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SPECTRAL STATISTICS FOR RANDOM SCHRODINGER OPERATORS IN
THE LOCALIZED REGIME

FRANCOIS GERMINET AND FREDERIC KLOPP

ABSTRACT. We study various statistics related to the eigenvalues and eigenfunctions of random
Hamiltonians in the localized regime. Consider a random Hamiltonian at an energy E in the
localized phase. Assume the density of states function is not too flat near E. Restrict it to
some large cube A. Consider now I, a small energy interval centered at E that asymptotically
contains infintely many eigenvalues when the volume of the cube A grows to infinity. We prove
that, with probability one in the large volume limit, the eigenvalues of the random Hamiltonian
restricted to the cube inside the interval are given by independent identically distributed random
variables, up to an error of size an arbitrary power of the volume of the cube.
As a consequence, we derive

e uniform Poisson behavior of the locally unfolded eigenvalues,

e a.s. Poisson behavior of the joint distibutions of the unfolded energies and unfolded local-

ization centers in a large range of scales.
e the distribution of the unfolded level spacings, locally and globally,
e the distribution of the unfolded localization centers, locally and globally.

RESUME. Nous étudions différentes statistiques associées aux valeurs propres et vecteurs pro-
pres d’un opérateur aléatoire dans le régime localisé. Considérons un opérateur aléatoire au
voisinage d’une énergie E supposée se trouver dans le régime localisé. On considere la restirc-
tion de opérateur & un grand cube A. Soit Ij, un petit intervalle d’énergie centré en E qui,
asymptotiquement, contient une infinité de valeurs propres quand A grandit. Nous démontrons
qu’asymptotiquement presque sirement, les valeurs propres de I'opérateur aléatoire restreint au
cube contenu dans 'intervalle sont trés bien approchées par des variables aléatoires indépendantes
identiquement distribuées.
De cette caractérisation, nous déduisons
e que localement, les valeurs propres renormalisées comportement uniformément poissonien,
e que les distibutions jointes des valeurs propres et centres de localisation renormalisés sont
asymptotiquement distribuées selon une loi de Poisson,
e la distribution des espacements de niveaux renormalisés, localement et globalement,
e la distribution des espacements des centres de localisation renormalisés, localement et glob-
alement.

0. INTRODUCTION

On ¢?(Z%), consider the random Anderson model

H,=—A+ AV,
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where —A is the free discrete Laplace operator

(—Au), = Z Uy for u = (un)peza € L2(Z4)

|m—n|=1
and V,, is the random potential
(Vou)n = Wntty,  for u = (up)peza € £3(Z%).

We assume that the random variables (wy,),eze are independent identically distributed and that
their distribution admits a compactly supported smooth density, say g.

It is well known that, w almost surely, the spectrum of H,, is equal to a fixed closed set, say, X.
Moreover, there exists a Lebesgue almost everywhere bounded density of states (see [Kir0g]), say
A = (), such that, for any continuous function ¢ : R — R, one has

/R SOV = B((50, (H.0)d0) -

The function v is the density of a probability measure on X.

For L > 1, consider A = [—L, L]¢ N Z%, a cube on the lattice and let H,(A) be the random
Hamiltonian H,, restricted to A with periodic boundary conditions. It is a finite dimensional
symmetric matrix; let us denote its eigenvalues ordered increasingly and repeated according to
multiplicity by Ei(w,A) < Es(w,A) < --- < Ey(w,A). For z > 0, define the empirical level
spacings distribution of H,(A) as

#{J; (B (w,A) — Ej(w, A)[A] >z}
Al
A result that is typical of the results we prove in the present paper is

DLS(z;w,A) =

Theorem 0.1. There exists N\g > 0 such that, for |[\| > Ao, with probability 1, as |A| — +o0,
DLS(z;w, A) converges uniformly to the distribution x — g(x) where

g(x) = /E e VT (N)dA (0.1)

that is, w almost surely,

sup |DLS(z;w,A) — g(z)] — 0.

>0 |[A]—=+o0
This result shows that, for the discrete Anderson Hamiltonian with smoothly distributed random
potential at sufficiently large coupling, the limit of the level spacings distribution is that of i.i.d.
random variables distributed according to the density of states of the random Hamiltonian.

To the best of our knowledge, this is the first rigorous study of the level spacings distribution of
random Schrodinger operators.

The purpose of the paper is to study spectral statistics for random Hamiltonians in the localized
regime. The large coupling Anderson Hamiltonian described above is the typical example. Spectral
statistics have been studied in various works, mainly for discrete or continuous Anderson models
(see e.g. [Mol82a, Min96, KNO7, Wan01l, CGK10]) but up to now, to the best of our knowledge,
studies have only described the local spectral statistics. For a random Hamiltonian restricted to a
cube A, the existence of the density of states, that is, of a limit for the number of eigenlevels per
unit of volume (see (1.3)) implies that the average distance between levels is of order |A|~!. Local
spectral statistics are the statistics in energy intervals I of the size |A|~!. Thus, such intervals
contain typically a number of eigenvalues that is bounded uniformly in the volume of the cube.
This, in particular, prevents the study of the empirical distribution of level spacings.

In the present paper, we go beyond this. Therefore, we introduce a new method of study of the
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eigenlevels and localization centers that is quite close to the physical heuristics (see e.g. [Jan9g,
LR85, Mir00]). The method consists in approximating the eigenvalues of the true random operator
(restricted to some finite cube) by a family if i.i.d. random variables that are constructed as eigen-
values of the random operator restricted to smaller cubes. That this is possible is a consequence
of localization: due to their exponential falloff, eigenfunctions only see the random potential sur-
rounding them. This construction is only feasible under some restrictions on the relative size of
the region where one wants to study eigenvalues and the size of the cube on which one restricts
the random operator. If one wants to control, with a good probability, all the eigenvalues in some
interval I, then, one roughly needs I to be of size |A|~%, the inverse of the volume of the cube to
some power « smaller than but close to 1 (see Theorem 1.15). If one wants to enlarge the interval
I, one can go up to sizes that are of order a negative power of log |A| at the expense of being able
to describe only most of the eigenvalues (see Theorem 1.16).

The basic tools that we use to control the eigenvalues are the so-called “Wegner” and “Minami”
estimates (see (W) and (M)). In Theorem 1.1, we show an improved version of Wegner’s estimate
where the control on the microscopic eigenvalues is obtained using the integrated density of states.
For some systems, one can show an analogously improved Minami estimate (see [GI]]).

Using the approximation described above, we obtain uniform local statistics for the eigenvalues
and localization centers when they are rescaled covariantly i.e. the scaling in energy is of order
the scaling in space to the power —d (see Theorem 1.3); we prove that the covariantly scaled local
statistics are independent of the scale (if they are not too small) i.e. one always obtains Poisson
statistics. In the non-covariant scaling case, we obtain almost sure results on the counting function
(see Theorem 1.8). In the case of the standard scale i.e. energies are scaled by |A|~! on a cube of
volume A, we also study the asymptotic independence of these local processes (see Theorems 1.4
and 1.5).

The next result is a large deviation estimate for the number of eigenvalues inside a possibly shrink-
ing interval of a random operator restricted to some large cube (see Theorem 1.9). This bound
shows that for intervals I that are not too small, the number of eigenvalues in I is given by the
weight that the integrated density of states gives to I times the volume of the cube up to an error
of smaller order.

Then, we derive the almost sure level spacings statistics near fixed energies as well as inside non
trivial compact intervals (see Theorems 1.10, 1.12 and 1.13). We also compute the localization
center spacings statistics (see Theorem 1.13).

We point out that our analysis goes beyond the previous results also in the sense that locally the
images of the eigenvalues by the IDS are shown to exhibit a Poissonian behavior. When the DOS
exists and is non zero, we recover the previous known statements, but a vanishing derivative of the
IDS is allowed in this work.

We also consider the problem from a different point of view. The usual procedure consists in
restricting the random Hamiltonian to some finite cube and study the statistics for this operator in
the limit when the cube grows to be the whole space. One can also consider the Hamiltonian in the
whole space. In a compact interval in the localized region, say I, the Hamiltonian admits countably
many eigenvalues. We enumerate them using the localization center attached to an associated
eigenfunction (see Proposition 1.1). I.e. we consider the eigenvalues in I having localization in
some finite cube. We derive the almost sure statistics of the level spacings distributions (see
Theorem 1.14); they are the same as the ones obtained for the Hamiltonian restricted to a cube.

1. THE MAIN RESULTS

We now turn to the main results of the present paper. They will be given for general random
Schrodinger operators under a number of assumptions that are known to hold for, e.g. the Anderson
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model and some continuous Anderson models.
We shall use the following standard notations: a < b means there exists ¢ < oo so that a < cb;
(z) = (1 + |z[%)2. We write a =< b when a < b and b < a.

1.1. The random model. Consider H,, = Hy + V,,, a Z%ergodic random Schrédinger operator
on H = L?(R?) or £%(Z%) (see e.g. [PF92, Sto01]). Typically, the background potential Hy is the
Laplacian —A, possibly perturbed by a periodic potential. Magnetic fields can be considered as
well; in particular, the Landau Hamiltonian is also admissible as a background Hamiltonian. For
the sake of simplicity, we assume that V,, is almost surely bounded; hence, almost surely, H, share
the same domain H?(R9) or £2(Z9).

For A, a cube in either R? or Z%, we let H,(A) be the operator H,, restricted to A with periodic
boundary conditions. Our analysis staysa valid for Dirichlet boundary conditions.

Furthermore, we shall denote by 1;(H) the spectral projector of the operator H on the energy
interval J. E(-) denotes the expectation with respect to w; Our first assumption will be a indepen-
dence assumption on the local Hamiltonian that is

(TAD): Independence At a Distance: there exists Ry > 0 such that for dist(A, A”) > Ry, the
random Hamiltonians H,(A) and H,(A’) are independent.

Such an assumption is clearly satisfied by standard models like the Anderson model, the Poisson
model or the random displacement model if the single site potential is compactly supported (see
e.g. [PF92, Sto01]).

Remark 1.1. As will be seen in the course of the proofs, it can be weakened to assuming that the
correlations between the local Hamiltonians decay polynomially at a rate that is faster than the
—dth power of the distance separating the cubes on which the local Hamiltonians are considered.

Let X be the almost sure spectrum of H,,. Pick I a relatively compact open subset of ¥. Assume
the following holds:

(W): a Wegner estimate holds in I, i.e. given I there exists C' > 0 such that, for J C I, and
A, a cube in R or Z¢, one has

E [tr(1;(Ho(A)))] < ClJ[|A]. (1.1)

(M): a Minami estimate holds in I, i.e. given I there exists C' > 0 and p > 0 such that, for
J C I, and A, a cube in R? or Z%, one has

E [tr(1s(Ho(A)) - [tr(Ls(Ho(A))) — 1] < C(LT] A, (1.2)

Remark 1.2. The Wegner estimate has been proved for many random Schrodinger models both
discrete and continuous Anderson models under rather general conditions on the single site poten-
tial and on the randomness (see e.g. [His08, KNMO7, Ves08]). The right hand side in (1.1) can be
lower bounded by the probability to have at least one eigenvalue in J (for J small).

As the rpoofs will show, one can weaken assumption (W) and replace the right hand side with
C|J|*|A|? for arbitrary positive o and 3. Such Wegner estimates are known to hold also for some
non monotonous models (see e.g. [K195, K02, GHKO0T7]).

On the Minami estimate, much less is known: it holds for the discrete Anderson model with
I =% (see [Min96, GV07, BHS07, CGK09]). For the continuous Anderson model, in [CGK10],
it is shown to hold at the bottom of the spectrum under more restrictive conditions on the single
site potential than needed to prove the Wegner estimate. These proofs yield an optimal exponent
p = 1. The right hand side in (1.2) can be lower bounded byt the probability to have at least two
eigenvalues in J. For p = 1, it behaves as the square of the probability to have one eigenvalue in
J. So, close by eigenvalues behave as independent random variables.
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The integrated density of states is defined as

o #{e.v. of H,(A) less than E}
N(EB) = Al oo |A|

(1.3)

By (W), N(FE) is the distribution function of a measure that is absolutely continuous with respect
to to the Lebesgue measure on R. Let v be the density of state of H, i.e. the distributional
derivative of N. In the sequel, for a set I, we will often write N(I) for the mass the measure
v(E)dE puts on I i.e.

N(I) = /1 V(E)dE. (1.4)

1.2. The localized regime. For L > 1, Ay denotes the cube [—L/2, L/2]? in either R? or Z.
Let Ha be 2(A N Z%) in the discrete case and L?(A) in the continuous one. For a vector ¢ € H,
we define

o]l = {|1A(w)</7|2 where A(z) = {y: |y — 2| < 1/2} if H = L*(RY), (1.5)

1 o) if 1 = £2(2%).
In the discrete case, the definition is that given in section 1.5.

Let I be a compact interval. We assume that I lies in the region of complete localization (see
e.g. [GK04, GKO06]) for which we use the following finite volume version:

(Loc): there exists £ €]0, 1] such that

3
sup sup B | > el [1500) f(Ho(AL)Lagyll2 | < +o00. (1.6)
L>0 suppfClI 4
<1 ez

Whenever the fractional moment method is available, one may replace the factor el by an
exponential one el where n > 0. We note that the assumption (Loc) implies in particular that
the spectrum of H,, is pure point in I (see e.g. [GIK06, Kir08]). We refer to Appendix 6.2 where
we provide equivalent finite volume properties of the region of complete localization, and show it
coincides with the infinite volume one. For the sake of the exposition, we extract from Theorem 6.1
the following lemma that we shall use intensively in this paper.

Lemma 1.1. Under assumption (W) and (Loc), for any p > 0 and & €]0, 1], there exists ¢ > 0
such that, for L > 1 large enough, with probability larger than 1 — L™P, if
(1) pnw s a normalized eigenvector of H,(AL) associated to B, € I,
(2) an(w) € AL is a mazimum of x — ||@nwl|le in AL,
then, for x € AL, one has
[ Pnwlle < Lée™ 7o, (1.7)

Such a result can essentially be found in [GIK06] for the continuous case and in [IK111] for the
discrete case.
Clearly, the function & — |¢n.wl|ls need not have a unique maximum in Ay. But, as, for any
x € Ap, one has

Z ||90n,w||i+»y = ||90n,w||2 =1,

yEALNZ

if 2, (w) is @ maximum, then ||g0n7w||in(w) > (2L+1)79. Hence, if z,,(w) and 2/, (w) are two maxima,
then (Loc) implies that, for any p, there exists C, > 0 such that, with a probability larger than
1— L7P, we have

jn (W) = 2 (w)] < Cp(log L)V/*.
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For ¢ € Hp, define the set of localization centers for ¢ as
Cle) ={z € A; [l = max|lpll,}- (1.8)
YEA
As a consequence of Lemma 1.1, one has

Lemma 1.2. Pick I in the localized regime for H,,. For any p > 0 , there exists C, > 0, such
that, with probability larger than 1 — L™P, if E;(w,A) € I then the diameter of C(p;(w,A)) is less
than Cylog* |A.

From now on, a localization center for a function ¢ will denote any point in the set of localization
centers C'(¢) and let zj(w,A) be a localization center for ¢;(w,A). One can e.g. order them
lexicographically and pick the one with largest coefficients.

1.3. An improved Wegner estimate. In the localized regime, the Wegner estimate can be
vastly improved so as to reflect the local behavior of hte integrated density of states. Indeed, we
prove

Theorem 1.1. Assume (W) and (Loc) holds in I. Fiz v € (0,1). Then, for L >1 and J C 1 a
compact interval such that N(.J) > e %", Then,

E [tr(1s (. (A)))] = N(J)A] (1+0 (JA])). (L9)

The main gain over (W) is that (1.9) is an asymptotic; the loss is that it holds only for not too
small intervals. The proof given in section 2.1 shows that, for larger intervals, the remainder term
can be improved.

1.4. The local level statistics. For L € N, recall that A = Ay, and that H,(A) is the operator
H,, restricted to A with periodic boundary conditions. The notation |A| — 400 is a shorthand for
considering A = Ay in the limit L — 4o0.

Denote the eigenvalues of H,(A) ordered increasingly and repeated according to multiplicity by
Ei(w,A) < Ey(w,A) <--- < Eny(w,A) <---.

Let Ey be an energy in I. The unfolded local level statistics near Ej is the point process defined
by

E(f;Eo,w,A) = Zaﬁj(Eo,w,A)(g)v (110)
j>1
where
&i(Eo,w, A) = [A|(N(Ej(w,A)) = N(Ep)). (1.11)

The numbers (JA|N(E;(w,A))); are called the unfolded eigenvalues of H,(A) (see e.g. [Min07,
Min08] for more details).
The unfolded local level statistics are described by

Theorem 1.2. Assume (IAD), (W), (M) and (Loc) hold. Pick p € (0,p) where p is defined by
(M). Pick Eqy be an energy in I such that the intergrated density of states satisfies

Ya > b, 3C(a,b) >0, Jgo > 0,Ve € (0,0), |N(Eo+ ae) — N(Ey + be)| > C(a,b)e' P, (1.12)

When |A| — +o0, the point process Z(Ey,w, ) converges weakly to a Poisson process on R with
intensity the Lebesgue measure.

If one assume that N is differentiable at Fy and that its derivative v(Ep) is positive i.e.

0 <v(Ep):= lim N(E) - N(Ep)

1.13
ESE, E—-FEy, (1.13)
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it is easy to check that (1.12) is satisfied and that, for E; — Ey small,
§i(Eo,w, A) = [Alv(Eo)(Ej(w, A) — Eo)(1 + o(1)).

Thus, one recovers the convergence to a Poisson process when the point process (1.10) is replaced
by the one defined by the points (JA|v(Ey)(E;(w,A) — Ep));.

Theorem 1.2 under the additional assumption (1.13) was first obtained in [Mol82a] for a special
one dimensional random Schrédinger model on the real line. For the discrete Anderson model,
Theorem 1.14 was proved in [Min96] under the assumption (1.13). For continuous Anderson mod-
els, under the assumption (1.13), it was proved in [CGK10] following the strategy of [Min96].
Our method of proof is different from that of [Min96, CGKI10] and, in spirit, closer to that
of [Mol82a] and to the physical heuristics. Clearly, for (1.12) to be satisfied, we do not need
N to be differentiable at Ey nor its derivative to be positive. E.g. if N satisfies N(E) =
N(Ep) + ¢(E — Eo)**?(1 + o(1)) near Ey then (1.12) is satisfied. Condition (1.12) asks that at a
given scale, N behaves roughly uniformly near Ey. Note however that, if N is not differentiable at
Ey, then the local statistics of the eigenvalues themselves will not be Poissonian anymore.

Our method yields a uniform version of Theorem 1.2 to which we now turn.

1.4.1. Uniform Poisson convergence over small intervals. We now assume that (1.12) holds. Define

dp+1

Adp.p "= 715,
WM p
dp + 155

<1, (1.14)

where p is determined in the Minami estimate (M).

Fix a € (v p,5,1). The uniform version of the Poisson process is a version that holds uniformly
over an interval of energy, say, I centered at Fy such that N(I) < |A|”®. Such an interval is
much larger than an interval N(I) < |A|~!. This is main improvement of Theorem 1.3 below over
Theorem 1.2 or the statements found in [[KNO7, Min96, Mol82b]. Tt is natural to wonder what is
the largest size of interval in which a result like Theorem 1.3. We do not know the answer to that
question.

Let Ix(Fo,«) be the interval such that N(Ix(Ep,«)) be centered at N(Ep) of length 2|A|~.
Denote by Na(w, Eo) = tr1y, (gy,qa)(Hw(A)) the number of eigenvalues of H,,(A) in Ix(Eo, ).
For 1 < j < Nj(w, Ep), define the unfolded local eigenvalues &;(w,A) by (1.11). Hence, for all
1 <j < Na(w, Ep), one has &;(w, A) € |A|}7 - [-1,1].

We then prove

Theorem 1.3. Assume (IAD), (W), (M) and (Loc) hold. Let Eqy be an energy in I such that (1.12)
is satisfied. Pick o € (aa,p,3,1), and p > 1 an integer. Then, there exists 6 > 0 such that, for any

sequences of intervals Iy = I, ..., I, = I} in |[A]'=* - [=1,1] satisfying
inf dist(I;, Iy) > eI’ (1.15)
7k
we have, for any sequences of integers ki = ki*, - - - Jkp = k{} e NP,
#{; §(w,A) e i} =k
k k
fim [P | {w: : B L O T U ) ]
|A|—=+o0 ’ kll kp|

#{J; fj(waA) € Ip} =kp

In particular, Z(&; Ey,w, ) defined in (1.10) converges weakly to a Poisson point process with
intensity Lebesgue.



8 FRANCOIS GERMINET AND FREDERIC KLOPP

Note that, in Theorem 1.3, we do not require the limits

A

\L* . [ s

|0 Y YR PN £ 0 AT 7

A e

|A| =400 Kq! [Al=+o0 K
A

Ll N

p e ‘P' fr hm P e ‘:D‘
[A| =400 kp! A too kD!

to exist.

1.4.2. Asymptotic independence of the local processes. Once Theorem 1.2 is known, it is natural to
wonder how the point processes obtained at distinct energies relate to each other. To understand
this, we assume

(GM): for J C K C I, one has
E [tr(1y(Ho(A))) - tr(Lx (Ho(A)) = 1)] < CLJ[| KA (1.16)
(D): for B € (0,1) and {Ey, E}} C I s.t. Eg # E}), when L — 400 and £ =< L, one has

o(Ho(Ae) N (Eo+ L=1,1)) #0,]\ )
P <{ o(Hy(Ae) N (B + L™~1,1]) # @}> =o((t/L)%). (117)

In their nature, assumptions (GM) and (D) are similar: they state that the probability to have two
eigenvalues constrained to some intervals is much smaller than that of having a single eigenvalue in
an interval. Note that (¢/L)? is the order of magnitude of the right hand side in Wegner’s estimate
(W) for H,(A;) and the interval Eg + L~—1,1].

Assumption (GM) was proved to hold for the discrete Anderson model in [CGEK09] and for certain
continuous Anderson model in [CGK]. In [KI11], it is proved that assumption (D) holds for the
discrete Anderson model in dimension 1 at any two distinct energies, and, in any dimension, for
energies sufficiently far apart from each other.

Under these assumptions, we have

Theorem 1.4. Assume (IAD), (W), (GM), (Loc), and (D) hold. Pick Ey € I and E}j € I such
that Eg # E{, and (1.12) is satisfied at Ey and E).

When |A| — 400, the point processes E(Eg,w,A) and Z(E(,w, ), defined in (1.10), converge
weakly respectively to two independent Poisson processes on R with intensity the Lebesgue measure.
That is, for Uy C R and U_ C R compact intervals and {ky,k_} € N x N, one has

p(l,, FGEee A Uk =k 1\ O o (U o
’ #{j;gj(E{),w,A)EU,}:k, A—74 kJr' k_1
Theorem 1.4 naturally leads to wonder how far the energies Ey and Ej) need to be from each other

with respect to the scaling used to renormalize the eigenvalues for such a result to still hold.
We prove

Theorem 1.5. Assume (IAD), (W), (GM), (Loc). Pick Ey € I such that (1.12) is satisfied
Assume moreover that the density of states v is continuous at Ey.
Consider two sequences of energies, say (Ex)a and (E)\)a such that

(1) Ex — Eo and E\, — E,
A—Z4a A—Zd
(2) |A|-|N(Ep) —N(Ef\)| —  +o00.
A—7Z4

Then, the point processes Z(Ex,w,A) and Z(E),w,A), defined in (1.10), converge weakly respec-
tively to two independent Poisson processes on R with intensity the Lebesque measure.
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Theorem 1.5 shows that, in the localized regime, eigenvalues that are separated by a distance that
is asymptotically infinite when compared to the mean spacing between the eigenlevels, behave as
independent random variables. There are no interactions except at very short distances or possibly
at distances of order 1 if (D) fails.

Assumption (2) can clearly not be omitted in Theorem 1.5; it suffices to consider e.g. En, E)\ s.t.
N(EA) = N(E}) + alA|7! to see that the two limit random processes are obtained as a shift from
one another.

1.5. The joint (energy - localization center) statistics. Recall that F(w,A) < Ea(w,A) <
-+ < En(w, A) denote the eigenvalues of H,(A) ordered increasingly and repeated according to
multiplicity. Recall Lemma 1.1: it states that, to an eigenvector associated to E;(w,A), we can
associate a center of localization that we denote by z;(w, A).

1.5.1. Uniform Poisson convergence for the joint (energy,center)-distribution. We now place our-
selves in the same setting as in section 1.4.1. We prove

Theorem 1.6. Assume (IAD), (W), (M) and (Loc) hold. Let Eqy be an energy in I such that (1.12)
holds for some p € (0,p). Pick o € (aa,p,;,1), and p > 1 an integer. Then, there exists § > 0 such
that,

o for any sequences of intervals I = I{*, ..., I, = I in |[A|*=* - [=1,1] satisfying (1.15),
e for any sequences of cubes Cy = C{,...,Cp = CN in [—1/2,1/2]
one has, for any sequences of integers ky = k{‘, ek = k{,‘ e NP,
) 5'(&), A) (S Il
#G =k
zj(w,A)/L € Cy
p
: - Ln[|Cn])*
im 2w _ 1a11Cw | (Ln]|Cn 0
AL - 1 X
e §j(o.),A) EIp .
P N Lec, [
where the £ (w, AL)’s are defined in (1.11).
In particular the point process defined as
N
E?X(év €Z; EOv A) = Z 5£j(w,AL)(€) & 6mj(w,A)/L('r) (118)
j=1

converges weakly to a Poisson point process on R x R% with intensity the Lebesque measure.

The joint (energy,center)-distribution given by =% (£, z; Eo, A) in (1.18) have been studied in [[XNO7],
where they prove it converges weakly to a Poisson process.

We point out that in Theorem 1.6 intervals /;’s and cubes C;’s may depend on A. But the limit
only depends on the product |I;||C;|. We shall exploit this fact in the next result.

1.5.2. Covariant scaling joint (energy,center)-distribution. Fix an increasing sequence of scales
¢ = (£p)a such that
I

_>
Tog [A] 1415 +oe
Pick Ey € I so that v(Ep) > 0. Consider the point process
N

EA(& m By, () = Z O [N (2, (w,A))— N (5] (§) ® Oz (w) /24 (2)- (1.20)

Jj=1

+oo and £y < |AY4 (1.19)
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The process is valued in R x R?; actually, if ¢4 > |A|Y/?, it is valued in R x (—¢, ¢)?. Define
co= lim |A[YUT € (1, +o0). (1.21)
|[A]—=+o0

Note that if /4 = L, we recover (1.18). We prove

Theorem 1.7. Assume (IAD), (W), (M) and (Loc) hold. Let Eqy be an energy in I such that (1.12)
holds for some p € (0, p). The point process =3 (&, x; Eo, £) converges weakly to a Poisson process
on R x (—cy, cg)? with intensity measure the Lebesgue measure.

As a result, we see that, once the energies and the localization centers are scaled covariantly, the
convergence to a Poisson process is true at any scale that is essentially larger than the localization
width. The scaling is very natural; it is the one prescribed by the Heisenberg uncertainty principle:
the more precision we require in the energy variable, the less we can afford in the space variable.
In this respect, the energies behave like a homogeneous symbol of degree d. This is quite different
from what one obtains in the case of the Laplace operator.

1.5.3. Non-covariant scaling joint (energy,center)-distribution. One can also study what happens
when the energies and localization centers are not scaled covariantly. Consider two increasing
sequences of scales, say ¢ = (€5)a and ¢ = (€5)a. Pick Ey an energy in I such that (1.12) holds
for some p € (0, p). Consider the point process
N
=2 (6,2 F0, 0,0) =Y 6 ®6 7 () (1.22)
SANS 20,6 LLIN(Bj(w,A)) =N (Eo)] xj(w)/Ea N :
j=1
Then, we prove

Theorem 1.8. Assume (IAD), (W), (M) and (Loc) hold. Assume the sequences of increasing
scales £ = (p)p and € = (Lp)p satisfy (1.19). Assume that

lr ., Ay 0
if 0 =o(L) then X 4 1 qnd 4 1. (1.23)
In,  |Al=4oo Oy, Al—+oo

Let J and C' be bounded measurable sets respectively in R and (—c;, clz)d C RZ. One has

(1) if, for some § > 0, one has ﬁ—A < |A|7?, then w almost surely, for A sufficiently large,
A

JxC

1
(2) if, for some § >0, one has E_A > |A|°, then w almost surely,
A

—d
<é~_A> / =3 (&, a5 Eo, £, 0)dédz - — || -|C].
N JxC |A|=+o00

Theorem 1.8 proves that the local energy levels and the localization centers become uniformly
distributed in large energy windows if one conditions the localization centers to live in a much
smaller window. On the other hand, for a typical sample, if one looks for eigenvalues in an energy
interval smaller than the correctly scaled one with localization center in a cube, then asymptotically
there are none.

If one replaces the polynomial growth or decay conditions of the ratio of scales £, /EA by the
condition that they tend to 0 or co, or if one omits condition (1.23), the results stays valid except
for the fact that the convergence is not almost sure anymore but simply holds in probability;
actually, one has convergence in some LP norm (see Remark 4.1 in section 4.2.3).
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1.6. The level spacings statistics. Our goal is now to understand the level spacings statistics
for eigenvalues near Fy € I. Pick In a compact interval containing Ey such that its density of
states measure N ([,) stays bounded. We note that, by the existence of the density of states and
also Theorem 1.2, the spacing between the image of the eignevalues of H,,(A) through N near Ej is
of size |A|~!. Hence, to study the empirical statistics of level spacings in Iy, N(I4) should contain
asymptotically infinitely many images of energy levels of H,(A). Let us first study this number.

1.6.1. A large deviation principle for the eigenvalue counting function. Define the random numbers
N(Ip, A w) :=#{j; Ej(w,A) € I1}. (1.24)

Write Ip = [aa, ba] and recall that N(Ip) = N(ba) — N(ap) where N is the integrated density of

states. We show that N(Ix, A, w) satisfies a large deviation principle, namely,

Theorem 1.9. Assume (IAD), (W), (M) and (Loc) hold. Assume that (Ip)a is a sequence of

compact intervals in the localization region I such that

e for some v € (0,1), one has N(Ip)|A|'™" — +o0,
o N(Ip)|Ia|71? — 400 as |A] = +00 where p is defined in Assumption (M).

Then, there exists 6 > 0 such that, for |A| sufficiently large, one has
P (N(Ix, A, w) — N(Iz)|A| = o(N(In)[A]) > 1 — e~ NUIDIAD®, (1.25)

We note that we do not need that intervals (Ix)a lie near points Ey where (1.12) is satisfied;
the density of states may vanish near Ey though not faster than the rate fixed by the condition
N(Ip)|Ipx]717P — +00. The large deviation principle (1.25) is meaningful only if N(Iy)|A] = +o0;
as N is Lipschitz continuous as a consequence of (W), this implies that

|A] - |Ipa] = +o0  when |A| = +oo. (1.26)
By Theorem 1.1, (1.25) can also be written as
P (N(Ix, A,w) = E(N(In, A, w))(1 +0(1))) > 1 — e~ EN L))’

which is why we call (1.25) a large deviation estimate.

For same model, one can improve upon (1.25) by relaxing N (I5)|Ix| 7177 — +oointo N(Ix)|Ix|7" —
+oo for some arbitrarily large ¥ > 0 and obtain precise estimates of the term o(N(Ip)|A])
(see [GKI]).

1.6.2. The level spacing statistics near a given energy. Fix Eo € I. Pick In = [aa,ba] so that
laa| + |ba| — 0. Consider the unfolded eigenvalue spacings, for 1 < j < N,

ONj(w, A) = [A|(N(Ej41(w, A)) — N(Ej(w, A))) > 0. (1.27)

Define the empirical distribution of these spacings to be the random numbers, for x > 0
#{j; Ej(w,\) € Eg + Ia, 6Nj(w,A) >z}
N(Ip, A w) '

We will now study the spacings distributions of energies inside intervals that shrink to a point but
that asymptotically contain infinitely many eigenvalues.
We prove

Theorem 1.10. Assume (IAD), (W), (M) and (Loc) hold. Fiz Ey € I such that, for some
p € (0,p), there exists a neighborhood of Ey, say, U such that

V(z,y) € U?, |IN(z) = N(y)| = |z — y|"*7. (1.29)

DLS(x; Ey + In,w,A) =

(1.28)
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Fiz (Ip)a a sequence of intervals such that sup |E| — 0.
Ecl) [A]| =00

Assume that, for some § > 0, one has

N(Eg+ 1 ,
|A|175 -N(Ey + Iy) —>+ +oo and if ¢’ = o(L) then (Eo Arye ) 1. (1.30)
—+oco

_ T
[A| N(Eo+1In,) |Al=4oc
Then, with probability 1, as |A| = 400, DLS(x; Ey + Ip,w,A) converges uniformly to the distri-
bution x — e~", that is, with probability 1,
sup |DLS(x; Eo + In,w,A) —e”*| — 0. (1.31)
x>0 [Al—=+o0
Hence, the unfolded level spacings behave as if the images of the eigenvalues by the IDS were i.i.d.
uniformly distributed random variables (see [Wei55] or section 7 of [Pyk65]). The exponential
distribution of the level spacings is the one predicted by physical heuristics in the localized regime
([Tan98, LR&5, Mir00, Tho74]). Tt is also in accordance with Theorem 1.2. In [Mol82a, Min96,
CGK10], the domains in energy where the statistics could be studied were much smaller than
the ones considered in Theorem 1.10. Indeed, in these works, the energy interval is of order |A|~?
whereas, here, it is assumed to tend to 0 but to be asymptotically infinite when compared to |A| 7.

Remark 1.3. The first condition in (1.30) ensures that I, contains sufficiently many eigenvalues
of H,(A). The second condition in (1.30) is a regularity condition of the decay of |I|.
If, in (1.30), one replaces the first condition by |A|N(FEg+ In) — +o0 or omits the second or does
both, one still gets convergence in probability of DLS(x; Eg + In,w,A) to e”® (see Remark 4.2)
i.e.

P (sup ’DLS(,T;EO + Iz, w,A) — efm’ > 5) — 0.

>0 [Al—=+oc

Condition (1.29) is slightly stronger than (1.12); it requires some uniformity in the lower bound.
Theorem 1.10 can be applied to obtain the levelspacing distribution near regular points of the IDS.
Define € to be the set of energies E such that v(E) = N'(F) exists and

N(E+2x)— N(E +vy)
|z +]y[—0 r—y

= v(E). (1.32)

Obviously the set £ contains the continuity points of v(E). We prove

Lemma 1.3. The set & is of full Lebesgue measure.

For Ey € £ such that v(Ep) > 0, assumption (1.29) holds for any p > 0. Moreover, one has
§Ej(w, A) = v(Eo)|A|(Ejt1(w, A) — Ej(w, A))(1 + o(1)).

Then as a corollary of Theorem 1.10, we immediately obtain

Theorem 1.11. Assume (IAD), (W), (M) and (Loc) hold. Fiz Ey € I NE such that v(Ey) > 0.

Fiz (In)a a sequence of intervals such that sup || — 0.
Ia [A]—+o0

Assume that, for some § > 0, one has
In, 0
A% |In] — oo and if ¢ = o(L) then M 1.
[A]—+o0 [Ta, | |Al—+oo
Then, with probability 1, as |A| = +oo, the empirical distribution function
#{J; Ej(w,A) € In, v(Eo) [A[(Eja(w, A) — Ej(w, A)) > x}
N(Ip, A w)

converges uniformly to the distribution x — e 7*.
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1.6.3. The level spacings statistics on macroscopic energy intervals. Theorem 1.10 seems optimal
as the density of states at Ej enters into the correct rescaling to obtain a universal result. Hence,
the distribution of level spacings on larger intervals needs to take into account the variations of the
density of states on these intervals. Indeed, on intervals of non vanishing size, under additionnal
regularity assumption on v, one can compute the asymptotic distribution of the level spacings
when one omits the local density of states in the spacing and obtain

Theorem 1.12. Assume (IAD), (W), (M) and (Loc) hold. Pick J C I a compact interval such
A = v(X) be continuous on J and N (J) := [, v(X\)dX > 0. Define the unfolded eigenvalue spacings,
for1<j <N,
N(J)

3155, 8) = T AI(Bs ) = By, A) 2 0, (1.33)
and the empirical distribution of these spacings to be the random numbers, for x > 0
_ #{j; Ej(w,A) € J, 6,Ej(w,A) >}
B N(J,w, ) '
Then, with probability 1, as |A| — +oo, DLS'(x; J,w, A) converges uniformly to the distribution
x> gy, 7(x) where

DLS'(x; J,w, A)

(1.34)

1
gu.g(z) = /Je_”"(’\)l‘]lww()\)d)\ where vy = ml/. (1.35)
We see that, in the large volume limit, the unfolded levelspacings behave as if the eigenvalues were
i.i.d. random variables distributed according to the density ﬁl/()\) i.e. to the density of states

renormalized to be a probability measure on J (see section 7 of [Pyk65]).

Theorem 0.1 is then an immediate consequence of Theorem 1.12 and the results on the regularity
for the density of states of the discrete Anderson model at large disorder obtained in [BCKP&S].

1.7. The localization center spacings statistics. Pick Ey € I. Inside a large cube A, the
number of centers that corresponds to energies in Ix, N(Eg + Ix, A,w) (see (1.24)), is asymptotic
to N(Ep + Ip)|A|. Theorem 1.8 states that they are distributed uniformly. Thus, the reference
mean spacing between localization centers is of size (|A|/N(Eo + Ip)|A|)Y? = (N(Eo + 1))~/
This motivates the following definition. Define the empirical distribution of center spacing to be
the random number

EJ(UJ,A) S IA7
#YI /N (B + In) min oi(w) — 2;(w)| > 5
DCS(s;1p, A, w) = Gl . (1.36)

N(Eo + I, A, w)
We prove an analogue of Theorem 1.10, namely

Theorem 1.13. Assume (IAD), (W), (M) and (Loc) hold. Pick Ey € I such that, for some
p € (0,p), in U some neighborhood of Ey, one has (1.29). Assume that, for some v € (0,1), one
has

N(Eo+IN)|A] — 400 and N(Eo+Ix) log?"|A] — 0. (1.37)
[A]—=+o0 [A]—=+o0

Then, as |A| — 400, in probability, DCS(s; I, A, w) converges uniformly to the distribution x —
e‘sd, that is, for any e > 0,
P ({w; sup |DCS(s; Eg + Ia, A, w) — e

s>0

zg}> — 0. (1.38)

A RE

Of course, as Theorem 1.13 is the counterpart of Theorem 1.10, Theorem 1.12 also has its coun-
terpart for localization centers.
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1.8. Another point of view. In the present section, we want to adopt a different point of view
on the spectral statistics. Instead of discussing the statistics of the eigenvalues of the random
system restricted to some finite box in the large box limit, we will describe the spectral statistics
of the infinite system in the localized phase. Therefore, we first need to explicit what we mean
with the localized phase for the random Hamiltonian on the whole space i.e. state the appropriate
replacement for assumption (Loc) in this setting.

Let I C R be an interval. We assume

(Loc?): there exists £ € (0,1], ¢ > 0 and v > 0 such that, with probability 1, if E € INo(H,,)
and ¢ is a normalized eigenfunction associated to E then, for some z(E,w) € R% or Z¢, a
maximum of z — ||¢||., for some C,, > 0, one has, for z € R,

13

llle < Co(1 + |2( B, w)|?)1/2e~ e E W, (1.39)

moreover, one has E(C,,) < +o0.

As above z(F) is called a center of localization for energy E or for the associated eigenfunction .
It is well established that (Loc’) holds in any interval contained in the region of complete localiza-
tion. The first proof is due to [dR.JLSI6] for the discrete Anderson model where they show that
(Loc’) is a consequence of the fractional moment method [Aiz94, AM93]; there & = 1. The proof
extends to continuous Hamiltonians thanks to [AENT06]. In [GDB98], the multiscale analysis is
shown to imply (1.39) with £ = 1 but with no control on E(C,). That the multiscale analysis
yields (Loc’) for any & < 1 follows from [GKO06, Corollary 3] and [GIK06, Eq. (4.17)] to see that
E(Cy) < 0.

Pick I an interval where the Hamiltonian H,, is localized i.e. satisfies (Loc’). Assume that,
w-almost surely, o(H,) NI = I. Hence, any subinterval of I contains infinitely many eigenvalues
and to define statistics, we need to enumerate these eigenvalues in a way or another. To do this,
we use the localization centers. First, we prove

Proposition 1.1. Assume (Loc’) for some & € (0,1] and fix ¢ > 2d. Then, there exists v > 0
such that, w-almost surely, there exists Cy, > 1, E(C,) < oo, such that

(1) if 2(E,w) and 2’ (E,w) are two centers of localization for E € I then, for some Cq > 0
(depending only on d),

1
|CE(E,W) - x/(va” < ’771/5 10g1/£ (Cdcw<x(E7w)>q<x/(Euw)>qd—/£> : (140)
’y S
(2) for L > 1, pick (I)r a sequence of intervals, I, C I, such that, for some ¢ > 0, one
has L4~ ¢N(I) — 400 and N(I1)|IL|~1~° — +oo where p is given by (M) and N(IL,) by
(1.4); if N(Ir, L) denotes the number of eigenvalues of H,, having a center of localization
i Ar,, then

N(I, L) = N(Ip) [Ar] (1 + o(1)). (L.41)

For L > 1, pick I, C I such that LY °N(I1) — 4oo for some £ > 0. In view of Proposition 1.1,
there are only finitely many eigenvalues of H,, in I; having a localization center in Ay. Thus,
we can consider their levelspacings: let us enumerate these eigenvalues as F(w, L) < Ea(w, L) <
-+ < En(w, L) where we repeat them according to multiplicity. Define the empirical distributions
DLS and DLS" as in (1.28) and (1.34) for the eigenvalues of H,, in I1, having a localization center
in Ar. We prove

Theorem 1.14. Assume (IAD), (W), (M), (Loc’) hold. One has
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o if By € I, s.t. (1.12) is satisfied for some p € (0,p) and |I| — 0 and satisfies (1.30), then,
w-almost surely, for x >0
lim DLS(x;Ip,w,L)=e"7 (1.42)
L—+o00
e if, for all L large, |I| = J such that N(J) > 0 and v is continuous on J then, w-almost
surely, one has

lim DLS'(z;I,w, L) = gj(x), (1.43)
L—+o0

where gy is defined in (1.35).

We see that the level spacings distribution of the eigenvalues of H,, having center of localization
in Az have the same limits as those of the eigenvalues of H,(A). This is a consequence of the
localization assumption (Loc’).

1.9. The asymptotic description of the eigenvalues. We now turn to the basic technical
results that are at the heart of the proofs of the results stated until now. They consist in a precise
approximation of the eigenvalues of H,(A) in In by independent random variables. For such a
description to be possible, the interval Iy should not be too large. The results stated in section 1
are then consequences of this description and, in some cases, additional decorrelation estimates.
We will give two different descriptions depending on the size of N(Ix). When this quantity is
sufficiently small with respect to |A|~!, our procedure enables us to control all the eigenvalues. If
it is not, we only control most of the eigenvalues.

1.9.1. Controlling all the eigenvalues. Assume FEjy is such that (1.12) holds. First, pick I centered
at Ep such that N(Ip) =< |[A|7® for o € (aq,p,;,1) where aqg, ;5 is defined in (1.14). This will
enable us to control all the eigenvalues of H,,(A) in Ix. This result is at the heart of the proofs of
Theorems 1.2, 1.3, 1.6, 1.7 and 1.8. Moreover, if the decorrelations estimates (GM) and (D) hold,
this result will be sufficient to prove all the results in section 1.4.2.

Theorem 1.15. Assume Ey is such that (1.12) holds. Recall that o, 5 ts defined in (1.14) and
pick a € (d,p,3,1). Pick Ix centered at Ey such that N(In) < |A|=%. There exists § < o and
some £ = O(LP), so that for ' = 0+ small enough and for any L sufficiently large, we have a
decomposition of A into disjoint cubes of the form Ay(v;) = ~; + [0, £]%:
e UjAu(y;) C AL,
dist(Ae(v;), Ae(yk)) > L7 if j # &,
dist(Ag(v;), OA) > L
AL\ UjAe(yy)] S AP a0=80,
such that, there exists a set of configurations Z s.t.:
o P(2)) > 1— |A]-(e—Cars),
o for w € Z\, each centers of localization associated to H,(A) belong to some Ai(vy;) and
each box Ay(y;) satisfies:
(1) the Hamiltonian H.,(Ae(7y;)) has at most one eigenvalue in Ix, say, E;(w,Ae(7;));
(2) Ag(y;) contains at most one center of localization, say xy,(w, L), of an eigenvalue of
Hy,(A) in Iy, say Ey,;(w, L);
(3) A¢(v;) contains a center xy,(w,L) if and only if o(Hy,(Ae(v;))) N In # 0; in which
case, one has, with ¢/ = L?',

| By, (w, L) — Ej(w, Ae(v;))] < e= @ and dist(z, (w, L), A \ Ae(y;)) > £ (1.44)
In particular if w € Zx, all the eigenvalues of H,,(A) are described by (1.44).
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1.9.2. Controlling most eigenvalues. Then, we now state a result that works on intervals I, such
that N(I5) be of size (log|A])~%¢ but gives the control only on most of the eigenvalues. This
is enough to control the levelspacings on such sets. This is the main tool to obtain Theo-
rems 1.10, 1.12, 1.13 and 1.14.

Theorem 1.16. Set ¢/ = (Rlog |A|)% with R large and consider intervals In = [Fo —in/2, Ep +
in/2] C I with ipn = |Iz| so that |A|N(Ip) — co. Assume that N(Iz)|[Iz|~(HP) — oo. Pick a
sequence of scales {5 so that ¢! < ¢y < L and N(IA)fﬁﬁx — 0 as |A] = oo.

For |A| sufficiently large, there exists a decomposition of Ay into O(|A|/€4) disjoint cubes of the
form Ae(v;) :=7; + [0, €], where £ = £A(1 + Op/|A])) = a(1 4 o(1)), so that:

UjAe(yy) C AL,

dist(Ae(v;), Ae(vw)) > 0 if j # k,
dist(A¢(v;), OA) > ¢/

AL\ UjAc(y;)| S TAIE /2,

such that, there exists a set of configurations Zu s.1.
o P(2a) 2 1 - exp (—eN(L)IAI(N (L) 5F707) ) — exp (=eN (L) |AIE ),
A

o for all w € Zp, there exists at least g_d(l + O(N(Ix)Y O+ phy) disjoint bozes Ay(v;)
satisfying the properties (1), (2) and (3) described in Theorem 1.15 with ¢/ = (Rlog |A|)'/¢
in (1.44); we note that N(Ix)¢4=*' = o(1) as |A| — +oo;

e the number of eigenvalues of H,(A) that are not described by the above picture is <

N(IN)|A|((N(In) 555 040F0)) 1 N(Ip)|A| ()20, which is o(N(Iz)|A]) provided

() < € < N(Iy) T 005 (1.45)
1.9.3. Comparing various cube sizes. We prove

Proposition 1.2. Assume (IAD) (Loc) and (W). Fiz I a compact interval and C' a compact cube
in R, Fiz p >0 and a sequence ({5)n satisfying (1.19). Then, there exists a set of configurations
Z) so that P(Z4) — 1 as [A| — 400 and, for w € 24, to every eigenvalue of Hy,(A) in Eg+ 31
associated to a localization center in AC', say E,(w,A), one can associate a unique eigenvalue of
H,(lxC), say En(w,lAC); moreover, these eigenvalues satisfy

|Epn(w, €4C) — Ep(w, A)] < |A|P. (1.46)

Remark 1.4. As the proofs will show, the sizes of the intervals where the control of the eigenvalues
is possible and the probability of the event where this control is possible both depend very much
on the forms of the Wegner and Minami estimates, (W) and (M). In particular, if one replaces
(W) by what is suggested in Remark 1.1, the constants appearing in Theorems 1.15 and 1.16 and
Proposition 1.2 have to be modified.

1.10. Outline of the article. To complete this section, let us now briefly describe the architecture
of the remaining parts of the paper that consist in the proofs of all the results stated in sections 0
and 1.

We start in section 2 with the computation of two important quantities related to our approximation
scheme. Consider a cube A and an energy interval I such that |I|-|A| is small. In section 2, we
compute

e the probability that H, (A) has exactly any eigenvalue in I,
e the distribution of this eigenvalue conditionned on the fact that it is unique.
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This distribution is used in the sequel to approximate the eigenvalue and localization center pro-
cesses.

Section 3 is devoted to the proof of the approximation theorems, Theorems 1.15 and 1.16, in sec-
tion 3 Section 4 is devoted to the proof of the results on the spectral statistics. In section 5, we
derive the results for the full Hamiltonian i.e. we develop the other point of view presented in
section 1.8. Finally, the appendix 6 is devoted to various technical results used in the course of
the proofs, included a description of equivalent finite volume localization properties.

2. THE LOCAL DISTRIBUTION OF EIGENVALUES

In this section, we prove Theorem 1.1 and then use this result to compute the distribution of
unfolded eigenvalues.

2.1. The proof of Theorem 1.1. To that end, note that by covariance

Eltr 17, (Ho(A))] = [A[E[tr(xo1 1, (Hew(A))x0)]- (2.1)
Recall (1.4): the increase of the integrated density of states of H,, on I is given by

N(Ip) = N(ba) — N(ar) = E[tr(xo1r, (Hu)xo0)]-

To control |E[tr(xolr, (Hw(A))xo0)] — Eltr(xolr, (Hw)xo)]|, we use localization estimates after hav-
ing smoothed out the charateristic function. Let fs be a compactly supported Gevrey class function
such that fs = 1in I, and f5 = 0 outside a neighborhood of length § of I5. Note that, by Wegner’s
estimate (W) and the Lipschitz continuity of N,

[Eftr(xo[11, (Ho(A)) = f5(He (A))]x0)I| + [E[tr(xo (11, (Ho) = f5(Hw))x0)]| < C6. (2.2)

To estimate |E[tr(xo(fs(Hw(A)) — f5(Hw))x0)]|, we use a Helffer-Sjostrand formula to represent
fs(Hy(A)) and f5(H,). As the support of fs lies in the localization region and as f is of Gevrey
regularity, the exponential decay estimate for the resolvents of H,(A) and H, imply that, for
& € (& 1), there exists C' > 0 such that, for A sufficiently large (see e.g. the computation of
[CGK10, (6.23)]), one has,

IEltr (xo(fs (Hw(A)) — f5(Ho))xo)]| < 6-Ce=™ .

Recall that N (1)) > e~ and ¢ > ¢, and pick now § =< N(I,). Plugging this into (2.2) and (2.1)
yields (1.9) and completes the proof of Theorem 1.1. O

2.2. The distribution of unfolded eigenvalues. Consider a cube A of sidelength ¢ and an
interval Iy = [aa,ba] C I (i.e. Ip is contained in the localization region). Consider the following
random variables:

e X = X (A, I,) is the Bernoulli random variable
X = ]-HW (A) has exactly one eigenvalue in I3

e /= F(A,1,) is the eigenvalue of H,(A) in I, conditioned on X = 1;

o E=E(A 1) = (E(A In) — an)/|1al.
Clearly £ is valued in [0,1]; let = be its distribution function.
In the present section, we will describe the distribution of these random variables as |A| — +oo
and |Ip| — 0. We prove

Lemma 2.1. Assume (W), (M) and (Loc) hold. For any v € (0,1), there exists C' > 1 such that,
one has

[P(X = 1) = N(IWIAI| < C (JAIF2Ia [0 4 1| ~Ce /) (2.3)
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where N (E) denotes the integrated density of states of H,,.
Moreover, one has

(E(x) - Z() P(X = 1) = (N(ar + |1a]) = N(as +ylTa)) A
< C (o =yl AN + (alfr = y) O™ 9) . (24)

This lemma differs from the usual computation of the DOS in the sense that the size of the interval
decays as the thermodynamic limit is taken. A joint limit in the volume and the size of the interval
has to be taken here. The price we pay for this joint limit is that we shall restrict ourselves to the
localization regime, while the IDS exists in a broader region.

Proof of Lemma 2.1. We first relate P(X = 1) = P{tr 17, (H,(A)) = 1} to the quantity that leads
us to the DOS, namely E[tr1;, (H,,(A))]. To do so, we proceed as in [Kri08, CGK09] and notice
that

E[tr 15, (H, Z P{tr1;, (H,(A)) > k}

and

i“"{tflh (H,(A) >k} < i k(k — 1)P{tr1;, (H,(A)) = k}
k=2 k=2

= E{tr 17, (Hy,(A)) (tr 1z, (Hy(A)) — 1)}
By our assumption (M), we know
0 < P{tr1y, (Ho(A)) > 1} — P(X = 1) = P{tr 1y, (H,(A)) > 2} < CIA[#|Iy[1+
So, it follows that
0 < E(tr[1r, (Ho(A))]) = P(X = 1) < CIA[TFP[1y 17 (2.5)

We are left with the evalulation of E[tr 17, (H,(A))]. We use (2.2) and pick § = [A['TP|I5[*TF and
plug this, (2.2) and (2.1) into (2.5). This yields (2.3).
To prove (2.4), we write

(E(2) ~E@)PX =1) =P{u[ly, ,  (Ho(A)] =1} (2.6)

where I , o = [aa + z|Ia], an + y|1al].
Replacing Ix with the interval I, , o in the estimation of P(X = 1) yields the proof of (2.4).
The proof of Lemma 2.1 is complete. 0

We now describe the distribution of the unfolded eigenvalues. Therefore we slghtly change our
notations to localize the quantities near some energy Fy. Pick Ey € I such that (1.12) be satisfied
and In = [ap, ba]. Recall that

e X = X(A, Ey+ I,) is the Bernoulli random variable
X = ]-HW(A) has exactly one eigenvalue in Eg+1x

e /= FE(A, Ey+ I,) is this eigenvalue conditioned on X = 1.
Define
_ N(E)— N(Eo+ay)
&= N(Eg+by) — N(Eg+an)’

The random variable £ is valued in [0,1]. Let Z be its distribution function. We prove

(2.7)
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Lemma 2.2. Assume (W), (M) and (Loc) hold. Pick Eqy such that (1.29) holds. Fiz v € (0,1).

Assume, moreover, that

N(Eo+I0) 55 AP — 0. (2.8)
|A]—=+o0

Then, for (z,y) € [0,1]? such that |x — y| > e M7 one has
=) ~2() = (2 —y) (1+o (N (B + 1) 57 |AP)). (29)

Proof. Pick v < 7 < 1. Recall that the IDS N is monotone by definition and continuous thanks
to (W). Assumption (1.29) garantees that, for A sufficiently large, for [a,b] C Ey + I, one has
N~Y([a,b]) < (b— a)/OFP), (2.10)

By Lemma 2.1, for (z,y) as in (2.9), one has
o 1+A+B
where, using (2.10) and the assumption on |z — y| in (2.9), we compute

IN“Y(N(Eo + an) + N(Eo + Ip)[z, y])|' 7 |A[?
|z — v N(Eo + Iy)

v

Al <C < AP [z — y|N(Eo + Ip)] ¥

< N(Ey + 1) 55 |AP,
|B| < [N"NN(Eo + an) + N(Eo + In) [z, y])|"CeN7/C < e IAI/CrCia
< N(Eo + 1) 5% |A]?

and |C| and |D| are respectively bounded by the same bounds as |A| and |B| for (x,y) = (0, 1).
This completes the proof of Lemma 2.2. O

2.3. The local counting function. From Theorem 1.16 and Lemma 2.1, we derive an asymptotic
for the number of eigenvalue of H,(A) in Iy, which we denote by N(w, A, Ix). Such a control is
necessary in order obtain the level spacing statistics.

Corollary 2.1. Assume we are in the case of Theorem 1.16. Assume moreover that N (Ip)|A| —
+o00. Then, for any 0 E]%, 1],
PN (w, A, In) = N(Ix)|Al] = o(N(In)|A])}
> 1 — exp (—c|A[|Ta|([Ia]¢%)?) — exp (—eN(Ip)[A[C7Y) — exp (—c(N (In)[A])?) -
Proof. We keep the notations of the proof of Theorem 1.16. R
Consider the boxes (A¢(7;)), <<y given by Theorem 1.16. We know that their number NV satisfies
N = (JAl/n)(1 + o(|A] /n)).

For 1 < j < N, let X; = X(A(v;), 1) ie. X; is the Bernoulli random variable equal to 1 if
H,(A(7y;)) has exactly one eigenvalue in Iy and zero otherwise. Let n = |Ag| thus n < ¢4, Tt
follows from Lemma 2.1 that

P(X; =1) = N(x)n+ o(N(r)n).
We have

N N
IN(w, A, Ip) = NUID)A| < [N(w, A, 1n) = > X5| + > X, — N(Iy)[A]

j=1 j=1
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By Theorem 1.16, provided (1.45) holds, with a probability larger than
1~ exp (e AlLZI(1ZA|64)7) — exp (~eN (In)[AJE'EY).

we have

N(w, A In) = 3 X5 S Al + [AIN(I2) (€)= o(N (Ia)[A))-
J
Next, for § € (3, 1), the large deviation estimate for i.i.d. Bernoulli variables valued in {0, 1} with

expectation p = p(N) s.t. p € (0,1/2] and p N — 400 (see e.g. [Durd6]) yields, for p N sufficiently
large,

N
P ZXj —pN| > (pN)° | < e~ @N)* /4, (2.11)
j=1
The result of Corollary 2.1 follows since pN = N (1) |A| (1 + o(1)). O

Remark 2.1. We can get a more precise version of Corollary 2.1 by optimizing in the intermediate
scale £, the number of eigenvalues we miss in the picture of Theorem 1.16, namely by choosing ¢ so
that K'n = K'n’. Estimates can even be improved by resorting to higher order Minami estimates
in order to bound the missing eigenvalues (replacing the crude deterministic bound given by the
Weyl formula).

Remark 2.2. If N(I) < |[I|'**, Corollary 2.1 still holds if one can improve on the Minami
estimate, replacing one power of the interval length |I| by N(I). This can be done in some
cases [GKI]

Proof of Theorem 1.9. We now apply Corollary 2.1 to derive Theorem 1.9. It suffices to check
that, under the assumptions of Theorem 1.9, for some 6 > 0, one has

min (|A[|Za]([7a )2, N(In)|AJ€C7) > (N (Ia)|A])°.
Pick the scale £ in Theorem 1.16 so that £%|I| =< (N (Ix)|A])~¢ for some & > 0 to be chosen. Thus,
using (W), we compute |A||Ix|(|Ia[€4)? = (N(Ix)|A])1 7. On the other hand,
N(IN)IAJEC™ Z N (L) |AIN (In) A7/ = (N (1a)|A])' .
This completes the proof of Theorem 1.9. 0 O

3. THE PROOFS OF THEOREMS 1.16 AND 1.15

Recall A is a cube of side length L. Let Iy be an interval (included in I the region of localization).
We first prove the useful

Lemma 3.1. Assume (IAD), (W), (M) and (Loc). For any q > 0, the following holds:
(1) Let g be the (random) center of localization of an eigenfunction of H,(A) associated to an
energy E in Ix. Pick ¢! <{ < L, and consider a box A¢(v) C A. Assume that xo € Ae(y).
Then, for |A| large enough, with a probability at least 1 — |A|~9, there exists an eigenvalue
of Hy(Arsor (7)) in a neighborhood of E of size O(e=<%").
As a consequence, if el < N(Ip), for k = 1,2, the probability to find at least k such

centers of localization of H,,(A) in a given cube Ay(y) is bounded respectively by C'N (Ix )3+
|A|=9 for k =1 and C(|Ip[¢*)F? +|A|79 for k = 2.
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(2) Conversely, pick €' < { so that e=°* < N(Iy). For |A| large enough, with probability
at least 1 — |A|=9 — CN(IA])0'04=1, if xg € Ay C A is a center of localization of a given
eigenfunction of H,,(A,) with energy E, then x is close, up to a distance (log |A|)Y/¢, to the
center of localization of some eigenfunction of H,(A) with energy in [E—ce=¢ | E+ce~<!].

Lemma 3.1 is similar to Lemma 3.1 in [K111]. Tt is central in our analysis of the eigenvalues in the
localized regime ; it reflects the localized nature of the eigenstates.

Proof. We start with the point 1. Let ¢ be the eigenfunction associated to the center xg, and E € Iy
the corresponding eigenvalue. Let W, be a smooth characteristic function covering the cube Ag(7y),
i.e. Wy such that supp Uy C Apye (), o =1o0n Apyrp (7), supp VU C Ay () \A“_%g, ().
By the localization property of the eigenfunction ¢ that holds true with probability at least 1 —
|A|=%, we have || Ul > £ for ¢/ large enough. Set n; := Wyp/|| Vel Then, 7 is an approximate
eigenvector of the Hamiltonian H,,(A¢t+e (7)), in the sense that ||n]| = 1 and

I(Heo (s () = EYell < 20[Ho(Aese (1), Welo| S sup o] Se="

supp V¥,

It follows that H,,(As e (7)) has an eigenvalue in the interval [E — ce = E + ce <],
Next, the probability estimate follows from Wegner if k¥ = 1 and Minami if £ = 2, provided we
choose e~¢¢' < |Io|. This completes the proof of point 1.
Let us prove point 2. Assume first that dist(zg,0A;) > ¢. Then, it is immediate to check that
the eigenfunction ¢ € L?(A/) extended to L%(A) by setting ¢ = 0 on A \ Ay, is an approximate
eigenfunction of H,(A) in the sense that

I(Ho(d) ~ E)oll S sup [l S e
\Ag—2
It remains to consider the situation where dist(zg,dAy) < ¢/. Cover the boundary dA, of the
periodic box A; by cq(£/¢')%! boxes of side length ¢. The center zo belongs to one of them.
By the first part of the lemma, if a box Ap(y) C Ay has a center of localization of H,,(A/) then
H,,(Ase (7)) has an eigenvalue as well in the interval I, enlarged by a quantity O(e=¢¢). The
probability of such an event is < |[I5[(¢')?. This completes the proof of Lemma 3.1. O

Proof of Proposition 1.2. Tt is an immediate consequence of (W) and Lemma 3.1. O

Remark 3.1. If we replace assumption (IAD) with a weaker assumption e.g. so decaying corre-
lation for remote cubes, then an analogue of Lemma 3.1 stays true up to the fact that the errors
made in the eigenvalue approximations will now depend on these correlations.

Proof of Theorem 1.15. For 8/ = 0+ and 8 > ' to be chosen later, set # = L# and ¢ so that
(¢ + 0k + (" = L, where k = [L'=#]. Note that £ = O(L?) in the large volume limit. With
these definitions we can pick equally distributed boxes of size ¢ in A (with distance ¢ between two
neighbors) satisfying the conditions of Theorem 1.15.

Note that, for L large enough, one has ¢ > R, so that events based on distinct boxes A¢(7,)’s are
independent.

Recall N(Ip) < A7

Let S¢.1, be the set of boxes Ay_(y;) C A containing at least two centers of localization of H,, (A).
It follows from Lemma 3.1 and (1.12) that,

P(#8u,1 > 1) S (A PPN < [APPN (L) T S Ao (3.1)

where L
+p

= —— €0, 1]. 3.2

gl 1+p] [ (3.2)
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To insure that all the centers of H,(A) fall inside one of the A¢(7;)’s and actually sufficiently well
inside (by a distance ¢’), we define T C A as the set A\ UjA(7;) enlarged by a length ¢'. In other
terms T = A\ UjAs_p (7). It follows from item (1) of Lemma 3.1 that,

P(H,(A) has a center of localization in 1) < |Y|N(Ix) < |A|17é(ﬁ75l)70‘ (3.3)
We thus require that
@ max (14 o1 = 35 - )
Optimization yields
_l—y+p/d

=—— a>1
’ py+dt

1=~ +p/d
pyd+1

Recall (1.14) that is

11—y  pd+1
Copyd+1 pd+AU
It follows from (3.1) and (3.3) that, with probability > 1 —c|A|~(®=@.».5) item (2) of Theorem 1.15
holds, as well as the “only if” part of item (3).
Next, item (2) of Lemma 3.1 implies that item (1) as well as the “if” part of item (3) of Theorem 1.15
hold, with probability at least 1 — ¢[A|=2F8=a(8=5) > 1 — ¢|A|~(@=2a.05) for 8 < 1.
This completes the proof of Theorem 1.15. O

Qdp,p =1

Proof of Theorem 1.16. For a scale £ given, we set ¢ = [(L—{")/(€a+¢")]. We may then adjust the
scale £ by enlarging it to a new scale £ so that (£ +¢')g+¢' = Land 0 < £ —{x S 03/|A] = o(ly).
As a consequence, we can consider a collection of boxes Ay(7;) equally distant to their closest
neighbors by a length ¢/ and satisfying the description of Theorem 1.16. In particular, events
based on different boxes are independent.

Let S;1 be the set of disjoint boxes A¢(y;) C A containing at least 2 centers of localization of
H,(A). We set n = (4. Tt follows from Lemma 3.1 (taking into account ¢/ < ¢) that, using
independence and Stirling’s formula,

|A[/n

k
YUl % S Gl k) ) % = (B ) e ) o

psi =0 %
if we choose
k> K = [2eN(1A)|A|(N(1A)‘I%§nP) +1= %' 0 ([N(IA)1/<1+ﬁ>n]1+p) - <%> . (3.5)

by assumption. As a consequence, we get that
P(#(Se,n) > K) S 275

So that, with probability larger than 1 — 275 we can assume that the boxes Ag(y;), except at
most K of them, contain at most one center of localization.

We now control the number of centers of localization that may be contained in these K exceptional
boxes. In a box of size £, the deterministic a priori bound on the number of eigenvalues guarantees
that this number is bounded by < ¢ = n (see e.g. [R578]). Using this crude estimate the number
of eigenvalues we miss with these K boxes is bounded by

Kn S N(I)|A|(N(In) 55 n'*) = o(N(I4)|A]),
provided

N(I)) 55!t = o(1). (3.6)
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We now turn to the complement of the A¢(7;)’s, and show that, with a good probability, it contains

less than |A||Ix]aa centers of localization. We thus consider T = A\ U A¢_p(yj). We partition T

J
gd—1

into 2971 sets of boxes of side length ¢'. More precisely, we write T = U Yo, with ¥, N Y =0
m=1

if m # m/, each Y,, is a union of boxes of side length ¢’ which are two by two distant by at least

0.

Clearly, one has | Y| < |A|¢/ /L.

Let &; ;, be the set of boxes As(v;) € T containing at least one centers of localization of H,(A).

Since we assumed N(Ip) > [Io|'™*, we shall replace the Wegner estimate by the more accurate

approximation given by Lemma 2.1. Recall that the a priori bound N(Iy) < ClI,| holds by

assumption (W). From considerations similar to those above, for each given m, taking into account

that boxes in T,, may be enlarged by, say, %6’ , for the distance between two of them is larger

than ¢/, it follows from Lemma 3.1 and Lemma 2.1 that, using independence and Stirling formula,

Yol /()1 AIN(Iy)e\* :

P n ) 2 K9 S 3 (T vyt s (EEE) <o

E>K'
provided, for C', a large enough constant, one sets
oo [N
o l

As a consequence, one computes

| +1=Blo wimete) = Elo (vraon) o (B). @

2d—1

P(#8),, > 217 K') < PEm, #(S;, N Tw) > K') < > PH(S; N T),) > K') S27K
m=1

Hence, up to 2971 K’ boxes, we can assume that boxes of size ¢’ in Y’ contain at most one center
of localization.
The maximal number of eigenvalues that can be contained in these 2¢~' K’ bad boxes is < K'n’ =
o(N(Ip)|A]) provided

0> (0) (3.8)
Combining (3.6) and (3.8), we see that the intermediate scale ¢ has to satisfy (1.45). To summarize,
we proved that the picture described by Theorem 1.16 holds with a probability larger than

1—e K _ K > 1 _exp (_CN(IA)|A|(N(IA)‘1’%§W)) —exp (—eN(In)|AlC'C) (3.9)

Moreover, the number of eigenvalues of H,(A) that are not described by this picture is bounded
by

- /N\d+1
ctin+ k) £ N (V) e E52) —ovaoia), - @ao)
provided (1.45) holds.
This completes the proof of Theorem 1.16. O

4. THE SPECTRAL STATISTICS

In this section, we prove most of the results on the local spectral statistics described in section 1.
The whole of our analysis relies on Theorems 1.15 and 1.16.

4.1. Convergence of the local levels statistics. We first prove the uniform Poisson conver-
gence, Theorem 1.3, of which Theorem 1.2 is an immediate consequence.
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4.1.1. Proof of Theorem 1.5. We keep the notations of section 1.4.1. Recall that A = Ap. We
know that Theorem 1.15 holds. Let N be the number of the cubes constructed in Theorem 1.15
and (A¢(75));<j<x be those cubes. Then, N = A" (1 — O(|A|~(=B)/dy),

Recall that §;(Eo,w, A) is defined by (1.11) and consider the event

ﬂ {w; #{5 §w, A) € L} =k}

1=1

Pick dd < p := B¢ where ' is given by Theorem 1.15 and ¢ by (1.15). Define I;r =I; U
[—e= " e~ "] and I =10+ [—e~E" e~ L"]). Clearly, I ClIjC I;r. Moreover, by (1.15),
for L sufficiently large, we have that I;r N I,j =I; NI = () for j < k and

(1) either |I| = [I;|(1+ O(e7""/2)) and |I; | = |I;|(1 4+ O(e~*"/%)),

(2) or |ij| < |I]+| <e LP/2,
If for some j such that k; > 0, we are in alternative (2), the Wegner estimate tells us that, for L
sufficiently large,

Qh ki;12,ko;--

7

A —LP/4
]P)(Qllvkl;l2qk2;“';Ipvkp) <e :

Hence we get

kq!

k1 I |F»

A “in 15, bl o

‘P (Qllvkl;l2qk2;“';1pvkp> —e Il eIl P < 2e /
1- -

as eI ‘Ié—l,k <1.
Hence, we may assume that we are in alternative (1) for all j which we do from now on.
Recall that the function IV is non decreasing and continuous. Thus, for I an interval, the set
{E; N(FE) € I} is an interval. For a cube A and an interval I, define the Bernoulli random
variable

XA, 1 = 15, (A) has an e.v. in N=1[N(Eo)+|A|-11]
By Theorem 1.15, in particular (1.44), and the Wegner estimate (W), we know that

p
N {w; I Xnpopyay =11 = kl} (V28 C O kistashar sy, N 2

p
QIl k1o, kos- Ipykp ﬁZA C ﬂ {OJ, #{j, XAE('Y]'LIf = 1} = k[} ﬂZA

=1
As the cubes (A¢(7;)); are at distance at least R from each other (see (IAD)) and the intervals
(I;7)1 (vesp. (I, )1) are two by two disjoint, the events ({ #{j; X Wl =1} = kl}) (resp.

({ #{j; X AL = 1} = kl}) ) are two by two independent. Hence,

P
[TPUws #45; Xp,00- =13 =ka}) — (1 = P(Zn))
=1

< ]P(QA}\I;]CMIQ;]CQ;'” ;Ip;kp N ZA)

P({w; #55 X,y = 1 = k) + (1 = P(24)).

.':]@

~

1
As the random variables (X Ae(yy) I ); are independent and identically Bernoulli distributed, setting

pi = P{H,(A¢(0)) has an e.v. Es.t. N(E) € N(Ep) + |A|7';F}
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we get

T (Y)Y (= P(20)) < PO st i, 1 20

<TL(Y)whrma -4 + - pzw)
=1

By (2.3) of Lemma 2.1, the assumption (1.12) and the definition of (I;°);, we have that

i = LA 1+ o(1) = [LINTH (L +o(1)).

Using Stirling’s formula, as N > sup(ky, |I;|), one checks that

— 0.
IIL‘+I€L—>+OO

L Llf (N v
e BT 4 (1) 0ty ¥

25

Hence,Nwe can assume that k; and I; are bounded and use the standard Poisson limit Theorem

when N is large to get

N g Ik
) (1 — p) ¥ = et oy,
ky k!

Hence we get

LY 1

; A IR VAT Nt
|A\1gr41roo ‘P (Qllxk1§12)k2§”'?1p)kp) € ky! kp! 0

and the proof of Theorem 1.3 is complete.

4.1.2. The asymptotic independence. We now turn to the proof of Theorem 1.4. Decompose A
into the boxes constructed in Theorem 1.15 i.e. A = U,er,As(7y) ; the scale £ is determined by
Theorem 1.15 and N := #I'y ~ |A[¢~¢. The set of boxes thus obtained are the same for both

energies F and E’. For I C R a compact set, define the random variables

1if H,(A(v)) has an e.v. in N"[N(Ep) + |A|711],
0 if not.

)(V(lavl):: {

Then, to prove Theorem 1.4, it suffices to prove that, for (k, k) € N> and I C R and I’ C R two

compact sets, one has

k k'
lim E || > X,(B,) > X, (ELT)
A= oo ~ETA ~ETA
k k'

. . An7i
= IA‘li)n}roo]E SNXE D] B D> X(E.T)
vyelA yelA

O

(4.1)

(4.2)



26 FRANCOIS GERMINET AND FREDERIC KLOPP

Therefore, using the independence of the cubes, we expand the sums

k k'
Sy (k, k') =E Z X, (E,I) Z X,(E,T)
YELA ~yelA
= XX BB DX D) X (B D)Xy (21

" Vk '71) o ”Yk/

GN(k,k ) + RN(k,k )

where
GN(kvkl): Z E|:X71(E5I)"'X’Yk(E7])'X’Y{(Elvjl)'"X’Y;C,(Elall):|
{Vlv"'ka}ﬂ{'Y{!"')'7;;/}20
and
k—1 k' —1
Ry(k,K)=>" > E|X,(B,)X,(E.T)-[[ X,,(E.T) H Xy, (B 1)
vV Jj=1
71)" )'71//
B Zkfl kK —1 I I
N E—1)\K -1
v o l=11U=1
l
> E|X,(E, DX - TT X, (B 1) - HX
YE{vi ot J=1
YE{1 v
k—1k —1 I I
v =1 10=1
l 4
> E Xy, (B, D) [ Xy, (B, T)
YE{vi ot Jj=1 J'=
YE{1 v
Hence,
k—1k'—1 l’
Rn(k,K') = ZV:]E[XW(E NX,(E,I)] lz; lzl < )( 1>SN1(l,l’). (4.3)

On the other hand, one computes

k K
Sn(k)Sy(K)=E | [ > X, (B )| [E[| D X, (E.T)
yela YELA
= Y EXED--X,(ED] S E[X%(E’,I’)-~-X7;C,(E’,I’)}
Y15 Vk 'Y{v"'v’Y,/C/

= GN(kv k/) + QN(kv k/)
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where
:Z Z E[X’Y(E7I)X’71(E7]) X’Yk 1(E I)]
'yi,--wz'v;/I B X (B, 1) X (B 1) Xy, (B, 1) (4.4)
k-1 2
= E[X,(E,DE[X,(E"T)] l < )SN—I(Z)] :
5 =1
Hence,
Sn(k, k') — Sn(k)Sn(K') = Ry(k, k') — Qn(k, k). (4.5)

By Cauchy-Schwartz, one has

Sy (k, k') < /Sn(2k)Sy (2K).

On the other hand, as P(X, = 1) < C'//N by Lemma 2.1, one computes

s (5) (5) <0 £(3) (5)

<Oy eNlog(lJer/N) < Oy eCk < 400

where C), = ehllogk—1-loglogk) fo,. . > 9
So, for any k and k', one has

sup |[Sn (k)| + |Sn (k, k)| < +o0,
N>1
Thus, using (4.3), (4.4) and (4.5), one obtains
|Sn (K, k') — Sn (k) Sn (K]

< Cpp max (ZIE (E,DE[X,(E', )], E[X,(E,I)X,(E, 1’)])

¥ ¥
Hence, (4.2) and thus Theorem 1.4 and 1.5 follow from the following two properties

Y ELX, (B DEX,(E,I)] - 0,

|A|—=+o0

> E[X,(E, D)X, (E,I')] — 0

|A]—+o0

As the operators (Hy, (A¢(7))) are i.i.d, this will be proved if we prove that

I3 d

(7) B nex@.n - o (1.6
I3 d

(7) EuEnxE 1) 2 o (47)

The limit (4.6) is an immediate consequence of the Wegner estimate as ¢/L — 0. The limit (4.7)
clearly is a consequence of (D) if E # E’ are fixed energies, and of (GM) if E = E, and E' = E}
satisfy the assumptions of Theorem 1.5.

This completes the proof of Theorem 1.4 and 1.5. O
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4.2. Study of the (levels, centers) statistics. In this section, we will prove Theorems 1.6, 1.7

and 1.8. To control the eigenvalues, as in the previous section, we use Theorem 1.15. So we keep
the same notations here.

4.2.1. The proof of Theorem 1.6. The proof of Theorem 1.6 is very similar to that of Theorem 1.3.
We only indicate the differences and keep the same notations. We need to estimate the probability

of the event
P 5’(“”7 A) € Il
a = #35 =k
(I1,Cr k) 1<i<p ZQ { { :ij(w, A)/L c

The same reasoning as in the proof of Theorem 1.3 yields

[TP{w; #{j;v/L € ¢ and Xy, = 1 =k}) = (1= PB(Z4))

=1

IN

A
P(Q(Izyczykl)lslﬁp NZ4)

p
< [IPUw; #{5; w/L € G and X, () 1+ = 1} = ku}) + (1 = P(24))
=1

where C}F = C) + [—¢/L,¢/L)* and R¢\ C; = R4\ (C) + (—¢/L,¢/L)%).
Hence,

P -
N _ NN~ —
H ( kll >(pl )kl(l - D )NL i — (1 _P(ZA)) < P(Q?Ihcl;kl)lﬁlﬁp ﬁZA)
=1

< NIJF Nk (1 _ ot ]\Nfl*—kl _P(z
<11 g ) @O =) +(1=P(Z4))
=1
where
NP =|CIN(+O(L ")), N = [ClN(1 + O(L~+5)).

One concludes in the same way as in the proof of Theorem 1.3. This completes the proof of
Theorem 1.6. 0

4.2.2. The proof of Theorem 1.7. Let £x be the scale defined in section 1.5 satisfying (1.19). To
prove Theorem 1.7, it is sufficient to prove that, for (I;)1<;<; disjoint segments of R and (C})1<,<i
disjoint compact cubes in [—c¢g, ¢¢] (see (1.21)), one has

N(En(w,A)) € N(Eo) +£,1; | .
zp(w) € LAC} -

P(Vlﬁjﬁl, #{n;

l
L,||C; )
. efumcj\% (4.8)

[Al=roo -2y J

This is a consequence of Proposition 1.2 and Theorem 1.6. Indeed, using Proposition 1.2, as by
assumption, the cubes (C7)i<j<; are at distance at least R from one another (see (IAD)) and,

thus,the (H, (¢AC}))1<j<i are two by two independent, for (C]i) cubes s.t. C'_J_ cC;cC;ccqy,
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we have that
l
[P (# {n; N(En(w,£C})) € N(Eo) + L3717} = k;) — (1 = P(Z4))

Jj=1

—d7
- (\ﬂ Cil s {n; N(E,(w,\)) € N(Eo) + £y IJ} _ kj)

zn(w) € UpC}
l
< [P (#{n: N(Ea(w.(C})) € N(Eo) + £,°T} = k;) + (1 = P(24)).

Now, using Theorem 1.6, we compute the asymptotics of P(#{n; N(En(w,EACJi)) € N(Ey) +
fxdlf}); then, we let Cji tend to C; and Iji tend to I; to get the desired result. This completes
the proof of Theorem 1.7. O

4.2.3. The proof of Theorem 1.8. It is sufficient to consider the case of J a (non empty) segment
and C' a (non empty) cube. As the operators we considered are defined with periodic boundary
conditions, we can restrict ourselves to cubes containing 0. We can also assume J is of the form
[0,a] or [~a,0] for some a > 0. Hence, the sets {4C are increasing and the sets Eo + £4J are
decreasing.

Pick ¢+ = (/) and £+ = (£1), such that

-0 0 -1 0z
A1 Ao, A, 71\1 A oo, A1 (4.9)
log!/¢ | A 9N log!/¢ |A| A
Let x4 be the characteristic function of A. Compute
tr(XEAC]-N*[N(Eo)-i-(é/\)*dJ] (Hu(N))) = Z ||XéAc%0n(w7A)||2-

En(w,A)Ea(Hy (M)
N(En(w,A)EN(Eo)+£5 %

If ¢, (w, A) has its localization center in £,C, by (4.9) and (1.7), one has
e oo A2 = 1+ O(A] ),
and if it has its localization center outside £, C, then
Xz cn(w, M)* = O(AI7).

Hence, as the number of eigenvalues of H,,(A) in N~'[N(Ep) + (£2)~J] is bounded by C|A| for
some C' > 0, by Lemma 1.2, we get that, for any p > 0, for A sufficiently large, with a probability
at least 1 — |A|7P, one has

/ E%(f, €L EOagag)dé.dI - |A|7p < tr(XEXC]-N*1[N(Eo)-i-(f/\)*dJ] (HW(A)))
JxC
(4.10)
< / E2 (&, x5 Eg, £, 0)dédx + |A|7P.
JxC

Partitioning EXC into cubes of side length 1 and using the covariance and (4.9), for xo taken as in
section 2, we get that

(Ca)1CI ey (14 0(1)) < E(tr(xg; o 1n-1n () +en) -4 (Hu (1))
< E(tr(Xgt o L1 (v (o) + (e) 47 (Hw(A)))) < (E2)* [C] Eey (1 + 0(1)).
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where B¢, = E(tr(xoln-1[n(E0)+(r)-4J)(Hw(A)))). The computations done in section 2 show that
Ee, = (L) 711 + o(1)).

Taking the expectation in (4.10), we immediately obtain

~ d ~
- ~ la A
E =2 ,;E,é,éd)<0 = f= = 0, 4.11
([ =Reniboeia) < <£A> e o (a.11)
o\ . ‘
<~_A> IE</ Ei(g,x;Eo,e,e)dg) = LR 5 4. (4.12)
N IxC |A]—+o0 lp |A|—+o00

Assume now that 5—2 > |AJ”. Pick two scales (¢}, )a and (€5 )a such that, for some p’ > 0

/
Oy > AP, %zw’ and i—izw’. (4.13)

Partition the cubes 3 C' into cubes of side length asymptotic to £}: let T's = (¢4 Z%) N ({xC) and

(xC = | Cyp where Cip =7+ 001-1/2,1/2]"
RISIUN

Then, we have

tf(ngclel[N(Eo)+(zA)*dJ] (Hyu(M))) = Z tl“(Xcie/ 15,4 (a)-a0 (Hu(A)))
RERVN

veFf
Thus
tr2(XZXCIN’I[N(EO)-F(@A)*UZJ] (Hw(A))) = Z Z T(77 J, é;\véAaA)T(ﬂ)/a J, 6;\561\7‘/\)
RIS NS PN
where
T(’Y) = T(Va J, 6;\7€Aa A) = tr(XCWi[/ ]-N*I[N(Eo)-l-(é/\)*dt]] (Hw(A)))
A

We prove

Lemma 4.1. If |y —+'| > 2¢} then
E(T(y) - T()) —E(T()) E(T())| < Ce~)"/C,
Hence, we have
2
E tr(XchlN—l[N(Eo)Jr(eA)*dJ] (Ho(A)) —E (tr(xgiclel[N(E0)+(£A)*d‘]] (Hw(A))))’ < ()

By (4.13) and (4.12), we get, for some p > 0,
2

a\? _
B|(7) olusely ey o () - VIl <CA? (14
If 05 /0 < |A|=", (4.11) becomes
E (/ =2 (&, 2; Eo, £, @)dg) < C|A|=. (4.15)
JxC

Now choose the scales EXLP = EA(LH),, and EXLP = lag e By (1.23), ZXLp/EALPN — 1 and
é;{w /la,», — 1. Moreover, the estimates (4.15) and (4.14) hold for the pairs of scales (EXLP,KALP),
and (Z Apps é;{LP). Moreover, for p large enough, they are summable. Thus, we have proved that
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e in case (1) of Theorem 1.8, w almost surely, for L sufficiently large,
/ E?\Lp (gv'r;E()vé,ng)dé'dI = O
JxC

e in case (2) of Theorem 1.8, w almost surely,

—d

ot ;

(A> / =2 (6w Bo 0,0V dede  —  |J]-|C],
JxC

CApp |A| =00
, —d

Are =2 : + 7

— = sx; Eo, 07, 0)déde — | J]-|C
<%p> /ch Aun (&3 o, €7, dbder | = M1-1C0

For L? < k < (L + 1)?, as the sequences (£4)s and (f4)a are increasing, one has

/ E?\Lp (5,I,E0,€,g+)d§diﬂ > / E?\k (€,$;E0,€, g)dgd'r
JxC IxC

> / =2 (6,2 o, 0+, D)dda.
JxC

By (1.23), for LP < k < (L +1)?, EXLP ~ gj{k ~ly,, and EXLP ~ ka ~{y,,. Hence, we get

e in case (1) of Theorem 1.8, w almost surely, for L sufficiently large,
/ =3 (&, x; o, ¢, 1) dédx = 0.
JxC

As fJXc =2 (¢, z; Fy, ¢, E+)d§dx is an integer, this implies that this integer is 0.
e in case (2) of Theorem 1.8, w almost surely,
éA —d —2 -~
= ZA(g,.I;Eo,é,é)dgd.I — |‘]| ’ |O|
N IxC |Al=+00
This completes the proof of Theorem 1.8. O
Remark 4.1. If we don’t assume that either £, /¢ < |A|=7 or 5 /¢, < |A|=7, but merely that

either tends to 0, or we do not assume condition (1.23) then, (4.11), (4.10) and (4.14) show
nevertheless that

E(/ E%(g,x;EO,K,E)d§>—>O i &
JxC

= =
7 |A|—+oc0 ’
NS ’ i
A —2 Pt . A
E|{ = =Zx (& x; Eo, 0, 0)dé —|J|-|Cl] —0 if — —
(2) [z aoeiie-1i-0 n oo

This implies convergence in probability.

Proof of Lemma /.1. Define C’,fe/ = C,fg/ + 0\ [-1/2,1/2]% hence, in view of the computations
BN BN
done in (2.2) and (2.1), there exists C' > 0 such that, for § > 0, we have

E

tr(Xc%% LN 1[N (Bo)+(en) 25 (Hu(A))) — tr(ch[, 1N [N(Eo)+(ea) 4] (Hw(éiz;\)))
A

<C (WA)d + 5*C(eA)dCe*<f’A>1“/0) (4.16)

Pick § = e~ ()'""/%" for some €' > C. As |y —+'| > 2¢}, the operators H,,(C,, ) and Hy(CZ ,, )

are stochastically independent of each other. Now, as by standard arguments of Schrodinger
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operator theory (see e.g. [R579]), T'(7) and T'(v') are bounded by C(¢})?, (4.16) yields the result
of Lemma 4.1 and completes its proof. 0

4.3. Study of the level spacings statistics. We will first prove Theorem 1.10. To do so, we
first use a the reduction constructed in Theorem 1.16 and study the spacings for the approximated
eigenvalues given by Theorem 1.16. Then, we derive the statistics described in Theorem 1.10 from
those computations. Using the estimates obtained in the proof of Theorem 1.10, we will prove
Theorem 1.12.

4.3.1. Some preliminary considerations. We now use Theorem 1.16. Let Z5 be the set of realiza-
tions for which the conclusions of Theorem 1.16 hold. We know that P(Z5) > 1 — O(]A|~*°).

Let N be the number of the good cubes (i.e. cubes that determine eigenvalues of H,(A)) con-
structed in Theorem 1.16 and (A¢(7v;)),< ;<5 be those cubes. Then, N = [A}£3%(1 + 0(1)). Recall
that £, is chosen so that, for some v; < vy < 1,

éA-log_l/”2|A||A‘—> 400 and fy-log V" |A]  — 0. (4.17)

—+o0 [A]—=+o0
As before, define the following random variables:
o X;=X,({,Ey+ Iy) is the Bernoulli random variable

Xj - ]-HW (A¢(v4)) has exactly one eigenvalue in Eo+1x

e Ej = E;j({, Ey + I) is this eigenvalue conditioned on X; = 1.
Assume Iy = [ap, bp] and define
N(E;) = N(Eo + ay)

5 = N(Eo + bn) = N(Bo + an)’ (4.18)

Note that &; is valued in [0,1]. Let = denote the common distribution function of the (&;)1<j<-
It was studied in lemma 2.2.

We first study the spacings for i.i.d. copies of the random variables (&;)1<j<k. Let (§;)1<j<k
denote the (;)1<;<r ordered increasingly and define

1 . = =
DLS¢(x,k; Eg + In,w, A) = m#{l <<k & =& > a/k) (4.19)
Our main technical result is
Lemma 4.2. Pick Ey € I such that (1.29) be satisfied and (Ip)a intervals such that

sup |E| — 0, N(IA)% (9 0, N(Ip) Al = 400 as |A| = +oc. (4.20)
Eelx

Fix m > 0. Then, for 1 <k < |A|™, one

_sw B (|DLSg(x, k; Eo + In,w, A) — D(k, Eo + I, A)|2) < % (4.21)
where .
Dk, Bo-+ InA)i= [ (1= o+ /) + Zw)* =), (4.22)
Let (Ja)a be a sequence of intervals such (;fhat 525) |E| = 0 as |A| = 4+o00. Then
A
sup |D(k,Eg + Ix,A) —e™®| — 0. (4.23)

IACJA k—+o00
Ix satisfying (4.20) E<[AI™
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Proof. To analyze the spacings of the (£;)1<;j<k, we use the computations of section 7 in [Pyk65]
(see in particular (7.3)) that yield

1
/ (1= S(y + 2/k) + ()"~ d=(y) = B(DLSe (x, k: Eo + In,w, A)) = D(k, Eo + I, A)
0

o

=( T + =) —=2(z+x Z(2))F2d2(2)dE(y).
”//ﬂ/k Syt a/k) + E(y) — 2= + k) + 2(:)*2E(:)dE()

and

E ([DLSe(w, k; Bo + In,w, A)J?)

e
~

+

Fix v € (v2,1). By (4.17), for ||A| large, one has |[A|7™"! > ¢~fA. Thus Lemma 2.2 yields that,
for y —x > |A|7™"1, one has has,

(v) = E(@) = (y—2) (1+ 0 (N (1) 57 ) ) (4.24)
Hence, for m™! <o <m and 1 < k < |A|™, one has

(DLSg x,k; Iz, w, A))

/ / —E(y+ o/k) + 2ly) — (= + o/k) + 2(2)P2a=() ()

(1]

ytaz/k
_ 2/ / (1= Z(y+2/k) + Z(@) — Z(z + 2/k) + 2(2))F2d=(2)d=(y) + O (%)

/ / ~ 2y +a/k) + E() — Zz + 2/k) + 5(2)*d=(2)dE () + O (%) |
Compute
(1 —Z(y+z/k) +E(y) — E(z + z/k) + E(2))

=y
= (1 -E(y+a/k) +EW)1 - Z(z +2/k) + E(2))
— (B(z +2/k) = 2(2))(Ely + 2/k) — E(y))

=(1-ZE@w+az/k) +E)A - Z(z + z/k) + E(2)) + O(k2).
Hence, plugging this into the previous formula, we get
! 1
B(DLSH e kilnw ) = | [ (0= 200+ /) + 2002020 +0(3)
0
2

= Uolu E(y +x/k) + =(y))F ! (1+O <%>) dE(y)] +0 <%>

= D(k,Ey +1I5,A)*+ 0O <%)

2

This completes the proof of (4.21).
Fix Ey such that (1.29) be satisfied and let us prove (4.23). For I, C Ja, by Lemma 2.2, for
x € [0,1], we have,

_ _ T T _ _ r(l+ «
wp [E+a/t) 20 - L] < Loy and s [S(y+afh) - S| < LW
y€[0,1—x/k] yE[l—a/k,1]
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where sup lag| — 0.
InCJA k‘>+072
I5 satisfying (4.20) k<IA|

Hence, for k large,
1

17%/]@ 1
|D(k, Eg + In,A) —e™*| < / le“r — 1| d=(y) +/ eCeltan)/kgzy)y < © (ak + E) .
0 1

—z/k
This completes the proof of (4.23) and, thus, of Lemma 4.2. O

4.3.2. The proof of Theorem 1.10. By a classical result (see e.g. [P598]), as the functions we are
considering are monotonous and as x +— e~ % is continuous on [0, +00), it suffices to prove the
almost sure pointwise convergence of DLS(z; Eg + Ip,w,A) to e~ (for x > 0).
Fix £ < £. Pick Ip as in Theorem 1.10. We distinguish two cases:
(1) if (N(I)(log |A])~%¢"), is unbounded: we can then cover it with disjoint intervals (Ix o )1<k<x,
of length of order (log |A|)~%¢" (so that K, =< N(Ix)(log|A|)%¢") and such that, for each
I} A, we can apply Theorem 1.16 and Lemma 4.2.
(2) if (N(I4)(log |A])~%€") 5 stays bounded: we can then apply Theorem 1.16 and Lemma 4.2
to I, itself. We then set Ky =1 and I; o = Ip
This yields

Ka
NA(Eo + Ii,p) Ky
DLS(x; Eg + Iz, w,A) — DLS(x; Eg + I p,w, A : < 4.25

where we recall that Ny (I) is the (random) number of eigenvalues of H,,(A) in I.
We first study DLS(x; Eg + I a,w, A).
By (1.28), (1.24) and the approximation of the eigenvalues given by Theorem 1.16, for w € Z,, if
J=#{1<j<N;X; =1} then we have
D™ (w, Eo + Ij a, A)+ ap > DLS(z; Eg + Iy, w, A) > D+(w, Eo + Ij A, A) —ap (4.26)

where

1<i<J; & — & >x/Npa£|A]72
o DE(w, B+ Ija, A J) == AT < T G =& 2 /a2 1A };
NiA
e (¢;); are the renormalized eigenvalues defined in (4.18) at the beginning of section 4.3 for
the energy interval Ey + Iy a;

o Niya=N(Eo+Ira) Al and ap — 0 as |A] — +oo.

Define the random variables
D¥(w, Bo + Ie.a, A) = D¥(w, o + I, A #{1 < j S N X = 1)) 12,

We prove

Lemma 4.3. One has

sup [(N§)1/4 -E (|D*(w, By + Ira, A) — D(Ny,a, Eo + Iia, A)|2)} <C. (4.27)
1<k<Ka

Before proving Lemma 4.3, let us use it to complete the proof of Theorem 1.10. We first prove the

almost sure convergence for a subsequence.

For A = As/,, by the first condition in (1.30), summing the estimate of Lemma 4.3 for 1 < k <

Ky we get that

5/p?

KAL5/p

Z ZE<‘Di(waE0+Ik,AL5/paAL5/P)_D(NAL5/paEO+Ik,A
k=1 L>1

aAL5/P)

L5/p

2
><+oo.
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By (4.23) of Lemma 4.2, as Fy € I satisfying (1.29), we know that

sup |D(Na,Eo+ Iy, A)—e™ ] — 0. (4.28)
1<k<Ka [A]—=+o0

Hence, w-almost surely,

sup |DE(w, Eo + Iioa Apssp) —e | — 0.

5/p7
1<k<KEn o, Le/e L—+o00
Thus, by (4.26), w-almost surely
sup  |DLS(z;Eo + Ixa,w,A) —e ¥ — 0. (4.29)
1§k§KAL5/p L—+oc0

Plugging this into (4.25), we obtain that, w-almost surely

—x

DLS(x;Eg+ In ., ,w,Aps/0) — €

Ld/p L—+o00
To derive the almost sure convergence of (DLS(z; Eo + In,w,A))a, we use

Lemma 4.4. Fixp > 0 andr > 0. Let (Ip)p be as Theorem 1.10 or Ix = J, J as in Theorem 1.12.
Recall that Nn, = Na, (I).

Then, w-almost surely, for L sufficiently large, if L' € [LP, (L +1)P], except for at most o(Na,,) of
them, all the eigenvalues of H,(Ar/) in Eo+ 1y, are at a distance less than L™ to an eigenvalue
of Hy(Ar») in Eg+ Ip,,.

Pick p = 5/p and r > d. For L? < L' < (L + 1)P, by assumption (1.30) on I, one has N(Ey +
In,,) = N(Eo+1Iar,,)(1+0(1)); 80 Ny, = Na,, (1+0(1)). Lemma 4.4 then implies that, w-almost
surely, for LP < I/ < (L + 1)? and L sufficiently large, one has

DLS(z; IAL,,W, Ap/) = DLS(z; Iz, W, Ary) +o(1).

Hence, w-almost surely, DLS(x; In,w,A) converges to e™* when |A| — +oo. This completes the
proof of Theorem 1.10. O

Remark 4.2. If one does not assume one of the conditions in (1.30), the estimate (4.27) and
Lemma 4.4 are not sufficient anymore to obtain the almost sure convergence for DLS(x; I, w, A).
Nevertheless, plugging the estimates (4.28), (4.27) and (4.26) into (4.25), we see that

E(IDLS (3 In,w, A) =€) A oo

This guarantees the convergence in probability.

Proof of Lemma 4.3. We now fix 1 < k < K, and, to alleviate the notations, we will write
In := Iya and Ny = Npa = N(Ip)|A|. The interval I, satisfies the requirements to apply
Theorem 1.16 and Lemma 4.2.

As D is bounded by C|A[, as the (X;); are i.i.d. and as P(Z,) < |A|~P for any p > 0, we compute

E (|D*(w, In, A) — D(Na, Eo + In, A))
N ~
< 3 () )pen = 1f - pox = )%

-E (|DLS¢(z £ |A| 7%, k; Eg + Iz, w, A) — D(Na, Eg + In, A)?) .
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Recall that Ny = N(Ip)|A|. As P(X; = 1) = N(Ia)f4 (1 +0(1)) and N = [A[£4(1+o(1)), for any
€ > 0, there exists § > 0 such that

N )
3 <k>]P’(X1 = )R —P(X; = 1)V F < e M. (4.30)
lk—Na|=Ny/2+e
Hence, by the first condition in (1.30), one gets
E (|D*(w, In,A) = D(Na, Eo + In, A)?)

1
< W+e—Nﬁ/2+2 S"  ID(k,Eo,A) — D(Na, Eo + In, A)?
|k—Np|<Ny/2+e

+2 > E (|IDLSe(x £ |A] 72, k; Eg + In,w, A) — D(k, Eo, A)[?) . (4.31)

|[k—Na|<N,/2te
For |k — Np| < Ni/ﬂs, let us estimate D(k, Ey, A) — D(Na, Eo + Ix, A) that is

D(k, Eo, A) — D(N, Eo + In, A)
1
= /0 (L=Zy+a/k)+E@)" ' = (1 - E(y +z/Na) +E@)"* 1) d=E(y). (4.32)

Using (4.24), for |k — Nj| < N}\/HE7 compute
[(1 =2y +a/k) + 2()"" = (1= E(y +2/Na) + E(y)"* 7|
= (1-E(y +a/k) +2(y) "

C(1-Z+z/Na)+E@\™
! (1—E<y+x/k>+z<y)

)
_ _ _ _ —1/2+
§C(1—e C(Na—k)/Na ,—C(Na k)/k) < CNy [2+e

Hence, plugging this into (4.32), one obtains
|D(k, Eg,A) — D(Np, Eo + Iz, A)| < CNXl/2+5_
Plugging this and the result of Lemma 4.2 into (4.31), we obtain
E (lDi(wv In,A) — D(Ny, Ey + IA,A)|2) < CNX1/2+3€-

We pick € = 1/12 to completes the proof of Lemma 4.3. O

Proof of Lemma 4.4. Pick « € (0,1) and ¢ > 1. By Lemma 3.1, with a probability at least 1 — L™,
the eigenvalues of H,(Ar/) in Eg+ T A, that are at a distance more than L™" to an eigenvalue of
H,(Ar») in Ey + I,, fall into two categories:

(1) either they belong to Eg + (Ix,, \ Ia,,) which may be empty,

(2) or they have a localization center that belongs e.g. to the annulus Az \ Apr_po.
The numbers of eigenvalues in the first category is bounded by o(Ny,,) as a consequence of the
second part of assumption (1.30). The numbers of eigenvalues in the second category is bounded
by 0(Na,,) as a consequence of the improved Wegner estimate, Theorem 1.1. The Borel-Cantelli
lemma then implies Lemma 4.4. 0
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4.3.3. The proof of Theorem 1.12. The proof is analogous to that of Theorem 1.10. As in that
proof, it suffices to prove the almost sure pointwise convergence of DLS’(z; J,w, A) to g, j(z) for
x> 0.

Fix & < & Pick J = [a,b] as in Theorem 1.12. We can then cover it with disjoint intervals
(I;A)1<j<J, of length |.J|(log |A])~#¢" and containing the point e; o == a+(j—1/2)|J|(log |A|)~¥/¢
(so that Jy ~ (log|A])¥¢") and such that, for each Iz, we can apply Lemma 4.2. This yields

Na(Ija) CJa
Na(J) |~ [A]

DLS (25 J,w, \) — ZDLS viejp) x/N(J); Ija,w, A) (4.33)

where DLS’ is defined in (1.34).
Using the uniform continuity of v, the same computations as in the proof of Theorem 1.10 yield
the following analogue of (4.29): for all € > 0,

sup  |DLS (v(ejp) x/N(J); Ija,w,A) — e VEan)e/NIDf g —as.,
1<5<Ja L—+o00
v(ejn)>e
A=Aps/p

The large deviation principle for the eigenvalue counting function, Theorem 1.9, ensures that, w
almost surely, for |A| large, Nao(J) > |Al|J]/2 and

Na(L; N
lim sup ALj) . () 1‘ =0.
Lotoo 1<y | Na(J)  viejn)ljal
(e] A)>8

Moreover, using the uniform continuity of v on J, we have that for any § > 0, there exists ¢ > 0
such that, for L sufficiently large, one has

Na(L;
sup 71\( s0) ’ <.
1<j<Jn | Ljal Na(J)
v(ejn)<e

Hence, by (4.33), w-almost surely, there exists C' > 0 such that € > 0, one has

Na(Ija
> DLS(W(ejn) x/N(J); Ija,w, A) AL )<5 S Ll < 0,
: NA(J)
1<5<Ja 1<5<Ja
v(ejn)<e v(ejn)<e
A=A, 5/, A=A, 5/,

thus

)
limsup |DLS'(x; J,w,A) — Z Me_”(ej“)m < C6.

AL:_1)\+OO 1<j<Ja N(J)
5/p v(ejn)>e
A:AL5/p

On the other hand, as v is continuous, non negative on J and x > 0, one has, for any § > 0, taking
€ > 0 sufficiently small, one has

Z ’/(ej,A)|I‘,A|e—u(ej,A)z/N(J) <5
‘ N(J) B
1<j<Ja
v(ejn)<e



38 FRANCOIS GERMINET AND FREDERIC KLOPP

and

1
im Y el s - WL e e YOy ay i)y
0

Lo | £ N(J) N(J)
A=A 570
1 / —v(\) & /N(J)
=—— [ e v v(N)dA.
N J, »)

Thus, for § > 0, we get

lim sup ‘DLSI(ZE; Jyw, A) —/
Ae:x+oo J

e_”"()‘)””VJ()\)d/\‘ <.

5/p

Hence, letting § tend to 0, we get that, w almost surely,

L—+o0

lim DLS (z;J,w,A) = / e T NTY L (N)dA.
A=A J

L5/p

To complete the proof of Theorem 1.12, we use Lemma 4.4 as in the proof of Theorem 1.10. O
4.4. Study of the localization centers statistics. We prove Theorems 1.13.

As in the proofs of Theorems 1.10 and 1.12, it suffices to prove the simple convergence in (1.38)

to obtain the uniform convergence as we are dealing with non increasing functions and the limit is
continuous. Thus, pick s > 0 and to prove (1.38), it suffices to prove

E <’DC’S(S;IA,A,w) — e

2
> — 0. (4.34)
ARE

We apply Theorem 1.16 to the cube A and the interval I satisfying (1.37). We keep the same
notations as in Theorem 1.16. Let I' denote the set of centers ; constructed in Theorem 1.16. Let
Ty denote the set of v € T that do not not satisfy (1), (2) and (3) of Theorem 1.15. Theorem 1.16
states that, for w € Z,, one has

#Tp = |A|0 2O [(|IA[6N)'HP + N(Eo + I 1]
where ¢ and ¢ are defined in Theorem 1.16.
By (1.37), one has
N(Eog+In) Y9 > ¢, (4.35)
Thus, if we define
I" = {y eT; dist(y,I) > 10s(N(Eo + 1,)) "/}
then
HT' = O(#Ty - N(Eo + In) %) = o(|A|¢79). (4.36)
For v € I, define the random variable X, to be equal
o to 1 if H,(As(7)) has an eigenvalue in Ix, and, for all 4" € T" such that |7/ —~| < (N(Ep +
I0))~Yds, H,(A¢(7)) has no eigenvalue in Iy,
e to 0 if not.
Then, by (4.35), (4.36) and the estimate given in Theorem 1.16 on the number of eigenvalues of
H,,(A) not associated to an eigenvalue for a cube (A;(7y))~er, we get that, for any ¢ > 0, for |A|
sufficiently large, one has
sup (DCS'(s —&;In, A,w) — DCS(s; 15, A,w))
WEZ)

+ sup (DCS(s;Ip,A,w)— DCS (s +¢e;1p,A,w)) <e (4.37)

WEZA
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where DCS(s;Ip, A,w) is defined in (1.36) and

1
! . =
DCS (S,IA7A7W) - N(EO +IA5A7w) ’;‘XV

As 0 < DCS(s;Ip,Ayw) < 1 and 0 < DCS(s;1pa,A,w) < 2 (for A large), in view of (4.37), to
prove (4.34), it suffices to prove

E ODCS"(S; Iy, A w) — e

2
) — 0. (4.38)
A RE

As the Hamiltonians H,,(Ay()) and H,(A(7)) are independent when v # +/, (v,7) € I'2, using
Lemma 2.1, we compute

E(X,) = (1 — N(Eo + Ip)¢h) N (FotIn)e?)
= e_st(Eo + I+ oI 0%).

—1

SSIN(Ey + Ip)0 + o(|Ix]6%)

Thus, using Theorem 1.9, one computes

1 1 |A| d
E(DCS (s: Iy, A, w)) = E x| =t Mg e+ o1
(DS (53 In, A, w)) N(Eo—i—IA,A,w); ) T NE s e N Eet L) +oe(l)
=e ° 4 o(l).
(4.39)

On the other hand, by (4.35) and their definition, X, and X, are independent when |y — | <
2(N(Eop + I5))" s+ 1. Hence, using Theorem 1.9, one computes

AV :=E(DCS'(s; Ix, A,w)?) — B(DCS'(s5; In, A,w))?

1+o0(1)
=~ B+ A 2 > (B(X, X.) — E(X,)E(X,)).
0 A ~yel ’YlGF
|y = <2(N (Eo+12)) " 's+1

Thus, as #I' < C|A[/¢?, by Lemma 2.1, one has
e 2N S T
(N(Eo + Ip)|A])? €4 AN (Eg+ 1y) N2(Eo+ Ip)|Aled
Condition (1.37) then ensures that the choice of the length ¢ in Theorem 1.16 can be made such

that N2(Eo + I5)|A|¢? — 400 as |A] — +oo.
Thus, (4.39) and (4.40) imply (4.38). This completes the proof of Theorem 1.13. O

N(Eo + Ip)0? (4.40)

5. PROOF OF PROPOSITION 1.1 AND THEOREM 1.14

We start with the proof of Proposition 1.1 then we prove Theorem 1.14.

5.1. The proof of Proposition 1.1. Let us prove point (1). Consider z(F) and z’(F) two centers
of localization for some energy E € I. Let ¢ be a normalized eigenstate associated to E. Then,
by the assumption (Loc’), we know that, for all z,

lll2 < Cota(B)) et ! (myytele=w (D,

Hence, summing over z, we get that

1< CyC, (2(BE)) {2/ (E)) ;/5 e z(B)—a'(B)|*
Y
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Taking the logarithm, we immediately get (1.40).

Let us now prove point (2). First, note that, by the Wegner estimate (W), the condition N (1)L —
+o0 implies that |[I;| > L~ for L large. Hence, if J is an interval centered at 0 such that
|J| = o(L=%), then N(I, +J) = N(I)(1+o(1)).

By definition, one has

NIy, L)= Y lleal

n; B €1l
Yn€AL

where, for n, E, is an eigenvalues of H,, ¢, an associated eigenfunction and =, a localization
center of @, in Af.

Fix a € (0,1). Using the estimate (1.39) in the same way as the estimates (Loc) was used in the
proof of Lemma 3.1, we get that

o~ af
N(Ir,L) - Z ||90nH?\L+La < CuLttde

n; En€lr
YnE€AL

where | - |[a,, . denotes the L?-norm on the cube Az po.

Hence, we have

NI,L) < Y leali,, .+ O, Lot 27L°

n; Enelp
Yn€AL

< tr(1y, (Ho)la,, o) + CuL8 e 271
By standard estimates on Schrodinger operators (see e.g. [Sim05]), we know that

0 < tr(1y, (Hy)1a,,,.) < CL% (5.1)
Pick x a smooth cut-off function with gradient vanishing outside Az yro \ Apypa/2. Then, using

the localization estimate (Loc’), one easily checks that, for L sufficiently large

e for n such that E, € I, and v, € Ay, xv, satisfies
[(Ho(ALyre) = En)(xen)ll < e /€

o the Gram matrix for the family (x¢n)E, 1., v.ca, satisfies
(X XPm)) Brerr, s, = Td+0 (759 (5.2)
En€lrn, ymEAL

As (5.1) implies that the number of n such that E,, € I, and v, € A is bounded by CL?, we get
that

N(Ip,L) < tr(1; (Ho(Apyore))) + G, Litde 200"
where Iy, = Iy, + [—el"/C l"/C],
Hence, if, as in section 3, N(w,Arira,, 1) denotes the number of eigenvalues of Hy,(Ap4re) in
I, we have

N(IL7 L) < N(wv AL+LD‘7 ) IL) =+ Oqu+d672’yL°‘§. (53)
Recall that we assumed N (Ip)|IL|717" — +o00 where p is given by (M). The proof of Corollary 2.1
then also shows that, if N(w, Arqre,Ar,I) denotes the number of eigenvalues of Hy,(Af o) in
I;, having a localization center in Ay, then, for any ¢,
P{IN(w, Arype, AL, In) = NUA)A|l = o(N(In)[A])} 2 1 = C(N(IA)|A])71
>1-C,L7*
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as N(I1)L4 ¢ — +oo for some ¢ > 0.
So, by the Borel-Cantelli Lemma and Corollary 2.1, we know that, w-almost surely,

N(@, Apgzes ArsIn) = Nw, Apsze,, 1)1+ 0(1) = NULY 1 +o(1)).  (5.4)
One has

N(IL,L)> Y leali, .-

n; E,€1l
Yn€AL

Using the same cut-off of the eigenfunctions as above, we then see that
N(IL,L) Z N(W,AL+LO¢,AL7IL).

Using this estimate, (5.4), (5.3) and Theorem 1.9, we get (1.41) and complete the proof of Propo-
sition 1.1. 0

5.2. The proof of Theorem 1.14. Let us now consider consider w in the full measure set where
the statements of Theorems 1.10, 1.12 and Proposition 1.1 hold. As in section 5.1, w-almost surely,
for L large, if E is an eigenvalue of H,, with localization center in Ay, then there exists £’ an eigen-
value of H,(Apy1«) such that |E — E’| < e 1"/¢. To avoid confusion, rename DLS(x; I, w, L)
defined by (1.28) to DLSY(x;I1,w, L). Hence, for ¢ > 0 fixed, we have, for L large enough,

e when |I;| — 0 satisfying the assumptions of Theorem 1.14, we have
N(Ir, L)
N(IL, w, AL)
> DLS(v(Ey)x+e; I, w,L);

e when I;, = J a fixed interval satisfying the assumptions of Theorem 1.14, we have

DLS(v(Eo)x —e;I,w,L) > -DLS (z; 11, w, L)

N(Ip,L
DLS' (z —&; J,w, L) > WDLSJ@; Jyw,L) > DLS (z +¢; J,w, L).
Thus, Theorem 1.14 is an immediate corollary of Theorems 1.10 and 1.12, and the second point of
Proposition 1.1. O

6. APPENDIX

6.1. The proof of Lemma 1.3. Compute

/R N(E+2z) — N(E +y) :/R

x—y
< /01 (/R|1/(E+y+ (x —y)e) — V(E)|dE) de.

As v € LY(R), Lebesgue’s dominated convergence theorem ensures that the last integral converges
to 0 when z and y tend to 0. Hence, the quotient in the first integral converges to 0 for almost
every E. This completes the proof of Lemma 1.3. 0

- v(E)

E+x
L / (v(e) —v(E))de

r—y E+y

6.2. Local control on the exponential decay of eigenfunctions. In this section, we estab-
lish SUDEC and SULE estimates for the eigenfunctions assciated to an eigenvalue in the localized
regime of a random operator restricted to a finite volume. These are the analogues of the infinite
volume estimates introduced in [dRJLS96] and proved in [dRJLS96, GIK06]. We denote by Zcr,
the region of complete localization for the random operator H,,. It is defined as the set of energies
E € T where we have all the conclusions of the bootstrap multiscale analysis of [GIK01] or the
fractional moment method of [AM93, Aiz94]. These conclusions turn out to be equivalent proper-
ties describing the localized regime [GIK04, GIK06]. In Theorem 6.1, we provided new equivalent
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characterizations of the region of complete localization, involving this time finite volume operators,
rather than the infinite volume one. We prove

Theorem 6.1. Let I C X be a compact interval and assume that Wegner’s estimate (W) holds
in I. For L given, consider A = A (0) a cube of side length L centered at 0, and denote by vy A ;,
j=1,---,tr1;(H,(A)), the normalized eigenvectors of H,,(A) with corresponding eigenvalue in I.
The following are equivalent

(1) I C XY

(2) For all E € I, there exists 0 > 3d — 1,

L
imsupP {¥o,y € A, o <31 2 3, oA - B) Ml <274 =1 (61
L—o00
(3) For all € € (0,1),
eyl
supE Q> el sup [lpw,a gllallw,ailly p < oo (6.2)
yeA TEN J
(4) There exists £ € (0,1),
T
supE {Ze Y sup [lpw, a1l pw,a ] y} < o0. (6.3)
yeA zEA J
(5) For all € € (0,1),
supE Ze‘””_y‘5 sup || xaf (Ho(A))xyll2 p < oc. (6.4)
yEA zEA supp fCI
71<1
(6) There exists £ € (0,1),
supE 3 3" el" 7 sup o f(Hu (M) lle ¢ < oc. (6.5)
yeEA supp fCI
zEA [F1<1
(7) There exists £ € (0,1),
oyl
sup sup B4 3 e f(HL (M)l b < oo (6.6
vekmemict |2

(8) (SUDEC for finite volume) For allp > 0 and £ € (0,1), there exists g > 0 such that for any
L large enough, the following holds with probability at least 1 — L™P: for any eigenvector
Yw.A; of Hyn, with energy in I, for any (z,y) € A?,

—r—uylé
100,44l llw,a,llyll < Lée™t=41, (6.7)

(9) (SULE for finite volume) For all p > d and & € (0,1), there exists ¢ > 0 such that for any
L large enough, the following holds with probability at least 1 — L™P: for any eigenvector
Yw.A,j of Hoa, with energy in I, there is a center of localization x, A ; € A, so that for
any x € A,

[Pw,a,ille < Lie~lomaunslt, (6.8)
Remark 6.1. Theorem 6.1 provides a finite volume analog of [GI<06, Theorem 1 and Corollary 3].

If generalized eigenfunctions are needed in the infinite volume case, the normalized eigenfunctions
are good enough in the finite volume one for the spectrum intersected with the interval I is discrete.
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For discrete models, using e.g. the finite volume fractional moment criteria of [ASFTI01], one can
derive bounds of the same type as (6.8) where £ = 1. This has been done in [IK111].

Proof of Theorem 6.1. We start by describing precisely Y ¢r,, which is the set of energies where the
conclusion of the bootstrap multiscale analysis of [GKK01] is valid: X¢y, for the random operator H,,,
is defined as the set of E' € I for which there exists some open interval I(E) C I, with E € I(FE),
such that, given any ¢ € (0,1) and o € (1,¢™1), there exists a length scale Ly € 6N and a mass
m > 0, so that if we set Ly = [L{ ey for £ =0,1,..., we have

P {R(m, Ly, [(E),z,y)} > 1 —e L (6.9)
for all k=0,1,..., and x,y € Z% with |z — y| > Ly, + Ro, where
for every E' € I , either AL(:E)}

6.10
or Ar(y) is (w,m, E')-regular ( )

R(m, L, I, I, y) = {w;
Here Koy = max{L € 6N; L < K}; we work with scales in 6N for convenience; Ry > 0 is given
in Assumption (TAD).
Given E € R, z € Z% and L € 6N, we say that the box Ar(z) is (w,m, E)-regular for a given
m>0if F ¢ o(H,(AL(x)) and

||FI,LRw,r,L(E)Xz,§H <e ™, (6.11)

where Ry, » 1(E) = (Hy(AL(z)) — E)~! and ', 1, denotes the charateristic function of the “belt”
Ar_1(x)\AL_3(z) when H = L2(R? dz) (the arguments can be easily modified for H = ¢2(Z%)).
The interval I in Theorem 6.1 being compact, we can extract from Uge I (E) D I a finite number
of intervals I(E) that cover I. Thus, with no loss, we may assume that (6.9) is valid for the interval
I itself.
We turn to the proof of Theorem 6.1 per se. That (1) <= (2) is due to [GIKX04]. Note that if (6.1)
holds, then

lim supP { | To,1 Ruso,(E)xo, 5 || < L0721} = 1.

L—o0
Assume (2), that is (6.9) holds for the interval I. We show that (3) holds. A standard compu-
tation (see [GKO4, (EDI)], [Kir08, Eq.(8.10)]) shows that if Ar(z) is (w,m, E)-regular, then, if
Ho(AL(%))pw,n; = EQua,; and [[pwa,;]l =1, then

Pw,aillz S Ld_lllrm,LRw,z,L(E)xm,g | <e 2F, (6.12)

whenever L is large enough, depending only on d, m.
It follows that for any (z,y) € A2, if k is so that Ly < |v — y| < Lgy1, then for any w €
R(m,L,I,z,y), for any normalized ¢, 4 ;,

1
y <e Flr <emElomyly (6.13)

Pw,A,5llz]|Pw,A,5]

As a consequence,

. 1 < <
E {sup lownsllellowas] } <o Bl ool < go-leulE (6.14)
7

for |z — y| large enough. Thus, (6.2) follows for any ¢ < Ca~!.
arbitrarily close to 1, (3) follows.

(3) clearly implies (4).

To see that (3) implies (5), it is enough to decompose the operator f(H, (A)) over the eigenvectors
(¢w,a,j); and note that [|x.Il,, \ Xyll2 = [l0wajllellvwally, when Iy, , . is the orthogonal
projection on ¢y, A ;-

Since ( < 1 < « can be chosen
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That (5) = (6) = (7) is immediate.
Assume (3). We prove (8). We have

T
P (H@c,y) € A2, =Y suplpw s loll o slly LP*d) (6.15)
J
<L'sup) P (e'w-y'i SUp [[ 9w j 1o |0 sy = L) (6.16)
yeAxGA J
_ T
<L7apY E (e' Y sup [ ga| mnsow,A,jny) (6.17)
yeAzGA J
<L, (6.18)

In other terms, with probability at least 1 — L7, we have [|¢w a jllz/@waillyll < Lptde=le=yl®
for any j and (z,y) € A%, and (8) holds.

We show that (8) and (9) are equivalent. Assume (8) and let x,, 4 ; be a center of localization for
Pu.n,j- Since || 4] = 1, note that [|¢w Al = L™%2. We write (6.7) with y = z,,5,; and (6.8)
follows from the last observation. Conversely, if (9) holds, then it follows from (6.8) that

< LMo lomenslfe-ly=runsl® < [20g-lv—yl* (6.19)

[Pw.nillellewally
It remains to show (7) = (2) and (8) = (2).

Assume (8). For any given E € I, thanks to (W), we may assume that d(E,o(H,(A))) > L7P,
with probability at least 1 — L™P. As a consequence, for any L large enough, for any (z,y) € A2,

|$_y|2L/27

(X (Ho(A) — E)_lx,y” < LP Z 0w, llzll6w,a,5lly (6.20)

J
< [Ptae=Lf, (6.21)

(2) follows.
Assume (7) and pick E € I. Set 6 = L~P. By (W), with probability at least 1 — L™, we have

(Ho(A) = B)™! = (Ho(A) = B) "Ly, 540 (Ho (). (6.22)
Define the function fg 5(A) = 6(A — E) ™ '1s\ (g5 544 (A). Note that |fg 5| < 1. It follows that

L _ _
P (3w € A% Jo =412 5. D) — B) ) 2 1) (6:23)
<L7+ S P(lafrs(Ho(A)xyl > L7077) (6.24)
(x,y)eN2
|lz—y|>L/2
SLP+LPsup Y LR (||x, fps(Ha(A)xy ) (6.25)
yEA rEA
|z—y|>L/2
< L7+ L7Psup Y (2 — y))*TPHE (v frs(Ho(A)xyll2) < L77. (6.26)
yeAxGA
O
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