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Abstract

Generalisations of classical bending and extension are established for pre-stressed compress-
ible elastic plates. In respect of the analogue of extension, the associated quasi-front is shown
to be either advancing or receding, contrasting with the classical case. For the generalisation
of bending, the long wave limit of the fundamental mode is non-zero; thus, unlike its classical
counterpart, an associated quasi-front can therefore exist and is again noted to be either advanc-
ing or receding. In both cases appropriate leading order and higher order corrected governing
equations are obtained. The ideas are illustrated through investigation of a model problem
involving impact edge loading. For the generalised theory of bending, the leading order govern-
ing equation for the mid-surface deflection is used to establish the classical equation for wave
propagation along an infinite string, with its second order refinement providing a second order
correction. Motion within the vicinity of the thickness shear and thickness stretch resonance
frequencies is also investigated. Special cases, in which either a stretch resonance and shear
resonance frequency are very close, or the speeds of longitudinal and shear waves are very close,

are also discussed.

1 Introduction

Lower dimensional plate theories have helped elucidate qualitative features of static and dynamic
structural response for many years. For the most part, certainly until relatively recently, these
theories were only established within the framework of linear isotropic elasticity. The first attempts
to extend these theories to include the influence of pre-stress were in [1], to which the reader is
referred for some historical background. In [1] generalisations of classical bending and extension
are established for a pre-stressed, incompressible elastic structures. Later, in [2], models for motion
close to the cut-off frequencies were derived within the same constitutive framework. These models,

to help elucidate two-dimensional motion, were later extended to models for three dimensional



motion in incompressible pre-stressed layers, see [3] and [4] and also to problems involving slightly
compressible elastic plates, see [5] and [6]. All of the above studies use the method of long wave
asymptotic integration first developed in [7]. Our intention is to extend such studies and investigate
the compressible pre-stressed problem. Within this context it is far easier to make direct comparison
with the classical theories of bending and extension. Additionally, an interesting case arises in
connection with motion near the shear and stretch resonance frequencies when the speeds of the
shear and longitudinal waves are close. This is a phenomenon not possible within the classical linear
isotropic context without strong convexity being violated, the bulk modulus being negative and
Poisson’s ratio tending to minus infinity in the limit of the speeds being equal.

This paper is organised as follows. In Section 2 the governing equations are reviewed and the
dispersion relation associated with harmonic waves propagating in a layer with zero incremental
traction on its faces is established. In Section 3, this relation is first very briefly investigated
numerically and then long wave approximations are presented. In contrast to the classical linear
isotropic case, the long wave limit of the anti-symmetric fundamental mode, the so-called long wave
low frequency limit, is non-zero. The implication is that an associated quasi-front exists. The long
wave high frequency region is also investigated, this being within the vicinity of the thickness shear
and stretch resonance frequencies.

In Section 4, asymptotic integration is carried out in respect of low frequency long wave motion,
providing theories which are analogous to classical bending and extension. In the anti-symmetric
motion case, the counterpart of classical bending, the leading order equation for the mid-plane
deflection is shown to take the form of the classical wave equation. This second order equation is
refined and an associated fourth order equation established. It is essential to use this higher order
correction within the vicinity of the quasi-front. These ideas are illustrated through the setting up
and solving of a model problem involving impact edge loading. In addition, it is demonstrated that
if the normal pre-stress is zero, and the in-plane pre-stress a pure tension, the leading order equation
then reduces to that of the classical equation for wave propagation along an infinite string. Within
this context, the refined equation for the mid-surface deflection provides a higher order correction
for the classical string equation. Asymptotic integration for symmetric motion is also carried out.

In Section 5, asymptotic integration is carried out for motion within the vicinity of either the
thickness stretch or thickness shear resonance frequencies. In all cases, governing equations are
derived for the long wave amplitudes. In Section 6, the first of two special cases is considered,
namely the case in which one of the shear and one of the stretch resonance frequencies are very
close. Modifications of the asymptotic integration procedure are made, with series expansions for
the displacement components now in powers of the scaled wave number, rather than squares. The
second special case, namely that for which the speeds of shear and longitudinal wave propagation

coincide, is discussed in Section 7.



2 Governing equations and the dispersion relation

In this section we briefly review the appropriate governing equations and establish the dispersion re-
lations; for further details the reader is referred to [8] and [9]. We consider a homogeneous, isotropic,
compressible elastic layer of thickness 2h and infinite lateral extent. The layer possesses an initial
unstressed configuration B, and is subject to a homogeneous static deformation, resulting in the
equilibrium pre-stressed state B.. A small time-dependent motion u = u(x, t) is then superimposed
on B, resulting in the current configuration B;. A Cartesian coordinate system Ox1x2x3, coincident
with the principal axes of deformation in Be, is chosen, with Oz normal to the layer’s upper surface
and origin O located in the mid-plane. The three principal stretches associated with the primary
static deformation B, — B are denoted by Ai, A2 and A3. We utilize a plane-strain assumption,
with us = 0 and u1, us independent of x3. The governing equations of motion may be derived, see

for example [9], in the form

011u1,11 + Y2u1,22 + Bug 12 = peli1, MU2,11 + Q22U 20 + Bui 12 = pelio, (2.1)

within which
aij = Aiijj, i€ {1,2}, m =A212, Y2 = Aai01, B = a1z + 72 — 02, (2.2)

with o;, @ € {1,2} the principal Cauchy stresses in B., p. the material density in B. and A;jx
components of the fourth-order elasticity tensor. A comma and a dot indicate differentiation with
respect to x1, zo and time ¢, respectively. Linearised measures of incremental traction, with outward
unit normals along Oz; and Ozs in B, have components

Ti(1) = Q11U1,1 + Q12U 2 To(1) = (v2 — o2)ur2 + Y1u2,1, (2.3)

Ti(2) = Y2U1,2 + (y2 — 02)”2,1 To(2) = Q12U1,1 + Q22U2 2.
Our initial concern is a layer with incrementally traction-free upper and lower boundaries, indicating
that 7y(2)(£h) = Ta(2)(£h) = 0. Solutions of the equations of motion are sought in the form of the
travelling harmonic wave

(u1,u2) = (A,B)ekq“eik(ml_”t), (2.4)

where k is the wave number, v is the phase speed and ¢ is to be determined.
Substituting the solutions (2.4) into the equations of motion (2.1), a system of linear homogeneous

equations is obtained. This system possesses a non-trivial solution provided
azeq’ + {6% = az(an = %) —v2(n - 09} + (e = 0°) (1 — %) =0, ©° =po?.  (2.5)

Solutions for the displacement components u; and us may be represented as linear combinations

of the four linearly independent functions exp(kq;z2) and exp(—kg;z2), i € {1,2}, where +q1, +¢o



are the four generally distinct and non-zero roots of (2.5). Substituting these solutions into the
traction free boundary conditions, a system of four linear equations is obtainable. This system may
be decomposed into two independent systems of two linear equations, corresponding to so-called
anti-symmetric and symmetric motion. These two systems provide the two dispersion relations,

which are expressible in the forms

@1(C1 — ¢265)tanh(q1n) = g2(C1 — (247 )tanh(gan) (2.6)

and

@1(¢1 — ¢263)tanh(q2n) = g2(C1 — C247)tanh(q1n), (2.7)

respectively, where n = kh and

G = (e — 0%) (& — %), 2 = aga(Es = 0%); (2.8)
with
_ 2 2
Ea:”Yl—M, Eg=arp— 12, (2.9)
V2 Q22

In the case of anti-symmetric motion, u; and uy are expressible in terms of one arbitrary constant

A, yielding
up = {H (g2) sinh(gan) sinh(kqi122) — H(q1) sinh(g1n) sinh(kgax2)} /L (2.10)
us = {F(q1)H(gz2) sinh(gan) cosh(kqix2) — F(g2)H (¢q1) sinh(q1n) cosh(kgaz2)} A,
with the exponential factor e?*(#1—*) incorporated into A and F(q), H(q) defined by
i — T2 — voa? .
F(g)= """ "0 H(g) = BlanigF(q) — a1). (2.11)

Biq ’
In the symmetric case, analogous solutions for u; and us may be obtained by replacing sinh with
cosh and cosh with sinh in (2.10). Finally in this section, necessary and sufficient conditions for

strong ellipticity can be expressed in the form [9]

@i >0, v >0, (a11022)?+ ()2 +8>0, ie{l1,2}. (2.12)

3 Analysis of the dispersion relations

The dispersion relations (2.6) and (2.7) were first derived in [10], with a long wave asymptotic
analysis later carried out in [11]. This section contains only the essential asymptotic results required
in this paper. Our attention is focussed on long wave motion, implying that n — 0. There are two
types of asymptotic approximations needed to describe long wave motion, namely low and high-
frequency. The modes associated with these types of motion are usually referred to as fundamental

modes and harmonics, respectively.
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Figure 1: Dispersion relation for a Blatz-ko material; showing (a) Scaled phase speed and (b) scaled

frequency against wave number, \; = 2.0, Ao = 0.9, A\3 = 0.7, u = 1.0, 09 = 0.02.

For numerical illustrations we make use of either a compressible neo-Hookean or Blatz-Ko mate-

rial. The compressible neo-Hookean material has a strain energy function given by

W =

=

(A2 + A2 + A3 — 2in(M\Ashs)) + g (MAods — 1)2, (3.1)

within which p and k are material parameters. The strain energy function associated with a Blatz-Ko

material is assumed in the form

242 232 242
W= g (AM? J;%\;gi; A5 | oadahg 5) , (3.2)
with p a material constant.

In Figure 1, plots of the scaled phase velocity and scaled frequency against n are presented for a
Blatz-Ko material. Within Figure 1(a) we observe that there are two finite (non-zero) phase speed
limits as n — 0. One of these modes is associated with anti-symmetric motion, the other with
symmetric motion. In the classical isotropic case, the analogues of these two modes are associated
with classical bending (anti-symmetric) and extension (symmetric). However, in the classical case
only the limit of extensional motion is non-zero. This will be shown to have interesting implications.
For the harmonics, we observe that © — oo as 7 — 0. In terms of the scaled frequency, we note
that as n — 0, for the two fundamental modes @ — 0, with all other modes (the harmonics) tending
to finite non-zero cut-off frequencies; some of these relate to thickness shear resonance, others to

thickness stretch.

3.1 Low-frequency motion

Low-frequency motion, associated with the fundamental modes, is characterised by the fact that v
remains finite as n — 0 but may become zero. Accordingly, within the long wave low frequency

regime we may assume that tanh(g,n) ~ ¢,n, n € {1,2}, with ¢1, g2 either both real or complex



conjugates. The anti-symmetric dispersion relation (2.6) may be used to establish the approximation

0’2)2

2= FO L FOR2 400,  where FO —¢g, 5@ - (2-02)" 3_72 & —&),  (33)
2
with its symmetric counterpart given by
2
o2 = FO + F@n? + o(nh), where FO =g, F? = ;a—li(ga —&). (3-4)

3.2 High-frequency motion

For long wave high-frequency motion, i.e. motion within the vicinity of the non-zero cut-off fre-
quencies, v2 ~ O(n~2) as 7 — 0. It may be deduced, from equation (2:5), that both ¢? and ¢3
are negative as n — 0, indicating that ¢ = i¢; and g2 = ¢¢>, where ¢; > 0 and ¢» > 0 are real.
In view of the fact that there is significant overlap between the analysis of the anti-symmetric and
symmetric cases, we only give a detailed discussion in respect of the former. Using equation (2.5),

we obtain expansions for ¢? and 43 in the form

€l

. 02 A —yi(re —axn . 2082+ ai(y2 — ane
@n*=—+ ( Jip om'), @nP=—- ( ) 4 om*), (3.5)
Q22 Q22 (”Yz - 0422) Y2 Y2 (’Y2 - 0422)

where @ = 10 is a scaled frequency and at this stage we assume o # ags. The anti-symmetric dis-
persion relation indicates two possible asymptotic situations: either tan(¢in) ~ O(1) and tan(gan) ~
O(n™2); or tan(gin) ~ O(n?) and tan(gan) ~ O(1). These requirements are known to correspond to
motion in the vicinity of the thickness shear and stretch resonance frequencies, respectively. Further

details may be found in [11].

3.2.1 Thickness shear resonance frequencies.

For motion within the vicinity of the thickness shear resonance frequencies, the appropriate asymp-

totic expansion for the scaled frequency is given by

@ = L) + L5 +oar), (3.6)
where
2 _ 2 _ 2
() -, £ - Erenls—en)  Mosta o) bl g
Y2 — (22 Y2(72 — @22)? A%, tan(xAg,)
and

1
gh_<n_2)7r, n=1,2 ., X:,/al;. (3.8)

3.2.2 The thickness stretch resonance frequencies

For thickness stretch resonance, the analogue of (3.6) takes the form

o =LY + LD+ oMY, (3.9)



where

_ _ ;32 2 _ 2
L0 —pany2 @ Yi(v2 —a22) — 2 2{aa(e 022):"72@12(1} S AT (340)
Y2 — Q22 Y2 (72 — aa2)?Ag; cot(Ag,)

3.2.3 Special cases

Consider now the situation when one of the thickness stretch resonance frequencies is close to one
of the thickness shear resonance frequencies. We denote these appropriate resonance frequencies by
Ay and Ay and therefore suppose that [A; — Ag| < 1. It is now the case that tan(yA%,) — 0 and
tan(A%,) — oo and the asymptotic approximations (3.6) and (3.9) are therefore not applicable. We

can obtain appropriate asymptotic expansions for ¢; and ¢ in the forms

o x

a1 + x& + O(n), G = % + & + O(n), (3.11)

where the O(1) constants & and & are to be determined. Substituting these expansions into (2.6),

and neglecting higher order terms, it is established that

(q22(72 — 02) + y2@12)?

= 3.12
Gz o (2 —r92)2 A1 Ap (312)
with expansions (3.11) and (3.5) then enabling us to conclude that
4 _ 2
(@~ ah}) (@° ppa3) = 0220 L0zl (3.13)

(72 — az2)

The asymptotic approximations (3:6) and (3.9) are also not applicable when the coefficients Egl)
and cﬁ) become very large; this occurring when asg is close to 42. In passing we note from (2.5)
that when ¢ = 0 the two associated body waves have speeds given 92 = awy and 92 = 5. These
are the speeds of the shear and longitudinal waves that can propagate along Ox;. The situation
in which |aga = 92| < 1 therefore occurs when the speeds of these two waves are very close. As
previously mentioned, this situation cannot occur in the classical linear isotropic case. Considering

the limit apy = 72, expansions for ¢? and ¢3 can be derived in the form

. @? @ 2 —yolonr + )
@n*=—=+ 6/217 .2 722(72“ MLV o@®), i=12. (3.14)
2

2y

Appropriate approximations for @2 in the vicinities of the thickness shear and thickness stretch
resonance frequencies are now readily found in forms similar to (3.6) and (3.9). In this case, (3.7)-
(3.10) require some appropriate modifications; with A%, and A% unchanged, but with Egl) = Psn

and cﬁ) = Py, where

3 3
Psh:gs—ga—F’Yl—i, Pt =E4 —Es + 11 — —. (315)
42 472
In the case of symmetric motion, approximations within the vicinities of the thickness shear and

stretch resonance frequencies may be obtained in a similar way; for details see [11].



4 Low frequency asymptotic integration

4.1 Anti-symmetric motion

In order to examine long wave, low frequency, anti-symmetric motion, appropriate non-dimensional

space and time variables &, ¢ and 7 are introduced in the form

w1 =1, wo=In¢, t=I, /gﬁf, Ea #0, (4.1)

where [ is a typical wavelength. We remark that the time scale is that associated with the time
taken for a wave with speed v = /&, to travel the distance [. The relative orders of displacements

may be obtained from (2.10), indicating that
uy ~ nA, Uy ~ A,
motivating introduction of non-dimensional displacement components u; and u3, defined by
uy = Inuj, ug = luy,

with x indicating quantities of the same asymptotic order. The equations of motion (2.1) may now

be re-cast in the form

Youi cc + Busec +n*(on1uf g — Eaui o) =0,

(4.2)
Qa2 e I (V113 g + Buf ¢ — Eatis 1) =0,
with the boundary conditions given by
Youi e+ (2 —o2)uz e =0 at (=1,
he n (4.3)
aggu;g + 772a12u*1‘7g =0 at (==+1.
Solutions of equations (4.2), subject to (4.3), are now sought in the series form
vk 21) (21 m
(ui u3) = Y0 (™ ug™) + O ). (4.4)

Il
=]

Substituting the solutions (4.4) into (4.2)-(4.3) yields a hierarchy of governing equations at various

orders.

4.1.1 Leading order problem

The leading-order governing equations are readily established in the form

U1 + B =0, (4.5)
anull, =0, (4.6)
youl) 4 (2 —op)ull =0 at (==, (4.7)



apull =0 at ¢ ==+l (4.8)
Using equations (4.6) and (4.8), a leading order solution for the normal displacement us is obtainable
in the form uéo) = UQ(O’O)7 where U2(0’0) is a function of £ and 7 only and therefore does not depend

on the thickness variable ¢. Henceforth, a function with a double superscript of the form (k,1) is

associated with a function of £ and 7 only. Finally, at leading order, from (4.5) and (4.7) we obtain

a solution for ugo), given by

— O
u? = UV, UEn) = —(727722)[]2(?50) (&7).

Solutions of the leading order problem are now defined in terms of one function U2(0’0). A governing

equation for UQ(O’O) will be found by considering the next order problem.

4.1.2 Second order problem

The second order problem is given by

12U + BT = —omu e + Eaui),, (4.9)
agzué?zc = —”ylugjg& - Buf& + Eauéf’lT, (4.10)
72“5?2* + (e - Uz)ué?g =0, (4.11)
aggué?g = —ozlgug?g. (4.12)

Using (4.10) it is possible to establish that

0412(72 - 02) U(o,o)

2 2,0 2,2 2,2
ué ) L UQ( )_|_<2U2( )7 where UQ( ) = 209979 2,6€ -

If use is now made of equation (4.12), a governing equation for U2(0"0) is obtained, given by
0,0 0,0
Uy — U = . (4.13)
Finally, utilizing equations (4.9) and (4.11) we arrive at

ui? = UtV + U,

within which

g _ (v2 —02) (€0 — E)ULOD) (2 = 02) ;2,0

273 2,666 Yo 2,6
2,3 (72 - 02) 0,0
U = ez (a1~ &) Uf ger-
V2

Solutions of the second order problem are now defined in terms of UQ(O’O) and U2(2’0). A governing

equation for U2(2’0) can not be derived without resorting to the next order problem.



4.1.3 Third order problem

Our purpose at third order is to derive an equation for U2(2’0), thus completing the second-order

solution. To accomplish this it is only necessary to consider the second equation of motion
aggug}gg = —vluggg - ﬁufgg + Sauglﬂ (4.14)
subject to the boundary condition
Oéggug)lg = —a12uf£) at ¢ =+1. (4.15)
Employing equation (4.14), it is possible to obtain a solution for ugl) in the form
ugl) _ U2(4,0) + C2U2(4,2) + C4Uv2(4,4)7

where

— 1 ai2(y2 — 02) (2,0) (2,0)
U(4,2) _ 5(’72 02) gs _ (c/’a U(Ovo) 4 ({ 12 — f,’a .+ gaU ’ s
2 740422722 ( ) 2,6€€¢ 20099 Vo 2,68 2,77

4) _ (12— o02) 2y 17(0,0)
U7 = 240202 {aB(arr — E4) — a12(v2 = 92)*} Uy deges

with an equation for the higher order correction U2(4’0) only obtainable at even higher order. The

boundary condition (4.15), together with (4.13), may now be used to establish a governing equation
for U2(2’0), yielding
2,0 2,0 0,0
fcgo)(Uz(,gg) - 2(,77)) - -7:52)(]2(,5525 =0. (4.16)

At ¢ = 0 the only non-zero displacement is u3, the mid-plane deflection. We now introduce a

function u[?™ defined as

ulm = gleco = 3O U0 + 0P, (4.17)
=0

allowing equations (4.13) and (4.16) to be combined into a single equation for u?!
2 2
FO @ —ul2)) - FPul, = 0. (4.18)
In terms of the original variables, equation (4.18) takes the form

2,12 2,12 4, [2
éo)a ull Pl (a0l —0. (4.19)

022 o @ Pat

We remark that the asymptotic expansion (3.3) may be obtained by substituting the travelling wave

solution ul? = @e™*@1=vY) into the equation (4.19). This indicates that this governing equation is

consistent with the asymptotic analysis of the anti-symmetric dispersion relation.

10



4.1.4 Analogy with waves on a string

We now consider the scenario when the normal pre-stress o9 is zero and its in-plane counterpart is o1
is a pure tension T'. In this case, using the fact that y2 — 09 = 1 — 01, equation (4.13), expressed in

terms of z; and ¢, takes the form of the classical wave equation for an infinite elastic string, namely

T 9240 9240l
; 922 o =0. (4.20)

In this case, (4.19) may be interpreted as a refined string equation, expressible in the form

T 2u@  §2y@ B2 (T - Es> ol
pe O ot? 3pe oxt

(4.21)

4.1.5 Model problem

The governing equation (4.18) is a singularly perturbed equation, with the fourth order derivative
smoothing the solution associated with the second-order equation (4.13). This phenomenon is known
as a quasi-front. To illustrate this phenomenon, within the framework of the above theory, we
consider a problem of a semi-infinite plate subject to impact edge loading. To construct the boundary
condition for the governing equation we should estimate the relative orders of incremental surface
traction on a plane parallel to the edge, defined in (2.3)1 2. Substituting the leading order solutions

ugo) and ugo)

into (2.3)1,2, we establish that Ty ~ O(n), To) ™ O(1). Using the asymptotically
leading traction, we may construct the boundary condition for the governing equation (4.18) in the
form

T, ) =134y = FOUL. (4.22)

The impact edge loading for our model problem is taken in the form
T0,7)=MH(r), at £=0. (4.23)

In passing we remark that recently a systematic theory for initial value problems in linear isotropic
structures has been established, see [12].

Let us introduce new coordinates, defined by

ff:T_fv gS:T—i_fv (424)

these being the characteristics coordinates associated with (4.13). In the vicinity of the quasi-front,
the traction variation with respect to & is very slow, but fast with respect to {y. We remark
that characteristic coordinates were used to construct self similar solutions for quasi-fronts in [13].
Therefore, after the coordinate transformation (4.24) we need only retain the fourth order derivative

with respect to {; in the governing equation, which after integration with respect to &y is given by

T AFY _,or

og T o

a

0. (4.25)

11



Introducing d as the width of the region of quasi-front smoothing, and comparing orders of terms in

equation (4.25), we deduce that d ~ 1?/3¢/3. Using the variable

}_(0) 1/3
S —2/3¢,—1/3
fi (3f(2)> nE (4.26)
the governing equation for 7' may be expressed in the form of the Airy equation
03T oT
=0. 4.27
o g (4.27)

The appropriate bounded solution of equation (4.27) may now be obtained in the following form

oT

o
op =CHAi-) and TR =Co =Gy / Ai(—#)dz, (4.28)
0

with Ai denoting the Airy function. The constants C; and Cs may be found from the boundary
conditions T(0, —00) = 0 and T(0,00) = M, resulting in the solution

(i) = % + M/O# Ai(—2)dz, (4.29)

or in terms of the variables £ and 7, defined in (4.1); as

(0) 1/3
T =" +M / Ai(— ——(fg()) nP 6T (430)

In Figure 2, plots of the scaled traction T/M against £ are presented for two cases in which .7:52)
is either positive or negative. In the case when f(§2) > 0 the wavefront is receding, with the

(2)

front advancing if F; < 0. We remark that in the classical isotropic case there is no quasi-

front associated with anti-symmetric motion, with that associated with extensional motion always

necessarily receding.

4.2 Symmetric motion

In this section, using methods similar to those for anti-symmetric motion, a model for long-wave

low-frequency symmetric motion is derived. Appropriate scaled variables are given by
x =&, xo = In(, t= l\/ng, Es £ 0, (4.31)
s
with the relative orders of displacements indicating that uq ~ ua/n and motivating the re-scalings
uy = luj, ug = Inus. (4.32)
The governing equations associated with long-wave low-frequency symmetric motion are given by

72”5222) + a11u§2§§_2) — &l 4 pull Y =0,

sU 1,77 2 KIS (4 33)
6“1 J£C ‘|’ 0522'“& CC) +nu ;222_2) - & é?::-_z) =0,
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Ty /M

Ty /M

0.2

(b) | ¢

Figure 2: Quasi-fronts for antisymmetric motion with 7 = 1.5, n = 0.1 for (a) the compressible neo-
Hookean material Ay = 1.7, A2 = 2.0, A\3 = 1.6, u = 1.0,k = 0.1, indicating F > 0; (b) Blatz-Ko
material A\; = 1.2, \o = 1.7, A3 = 0.72, 1 = 1.0, indicating F.? < 0.
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subject to the boundary conditions

72u§22n) + (-0 )uggn D=0 at (=1,

(2

Q12U ¢ ™) —+ oo u(2

) =0 at =+l

4.2.1 Leading order problem

The leading order problem is governed by the following equations and boundary conditions:

0
’72”5)2‘@‘ =0, 0422’(1,2 CC + ﬁul £C T =0,

(0) 0) _

©) _ 0 and Q12U ¢ + QoUy - = 0 at (=+l1.

Y2Uy o =

This problem has solution
ugo) _ Ul(o,o)7 ugo) _ CU2(0’1), Uz(o’l) _ —?U
22

Ul(O,O)

with an equation for not obtainable without resorting to the second order problem.

4.2.2 Second order problem
The second order problem is given by

2 0
72“5721‘ = —ayu’ 55 + &), — Bul) 0

(2 0
Olzgué et 6u1 ) — —”ylué gg + & u2 TT,

You g (’}/2—0'2)’[1,;(2 at (= +1,

algufg + Oégg’ugg 0 at (= =1,
with solution
W =00+ Ul = oY 4 G,

where

U2 _ (72 — 02)a12 uoo. U(2 3) _ 012 <5 e aiz(y2 — )) u©0).
! 202272 1.4 603, V2 hese

(2,1) _ @12 (0,00 Q12 (20)
U," = 203, (55_5‘1)[]1,555 ~ U ,

and a governing equation for Ul(o,o) given by

0,0 0,0
Ul( 55) Ul(,TT) =0.

To complete the second order problem, we need to derive an equation for the function U;

will be done from the third order problem.
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(4.39)
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(4.42)

(4.43)
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4.2.3 Third order problem

The governing equation for UI(Q’O) can be derived using first the equation of motion

4 2
72u§,2< = —auuf’ 55 + Equf’ 37 ~ Bui? £ (4.44)

together with the appropriate boundary condition, namely

voul) = —(p —oa)uf) at ¢ =1, (4.45)

After some similar manipulations to those carried out in the anti-symmetric case, we arrive at the

following equation connecting U(%% and U(©:0)
2,0 2,0) 0,0
]:S(O)(Ul(,gg) Ul( ) — ]:(Q)Ul( gg%g =0, (4.46)
which, on introduction of
ol = uflemo = YU+ O ), (4.47)
1=0

results in an analogue of (4.18), namely

.7:8(0)(1)7[52]5 - 07[3] ) — 2.7-'(2)1)[ ]

Geee = 0. (4.48)

If we now re-cast the above equation in terms of original variables x1 and ¢, it may be expressed as

%0 2] 62 a4v[2]
FO) L _R2FOZ
s o2 o S

(4.49)

The asymptotic expansion (3.4) of the symmetric dispersion relation (2.7) may be obtained from

the equation (4.49), again confirming asymptotic consistency.

5 High-frequency asymptotic integration

We will now consider high-frequency, anti-symmetric motion in the vicinity of the thickness shear
and thickness stretch resonance frequencies. In view of the great similarity between both the anti-
symmetric and symmetric cases, we only consider anti-symmetric motion.

5.1 Shear resonance

Using the approximation (3.4), it is possible to establish that the appropriate relative orders of

displacement components are indicated by
ur ~ A, up ~ A. (5.1)
Thus, non-dimensional displacement components are introduced in the form

uy = luj, ug = Inul, (5.2)
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with appropriate scaled spatial and time variables given by

z=16,  my=In¢, t=In 2 (5.3)
2

We note the different time-scale to that employed in the low frequency case; this is motivated by
the typical wave speed being given by © = /72/n. For motion within the vicinity of the thickness

shear resonance frequencies, we also assume that
Aa 2 2 Aa 2 2 4
Uty + (AG) ur ~nur,  ugrr + (AG,) ug ~ n us. (5.4)
In terms of the new variables, the boundary value problem may be written as
allﬁzuf,gg + 5772U§,¢5 +Youi ¢ + Yo (A%t — Y2 ((A%,)2uf + ui ) =0,

YN us ee + Buace + anaul oo + 2 (A% ) ub — 2 (AL, 2w +us ) =0,
Yous ¢ + (v2 — 02)17211;g =0 at (=41,
12Uy ¢ + 0422’(1,34 =0 at (=41,

with solutions of these equations again sought in the series form (4.4).

5.1.1 Leading order problem

The leading order problem may be expressed as

youl’ 2< +72(A%) %l = 0, (5.5)
e 3 =0 5.6
Q22U ¢ +5U1 72 (Ag,) uy ) (5.6)
72u§02 =0 and Oélgugﬁ)g) + OAQQ’UJé =0 at C :|:1 (57)
the solution of which is given by
i =UVsin(A%,0). ud” = ol cos(xA%,C) + ViV cos(A%,0), (5.8)
where 0o .
(0,0) ﬁUl(é : (0,0) Ul(g )(0412”Yz + a9 (2 — 02)) sin(A%,)
Vol = ——=2m = e i : (5.9)
(a2 — 72)Ash 22(y2 — QQQ)XASh SIH(XAsh)
with an equation for Ul(o,o) obtainable from the next order problem.

5.1.2 Second order problem

The governing equation for Ul(o,o) may be found from the following equation of motion and boundary

conditions
Youge + (M%) 2ut? = an 2 (M%) 2ul” +ul)) — anul) — Bul, (5.10)
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’ygufg + (72 — 02)u é =0 at (=+l1.

To begin, a solution for uf) is readily obtainable and may be written in the form

(2) U(2 0) sin(A%,¢) + U1 sin(xA‘;hC) + V1(2’1)CCOS(AZhC),

where
420 _ U % Blar27s + ana (2 — 0)) sin(AZ,)
! Of22(72 — an)?x?(AY,)?sin(xAg,)
1 _ B2 — ar1(a22 — 72) +0,0)
ven _ ( 2. ((Aa 20700 | 700y 17
1 292A%, n 2 {(A5,) U4 1,77} an2 — 7o 1,¢¢

(2,0)

(5.11)

(5.12)

The governing equation for U; may only be derived from the next order problem; however, an

equation for Ul(o,o) is now obtainable in the form

o 2 (AP0 + U0} — LG U = 0

Equation (5.13) may be re-cast in terms of 1 and ¢, yielding

1
n2"e

277(0,0) 277(0,0)
(0) 77(0,0) e L
LU + pe——r5— pre L 8;10% =0.

5.2 Stretch resonance
The relative orders of displacement components are in this case given by
uy ~ A, Uy ~ A,
the analogues of (5.2), (5.3) and (5.4) then being
uy = nluj, ug = luj,

vo=16  my=InC,  t=In/Lor
Q22

Uy e+ (XAL) ur ~ Py, ug e + (XAL) U2 ~ nus.

5.2.1 Leading order problem

The leading order governing equations take the form

72“1 gg + ﬁuéogg + 72(A?t)2ugo) =0, a2zug 24 + 72 (A5)usy Y=o,

ouly + (2 — o2)ufd =0, azuf) =0 at (==L,

with solution

ul?” = U sin(A%0) +ul™ sin(eA%C),  uf” = v cos(xAL ),
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(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



where
(0,0) _ Buge” 00 _ 055" (1272 + az2(v2 — 02)) cos(xAZ,)
! xA% (22 —72)’ ! Y2(y2 — a22)AY; cos(Ag,)

The leading order solution has been obtained in term of 050,0)7 for which an equation can be obtained

(5.22)

by considering the next order problem.

5.2.2 Second order problem

At second order, our intention is merely to derive an equation for vé ’ ),, accordingly, we need only

consider the equation of motion
2 s 2 — s 0 0 0
azuy e +12(A) s = 0 am (P (ML) +uf)) - nigge < Bulle,  (5.23)

subject to

Oégg’ué?% + algugog =0 at (=1 (5.24)
It is now possible to establish that

u? = o cos(xALC) + V3" cos(A,0) + us” V¢ sin(xAL,Q), (5.25)

where

2,0) _ —vé?gg)ﬁ(alm + a22(72 - 02)) COS(XAZt)

V2( 7 Y2(v2 — a22)3(A%)? cos(AY) ’
W = (e oy + e ) o),
with the governing equation for ’U2 0 taking the form
Q9am 2{)( (A’;t)2 (0,0) + v 2 } E 1)2 55) =0. (5.26)
Equation (5.26) may be expressed in terms of x1 and ¢ as
%dgvgo 9 4 peazgizm — L 82(;’2)0) —0. (5.27)

6 Special case |A] — As| < 1

Consider now the special case for which one of the stretch resonance frequencies is close to one of
the shear resonance frequencies. Previously established results of the asymptotic analysis of the
dispersion relation, together with equations (2.10), enable us to deduce that in this case u; ~ us.

Thus, introducing non-dimensional variables

o =€, xo=Inc, t:ln,/%T (6.1)
2
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and
uy = Inuj, ug = Inus, (6.2)
we note that
Up,rr + Noup ~ nup, p=12 (6.3)
The equations of motion (2.1), subject to traction free boundary conditions, are now expressible as
Youj ¢¢ + Y2 ATul + Brus ec — y2(ui . + Aup) + allﬁzuiﬁ,gg =0,

ooty oo + 23S + Bnu e — 2 (ub o + ASud) + Y10 ud e =0,

(6.4)
72“?( + (12 — 02)77@,5 =0 at (==1,
aggu;C + algnuig =0 at (==£1.
The solution of the above system may be presented in the series form
a m
(uj,ud) Zn ul ,u2) + O+, (6.5)

Substituting (6.5) into the system (6.4), the following hierarchial system of governing equations, and

associated boundary conditions, is obtained

youlh + 1 Adul™ + pud Y — e Y + AR D)+ annu Y =0,

anul; C)C +72A3ud™ + ﬁu(m Yy (' T Yt AZuSm ) ugﬁz Y =0, (6.6)
72U§7C) + (2 — ag)ué"g D=0 at ¢ = =1,
Oéggugz) + algui{ V0 at ¢ =+l1.
6.1 Leading order problem
The leading order problem yields
uge T AR = 0. e+ (o) u” =0,
(6.7)
ugog = ugog =0 at (=41,
with solution
w” = 0" sin(A10),  uwl? = V% cos(yAq0), (6.8)
where the two functions ugo,o) and VQ(O’O) may be found from the next order problem.
6.2 Second order problem
The second order problem is given by
’72u§%2< + 'YQA%’U,% ) = 7277_1(u1 T A2 ) ﬁug}gc (6.9)
(1) A2 1) _ —1 A2 (0) 6.10
Q22U oo + Y2 AUy~ = 727 (U2 I ) Bug ¢ (6.10)
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")/ngg + (y2 — Ug)ué?g =0, Oéggugg + 0112U§?£) =0 at (=+l1. (6.11)

Solving equation (6.9) we arrive at a solution for ugl), given by

Ugl) — uglyo) Sin(AIC) + Ul(LO) SIH(XAQC) + U§111)<COS(A1<), (612)
for which
(1,0) 5/\2‘/2(%0) (1,1) 1 0.0) ©.0)
e oy = gl AR, 6.1
U mAT Ay T Tap e+ AR (6.13)

From equation (6.10) a solution for uél) may be obtained, indicating that

uél) = V2(1,0) cos(xA2() + vél’o) cos(A1Q) + —|—U2(1’1)Csin(xA2<), (6.14)
where ©.0)
Auy;
(170) — 6 L 1,§ U(lxl) — L -1 V(Ovo) AZV(O)O) 6 15
Vg CY22A%—’72A%7 2 2A277 ( 2,77 + 2Y2 ) ( . )

Using the boundary conditions (6.11), a system of two equations for the two unknowns ugo,o) and
VQ(O’O) is obtained. From this system an equation for either ugo,o) or VQ(O’O) may be derived in the

form

—_2/ (0,0 0,0 0,0 {12012A3 + 22 (2 — 02)AT}? (00

7 Special case ay =

Asymptotic models for this case may be obtained after substituting ass = 72 into the previously

derived models for shear and stretch resonances.

7.1 Shear resonance
7.1.1 Leading order

The leading order solutions in this case are given

u? = U sin(A%¢),  ub” = V3" cos(A%,) + US P ¢ sin(A,0),

where ©0.0) ©.0)
v (0.0 _ U (2012 — B) gD _ _ﬁULé
2 272A%, ’ 2 272

(0,0)
1

with an equation for the long wave amplitude U only obtainable from the next order.
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7.1.2 Second order

(2)

The solution for u;"’ is given by

ui® = U sin(A8,) + V>V cos(A%,0) + UL ¢ sin(A%,),

where
1 B2 aiz(y2 — 02) 0,0  _ 0,0) 0,0
V(271) _ ~ (c/"S _ U( V) 2 a 2U( ) U( ,0)
1 2,Y2Aa 4,}/2 + Yo 1,£¢ n ’72{( sh) 1 + l,TT} ’
(0,0)
pen _ UL
! 872 '

An equation for Ul(o,o) may also be found in the form

_ a 0,0 0,0 a
Y27 2{( sh)2U1( ) + U]f,‘r‘r)} ,P 1 ff =0.

7.2 Stretch resonance
7.2.1 Leading order

The solution of the leading order problem is provided by
( U(O 0 sin(A%,¢) + V1 (©. UC cos(A%, (), ( V(O 0 cos(A%,Q),
where

0,0 (0,0)
00 _ Vz(,g )(5 —2(y2 — 02)) VO _ BV
! 272A%, 7 ! 272 '

7.2.2 Second order

In order to find a governing equation for V2(0’0), a solution for u§2) must first be found. This is

readily obtainable and takes the form

uy” = V3% cos(A8,€) + Uy V¢ sin(Ag€) + V5 ¢ cos(A%,0),

where
1 32 aiz(y2 — 02) 0,00 , _ (0,0) (0,0)
e <{_——5a+7 Voe + 0 2 02{(AL)* V" + V. :
2 2’}/2/\‘1 4’72 P 2,6¢ n 72{( st) 2 2,77 }
(0,0)
V@2 _ 52‘/2
2 8’72 ’

with an equation for VQ(O’O) given by
(ALY 4 v50) - PLvye =o.

In the case of symmetric motions, the relative orders of the displacement components are identical

to those for anti-symmetric motion. The same scaled variables can therefore again be utilised. The
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appropriate symmetric long wave high frequency models may be obtained from their anti-symmetric

counterparts by replacing A%, and A%, with A2, and A$,, respectively, where

1
A%, =nm, A%, = <n— ) T
2) x

8 Some concluding remarks

In this paper we have established models for long wave motion in a pre-stressed layer composed of
compressible elastic material. These models relate to both low and high frequency motion. In respect
of low frequency motion the models are a generalisation of the classical theories of plate bending and
plate extension. In the analogue of plate extension, the theory is similar to its classical counterpart,
apart from the fact that, dependent on material parameters and pre-stress, the associated quasi-front
may now be either receding or advancing, the classical quasi-front being necessarily receding. In
the anti-symmetric case, the counterpart of bending, in contrast to the classical case a quasi-front is
shown to exist. This front may again be receding or advancing but must necessarily be of differing
type to the extensional front. Models for high frequency motion are also obtained, these being for
motion within the vicinity of the thickness stretch and thickness shear resonance frequencies. The
paper concludes with discussion of some special cases. The first of these is when one of the thickness
stretch and thickness shear resonance frequencies coincide, or are very close. The second, concerns
the case in which the speed of propagation of the shear and longitudinal waves is the same or very

close. This latter case is not possible within the linear isotropic context.
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