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SPECTRAL STATISTICS FOR RANDOM SCHRODINGER OPERATORS IN
THE LOCALIZED REGIME

FRANCOIS GERMINET AND FREDERIC KLOPP

ABSTRACT. We study various statistics related to the eigenvalues and eigenfunctions of random
Hamiltonians in the localized regime. Consider a random Hamiltonian at an energy E in the
localized phase. Assume the density of states function is not too flat near E. Restrict it to
some large cube A. Consider now I, a small energy interval centered at E that asymptotically
contains infintely many eigenvalues when the volume of the cube A grows to infinity. We prove
that, with probability one in the large volume limit, the eigenvalues of the random Hamiltonian
restricted to the cube inside the interval are given by independent identically distributed random
variables, up to an error of size an arbitrary power of the volume of the cube.
As a consequence, we derive

e uniform Poisson behavior of the locally unfolded eigenvalues,

e a.s. Poisson behavior of the joint distibutions of the unfolded energies and unfolded local-

ization centers in a large range of scales.
e the distribution of the unfolded level spacings, locally and globally,
e the distribution of the unfolded localization centers, locally and globally.

RESUME. Nous étudions différentes statistiques associées aux valeurs propres et vecteurs pro-
pres d’un opérateur aléatoire dans le régime localisé. Considérons un opérateur aléatoire au
voisinage d’une énergie E supposée se trouver dans le régime localisé. On considere la restirc-
tion de opérateur & un grand cube A. Soit I, un petit intervalle d’énergie centré en E qui,
asymptotiquement, contient une infinité de valeurs propres quand A grandit. Nous démontrons
qu’asymptotiquement presque sirement, les valeurs propres de I'opérateur aléatoire restreint au
cube contenu dans 'intervalle sont trés bien approchées par des variables aléatoires indépendantes
identiquement distribuées.
De cette caractérisation, nous déduisons
e que localement, les valeurs propres renormalisées comportement uniformément poissonien,
e que les distibutions jointes des valeurs propres et centres de localisation renormalisés sont
asymptotiquement distribuées selon une loi de Poisson,
e la distribution des espacements de niveaux renormalisés, localement et globalement,
e la distribution des espacements des centres de localisation renormalisés, localement et glob-
alement.

0. INTRODUCTION

To introduce our results, we first restrict our exposition to the celebrated the random Anderson
model, that is, on ¢2(Z%), we consider the operator

H,=-A+V,
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where —A is the free discrete Laplace operator

(—Au), = Z Uy for u = (un)peza € L2(Z4)

|m—n|=1
and V,, is the random potential
(Vou)n = Wntty,  for u = (up)neza € £3(Z%).

We assume that the random variables (wy,),eze are independent identically distributed and that
their distribution admits a compactly supported smooth density, say g.

It is well known (see e.g. [[{ir0g]) that, w almost surely, the spectrum of H,, is equal to a fixed
closed set, say, 3. Moreover, there exists a Lebesgue almost everywhere bounded density of states,
say A — v(A), such that, for any continuous function ¢ : R — R, one has

/R POV = B((50, 9 (H.0)0) -

The function v is the density of a probability measure on X.

For L > 1, consider A = [—L, L]¢ N Z%, a cube on the lattice and let H,(A) be the random
Hamiltonian H,, restricted to A with periodic boundary conditions. It is a finite dimensional
symmetric matrix; let us denote its eigenvalues ordered increasingly and repeated according to
multiplicity by Ei(w,A) < Ea(w,A) < --- < Ey(w,A). For z > 0, define the empirical level
spacings distribution of H,(A) as

#{J; (Ej(w,A) — Ej(w, A)[A] >z}
Al
A result that is typical of the results we prove in the present paper is

DLS(z;w,A) =

Theorem 0.1. There exists N\g > 0 such that, for |[\| > )Xo, with probability 1, as |A| — +o0,
DLS(z;w, A) converges uniformly to the distribution x — g(x) where

g(x) = /E eVNTL(N)dA, (0.1)

that is, w almost surely,

sup |DLS(z;w,A) — g(z)] — 0.

x>0 |[A]—=+o0
This result shows that, for the discrete Anderson Hamiltonian with smoothly distributed random
potential at sufficiently large coupling, the limit of the level spacings distribution is that of i.i.d.
random variables distributed according to the density of states of the random Hamiltonian.

To the best of our knowledge, this is the first rigorous study of the level spacings distribution of
random Schrodinger operators.

The purpose of the paper is to study spectral statistics for random Hamiltonians in the localized
regime. The large coupling Anderson Hamiltonian described above is the typical example. Spectral
statistics have been studied in various works, mainly for discrete or continuous Anderson models
(see e.g. [Mol82, Min96, KNO7, Wan01]) but up to now, to the best of our knowledge, studies
have only described the local spectral statistics. For a random Hamiltonian restricted to a cube
A, the existence of the density of states, that is, of a limit for the number of eigenlevels per unit of
volume (see (1.3)) implies that the average distance between levels is of order |A|~!. Local spectral
statistics are the statistics in energy intervals I of the size |A|~!. Thus, such intervals contain
typically a number of eigenvalues that is bounded uniformly in the volume of the cube. This, in
particular, prevents the study of the empirical distribution of level spacings.

In the present paper, we go beyond this. Therefore, we introduce a new method of study of the
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eigenlevels and localization centers that is quite close to the physical heuristics (see e.g. [Jan9g,
LR85, Mir00]). The method consists in approximating the eigenvalues of the true random operator
(restricted to some finite cube) by a family of i.i.d. random variables that are constructed as eigen-
values of the random operator restricted to smaller cubes. That this is possible is a consequence
of localization: due to their exponential falloff, eigenfunctions only see the random potential sur-
rounding them. This construction is only feasible under some restrictions on the relative size of
the region where one wants to study eigenvalues and the size of the cube on which one restricts
the random operator. If one wants to control, with a good probability, all the eigenvalues in some
interval I, then, one roughly needs I to be of size |A|~%, the inverse of the volume of the cube to
some power « smaller than but close to 1 (see Theorem 1.1). If one wants to enlarge the interval
I, one can go up to sizes that are of order a negative power of log |A| at the expense of being able
to describe only most of the eigenvalues (see Theorem 1.2).

The basic tools that we use to control the eigenvalues are the so-called “Wegner” and “Minami”
estimates (see (W) and (M) in section 1.1).

Using the approximation described above, we obtain a large deviation estimate for the number
of eigenvalues inside a possibly shrinking interval of a random operator restricted to some large
cube (see Theorem 1.3). This bound shows that, for intervals I that are not too small, with good
probability, the number of eigenvalues in I is given by the weight that the integrated density of
states gives to I times the volume of the cube up to an error of smaller order.

Then, we derive the almost sure level spacings statistics near fixed energies as well as inside non
trivial compact intervals (see Theorems 1.4, 1.6 and 1.7). We also compute the localization center
spacings statistics (see Theorem 1.7).

This is the first time that these statistics are obtained for random Schrédinger operators.

The next result is the uniform local statistic for the eigenvalues and localization centers when they
are rescaled covariantly i.e. the scaling in energy is of order the scaling in space to the power —d
(see Theorem 1.10); we prove that the covariantly scaled local statistics are independent of the
scale (if they are not too small) i.e. one always obtains Poisson statistics. In the non-covariant
scaling case, we obtain almost sure results on the counting function (see Theorem 1.15). In the
case of the standard scale i.e. energies are scaled by |A|~! on a cube of volume A, we also study
the asymptotic independence of these local processes (see Theorems 1.11 and 1.12). This extends
known results of [Molg2, Min96, KNO7].

We point out that our analysis goes beyond the previous results also in the sense that locally the
images of the eigenvalues by the IDS are shown to exhibit a Poissonian behavior. When the DOS
exists and is non zero, we recover the previous known statements, but a vanishing derivative of the
IDS is allowed in the present work.

We also consider the problem from a different point of view. The usual procedure consists in
restricting the random Hamiltonian to some finite cube and study the statistics for this operator in
the limit when the cube grows to be the whole space. One can also consider the Hamiltonian in the
whole space. In a compact interval in the localized region, say I, the Hamiltonian admits countably
many eigenvalues. We enumerate them using the localization center attached to an associated
eigenfunction (see Proposition 1.2). I.e. we consider the eigenvalues in I having localization in
some finite cube. We derive the almost sure statistics of the level spacings distributions (see
Theorem 1.8); they are the same as the ones obtained for the Hamiltonian restricted to a cube.

Finally let us us conclude this introduction by saying that a number of the results obtained in
the present paper for general random Schrédinger operators were already described for discrete
random operators in [GKI11].
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1. THE MAIN RESULTS

After this short illustration of what can be obtained from our method, we now turn to the
description of the main results of this paper. Results will be given for general random Schrodinger
operators under a number of assumptions that are known to hold for, e.g. the Anderson model
and some continuous Anderson models.

We shall use the following standard notations: a < b means there exists ¢ < oo so that a < cb;
a=bmeans a <band b < a; (z) = (1+|z[?)2.

1.1. The random model. Consider H,, = Hy + V,,, a Z%ergodic random Schrédinger operator
on H = L?(R%) or £2(Z%) (see e.g. [PT'92, Sto01]). Typically, the background potential Hy is the
Laplacian —A, possibly perturbed by a periodic potential. Magnetic fields can be considered as
well; in particular, the Landau Hamiltonian is also admissible as a background Hamiltonian. For
the sake of simplicity, we assume that V,, is almost surely bounded; hence, almost surely, H,, share
the same domain H?(R9) or £2(Z9).

For A, a cube in either R? or Z?, we let H,(A) be the operator H,, restricted to A with periodic
boundary conditions. Our analysis stays valid for Dirichlet boundary conditions.

Furthermore, we shall denote by 1;(H) the spectral projector of the operator H on the energy
interval J. E(-) denotes the expectation with respect to w; Our first assumption will be an inde-
pendence assumption on the local Hamiltonian that is

(IAD): Independence At a Distance: there exists Ry > 0 such that for dist(A, A”) > Ry, the
random Hamiltonians H,(A) and H,(A’) are independent.

Such an assumption is clearly satisfied by standard models like the Anderson model, the Poisson
model or the random displacement model if the single site potential is compactly supported (see
e.g. [PF92, Sto01]).

Remark 1.1. As will be seen in the course of the proofs, it can be weakened to assuming that the
correlations between the local Hamiltonians decay polynomially at a rate that is faster than the
—d-th power of the distance separating the cubes on which the local Hamiltonians are considered.

Let ¥ be the almost sure spectrum of H,,. Pick I a relatively compact open subset of 3. Assume
the following holds:

(W): a Wegner estimate holds in I, i.e. given I there exists C' > 0 such that, for J C I, and
A, a cube in R or Z¢, one has

E [tr(1,(H.,(A)))] < C|J] A (L1)

(M): a Minami estimate holds in I, i.e. given I there exists C' > 0 and p > 0 such that, for
J C I, and A, a cube in R? or Z%, one has

E [tr(1s(Ho(A)) - [tr(Ls(Ho(A))) — 1] < C(LT] AN, (1.2)

Remark 1.2. The Wegner estimate has been proved for many random Schrodinger models both
discrete and continuous Anderson models under rather general conditions on the single site poten-
tial and on the randomness (see e.g. [His08, KMO7, Ves08]). The right hand side in (1.1) can be
lower bounded by the probability to have at least one eigenvalue in J (for J small).

As the proofs will show, one can weaken assumption (W) and replace the right hand side with
C|J|*|A|? for arbitrary positive o and 3. Such Wegner estimates are known to hold also for some
non monotonous models (see e.g. [K195, K02, GHKO0T7]).

On the Minami estimate, much less is known: it holds for the discrete Anderson model with
I =3 (see [Min96, GV07, BHS07, CGKO09]). These proofs yield an optimal exponent p = 1.
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In dimension 1, it has been proved recently (see [I[{112]), that, for general random models, the Mi-
nami estimate (for any p € (0,1)) is a consequence of the Wegner estimate within the localization
region (see section 1.2).

In higher dimensions, for continuous Anderson models, proving a Minami estimate is still a chal-
lenging open problem. The right hand side in (1.2) can be lower bounded by the probability to
have at least two eigenvalues in .J. For p = 1, it behaves as the square of the probability to have
one eigenvalue in J. So, roughly speaking, close by eigenvalues behave as independent random
variables.

The integrated density of states is defined as

N(E):= lim #{e.v. of H,(A) less than E}'
[A| =400 |A|

(1.3)

By (W), N(FE) is the distribution function of a measure that is absolutely continuous with respect
to the Lebesgue measure on R. Let v be the density of state of H, i.e. the distributional derivative
of N. In the sequel, for a set I, we will often write N(I) for the mass the measure v(F)dE puts
on I i.e.

N(I) = / V(E)dE. (1.4)

I

1.2. The localized regime. For L > 1, Az denotes the cube [—L/2, L/2]? in either R? or Z.
Let Ha be £2(ANZ%) in the discrete case and L?(A) in the continuous one. For a vector ¢ € H,
we define

1.5
lo(z)] if H =0%(z%). (15)

In the discrete case, the definition is that given in section 1.8.

Let I be a compact interval. We assume that I lies in the region of complete localization (see

e.g. [GK04, GK06]) for which we use the following finite volume version:

(Loc): for all € € (0,1), one has

ol = {|1A(z)cp|2 where A(z) = {y; |y — 2| < 1/2}  if H = L*([RY),

¢
sup sup E Z e 110y F(Ho(AL) 1A [l2 | < +oc. (1.6)
L>0 suppfClI 4

f1<1 e

Whenever the fractional moment method is available, one may replace the factor el by an
exponential one el where n > 0.

Remark 1.3. Assumption (Loc) may be relaxed into asking (1.6) for a single {. This will not
change the subsequent results in an essential way, but only modify some constants.

We note that the assumption (Loc) implies in particular that the spectrum of H,, is pure point in
I (see e.g. [GIK06, Kir0g8]). We refer to Appendix 6.2 where, in Theorem 6.1, we provide equivalent
finite volume properties of the region of complete localization, and show it coincides with the
infinite volume one. For the sake of the exposition, from Theorem 6.1, we extract the following
lemma that we shall use intensively in this paper.

Lemma 1.1. Assume (W) and (Loc).
(I) For any p > 0 and £ € (0,1), for L > 1 large enough, there exists a set of configuration Un,
such that P(Ux,) > 1 — L7P and for w € Uy, , if

(1) ¢;(w,AL) is a normalized eigenvector of H,(Ar) associated to Ej(w,Ar) € I,

(2) zj(w,AL) € A is a mazimum of x — |, (w,Ar)||s in AL,
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then, for x € AL, one has
i (w, Ap)la < LPHdelommsl@ Al (1.7)
(IT) For any v,§ € (0,1), v < &, for L > 1 large enough, there exists a set of configuration Vy,
such that P(Vy,) > 1 — e L and for w e VA, if
(1) ¢;(w,AL) is a normalized eigenvector of H,(AL) associated to Ej(w,Ar) € I,
(2) zj(w,AL) € AL is a mazimum of x — |l¢;j(w,AL)||s in AL,
then, for x € AL, one has
i (w, ALl < €22 e lmmmale )l (1.8)

Remark 1.4. Both Part (I) and (IT) of Lemma 1.1 are consequences of the localization hypothesis.
We shall use both of these characterizations of localization. Part (I) is relevant for large scales
(typically, powers of the volume of the reference box) and yields a smaller constant in front of the
exponential, while part (II) will be used for smaller scales (typically powers of log of the volume
of the box) and yields a better probability.

Such a result can essentially be found in [GIK06] for the continuous case and in [K111] for the
discrete case.
Clearly, the function = — [|¢;(w, AL)||» need not have a unique maximum in Ay. But, as, for any
x € Ap, one has
Z Hspj(wvAL)”i-i-'y = ||90j(w7AL)”2 =1,

’YGALﬂZd
if z;(w, Ar) is a maximum, then ||¢;(w, AL)H?JH(UJ) > (2L+1)~% Hence, if z;(w, Ar) and 2 (w, A)
are two maxima, then (Loc), through Lemma 1.1(I), implies that, for any p, there exists Cp, > 0
such that, with a probability larger than 1 — L™P, we have

jj(w, Ap) = @f(w, Ar)| < Cp(log L)'/<.
For ¢ € Hpa, define the set of localization centers for ¢ as
Cle) ={z € A; [l = max ol }- (1.9)
YEA
As a consequence of Lemma 1.1, one has

Lemma 1.2. Pick I in the localized regime for H,. For any p > 0 , there exists C, > 0, such
that, with probability larger than 1 — L™, if Ej(w,Ar) € I then the diameter of C(p;(w,AL)) is
less than C,log"/* |A.

From now on, a localization center for a function ¢ will denote any point in the set of localization
centers C(p) and let z;(w, Ar) be a localization center for ¢;(w,Ar). One can e.g. order them
lexicographically and pick the one with largest coefficients.

1.3. The asymptotic description of the eigenvalues. We now state our main results. They
are also the main technical results on which we base all our studies of the spectral statistics.
They consist in a precise approximation of the eigenvalues of H,(A) in Iy by independent random
variables, that follows in a rather straightforward way from the standard properties of random
Schrodinger operators recalled above ((IAD), (W), (M) and localization). This approximation is
at the heart of the proofs of the new statistical results we present in this paper: from it, we derive
estimations on the number of eigenvalues in small intervals, we provide the first computation of
the level spacings distribution, and we extend the known results about the convergence to Poisson
of rescaled (or unfolded) eigenvalues.

We will give two different descriptions depending on the size of N(Ip). When this quantity is
sufficiently small with respect to |A|~!, our procedure enables us to control all the eigenvalues. If
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it is not, we only control most of the eigenvalues.
Recall that our cube of reference is A = A, with center 0 and sidelength L.

1.3.1. Controlling all the eigenvalues. To start, pick p such that
_ p
0<p< .
=P +dp

Assume FEj is such that (1.42) holds. Now, pick I centered at Ey such that N(Ip) =< |A|~ for
a € (agq,p,;, 1) where ag p ;5 is defined as

(1.10)

dp+1

_— 1.11
dp+1+p ( )

adppi=(1+p)
where p > 0 and p is defined in the Minami estimate (M). Assumption (1.10) clearly implies that
Adp.p < 1.
Our restriction will enable us to control all the eigenvalues of H,(A) in Ix.

Theorem 1.1. Assume Ey is such that (1.42) holds for some p € [0, p/(1+dp)). Recall that cu,p 5
is defined in (1.11) and pick o € (ava,p,p,1). Pick Ix centered at Ey such that N(Ix) =< |A|™®. There
exists > 0 and B’ € (0, 5) small so that 14 Bp < a%g and, for € < LP and ¢' < LP', there exists
a decomposition of A into disjoint cubes of the form Ay(v;) = v; + [0, €] satisfying:
UjAe(y;) C A,
diSt(Al(’Yj)vAE(FYk)) Z 6/ Zf.] 7£ ka
dist(Ag(vy;),0N) > ¢
IANUjAe(y;) S TAJE/E,
and such that, for L sufficiently large, there exists a set of configurations Zx s.t.:
o P(2)) >1— |A|-(0—aan),
o for w € Z\, each centers of localization associated to H,(A) belong to some Ai(7y;) and
each box Ay(y;) satisfies:
(1) the Hamiltonian H.,(Ae(7y;)) has at most one eigenvalue in Ix, say, E;(w,Ae(7;));
(2) Ag(v;) contains at most one center of localization, say xy,(w, ), of an eigenvalue of
Hy,(A) in Iy, say Ey;(w,A);
(3) Ag(y;) contains a center xy, (w,A) if and only if o(Hy,(Ae(v;))) NV In # 0; in which

case, one has

| By, (w, A) = Ej(w, Ae(v5))] < e and dist (g, (w, A), A\ Ag(v;)) = 0. (1.12)
In particular if w € Zx, all the eigenvalues of H,,(A) are described by (1.12).

With a probability tending to 1, Theorem 1.1 describes all the eigenvalues of H,(A) inside a
sufficiently small interval I as i.i.d. random variables defined as the unique eigenvalue of a copy
of the random Hamiltonian H,,(A.(0)) inside Iy.

As one can easily imagine, this description yields the local statistics for both eigenlevels and
localization center. Actually as the intervals under consideration are larger than |[A|7!, it yields
uniform local statistics (see sections 1.7.1 and 1.8.1). Theorem 1.1 is at the heart of the proof
the proofs of Theorems 1.9, 1.10, 1.13, 1.14 and 1.15 found in section 1.7 and 1.8. Moreover,
under additional the decorrelations estimates (see assumptions (GM) and (D) in section 1.7.2),
Theorem 1.1 will be sufficient to prove the mutual independence of the local processes at distinct
energies when they are sufficiently far apart, that is, when they are separated by a distance that
is asymptotically infinite with respect to |A|~! (see section 1.7.2).
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1.3.2. Controlling most eigenvalues. Then, we now state a result that works on intervals I, such
that N(I5) be of size (log|A])~%¢ but gives the control only on most of the eigenvalues. This
is enough to control the levelspacings on such sets. This is the main tool to obtain Theo-
rems 1.4, 1.6, 1.7 and 1.8. For that purpose we state it in a more axiomatic way than what
we did for Theorems 1.1.

Definition 1.1. Pick £ € (0,1), R > 1 large and p’ € (0, p) where p is defined in (M). For a cube

A, consider an interval In = [ap,bp] C I. Set ¢, = (Rlog |A|)% We say that the sequence (Ix)a
is (¢, R, p')-admissible if, for any A, one has

AIN(Ip)) > 1, NI~ > 1, NIy (0) < 1. (1.13)
One has

Theorem 1.2. Assume (IAD), (W), (M) and (Loc) hold. Pick p' € [0,p/(1+ (p + 1)d)) where
p is defined in (M). For any q > 0, for L sufficiently large, depending only on §,R,~p’,p, for
any sequence of intervals (In)a that is (&, R, p')-admissible, and any sequence of scales € so that
Uy < lyh < L and
NI )70 — o, (1.14)
|A|—00
there exists

e a decomposition of A into disjoint cubes of the form Ay, (v;) = v; + [0,€a]%, where £p =
CA(14+ OUA/IA]) = Ca(1 4 0(1)) such that
= Uihe, (75) C A, o
— dist(Aeg, (75), Aey (V) = EIA if j # k,
— dist(Ag, (75), 0A) > £y
= [ANUjAg, (3)] S AL /LA,
e a set of configurations Zp such that
— Zp s large, namely,

P(2a) 21— A7 — exp (—clla|*7AJEY)) — exp (—clAllTal¢4 05 7) (1.15)
so that
o for w € Zp, th ' I w1 NI T704)) disjoint b YRGT
A, there exists at least 7 +o0 (Ip) T+ L5 isjoint bozes Mg, (7;) sat-
A

isfying the properties (1), (2) and (3) described in Theorem 1.1 with ¢, = (Rlog|A|)'/¢
in (1.12); we note that N(In)¢5 0% = o(1) as |A| — 4o00;
o the number of eigenvalues of H,,(A) that are not described above is bounded by

ONIA] (N 60 4 N () ) ) (1.16)
this number is o(N (Ip)|A|) provided

N(Ip) 7 (034 < £y < N(In)” Tt (1.17)

Before turning to the description of the statistics global and local, let us make two remarks about
the choice of parameters and length scales for which Theorem 1.2 is useful. First, if N(Iy)™*
is of an order much larger that of (¢})?, then, the condition (1.17) essentially imposes that

Y, do’
a +pp/)£ 7 1+pp/ which is satisfied if p’ € [0,p/(1 + (p + 1)d)). Condition (1.17) then
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guarantees that the condition (1.14) is met: indeed, £4 ~ f5 and, as p—p’ < 1+pand N(Ip) — 0,
one has

’

N(In) Y0+ « N(Iy)™ Tt

We shall use this in the proof of the large deviation estimate (1.21) in conjunction with a choice
of £o and N(I,)~! as large powers of £, that is, large powers of log |A| (see section 2.2).

Note that, if p’ € [0,p/(1 + d(p + 1))), then, (1.17) and (1.14) are satisfied for some choice of
a € (0,1) and v € (0,1/d) if one sets £, < (log|A|)Y/¢, £y < N(I;)™" and N(Ip) < |A|=* (see
section 4.3.1). This is the choice of parameters we shall use in our study of level spacings.

In [GK112], for a less general class of models, by improving on the assumptions (W) and (M), we
shall improve on the bound (1.16), which

e will enable us to relax the second condition in (1.13) so as to admit N(I,) of size e~ 11aI""
for o € (0,1);

e will provide a better large deviation estimate for the number of eigenvalues of H,(A) in
the interval Ix than the first rough estimate given in Theorem 1.3.

1.3.3. Comparing various cube sizes. We end this section with a related result we shall use in the
sequel. We prove

Proposition 1.1. Assume (IAD) (Loc) and (W) in J. Fiz I C J a compact interval and C, C’,

compact cubes in R such that C C C'. Fiz p > 0 and a sequence (£5)a satisfying (1.52). Then,
there exists a set of configurations Za so that P(Zx) — 1 as |A| — 400 and, for w € Zx and |A]
sufficiently large,

e to every eigenvalue of H,(A) in Ey + éxdl associated to a localization center in (pAC, say
E;(w,A), one can associate an eigenvalue of H,((AC"), say Ej(w,AC"); moreover, these
eigenvalues satisfy

|Ej(w,€AC’) — Ej(w,A)| S |A|_p. (118)

e to every eigenvalue of H,(¢xC") in Ey + EXdI associated to a localization center in £AC),
say Ej(w,€pC"), one can associate an eigenvalue of Hy,(A), say Ej(w,A) with localization
center in LAC’; moreover, these eigenvalues satisfy

| (w,0C") — Ej(w, A)] < |A] ™. (1.19)
Proposition 1.1 is a consequence of Lemma 3.1.

Remark 1.5. As the proofs will show, the sizes of the intervals where the control of the eigenvalues
is possible and the probability of the event where this control is possible both depend very much
on the forms of the Wegner and Minami estimates, (W) and (M). In particular, if one replaces
(W) by what is suggested in Remark 1.1, the constants appearing in Theorems 1.1 and 1.2 and
Proposition 1.1 have to be modified.

1.4. The level spacings statistics. Our goal is now to understand the level spacings statistics
for eigenvalues near Fy € I. Pick In a compact interval containing Fy such that its density of
states measure N (I5) stays bounded. We note that, by the existence of the density of states and
also Theorem 1.9, the spacing between the image of the eigenvalues of H,,(A) through N near Ej is
of size |A|~!. Hence, to study the empirical statistics of level spacings in Ix, N(Ix) should contain
asymptotically infinitely many images of energy levels of H,(A). Let us first study this number.
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1.4.1. A large deviation principle for the eigenvalue counting function. Define the random numbers
N(IA,A,W) = #{j, Ej(w,A)EIA}. (1.20)

Write Tp = [ap, ba] and recall that N(Ip) = N(ba) — N(ap) where N is the integrated density of
states. We show that N(Ix, A, w) satisfies a large deviation principle, namely,

Theorem 1.3. Assume (IAD), (W), (M) and (Loc) hold. Fix p € (0,p/(1+d(p+1))) where p
is given by (M), and v € (0,1). Then, there exists 6 > 0 small such that, if (In)a is a sequence of
compact intervals in the localization region I satisfying

e N(I) (log|A))'/% = 0 as |A| = +oo

o N(In)|A'™" = +o00 as |A] = 400

o N(Ip)|Ix|717 — 400 as |A| = +oo,
then, for any p > 0, for |A| sufficiently large (depending on p’ and v but not on the specific sequence
(Ia)a ), one has

P (IN(I, A, w) = N(Ia)|Al| = N(In)|Al(log[A])7%) < [A]7P. (1.21)

We note that we do not need that intervals (Ip)a lie near points Ey where (1.42) is satisfied;
the density of states may vanish near Ey though not faster than the rate fixed by the condition
N(Ip)|Ipx]717P — +00. The large deviation principle (1.21) is meaningful only if N(I5)|A] = +o0;
as N is Lipschitz continuous as a consequence of (W), this implies that

|A| - [Ia]| = +o0  when |A| = +oo. (1.22)
For the discrete Anderson model, we improve upon (1.21) in [GK112] by relaxing N (Ix)|[Ix]7177 —
“+oo into N(Ip)|IA]7Y — 400 for some arbitrarily large v > 0 and obtain precise estimates of the
term o(IN(Ip)|Al), exploiting an improved Wegner and Minami estimate.

1.4.2. The level spacing statistics near a given energy. Fix Ey € I. Pick In = [aa,ba] so that
laa| + |ba| — 0. Consider the unfolded eigenvalue spacings, for 1 < j < N,
ONj(w, A) = [A|(N(Ej41(w, A)) — N(Ej(w, A))) > 0. (1.23)
Define the empirical distribution of these spacings to be the random numbers, for x > 0
#{j; Ej(w,A) € Eo + 15, 6N;j(w,A) > o}
N(IA, A, w) '
We will now study the spacings distributions of energies inside intervals that shrink to a point but

that asymptotically contain infinitely many eigenvalues.
We prove

Theorem 1.4. Assume (IAD), (W), (M) and (Loc) hold. Fiz Ey € I such that, for some p €
[0,p/(1+d(p+1))), there exists a neighborhood of Ey, say, U such that

DLS(x; Eg + Ip,w,A) = (1.24)

V(z,y) € U, [N(z) = N(y)| = |z —y["*7. (1.25)
Fiz (Ip)a a decreasing sequence of intervals such that sup |E| — 0.
Eely [A]| =00

Assume that, for some § > 0, one has
N(Eo+1In, )
A N(Ey+1 — 400 and if ' = o(L) then ————F5 1. 1.26
A (Eo A) |[A]—+oc0 ! (L) N(Eo+1In,) |Al—+oo ( )
Then, with probability 1, as |A| — +oo, DLS(x; Eg + Ipn,w, ) converges uniformly to the distri-
bution x — e~%, that is, with probability 1,

sup | DLS(x; Eo + In,w,A) —e™*| — 0. (1.27)
x>0 |A|—+oc0
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Hence, the unfolded level spacings behave as if the images of the eigenvalues by the IDS were i.i.d.
uniformly distributed random variables (see [Wei55] or section 7 of [Pyk65]). The exponential
distribution of the level spacings is the one predicted by physical heuristics in the localized regime
([Jan98, LR85, Mir00, Tho74]). It is also in accordance with Theorem 1.9. In [Mol82, Min96], the
domains in energy where the statistics were studied were much smaller than the ones considered
in Theorem 1.4. Indeed, in these works, the energy interval is of order |A|~! whereas, here, it is
assumed to tend to 0 but to be asymptotically infinite when compared to |A|7?.

Remark 1.6. The first condition in (1.26) ensures that I, contains sufficiently many eigenvalues
of H,(A). The second condition in (1.26) is a regularity condition of the decay of |I,|.

If, in (1.26), one replaces the first condition by |A|N(FEg+ In) — +0o0 or omits the second or does
both, one still gets convergence in probability of DLS(x; Eg 4+ Ip,w,A) to e™* (see Remark 4.3)
ie.

P (sup |DLS(:U;E0 + Iz, w,A) — e_w| > 5) — 0.
z>0 [Al=+o00
Condition (1.25) is slightly stronger than (1.42); it requires some uniformity in the lower bound.

Theorem 1.4 can be applied to obtain the levelspacing distribution near regular points of the IDS.
Define € to be the set of energies E such that v(E) = N'(F) exists and

N(E+z)— N(E +y)
|+l -0 x—y

= v(E). (1.28)

Obviously the set £ contains the continuity points of v(E). We prove in Appendix

Lemma 1.3. The set & is of full Lebesgue measure.

For Ey € & such that v(Ey) > 0, assumption (1.25) holds with p = 0. Moreover, one has
5B (w, A) = v(Eo) Al (w,A) — B (w, A)) (1 + o(1)).

Then as a corollary of Theorem 1.4, we immediately obtain

Theorem 1.5. Assume (IAD), (W), (M) and (Loc) hold. Fiz Ey € I NE such that v(Ey) > 0.

Fiz (Ipn)a a sequence of intervals such that sup |x| — 0.
Ia [A]—=+o0

Assume that, for some § > 0, one has

In, 0
AY=° - |In] —  +oo and if ¢’ = o(L) then Hapwl :
[A]—+oo [Ia, | [Al=+oo
Then, with probability 1, as |A| = +oo, the empirical distribution function
#{J; Ej(w,A) € I, v(Eo) |A|(Eja(w,A) — Ej(w, A)) = x}
N(IA, A,w)

converges uniformly to the distribution x — e™*.

1.4.3. The level spacings statistics on macroscopic energy intervals. Theorem 1.5 seems optimal
as the density of states at Ej enters into the correct rescaling to obtain a universal result. Hence,
the distribution of level spacings on larger intervals needs to take into account the variations of
the density of states on these intervals. Indeed, on intervals of non vanishing size, under additional
regularity assumption on v, one can compute the asymptotic distribution of the level spacings
when one omits the local density of states in the spacing and obtain the
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Theorem 1.6. Assume (IAD), (W), (M) and (Loc) hold. Pick J C I a compact interval such
A = v(X) be continuous on J and N (J) := [, v(X\)dX > 0. Define the unfolded eigenvalue spacings,
for1<j<N,
N(J)
315, 8) = T AI(Bs ) = By, A) 2 0, (1.20)

and the empirical distribution of these spacings to be the random numbers, for x > 0,

_ #{j, Ej(w,A) e J, (SJEJ‘(OJ,A) > JJ}

I .
DLS (z; J,w, A) N.wA)

(1.30)

Then, with probability 1, as |A| — +oo, DLS'(x; J,w, A) converges uniformly to the distribution
x> g, g(x) where
1

gu.(z) = /Je*”"(A)leVJ(/\)d)\ where vy = my. (1.31)
We see that, in the large volume limit, the unfolded levelspacings behave as if the eigenvalues were
i.i.d. random variables distributed according to the density ﬁl/()\) i.e. to the density of states
renormalized to be a probability measure on J (see section 7 of [Pyk65]).
Theorem 0.1 is then an immediate consequence of Theorem 1.6 and the results on the regularity
for the density of states of the discrete Anderson model at large disorder obtained in [BCKP&S].
We point out that for random Hamiltonians in the continuum, the continuity of the density of
states is still an open problem.

1.5. The localization center spacings statistics. Pick Ey € I. Inside a large cube A, the
number of centers that corresponds to energies in In, N(Ey + Ix, A,w) (see (1.20)), is asymptotic
to N(Eo + Ip)|A|. Theorem 1.15 states that they are distributed uniformly. Thus, the reference
mean spacing between localization centers is of size (|A|/N(Eo + I7)|A|)Y? = (N(Eo + In)) /<.
This motivates the following definition. Define the empirical distribution of center spacing to be
the random number

EJ(W,A) S IA7
#9475 N(Eo + In) min[z:(w) = ; ()| = 5
17
N(Eo+ I, A, w)

DCS(s;Ip, A w) = (1.32)

We prove an analogue of Theorem 1.4, namely

Theorem 1.7. Assume (IAD), (W), (M) and (Loc) hold. Pick Ey € I such that, for some
p€0,p/(1+d(p+1))) small enough (depending on p and d), in U some neighborhood of Ey, one
has (1.25). Assume that, for some v € (0,1), one has

N(Eo+IN)|A] — 400 and N(Eo+Ix) log?"|A] — 0. (1.33)
|[A]—=+o0 |[A]—=+o0

Then, as |A| = +o00, in probability, DCS(s;In, A,w) converges uniformly to the distribution x —
e’sd, that is, for any e > 0,

P ({w; sup |DCS(s; Eg + Ia, A, w) — e
s>0

zg}> — 0. (1.34)

A RE

Of course, as Theorem 1.7 is the counterpart of Theorem 1.4, Theorem 1.6 also has its counterpart
for localization centers.



SPECTRAL STATISTICS IN THE LOCALIZED REGIME 13

1.6. Another point of view. In the present section, we want to adopt a different point of view
on the spectral statistics. Instead of discussing the statistics of the eigenvalues of the random
system restricted to some finite box in the large box limit, we will describe the spectral statistics
of the infinite system in the localized phase. Therefore, we first need to explicit what we mean
with the localized phase for the random Hamiltonian on the whole space i.e. state the appropriate
replacement for assumption (Loc) in this setting.

Let I C R be an interval. We assume

(Loc?): there exists £ € (0,1], ¢ > 0 and v > 0 such that, with probability 1, if E € INo(H,,)
and ¢ is a normalized eigenfunction associated to E then, for some z(E,w) € R% or Z¢, a
maximum of z — ||¢||., for some C,, > 0, one has, for z € R,

13

llle < Co(1+ |2( B, w)|?)/2e~ e E, (1.35)

moreover, one has E(C,,) < +o0.

As above z(F) is called a center of localization for energy E or for the associated eigenfunction .
It is well established that (Loc’) holds in any interval contained in the region of complete localiza-
tion. The first proof is due to [dR.JLSI6] for the discrete Anderson model where they show that
(Loc’) is a consequence of the fractional moment method [Aiz94, AM93]; there & = 1. The proof
extends to continuous Hamiltonians thanks to [AENT06]. In [GDB98], the multiscale analysis is
shown to imply (1.35) with £ = 1 but with no control on E(C,). That the multiscale analysis
yields (Loc’) for any & < 1 follows from [GKO06, Corollary 3] and [GIK06, Eq. (4.17)] to see that
E(Cy) < 0.

Pick I an interval where the Hamiltonian H,, is localized i.e. satisfies (Loc’). Assume that,
w-almost surely, o(H,) NI = I. Hence, any subinterval of I contains infinitely many eigenvalues
and to define statistics, we need to enumerate these eigenvalues in a way or another. To do this,
we use the localization centers. First, we prove

Proposition 1.2. Assume (Loc’) for some & € (0,1] and fix ¢ > 2d. Then, there exists v > 0
such that, w-almost surely, there exists Cy, > 1, E(C,) < oo, such that

(1) if 2(E,w) and o' (E,w) are two centers of localization for E € I then, for some Cq > 0
(depending only on d),

1
|‘T(E7w) - x/(va” < ’771/5 10g1/£ (Cdcw<x(E7w)>q<‘r/(Euw)>qd—/£> : (136)
’y S
(2) for L > 1, pick (I)r a sequence of intervals, I, C I, such that, for some ¢ > 0, one
has L4 ¢N(I) — 400 and N(Ip)|IL|~*~° — +oo where p is given by (M) and N(IL,) by
(1.4); if N(Ir, L) denotes the number of eigenvalues of H,, having a center of localization
i Ar, then

N(I, L) = N(Ip) [Ar] (1 + o(1)). (1.37)

For L > 1, pick I, C I such that LY °N(I1) — 4oo for some £ > 0. In view of Proposition 1.2,
there are only finitely many eigenvalues of H,, in I; having a localization center in Ay. Thus,
we can consider their levelspacings: let us enumerate these eigenvalues as F(w, L) < Ea(w, L) <
-+ < En(w, L) where we repeat them according to multiplicity. Define the empirical distributions
DLS and DLS" as in (1.24) and (1.30) for the eigenvalues of H,, in I1, having a localization center
in A. We prove

Theorem 1.8. Assume (IAD), (W), (M), (Loc’) hold. One has
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o if By € I, s.t. (1.42) is satisfied for some p € [0,p/(1 + dp)) and |IL| — 0 and satis-
fies (1.26), then, w-almost surely, for x >0,
lim DLS(x;Ip,w,L)=e"" (1.38)
L—~+oo
o if, for all L large, |I| = J such that N(J) > 0 and v is continuous on J then, w-almost
surely, one has

lim DLS'(z;Ip,w, L) = gs(x), (1.39)
L—+o00

where gy is defined in (1.31).

We see that the level spacings distribution of the eigenvalues of H,, having center of localization
in Az, have the same limits as those of the eigenvalues of H,(A). This is a consequence of the
localization assumption (Loc’).

1.7. The local level statistics. We now exploit of approximation of eigenvalues by iid ones to
revisit and extend previous results on the convergence to the Poisson law of rescaled eigenvalues
and centers of localization.
For L € N, recall that A = Ay and that H,(A) is the operator H, restricted to A with periodic
boundary conditions. The notation |A| — 400 is a shorthand for considering A = Ay, in the limit
L — +o0.

Denote the eigenvalues of H,(A) ordered increasingly and repeated according to multiplicity by
El(W,A) S EQ((U,A) S S EN((U,A) S

Let Ey be an energy in I. The unfolded local level statistics near Ejy is the point process defined
by

E(&; Eo,w, A) = Zégjwo,w,m ), (1.40)
where ”
&(Eo,w, A) = [A|(N(Ej(w, A)) — N(Ep)). (1.41)

The numbers (|JA|N(E;j(w,A))); are called the unfolded eigenvalues of H,(A) (see e.g. [Min07,
Min08] for more details).
The unfolded local level statistics are described by

Theorem 1.9. Assume (IAD), (W), (M) and (Loc) hold. Pick p satisfying (1.10) where p is
defined by (M).
Pick Ey be an energy in I such that the integrated density of states satisfies
Ya > b, 3C(a,b) >0, Jgo > 0,Ve € (0,0), |N(Eo+ ag) — N(Eo + be)| > Cla,b)e'™P. (1.42)
When |A| — 400, the point process =(Eg,w, A) converges weakly to a Poisson process on R with
intensity the Lebesgue measure.
If one assume that N is differentiable at Fy and that its derivative v(Ep) is positive i.e.
o N(E) — N(Eo)
0 <v(Bo)i= lim —F—p—
it is easy to check that (1.42) is satisfied with p = 0 and that, for E; — Ey small,

§j(Eo,w,A) = [Alv(Eo)(Ej(w, A) — Ep)(1 + o(1)).

Thus, one recovers the convergence to a Poisson process when the point process (1.40) is replaced
by the one defined by the points (JA|v(Ey)(E;(w,A) — Ep));.

Theorem 1.9 under the additional assumption (1.43) was first obtained in [Mol82] for a special
one dimensional random Schrédinger model on the real line. For the discrete Anderson model,

(1.43)
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Theorem 1.8 was proved in [Min96] under the assumption (1.43).

Our method of proof is different from that of [Min96] and, in spirit, closer to that of [Mol82] and
to the physical heuristics. Clearly, for (1.42) to be satisfied, we do not need N to be differentiable
at Ep nor its derivative to be positive. E.g. if N satisfies N(E) = N(Ey) + ¢(E — E)**?(1 +0(1))
near Fy then (1.42) is satisfied. Condition (1.42) asks that at a given scale, N behaves roughly
uniformly near Ejy. Note however that, if IV is not differentiable at Ey, then the local statistics of
the eigenvalues themselves will not be Poissonian anymore.

Our method yields a uniform version of Theorem 1.9 to which we now turn.

1.7.1. Uniform Poisson convergence over small intervals. Fix o € (aq,p 5,1) (recall that aq,, 5 is
defined in (1.11)). The uniform version of the Poisson process is a version that holds uniformly
over an interval of energy, say, I centered at Fy such that N(I) =< |A|~*. Such an interval is much
larger than an interval satisfying N(I) < |[A|~!. This is the main improvement of Theorem 1.10
below over Theorem 1.9 or the statements found in [KNO7, Min96, Mol82]. Tt is natural to wonder
what is the largest size of interval in which a result like Theorem 1.10. We do not know the answer
to that question.

Let Ix(Fo,«) be the interval such that N(Ix(Ep,«)) be centered at N(Ep) of length 2|A|~.
Denote by Na(w, Eo) = tr1y, (gy,qa)(Hwo(A)) the number of eigenvalues of H,(A) in Ix(Eo, ).
For 1 < j < Nj(w, Ep), define the unfolded local eigenvalues &;(w,A) by (1.41). Hence, for all
1 <j < Na(w, Ep), one has &;(w, A) € |A|}7 - [-1,1].

We then prove

Theorem 1.10. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such that,
for some p such that (1.10) holds true and such that
1—dp

5> . 1.44
PZPiTa (1.44)

the integrated density of states satisfies
v € (0,1), 3C(0) >0, Jego > 0, Ve € (0,20), Va € [-1,1],
IN(Eo + (a+ 6)e) — N(Eg + ag)| > C(6) e+,

Pick o € (aqp3,1). Then, there exists 6 > 0 such that, for any sequence of intervals I, =
.1, = IZ/)\ in |A|*=% - [=1,1] (here, p may depend on A and be arbitrarily large) satisfying

(1.45)

inf dist(I;, Iy) > e 1A’ (1.46)
P
we have, for any sequences of integers ki = ki*, - - - Jkp = k{)\ € NP,
#{j; w,N) e i} =k
I |k I,|F»
lim |P|{w; : : B B | (1.47)
|A]—+o0 kq! kp!

#{7; &(w,A) €} =k
In particular, Z(&; Ey,w, ) defined in (1.40) converges weakly to a Poisson point process with
intensity Lebesgue.

Note that, in Theorem 1.10, we do not require the limits

A
L™ iy li i GRTEY
—e = lim —x—e S e
|A|—+oo  Kq! [Al=+o0 K
A kD
[ p|" e~ lInl — —|Ip| eI

IA| =400 kp! A too kD!
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to exist.

Condition (1.44) imposes no restriction upon condition (1.10) if we know that the Minami estimate
(M) holds for all p in (0,1). This is the case for all the models we know of for which the Minami
estimate is proved (see [Min96, GV07, BHS07, CGKO09, K112] and refereces therein).

1.7.2. Asymptotic independence of the local processes. Once Theorem 1.9 is known, it is natural to
wonder how the point processes obtained at distinct energies relate to each other. To understand
this, we assume

(GM): for J C K C I, one has
E[tr(15(Ho(A))) - tr(1x (Ho(A) = 1)] < CLI[ KA (1.48)
(D): for B € (0,1) and {Eo, E{} C I s.t. Eg # E}), when L — 400 and ¢ < L, one has

o(Ho(A) N (Bo + L =1,1) #0,\ )
’ ({ o(He(Ae)) N (By + L79=1,1]) # @}) =o (/L)) (1.49)

In their nature, assumptions (GM) and (D) are similar: they state that the probability to have two
eigenvalues constrained to some intervals is much smaller than that of having a single eigenvalue in
an interval. Note that (¢/L)? is the order of magnitude of the right hand side in Wegner’s estimate
(W) for H,(A;) and the interval Eg + L~—1,1].

Assumption (GM) was proved to hold for the discrete Anderson model in [CGKO09]. In [KI11], it
is proved that assumption (D) holds for the discrete Anderson model in dimension 1 at any two
distinct energies, and, in any dimension, for energies sufficiently far apart from each other.

Under these assumptions, we have

Theorem 1.11. Assume (IAD), (W), (GM), (Loc), and (D) hold. Pick Ey € I and E{j € I such
that Eg # E{, and (1.42) is satisfied at Ey and E).

When |A| — o0, the point processes Z(Ep,w,A) and E(E},w,A), defined in (1.40), converge
weakly respectively to two independent Poisson processes on R with intensity the Lebesgue measure.
That is, for Uy C R and U_ C R compact intervals and {ky,k_} € N x N, one has

& (o, w, A) €Uy = by U™ oyt (102 o
P({w’ #{j;éj(Eé,W,A)eU}_k}> A——>>Zd< !l > < il ¢ >

Theorem 1.11 naturally leads to wonder how far the energies Ey and Ej need to be from each other
with respect to the scaling used to renormalize the eigenvalues for such a result to still hold.
We prove

Theorem 1.12. Assume (IAD), (W), (GM), (Loc). Pick Ey € I such that (1.42) is satisfied
Assume moreover that the density of states v is continuous at Ey.
Consider two sequences of energies, say (Ex)a and (E)\)a such that
/
(1) Ep A_—))Zd EO and EA A_—>>Zd E(),
(2) [Al-IN(Ex) = N(E})| = +00.
A—7

Then, the point processes Z(Ex,w,A) and Z(E),w,A), defined in (1.40), converge weakly respec-
tively to two independent Poisson processes on R with intensity the Lebesque measure.
Theorem 1.12 shows that, in the localized regime, eigenvalues that are separated by a distance that
is asymptotically infinite when compared to the mean spacing between the eigenlevels, behave as
independent random variables. There are no interactions except at very short distances.
Assumption (2) can clearly not be omitted in Theorem 1.12; it suffices to consider e.g. Ex, Ey
s.t. N(Epr) = N(E}) + a|A|™! to see that the two limit random processes are obtained as a shift
from one another.
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1.8. The joint (energy - localization center) statistics. Recall that F(w,A) < Ea(w,A) <
-+ < En(w, A) denote the eigenvalues of H,,(A) ordered increasingly and repeated according to
multiplicity. Recall Lemma 1.1 and Lemma 1.2: it states that, to an eigenvector associated to
E;(w,A), we can associate a center of localization that we denote by z;(w, A).

1.8.1. Uniform Poisson convergence for the joint (energy,center)-distribution. We now place our-
selves in the same setting as in section 1.7.1. We prove

Theorem 1.13. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such
that (1.45) holds for some p € [0,p/(1 + dp)). Pick o € (g p,5,1). Then, there exists 6 > 0
such that,

e for any sequences of intervals I = I{,... I, = IZ/)\ in |A|*= - [=1,1] satisfying (1.46),
e for any sequences of cubes Cy = C, ... C, = 0117\ in [—1/2,1/2]4,

one has, for any sequences of integers ky = ki, - - Jkp = k{} e NP,

N §j(w,A)ell B
#{]7 «IJ(W,A)/Lécl} —kl

P k
: , B 111G LnllCn)™ |
plm P : UIe o =0, (1.50)
4 @(w,A) S Ip .
I ri(w,\)/LeC, | "
where the £ (w, AL)’s are defined in (1.41).
In particular the point process defined as
N
EAG 2 B0, A) = 0 wn ) (§) ® 6wy () (1.51)
j=1

converges weakly to a Poisson point process on R x R% with intensity the Lebesque measure.

The joint (energy,center)-distribution given by =3 (&, x; Ep, A) in (1.51) have been studied in [[KNO7],
where they prove it converges weakly to a Poisson process.

We point out that in Theorem 1.13 intervals /;’s and cubes C;’s may depend on A. But the limit
only depends on the product |I;||C;|. We shall exploit this fact in the next result.

1.8.2. Cowvariant scaling joint (energy,center)-distribution. Fix £ € (0,1) and an increasing se-
quence of scales £ = (£5)a such that
2N

——— — 400 and /¢ SAl/d. 1.52
log /€ | A| 1AI>oo <A (1:52)

Pick Ey € I so that v(Ep) > 0. Consider the point process
N
=2 . _
EA(& x5 Eo, 0) = Z 004 [N (B, (w,4)) =N (Eo)] (§) ® Oy (w) /24 (T)- (1.53)
j=1
The process is valued in R x R?; actually, if ¢£y > |A|Y/9, it is valued in R x (—¢, ¢)?. Assume it

exists and define the limit

co= lim [A]YN € [1,+00). (1.54)
|A]—=+o0

Note that if /4 = L, we recover (1.51). We prove
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Theorem 1.14. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such
that (1.42) holds for some p € [0,p/(1+ dp)). The point process =% (£, x; Eo, L) converges weakly
to a Poisson process on R x (—cy,ce)® with intensity measure the Lebesgue measure.

As a result, we see that, once the energies and the localization centers are scaled covariantly, the
convergence to a Poisson process is true at any scale that is essentially larger than the localization
width. This covariant scaling is very natural; it is the one prescribed by the Heisenberg uncertainty
principle: the more precision we require in the energy variable, the less we can afford in the space
variable. In this respect, the energies behave like a homogeneous symbol of degree d. This is quite
different from what one obtains in the case of the Laplace operator.

1.8.3. Non-covariant scaling joint (energy,center)-distribution. One can also study what happens
when the energies and localization centers are not scaled covariantly. Consider two increasing
sequences of scales, say £ = ({4) and £ = (f5)a. Pick Ey an energy in I such that (1.42) holds
for some p € [0, p/(1 4 dp)). Consider the point process

N
EX(& 2 Eo 0, 0) = Z O [N (12, (w0, 0))—N (E0)] (§) ® Oy (1 /2, (2)- (1.55)

Jj=1
Then, we prove

Theorem 1.15. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such
that (1.42) holds for some p € [0,p/(1+dp)). Assume the sequences of increasing scales £ = ({x)a
and £ = (Lp)p satisfy (1.52). Assume that

., Ny u
if 0 =o(L) then -2 5 1 and =22 5 1. (1.56)
In,  |Al=4o0 Oy, |Al=>+oo

Let J and C' be bounded measurable sets respectively in R and (—c;, clz)d C RZ. One has

(1) if, for some § > 0, one has ﬁ—A < |A|7?, then w almost surely, for A sufficiently large,
A

JxC

/
(2) if, for some § >0, one has E_A > |A|]°, then w almost surely,
A

—d
<€—A> / =2 (€, x; Fo, 0, 0)dede — | J|-|C].
KA IxC |[A]—+o0

Theorem 1.15 proves that the local energy levels and the localization centers become uniformly
distributed in large energy windows if one conditions the localization centers to a much larger
window. On the other hand, for a typical sample, if one looks for eigenvalues in an energy interval
much smaller than the correctly scaled one with localization center in a cube, then asymptotically
there are none.

If one replaces the polynomial growth or decay conditions of the ratio of scales £, /EA by the
condition that they tend to 0 or co, or if one omits condition (1.56), the results stays valid except
for the fact that the convergence is not almost sure anymore but simply holds in probability;
actually, one has convergence in some LP norm (see Remark 4.2 in section 4.2.3).
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1.9. Outline of the article. To complete this section, let us now briefly describe the architecture
of the remaining parts of the paper that consist in the proofs of all the results stated in sections 0
and 1.
We start in section 2 with the computation of two important quantities related to our approximation
scheme. Consider a cube A and an energy interval I such that |I|-|A| is small. In section 2, we
compute

e the probability that H,(A) has exactly any eigenvalue in I,

e the distribution of this eigenvalue conditioned on the fact that it is unique.
This distribution is used in the sequel to approximate the eigenvalue and localization center pro-
cesses.
Section 3 is devoted to the proof of the approximation theorems, Theorems 1.1 and 1.2, in section 3
Section 4 is devoted to the proof of the results on the spectral statistics. In section 5, we derive
the results for the full Hamiltonian i.e. we develop the other point of view presented in section 1.6.
Finally, the appendix 6 is devoted to various technical results used in the course of the proofs,
included a description of equivalent finite volume localization properties.

2. THE LOCAL DISTRIBUTION OF EIGENVALUES
In this section, we compute the distribution of unfolded eigenvalues.

2.1. The distribution of unfolded eigenvalues. Pick 1 < ¢/ < £. Consider a cube A of side-
length ¢ i.e. A = Ay and an interval I = [aa,bpa] C I (i.e. I, is contained in the localization
region). Consider the following random variables:

o X = X(A,Ip) = X(A,Ia,0) is the Bernoulli random variable
X = ]-HW(A) has exactly one eigenvalue in I5 with localization center in A,_,/ 5

e /= F(A,1,) is the eigenvalue of H,(A) in I, conditioned on X = 1;

o E=E(A 1) = (E(A 1) — an)/|1al.
Clearly ¢ is valued in [0,1]; let = be its distribution function.
In the present section, we will describe the distribution of these random variables as |A| — +oo
and |[Ip] — 0. We prove

Lemma 2.1. Assume (W), (M) and (Loc) hold. For any v € (0,1), one has
[P(X = 1) = N(In)IAILS (AAD™ + N(Ia) [ + |Ale= " (2.1)
where N(E) denotes the integrated density of states of H,,.
One has, for all z,y € [0,1],
(E(@) - Z@)P(X = 1)| S o = yllLallAl (2:2)
Moreover, setting N(x,y,A) := [N(ax + z|Ir]) — N(aa + y|Ia|)]|A|, one has
(E(2) —E@)P(X =1) — N(I,%A)’ S AITAD T + [N (2, y, A) 007 + Al (2.3)

This lemma differs from the usual computation of the DOS in the sense that the size of the interval
decays as the thermodynamic limit is taken. A joint limit in the volume and the size of the interval
has to be taken here. The price we pay for this joint limit is that we shall restrict ourselves to the
localization regime, while the IDS exists in a broader region.

First let us note that, when we will use Lemma 2.1 in conjunction with Theorems 1.1 or 1.2, the
role of A will be played by the cube Ay.

Of course, estimates (2.1) and (2.3) are of interest mainly if their right hand side which is to be



20 FRANCOIS GERMINET AND FREDERIC KLOPP

understood as an error is smaller than the main term. In (2.1), the main restriction comes from the
requirement that N(Ix)|A| > (JA||I5])**? which is essentially a requirement that N(I,) should
not be too small with respect to |I5] (similar to that found in Theorems 1.1 and 1.2). Lemma 2.1
will be used in conjunction with Theorems 1.1 and 1.2. The cube A in Lemma 2.1 will be the cube
Ay in Theorems 1.1 and 1.2. Therefore, the requirements induced by the other two terms are less
restrictive.

In (2.3), the main restriction comes from the requirement that N(z,y,A) > (JA||I5])**?. This
is essentially a requirement on the size of | — y|. It should not be too small. On the other
hand, we expect the spacing between the eigenvalues of H,(Az) to be of size |Az|~! (we keep
the notations of Theorem 1.2 and recall that the cube A in Lemma 2.1 will be the cube Ay in
Theorem 1.2). So to distinguish between the eigenvalues, one needs to be able to know = up
to resolution |x — y||Ia| < |AL|™*. This will force us to use Lemma 2.1 on intervals Iy such
that N(Ip) =< |A|7* for some o € (0,1) close to 1 (see the discussion following Theorem 1.2 and
section 4.3.1).

To prove Lemma 2.1, we will use

Lemma 2.2. Assume (W) and (Loc) hold in I a compact interval. Forv € (0,1) and 1 < ! < ¢,
let N(J, ¢, 0") be the number of eigenvalues of Hy,(Ag) in J with localization center in Ag—y. Then,
there exists C > 0 such that, for J C I an interval such that |J| > e (" one has

[E(N(J,£,0)) — N(J)|[Ad|| < N(J)|Ag|' 07" 4 ¢de=ED" (2.4)

We turn to the proofs of Lemma 2.2 and 2.1

Proof of Lemma 2.2. Recall Lemma 1.1 and let V,, be the set of configurations given in Part (II)
of Lemma 1.1 for some v € (0,1) given. Outside Va,, we bound the number of eigenvalues of
H,(A) by C|Ag|. Thus, one has

E(Logy,, N(J,6,0)) S %" (2.5)
Assume now that w € Vy,. It follows from Lemma 3.1 that for such w’s, one has

tr(1a, ,, 1 (H,))+ O (ede-“””) < N(J,0,0)) < tr(15,14, (H,)) + O (zde—“')“) (2.6)

where, for some C' > 0, J; = J 4+ Ce~@)"[=1,1] and J_ = J\ [(R\ J) 4+ Ce~¢)"[—1,1]]. Note
that [J| — 2Ce= ()" < |J_| < |Jy| < || 4 2Ce= )",

Taking the expectation of the right hand side of (2.6), using the covariance for the operator H,
and the Wegner estimate (W), we compute

E(tr(1a,17, (Ho))) = N(J3)|Ae| = N(J)|A¢| + O (ﬁde—“’)”) . (2.7)

The left hand side is estimated in the same way. Plugging this back into the expectation of (2.6) and
using (2.5), [A¢_on| = |[Ag|(1 4+ CC¢71), and the assumption that |.J| > e~ ()" easily yields (2.4).
This completes the proof of Lemma 2.2. O

Proof of Lemma 2.1. Using the notations of Lemma 2.2, note that P(X = 1) = P{N (I, ¢, ¢') = 1}.
First, we relate P{N(Ix,¢,¢') =1} to E[N(J,£,¢)]. To do so, we follow the ideas used [Kri08,
CGKO09] to estimate the probability for H,(A) to have an eigenvalue in .J. We notice that, as
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N(J,£,0) is integer valued
E[N(J,6,0)] ~ B(X = 1) = E[N(J, £,£)] — P{N(Ir, £, ) = 1}

= i EP{N(Ip,0,0) =k}

k=2

< Z k(k - 1)]P){tr 11/\ (Hw(A)) = k}
k=2

=E{tr 1y, (Ho(A)) (tr1r, (Ho(A)) = 1)}

Thus, by our assumption (M), we know
0 <E[N(J,£,0)] —P(X =1) < C|A|*TP| Iy TP (2.8)

The evaluation of E[N(J, ¢, ¢')] is then given by Lemma 2.2. This yields (2.1).
The estimate (2.2) is an immediate consequence of the Wegner estimate (W) and the normalization
of =.
Set Iy ya = [an + z|In|, an + y[Ia|]. To prove (2.3), we write

[1]x

PN (L, 6, ) = 1} = () - E@)P(X = 1)] < P{

< (AdllIaD™?

H,(A) has at least
2 eigenvalues in Iy (2.9)

using (M).

Replacing Iy with the interval I, , o in the estimation of P(N(Iy, ¢, ¢') = 1) yields the estimation
of the probability P(N (I, a,¢,¢") = 1) and, thus, completes the proof of (2.3).

The proof of Lemma 2.1 is complete. 0

Remark 2.1. The gist of Lemma 2.1 is that the local distribution of E is that of the density of
states i.e., in (2.3), the remainder terms should be negligible with respect to N(z,y,A). Clearly,
this will only be the case if N(x,y,A) > (|A||I5])'T". This imposes a condition on the size of
ly — x| i.e. y —x can’t be too small. This restriction will be made clear in the following result.

If one uses the improved Minami estimates of [CGIK09] in (2.9), one can improve

(E(z) = E(y) P(X =1) — N(z,y,A)
<C (|J? - y|1+P|A|1+P|IA|1+P + |A|2|IA||Ix,y,A| + N(Ly,A)K’é* + |A|ef(ll)u)

and thus take advantage of the possible smallness of I, , A compared to I5. So this will lift the above
restriction, at least if for .J C I, one has N(J) 2 |J]. This can be done in some cases [GI112].

We now describe the distribution of the unfolded eigenvalues. Therefore we slightly change our
notations to localize the quantities near some energy Fy. Let 1 <« ¢/ < (. Pick Ey € I such
that (1.42) be satisfied and Ix = [aa,ba]. Recall that

e X =X(AEy+1Ip)=X(A,Ey+ Ip, ') is the Bernoulli random variable
X = ]-HW(A) has exactly one eigenvalue in Eg+Ix with localization center in A,_,/

e /= FE(A, Ey+ I,) is this eigenvalue conditioned on X = 1.

Define
e _NE)-N(E+an) _ N(E) - N(Eo+an) (2.10)
N(Eo +ba) — N(Eo+ ap) N(Eo +1p) ' .

The random variable £ is valued in [0, 1]. Let Z be its distribution function. We prove
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Lemma 2.3. Assume (W), (M) and (Loc) hold. Pick Eqy such that (1.25) holds for p' € (0, p).

Fiz v € (0,1). Assume, moreover, that
e < N(Ey+1In) =0 (|A|7”(1+p,)/(p7’)l)) when |A| — +oo. (2.11)

Then, for 1 < {' < { and (z,y) € [0,1]* such that |z —y| > N (IA)(pfp,)/(le) |A|P, one has

[1]

() —E(y) = (z — ) <1 +0 (M—l + e O 4z —y|TIN(Eg + Iy) 7 |A|”>) . (2.12)

Recalling the discussion following Lemma 2.1, to be able to perform our analysis of the level spac-
ings, we will need (2.12) to give a good approximation of Z(z) — Z(y) for |z — y| < (N(Ep +
IA\)|AL])~! (recall that A in Lemma 2.3 is Ay in Theorem 1.2). Indeed, by Lemma 2.1 and Theo-
rem 1.2, the number of eigenvalues of H,(AL) in I, is asymptotic to N(Ey + Ix)|AL| (see Theo-
rem 1.3).

Proof. Recall that the IDS N is monotone by definition and Lipschitz continuous thanks to (W).
Assumption (1.25) and the Wegner estimate (W) guarantee that, for A sufficiently large, for [a, b] C
Ey + I, one has

S(b—a) <IN ([a, b)) < (b - 0)/O+). (2.13)

Here, |N~*([a, b])| denotes the Lebesgue measure of the interval N~([a,b]).
By the definitions of £ and & (see the beginning of section 2.1 and (2.10)), for x € [0, 1], one has
E(z) = Z [N"HN(Eo + ap) + aN(Eo + |14]))] - (2.14)
By Lemma 2.1 applied e.g. for v replaced with (1 + v)/2, for (z,y) as in (2.12), one has
- 1+A+B+C
@) =2W) = -y
where, using (2.13), the assumption on |z —y| in (2.12) and the left hand side of (2.11), we compute
- (|Io||A]) P < N(Eo+ Ip) =)/ (40| AP
Tz —yINUA)A] T [z -yl
,(g/)(lﬂf)/?
e <e
(Eo + Ia)z — |

The quantities |A’|, |B’| and |C’| are respectively bounded by the same bounds as |A| , |B| and
|C| for (x,y) = (0,1). This completes the proof of Lemma 2.3. O

(1]

(2.15)

|A] ) |B| <0t

7(5,)1/'

<

2.2. The proof of Theorem 1.3. Theorem 1.3 will be a consequence of Theorem 1.2 and
Lemma 2.1. We use the notation of Theorem 1.2. Recall that the number of eigenvalues of
H,(A) in I is denoted by N(Ix,A,w). The control of N(Ix,A,w) will be useful in order obtain
the level spacings statistics.
Recall the assumptions of Theorem 1.3:

e N(I) (log A% — 0 as |[A| = 400

o N(Ip)|A'™" — +o0 as |[A| = +00

o N(Ip)|Ix|7177 — +o0 as |A| — +oo,
For 6 > 0 sufficiently small, this guarantees that one can pick a > 1 large and ¢ = £, =< (log |A|)“
and ¢/ = ¢, < (log|A|)*/¢ so that they fulfill all the assumptions of Theorem 1.2, in particu-
lar, (1.13), (1.14) and (1.17) for some & € (0,1) (see also the discussion following Theorem 1.2).
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The estimate (1.15) gives the probability of Z,, the set of configurations where one has a good de-
scription of most the eigenvalues. Moreover, for § > 0 sufficiently small,, the number of eigenvalues
of H,(A) in I, that are not described by Theorem 1.2 is bounded by

N(IW)IA] (NI 4 ()15 ) < ON(I4)[A|(log [A) . (2.16)

Consider the boxes (A¢(7));<;<x given by Theorem 1.2. Their number, say, N satisfies N =
[A/[Ac] (1 +o(1)).

For 1 < j < N, let X; = X(A¢(vyy),Ia) i.e. X; is the Bernoulli random variable equal to 1 if
H,,(A¢(74)) has exactly one eigenvalue in Iy with localization center at a distance at least ¢’ from
OA (see Theorem 1.2) and zero otherwise. It follows from Lemma 2.1 and the choice for (¢,¢') in
Theorem 1.2 made above that

P(X; = 1) = N(In) [Ac] [1+ 0 ((log|A]) )] - (2.17)
We have
N 1\7
IN(Iy, Ayw) = NIWIA < [N, Aw) = 30X + N(I)A(218)

By (2.16), for w € Z\, we have

N(Ia, Aw) = >~ X;| < N(I)|A|(log |A])
J
The second term in the right hand side of (2.18) is then bounded by a standard large deviation

estimate for i.i.d. Bernoulli variables valued in {0, 1} with expectation p = p(N) s.t. pe (0,1/2]
and p N ~ N(Ip)|A| = 400 (see e.g. [Dur96)); for o' € (0,1/2), it yields, for |A| sufficiently large,

P ZX > (pN) | < e @M* 4 (2.19)

Theorem 1.3 follows taking 0’ close to 1/2, using (2.17) and noting that pN > log|A| by our
assumptions on N (1y). O

Remark 2.2. We can get a more precise version of Theorem 1.3 by optimizing in the intermediate
scale ¢, the number of eigenvalues we miss in the picture of Theorem 1.2, namely by choosing ¢ so
that Kn = K'n/. Estimates can even be improved by resorting to higher order Minami estimates
in order to bound the missing eigenvalues (replacing the crude deterministic bound given by the
Weyl formula).

Remark 2.3. If N(I) < |I|'**, Theorem 1.3 still holds if one can improve on the Minami estimate,
replacing one power of the interval length |I| by N(I). This can be done in some cases [GIK112].

3. THE PROOFS OF THEOREMS 1.2 AND 1.1

Recall Ay, is a cube of side length L. Let Iy be an interval inside I the region of localization.
We first prove the useful

Lemma 3.1. Assume (IAD), (W), (M) and (Loc). Consider scales {',{ so that (log|AL|)'/¢ <
V' < L < L, and, for some given v € Ap,, consider a box Ay(7y) such that Ap—p(y) C Ap. Let Wh,
be either the set Un, or Vi, defined in Lemma 1.1. For L large enough, we have:
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(1) for any w € Wha,, if E(w) is an eigenvalue of Hy,(Ar) with a localized eigenfunction in
the sense of (1.7) with a center of localization in Ag—_p (7y), then H,(AL N Ae(vy)) has an
eigenvalue in a neighborhood of E(w) of size O(e_([)gm); moreover, if w € Wy, (y), the
corresponding eigenfunction is localized in the sense of (1.7).

(2) Assume now additionally that A¢(y) C Ap. Then, conversely, for any w € Wy, (), if E(w)
is eigenvalue of Hy,(Ar) in H,(A¢(7y)) with an eigenfunction exponentially localized, in the
sense of (1.7T)with a center of localization in Ag_g (), then H,(AL) has an eigenvalue
in a neighborhood of E(w) of size (’)(e_“/)sm); moreover, if w € Wy, , the corresponding
eigenfunction is localized in the sense of (1.7).

As a consequence of (1), (W) and (M), given an interval I,
e the probability to have at least one center of localization in Ag—_e (y) corresponding to an
eigenvalue of H,(Ar) in I is bounded by C (]P’(WXL) + | Ia )04 + Ede—(f')€/2>;
e the probability to have at least two centers of localization in Ag—p(y) corresponding to two
eigenvalues of H,(Ar) in I is bounded by C (]P)(WXL) + (|In et 3Fe) Ld(1+p)e*p(£’)€/2)'

Similar results can be found in [KI11].

Remark 3.1. In the first part of Lemma 3.1, we do not require the small cube Ay(y) to lie entirely
inside the big cube Ay. This will be used in our analysis to treat the localization centers near the
boundary of Ay.

If one has Ay(y) C Ap, then, using Lemma 2.1, the bound on the probability to have at least one
center of localization in Ay_ () corresponding to an eigenvalue of H,,(Ay) in Ix can be improved

into C (]P’(WXL) + N(Ip)ed + ede*“’)&/?) :
Finally, we note that, in the last part of Lemma 3.1, it is of importance that the probability that
appears, namely P(WV ), is the one related to the box Az, and not to a small box of size £.

Proof. We start with the point (1). Let ¢ = ¢, A, be the eigenfunction associated to the center
z(w), and E(w) € Ip the corresponding eigenvalue. Let ¥, be a smooth characteristic function
covering the cube Ag(7), i.e. ¥, such that supp ¥, C Ay(y), ¥y =1 on Aeiéll (7), supp V¥, C
Ag(7)\ Aé—%é/ ()-
Since w € Uy, , we have ||Wyp| > 1 for ¢ large enough. Set ny := Wyp/||¥p|. Then, n is an
approximate eigenvector of the Hamiltonian H,(A¢()), in the sense that |7 = 1 and
(€
I(Ho(Ae (7)) = E)nell < 20[Ho(Ae(), ¥l S sup | S e
supp V¥,

It follows that H,(As(7y)) has an eigenvalue in the interval [E — e B4 ce’(ll)g].
Let us prove point (2). Recall Uy above. Let ¢ = ¢y 0,y € L2(A¢(v)) be the eigenfunction
associated to z(w). Set ng = Wy on Ag(y) and e = 0 on AL\ Ag(7). Since dist(x(w)), dAi(y)) > 2,
it is immediate to see that 7, is an approximate eigenfunction of H,,(Ar) in the sense that

()
|(Ho(AL) — E)nel| < sup || S e /2,
supp VU,
The first consequence is immediate. For the second, if the two eigenvalues of H,(A) are at a a

distance at least e~(¢)*/2 from each other, by point (2), they give rise to two distinct eigenvalues
of H,(A¢(7)); thus, we can apply (M). If they are closer, we bound the probability using (M) for
H,(Ap).

This completes the proof of Lemma 3.1. O

We now turn to the proofs of Theorems 1.1 and 1.2.
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Proof of Theorem 1.1. For 8’ > 0 sufficiently small (this will be defined precisely below) and 5 > 5
to be chosen later, set ¢/ = L and ¢ so that (¢ + ¢ )k + ¢’ = L, where k = [L'~?]. Note that
¢ = O(L?) in the large volume limit. With such definitions we can pick equally distributed boxes
of size £ in Ay (with distance ¢ between two neighbors) satisfying the conditions of the theorem.
Note that for L large enough ¢ > R, so that events based on distinct boxes A¢(7y;)’s are indepen-
dent.

In this proof, we shall use the localization property described by Lemma 1.1 Part (I).

Up to a probability less than C|Ap|* A =8P < |AL|~! provided p > 28~ — 1, we can assume that
all the boxes Ay(7) satisfy Part (I) of Lemma 1.1, since p in Lemma 1.1 can be chosen arbitrary
large. Since o — g5 < 1 we can neglect this probability.

Recall N(Iy) =< |Ar|~®. Since N(Ip) < [Ia], we have PUS, ) < [Ia[64 and PUS, ) < [Ia|* P27,
provided p > 0 in Lemma 1.1 is large enough.

Let S, be the set of boxes Ay_p(y;) C Ap containing at least two centers of localization of
H,(ApL). Tt follows from Lemma 3.1 and (1.42) that,

Lip —alte
P(#Ser > 1) S AL P(ALIPIAD < JALITTPPN(In) 750 S AL PP, (3.1)

To insure that all the centers of H, (A ) fall inside one of the Ay(7;)’s and actually sufficiently well
inside (by a distance ¢'), we define Y C Ay as the set Ay \ UjA¢(7y,) enlarged by a length ¢'. In

2d71
other terms T = Az \ UjA;_p(7;). One has | Y| S |AL|¢//¢. We consider a partition T = U T,

m=1
with T,, N T,,» = 0 if m # m’, each Y, being a union of boxes of side length ¢’ which are two by
two distant by at least ¢. For each given m, the distance between two boxes of Y, is larger than
¢, so that we can enlarge each box in T, by, say, %é’ , except for sides of boxes that coincide with
the boundary of Ay. It follows from Lemma 3.1 and the Wegner estimate that,

P(H,(AL) has a center of localization in T) (3.2)
< ZP(H‘” (A) has a center of localization in 1,,) (3.3)
< D ICwllal S [YIN () 5 < JAg]' 4Pt (3.4)

We, thus, require that

1 1
a>(1+ﬁ)max( ;fpp,l—a(ﬁ—ﬂ’)).
Optimization yields
_dp+ B (1+p) _ ([, dp+B(1+p)
b= @ o1 a>(1+p)<1 (d+1)p+1> (3:5)

We, thus, require ay,, 5 < o where

) p . pd+1
= +p)( p(d+1)+1) ( +p)p(d+1)+1< ’

which is our assumption (1.11).

It follows from (3.1) and (3.2) that with probability larger than 1 — c|Ap|~(®=@¢r.5)  item (2) of
Theorem 1.1 holds, as well as the “only if” part of item (3).

Next, item (2) of Lemma 3.1 implies that item (1) as well as the “if” part of item (3) of Theorem 1.1
hold, with probability at least 1 — ¢[Ap|~@tF=a(B=F) > 1 — ¢[Ap|~(@—aps),

This completes the proof of Theorem 1.1. O



26 FRANCOIS GERMINET AND FREDERIC KLOPP

Proof of Theorem 1.2. For a scale £5 given, we set ¢ = [(L—{")/({a+{')]. Then we may adjust the
scale 5 by enlarging it to a new scale £ so that ((+¢')g+¢' = L and 0 < £ — 0y S 3 /|AL| = o(ly).
As a consequence, we can consider a collection of boxes Ay(7;) equally distant to their closest
neighbors by a length ¢/ and satisfying the description of the theorem. In particular, events based
on different boxes are independent.

In this proof, we shall use the localization property described by Lemma 1.1 Part (II).

For L sufficiently large, up to a probability < |Ap|=# exp=*" < |Ap|~9, with ¢ > 0 arbitrary
large, we can assume that all the boxes Ay(7y) satisfy Part (II) of Lemma 1.1.

It follows from (1.13) and Lemma 1.1 that for ¢ large enough, we have P(V§ ) < [Iz[¢? and
P(V§,) < [Ia]'*re2d.

Let Se,r. be the set of disjoint boxes A¢(7y;) C Az containing at least 2 centers of localization of
H,(AL). We set n = (4. Tt follows from Lemma 3.1 (taking into account ¢ < /) that, using
independence and Stirling’s formula,

PR [

elA d4p k
< (ALl (k) (L Jm) 9% = (%N(IAW n) s27k,

if we choose

k>K:= [26N(IA)|AL|(N(IA)‘1)+£'TLP):| +1. (3.6)
Note that
_ Az L A\ (AL
K = T (N(IA) +p ’I’L) =0 T (37)

by assumption. As a consequence, we get that
P(#(Se,n) > K) S 275

So that, with probability larger than 1 — 27 we can assume that the boxes A(v;), except at
most K of them, contain at most one center of localization.

We now control the number of centers of localization that may be contained in these K exceptional
boxes. In a box of size ¢, the deterministic a priori bound on the number of eigenvalues guarantees
that this number is bounded by < ¢¢ :=n (see e.g. [R578]). Using this crude estimate the number
of eigenvalues we miss with these K boxes is bounded by

Kn S N(Ia) AL (N(13) 570! 0) = o(N (1a) A,
provided
N(In) 7 nte = o(1). (3.8)
We now turn to the complement of the Ag(y;)’s, that is
T =ML\ Ao (),
J

and we consider a partition of T in terms of 2971 sets of boxes of side length ¢. More precisely,
21:171

T = U Y, with Y, N Y,y = (0 if m # m’, each Y, is a union of boxes of side length ¢ which

m=1
are two by two distant by at least ¢'.
Clearly, one has |Y| < |Ap|¢//¢.
Let & 1, be the set of boxes Ay(v;) € T containing at least one centers of localization of Hy,(Ar).
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From considerations similar to those above, for each given m, taking into account that boxes in
T,, may be enlarged by, say, 1—106’ , for the distance between two of them is larger than ¢', it follows
from Lemma 3.1 and Wegner estimate that, using independence and Stirling formula,

nd
P T = 595 3 (0 ) cmiey:

k>K'

1 k
5 <C|AL|N]iéA)1+P,€/> S 27K,,

where C' is a constant that varies but only depends on the constant appearing in Wegner and d,
and provided one sets, for C' > C,

C'|AL|N(Ip) 77 ¢
K= |10z EA) - ] +1. (3.9)
Note that
I |AL| 1_1/ f_/ - |AL|
K x== (N(IA) g ) =0 == (3.10)

by assumption. As a consequence, one computes
P(#S;, > 297 K') <P(E@m, #(S,, N Tw) > K')

2d—1

<N PEHS,,NT,) > K) 27K
m=1

Hence, up to 29~ 1K’ boxes, we can assume that boxes of size ¢’ in Y’ contain at most one center
of localization.
The maximal number of eigenvalues that can be contained in these 2¢~' K’ bad boxes is < K'n’ =
o(N(Ip)|AL]) provided

£ () (3.11)
Combining (3.8) and (3.11), we see that the intermediate scale £ has to satisfy (1.17). To summa-
rize, we proved that the picture described by Theorem 1.2 holds with a probability larger than

1—e K _ oK >1—exp (—cN(IA)|AL|(N(IA)MfdP))

— exp (—CN(IA)|AL|(N(IA)ﬁlﬂ’ﬁlﬁ_l)) (3.12)

Moreover, the number of eigenvalues of H, (A ) that are not described by this picture is bounded
by

o—p o' Nd+1
C(Kn+ K'n') < N(Ip)|AL) <(N(IA)1+p’€d(1+p) + N(Ip) 7 %) (3.13)

= o(N(Ir)|ALl), (3.14)
provided (1.17) holds.
This completes the proof of Theorem 1.2. O
4. THE SPECTRAL STATISTICS

In this section, we prove most of the results on the local spectral statistics described in section 1.
The whole of our analysis relies on Theorems 1.1 and 1.2.
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4.1. Convergence of the local levels statistics. We first prove the uniform Poisson conver-
gence, Theorem 1.10, of which Theorem 1.9 is an immediate consequence if one takes into account
Remark 4.1 to relax assumption (1.45) into assumption (1.42).

4.1.1. Proof of Theorem 1.10. We keep the notations of section 1.7.1. Recall that A = Ar. Under
the assumptions of Theorem 1.10, we can apply Theorem 1.1 to the interval Iy = N=Y(N(Ep) +
[A]7*[—1,1]). Let Z5 be the set of configurations where the conclusions of Theorem 1.1 for this
interval hold and let N be the number of the cubes constructed in Theorem 1.1 and (Ag(7y;)), < <N
be those cubes. Then, N = |A|*=#(1 — O(|A|~(=A)/dy),

Recall that §;(Eo,w, A) is defined by (1.41) and consider the event

p
Qﬁ,kl;lg,kg;”';lp,k}p = m {w7 #{j? §J(W7A) E Il} = kl} :

=1
Pick 6d < p := '¢ where 8’ is given by Theorem 1.1 and ¢ by (1.46).
As P(Z,) — 1, to prove Theorem 1.10, it suffices to prove that

A iy M i el
P (Qh,kl;l2,kz;-~~;1p,kp N ZA) —e Tl e k—p! IA‘_—>)+OOO- (4.1)

Recall that the function N is non decreasing and continuous; thus, for I an interval, the set N~1(T)
is an interval. For a cube A and an interval I, define the Bernoulli random variable Xx, ; by
XAg,I = 1Hw(A;_7) has an e.v. in N=1[N(Eg)+|A|~1I] with localization center in A,_,/* (42)

Here, the length scales ¢ and ¢’ are taken as in Theorem 1.1 that is £ < L? and ¢ =< L?". Notice
that, using the notations of section 2, one has X, ; = X(Ay, N[N (Ep) + |[A| 7L, ¢).

We are first going to eliminate a degenerate case i.e the case when the length of one interval |I;|
goes to 0. Assume |I;| < ¢ for some € small fixed. Let us first assume that k1 # 0. Then, by the
description given by Theorem 1.1, for some n > 0, for L sufficiently large, one has

P (Qj]xlakl;12vk2;"' Ap,kp n ZA) <P (Q?lvkl N ZA) S NP (XAIZ(V)Jl-i-e’L"[—lxl] = 1)

<N-N (N—l [N(EO) A (11 e L1, 1])D A

+ 5 (186l [N [N ) + A7 (54 e -1, DHP

< e+ |A||Ae|p|A|*(1+p)/(1+ﬁ)5(1+p)/(1+ﬁ)

Se.
To obtain the second inequality, we have used the upper bound provided by (2.1) of Lemma 2.1.
The third inequality is a consequence of assumption (1.42).

k k
On the other hand, if k; # 0, clearly, one has e~ "1 % < &; moreover, one always has e~ || % <
L™ |Ip|*»
1. Thus, e 2L oem MBI <o
kq! [
If k&1 = 0, then, by the computation made above, we have that

A A
0 S P(QL, koo i1,,8, NV 28) = POT, 0013 koo 51,, N 20) S €

|k Ik Ik Ik
and 0 < 1B B2 i Bl g g [0 ...ﬁfﬂ% < & Thus we are back to

k2! kp! k2! D*
. . _ |12|k2 - |I |kp
estimating PP (ngz;...;[p,kp) —e |I2‘T e |IP|%.
2! !
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So, from now on, we assume that all the intervals (I;); have length large than e. Define I ]+ =
Liu[—e 1" e "] and I = LN(L+[—e 2" e L"), Clearly, I7 CI; C I;r. Moreover, by (1.46),
for L sufficiently large, we have that I;r NI = I NI =0forj<kand |IJ+| = |L;|(1+0(e L")
and |1 | = |I;|(14+O0(e~t")). For L sufficiently large, one has |I]+| >[I | >¢e/2forje{l,...,p}.
By Theorem 1.1, in particular (1.12), and the Wegner estimate (W), we know that

P

ﬂ {w; #{7; XA/z(vj)-,If =1} = kl} ﬂZA c Qlfxlvkl;fz-,kz;---;lpvkp N 24,

=t (4.3)

P
A .
Qh,kulz,kz;--';fpvkp NZyC ﬂ {w; #1J3 X/\e(’Yj)JL+ =1} = kl} ﬂZA'
=1

Let us first use this to upper bound P(Qll\l,kl;lz,kz;--- ey () Za) and to show that we may assume
p to be finite (depending on ¢). Therefore, we compute

P
P(Q?l,kl;b,kmm;lp,kp NZy) <P <ﬂ {w; #{7; X/\e(»yj),zl+ =1} = kl} N ZA)
=1

P Vie Ky, Xy, =1
D R (N
K e{l,- N} 1=1 Vi ¢ K, XAe('Yj)Jz+ =0
# K=k, 1<I<p
KiNEK =0 if 1Al
as, by the definition of Z (see Theorem 1.1), one has P({ X, = L XN )t = 1}NZA) =0
J/7 75

ifl #£10'. As KN Ky = (0 if [ # 1’ the random vectors ((XAZ('Y‘) 1+)jeK, )i<i<p are independent.
J7550 -
Thus, one estimates

p
]P)(QII\I;]CI?IQ;]CQ?'”?IP,]CP ﬂ ZA) S Z H]P) ({w, Vj 6 Kl, XAZ('Y]‘)J# fmd 1})
=1

Kie{l,,N}
#K =k, 1<I<p
KiNK; =0 if 1l

p p
x P {w; vi ¢ |J K, ZXAE(WW — 0})

=1 =1

< X ﬁ]}”({w; Vi €Ki, Xy, 00 =1})

Kle{l,---,l\?} =1 (44)

#K =k, 1<I<p
p p
{w; Vi ¢ UKI’ ZXI\@(’YJ')JL+ - O})

x P <
=1 =1

= (k1 + N + kp) ﬁ (v)"

=1
» N—(ki+-+kp)
B ({w? > Xt = 0})
=1
where pli = ]P’(XAE(%))IZi = 1) for 1A < p. Here, we have used the fact that, as the cubes (A¢(7;));
are at distance at least R from each other (see (IAD)), the events ({w; #{7; Xnvtry) - = 1} = kl})
’ J
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are two by two independent for 1 <[ < p.
To estimate the last term in (4.4), we will use

Lemma 4.1. Set

N
5.—a1+ 1- Bp. (4.5)

With the choice of (Ifr)lglgp made above, under the assumptions of Theorem 1.10, with our choice
of € and ¥, possibly reducing 8 somewhat, for L sufficiently large, one has

: Lo
P ZXI\/z('n)JL+ =0)=1- Z i
1=1

Proof. The proof is analogous to that of Lemma 2.1; it also relies on our choice for the intervals
(I1)1<i<p- The derivation of (2.8) yields

p
0<E U N~ +IATIY 0 ) | P <Z Xp gt 2 1) < C|Ag| P Iy e
=1

Thus using Lemma 2.2 and assumption (1.42), we obtain

P
(ZXM O = 1) U NYN(Eo) + [A|7ILE) | 4 | A PN (1) 140/ 042)

=1 (4.6)

= |A|P! U 7|+ O(|A|6(1+p)fa(1+p)/(1+ﬁ)).
j=1
To conclude the statement of Lemma 4.1, it now suffices to recall that |I;"| > £/2 and that
14+ 6p < a1+’3 ie. B—1>p(1+p)— a1+p Moreover, by the definition of the intervals (1;");,
the main term in (4.6) is |A|5~1 Uiy [l. O

By (2.1) of Lemma 2.1, the assumption (1.45) and the definition of (I;);, we have that
= [LIAPTH L+ O(AI7) = [LIN M1+ O(IA| ). (4.7)

Setting k = k1 + -+ k, and I'™ = |I;7| + - 4+ |I{|, we note that by Theorem 1.1, for w € 2,
we have k < N(Ip)|A| < |AI'*~* and, by the assumptions of Theorem 1.10, we have [T < 2|A[}~.
Thus, for L large, we have

k+IT=o(A'*?) = o(N). (4.8)

From (4.4), (4.7) and Lemma 4.1, at the possible expense of reducing 8 somewhat, we, thus, obtain
the following upper bound

A N /1" (|A| 6) o
P(Qh,kﬁb,km'“?lr’vkp n ZA) < k ﬁ b ]\7 (4 9)
(L)~ jouarsrty « U _pe
ST ST

where we have used (4.8) as well as the assumption (1.44) to obtain

|A| 70T < |A]70FY = 0(1) (4.10)
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Indeed, by (4.5), the definition of §, and as o, 5 < a (see (1.11)), one computes

1+p (2+p+p)(1 +dp)
—b4+1l—a=—a—="+1 l—a<— 2
+1-« T3 7 +1+8p+1—a< T+ d+1)p +2+06p
5(1+dp) — p(1 —d
~p(l+dp) —p( p)+ﬂp

14+ (d+1)p

So, under assumption (1.44), at the expense of possibly reducing 3, one has —d + 1 — a < 0 which,
taking into account (4.10), implies (4.9).

The bound (4.9) proves that if k+ I — 400 (as L — +o00) then P(Qf , ./ . . i1y ky (1 2A) = 0.
Note that, for 1 <1 < p, one has |I;"| > /2, one has ]P’(QI1 s T ki sy e | ZA) — 0if p = 400
as L — +o00. On the other hand, 0 is clearly also the limit of the product

Ililfle-wzlw...|1?|Tpe—+1p
oy iy

in any of these cases (as |I[;"| < |I;| > £/2). So we have proved (1.47) if k + I* + p — +00 when
L — 4o0.

From now on, we assume that k, I™ and p are bounded. Let us prove (1.47) in this case. By (4.3),
using the same computation as above, we have

) v €Kiy Xy, =1
A
Z i P ﬂ ij ¢ U Ky, Atz (I = 0 NZy | < P(Qll,kl;lz,kzq---;fp,kp N Zn),
Kze{l,---,N} =1 11
#K =k, 1<I<p
KINK; =0 if £
P V_] € K[, XAZ(’Y]) I* = 1,
A
P(Qh’kl;hvk??”';]wkl) N ZA) = Z ﬂ ws V‘] € U Kl/ A[ (v4) =0 N Za
Kie{1, ,N} =1 VAl I

# K=k, 1<I<p
KKy =0 if 12l

Hence, as 1 —P(Z£5) = o(1) and p is finite, one has

p

A
ﬂ }) +0(1) <P, kit kos i1k, (20D,
=1

]ID <
Kie{1,- N}
# K=k, 1<I<p
KiNK; =0 if 1l

]P)(Ql}l,kl;lz,kg;'n;lp,kp m ZA) S Z ]P) (
}

Kie{l,,N
#K =k, 1<I<p
KiNK; =0 if 1l

Vi€ K, Xy =1,
w; .
Vi & K, Xy, =0

ﬁ . Vi e Ky, ‘le\e(’Yj)vllJr =1L 4+ 0(1)
Vi Ky, - |

=1 ‘X/\e(’Yj)JL+ =0
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For (Ki)i<i<p € {1,
computes

P vj € Ki, XM(%‘)JL+ =1,
ﬂ . Vi ¢ U K, Ae(’Yj)JL+ =0
£l
and
(ple e s ).
=1 J ¢ Ki, Ae(vi) I —

as ki + - + kp is bounded and

P (XAMM; - 1) _P (

On the other hand, as k; + - - -

>

Kle{l_’...
#K

Xatuia

N}
=k, 1<I<p
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, NP such that (#K)1<i<p = (k1)1<i<p and K; N Ky = 0 if 1 # I, one

< T #(S % =) T (5000 =)
JEOP_ K I=1jeK,
» N—(k1t-+kyp)
— k
=P (Z ‘XA@(’Yl)JL+ - 0) 1_[]P)(‘X/\e(’yl)-,ffr 1) L
=1 =1

P N_(k1+"'+kp) P
(1 : zﬁ) 1T ()" (+o(1)

el 'WW) (R4 (1 4 o(1)

N—(ki+-+kp)
XAe (y). I = )

[I

JEU, Ku

2r (3

=1

(5

)

Aelrpr =1

D Xnyopas =

V£l

N—(ky+-+kp)
Ae(v) Iy = )

X
(_ ljck, l ( Ae(ys) I = 1) —P<

X

p
> LiexP

N

X _
JEUL K, Af(vi))ll/

> (H sl |’ﬂ>< ket (L o(1)

=1

:1,

) =p (10 (IA).
Xty = 1) a ( )

+ kp is bounded, when N — +o00, one has

= f (st

=1

KiNK,; =0 if 11/

Thus, for L sufficiently large, we obtain

T ey
! )

(1 + ( )) < ]P)(Qj}lqkﬁl2qk2§'“»

.Iqup n ZA)

I+ kl k
<ot I i 1 )
| k!
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Now, recalling that |I;| = |I;| + O (e*m), we get

k k
. A —|I |Il|1 —|I |]ﬁ|p _
Jim ]P (bt ity ) = e S =0
and the proof of Theorem 1.10 is complete. O

Remark 4.1. In the present proof, assumption (1.42) does not suffice to guarantee (4.7): indeed,
as we did not fix the intervals (I;);, we want a result uniform over all the intervals of not too
small length in some neighborhood of Ejy; thus, we use assumption (1.45), a uniform version of
assumption (1.42).

To prove Theorem 1.9 however it suffices to consider fixed intervals (I;)i<j<p; thus, assump-
tion (1.42) suffices to guarantee that (4.7) holds.

4.1.2. The asymptotic independence. We now turn to the proof of Theorem 1.11. Decompose A
into the boxes constructed in Theorem 1.1 i.e. A = Uycr,A¢(7) ; the scale £ is determined by
Theorem 1.1 and N := #I'y ~ |A[¢~9. The set of boxes thus obtained are the same for both
energies F and E’. For I C R a compact set, define the random variables

1if H,(A(v)) has an e.v. in N7[N(Ep) + |A|711],

4.11
0 if not. ( )

X’Y(Eal) = {

Then, to prove Theorem 1.11, it suffices to prove that, for (k, k') € N*> and I C R and I’ C R two
compact sets, one has

k Kk
lim E X, (B, I X, (B, T
Jim B X (ED ]| Y X (EL)
YELA ~yeTlA
k k'
o . Y
_IA‘li)n}roo]E SNoXED| B> X,(E.T) . (4.12)
YELA vyelA

Therefore, using the independence of the cubes, we expand the sums

k K’

Sn(k,E) =E | | > X,(E,I) > X,(ELT)

YELA ~yelA

> M E [XM (B, D) Xy (B, 1) - Xy (B, T) -+ Xy (E', 1)

VL VR YL Y

= GN(k, kl) + RN(k, kl)
where

Gk, k) = 3 E [X% (1) X, (B.I)- Xy (B'.T') - X (E, I’)}
{ve e 1=0
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and
k—1 k' —1
Ry(k,K)=>" > E|X,(B,)X,(E.T)- [ X,,(E.T) HX (E',T")
ol 'Y,lv'w’n Jj=1
Y1V
_quk’fl I I
N E—1)\k -1
vy ol=1U=1
l
> E|X,(E, DX - TT X, (B 1) - HX
YE{v1 o} J=1
YE{Y1 v
k—1k —1 I 1%
-yeennEny s (L))
o =1 1U=1
l 4
> E([[xED-I] X .1,
YE{v1 e} J=1 J'=
YE{1 v
Hence,
k—1k'—1 I
=Y E[X,(E,)X,(E,I)] Sn_1(L,1). 4.13
S B (ED, ZZ( Dl )svaen.

On the other hand, one computes

k k'
(Z XV(E,I)) E (Z XV(E’,I’))
yelA YELA

= Y BB X (BD] Y E[Xy (BT Xy (1)

Yis Yk Vo Vg

= GN(kv k/) + QN(kv k/)

Sn(k)Sn (K

where

:Z Z E[X’Y(Evl)X’h(EvI)"'X’kal(Ev‘[)]

YooYy Yk—1
Y E [XV(E’, X (B T Xy, (E, I’)}

’ ’
Y1V g

k—1
- ZE X, (B, I)E[X, (E', I')] l (k ! 1)SN_1<Z>

=1

(4.14)

2

Hence,
Sn(k, k') — Sn(k)Sn (k') = Ry (k, k") — QN (k, k). (4.15)
By Cauchy-Schwartz, one has

Sy (k, k') < \/Sn(2k)Sy (2K).
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On the other hand, as P(X, = 1) < C'//N by Lemma 2.1, one computes

NN oY N i\ [CkY
Sn(k) < (N) (N) oy <N> (W) < Cp N BIHOMN) < 0 P < oo
j=0

=0
where O} = eFllogk—1-loglogh) (o p. > o

So, for any k and k', one has

sup |Sn (k)| + |Sn(k, k)] < +o0,
N>1

Thus, using (4.13), (4.14) and (4.15), one obtains

|Sn (k, k") — Sn (k)Sn (K')|

< Chpr max (Z E[X,(E, D]E[X,(E", )], E[X,(E,I)X,(E 1’)])

v Y

Hence, (4.12) and thus Theorem 1.11 and 1.12 follow from the following two properties
S E[XL(EDE[X,(E,T)] — 0 and Y E[X,(E X, (EI) — 0.
S

|A|—+oc0 . [A]—=+o0

As the operators (Hy, (A¢(7))) are i.i.d, this will be proved if we prove that

d d
(£> E[Xo(E,I)|E[Xo(E',I')] — 0 and (£> E[Xo(E,)Xo(E',I')] — 0. (4.16)
l |A]—+o0 l |A]—+o00

The first limit in (4.16) is an immediate consequence of the Wegner estimate as /L — 0. The
second limit in (4.16) clearly is a consequence of (D) if E # E’ are fixed energies, and of (GM) if
E = E\ and E' = E/, satisfy the assumptions of Theorem 1.12.

This completes the proof of Theorem 1.11 and 1.12. O

4.2. Study of the (levels, centers) statistics. In this section, we will prove Theorems 1.13, 1.14
and 1.15. To control the eigenvalues, as in the previous section, we use Theorem 1.1. So we keep
the same notations here.

4.2.1. The proof of Theorem 1.13. The proof of Theorem 1.13 is very similar to that of Theo-
rem 1.10. One deals with the case when the length of some interval (/) tend to 0 or co as in the
proof of Theorem 1.10; we will not repeat this here. We only indicate the differences and keep the
same notations. We need to estimate the probability of the event

P g'(wa A) € Il
o — . i J =k ;.
(11,Cr k) 1<i<p lol {w, #* {]’ zj(w,A)/L € Cl} l}

Let us first deal with the case when the volume of one of the cubes (Cj)x tends to 0; assume now
that |C1| < e, |I1] > ¢ and that k; > 1. Then, we have that

P (Qé}lvclvkl)lglgp N ZA) <P (Qj}lqclqkl N ZA)
< #{y € LCy; A¢(7y) in decomposition }P (XA[(,Y)JIJFE,M[AJ] — 1)
< LYCH|N - ¢4

€.

N 2
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The case when k; = 0 is then dealt with as in the proof of Theorem 1.10.
As in the proof of Theorem 1.10, one shows that if

+ (k14 + k) + (L + -+ L)) + (IC1] + - +1Cpl) = +o0
as L — 400, then, both terms in (1.50) converge to 0 in the large L limit.

The degenerate cases having been removed, the same reasoning as in the proof of Theorem 1.10
yields

[IP(w: #0i 2/L € Cr and X, ), =1} = ka}) = (1~ B(Z4))
=1

IN

]P)(Q(Ilvclvkl)1<l<p N ZA)

p
< [IPUws #{5: w/L € G and X, () 1+ = 1} = ki}) + (1 = P(24))
=1

where C;" = C) + [—¢/L,¢/L]? and R?\ C;” =R\ (C; + (—¢/L,¢/L)%).
Hence, the same computations as in the proof of Theorem 1.10 also yields

NN, - A
H ( kll )(pz Y1 —p )N R 4 o(1) < ]P)(Q(Ihclxkl)1<l<p N Z4)

=1
l]:Il( > 1= p )N R 4 o(1)

where
=[GINA+O(L'P)), N =|C|NQ1+O(L™P)).

One concludes in the same way as in the proof of Theorem 1.10. This completes the proof of
Theorem 1.13. 0

4.2.2. The proof of Theorem 1.14. Let 5 be the scale defined in section 1.8 satisfying (1.52). To
prove Theorem 1.14, it is sufficient to prove that, for (I;)1<;<; disjoint segments of R and (C})1<;<:
disjoint compact cubes in [—c¢, ¢¢] (see (1.54)), one has

—d7
. (\ﬂ Cil s {n; N(En(w,A)) € N(Fo) + £; IJ} . kj)
xn(w) € UpC}

l

k
—in1ic (L11G5D"
Al oo II{> e i . (417)

j=1 \k>k;

This is a consequence of Proposition 1.1 and Theorem 1.13. Indeed, we first pick (C ) cubes s.t.

C]T C Cj cCjC C’;r and C’;r N C,j = () for j # k. For £, large, the cubes (KAOj)lgjgl are

at distance at least R from one another (see (IAD)), thus, the (H,,(¢AC}))1<;<i are two by two
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independent so as (H,, (¢AC; ))1<j<i and (H, (ZAC;F))KJ-SZ. Using Proposition 1.1, we have that

l
TP (#{n: N(En(w,erC;)) € N(Eo) + 31} > k) — (1 — P(24)) — P_

j=1
—d7.
op (w Cien {n; N(E,(w,A)) € N(Eo) 4¢3 IJ} . kj)
xn(w) € UpC}
l
< H P (# {n; N(En(w,€rC})) € N(Eo) + £,°IF} > kj) + (1 = P(Z4)) + P4
j=1

where

H,,(¢AC;) has an eigenvalue in ¢51; !
P, = P{ 3 (£aC5) g j[A J §Z|OJ¢ACJ‘|7
with a localiz. center in KA(CJ- ACYH) e

the last bound being a consequence of the Wegner estimate (W).

Now, using Theorem 1.13, we compute the asymptotics of P(#{n; N(En(w,ﬁAOJi)) € N(Ep) +
fxdlf}); then, we let CJi tend to C; and If tend to I; to get the desired result. This completes
the proof of Theorem 1.14. O

4.2.3. The proof of Theorem 1.15. Tt is sufficient to consider the case of J a (non empty) segment
and C a (non empty) cube. As the operators we considered are defined with periodic boundary
conditions, we can restrict ourselves to cubes containing 0. We can also assume J is of the form
[0,a] or [~a,0] for some a > 0. Hence, the sets {4C' are increasing and the sets Eo + £ are
decreasing.

Pick ¢+ = (£3)x and £+ = (£%) such that

0z~ x x—1 E
A oo, Aol AR 4, A (4.18)
log!/¢ |A| ly log!/¢ | A N
Let xa be the characteristic function of A. Compute
(X, e LN -1 (N (Bo)+(ea)~27) (Huw (D)) = > Xz, 00n (W, A%

By (w,A)€a(H, (A))
N(En(w,A)EN(Eo)+£5%T

If @, (w, A) has its localization center in £4C, by (4.18) and (1.7), one has
e oo A2 = 1+ O(A] ),
and if it has its localization center outside £,C , then
Xz cen(w, M)* = O(AI7).

Hence, as the number of eigenvalues of H,,(A) in N[N (Ey) + (£2)~%J] is bounded by C|A| for
some C' > 0, by Lemma 1.2, we get that, for any p > 0, for A sufficiently large, with a probability
at least 1 — |A|7P, one has

/ E%(f, €L EO,K,E)dfd:E - |A|7p < tr(XEXC]-N*1[N(Eo)-i-(f/\)’dJ] (HW(A)))
JxC
(4.19)
< / E2 (&, x5 Eg, £, 0)dédx + |A|7P.
JxC
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Partitioning ZXC’ into cubes of side length 1 and using the covariance and (4.18), for xo taken as
in section 2, we get that

(0a)"|C| Eey (1 + 0(1)) < E(tr(Xz- o Ln-1 (N (801 (tr) - (Hu(A))))
S E(tr (Xt o In-1(v(mo)+(en)-40) (Ho(A)))) < (£2) O] Ee, (14 o(1)).
where B¢, = E(tr(xoln-1{n(E0)+(r)-4J)(Hw(A)))). The computations done in section 2 show that
Eey = (€a)~J|(1 + o(1)).

Taking the expectation in (4.19), we immediately obtain

\d -
- = I\ . Aa
E =2 ,x;E,é,éd)gc =] if= = o0, 4.20
</ch S 060t <f/\> LA |A|—+o0 (4.20)
N ¢ —2 7 . gA
— | E =X (&, x5 Eo, 0, 0)dE - |J|-|Clift = —  Hoo. (4.21)
9N JxC |A| =00 LA Al o0

Assume now that % > |AJ”. Pick two scales (¢}, )a and (¢))a such that, for some p’ > 0

7 !
O A, DS AP and ﬁ—izw’. (4.22)

;) =

A
" £ . . , £ _(p7d e
Partition the cubes £ C' into cubes of side length asymptotic to £: let I'y = (/4 Z%) N (¢ C) and
(xC= | Cyp where Cip =7+ 001-1/2,1/2]"
vElA

Then, we have

tr(XgE e LN =1 (N (Bo)+(er) ) (Hu (A))) = Z tr(chie, 154 (a)-27(Hu(A)))

yerE A
Thus
2 (g N1 (v (Bo) +(ea) -] (Ho (W) = Y D7 Ty, Jo by a, NT (Y, T, €y, £a, A)
yela~v'€la
where
T(y) =Ty, J, by, ln, A) = tf(chi’% 1N 1[N (Bo)+(ea) -2 (Hw(A))).
We prove

Lemma 4.2. If |y —+'| > 20, then
[E(T(3)-T()) = E(T(%)) - E(T(y))| < Ce™¢D/C.

Hence, we have

2
B |tr(Xpe o 1N -1 (80)+(ea)-40) (Ho(A))) — E (tr(XZfC]'N*1[N(Eo)Jr(ZA)’dJ] (Hw(A))))‘ < C(6y)?

By (4.22) and (4.21), we get, for some p > 0,
2

E < CJA” (4.23)

%
(7)) ntxetn ey (Haa)) = 1 [C]
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If 5/} < |A|7", (4.20) becomes
E (/ =2 (&, 2; Eo, ¢, Z)dg) < C|A|. (4.24)
JxC

Now choose the scales EXLP = EA(L+1)P and EXLP = lagpyp- By (1.56), ZXLP/EALP — 1 and
EXLP Jla,» — 1. Moreover, the estimates (4.24) and (4.23) hold for the pairs of scales (EXLP,EALP),

and (Z Apps é;{LP). Moreover, for p large enough, they are summable. Thus, we have proved that

e in case (1) of Theorem 1.15, w almost surely, for L sufficiently large,
/ 23, (& 23 Eo, £, 0T)dédz = 0.
IxC

e in case (2) of Theorem 1.15, w almost surely,

—d
ot 2 i
—Lr = 2 Fo, 0, 0NYdéde  — |J|-|C),
(EALP> /J><C ALF(§ 0 )5 |A\ﬂ+0°| | | |

—d
la, / =2 7
LT = Jx Bo 0, 0O)déde  — | J|-|C
<%p> o G @B O Odede, 5 LT[0

For LP < k < (L + 1)?, as the sequences (£4)x and (£)4 are increasing, one has

/ E?\Lp (g,I,Eo,g,ng)dé.dI > / E?\k (€,$;E0,€, g)dgd'r
JxC JxC

> / E?\Lp (57 €5 E07 €+a g)d&dil?
JIXC

By (1.56), for LP < k < (L + 1)?, EXLP ~ Zj{k ~ly,, and KXLP ~ KXk ~ Uy, ,. Hence, we get

e in case (1) of Theorem 1.15, w almost surely, for L sufficiently large,
/ =3 (&, x; Eo, ¢, (1) dédx = 0.
JxC

As [, o BA(& x5 By, L, (+)dédz is an integer, this implies that this integer is 0.
e in case (2) of Theorem 1.15, w almost surely,

#) ] S
— Zx (& x Eg, 0, 0)déde — || -|C).
() [ _sewmnebae 1o
This completes the proof of Theorem 1.15. O
Remark 4.2. If we don’t assume that either £, /¢ < |A|=7 or 5 /¢, < |A|~", but merely that

either tends to 0, or we do not assume condition (1.56) then, (4.20), (4.19) and (4.23) show
nevertheless that

_ N
E 22 (&, x; Fo, 0, 0)de) -0 if = = 0,
</ch A&z o )§> B Th A
a\? ’ i
A —2 Pt . A
E|l = =Zx (& x; Eo, 0, 0)déE —|J|-|Cl] -0 if — —
<€A) [ 2w mtig- 11 (c] 2o

This implies convergence in probability.



40 FRANCOIS GERMINET AND FREDERIC KLOPP

Proof of Lemma 4.2. Define C’,fe/ = C’,fg/ + 0\ [-1/2,1/2]% hence, in view of the computations
LA LA
done in the proof of Lemma 2.2 and in section 5.1, there exists C' > 0 such that, for 6 > 0, we have

E tf(Xc%,Z/A LN (N (Bo)+(ea)-47) (Hu(A))) — tf(chl, IN-1[N(Eo)+(ea) -] (Hw(éiz;\)))
A
<C (WA)d + 5*C(eA)dCe*<f’A>1“/0) (4.25)

Pick § = e=("W)"*/¢" for some C’ > C. As |y —~'| > 2¢}, the operators Hw(CN’,jﬁl, ) and Hw(é,jyt,ﬁl, )
are stochastically independent of each other. Now, as by standard argumenAts of Schr'ddingj(\er
operator theory (see e.g. [R579]), T'() and T'(v') are bounded by C(¢})?, (4.25) yields the result
of Lemma 4.2 and completes its proof. O

4.3. Study of the level spacings statistics. We will first prove Theorem 1.4. To do so, we
first use a the reduction constructed in Theorem 1.2 and study the spacings for the approximated
eigenvalues given by Theorem 1.2. Then, we derive the statistics described in Theorem 1.4 from
those computations. Using the estimates obtained in the proof of Theorem 1.4, we will prove
Theorem 1.6.

4.3.1. Some preliminary considerations. We now use Theorem 1.2. The length scale ¢/, (the local-
ization radius) is determined by Theorem 1.2 i.e. £ = ¢, = (Rlog|A|)'/¢ where & € (0,1) can be
chosen arbitrary by (Loc). Recall that p’ € [0, p/(1 4 d(p+1))) is fixed by assumption (1.25).
We first assume that the integrated density of states of the interval Ey + I, that is, N(Ey + Ix)
satisfies

N(Eo+Ip) < |AI7® (4.26)
for some « € (0,1). When this is not the case, then by assumption (1.26), we know that N(Ey +
Ip) > |A|7® for any a € (0, 1); thus, we can partition Ey + I, into intervals satisfying (4.26) for
some « € (0,1).
We pick the scale ¢ = £, and so that,

(n = N(Eo+1p)7". (4.27)

We now show that v can be chosen in (0,1/d) so that all the assumptions of Theorem 1.2 (in
particular (1.13) and (1.17)) and Lemmas 2.1 and 2.3 (in particular (2.11)) are satisfied. Note
that, when applying Lemmas 2.1 or 2.3, in (2.11), the cube A is the cube Ay.

These requirements yield the following conditions on the exponents

1 1 p—p
S dy, O0<l-—4PZ?

— vdp,
1+p a 1+p r (4.28)
p—1r 1 r '
d(1 0<1l—— - .
1+pl>y( +p)’ < CY+V 1+p/
L+p p—r . i
As 1> to obtain (4.28) for some v € (0,1/d) and « € (0, 1), it suffices that

> )

1+ p 1+
p—r dp’

/ > /-

(I+p)1+p) ~ 1+p

This is satisfied as p’ € [0, p/(1 +d(p + 1))).
Moreover, recalling the discussion following Lemma 2.1, we want Iy and ¢5 to be such that

(N(IW)[ALD) "t > N (1) P77/ 342D |\, |7 that is, using (4.26) and (4.27), we need that

1 A
—<1+p p
« 1+ p

— dvp.
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This condition is fulfilled by (4.28). From now on, we assume that ¢ = £, and N(Ey + 1)
satisfy (4.26) and (4.27) for such « and v. Pick 5 € (0,1/2) be such that

1 =7
<E - 1) (1+28) = e dvp. (4.29)

Let Z5 be the set of realizations for which the conclusions of Theorem 1.2 hold. We know that,
for any p > 0, if L is sufficiently large, one has P(Z5) > 1 — O(|A|7P) (see (1.15)).

Let N be the number of the good cubes (i.e. cubes that determine eigenvalues of H,(A)) con-
structed in Theorem 1.2 and (A¢(7;));<;<x5 be those cubes. Then, N = [A[%(1 4 o(1)). As
before, define the following random variables:

o X; =X,({,Ey+ I,) is the Bernoulli random variable

Xj = 1Hw (A¢(7y4)) has exactly one eigenvalue in Eg+Ix with localization center in A,_,/5

here, ¢ < (log |A|)Y/€ <« £ = £, (see the discussion above);
o F; =FE;(l,Ey+ 1) is this eigenvalue conditioned on X, = 1.
Assume I = [ap, bp] and define
N(EJ) — N(Ey+ axp)

5 = N(Eo+ bn) = N(Bo + an)’ (4.30)

Note that &; is valued in [0, 1]. Let = denote the common distribution function of the (&;)1<;j<g. It
was studied in Lemma 2.3, the assumptions of which are satisfied (note that the set A in (2.11) in
Lemma 2.3 is the set Ay(7;)). The error term in (2.12) is then of order (log |A|)~# for some 8 > 0.
We first study the spacings for i.i.d. copies of the random variables (&;)1<j<k. Let (§;)1<j<k
denote the (;)1<;<r ordered increasingly and define

1 . = -
DLS¢(x,k; Eg + In,w, A) = m#{l <J<ki &g =& > x/k}. (4.31)
Our main technical result is

Lemma 4.3. Pick Ey € I such that (1.25) be satisfied. Pick (In)a be intervals and (£p) length
scales such that (4.26) and (4.27) be satisfied for (v,a) satisfying (4.28). Define 8 by (4.29) and
let Ny := N(Eo + Ip)|A| and K5 = N¥.

Then, there exists C > 0 such that, for |A| sufficiently large, for NAKX1 < k < NpAKy, one

sup B (|DLSe(x ks o + In,w, A) = Dk, B + In, A)?) < ¢ (4.32)
Ky'<a<Ka k

where we have defined

1
D(k, B + Iy A) = / (1= E(y +2/k) + Z()* " 1d=(y). (4.33)
0
Let (Ja)a be a sequence of intervals such that sup |E| — 0 as |A| = 4+00. Then
Eedx

sup sup |D(k,Eog + In,A) —e™*| = 0. (4.34)

NAK ' <k<NaKa , _IA%JA " |Al[—=+o0

A as in emma 4.

Proof. To analyze the spacings of the (£;)1<;j<k, we use the computations of section 7 in [Pyk65]
(see in particular (7.3)) that yield

1
/ (1 —Z(y +x/k) + Z(y)) " d=(y) = E(DLS¢ (v, k; Eg + In,w, A)) = D(k, Eg + Ix, A)
0
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o
+ 2/ / —E(y+x/k) +E(y) — E(z + 2/k) + E(2))F2dE(2)dE(y).
+z/k

Fix v € (£,1). By (4.26) and (4.27) as ¢ = ¢}, = (log|A|)'/¢, one has Ky ' > (§e= ()" for |A
large. Thus, Lemma 2.3 and (4.29) yield that, for y — 2 > (NyKa) ™!, one has

Ey) —E(@) =@y —=) (1+o(Ky") (4.35)
Hence, for KXl <z < Kp and NAle < k < NpKy, one has

(DLS£ x,k; In,w, A))

and

E ([DLSe(w, k; Bo + In,w, A)J?)

+

e
~

ytz/k
- 2/ / (1= Z(y + 2/k) + E(y) — Z(z + 2/k) + Z(2))F2d=(2)dZ(y) + O (E)

/ / —E(y +a/k) +E(y) — E(z + x/k) + E(2))*2d2(2)d=(y) + O (%)
Compute
(1-E(y +a/k)+E(y) — E(z + 2/k) + E(2))
=1 -E@+az/k)+E)A - E(z +2/k) + E(2))
(

=(1-Z@w+az/k) +E2)A - E(z +z/k) + E(2)) + O(k2).
Hence, plugging this into the previous formula, we get
2

B(DLSHo, ki Tasoo ) = | [ (1= 20 -+.0/k) + 20020200

- {/01(1 Sy + a/k) + E(y)F (1 +0 (%)) dE(y)] +0 (%)

=D(k,Ey+ Ix,A)*+ O (%)

This completes the proof of (4.32).
Fix Ep such that (1.25) be satisfied and let us prove (4.34). For Iy C Ju, by Lemma 2.3, for
z € [0,1], we have,

_ _ T T _ _ (1 + ap
swp |2 e/k) - 2w) - L < For and s (2 k) - 2| < T
y€[0,1—z/k| ye[l—z/k,1]
where sup sup |ak| — 0 as |A| = +oo.
NAK{'<k<NAKa IACJa

Ip as in Lemma 4.3
Hence, for k large,

|D(k, Eqg + Ix,A) — e ™| < / leCor — 1| d=(y) +/ eCriran)/kiz(y) < C (ak + E) .
0 1—z/k

This completes the proof of (4.34) and, thus, of Lemma 4.3. O
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4.3.2. The proof of Theorem 1.4. By a classical result (see e.g. [P598]), as the functions we are
considering are monotonous and as x +— e~ % is continuous on [0,+00), it suffices to prove the
almost sure pointwise convergence of DLS(x; Ey + In,w,A) to e=® (for z > 0).

Fix £ < . Pick Ip as in Theorem 1.4. We distinguish two cases:

(1) if I, satisfies (4.26) for o chosen as in section 4.3.1 (see the discussion in the beginning of
that section), we can apply Theorem 1.2 and Lemma 4.3 to I, itself. We then set Ky =1
and Il,A = IA;

(2) if not, as already mentioned, we cover Iy with disjoint intervals (I a)1<k<k, satisfy-
ing (4.26) of such that, for each Ij o, we can apply Theorem 1.2 and Lemma 4.3; as there
are at most o(]A|*) such intervals (recall that N is the distribution function of an abso-
lutely continuous measure), the probability estimate for the set of good configurations Z,
(i.e. those for which one has the description given by Theorem 1.2 and Lemma 4.3 for all
the intervals (Iy A )1<k<k, ) still satisfies P(Z5) > 1 — O(JA|7?) for some arbitrary p > 0.

This yields

Ka
NA(EO—‘I_I]{;A) Kp
DLS(x; B + In,w,A) = Y DLS(x; Eg + Ipp, 0, A A < 4.36

where we recall that Ny (I) is the (random) number of eigenvalues of H,,(A) in I.
We first study DLS(z; Eo + Ig,a,w, A).
By (1.24), (1.20)~and the approximation of the eigenvalues given by Theorem 1.2, for w € Z,, if
J =#{1<j <N;X; =1} then we have
D™ (w,Ep + e A) 4+ apn > DLS(x; Eo + T A, w, A) > D+(w, Eo + I, A) —ap (4.37)

where
#H1<j< T, €j+1 _Ej >x/Nga £ |A|_2},
Ni A 7
e (¢;); are the renormalized eigenvalues defined in (4.30) at the beginning of section 4.3 for
the energy interval Eg + Iy a;
o Npa=N(Eo+Ira) Al and ap — 0 as |A] — +oo.
Define the random variables

D*(w, By + I a, A) = DE(w, Eg + Lo, A #{1 < j < N; X = 1}) 13,.

e DE(w, By + Ipa, A J) =

We prove

Lemma 4.4. One has
sup [(N’,i)l/“ “E (|D*(w, Eo + Iya, A) — D(Ni.a, Eo + I s, A)|2)] <c. (4.38)

1<k<Kj
Before proving Lemma 4.4, let us use it to complete the proof of Theorem 1.4. We first prove the
almost sure convergence for a subsequence.
For A = Aps/,, by the first condition in (1.26), summing the estimate of Lemma 4.4 for 1 < k <

KALs/pv we get that
KAL5/9 2
Z Z E <’Di(w, Ey + Ik,ALs/p JANps) — D(NALS/p , Eo + Ik7AL5/p JANpso) > < 4o00.
k=1 L>1
By (4.34) of Lemma 4.3, as Ey € I satisfying (1.25), we know that
sup |D(NA,E0 +Ik7A,A) —e_:”| — 0. (4.39)

1<k<Kn [Al—+o0
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Hence, w-almost surely,

sup |Di(w,E0 +Ik’AL
1<k<Kp

Ass —e 7 — 0.
5/p) L/P) |L
L5/p

Thus, by (4.37), w-almost surely

sup  |DLS(z; Eo + Ixa,w,A) —e™ — 0. (4.40)

1<k<Ka . L—+oo
L5/p

Plugging this into (4.36), we obtain that, w-almost surely
DLS(z; Ey + I

sw,Npssp) L e "

L5/p oo

To derive the almost sure convergence of (DLS(x; Eg + Ipn,w, A))a, we use

Lemma 4.5. Fiz p >0 and r > 0. Let (In)p be as Theorem 1.4 or Ix = J, J as in Theorem 1.6.
Recall that Ny, = Ny, (I).

Then, w-almost surely, for L sufficiently large, if L' € [LP, (L +1)P], except for at most o(Na,,) of
them, all the eigenvalues of H,,(Ar/) in Ey+ Iy,, are at a distance less than L™" to an eigenvalue
of HW(ALP) mn Fy + IALp .

Pick p =5/p and r > d. For LP < L' < (L + 1)P, by assumption (1.26) on I, one has N(FEy +
In,,) = N(Eo+1Ir,,)(1+0(1)); 80 Ny, = Na,, (1+0(1)). Lemma 4.5 then implies that, w-almost
surely, for LP < I/ < (L + 1)? and L sufficiently large, one has

DLS(x;1p,,,w,Ap)) = DLS(x;1p,,,w, AL») + o(1).

Hence, w-almost surely, DLS(x; In,w,A) converges to e~® when |A| — +oo. This completes the
proof of Theorem 1.4. O

Remark 4.3. If one does not assume one of the conditions in (1.26), the estimate (4.38) and
Lemma 4.5 are not sufficient anymore to obtain the almost sure convergence for DLS(x; I, w, A).
Nevertheless, plugging the estimates (4.39), (4.38) and (4.37) into (4.36), we see that

E(|DLS(z; In,w,A) —e™*]) — 0.
|[A]—=+o0

This guarantees the convergence in probability.

Proof of Lemma 4.4. We now fix 1 < k < K, and, to alleviate the notations, we will write
In := Iya and Ny = Npa = N(Ip)|A|. The interval I satisfies the requirements to apply
Theorem 1.2 and Lemma 4.3 (see the discussion in the beginning of section 4.3.1).

As D¥* is bounded by C|A[, as the (X;); are i.i.d. and as P(Z,) < |A|7P for any p > 0, we compute

E (|D*(w, Iz, A) — D(Np, Eo + Iz, A)?)

1 NN ;
< - _ 1k _ _ N—k.
<Tap +k§:0 (k)]P’(Xl DF1-P(X; =1))
-E (IDLSe(x £ |A| 7%, k; Eo + In,w, A) — D(Na, Eg + In, A)?) .

Recall that Ny = N(I5)|A|. As P(X; = 1) = N(Ip)f%(1+0(1)) and N = |A|£%(1 4 o(1)), for any
€ > 0, there exists § > 0 such that

3 <JZ>P(X1 =1)F1-P(X; = 1)V F < e M, (4.41)

lk—Na|>N/2+e
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Hence, by the first condition in (1.26), one gets
E (ID*(w, In, A) = D(Na, Eo + Ix, A)?)

1 _
WJFQ NY/2 4o Z |D(k, Eg,A) — D(Ny, Eg + In,A)|?
|k—Na|<NL/?Te

+2 > E (|IDLSe(x £ |A|72, k; Eg + In,w, A) — D(k, Eo, A)[?) . (4.42)
|k—Na|<N,/?F¢

For [k — Na| < Ny/?™¢ let us estimate D(k, Eo, A) — D(Na, Eo + I, A) that is
D(kaEOaA) - D(NAaEO =+ IAvA)

1
- / (1= Sy +2/k) + 2@)* " — (- Z(y + 2/Na) + E(@))V 1) d=(y).  (4.43)

Using (4.35), for |k — Nj| < N}\/HE7 compute
[(1 =2y +a/k) + 2()"" = (1= E(y + 2/Na) + E(y) "7
= (1-3(y +o/K) + Z)

1—Z(y 4 x/Na) + E(y) ) = PR
- — Z(y + x/Ny) + ()M
( 1—-E(y+x/k)+Z(y) /Na) (v))
<C (1 _ ¢~ C(NA—K)/Ns ,—C(Na~ k)/k) < NV

Hence, plugging this into (4.43), one obtains
|D(k, Eo, A) — D(Na, Eg + In, A)| < CNy 2T,
Plugging this and the result of Lemma 4.3 into (4.42), we obtain
E (|D*(w, In, A) — D(Na, Eo + In, A)|?) < CN, /245,
We pick ¢ = 1/12 to completes the proof of Lemma 4.4. O

Proof of Lemma 4.5. Pick a € (0,1) and ¢ > 1. By Lemma 3.1, with a probability at least 1 — L™,
the eigenvalues of H,(Ar/) in Eg+ T A,, that are at a distance more than L™" to an eigenvalue of
H,(Arr) in Ey + I,, fall into two categories:

(1) either they belong to Eg 4 (1o, \ Ia,,) which may be empty,

(2) or they have a localization center that belongs e.g. to the annulus A, \ App_ro.
The numbers of eigenvalues in the first category is bounded by o(Ny,,) as a consequence of the
second part of assumption (1.26). The numbers of eigenvalues in the second category is bounded
by 0(Na,,). The Borel-Cantelli lemma then implies Lemma 4.5. O

4.3.3. The proof of Theorem 1.6. The proof is analogous to that of Theorem 1.4. As in that proof,
it suffices to prove the almost sure pointwise convergence of DLS’(z; J,w, A) to g, s(x) for > 0.
Fix ¢ < & Pick J = [a,b] as in Theorem 1.6. We can then cover it with disjoint intervals
(IjA)1<j<g, of length | J||A|~® (here ais chosen as in the beginning of section 4.3.1) and containing
the point e; o := a + (j — 1/2)|J||A|~® (so that Jy = |A|*) and such that, for each I; o, we can
apply Lemma 4.3. This yields

NA(IjﬁA) <CJA
Na(J) |~ [A]

DLS'(z; J,w, A) — ZDLS viejn) x/N(J); Ija,w, A) (4.44)
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where DLS’ is defined in (1.30).
Using the uniform continuity of v, the same computations as in the proof of Theorem 1.4 yield the
following analogue of (4.40): for all € > 0,
sup |DLS (v(ejn) x/N(J); Ijn,w, A) — e VCan)z/NDE g0 ) —as.

1<5<Jx L=too

v(eja)>e

A=Ars/p
The large deviation principle for the eigenvalue counting function, Theorem 1.3, ensures that, w
almost surely, for |A| large, Na(J) > |A]|J]/2 and

Na(L; N(J
lim sup ALin) . () — 1‘ =0.
Lotoo 1<y | Na(J)  v(ejn)lljal
v(ejn)>e

Moreover, using the uniform continuity of v on J, we have that for any § > 0, there exists ¢ > 0
such that, for L sufficiently large, one has

N .
Sup A(IJ,A) ‘S
1<j<in | Hjal Na(J)
v(ejn)<e

Hence, by (4.44), w-almost surely, there exists C' > 0 such that € > 0, one has

Na(I;

S DLS (esn) o/ NI Law ) A <0 3 (1l o
1<5<Ja A 1<5<Ja
v(eja)<e v(ejn)<e
A:AL5/P A:ALS/p

thus
s
limsup |DLS'(x; J,w,A) — Z V@%\f)}ﬂe—y(qﬂ)z < Co.
AL,_[:-H)O 1<j<Ja ( )
“hre/e v(ejn)>e
A:AL5/p

On the other hand, as v is continuous, non negative on J and x > 0, one has, for any § > 0, taking
e > 0 sufficiently small, one has

Z ’/(ej,A)|I‘,A|e—u(ej,A)z/N(J) <5

1<j<Ja N(J)
v(ejan)<e

and

. v(e, Al e myenven — L[ ity a0
LD =N, ¢ v(a+1Tly)dy
1<5<Ja 0

A=A 5/,

1 / —u(N) z/N(J)
=—— | e x v(N)dA.
N J, )

Thus, for § > 0, we get
lim sup ‘DLSI({E; Jyw, A) —/

L—~+oo J
A=A

e_”"()‘)””VJ()\)d/\‘ <.

L5/p
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Hence, letting § tend to 0, we get that, w almost surely,

lim DLS'(J:;J,w,A):/e_”"()‘)””VJ()\)d/\.
L—+o00 J
A=As5/0

To complete the proof of Theorem 1.6, we use Lemma 4.5 as in the proof of Theorem 1.4. O
4.4. Study of the localization centers statistics. We prove Theorems 1.7.
As in the proofs of Theorems 1.4 and 1.6, it suffices to prove the simple convergence in (1.34) to

obtain the uniform convergence as we are dealing with non increasing functions and the limit is
continuous. Thus, pick s > 0 and to prove (1.34), it suffices to prove

E (‘DCS(S;IA,A,w) e

2
) — 0. (4.45)
ARA

We apply Theorem 1.2 to the cube A and the interval I satisfying (1.33). We keep the same
notations as in Theorem 1.2. Let I denote the set of centers v; constructed in Theorem 1.2. Let
Ty denote the set of v € T' that do not not satisfy (1), (2) and (3) of Theorem 1.1. Theorem 1.2
states that, for w € Z,, one has

#T = [A[C9O [(|I5[6%) P + N(Eo + In ) 10']
where ¢ and ¢’ are defined in Theorem 1.2.
By (1.33), one has
N(Eo+Iy) Y9 > ¢, (4.46)
Thus, if we define
I" = {y eT; dist(y,T) > 10s(N(Eo + I,)) "/}
then
#T' = O#Ty - N(Eo + In) %) = o(|A|L7). (4.47)
For v € I, define the random variable X, to be equal
e to 1if H,(A¢()) has an eigenvalue in I, and, for all 4" € T" such that |y — | < (N(Ep +

I0))"Yds, H,(A¢(7)) has no eigenvalue in Iy,
e to 0 if not.
Then, by (4.46), (4.47) and the estimate given in Theorem 1.2 on the number of eigenvalues of

H,,(A) not associated to an eigenvalue for a cube (A¢(7y))er, we get that, for any ¢ > 0, for |A]
sufficiently large, one has

sup (DCS'(s —&;In, A,w) — DCS(s; 15, A,w))

WEZ)

+ sup (DCS(s;Ip,A,w)— DCS' (s +¢e;1p,A,w)) <e (4.48)

WEZA

where DCS(s;In, A,w) is defined in (1.32) and

1
! . =
DCS (S,IA7A7W) - N(EO +IA5A7w) ’;‘XV

As 0 < DCS(s;Ip, A w) < 1 and 0 < DCS(s;1a,A,w) < 2 (for A large), in view of (4.48), to
prove (4.45), it suffices to prove

E <‘DOS/(S;IA, Aw)— e

2
) — 0. (4.49)
AR
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As the Hamiltonians H,,(Ay(v)) and H,(A(7)) are independent when v # +/, (v,7) € I'2, using
Lemma 2.1, we compute

E(X,) = (1 — N(Ey + Iy NE I 1IN (B 4 1004 4 o( |4 [6%)
= e N(Eo + In)0* + o(|Tn |0%).

Thus, using Theorem 1.3, one computes

1
E(DCS'(s; Iz, A, w)) =E X
( ( A )) N(EQ +IA,A,CU) Z Y (4 50)

1 |A| - d —st
—_ S"N(Eo + Ip)0 1)=e"*° 1).
TN L ¢ VeI relt) e ety
On the other hand, by (4.46) and their definition, X, and X, are independent when |y — | <
2(N(Eop + I5))~ s+ 1. Hence, using Theorem 1.3, one computes

AV :=E(DCS'(s; I, A, w)?) —E(DCS'(s; In, A, w))?
1+o
((EO+IA|A|QZ % ((VV) (’Y)(V))
g
1Y/ = <2(N(Eo+1)) ™' s+1
Thus, as #I' < C|A|/¢?, by Lemma 2.1, one has
2 |A] 1 d 2

— N(Ep + Ip)l" = .
(N (Bs T INTAD? @ EN (B + 1) 0+ I8 = o, T T
Condition (1.33) then ensures that the choice of the length ¢ in Theorem 1.2 can be made such

that N2(Eo + I5)|A|¢? — 400 as |A] — +oo.
Thus, (4.50) and (4.51) imply (4.49). This completes the proof of Theorem 1.7. O

AV < (4.51)

5. PROOF OF PROPOSITION 1.2 AND THEOREM 1.8
We start with the proof of Proposition 1.2 then we prove Theorem 1.8.

5.1. The proof of Proposition 1.2. Let us prove point (1). Consider 2(F) and 2/(F) two centers
of localization for some energy E € I. Let ¢ be a normalized eigenstate associated to E. Then,
by the assumption (Loc’), we know that, for all x,

¢

ol < Culz(E))ieMe==EI (1 (B))ae=vlz— (B)I,

Hence, summing over z, we get that

1 B¢
a(y! q —lz(E)—z'(E)

1< CyC, (z(E)H 2 (F)) 7d/ge .
Taking the logarithm, we immediately get (1.36).
Let us now prove point (2). First, note that, by the Wegner estimate (W), the condition N (1)L —
+oo implies that [I| > L~9 for L large. Hence, if J is an interval centered at 0 such that
|J| = o(L=%), then N(I, +J) = N(I)(1+ o(1)).
By definition, one has

NUp,L)= Y lleal®

n; En€ln
'YnEAL

where, for n, E, is an eigenvalues of H,, ¢, an associated eigenfunction and ~, a localization
center of ¢, in Af.
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Fix o € (0,1). Using the estimate (1.35) in the same way as the estimates (Loc) was used in the
proof of Lemma 3.1, we get that

NIz, D) — S leal},, .| < CoLttde L™

n; E,elr
’YHEAL

where || - [[A,, . denotes the L?-norm on the cube Ap .

Hence, we have

N(Ip,L) < Z ||SD77'H?\L+L0¢ + Cquere*Q’yLa&

n; E,elr
'YneAL

< tr(Lp, (Ho)1a,, o) + Co LT e 275
By standard estimates on Schrodinger operators (see e.g. [Sim05]), we know that
0 < tr(1y, (Hu)la,,,.) < CLY (5.1)

Pick x a smooth cut-off function with gradient vanishing outside Azyza \ Apyra/2. Then, using
the localization estimate (Loc’), one easily checks that, for L sufficiently large

e for n such that F, € I, and v, € A, x¢, satisfies

_peE
I(Ho(ALsre) = En)(xpn)ll < €757/ (5.2)
o the Gram matrix for the family (x¢n)E, 1., v.ca, satisfies
e
(X XPm)) Bretr. suen, = Td+0 (727 (5.3)

En€lrn, ym€EAL
As (5.1) implies that the number of n such that £, € I, and v, € Az is bounded by C L%, we get
that
N(Ip,L) < tr(1; (Ho(Apyore))) + CpLitde 200"
where I;, = Iy, + [—eF"¢/C L€/,
Hence, if, as in section 3, N(w,Arira,, 1) denotes the number of eigenvalues of Hy,(Ap4re) in
I, we have

N(Ip,L) < N(w,Apipe,, Ip) + Cu LiHe= 215, (5.4)
Recall that we assumed N (I1)|I|~177 — +oco where p is given by (M). The proof of Theorem 1.3

then also shows that, if N(w,Arire, A, Ir) denotes the number of eigenvalues of Hy,(Aryp«) in
I;, having a localization center in Ay, then, for any ¢,

P{IN(w, Apype, AL, In) = NUA)A|l = o(N(In)[A])} 2 1 = Co(N(Ia)|A])71
>1-C,L72
as N(I,)L%~¢ — +oo for some & > 0.
So, by the Borel-Cantelli Lemma and Theorem 1.3, we know that, w-almost surely,
N(@, Ay zos Az, I2) = Nw, Apszas, 1) (1 +0(1) = N(ID)LY1 +o(1).  (5.5)
One has
NI, L) = Y leallz, e

n; En,€lr
'YnEAL

Using the same cut-off of the eigenfunctions as above, we then see that

N(IL,L) Z N(W,AL+L0¢,AL7IL).
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Using this estimate, (5.5), (5.4) and Theorem 1.3, we get (1.37) and complete the proof of Propo-
sition 1.2. 0

5.2. The proof of Theorem 1.8. Let us now consider consider w in the full measure set where the
statements of Theorems 1.4, 1.6 and Proposition 1.2 hold. As in section 5.1, w-almost surely, for L
large, if F is an eigenvalue of H,, with localization center in Ay, then there exists E’ an eigenvalue
of Hy(Ap1«) such that |[E — E'| < e 1"/, To avoid confusion, rename DLS(z; I1,,w, L) defined
by (1.24) to DLSY(x; I, w, L). Hence, for € > 0 fixed, we have, for L large enough,

e when |I1| — 0 satisfying the assumptions of Theorem 1.8, we have
N(Ip,L)
N(ILa w, AL)
> DLS(v(Ey)x+e; I, w, L);

DLS(v(Ey)x —e;I,w,L) > -DLS(x; 11, w, L)

e when [;, = J a fixed interval satisfying the assumptions of Theorem 1.8, we have

N(Ip,L
DLS' (z —&; J,w, L) > WDLSJ@; Jyw,L) > DLS (z +¢; J,w, L).
Thus, Theorem 1.8 is an immediate corollary of Theorems 1.4 and 1.6, and the second point of
Proposition 1.2. O

6. APPENDIX

6.1. The proof of Lemma 1.3. Compute

A

N(E+z) - N(E+y) B 1 Ete
pr— —V(E)‘ —/R UC—y/Eer (v(e) —v(E))de

< /01 (/R [V(E+y+ (x—y)e) — V(E)|dE) de.

As v € L}(R), Lebesgue’s dominated convergence theorem ensures that the last integral converges
to 0 when z and y tend to 0. Hence, the quotient in the first integral converges to 0 for almost
every E. This completes the proof of Lemma 1.3. 0

6.2. Local control on the exponential decay of eigenfunctions. In this section, we estab-
lish SUDEC and SULE estimates for the eigenfunctions assciated to an eigenvalue in the localized
regime of a random operator restricted to a finite volume. These are the analogues of the infinite
volume estimates introduced in [dRJLS96] and proved in [dRJLS96, GIK06]. We denote by Zcr,
the region of complete localization for the random operator H,,. It is defined as the set of energies
E € T where we have all the conclusions of the bootstrap multiscale analysis of [GIK01] or the
fractional moment method of [AM93, Aiz94]. These conclusions turn out to be equivalent proper-
ties describing the localized regime [GIKX04, GIX06]. In Theorem 6.1, we provided new equivalent
characterizations of the region of complete localization, involving this time finite volume operators,
rather than the infinite volume one. We prove

Theorem 6.1. Let I C X be a compact interval and assume that Wegner’s estimate (W) holds
in I. For L given, consider A = Ar(0) a cube of side length L centered at 0, and denote by vy A ;,
j=1,---,tr1;(Hy(A)), the normalized eigenvectors of H,,(A) with corresponding eigenvalue in I.
The following are equivalent

(1) I CXcr
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(2) For all E € 1, there exists 0 > 3d — 1,

L
lim sup P {Vaz,y eEAN Jx—y| > 7 Xz (Hy(A) — E)flxyH < Le} =1. (6.1)

L—oo

(3) For all € € (0,1),

—_ulé
supE <Y el sup [ a Ll 0w ]
yeA xEN J

y} < 0. (6.2)

(4) There exists € € (0,1),

—_ulé
supE ¢ Y el sup (|9 a Ll 0w ]
yeA xEN J

y} < 0. (6.3)

(5) For all € € (0,1),

(6)

(7)

(8)

PRIIT:
supE E PV sup  Ixe f(HL(A))xyll2 p < oo (6.4)
yeA TN su‘l}p|>.<flcl

There exists £ € (0,1),

supE Zelw_yls sup xS (Hu(A))xyll2 p < o0. (6.5)
yeA vy supp fCI
If1<1
There exists £ € (0,1),
sup sup B4 el o f(HL (Al p < oo (6.6)
yeA su;}pé"lcl 2EA

(SUDEC for finite volume with polynomial probability) For all p > d, there is ¢ = qp,a S0
that for all & € (0,1), for any L large enough, the following holds with probability at least
1—L7P: for any eigenvector gy, a,j of Hu a, with energy in I, for any (x,y) € A%, one has

lo—yl€
lpwaillallpwaslly < Lie™lo7oI" (6.7)
(SULE for finite volume with polynomial probability) For all p > d, there is ¢ = qp.q so that
£ €(0,1), for any L large enough, the following holds with probability at least 1 — L™P: for
any eigenvector @, A,j of Ho a, with energy in I, there is a center of localization x, A,j € A,
so that for any x € A, one has

I, pille < Loe™Iommemsl?, (6.8)

(SUDEC' for finite volume with subezponential probability) For all v,& € (0,1), v < &,
for any L large enough, the following holds with probability at least 1 — e~ : for any
eigenvector py, a.j of Hy a, with energy in I, for any (x,y) € A%, one has

Vo p—yl€
lpw,a.illzllw,ally < € el#70 (6.9)

(SULE for finite volume with subexponential probability)For all v, € (0,1), v < &, for any
L large enough, the following holds with probability at least 1 —e~L": for any eigenvector
Yw.Aj of Hoya, with energy in I, there is a center of localization x, A ; € A, so that for
any x € A, one has

v |p— 1€
lpw,ajlle < €2 emlmmreaal®, (6.10)
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Moreover one can pick q=p+d in (8) and g =p+ %d in (9).

Remark 6.1. Theorem 6.1 provides a finite volume analog of [GI<06, Theorem 1 and Corollary 3].
If generalized eigenfunctions are needed in the infinite volume case, the normalized eigenfunctions
are good enough in the finite volume one for the spectrum intersected with the interval I is discrete.
For discrete models, using e.g. the finite volume fractional moment criteria of [ASFTI01], one can
derive bounds of the same type as (6.8) where £ = 1. This has been done in [IK111].

Proof of Theorem 6.1. We start by describing precisely ¥cr,, which is the set of energies where the
conclusion of the bootstrap multiscale analysis of [GK01] is valid: X¢y, for the random operator H,,,
is defined as the set of E' € I for which there exists some open interval I(F) C I, with E € I(FE),
such that, given any ¢ € (0,1) and « € (1,{~ 1), there exists a length scale Ly € 6N and a mass
m > 0, so that if we set Ly = [L ey for £ =0,1,..., we have

P {R(m, Ly, I(E),z,y)} > 1—e L (6.11)
for all k=0,1,..., and x,y € Z% with |z — y| > Li, + R, where

for every E' € I , either A (z
y zl )} . (6.12)

R ) L, I, 5 = ; .
" i {w or Az(y) is (w,m, E')-regular

Here [K]e¢ny = max{L € 6N; L < K}; we work with scales in 6N for convenience; Ry > 0 is given
in Assumption (TIAD).

Given E € R, z € Z% and L € 6N, we say that the box Ar(z) is (w,m, E)-regular for a given
m>01if E ¢ o(H,(AL(x)) and

e,z R, L(E) X £ || < 7™, (6.13)

where Ry, » 1(E) = (Hy(AL(z)) — E)~! and ', 1, denotes the charateristic function of the “belt”
Ar_1(x)\AL_3(z) when H = L2(R? dz) (the arguments can be easily modified for H = ¢2(Z%)).
The interval I in Theorem 6.1 being compact, we can extract from Uge I (E) D I a finite number
of intervals I(E) that cover I. Thus, with no loss, we may assume that (6.11) is valid for the
interval I itself.
We turn to the proof of Theorem 6.1 per se. That (1) <= (2) is due to [GIKX04]. Note that if (6.1)
holds, then

lim sup P {||F0,LRw,0,L(E)Xo,% [ < L7972d+1} =1

L—oo

Assume (2), that is (6.11) holds for the interval I. We show that (3) holds. A standard com-
putation (see [GIK04, (EDI)], [Kir08, Eq.(8.10)]) shows that if Ay (z) is (w, m, E)-regular, then, if

Hy(AL(2)pw.n; = Epwn; and [[ow.a 4l = 1, then

lpwnille S LT e L Ry, L (E)x, || < €7 5F, (6.14)
whenever L is large enough, depending only on d, m.
It follows that for any (z,y) € A2, if k is so that Ly < |v — y| < Lgy1, then for any w €
R(m,L,I,z,y), for any normalized @y A j,

m

1
0w, aillallewally < e FiF < e Flovl®, (6.15)

As a consequence,

. 1 < <
E {sup lownsllellowas] } <o Bl ool < 9oyl ¥ (6.16)
J

for |z — y| large enough. Thus, (6.2) follows for any ¢ < Ca™t.

arbitrarily close to 1, (3) follows.

Since ( < 1 < a can be chosen
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(3) clearly implies (4).

To see that (3) implies (5), it is enough to decompose the operator f(H,(A)) over the eigenvectors
(¢w,a,3); and note that [[xzIlp, A ;Xyll2 = Qwajllzll¢wajlly, when I, , . is the orthogonal
projection on @y A, ;-

That (5) = (6) = (7) is immediate.

Assume (3). We prove (8). We have

T
P (a@c,y) € A2, ¥ sup g sl 0o nslly L) (6.17)
J
< Lfsup P (e'”'g sup [|0w,a7 1o | 0w,a 1y = L) (6.18)
yeAmGA J
_ T
<1 psupZE(e' 1 sup||¢W,A,j||m||%,A,j||y> (6.19)
yeAmEA J
<LP. (6.20)

In other terms, with probability at least 1 — L™, we have ||@w A illell@wnallyll < LPHdelz=vl®,
for any j and (z,y) € A2, and (8) holds.

We show that (8) and (9) are equivalent. Assume (8) and let x,, o ; be a center of localization for
Pu.A,j- Since || ]| = 1, note that [|¢w a ;. = L™%2. We write (6.7) with y = z,,5,; and (6.8)
follows from the last observation with a constant ¢’ = ¢+ g. Conversely, if (9) holds, then it follows
from (6.8) that

pw s lellgwally < LHe™12=swasl e lv=eunsl® < [2aelo=vl?, (6.21)

We show that (8) = (2). Assume (8). For any given E € I, thanks to (W), we may assume that
d(E,o(H,(M))) > L7P, with probability at least 1 — L™P*9. As a consequence, for any L large
enough, for any (z,y) € A%, |z —y| > L/2,

(X (Hu(A) — E)71XyH <L’ Z 0w, llzll6w,a,5lly (6.22)

J
< [PHae Lt (6.23)

The estimate (2) follows, regardless of the values of p, g, €.

The proofs related to (10) and (11) are similar.

It remains to show (7) = (2). Assume (7) and pick E € I. Set 6 = L~P. By (W), with probability
at least 1 — L™P, we have

(Ho(A) — E)™' = (Hyo(A) — E) '1s\ (5,516 (Hu(M)). (6.24)
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Define the function fps(X) = 6(A — E) '1s\(g_s £+s)(\). Note that |fzs| < 1. It follows that

L _ -
P (3e0) € A% lo = 5 I (Hal0) = B) | 2 1) (6.25)
<L?P+ > P(lxefps(Ho(A)xyl 2 L7077) (6.26)
(z,y)EA?
le—y[=L/2
SLP+LPsup > LUPPME (| fas(Hu(A)xy ) (6.27)
yeA TEA
|z—y[=>L/2
< L7+ L7Fsup > @l —y)) PR (X0 S0 (Ho(A)xyll2) S L77. (6.28)
YA Len
The last observation stated in the theorem follows from the proof above. O
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