounded by u(Q')27/7 — 0. By symmetry, it is
j—oo

enough to estimate the first integral for example, which we call I;. For x € @', let E, =
{y e Q|ply,Q°) < p(z,Q)}. For a fixed x in @', we prove that for all 1 < r < oo,

L(z) = . K(w,y)f (y)duly) S Mu(f")(2)"".
YyELg

Consider the dyadic subcubes @’ of @, which are maximal for the relation [(Q") < p(Q’, x). Call
them @', (). They realize a partition of the cube @Q, as for every y € @, there exists a sufficiently
small cube @, containing y such that [(Q,) < p(z,Q) < p(x,Qy), and @, is then included in
one of those maximal Q! (x). The case where there is a unique cube @ (x) = @ means that
Q) < p(x,Q). Then A(z,y) > wu(B(x,l(Q))) while Q@ C B(z,CIl(Q)) for some dimensional
constant C. Hence I;(x) < M, f(x). The second case is when @ is not a maximal cube. By
maximality, if Qlﬁfl C @ is the unique parent of a Q.(z), then we have p(x,Qlﬁfl) < l(Qlﬁfl),
and thus p(z, QL (z)) < p(ﬂv,Qlﬁ_l) + l(Qlﬁ_l) S Z(Qlﬁ_l) = 071(QL(z)). Note that this implies
p(x,Q) < p(x, QL () < 6 with implicit constant independent of = and [. For a fixed [, let

Cllay= U  Qul):

a:Ql (2)NEy#£2

2We thank J.-M. Martell for the suggestion of using Whitney coverings that led to an improvement of our
earlier argument.
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Observe that if y € Q! (2)NE;, then p(y, (Q,(x))°) < p(y, Q) < p(x, Q). Thus, u(Q',(z)NE,) <
<%>n w(QL,(z)) by the small boundary property (6) of Christ’s dyadic cubes stated in Lemma,

B Summing over the cubes in C!(z), we have

X n X n
e’ n B 5 (P52 ) et 5 (D52 wisteo),

the last inequality being a consequence of doubling and the fact that each of the cubes Qla(:n)
in C!(z) is of length &' and at a distance comparable to §' from z, so that C!(x) C B(z, C§')
for some C independent of | and . Now, write

) S Z / ACH A

z(x ne, H(B(z, p(z,9)))

< E 1 d
(z, 5l /B(x,cal) e ene. 4
1

1/r
o\ () 0 B
<Z< e N d’“‘) ("B )
M@ Y (25 2) < o

l

where the third inequality is obtained by applying the Hélder inequality with r > 1, and the
last one comes from the fact that p(z, Q) < &' for the integers [ involved in the summation. This
concludes our proof. O

Now let us study more precisely the Hardy property (B.§) we introduced in Section 4. It is
not completely clear when (B.§) is true in a general space of homogeneous type. It obviously
depends on how the sets B and B¢ see each other in X. By analogy with Christ’s dyadic cubes,
we shall assume that the outer and inner layers {z € B|p(z, B¢) < ¢} and {y € B|p(y, B) < ¢}
tend to zero in measure as € — 0, and in a scale invariant way.

Definition 9.1. Layer decay and relative layer decay properties.
Let (X, p, ) be a space of homogeneous type. For a ball B in X, denote B, = {z € B|p(z, B¢) <
et U{y € B%p(y, B) < e} the union of the inner and outer layers.

e We say that X has the layer decay property if there exist constants n > 0, C' < 400
such that for every ball B = B(z,r) in X and every € > 0, we have

(9.1) u(B2) < € (2)" n(B ().

e We say that X has the relative layer decay property if there exist constants n > 0,
C < +o0 such that for every ball B = B(z,r) in X, every ball B(w, R) not containing
z, and every € > 0, we have

9.2) p (BN B(w, R) < C (%) n(Bw, R).

The layer decay property already appeared in [B] (with only u ({z € B|p(z, B¢) < ¢}) in the
left hand side of (P.1))). Remark that (p.2) implies (D-1]). As a matter of fact, let z € X,r >
0,0 < e < r, denote B = B(z,r) and suppose that ¢ < r/2 (else the inequality is trivial). By
the Vitali covering lemma, if B, is non empty, there exist points wy € B, such that the balls
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B(wg, r/10) are mutually disjoint and B is covered by the union Ui B(wg,7/2). Now, write
pu(B:) = p(B: N (U B(w,7/2))) < D p(Be N Blwy,7/2))

k
S (C) uBr/2) 5 (5)" 3 uBuwrr/10)
k k
< (5) ),

r

where the second inequality comes from (D.9), the third from the doubling property of u, and
the last from the disjointness of the balls B(wy,r/10) and the fact that they are all inside a ball
of measure comparable to pu(B).

Remark also that the condition z ¢ B(w, R) cannot be dropped in the relative layer decay
property (take a very small B(z,r) contained in a large B(w, R)). If z € B(w, R), the only
general conclusion could be a bound like C(e/r)"u(B(z,r)).

It turns out that the relative layer decay property constitutes a sufficient condition for the
Hardy property (B.g), as is shown by the following proposition.

Proposition 9.2. Let (X, p, ) be a space of homogeneous type, and suppose that X has the
relative layer decay property. Then the Hardy property (B.§) is satisfied on X.

Proof. The proof is quite similar to the proof of Lemma P.H, with modifications owing to the fact
one cannot use exact coverings with balls as for dyadic cubes. Let again I denote the integral
in (B-§). Fix a ball B of center z and radius > 0, and functions f, g respectively supported on
2B\B and B with f € L”, g € L”. As before, we can assume that f,¢ > 0 and it suffices to
prove that for all 1 < 0, s < 0o, we have

(9.3) 15 ((Mu(F)"7 ,g) + (£, (Mu(g™)'*).
The hypotheses imply u(B\B) = 0 and allow us to write

I:/ s g(w)/ . /W) du(y)du(x)Jr/ f(y)/ ) () ().

L p(y’B)Sp(x’Bc))\(:U,y) y€2B\B ©€B Az, y)

p(y,B)>0 p(y,B)>p(z,B)
Let us begin by estimating the first term. Fix x € B. As before, let E, = {y € 2B\B | p(y, B) < p(z, B°)}.
We decompose the integral in y over coronae at distance 27 p(z, B¢) from x:

Ii(z) = / . A{;}y;)du(y)
YyELy ’

f)
Y / dp(y)
Jj=0 Qjp(w,BC)Sp(ywe,5x<2J'+19(x,Bc) M(B(x,p(x,y)))
1
E,.N B(z, 2 p(x, B)))\ 7
5 M, (f)(z 1/o (:U’( ’ )
2 M@ (R 5, B
zéB(x,Qj‘Flp(x,Bc))
1
. d
- 2 w(B(z, 27t p(z, B))) / veEy T

j=0

; 27 p(x,B¢)<p(x,y) <21 p(z,BC)
z€B(x, 27 p(z,BC)))

where the last inequality is obtained applying the Holder inequality with o > 1. Observe
that there are at most four integers j > 0 such that 2 € B(x, 2 p(x, B%))) and E, N {y €
B¢|2 p(x, B®) < p(x,y) < 2 p(x, B)} # @. Indeed, let jo be the first such integer, which
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implies p(, z) < 270+ p(z, B), and let j > jo be another one. Let y € E,N{y € B°|27p(x, B®) <
p(x,y) < 2 p(x, B)}. Using y € E,, we have p(z,y) < r+ p(y, B) < 1+ p(x, BY). Also,
r < p(z,2)+ p(z, B). Hence p(z,y) < p(x, z)+2p(z, B¢). Using 27 p(x, B¢) < p(x,y), we obtain

2 p(z, BY) < pla,y) < ple,2) + plz,y) < 2ple,2) + 2p(z, BY) < 270+ 4 2)p(x, BY),

hence j < jo + 3.
Consequently, applying (P.), we have

N
7

ple, ) ) M, () < M, (f7) (@),

(o) £ M0 Y (e

=0

so the first integral is controlled by (g, (M, (f?))*/?). The argument for the second integral is
entirely similar using the symmetry of our assumptions (and 4 above becomes 3). This proves
(p-3). Remark that this argument only uses (9.9) for R < 2r. O

Remark 9.3. An interesting remark is that if f and g are taken in L*'(X) and L*?(X) with
1/v1 4+ 1/vy < 1 (and g no longer in L*1), then if I denotes the integral in (B.§), the normalised
inequality

1

—I<
/L(B)I ~ HfHLlll(QB\B7%)HgHLlI2(B’%)

is true in any space of homogeneous type only satisfying (P.1]). The proof is much easier: let
B = B(z,7) be a ball in X, f be supported in 2B\B, with f € L"*(2B\B), g be supported in
B with g € L*2(B), denote 1/v =1 —1/v; — 1/ve, S; = {x € B : p(z, B¢) < 277r}. Observe
that by (1)), p(S;) < 277"u(B), and splitting the integral in y over coronae at distance 2771
from z, write

15> [ lo@) / I %dﬂ@)d#(ﬂs)

j>—27v€B 23~ 1r<p(a,y)<2—ir

<y / 9@)| My f(@)dp(z) < 3 / @M @)1, (@)d(e)

j>—2 z€S; j>—27z

Sl 1Mpgllus D w(SH)Y",

j=-2

where we have applied the Holder inequality to get the last line. It remains to sum in j to obtain
the desired estimate. The same remark with identical proof holds if B,2B\B are replaced by

Q, @\Q for @ a dyadic cube.

9.2. Geometric conditions ensuring the relative layer decay property. For obvious
practical reasons, we now would like to find sufficient geometric conditions assuring that (9.9)
is satisfied. Let us first give a couple of other definitions.

Definition 9.4. Annular decay and relative annular decay properties.
Let (X, p, t) be a space of homogeneous type. For z € X and 7 > 0,0 < s < r, let Cp.,_4(2) =
B(z,r)\B(z,7 — s).
e We say that X has the annular decay property if there exist constants n > 0 and C' < 400
such that for every z € X,r > 0,0 < s < r, we have
(94) #(Crrs(2)) < O

S\ 7

) n(B)).

r
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e We say that X has the relative annular decay property if there exist constants n > 0
and C' < 400 such that for every z € X, r > 0,0 < s < r, and every ball B(w, R) not
containing z, we have

(9.5) #(Crps(2) N B(w, R)) < C () n(B(w, R).

It is interesting to note that this condition (P.4) was made an assumption in [DJY] for the
first proof of the global T'h theorem in a space of homogeneous type. Similarly as for layer
decay properties, we have that (D.5) implies (0.4). It is also clear that the relative annular decay
property implies the relative layer decay property. In [BZ], Buckley introduces the notion of
chain ball spaces and proves that under that condition, a doubling metric measure space has the
annular decay property. Colding and Minicozzi II already had proved that this property was
satisfied by doubling complete riemannian manifolds in [CM]. Tessera introduced a notion of
monotone geodesic property in [f], and proved that this property also entails the annular decay
property (called there the Fgllner property for balls) in a doubling metric measure space. Lin,
Nakai and Yang recently showed in [LNY]] that chain ball and a slightly stronger scale invariant
version of the monotone geodesic were equivalent. This motivates us to consider the monotone
geodesic property of [LNY] in the following. We recall this property here:

Definition 9.5. Let (X,p) be a metric space. We say that X has the monotone geodesic
property if there exists a constant 0 < C' < 400 such that for all v > 0 and all z,y € X with
p(z,y) > u, there exists a point z € X such that

(9.6) p(z,y) <Cu and p(z,2) < p(y,z) — u.

Remark that C' must satisfy C' > 1. Remark also that iterating this property, one gets that
for every x,y € X with p(x,y) > u, there exists a sequence of points yo =y, y1, ..., Yym = « such
that for every i € {0,...,m — 1}

p(Yi+1,%) < Cu and  p(yitr1,x) < p(yi, ) — u.

It appears that the monotone geodesic property not only yields the annular decay property, but
also the stronger relative annular decay property as we next show.

Proposition 9.6. Let (X, p, ) be a space of homogeneous type, and suppose that X has the
monotone geodesic property. Then X has the relative annular decay property.

It immediately yields the following corollary.

Corollary 9.7. Let (X, p, ) be a space of homogeneous type. If X has the monotone geodesic
property, then the Hardy property 1s satisfied on X.

Proof. 1t is a straightforward application of Proposition and Proposition .4. O

Proof of Proposition [9.4. Let Cy > 1 be the constant intervening in the monotone geodesic
property of the homogeneous type space X. We already know that X has the annular decay
property (see [[]] for example), say with constants C,1; > 0. Note that (9.4) is still valid for all
n € [0,m], so that one can make 7; as small as we wish. We prove (P.§). The argument adapts
the one in [[[]. Fix 2 € X, 7 > 0,0 <s <r,and w € X, R > 0 such that z ¢ B(w, R). Observe
that if 6Cos > R, (P.§) is trivial, so that we can freely assume 6Cps < R in the following. We
will prove (D.F) in two steps. We first show that there exist § < 1 and C' < 400 such that for
all o > 0 with 6Cyo < R, 20 < r (and R < p(w, 2)), we have

9.7)  W(Crro(2) N B(w, R)) < 0u(Crr_20(z) N B(w, R)) + C (%)"1 1(B(w, R)).
Assuming these conditions on ¢ are met, we begin by establishing the existence of a dimensional
constant A > 0 such that

pw(Crr_o(2) N B(w, R — 6Cho) < Apu(Cyr—26 N B(w, R)).
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If Cy o (2)NB(w, R—6Cy0) = &, there is nothing to do, so we will suppose that this intersection
is not empty. Let y € C;,_»(2) N B(w, R — 6Cyo), and let 0 < u < min(o/4,Cy(r — o)). Since
p(z,y) > r—o > u/Cp, by monotone geodesicity of X there exist points yo = y, Y1, ..., Ym = 2
such that for every i € {0,...,m — 1},

u
p(2,yir1) < p(2,9i) — e and  p(y;, yiy1) < u.

Let ip be the first integer such that y;, € B(z,r — 30/2). Note that u < ¢/4 implies ig > 2.
Write
(io — l)u < (io — l)u

r—30/2 < p(z,yi0-1) < p(z,y) — e ST
so that 37(’ > W, and
o 3C
iou < - 10 09 < 3Cyo,
’Lo—l 2

because ig > 2. Thus p(y,y;,) < iou < 3Cho and it follows that y;, € B(w,R — 3Cyo).
Furthermore,

3o To
P(2:Yio) = P(2,Yio—1) — P(Yio—1, i) =T — 5 TuZT—

It means that for every y € Cy,—o(2) N B(w, R — 6Cy0), there exists y' € C,_3,/2,-75/4(2) N
B(w, R — 3Cyo) such that p(y,y’) < 3Cyo. Then,

By = B(y',0/4) C Cr_pr—25(2) N B(w, R).

Now if we consider the union of all those balls B, for y € C,,_;(2) N B(w, R — 6Cy0), by the
Vitali covering lemma we can find points y; such that the balls B,, are mutually disjoint and
U, By C Uy 5By, But since for every &, p(yx, y;,) < 3Coo,

Crr—o(2) N B(w, R — 6Cyo) C | JCBy,,
k

with C' = 5 + 12Cy. Applying the doubling measure p and remembering that the B, are
mutually disjoint sets contained in Cy_s,_2,(2) N B(w, R), we obtain

1(Crr—o(2) N B(w,R — 6Cho)) < Z u(CBy,) <A Z p(By,) < Ap(Cr—gr—25(2) N B(w, R)).
k k
Applying the annular decay property inside the ball B(w, R), write then
1(Crr—o(2) N B(w, R)) = pi(Cr,r—0(2) N B(w, R — 6Cy0)) + p(Cr,r—600 (W)
6Coo \ "
57) " (B, )

< A,LL(CT’—O',T‘—QO'(z) N B(w, R)) +C <

< AGUChry—20(2) N B(w, R)) = (Crr—a(2) O B(w, R))) + Cy (Gf;“)m u(B(w, R)),

so that (0.7) holds for 6 = HLA <land C = % < +o0.
The second step in the proof now consists in iterating this inequality. Let d = p(w, B(z,r)) >

1
0. Let us distinguish two cases. If d > (1 - (%) 5) R, then C,.,_s(2)NB(w, R) C CRR,(%)l/zR(w)
as one easily checks. Applying the annular decay property in the ball B(w, R), we have

m

#(Crrsl2) N Blw, R)) < C1 (55) * w(B(w, B)),
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so that there is no iteration to make.
Suppose now that d < (1 - (%) ) R. Observe that R < p(w,z) < r+d, so that R —d < r.

Thus, if n is an integer such that 2"s < W’ we also have 2"s < 574~ <7, so that we can apply
0 0
(pA) with o = 2815 for k = 1,...,n, and iterate to obtain

1(Crps(2) N B(w, R)) < 0" 14(Crp_ans(2) N B(w, R)) (Z akzknl> ( )m u(B(w, R)).

Consequently, let ng = [logs( 550 4)] — 1, where [z] denotes the integer part of z, note that
R—d> (% )Y2R, and write

no—1

1(Crr—o(2) N B(w, R)) < 6™ u(Cyr—gm04(2) N B(w, R)) (Z 9’@2’%) (R) 1(B(w, R))

<o () ¢ =S (3)" Bt )

provided n1 < —logy#, which we may assume by a previous remark, and because we have
supposed 6Cps < R. O

Remark 9.8. (1) We have proven the desired result with n = 1;/2 and 7 < —log, 6, but

(2)

remark that we can clearly get n = 71 — e for € > 0 as small as desired (provided
m < —logy 0).

We have obtained a rather satisfying geometric condition ensuring that the Hardy prop-
erty B.4 is satisfied: this monotone geodesic property is obviously satisfied by complete
riemannian manifolds, or by length spaces for example. We have also shown the stronger
relative annular decay property in such cases.

Observe that conversely, the Hardy property does not imply the monotone geodesic
property. Let us give two basic examples to illustrate this. First consider the space
formed by the real line from which an arbitrary interval has been withdrawn, fitted with
the usual euclidean distance and Lebesgue measure. This space obviously does not have
the monotone geodesic property, as, to put it roughly, there is a hole in it. On the other
hand, this space clearly has the Hardy property, as a consequence of the Hardy property
being satisfied on the real line. The second example is a connected one: consider the
space made of the three edges of an arbitrary triangle in the plane, again fitted with the
euclidean distance and Lebesgue measure. This space has the Hardy property, once again
as a straightforward consequence of the fact that the unit circle has it and easy change
of variables. It easily follows from the fact that one of the angles must be less than 7/2
that it does not have the monotone geodesic property: one of the pairs (z,y) with x a
vertex and ¥ its orthogonal projection on the opposite side cannot meet condition (9.6).
In passing, it proves that this property is not stable by bi-Lipschitz mappings (see also
m).

The study of the first example we gave above motivates the following observation: to
prove the Hardy inequality on a space of homogeneous type X, it is enough to prove it on
a larger space Xg of which X is a subset, provided that Xy hasn’t got too much weight
compared to X. Let us precise that. Let (Xg,p, ) be a space of homogeneous type,
and let X C Xy, fitted with the distance p’ = p|x and the measure v = u|x. Suppose
furthermore that the following measure compatibility condition is satisfied: for all x € X
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and r > 0, u(Bx,(z,7)) S p(Bx,(x,7r) N X) = v(Bx(z,7)). Then X inherits the Hardy
property B4 from Xj. Indeed, under that condition, the kernels taken respectively on
X and Xy, which we denote Kx and Kx,, have comparable size: if z,y € X,

Kx(z,y) 1 1 <
x(z,y) ~ sup = sup ——— < sup ————
By 3z, V(Bx) Bxy37y 1(Bx, N X) Bx, 3,y 1(Bx,)

B centered in X

~ KXo(xay)'

It is clear then that the Hardy inequality is in that sense stable by restriction, provided
one does not withdraw too much from the initial space. To check that Property B4 is
satisfied by a space of homogeneous type X, it is thus enough to see if X can be seen as
a subset of a bigger space, satisfying the measure compatibility condition, on which the
Hardy inequality is known to be true, or on which one can prove the monotone geodesic
property for example.
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APPENDIX A. WAVELET REPRESENTATION OF THE ADAPTED MARTINGALE DIFFERENCE
OPERATORS

We prove in this section Proposition ..

Proof of Proposition [5.1. It follows essentially from results on pseudo-accretive sesquilinear forms
developed in [AT]]. It is here simpler as everything is finite dimensional. Still, the uniform con-
trol of constants must be achieved. Let Vg be the space of complex-valued functions which are
constant on each dyadic child of @ (if @ has only one such child, then we are done and we
assume there is at least two), seen as a subspace of L?(X) and equipped with the complex L?
inner product. On Vg consider the bilinear form

B(r.0)= [ fhadu= Y floltialslon@)

Clearly, since for f € Vo, [|f15 = X [If*]lo:u(Q") and [|f Pl = [fl/[f]qr, we have

[B(f,9)| < sup [[blor| [Ifll2 llgllz,
Q'eqQ

and

inf [B(f,g)] > inf_|[blgr| [ fll2
@eq

lgll2=1

by taking g € Vg with

ol — D2 Tl

[1£12 [[blor]
Consider W C Vg equal to the orthogonal complement of Clg and Py, the orthogonal pro-
jection of Vo onto Wg. Let also Xg = {g € Vg;B(lg,g) = 0}. Then Clg ® Xgo = Vp is

a topological sum. Indeed, let cg € C such that cé% = 1 which is possible because
2

(f, 1Q)1Q + g, and

_ e e @
|B(1g,1g)| = |[blom(Q)| # 0. Then the splitting is given by f = o B

2

C—QB(f, 1g)1lg

Q) < gl sup (B[l fll2llgll < (1 +|cg)| sup |[bloDIf]l2-

2 QeQ Q'eQ
Let Px, be the projector on X associated to this splitting. Then it can be checked that Px,, :
lo

Wq — Xq is an isomorphism with inverse Py, : Xqo — Wg. Set qﬁ% = and complete it to

Q)12
. No—1

an orthonormal basis of Wy, qﬁb, e ¢QQ for ||.||2. Define QA%S by QA%O = chbOQ, QA%S N PXQ(¢SQ)

for s > 1. For f € Xo\{0}, let g € Vi, |lgl]2 = 1, such that B(f,g) > me’Gé Bl Iz as

before. Let h = [Px gl

h € Xq, [[h]2 =1, and

as Px,g # 0 because otherwise g € Clg and B(f,g) = 0. Thus

B(f,9) . Moeq el
1Pxq9ll2 1Pxq9ll2

B(f.h) = 1/ 1l2-

By the Riesz representation theorem, there exists A € L(Xg), [|4] < SUP 5 |[b]g/|, such that
for all f,g € Xg

B(f.9) = (Af.9) / Afgdu
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and the above argument says that A~! € £(Xg), and
P
lan’Eé |[b]Q/|
Set then qﬁQ =1A- 155“ for 1 < s < Ng — 1 where "4 is the real transpose of A. It is quite

clear that ¢ and ¢Q satisfy (1), (2),(3), (4). It remains to prove (5) and (6). Remark that for

feXg, we have obtained
No—1

f=> B(f.¢5)05
s=1
and [|f]l2 =~ Y |B(f, ¢gs)|2 (use f = Px,(>_ B(f, Q%S)QSSQ) and the bounds for the operators
Px, and Py,). Now, let f € L'(X) and observe that A%f € Vo and fQ bAléfdu =
Hence, Agf € Xg. It remains to show that B(A%f, (bgs) = fQ fqﬁgsd,u for s > 1. Indeed,
B(E%f, qﬁgs) =0, so that

b,s [f] ! b,s
BAGf6g) = > B (Wzl‘?”% ) = Flole lan / g dp,
QeQ Q'eQ
where we have used the fact that gbzg’s is constant on each child @’ of Q. O

APPENDIX B. COEFFICIENT ESTIMATES

Let T be a singular integral operator. Let () and R be two cubes of the space of homogeneous
type X. Remember that we introduced

@, R) = xeg}yfeR{ﬂ(B(w,p(w,y))%M(B(y,p(w,y)))} ,

and

. {M@)%u(m% (UGN i p(Q0R) = sup(U(Q), U(R))
7 1 if 1(Q)=1I(R), and p(Q,R) <(Q).

We state the following lemma:

Lemma B.1. Let us assume the hypotheses of Theorem [3.1, and let Q, R be two pseudo-accretive
dyadic cubes in X, either strongly pseudo-accretive or degenerate pseudo-accretive with respect
to b, b% respectively, and depending on the nature of the inequality below. Let also PZ-1 be one of
the stopping cubes with respect to b'. Then we have the following coefficient estimates: whenever

H(Q) = I(R),

(B.1) 6265, T )| S ag.n

(B.2) 6265 T(che))| S aqru(R)?,
(B.3) (€3 1. T(h9)| S agrn(Q)F n(R)Z,
(B.4) (€81, T )| S ag.ri(Q)F u(R)?,

MIH

(B.5) 0260, T("1R)| S aqrn(R)2,
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and when p(Q, PL) > 1(P}) > 1(Q),

(B.6) (€1, TOR))| S ag.p w(@)F u(P1)3,
(B.7) (6265, b)) S ag.er (P12,
(B.8) ‘(b%g,T(bHP;»( S agpi (P,

Proof. We detail the proof of the first inequality. Suppose first that we have p(Q, R) > (Q).
Since b2¢z)2 and b%g’; have mean 0, we can apply (R.§) to get the bound

2 b2 1 2 1 inf(1(Q), U(R)) \* 1
(b0, T(b' %)) /'b ¢Q|d”/|b¢ < p(Q,R) ) 1(Q, R)

S aQ7R7

the last inequality being a consequence of the L estimates of the functions (bg,qﬁg’;. In-
. 2 _ 1 _ 2

deed, Lemma [.1] entails that ||gz%\|oO S @)V 6% oo S ,u(R)l /2. Thus ||b2¢2;HL1(Q) <

M(Q)*1/2Hb2HL1(Q) < 1u(Q)Y/? since Q is pa 2, and similarly for b'¢% .

Now, assume that p(Q, R) < I[(Q). Write

Bl TR = > [65le b 1le T 1r)) ¢
Q'cQ,R€R

If Q" and R’ are neighbors, by the weak boundedness property (B.6) (we do not need the stronger
property (B.4) here), we have

(01, T(b 1)) S u(R).
If p(Q',R") > I(R'), then write

(10, TG < (0110 T i — b)) + 0] 161 r, T(L )|

o (R N1 ,
S Q@) (5 ) gy + )
S u(R).

To get the second inequality, we have applied (R-5) to the first term (which is possible because
[ (b1 — b r1r)dp = 0), and the Hardy inequality (B-7) to the second term. Then the last
inequality comes from the fact that p(Q’, R') > I(R'), and u(Q’, R') =~ u(Q) ~ p(Q') as both @’
and R’ are children of the neighbor cubes @, R. Finally, using again the L estimates of the
functions ¢, and the fact that @', R’ have comparable measure, we have

2 1 _1 _l
Wb, TGRS D w@) FaR)u(R)F S 1,
Q'€Q,R'ER
which was the desired estimate.
For the other estimates we asserted, it is exactly the same idea. Indeed, observe that we always

have at least one of the functions in the scalar product which has mean zero, allowing us to
conduct exactly the same argument as above when the cubes @ and R (or Pl-l) are far away.
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Remark that the only thing that changes is the normalization of those functions, but it is
immediate to see that

/ ehgldu < u(R), / 2 ldi < (@), / b1 < (R), / bl < pu(PY),
R Q R P

which yields all the desired estimates when the cubes are far away. Now when () and R are
neighbors, it is also the same idea as above, and one only has to apply the weak boundedness

property (B.6) to get the desired estimates. We therefore omit the detail here. U
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