N

N

A recombination algorithm for the decomposition of
multivariate rational functions

Guillaume Cheze

» To cite this version:

Guillaume Cheze. A recombination algorithm for the decomposition of multivariate rational functions.
Mathematics of Computation, 2013, 82, pp.1793-1812. hal-00531601

HAL Id: hal-00531601
https://hal.science/hal-00531601
Submitted on 3 Nov 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00531601
https://hal.archives-ouvertes.fr

A RECOMBINATION ALGORITHM FOR THE
DECOMPOSITION OF MULTIVARIATE RATIONAL FUNCTIONS

GUILLAUME CHEZE

ABSTRACT. In this paper we show how we can compute in a deterministic way
the decomposition of a multivariate rational function with a recombination
strategy. The key point of our recombination strategy is the used of Darboux
polynomials. We study the complexity of this strategy and we show that this
method improves the previous ones. In appendix, we explain how the strategy
proposed recently by J. Berthomieu and G. Lecerf for the sparse factorization
can be used in the decomposition setting. Then we deduce a decomposition
algorithm in the sparse bivariate case and we give its complexity.

INTRODUCTION

The decomposition of univariate polynomials has been Widely studied since 1922,

' FEGROH].

The decomposmon of rational functions has also been studied, - -
- In the multivariate case the situation is the following:

Let f(Xl,..., ) fl(Xla---; )/fQ(Xl,...,X )EK(Xl,..., )bearatio-
nal function, where K is a field and n > 2. It is commonly said to be composite if it
can be written f = u(h) where h(X1y,...,X,) € K(X1,...,X,) and u € K(T) such
that deg(u) > 2 (recall that the degree of a rational function is the maximum of
the degrees of its numerator and denominator after reduction), otherwise f is said
to be non-composite. In this paper, we give an algorithm which computes a non-
composite rational function h € K(X1,...,X,) and a rational function v € K(T')
such that f = u(h).

In , the author shows that we can reduce the decomposition problem to a
factorization problem and gives a probabilistic and a deterministic algorithm. The
probabilistic algorithm is nearly optimal: it performs O(d™) arithmetic operations.
The deterministic one computes O(d?) absolute factorizations and then performs
O(d"+++2) arithmetic operations, where d is the degree of f and w is the feasible
matriz multiplication exponent as defined in [, Chapter 12]. We recall that
2 <w<2376. As in [, we suppose in this work that d tends to infinity and
n is fixed. We use the classical O and O (“soft ©”) notation in the neighborhood
of infinity as defined in [, Chapter 25.7]. Informally speaking, “soft O”s are
used for readability in order to hide logarithmic factors in complexity estimates.
In this paper we improve the complexity of the deterministic algorithm. With
this algorithm we just compute two factorizations in K[X7,..., X,] and then we
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2 G. CHEZE

use a recombination strategy. Under some hypotheses this new method performs
O(d™*t%~1) arithmetic operations.

The decomposition of multivariate rational functions appears when we study the

kernel of a derivation, see [MOO04]. In [MOO04] the author uses Darboux polynomials
and gives an algorithm which works with @(d“’") arithmetic operations.
In this paper, we are also going to use Darboux polynomials (see Section EI for a
definition) and we add a recombination strategy. Roughly speaking, we are going
to factorize the numerator and the denominator and then thanks to a property of
Darboux polynomials we are going to show that we can recombine the factors and
deduce the decomposition.

The decomposition of multivariate rational functions also appears when we study
intermediate fields of an unirational field and the extended Liiroth’s Theorem, see
, , and when we study the spectrum of a rational function, see
and the references therein.

The study of decomposition is an active area of research: for a study on mul-
tivariate polynomial systems see e.g. [, , for a study on symbolic
polynomials see e.g. [Wat0], for a study on Laurent polynomials see e.g. [,
for effective results on the reduction modulo a prime number of a non-composite
polynomial or a rational function see e.g. [[CN1({, BDN0Y, [BCN|], for combinatorial
results see e.g. [Gat0q)].

In this paper, we improve the strategy proposed in [MOO04]. As in [MOO04], we
consider fields with characteristic zero. Furthermore, as we want to give precise
complexity estimate we are going to suppose that:

Hypothesis (C):
K is a number field: K = Q[a], « is an algebraic number of degree r.

As in [Chel()], we are going to suppose that the following hypothesis is satisfied:

Hypothesis (H):
(i) deg(f1 + Afe) = degx, (fi1 + Afz2), where A is a new variable,
(i7) R(A) = Resx, (f1 (0, Xn) + Af2(0, Xn), Ox, f1(0, Xn) + Adx,, f2(0, X,,)) # 0 in K[A].

where degy f represents the partial degree of f in the variable X,,, deg f is the
total degree of f and Resx, denotes the resultant relatively to the variable X,.

This hypothesis is necessary, because we will use the factorization algorithms
proposed in [[Lec07], where this kind of hypothesis is needed. Actually, in [Lec07
the author studies the factorization of a polynomial F' and uses hypothesis (L),
where (L) is the following:

Hypothesis (L):
(i)degy, F = degF, and F' is monic in X,
(i) Resx, (F(0, Xu), 2E-(0, Xn)) £ 0.

If F is squarefree, then hypothesis (L) is not restrictive since it can be assured by
means of a generic linear change of variables, but we will not discuss this question
here (for a complete treatment in the bivariate case, see [CLO7, Proposition 1]).
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Roughly speaking, our hypothesis (H) is the hypothesis (L) applied to the poly-
nomial f1 + Afs. In (H,i) we do not assume that f1 + Afs is monic in X,,. Indeed,
the leading coefficient relatively to X, can be written: a + Ab, with a,b € K. In
our algorithm, we evaluate A to A such that a + Ab # 0. Then we can consider
the monic part of fi + A\fy and we get a polynomial satisfying (L,i). Then (H,)
is sufficient in our situation. Furthermore, in this paper, we assume f1/f2 to be
reduced, i.e. fi and fo are coprime. We recall in Lemmaﬂ that in this situation
f1 + Afs is squarefree. Thus hypothesis (H) is not restrictive.

Furthermore, hypothesis (H) will also be useful in a preprocessing step, see Sec-
tion E In this preprocessing step we reduce the decomposition to two factorizations
of squarefree polynomials.

Complexity model. In this paper the complexity estimates charge a constant
cost for each arithmetic operation (+, —, X, +) and the equality test. All the
constants in the base fields are thought to be freely at our disposal.

In this paper we suppose that the number of variables n is fired and that the
degree d tends to infinity.

Polynomials are represented by dense vectors of their coefficients in the usual
monomial basis. For each integer d, we assume that we are given a computation
tree that computes the product of two univariate polynomials of degree at most
d with at most O(d) operations, independently of the base ring, see [, The-
orem 8.23]. Then with a Kronecker substitution we can compute the product of
two multivariate polynomials with degree d with n variables with @(d") arithmetic
operations. We also recall, see [, Corollary 11.8], that if K is an algebraic
extension of @ of degree r then each field operation in K takes O(r) arithmetic
operations in Q.

We use the constant w to denote a feasible matriz multiplication exponent as defined
in , Chapter 12]: two n X n matrices over K can be multiplied with O(n*)
field operations. As in [BP94] we require that 2 < w < 2.376. We recall that the
computation of a solution basis of a linear system with m equations and d < m un-
knowns over K takes O(md“~!) operations in K [BP94] Chapter 2] (see also [Sto00],
Theorem 2.10]).

In [Lec06], the author gives a deterministic algorithm for the multivariate ra-
tional factorization. The rational factorization of a polynomial f is the factorization
in K[X], where K is the coefficient field of f. This algorithm uses one factorization
of a univariate polynomial of degree d and O(d"+*~1) arithmetic operations, where
d is the total degree of the polynomial and n > 2 is the number of variables.

Main Theorem. The following theorem gives the complexity result of our algo-
rithm.

Theorem 1. Let f be a multivariate rational function in Qa)(X1,...,X,) of
degree d, where « is an algebraic number of degree r. Under hypotheses (C) and (H),
we can compute in a deterministic way the decomposition of f with @(Td"Jr‘*’*l)
arithmetic operations over Q plus two factorizations of univariate polynomials of
degree d with coefficients in Q[a].

Comparison with other algorithms. There already exist several algorithms for
the decomposition of rational functions. They all use the same global strategy: first
compute h, and then deduce u. The first step is the difficult part of the problem.
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In [, we explain how we can perform the second step, i.e. compute u from h
and f, with @(d") arithmetics operations.

In [], the authors provide two algorithms to decompose a multivariate ratio-
nal function. These algorithms run in exponential time in the worst case. In the first
one we have to factorize polynomials with 2n variables f1(X)f2(Y) — f1(Y) f2(X)
and to look for factors of the following kind hi(X)h2(Y) — h1(Y)ha(X). The au-
thors say that in the worst case the number of candidates to be tested is exponential
in d = deg(f1/f2). Indeed, the authors test all the possible factors.

In the second algorithm, for each pair of factors (hi, he) of f1 and fo (i.e. hy di-
vides f1 and hg divides f2), we have to test if there exists u € K(T') such that
fi1/f2 = u(h1/ha). Thus in the worst case we also have an exponential number of
candidates to be tested.

To the author’s knowledge, the first polynomial time algorithm is due to J. Moulin-
Ollagnier, see [MO04] . This algorithm relies on the study of the kernel of the
following derivation: &, (F) = w A dF, where F € K[X] and w = fodf1 — fidf2. In
IMOO04] the author shows that we can reduce the decomposition of a rational func-
tion to linear algebra. The bottleneck of this algorithm is the computation of the
kernel of a matrix. The size of this matrix is O(d"™) x O(d"™), then the complexity
of this deterministic algorithm belongs to O(d"*).

The reduction of the decomposition problem to a factorization problem is clas-
sical, see e.g. [K1199, [Gie’q, [EW9, [GRS0]]. In [Chel(] the author shows that
if we choose a probabilistic approach then two factorizations in K[X7, ..., X,] are
sufficient to get h and furthermore we do not have a recombination problem. This
gives a nearly optimal algorithm. For the deterministic approach the author uses a
property on the pencil f; — Afz and shows that with O(d?) absolute factorization
(i.e. factorization in the algebraic closure of K) we can get h. This deterministic

strategy works with O(d"t*+2) arithmetic operations.

In this paper, we are going to show that we can obtain a deterministic algorithm
with just two factorizations in K[X7,...,X,] and a recombination strategy. Our
algorithm uses at most @(d”+w—1) arithmetic operations. This cost corresponds to
the cost of the factorization and the recombination step.

Our recombination problem comes from this factorization:

If fl/fg = ul/u2(h1/h2) then
fi—=Afa=e(h1 —tihg)--- (h1 — tiho)

where A\ e € K, k = deg(u;/uz2) and t; are the roots of the univariate polynomial
w1 (T) — Mug(T), see Lemma [L0].

Thus with the factors hy —t1he and hy —tahs we can deduce h. Unfortunately these
factors are not necessarily in K[X7, ..., X,] and are not necessarily irreducible. In
this paper we show how we can reduce the problem to a factorization problem in
K[X7,...,X,] and how we can recombine the irreducible factors of f; —Af2 to get h.

We can see our recombination scheme as a logarithmic derivative method. Roughly
speaking, the logarithmic derivative method works as follow:
If F(X,Y) = [[;_, F;(X,Y), where F;(X,Y) € A and A D K[X,Y] (for example
A =KJ[[X]][Y]), then we can write the irreducible factors F;(X,Y) € K[X,Y] of F
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in the following way: F; = Hz.:l F;"7, where e; ; € {0,1}. Thus we just have to
compute the exponents ¢; ; to deduce F;. We compute these exponents thanks to
this relation:

t
Ox F; _ Z i Ox F; -
F; — Fj
j=1

With this relation the exponents e; ; are now coeflicients, and we can compute them
with linear algebra.

This strategy has already been used by several authors in order to factorize poly-
nomials see e.g. [BHKS09, BLST04, Lec0d, [CLO7, Weil(]. Here, we use this kind
of technique for the decomposition problem. With this strategy the recombination
part of our algorithm corresponds to the computation of the kernel of a O(d™)x O(d)
matrix.

In our context, we do not use exactly a logarithmic derivative. We use a more
general derivation, but we use the same idea: if a mathematical object transforms
a product into a sum then the recombination problem becomes a linear algebra
problem. In this paper this mathematical object is the cofactor, see Proposition .

Structure of this paper. In Section 1, we recall some results about the Jacobian
derivative and Darboux polynomials. In Section 2, we describe a reduction step
which eases the recombination strategy. In other words we explain how we can
reduce the decomposition problem to a factorization problem. In Section 3, we
explain how we can get h with a recombination strategy. In Section @, we describe
our algorithm with two examples. In Section E we conclude this paper with a
remark on Darboux method and the logarithmic derivative method. In appendix,
we explain how the strategy proposed recently by J. Berthomieu and G. Lecerf in
|EL1 | for the sparse factorization can be used in the decomposition setting. Then
we deduce a decomposition algorithm in the sparse bivariate case and we give its
complexity.

Notations. All the rational functions are supposed to be reduced.

Given a polynomial f, deg(f) denotes its total degree.

Given a rational function f = f1/fa2, deg(f) denotes max (deg(fl), deg(fg)).

For the sake of simplicity, sometimes we write K[X] instead of K[X7,...,X,], for
n > 2.

wo h means u(h).

Res(A, B) denotes the resultant of two univariate polynomials A and B.

|S] is the cardinal of the set S.

1. DERIVATION AND DARBOUX POLYNOMIALS

We introduce the main tool of our algorithm.

Definition 2. A K-derivation D of the polynomial ring K[ X1, ..., X,] is a K-linear
map from K[X7, ..., X,] to itself that satisfies the Leibniz rule for the product

D(f.g) = D(f).g + f.D(g).

A K-derivation has a unique extension to K(X1,...,X,) and then we will also
denote by D the extended derivation.
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Definition 3. Given a rational function f1/fo, the Jacobian derivative associated
to f1/f2 is the following vector derivation, i.e. an (n — 1)-tuple of derivations:

Dy KX, Xa] — (KX, ,Xn])nil
Ox, (f1/f2)0x, F — 0x,(f1/ f2)0x, F
F — f3 :
Ox, (f1/f2)0x, F — 0x, (f1/f2)0x, F
The Jacobian derivative has the following property:

Proposition 4. Given f = f1/f2 and g € K(X1,...,X,) \ K the following propo-
sittons are equivalent:

(1) The rank of the Jacobian matric

or .. 9
Jac(f,g) = | %y Ot
ax; T ox,

s equal to one;

(2) Dfl/fz(g) =0;

(3) there exists h in K(X1,...,X,) such that f = w(h) and g = v(h) for
u,v € K(T).

Proof. See [P1I07] for a proof. In [PI07], K is supposed to be algebraically closed.
However, we can remove this hypothesis because we have the equivalence: f is
composite over K if and only if f is composite over K, see e.g. [, Theorem
13]. 0

Definition 5. Given D a vector derivation i.e. an m-tuple of derivations, a polyno-
mial F' € K[X] is said to be a Darboux polynomial of D if there exists G € (K[X])m
such that D(F) = F.G. G is called the cofactor of F' for the derivation D.

We deduce easily the following classical propositions.
Proposition 6. f1 and fa are Darbouz polynomials of Dy, ;y, .

Proposition 7. Dy, /s, (hi/h2) = 0 if and only if hy and ho are Darboux polyno-
mials with the same cofactor.

The following proposition is the main tool of our algorithm. Indeed, this propo-
sition shows that cofactors transform a product into a sum. Then thanks to the
cofactors it will be possible to apply a kind of logarithmic derivative recombination
scheme.

Proposition 8. Let F € K[X1,...,X,] be a polynomial and let F = F{*--- F¢r
be its irreducible factorization in K[X1,...,X,]. Then:

F is a Darboux polynomial with cofactor Gr if and only if all the F; are Darbouz
polynomials with cofactor Gg,. Furthermore, Gr = e1Gp, + -+ + €,GF,..

Proof. See for example Lemma 8.3 page 216 in [[D SB O
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2. REDUCTION TO A RATIONAL FACTORIZATION PROBLEM

In this section, we recall how the decomposition problem can be reduced to a
factorization problem. Furthermore, we show that we can reduce our problem to a
situation where f; and f> are squarefree. First, we recall some useful lemmas.

Lemma 9. If f1/f2 is reduced in K(X1,...,X,), wheren > 1 and A is a variable,
then f1 + Afs is squarefree.

Lemma 10. Let h = hy/hy be a rational function in K(X), u = ui/us a rational
function in K(T') and set f = woh with f = f1/f2 € K(X). For all A € K such
that deg(uy — Aug) = degu, we have

fi—Afa=e(h1 —tihg)--- (h1 — tiho)

where e € K, k = degu and t; are the roots of the univariate polynomial uq(T) —

)\UQ (T)
Proof. See , Lemma 8, Lemma 39]. O

Remark 11. If A = f1(a)/f2(a), where a = (a1, ...,a,) € K", then we can suppose
that t; € K. Indeed, t; = h1(a)/ha(a) € K.

The following lemma says that we can always suppose that degu; = degus =
deg u.

Lemma 12. Let h = hy/hs be a rational function in K(X), u = uj/us a rational
function in K(T') and set f = wo h with f = fi1/fo € K(X). There exists an
homography H(T') = (aT +b)/(aT + B8) € K(T') such that:

wo H = 1 /us, degtiy = degtiz, and f = ? oh, where h = H Yo h and H™' is

U2
the inverse of H for the composition.

Proof. If deguy = degus then we set H(T) =T.
If degug > degu; then we have:

deg u1 .
“ (H(T)) _ Hi:gi (aT +b—N(aT + ﬂ)) .(aT + ﬁ)deg ug—degul,

Ug H?iglw (aT +b— pi(aT + ﬂ))
where u1(A;) = 0 and wua(p;) = 0.
We set:
deg u1
i (T) = (af +g)te==deen T (aT +b— Xi(aT + B))
i=1
= wi(H(T)).(aT + p)*&"** € K[T
deg usz
a(T) = ][] (aT+b—wi(aT +B))

i=1
= uz(H(D)).(aT + B)*&"> € K[T7].
Ifa— Nia#0, a#0, and a — p;a # 0 then we get degu; = degus = deg ts.

To conclude the proof we just have to remark that deg H = 1, thus H is invertible
for the composition. O
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In order to ease the recombination scheme we reduce our problem to a situation
where the rational function is squarefree, i.e. the numerator and the denominator
are squarefree. The following algorithm shows that if f; or fo are not squarefree
then we can compute an homography U(T) € K(T') such that U(f1/f2) is square-
free. Furthermore, if we know a decomposition U(f1/f2) = u(h) then we can easily
deduce a decomposition fi/fo = U~} (u(h)) We recall that U is invertible for the
composition because deg U = 1. Now, we describe an algorithm which computes a
good homography.

Good homography
Input: f = f1/f2 € K(Xy,...,X,) of degree d, such that (C) and (H) are satisfied
and a finite subset S of K" such that |S| = 2d? + 2d.
Output: U(T) = (T—)\,)/(T—Xp) such that U(f) is squarefree, A, = f1/f2(a), \p =
f1/f2(b) where a,b € K", Ay # Ay, and degy, (f1 — Aaf2) = degy, (f1 — Ao f2) = d.

(1) Compute fl(Xn) = fl(Qv Xn)a and f2(Xn) = fQ(Qv Xn)
(2) Construct an empty list L.
(3) For i from 1 to 2d? + 2d do:
(a) Compute F =, ()/Fali)r
(b) If f & L then L := concatenate(L, [f]).
(4) Construct an empty list L.
(5) For k from 1 to 2d + 2 do:

(a) Compute R := Resx,, (?1 (X,)—LIk|f2(Xn), 0x, f1 (Xn)—L[k]aXn,72(Xn))-

(b) If R # 0 and degy (f,—L[k]f;) = d, then £ := concatenate(L, [L[k]]).
(6) g == L[1], Xy := L[2].
(7) Return U(T') = (T — Xa) /(T — o).

Proposition 13. The algorithm Good homography is correct.

Proof. In Step B we construct a list with at least 2d + 2 distinct elements because
deg(f) = d.

By hypothesis (H), R(A) # 0 and by [GG03, Theorem 6.22], deg(R) < 2d— 1. Thus
L contains at least two distincts elements.

As R(\,) and R()\) are not equal to zero, and thanks to Step pH the condition on
the degree is satisfied, we deduce that f; — A\, fo and f; — Ay fo are squarefree. [

Proposition 14. The algorithm Good homography can be performed with at most

O(d™) arithmetic operations over K.

Proof. Step [l can be done with O(d") arithmetic operations with Horner’s method.
In Step E we use a fast multipoint evaluation strategy, then we can perform this
step with at most O(d?) arithmetic operations, see , Corollary 10.8].

In Step ﬂ, the computation of the resultant can be done with O(d) arithmetic
operations, see [[GG03, Corollary 11.16]. Thus Step | can be done with O(d?)
arithmetic operations.

In conclusion the algorithm can be performed with the desired complexity. (]

Remark 15. Suppose f1/fa = vi/va2(h). With the algorithm Good homography we
can write U(f1/f2) = u1/u2(h) with uy/us € K(T), h € K(Xq,...,Xn), and uy
(resp. usg) has a root oy (resp. az) in K. Indeed, we have uy = v1 — A vz (resp.



RECOMBINATION FOR DECOMPOSITION 9

us = v1 — Npu2) and A, = f1/f2(a) (resp. Xy = f1/f2(b)) then we deduce that
a1 = hi/ha(a) (resp. as = hy/ha(b)).

3. THE RECOMBINATION METHOD

In this section we describe our recombination method. First, we introduce some
notations. By Proposition E, Fy and Fy are Darboux polynomials of Dp, /p,.We
denote by

2 n
the cofactor of Fy, where k = 1,2, and g}fz e K[Xy,...,X,]. We set:

Sk
F, = H Frj
j=1

for k=1,2, and
2 n
ng’j = (gé‘k),j’ cee ’g;—‘k?J)
In Q[¢][X7, ..., X,] polynomials are denoted in the following way:

r—1
P= Z Zagﬁanlﬁ ~- X e Qo[ X, ..., X0,

|r|<d e=0
where « is an algebraic number of degree r, 7 = (71,...,7a), |7| = 71 + -+ + T,
and a.r € Q. We set
coef(P, ofXT) = Qe r.
Now we define the linear system S:

S1 52
S:= Zm’jcoef(ggﬂj,aﬁXT) - legdcoef(gg;j,ae)(f) =0,
j=

j=1
where |7] <d,0<e<r—1,and 2<[ <n.
We denote by ker S the kernel of this linear system, and we remark that

S1 52
xr = (1‘111, .. .,1‘2152) ckerS <— lengFl,j — Zz21ng2,j =0.
Jj=1

j=1
We define the following maps:

m oKt Ko

(X115 %25) > (T11,...,T1,6,)
AN CRUJ &

(X115, T2,55) > (T271,-..,%2,s,)

The following proposition will be the key of our algorithm:

Proposition 16. Suppose that Fy/F> € K(X1,...,X,) comes from the algorithm
Good Homography and Fy/F> = u(h) where h = hy/hy € K(X1,...,X,) is a non-
composite reduced rational function and v = uy/ue € K(T') is a reduced rational
function, with degu; = degus.

We denote by uy, = H:’;l ug,; the factorization of uy in K[T|, where k =1, 2.

We denote by Fy, = Hj’;l Fy ; the factorization of Fy in K[X1,...,X,], where
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k=1, 2.
Then:
h
(1) u;m( 1) hdeguk ‘ H Fek e K[Xy,. .., X,] and €k,i,j € {0,1}.
ha
Furthermore, if we set e;m = (€kyiy---sChisy), then
the vectors ey ;, 1 =1,...,t;, are orthogonal for the usal scalar product.

(2) We have ey ; € mp(kerS).
(3) {er1,---s€rt,} is a basis of mi(ker S).

Proof. (1) By Lemma [l applied to Fi/Fy (resp. Fp/F1) with A =0, we get
123
Fi = Ulc(hl/hz).hgegu’C = Huk,i(hl/hQ)_hgeguk,i-

Then we deduce
Sk
up,i(h /ha) by = T B in K[Xq, ..., X,]
j=1
with ey ; ; € {0, 1} because F}, are squarefree. Furthermore, the vectors ey, ;
are orthogonal for the usual scalar product because Fj are squarefree.
(2) We show this item for k = 1, the case k = 2 can be proved in a similar way.
As Fy/F» comes from the algorithm Good Homography and as explained in
Remark @ we can suppose that:

up1(T) = (T — ag), with ag, € K.

The previous item allows us to write:

s1 Fel iy J h degus e
> )t S1 1,4,5
Ul <h1> - (HFI L.g )( 2) _ Hj:l iy

u;ielguu ho HS2 2t degui,; L degui i HSZ e degui,;
J=1"2, \'2 J=1"2,j

U1,i hl .
m (h_g)’ we get then:
2 1

1 Fel_,i,j
DFl/F2 sH e degu =0.
H 2 F 2,1,5 1,4

Now, we recall that Fy ; are Darboux polynomials, see Proposition ﬂ and
Proposition E Then by Proposition , we deduce

S1 S2
Z elvingFlyj - deg(ul’i) Z 62’1’ng2’j =0
=1

j=1

By Proposition E applied to

It follows (e1,4,1,- - -, €148, deg(u14).€2,1,1, - ..,deg(u1,;).€2,1,5,) € ker S. Thus,
e1,; € my(ker S).

(3) The vectors eg1,..., €k, are linearly independant because they are or-
thogonal. We just have to prove that these vectors generate i (ker S).
Suppose that p = (p1, ..., Ps;+s,) € ker S. First, we clear the denominators
and we suppose that p € Z*17%2 instead of Q%1 752,

In a first time we explain the strategy of the proof for this item, and in a
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second time we will detail the proof.
We set v
A L Y
Fa Hj‘; F;;l 7
where Fi, Fs € K[X] and F;/F> is a reduced rational function.

Our goal is to get this kind of equality:

51 Pj H2 [I Hk ek ek
& A IGL ARG e Hawen (=115,
? ]: - 5_2 Fps.1+j - 2 k i mukyv7
2 HJ:l 2, | P H(i,k)e[de,, (Hj:l erkj ]) '

where m,,,, € N, I = {(1,1),...,(t1,1),(1,2),...,(t2,2)}, Tnum C I,
Iden C I and Inummlden = (Z)

By the unicity of the factorization in irreducible factors we deduce:

Uyt (p) = E My, ;€14 — E My, ;€1,65

(i71)elnum (ial)eldcn
7T2(p) = E My ;€24 — E Moy ;€24
(4,2) Elnum (3,2)ELqen

We get: {ek.1,-..,e¢kt, | generates mi(kerS), and this is the desired re-
sult.

Now we detail the proof with four steps:
(a) We remark:

Frow
o us

(h) =

108" (ha — puaiho)
T10% " (h1 — pa,iho)

where i ; are roots of uy.

(b) We have:

dy .
F 1 (hy — \jhg)™
1= HJ*l( ' ih2) by, with k € Z,m; € N.

- di+d )
F2o TI55000 (e = Ajho)™

Indeed, as p € ker S, we have

S1 S2
ijgFl,j - Zp51+ng2,j =0.
J=1 Jj=1

Thus JT°2, F*. and J]°%2, F7*'*7 are Darboux polynomials with the
j=1"1, j=1"2 poly

same cofactor. By Proposition E, we deduce:
ITL, Fr)
DFl/Fz ( S2J Fﬂsijﬂ‘ = 0.
[[Z B2

Then Dy, /g, (F1/F2) = 0 and thus F1/Fs = vi/v2(h) by Proposition
We denote by A; the roots of v; and vy and we get the desired
result.
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(c) We claim:

2 degug ; Mup ;
Fi | H(i,k)e[num (“k,i(hl/hﬂhz & )
el —, where my, ; € N.

- deguy ; ’muk’la
73 Hi:l H(i,k)e[dcn (Uk,i(hl/hﬂhzeg " )

Indeed, we have: for all j there exists 0(j) such that \; = ps(;).

(To prove this remark we suppose the converse: There exists jo such
that \j, # pri, for k=1,2and i =1,...,degu.

By definition of Fj and by step @, there exists (k1, j1) such that Fy, ;,
and h1 — Aj, he have a common factor in C[X]. We call P this common
factor.

By step @, there exists (k2,i2) such that P is a factor of hy — ik, i, ho.
Thus h1 — Aj he and hi — g, i, he have a common factor. As Aj, #
Mko i, We deduce that P divides h; and hy. This is absurd because
h1/hs is reduced.)

Thus £ = 0, and for all j there exists k(j) € {1,2} and such that
ug(j)(Aj) = 0.

As v1,v2 € K[T], by conjugation, we deduce that if A; and A;; are
roots of the same irreducible polynomial uy; € K[T] then m; = m;.
We denote by my,, , this common value.

This gives the claimed equality with Iyym N Iqen = 0, because F1/Fa

is reduced.
(d) Now we can prove equality (£).
2 deg ur ; Muy
Fi Hk:l H(i,k)elnum (“k,i(hl/h2)h2eg " )
x = . e by step B,
2 Hk:l H(i,k)efdm (Uk,i(hl/}w)hz ' )

2 ko perii Mg,
Hk:ln(i,k)elnum Hj:l k.j

= oy by the first item.

2 k Fek’i’j Yk,
Hk:l H(i,k)eldcn Hj:1 k.3

This gives the desired equality ().

Now we describe our recombination algorithm:

Recombination for Decomposition
Input: f = fi/f2 € K(X1,...,Xpn), such that (C) and (H) are satisfied.
Output: A decomposition of f if it exists, with f = uoh, u = u; /us with degu > 2,
and h = hy/hs non-composite.

(1) Compute F = Fy/F, := U(f) with the algorithm Good homography.
(2) For k=1, 2, factorize F}, = [[;%, Fk,; in K[X] with F; irreducible.
(3) For each Fy ; compute the corresponding cofactor Gr, , := Dp, /g, (F,i)/ Fr.i-
(4) Build the system S and compute the basis in reduced row echelon form B;

of my(ker S) and Bz of ma(ker S).
(5) For k=1, 2, find vy, = (vk.1,-..,Vks,) € Bx such that:

o vk deg Fi; = mingep, »oor, w; deg Fi i, where w := (wq, ..., ws,).

(6) For k=1, 2, compute Hy, := []%, F]:kzl
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(7) Set H := Hl/HQ.
(8) Compute u such that u(H) = f.
(9) Return H, and u.

Proposition 17. The algorithm Recombination for Decomposition is correct.

Proof. Consider Fy/Fy :=U(f). As we want to decompose f1/fa, we just have to

decompose Fi/Fs, because deg U = 1 and then U is invertible.

As Fy /F5 comes from the algorithm Good Homography we can suppose, see Remark

B, that uk1(T) = (T — o) with o € K, and k = 1,2. Furthermore, by Lemma
we can also suppose that degu; = degus.

Then by Proposition E, the basis By, of m(ker S) are {eg1,..., €k, }-

The vector ey ; gives the polynomial Hy ; = H;’;l F,:"JJ = ukyi(h)hgeg i

Furthermore deg Hy ; = Zj’;l €k,i,; deg Fy ; = deg uy ; deg h. Thus in Step ﬂ

Sk

min Z w; deg Fy, ; = degh,

weB
k=1

because this minimum is reached with ey ; € By. Hence vy in Step E gives Hy =
Uk, i(k) (h)hgeguk’i(k) with deg Uk, i(k) = 1.
It follows H = (hy —aha)/(h1 — Bhz) with a, 8 € K. Thus H = v(h) with degv = 1,
then the algorithm is correct.

O

Proposition 18. The algorithm Recombination for Decomposition can be performed
with O(rd™ =) arithmetic operations over Q and two factorizations of univariate
polynomials of degree d with coefficients in K.

We recall that in our complexity analysis the number of variables is fixed and
the degree d tends to infinity.

Proof. Step [l uses @(d") arithmetic operations over K by Proposition @, thus it
uses O(rd™) arithmetic operations over Q.

Step E uses O(d"T“~1) arithmetic operations over K because we can use Lecerf’s
algorithm, see . Thus we use @(rd"+“_1) arithmetic operations over Q and
two factorizations of univariate polynomials of degree d with coefficients in K.

In Step E, we compute Dp, /g, (Fg,i), thus we perform 2(n — 1) multiplications of
multivariate polynomials. We can do this with a fast multiplication technique,
and then this computation costs @(nrd") arithmetic operations over Q. Then we
divide Dp, /g, (Fk,i) by Fk,i. We have to perform n — 1 exact divisions, thus with a
Kronecker subsitution we reduce this problem to n — 1 univariate divisions, and the
cost of one such division belongs then to @(rd"). As 51 and s are smaller than d,
Step [ costs O(nrd™*1) arithmetic operations over Q.

Step [ needs O(nrd™d*—') arithmetic operations over Q with Storjohann’s method,
see [Bto0d, Theorem 2.10]. Indeed, S has O((n — 1)rd") equations and s; + s2
unknowns, thus at most 2d unknowns.

Step E has a negligeable cost because dimg 7y (ker ) = ¢, is smaller than d and s,
is also smaller than d.

In Step ﬂ, we use a fast multiplication technique and we compute Hj, with O(rd™)
arithmetic operations over Q.

Step § can be done with O(rd") arithmetic operations over Q, see [Chel(].
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Thus the global cost of the algorithm belongs to @(rd"Jr“’_l) arithmetic operations
over Q. O

4. EXAMPLES

In this section we show the behavior of the algorithm Recombination for Decom-
position with two examples. We consider bivariate rational functions with rational
coefficients. Thus hypothesis (C) is satisfied.

4.1. f is non-composite. We set:

(I+X+Y)(X+Y) =X+ X+ XY’ +Y +YX +Y?,
- =X-1) (Y -2X+1)=-X>4+3XY?4+2Y +2YX —Y?+1

fi
f2

We have deg(f1 + Afz) =degy (f1 + Af2) =3, and
Resy ( FL0,Y)HAF2(0,Y), By f1(0,Y)+Ady f2(0, Y)) — 4 24A-92 A2 64 A3+8 A",

Thus hypothesis (H) is satisfied.
The algorithm Good homography gives:

)\a = fl(Ovo)/fQ(Ovo) =0 and )\b = fl(Ovl)/fQ(Ovl) =1L

Then
Fo= (1+X+Y)(X+Y),
Fii = 1+X+Y2
Fio = X+Y
B o= (YP-X-1)(Y-2X+1),
Fy = Y?-X-1
o = Y-2X+1
The cofactors are:
Gr, = 3X°+8YX?+2X —2YX+T7TXY?>—1+3Y?-6Y’-6Y"'+2Y
Gr, = 3X°+8YX’+4YX+6X—-6Y>—4Y +3-3Y*-2Y"
Gr, = 3X°+8YX’+XY?-6YX+2X-1-2Y-6Y*-11Y>-6Y"

Gr, = 3X°+8YX?+6XY?+8YX+6X-3Y*+8Y?—-2Y3+3
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The linear system S is the following:

r-1r 3 -1 3 7
2 6 2 6
3 3 3 3
0 0 0 0
0 0 0 0
2 -4 -2 0
-2 4 -6 8
8 8 8 8
0 0 0 0
3 -6 —-11 8
7T 0 1 6
0 0 0 0
-6 -2 -6 =2
0 0 0 0
L-6 -3 —6 -3

A basis of ker(S) is given by: {(—1,—1,1,1)}.
Then it follows that f1/f2 is non-composite.

4.2. f is composite. Here we set:

hy
ha
Ui
U2

fi/fe

(1+X+Y?)(X+Y)
hi—(Y?=X—-1)(Y —2X +1)
T.(T —1)

T2 +1

ug /uz(hy/he).

We have constructed a composite rational function f;/fo and now we illustrate
how our algorithm computes a decomposition. We can already remark that in the
previous example we have shown that h/hg is non-composite.

In this situation the hypothesis (H) is satisfied and the algorithm Good Homog-

raphy gives:

)\a = fl(Ovo)/fQ(Ovo) =0 and )\b = fl(072)/f2(072) = 90/101

Then:
Fip = 1+X+Y?
Fio = 2X-Y -1
Fiz = Y’-X-1
Fia = X+Y
Fop = 2X* 411X +9+29XY +29Y +38XY? -9Y2+11Y?3

Foo = 11X’ +X-10-19YX —19Y —29XY? 4+ 10Y? +Y?
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The basis in reduced row echelon form of 71 (ker S) (resp. m2(ker S)) is {(1,0,0,1);(0,1,1,0)}
(resp. {(1,0); (0, 1)}).
Step E in the algorithm Recombination for Decomposition gives: v; = (1,0,0,1) and
Vo = (1, 0)
Then we have H1 = F171.F174 and H2 = F211.
We remark that H; = hy and that Hy = 11hy + 9hy. Then Hy/Hs = w(hy/h2),
where w(T') = T/(11T + 9). As hq/hs is non-composite and degw = 1, we get a
correct output.

5. CONCLUSION

In conclusion, we summarize our algorithm with a “derivation point of view”.
In order to decompose f1/f2, we have computed with Darboux method a rational
first integral of Dy, ,r, with minimum degree. That is to say we have computed
hi/hy € K(Xy,...,X,) such that Dy, ¢, (h1/he) = 0 and deg(h1/h2) is minimum.
In a general setting, Darboux method works as follows: If we want to compute a ra-
tional first integral of a derivation D, first we compute all the Darboux polynomials
F; and their associated cofactors Gr,, second we solve the linear system

Z e;Gr, = 0.
Then thanks to Proposition[§], we deduce that [, F{' is afirst integral, i.e. D(]], Fi*) = 0.

When we consider the derivation Dy, /¢, the computation of Darboux polynomi-
als is reduced to the factorization of f1 + Afs. Thus this step can be done efficiently.
In the general setting, we can also reduce the computation of Darboux polynomials
to a factorization problem, see .

During the second step, we compute the kernel of )", e;Gr, = 0. It is actually a
recombination step. Indeed, this system explains how we have to recombine F; in
order to get a rational first integral. Furthermore, the cofactor G, = D(F;)/F; can
be viewed as a logarithmic derivative.

In conclusion, the recombination scheme used in this paper is called nowadays the
logarithmic derivative method, but this method is Darboux original method.

APPENDIX A. CONVEX-DENSE BIVARIATE DECOMPOSITION

In this appendix we give complexity results for the decomposition of sparse bivari-
ate rational functions. These results rely on a strategy proposed by J. Berthomieu
and G. Lecerf in [BL1(].

Given a polynomial f(X,Y) € K[X, Y], its support is the set Sy of integer points
(i;7) such that the monomial X*Y7 appears in f with a non zero coefficient. The
convex hull, in the real space R? of Sy is denoted by N(f) and called the Newton’s
polygon of f. We denote by |N(f)| the number of integral points of N(f). We
called |N(f)| the convex-size of f.

Roughly speaking, the transformation proposed in [BL1(] consists in a monomial
transformation that preserves the convex-size but decreases the dense size. The
considered transformation 7 can be described in the following way:

T = Bo L, where
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B(Xiyj) _ Xi-‘rblyj-‘rbz by, by € Z,
L(XYT) = X@itaaiyasitaid g g, — agaz = +1.
T can be defined on K[X,Y, X 1 Y~ and we define: (Zi,j fi; XYy =
Zi,j fi,jT(Xin)-

The transformation £ corresponds to the linear map: (i,j) — A%(i,7), where

A= (“1 “2) .
as aq
We denote by £7! the transformation corresponding to A~!.
If f/(X,Y) € K[X,Y], then £(f) € K[X,Y,X 1Y~ and L(f) can be written
L(f)=cc(f)-Lo(f), where Lo(f) € K[X,Y]and c.(f) = XY e KX, Y, XL Y1
Furthermore, we also have L(Fy.Fy) = L(F).L(F?).

Let S be a finite subset of Z2?. Set S is said to be normalized if it belongs to
N? and if it contains at least one point in {0} x N, and also at least one point in
N x {0}. For such a normalized set, we write d, (resp. d,) for the largest abscissa
(resp. ordinate) involved in S, so that the bounding rectangle is R = [0, d;] % [0, d,].
The following result is proved in [BL1(, Theorem 2]:
For any normalized finite subset S of Z2, of cardinality o, convezs-size 7, and bound-
ing rectangle [0, d;] X [0,d,], and dense size 6 = (dz+1)(dy+1), one can compute an
affine map T = Bo L, with O(c log? §) bit-operations, such that T(S) is normalized
of dense size at most 9.

We are going to use this transformation in order to prove:

Theorem 19. Let f1/f2(X,Y) € K(X,Y) such that deg(f1/f2) =d, N(f1) C N
N(f2) C N and N is normalized. Then

(1) IfK is field with characteristic 0 or at least d(d—1)+1 and (H) is satisfied,
then there exists a probabilistic algorithm which computes the decomposition
of f1/f2 with at most O(|N|"?) operations in K and two factorizations of
a univariate polynomial of degree at most 9|N| over K.

(2) If (C) and (H) are satisfied, then there exists a deterministic algorithm
which computes the decomposition of fi/fo with at most O(r|N|@T1)/2)
operations over Q and two factorizations of an univariate polynomials of
degree at most 9|N| over Q[a].

)

Now, we explain how we use the transformation 7 in the decomposition setting.

Proposition 20. If f1/fa = u(hi/hs) then T(f1)/T(f2) = u(L(h1)/L(h2)).
IfT(f1)/T(f2) = u(H1/Hs) then fi/fo = u(L™ (Hy)/L7 (H2)).
Proof. We prove 1_t[h(e first item,)the second can be proved in a similar way.
f1 i hy — ,Ul,ihQ
We have: E m,
T(f1) BoL(fi) X"Y™L(f)
T (f2) BoL(fy)  X"1Y2L(fa)
L(f1)  ILi (£(h) = p1iL(ha))
(f2) H ( 1) — H2,5 L(ha ))

0
Z;E Zi; w(£(h)/ £ (he)

where py, ; are roots of uy. Then,
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This gives the following algorithm:

Convex bivariate decomposition
Input: f = f1/f2 € K(X,Y), where N(f1) C N, N(f2) C N and N is normalized.
Output: A decomposition of f if it exists, with f = uoh, u = u; /us with degu > 2,
and h = hy/hg non-composite.

(1) Compute F' = T(f1)/T(f2)-

(2) Decompose F = u(H).

L7V (HY) o (Hi)-Ly ' (Hy)
L7Y(Hy)  cp1(Ha).Lg' (Hy)
Proposition 21. The algorithm Convex bivariate decomposition is correct.

Proof. This follows from Proposition E (I

(3) Return f = wu(h), where h =

cK(X,Y).

Proposition 22. The algorithm Convex bivariate decomposition uses one decompo-
sition of a rational function of degree at most 9|N| and O(c268) bit operations.

Proof. We apply [BL10, Theorem 2] to N. O

The proof of Theorem comes from Proposition @ and Proposition @ and
complexity results given in Theorem EI and , Theorem 2].
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