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A modified Lagrange-Galerkin method for a fluid-rigid system
with discontinuous density

Jorge San Martin*, Jean-Francois Scheid!, Loredana Smarandat

Abstract

In this paper, we propose a new characteristics method for the discretization of the two
dimensional fluid-rigid body problem in the case where the densities of the fluid and the
solid are different. The method is based on a global weak formulation involving only terms
defined on the whole fluid-rigid domain. To take into account the material derivative, we
construct a special characteristic function which maps the approximate rigid body at the
discrete time level ¢;; into the approximate rigid body at time ¢;. Convergence results are
proved for both semi-discrete and fully-discrete schemes.

1 Introduction

The aim of this paper is to present a modified characteristics method for the discretization
of the equations modelling the motion of a rigid solid immersed into a viscous incompressible
fluid. Our method is a generalisation of the numerical scheme presented in San Martin,
Scheid, Takahashi and Tucsnak [I8] for the case where the fluid and the solid have different
densities. The fluid-rigid system occupies a bounded and regular domain © C R?. The solid
is assumed to be a ball of radius 1 whose center, at time ¢, is denoted by {(¢). The fluid fills
the part Q(t) = O\ B(¢(t)) at time t. The velocity field u(x, t) and the pressure p(x, t) of the
fluid, the center of mass ¢(¢) and the angular velocity w(t) of the ball satisfy the following
Navier-Stokes system coupled with Newton’s laws:

P (?;Jr(u~V)u> — pAu+ Vp = pf, x € Q(t),t € [0,T], (1.1)
divu =0, x € Q(t),t € [0,T], (1.2)

u=0, x € 00,t € [0, T, (1.3)

u= (') +wt)(x—¢1)",  xe€dBE(E)).t€[0,T], (1.4)

m¢” (t) = —/ ondl + ps/ f(x,t)dx,t € [0,T], (1.5)
AB(C(t) B(¢(1))

Ju'(t) = —/ (x—¢(t)*t ~a‘ndI‘—|—ps/ (x —¢(t)* - f(x,t)dx,t € [0,T]. (1.6)
dB(¢(1) B(¢(1)

In the above system, o = —pId + 2uD(u) denotes the Cauchy stress tensor with D(u) =
(Vu+Vu?)/2 and Vu? means the transpose of Vu. The positive constant j is the dynamic
viscosity of the fluid and the constants m and J are the mass and the moment of inertia
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1 INTRODUCTION

of the rigid body. Throughout this article, we will use the notation x* = <—xx2) for all
1
_ .'L'l 2 - . . « e o R
X = <x2> € R®. System (1.1)—(1.6)) is completed with initial conditions:

u(x,0) = ug(x), xe€Q(0), (1.7)

¢C0)=¢yeR?, ¢(0)=¢, €R? w(0) =wy €R. (1.8)

In this paper, we suppose that the density p; of the fluid and the density p, of the solid are
constant, but not equal, that is

Pf 7é Ps-

The fluid-structure interaction problem (L.1)-(L.8) is characterized by the strong coupling
between the nonlinear equations of the fluid and those of the structure, as well as the fact
that the equations of the fluid are written in a variable domain in time, which depends on the
displacement of the structure. From the numerical point of view, in this kind of problems it
is necessary to solve equations on moving domains. For this reason, in recent years various
authors have proposed a number of different techniques, some of which are the level set
method (see Osher and Sethian [13]), the fictitious domain method (see Glowinski, Pan,
Hesla, Joseph and Périaux [7, [§]), the immersed boundary method (see Peskin [14]) and the
Arbitrary Lagrangian Eulerian (ALE) method (see Formaggia and Nobile [4], Gastaldi [5],
Maury [11], Maury and Glowinski [12]).

In the sequel, we briefly recall some reference about the numerical convergence for Navier-
Stokes equations, when the domain is independent of time. The Lagrange-Galerkin method
has been proposed for the numerical treatment of convection-dominated equations and it
is based on combining a Galerkin finite element procedure with a special discretisation of
the material derivative along trajectories. Pironneau in [15] has given a detailed analysis of
the method for the Navier-Stokes equations and Siili [2I] has proved optimal error estimates
for the Lagrange-Galerkin mixed finite element approximation of Navier-Stokes equations in
a velocity /pressure formulation. We also mention the work of Achdou and Guermond [I],
where convergence analysis of a finite element projection/Lagrange-Galerkin method for the
incompressible Navier-Stokes equations is done.

The numerical analysis of some time decoupling algorithms for the simulation of the in-
teraction between a fluid and a structure in the case where the deformation of the structure
induces an evolution in the fluid domain has been developed by Grandmont, Guimet and
Maday [9] (one dimensional problem). For the ALE method, the numerical analysis of the
unsteady Stokes equations in a time dependent domain when the motion of the domain is
given has been studied in San Martin, Smaranda and Takahashi [20]. Moreover, Legendre
and Takahashi [I0] have combined the method of characteristics with a finite element ap-
proximation to derive error estimates in the ALE formulation of a two-dimensional problem
describing the motion of a rigid body in a viscous fluid. In San Martin, Scheid, Takahashi
and Tucsnak [I7, [I8], the authors have proved the convergence of a numerical method based
on finite elements with a fixed mesh for a two dimensional fluid-rigid body problem with
the densities of the fluid and the solid equal, i.e. py = ps. Their numerical scheme is based
on a standard characteristic function resulting from the classical formulation of the material
derivative in the Navier-Stokes equations. The method introduced in [18] cannot be easily
extended to our case ps # ps where the global density is discontinuous by using the same
characteristic function. In this paper, we introduce crucial modifications on the characteris-
tic function, and we propose a new numerical scheme in order to prove a similar convergence
result as in [18]. We think that this modification on the characteristic function should be
useful to obtain convergent algorithms for the simulation of aquatic organisms in two and
three dimensional cases (see San Martin, Scheid, Takahashi and Tucsnak [19]).

The paper is organized as follows. In the next section we introduce some notation and
the functional spaces we work on. In Section [3] we discretize the fluid-structure interaction
problem (L.I)—(L.§) in time variable and we state our first main result given in Theorem
which consists in the convergence of the semi-discretization scheme. Section[d]is dedicated to
the fully discretization in time and space variables and then we state our second main result
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given in Theorem which concerns an error estimate for the fully-discrete formulation.
Section [5| is devoted to some crucial properties on the characteristic functions associated
with our schemes. The last two sections are focused on the proofs of the convergence results
for both semi-discrete and fully-discrete formulations.

2 Notation and functional spaces

Throughout this paper, we shall use the classical Sobolev spaces H*(0), Hg§(O), H™*(0),
s > 0 and the space of Lipschitz continuous functions C%!(O) on the closure of O. We also
define

L2(0) = {feLQ(O) | /Of dx:O}.

The usual inner product in L?(0)? will be denoted by
(u,v) = / u-vdx VuveL*(0)>% (2.1)
o

If A is a matrix, we denote by A7 its transpose. For any 2 x 2 matrices A,B € Moy,
we denote by A : B their inner product A : B = Trace(ATB), and by |A| the correspond-
ing norm. For convenience, we use the same notation as in for the inner product in
L2(07M2X2>, that is

(A,B):/ A:Bdx VA,Bc L*0O, Mays).
(@]

For ¢ € O, we introduce the space of rigid functions in B(¢) = {x € R? : |[x — ¢| < 1},
K(¢) = {u € HY(O)? | D(w) = 0in BEC)}, (2:2)
the space of rigid functions in B({) with divergence free in the whole domain O,
K(¢) = {ueK(¢)|divu=0in O}, (2.3)
and the space of the pressure
M(C) = {p e L(O) | p =0 in B()} - (2.4)

Remark 2.1. For convenience, in the reminder of the paper, any velocity field in () will
be extended by zero outside of O.

According to Lemma 1.1 of [22 pp.18], for any u € K(¢), there exist 1, € R? and w, € R
such that

u(y) =la+wu(y =€) ¥y € B(C). (2.5)

In addition, we define the density p by the following piecewise constant function

{m if x € B(¢),

pix) = py ifx €O\ B).

We notice that, by using the above definitions, for any u,v € K(¢{) we have

(pu,v) :/ pru-vdx+ Ml -1y + Jwy wy. (2.6)
O\B(¢)

The spaces (2.2))—(2.3)) are specific to our problem. In fact, if the solution u of (|1.1)-(1.8)

is extended by
u(x,t) = ¢'(t) +w(t)(x = (1)~ Yx e B(1),

then, we easily see that u(t) € KC(¢(¢)). In the reminder of this paper, the solution u of

(1.1)—(1.8) will be extended as above.
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An important ingredient of the numerical method we use is given by the characteristic
functions whose level lines are the integral curves of the velocity field. More precisely (see,
for instance, [I5], [21]) the characteristic function ¢ : [0,T]2 x O — O is defined as the
solution of the initial value problem

%@(t; 5,X) = u('tZ(t; 5,%),1) vt € [0, T,

P(s;s,x) = x.

It is well-known that the material derivative Dyu = 0u/dt + (u- V)u of u at instant ¢y
satisfies:

(2.7)

u((tite,x),t)| . (2.8)

Diu(x,ty) = —
rulxto) = lezto

Remark 2.2. By using a classical result of Liouville (see, for instance, [2, pp.251]), if
Ce HY0,T?, we HY0,T), uec(0,ThR(C(),

then we have that
det J{g =1, (2.9)

i
J~: _°
w <ayj>7,g

the jacobian matrix of the transformation y — v:[;(y)

where we have denoted by

In the following lemma we give a weak formulation of the system (1.1)—(1.8) which will
be then used to discretize the problem with respect to time.

Lemma 2.3. Assume that

u e L2(0,T; H2(Q(t))?) N H(0,T; L*(Q(t))?) N C([0,T]; H*((t))?),
pe L*(0,T; H (Qt))), (€ H2( ,T)27 we H1(0 T)

and that u is extended by
u(x,t) = ¢'(t) +w(t)(x = (1)~ Yx e B(1)).

Then (u,p, ¢, w) is the solution of — if and only if for allt € [0,T], u(-,t) € K({(t))
p(-,t) € M(¢(t)) and (u,p) satisfies

(o [008] (010) + ot + 8 = (0E ) VoK) (210)
b(u,q) =0 Vg e M(C(t)), (2.11)
where
a(u,v) = QM/OD(u) :D(v) dx VYu,ve HY(O)? (2.12)
and
b(u,p) = —/ div(u)p dx Yue HY(O)?, Vpe L(0). (2.13)
]

We skip the proof of Lemma since it is similar to the proof of the corresponding result
for the classical Navier-Stokes system (see, for instance, [16, Ch.12]).
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3 Semi-discretization scheme and statement of the first
main result

By using the weak formulation (2.10)-(2.11) we can derive a semi-discrete version of our
system. For N € N* we denote At = T/N and t;, = kAt for Kk = 0,---, N. Denote by
(u*, ¢F) € K(¢F) N CO(0)2 x O the approximation of the solution of (L.I)—(L.8) at the time
t = tx. In the sequel, we shall use the notation

X(x) = Y(tp;thy1,x) Vx € O. (3.1)

We approximate the position of the rigid ball at instant t51 by ¢ *+1 which is defined by

the relation
¢ = ¢k uk(¢h) A (3.2)

We then define the characteristic function v associated with the semi-discretized velocity
field as the solution of

%E(t; o1, X) = Pt tpr1,x)) —uF(CY) Yt € [t tiia], 33)
P(trir;tirr, x) = x — ub(¢M)AL,

and we denote

X" (x) = G(tn;tep1,x) Vx € O. (3.4)
In equation (3.3)), the velocity u” is extended by zero outside of the domain O as it was

<k
noted in Remark This extension is necessary because we have X (O) gli(’). Indeed, we
observe that due to the initial condition in (3.3)), if we consider x € O, then ¥ (tg41;tg+1,X)

does not necessarily belong to O. Nevertheless, one can easily check that Xk((ﬂ) Cc O+
B(0, [u*(¢*)|At). We emphasize that the Cauchy problem (3.3) is well-posed and then the

characteristic function X' is also well defined. Indeed, since u* € H}(O)? with divu* = 0
in O and u* = 0 in R?\ O, the problem admits a unique solution (-;t41,%) €
C([tg,txs1]) for almost every x € R2 which satisfies the following measure preserving
property (see [3 Section III]),

/ J @t s, %)) dx = ﬁ f(y)dy. (3.5)
A P(titgpy1,A)

for all function f € L*(R?) and for all ¢ € [tg,tx41]. Moreover, since u* € C°(0)?, the
caracteristic function ¥ (+;tx41,X) is actually well defined in [ty ¢, 1], for all x € R2.

We next define u**! ¢ I%(C 1) as the solution of the following Stokes type system

k41 uk+1 — uk OX’C
P At

7so> +a (Ut @) = (PR o) Y e K(¢MT), (3.6)

where f**1 = f(t;,1) and p**! is defined by

ki1 | s ifx € B(EMY),
P (X>{ p; ifxe O\ B,

The above equation can be rewritten by using a mixed formulation. It is clear that (3.6)
is equivalent to the following system

p At

: 90) + a(u™ @) + b, pFt1)

= (P ) Ve e K(CHTY), (3.7)
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b(u*tq) =0 Yqe M(¢H), (3.8)

of unknowns (uF 1, pF+1) e K(¢F) x M(¢H.
It is well-known (see, for example, [6, Corollary 1.4.1., pp.61]) that the mixed formulation
(13.7)—(3.8) is a well-posed problem, provided that the spaces K({), M(¢) and the bilinear

form b satisfy an inf-sup condition. The fact that this inf-sup condition is satisfied in our
case follows from the result below.

Lemma 3.1. Suppose that ¢ € O is such that d({,00) = 1+ n, with n > 0. Then there
exists a constant § > 0, depending only on n and on O, such that for all ¢ € M(C) there
exists u € K(C) with

/ div(u) g dx > Bllullz oz llallz2(o). (3.9)
(@)

The proof of the result above can be obtained by slightly modifying the approach used for
the mixed formulation of the standard Stokes system (see, for instance [6, pp.81]), therefore
it is left to the reader. In addition, it can be easily proved that u**! is continuous in @. To
see this, we remark that (u*+?, p**1) satisfies a Stokes problem in the fluid part O\ B(¢*)
with a rigid velocity boundary condition on dB(¢**1). Then assuming f*+! € L2(0)?2, we
get ubt! € H2(O\ B(¢"™))? and we deduce that

u" ! € C°(0)% (3.10)
In the reminder of the paper, we suppose that f and uy satisfy

feC(0,T); HY(0)?), wuge HAQ)?, div(u) =0 inQ,

3.11
uy =0 on 90, uo(y):cltho(yfco)l- on 0B(¢,), ( )

where ¢,,¢; € R?, wp € R and Q = O\ B({,). Let us also assume that the corresponding
solution (u,p, ¢,w) of problem ([1.1)—(1.8) satisfies

w e C(0, T); H2(Q())2) 1 H'(0,T; LA(Q(1))2),
D2u e L2(0,T; LA(Q1)),  u € C([0,T];COH(D)?) (3.12)
pe C(0, T H' (1), ¢ € H0,T)*, we H?*0,T)
and
dist (B({(t)),00) >0 ¥t e [0,T]. (3.13)
Remark 3.2. The hypotheses (3.12)) and (3.13]) imply the existence of n > 0 such that
dist (B(¢(¢)),00) > 3n ¥Vt € [0,T]. (3.14)
Let us now state our first main result concerning the convergence of the semi-discrete
scheme (3.7)—(3.8):

Theorem 3.3. Suppose that O is an open smooth bounded domain in R?, f and uy satisfy

(3.11) and (u,p,¢,w) is a solution of (1.1)—(1.8) satisfying (3.12)—(3.13). Then there exist

two positive constants C' and 7 not depending on At such that for all 0 < At < 7* the
solution (0¥, p¥ ¢*) of the semi-discretization problem (3.7)-(B.8) satisfies

sup (1¢(t) — €|+ Ju(t) — ¥ |2(0)2 ) < CAL (3.15)
1<k<N

4 Fully discrete formulation and statement of the second
main result

In order to discretize the problem (3.7)—(3.8]) with respect to the space variable, we introduce
two families of finite element spaces which approximate the spaces K(¢) and M (¢) defined
in (2.2) and (2.4). To this end, we consider the discretization parameter 0 < h < 1.
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Let 73 be a quasi-uniform triangulation of the domain O. We denote by W the P;-
bubble finite elements space associated with 7; for the velocity field in the Stokes problem
and by E} the P;-finite elements space for the pressure. Then, we define the following finite
elements spaces for a conform approximation of the fluid-rigid system:

Kn(€) = WhnK([) V(eO
Mu(¢) = E,nM() VCeO.

In order to define the approximate characteristics, let us denote by Fj the Ps-finite
element space associated with the triangulation 7 and we introduce the space:

Ri(¢) ={Vten:on € Fh, oo =00n00}YNK(K) V¢eO,

_%en
Ay
9en
ox
We denote P(¢) the orthogonal projection from L?(0)? onto Ry (), ie. if u € L?(0)?
then P(¢)u € Ry (¢) such that (u —P({)u,rp) = 0 for all rp, € Rp,(C).
Let N be a positive integer. We denote At = T/N and t, = kAt for all k € {0,...,N}.
Assume that the approximate solution (u’ﬁ,pﬁ,(ﬁ) of 7 at t = ti is known. We
describe below the numerical scheme allowing to determinate the approximate solution

(uptt ph+t ¢EHY) at t =ty First, we compute ¢f ' € R? by

where we have denoted by Vlcph =

=R ub (¢ AL (4.1)

. . .. . —k .
We consider the approximated characteristic function 1, defined as the solution of

d— —
7Pt trr,%) = PCHWE (B (f s, %) = PCRIUE(C) V8 € it

(4.2)
—k
P (tryr; s, x) = x — uf (C1)AL.
Finally, we define
—k —k
X (%) = B (th: tesn, ) Vx € O. (4.3)
We remark that, since div (P(c’;)ufg(wﬁ(t;tkﬂ, )) — P(c’;)uﬁ(c’;)) — 0 and
V(x — uf (¢F)At) = 1d, we get
detJ—+ = 1. (4.4)

¥
In the sequel, we shall split the mesh into the union of 4 different types of triangle’s
subsets. We first introduce A;, as the union of all triangles intersecting the ball B(C’Z), ie.

Ay = U T.

TET,
TNB(CE)#0

We also denote by )p, the union of all triangles such that all their vertices are contained in
Ap. The triangles of 7;, are then splitted into the 4 following categories (see Figure :

e F is the subset of 7}, formed by all triangles 7' € 7j, such that T C B(Cﬁ).

e F, is the subset formed by all triangles T € 7, \ F; such that T C Q,.

e F3 is the subset formed by all triangles T' € 7;, such that TN Qp, # 0 and T ¢ Q.
f4:771\(.7:1Uf2U.7:3).

We introduce two approximated density functions p¥ and 5} as follows:

k(x){ Ps leGB(CZ),
py ifx€O\B((})
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This triangle does not belong to
A, but lies in )y, since its three

vertices are in Ay,.

Figure 1: The rigid ball and the related splitting of the triangulation.

and 5 is the continuous function in O which is piecewise linear on triangles of 7}, and satisfies
—k - Ps ifxe @,
oo = { 00 Hxe (46)

With these notations, we consider the following mixed variational fully discrete formula-
tion: Find (uf ™, pFt1) € K0, (¢FT) x My (¢IT™) such that

k41 kE Xk
u —u;’ oX
(P'Z“" A so> +a(uyt @) + b, it

= (A e) Ve e Ku(¢hTh, (A7)

b(upt,q) =0 Vg My(¢hT), (4.8)
where f,’f“ is the L2(0)2-projection of £+ = f(t;,1) on (Ej)2.
Let us now state the second main result of this paper which asserts the convergence of
the fully-discrete scheme @f:

Theorem 4.1. Let O be a convexr domain with a polygonal boundary. Suppose that £ and

ug satisfy the conditi and that (u,p,{,w) is a solution of 7 satisfying the
reqularity properties (3.12)) and such that holds. Let Cy > 0 and 0 < a < 1 be two
fized constants. Then there exist two positive constants C' and 7* independent of h and At
such that for all 0 < At < 7* and for all h < CoAt'T® we have

sup (16 (k) = ¢l + lu(t) = ufllzz(0)2) < CAE.
1<k<N

Remark 4.2. In order to get an approximation of first order in time (i.e. O(At)), we have
to choose @ = 1. In this case, the corresponding condition on h becomes h < CyAt? which
is similar to the one obtained in [I8, Th.3.2] in the case of equal densities p; = ps.

5 Properties on the characteristic function

In this section, we prove some properties on the new characteristic function which are essen-
tial for the proof of our main results.
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Lemma 5.1. For any free divergence velocity field v € H}(O)? N C°(0)? extended by zero
outside of O, and for any differentiable function R : O — R? such that det(VR) = 1 and
R(Sigi1) = Sk, where Sy and Spy1 are two open smooth subsets of O, we consider the
characteristic function as the solution of problem

d
L b(t: _ " ’
PGt X) = V(W (Gt X)) VEE (B b, o)
P(trtrititr, x) = R(x)
and we denote
X(x) = (ki te+1,x) Vx€O. (5.2)

If v(z) -n = 0 for any z € OSk, then the characteristic function satisfies the following
properties:

Z) X(gk_;,_l) = ?k,‘
ii) For any f € L*(R?) such that f =0 in R\ O, we have

|f o ¥ (t; tryr, ')HLz(O) < Hf||L2(o) Vt € [ti, thyr)- (5.3)

Proof. Let us first remark that the Cauchy problem (5.1) is well-posed. To see this, we
transform problem (5.1)) by making use of the following change of unknown:

Y (6 thr1,%) = p(4 thr1, R(X)), (5.4)

where ¢ satisfies

d
—e(titie,y) = v(e(titesn,y))  VEE [t i),

o(trs1;ter,y) =y  Vy e R%

(5.5)

According to [3, Section ITI], the Cauchy problem (/5.5 admits a unique solution ¢ (- ;tx+1,y) €
C1(R)? for almost every y € R? and satisfies the following measure preserving property

[ Flettaynay = [ F(x)dx, (5.6)
A @ (tstrt1,4)

for any subset A C R2, for all function FF € L'(R?) and for all ¢ € [tj,t,1]- Since the
velocity field v is continuous in R?, then ¢(-;t54+1,y) is actually defined for all y € R2.
Moreover, due to the hypothesis v - n = 0 on S}, we have that ¢(ty;tx,1,-) maps Sy onto
itself (see [3, Section IV]).

We can now prove the equality 7). In fact, we have that
X (Sk+1) = p(tr;trs1, R(Sk41)) = @ (i ter, Sk) = Sk

Let us turn to the proof of 4). Under the assumption det(VR) = 1 and using the property

(5.6), we obtain
1 o wb(t: i ooy = / Pt by, %)) 2dx = / F(t: trsr, R(x))) Pelx
(@) (@)
- / Flo(t e, y))2dy = / f(2)Pdz.
R(O) P(titkt1,0)

On the other hand, since f = 0 in R? \ O we have

/ f(2)Pdz = / 1 (2)Pdz < / f(2)2dz.
’l,[)(t;tk+1,o) ’l,[)(t;tk+1,o)ﬂo O

Therefore, we conclude the result ii). O
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In the sequel, we state two corollaries of the above lemma which state the properties on
the characteristic functions associated with the semi-discretized and fully-discretized velocity
fields:

Corollary 5.2. For any k € {0,..., N}, the characteristic function 1 defined in (3.3)—(3.4)
satisfies the following properties:

J—
i) X" (B(¢") = B(¢Y);
i) If we extend by py the density field p* outside of O, we have
P = ph o X
iii) For any f € L*(R?) such that f =0 in R?\ O, we have

Hfoa(t;tk—kla .)||L2((9) < HfHLQ(O) vVt € [tlmtk-‘rl]' (57)

Proof. The properties i) and m) are direct consequences of Lemma n In fact, we have
that the function R(x) = x — u*(¢*)At maps B(¢"™) onto B(¢*¥), VR = Id. Moreover the
velocity field

v(z) = uf(z) —u*(¢") vz e R?

has free divergence and for any z € B (Ck ) the decomposition ([2.5)) allows us to get that
v(z) = war(z — ¢

which implies that the hypothesis v-n =0 on BB(Ck) holds.
The equality i) is a direct consequence of i) and the extension of p* by py outside of

O. In fact, we have (p* o Xk)(x) = ps if and only if Xk(x) € B(¢*) which is equivalent to
x € B(¢*h) due to identity ). O

Corollary 5.3. For any k € {0,...,N} and h € (0,1), the characteristic function EIZ
defined in 7 4.3)) satisfies the following properties:

i) X, (B( ’C“)) = B(¢h);
ii) If we extend by py the density field pf} outside of O, we have

<k
Pht = ph o Xy (5.8)

iii) For any f € L*(R?) such that f =0 in R%\ O, we have
—k
£ o Wy, (t trgr, ')HL2(O)2 < fllz2 (o) Vt € [tr, trya]. (5.9)

Proof. The proof is similar to the proof of Corollary It is enough to observe that the
initial condition from equation (4.2), R(x) = x — uf( At maps B(¢F) onto B(¢F) and
VR = 1d. The velocity field

v(z) = P(C)uj(2) — P(Chu(Ch)  VaeR’
has free divergence and for any z € B(¢}) the decomposition (2.5) gives us

v(z) = Wp(¢kyuk (z — Cﬁ)l,

where Wp(¢hyuk 18 the angular velocity associated with the rigid velocity field P(Ch)uh in

Juy
B(CF). This implies that v-n = 0 on dB(¢F). With these remarks, the hypotheses of Lemma
are satisfied and thus the proof is concluded. O

10
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Remark 5.4. In the case of a general rigid body, not necessarily ball, the definition of the
characteristic function % has to be modified in order to take into account the rotation
effects. To this end, we denote by B(¢*,0%) the rigid body with the center of mass ¢* and
the orientation angle #*. We also denote wj, the approximate angular velocity and Ry will
stand for the rotation matrix of angle . The characteristic function v is now defined as the
solution of

%E(t; tit1,X) = u¥ (Pt tey1,x)) —ufy (Pt tegr, %)),

P (trt15thr1,X) = Rew (s —tr) (X — ¢y + ¢,

where u” is extended by zero outside of O as in Remark and u’f% is the rigid velocity field
defined as follows

(5.10)

uby(x) = u®(¢F) + wi(x — ¢t vx € R% (5.11)

We also define the function x" by

X" (x) = Ptp; tes1,x) ¥x € O, (5.12)

With these definitions, the hypotheses of Lemma [5.1] are still fulfilled and then Corollary
holds for the general case of a rigid body.

6 Proof of the first main result

Let us now prove our first main result stated in Theorem [3.3|concerning the convergence of the
semi-discretization scheme (3.7)—(3.8). For this purpose, we first introduce the transformed
system (6.4)—(6.5) below, and then in Subsection we give the proof of the convergence
result.

6.1 Transformed system

We need to compare the exact solution u(ty) € K(¢(tx)), which is a rigid velocity field in
B(¢(tg)) with u* € K(¢*) which is a rigid velocity field in B(¢¥). To this end, we use the
change of variable X¢ ¢, defined in [18] Section 5], which maps the ball B(¢;) into the ball
B(¢5). We define
k k
X5 =Xerewy Y= Yercm

where Y, ¢, is the inverse mapping of X¢ ¢,. We also define
UM(y) = Jye (XF(y)u (XF(y). tk), PHy) = p(X*(y), 1), (6.1)

where Jy« is the determinant of the jacobian matrix of Y*. We recall that U* € K(¢*) and
P¥ € M(¢). Let us introduce the following notations that will be useful in the sequel:

X = Y% o X oXH! (6.2)

and N ~
T = Iy 0 X (Ixu 0 X)), (6.3)

where X is defined in (3.1). The characteristics functions satisfy the properties depicted on

the following diagram:
Xk+1

B¢ =— B(¢(trr1))

B —— Bt

We point out that the following relation holds

~

pk+1 — pk o X.

11



6 PROOF OF THE FIRST MAIN RESULT

The transformed functions U**! and PF+! satisfy a mixed weak formulation with test
functions in K(¢"*™') and M(¢*). Precisely, we have the following result which can be
obtained as in [I8, Proposition 6.2] with a very slight modification of the proof.

Proposition 6.1. The functions (U1, P*+1) defined by (6.1) satisfy

1 ~ ~
A (pkH [Uk+1 -J (U’C o X)] ,cp) +a(UM ) + b(p, PF)
= (P o) + (Ak ) Ve e K(CMY), (6.4)
b(UM q) =0 Vge MM, (6.5)
with

d? ~.
lAklz2op < C(1¢(tr1) = ¢ + At + VAH| 5 [u o ) (6.6)

L2(0x(tk,tk+1))z)'

<k
Let us prove an approximation property of the function X and we also recall an useful
property on the change of variables which is given in [I§].

Lemma 6.2. The functions Xk, X and J defined in (34), (6.2) and (6.3) respectively,

satisfy the following estimates:
S <k
IX =X 202 < C (A2 + AU = 0¥l|z(oy2 + VAL 8kl 120 (10012 ) > (67)

Hi— Id‘

IN

2 k k
Loy C (A2 + A[U" 0| a0 + VALISKI 20 (11000002

+AC(H) — €M) (6.9)

and C a positive constant independent

with H5k||L2(ox( L2 (O (thtas2))?

of k.

th,

Ju
tk+1))2 S CAtHE

Proof. Let us define a new characteristic function E associated with the semi-discretized
velocity field as the solution of

SPltstrr1%) = UF(0 1, ), o)

P(thg1;thr1,X) = X

and let us denote

X (x) = P(ty;thr1,x) Vx€O. (6.10)
With a very slight modification of the proof of Lemma 6.5 from [I8], we get

~ —k
||X - X ||L2((9)2 <C (At2 + VAL ||6kHL2(O><(tk,tk+1))2) . (6.11)

The characteristic equations (3.3) and can be written as follows:

t
Bltitian,x) = x—ub(CH)(t - ti) + / ut @ (s: tp1,%)) ds,
tet1
t _

D(titrs,x) = x+ [ UF@(s;tpr,x)) ds,

th+1

for all ¢t € [t,tg+1]. Subtracting the previous identities, we get
P(tither, %) = P(tterr,x) = —u(C)(E— 1)

+f (@t ti1.0) — UMt ) ds.

tet1

12



6 PROOF OF THE FIRST MAIN RESULT 13

Taking the L?(O)%norm, we obtain that

Ha(t; lgt1, ) - E(t; lkt1, .)HL2(O)2 C|uk(ck)|(t - tk)

IN

_|_

tht1 _ )y
/t Huk(w(s; thi1,°)) — Uk(‘/’(& tht1, '))HL2(0)2 ds

tht1 o
+ / ||Uk(¢(5;tk+1a')) _Uk("rb(s;tk-‘rla'))njﬂ(o)z ds.
t
By using the property (.7) and the regularity hypothesis (3.12)), we get
Ha(t; lkt1, ) - E(t; L1, ')HLQ(O)? < C|uk(ck)‘(t - tk) + ||uk - UkHLz(O)z (tk+1 - t)
thi1 - —
+/ C’|¢(svtk+17) _¢(5§tk+17')||,:2(o)2 ds.
t
Then, due to Gronwall inequality, the above estimate yields

Ha(t;tk+lv - E(t;tk+17 ')HL2(0)2 < C|uk(ck)\(t —tr) + Huk _ UkHL2(O)2(tk+1 —t)
+0At2(|uk(Ck)| +Ju ~ Uk”LQ(O)?)’

for all ¢t € [tg,tg+1]. In particular, for ¢ = ¢, we deduce that

<k

=k
HX -X ||L2((9)2 < C’Atz\uk(ck)|+CAt||u’“7U’“||L2(O)2

< CAP[UK(CH| + CAP [ (¢F) - UR(CH)| + CAtllu* = UYL, .-

Combining the above inequality with (6.11) and using again the regularity hypothesis
(3.12), we deduce the result (6.7]).

The proof of is done in [I8] eq. (7.6)].
O
6.2 Error estimate

In this subsection, we give the proof of our first main result stated in Theorem [3.3] To this

end, let us subtract (3.7)—(3.8) from ([6.4)—(6.5) and we obtain

1
x7 (AU —u™), @) 4 a(UM = u™ ) 4 b(p, PR = pt

= (A (FUF oK)~ o XY 0) + (Arg) Ve e K(EH,

p(UFH —uf*l g) =0 Vg e M(¢H).

We choose the test functions ¢ = Ukl — ubtl e (¢! and ¢ = PFH1 — phtl ¢
M (¢M1) and we get that

(pk+1(Uk+1 _ uk'H), Ukt _ uk+1) + At a(Uk'H _ okt gkt uk+1)
_ (p’fﬂ (3 (Uk ° X) —uk OX’“)U’C“ _ uk‘H) + AH(Ay, UM — gty

then due to Cauchy—Schwarz inequality, there exists a positive constant C' independent of k
such that

VPO ) o < [ VT(3 (040 X) —wso X)L

+ CA| AL 20y (6:12)




6 PROOF OF THE FIRST MAIN RESULT

In order to estimate the first term in the right hand side of , we observe that
\/W(j (Uk of() — oi’“) = /1 (J - 1d) (U’f of()
+ \/F(UkoﬁkaoXk)
+ \//W(Uk — uk) oik,

then using the regularity hypothesis (3.12) and the definition of U* given in (6.1]), we easily
deduce

H vV pkH (j (Uk O)A() —uF oik)‘
L2(O)2
+ O[|R = X aoye + VT (UF - )
Then, by using the inequality (5.7) from Proposition we observe that

H\/F(j (Ukof{) —ukoik)‘

<Ol -

1d] 12 o)

L2(0)2 < CHJ IdHL2(O)2
ORI ooy + || VoF(UF — ut)]
Due to the above estimate, the inequality becomes

vt =t g, < VO -]

+C[|X = X 2goye + CAL| Ak 2o (6:13)

L2(O)2-

+O)3 -

1|1 o)

L2(o)2 L2(o)2

then, taking into account the estimates from Proposition 1) from Lemma
[6.2] we obtain

[vorrst ] g, < VIR )

C (AU =0 o s + ALC(te) = ¢F[ + At]C(tr41) = ¢

L2(O)2 LQ(O)Z

2 3/2 o
+ A VA8 20 (101002 + (D) Hdt2 ¢]‘L2(0x(tk¢k+1))z>' (6.14)
Since 5
u
5 <cat|% :
19k llz20xtutusane = Ot 11 L2(0x (b4, t101))2
we get that
[phFT(Uk+T _ gkl ’ < H /o F(UF - ’
H P v 12(0)2 u) L2(0)?
4 C(AHUF — w2 s + A0 - ¢ - 81clue = ¢
ou ~
A+ (a2 | 3/2H | . (615
* (&) L2(OX (tg,tr+1))? dtz ° ¥l LQ(OX(thkH))Q) ( )
Let us also recall (see [18, Eq.(7.9)]) that
Cltn) — C1 < IC(t) — CF + CALIUF — w20 + CAR,  (6.16)
then, the estimate (6.15)) yield
1 (URHL _ gkt ’ " ekl
VR L I R R
< E(TTE _ 1k ‘ s
(1+ o) (|| VoF (U —ut) oy 1600 ¢ )
+ O (A2 + (At)3/2 H 3/2H ~‘ . (6.7
( L2(OX (tg,tr+1))? dt2 ° V] Lz(ox(tkvthrl))z) ( )

14
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For any k € {0,..., N}, let us define
o= e |

then according to the estimate (6.17)) we write

+[¢tk) — ¢,

L2 (0)2

EM < (1+ CAHE" + C(At2 + (At)¥2 H%‘;

L2(O>< (tk,tk+1))2
d? ~
Saluod)]

+ (At)3/? e

L2<0x<tk7tk+1>>2>'

By applying the discrete Gronwall Lemma, we deduce that for any k£ € {0,..., N},

E* < C(At+ (A1)3/? H%‘; - (At)?’/zH%[uo&]]

L2(Ox(0,T))2 L2(0x(o,T))2>’

then using the hypothesis we get
O o + 60— ¢4 < OA

The above estimate together with the definition of U* from (6.1) and properties on the
change of variables X* given in [I8, Lemmas 5.5-5.6], we conclude the proof of (3.15) from
our first main result given in Theorem

O

7 Proof of the second main result

Let us give the proof of the second main result stated in Theorem which concern the
convergence of the fully discretization scheme ([£.7)—(.8). To this end, we first introduce
the transformed system (7.4)-(7.5) below and we prove some important estimates on the
transform velocity field. Then we prove the second main result.

7.1 Preliminaries
Since we need to compare the exact solution u(ty) € K(¢(tx)), which is a rigid velocity field
in B(¢(ty)) with uf € K(¢F) which is a rigid velocity field in B(¢F), we are going to use the
change of variable X¢ ¢, which maps the ball B(¢;) into the ball B(¢,). We define
k k
Xn =Xt ey Yn=Yep e

where Y. ¢, is the inverse mapping of X¢ ¢,. We also define

Upi(y) = Iy (X5 )u (X5(y), tr),  Pr(y) = p(X5(y), t), (7.1)

where Jy is the determinant of the jacobian matrix of Y%, We recall that U} € K(¢F) and

Pk e M(¢F). Let us introduce the following notations that will be useful in the sequel:
X}L = Y,’i oXo X’Z+1 (7.2)
and R ~
Iy = (JYZH o X’,j“) (JXQ o Xh> . (7.3)

We observe that the characteristics functions satisfy the properties depicted on the fol-
lowing diagram:

B 200 B(e(tin)

B(CH) —— BE(h)

h
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The transformed functions UF™ and PF*! satisfy a mixed weak formulation with test
functions in K(¢FT!) and M(¢FT).

Proposition 7.1. The functions (U,’i"'l,P,]fH) defined by (7.1)) satisfy
Lo i [yt kR k+1 k+1
A7 (ph [Uh In (Uh OXh)} ,90) +a(Uy",9) +0(e, P)
= (o T o) + (AR, ) Ve € K(CETY), (74)
(U q) =0 Vg e M(G™), (7.5)

with

d? ~
|AK 2oy < € (16(tke1) = S + b+ At + VAT 25 w0 3|

) ) (7.6)
L2(OX (t,tr+1))?

The above result can be obtained as in [18, Proposition 6.2] with a very slight modification
of the proof.
In the following lemma, we state an important result on the transformed velocity field.

Precisely, we prove the existence of a velocity field U} ., near U} which is rigid in a h-

neighbourhood of the ball B(Cﬁ). Moreover, this function is a rigid velocity field in Q.

Lemma 7.2. For any k € {0,...,N} and h € (0,1), there ezists a velocity field Uﬁ’ezt €
HL(O)? such that

Uj . (x) =Uj(x)  Vxe B((p), (7.7)
D(Uf ) =0in {x€ O :|x— ¢} <1+h}, (7.8)
|UE —UF oill2 (o) < CRP/2, (7.9)
||U2,emt||H1(O)2 < 07 (710)

where C' is a positive constant independent of h and k.

Proof. Since U} € H(O)? and divU¥ = 0, there exists a stream function ® € H?(0) N
Hg(O) such that UF = V1o,

It clearly suffices to prove that there exists a stream function ®.,; € H*(O) N H(0),
such that V@, satisfies the conditions (7.7)—(7.10).

To this end, let us observe that since D(U¥) = 0 in B((}), there exist some constants
a,c € R and b € R? such that

CID(X):a—l—b-x—i—c|x\2 VXEB(CZ).

We denote
w(x) =d(x) — (a+b-x+cx[?) VxeO, (7.11)

then it is clear that
wx)=0  Vxe B(). (7.12)

Let us define the stream function ®.,; as follows:
Dear(x) = ©(x) —w(x)p(lx - ¢i)  Vx €O, (7.13)

where the real function p € H?(R) is given by the following formula

if s<1+h,
(cos(*=GHm) +1) if14+h<s<1+20,
if 142k < s.

p(s) =

(=N

Using this definition, one can easily check that ®..:(x) = ®(x) for all x such that |x —
¢F) < 1lor|x—¢F| > 1+ 2h. Then Vid.,, € HL(O)? and satisfies the identity (7.7).

16
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Additionally, if [x — ¢F| < 1+ h, we have ®ouy(x) = a+b-x+ ¢/x|? and this identity implies
that V+®,,, satisfies (7.8).
In order to prove that V1 ®,,; satisfies the estimates (7.9) and (7.10), we first remark
that
(CD . @ezt)(x) =0 Vx e O \ A1,1+2h, (714)

where we have denoted by A; 142, the annulus enclosed between the circles of radius 1,
respectively 1 + 2h and with center at ¢} .
Let us now differentiate the identity (7.13)) and for any ¢, j € {1, 2}, we get that

(P —Doyy) Ow ,Ti — rs
AE Fewt) —ne 1
0z, amier'wp |X—CZ| (7.15)

and

R2(®—Deyy)  w ow =Gy Ow ,Ti— G

= +
Or;0r;  Or;0, r 8m,p |x —¢F| Oz r Ix — ¢F|
Cwp (i — Chﬂ‘)(x]z — iy b [0 - (@i — lef’i)(xg —Giy) . (7.16)
x — ¢l |x — ¢l x — Gl

Taking the L2?(O)-norm in the estimates (7.15)—(7.16), using the identity (7.14) and the
properties |p| < 1, |p'| < 2/h and |p”| < 5/h?, we obtain that for all i,j € {1,2},

Ha((};% H@xl L2(As 2 om) %”w”m(mmm (7.17)
and
HM H w | H
Ox;0x; L (0 81:1833] L2(A11420) ta 92 1 L2 Ay 1 o)
hHa% ‘ L2( Ay 142n) h2”w”L2 A2 %llwl\mml,l“h). (7.18)

In order to finish the proof, we need to estimate the different norms of w on the annulus
Aj 14+2n. To this end, let us take an arbitrary x € A; 1425. It is easy to see that there exists
y € B(C;ﬁ) such that |x —y| < 2h. Since V1 ® is a Lipschitz function (see the hypothesis
and the definition (7.1))), we get that Vw is also a Lipschitz function, with the Lipschitz
constant L independent of h. Using this property and (7.12), we have

|[Vw(x)| = [Vw(x) — Vu(y)| < Llx —y| < 2Lh (7.19)
and

wx)| = |wx)—wy)| < [Vuly + A(x—y))|[x—y]
= |Vu(y +Mx—y)) = Vw(y)|-|x —y| < LAx —y|*> <4ALh?, (7.20)

for some A\ € (0,1). Taking the L?(A; 112,)-norm in the estimates and (7.20), we
deduce

w2, imy < CHYZ, (7.21)

Vw24 a2 < CHP2. (7.22)

Combining (7.17) with (7.21)—(7.22)), we obtain the inequality (7.9). Moreover, the es-
timate ([7.10) is a direct consequence of (7.18), (7.21)—(7.22) and the fact that [|w| g2(0) is

independent of h (see the definition of w given in (7.11)). Thus, we conclude the proof of
Lemma [T.2} O

17
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Using the above lemma, let us prove the following crucial estimate:

Proposition 7.3. For any k € {0,1,...,N} and h € (0,1), the following estimate holds:
Uk - p(ck U’“H < Ch 7.23
|ut —Phul],, . < on (7.23)

where C is a positive constant independent of h.

Proof. Using Lemma there exists Ufwm € Hi(0)? satistying (7.7)—(7.10). We can write

Uk - P kUkH <HU’07U’“
H h (Ch) h 2002 — h h,ext

(02 + HUZ,e$t - P(Cﬁ)UfL,ezt

+ [PV ot - PCHIU|

L2 L2(0)?

)

L2(o)2
then, since P(¢F) is an orthogonal projection from L?(0)? onto Ry (¢F), we get

(7.24)

Uk - P(chuf|

< 2HUE - Uﬁ,ext

+ HUZ,ewt - P(C’Z)Ulfi,ewt

L2(0)2 L2(0)2 LZ(O)Q.

Let ®.,; be the stream function corresponding to Uﬁ’en and ®; be the Py-Lagrange

interpolated function of ®.,; on the triangulation 7. Since U’fwwt is a rigid velocity field
on @y, the function ®.,; is quadratic on @)y and thus

Dy(x) = Pt (%) Vx € Qp

and V1 ®; is a rigid velocity field in Qj,. This implies that V+®; € Rh(CZ)
By using the definition of the orthogonal projection and due to the classical estimates of
the interpolated functions (see, for instance, [6, Lemma A.2, p. 99]), we deduce that

IN

HUﬁ,ea:t - P(C];L)Uﬁ,ea:t

HUﬁ,ea:t - qu)f‘

- HVL<I>e,;t - qu)[‘

L2(0)? L2(0)? L2(0)?

(7.25)

IN

Othpm

k
Uh,ext

H2(0)2 Hl(o)z'

Let us now conclude the proof of our result by noting that the estimate (7.23) is a direct

consequence of the inequality (7.24) combined with (7.25) and the estimates (|7.9)—(7.10)
from Lemma [7.2l

O

Let us now state an important estimate on the L?(Q)-norm of the difference between the
density functions pf and 5y defined in (#.5) and (6], respectively.

Lemma 7.4. There exists a positive constant C, independent of h and k, such that
105 = Phll 120y < CV. (7.26)
Proof. Using the definitions of p¥ and p} given in and respectively, we have that
pr—Ph=0 in FyUB(CR).

Taking the L?(O)-norm, we deduce that

ok =700 = [

FaUF3

_ 2

k() — PE)| dx < lps — poPmes (FUF;).  (7.27)

The region F» U F3 is contained into the annulus of center Ci with radius 1 = 1 — h and

ro = 1+ 2h (see Figure . Then, the area of the region F, U F3 can be estimated as follows:
mes (Fo U F3) < m ((1+2h)* — (1= h)?) = 3nh(h+2).

Combining this estimate with ([7.27), we conclude that the estimate ([7.26) holds.

18
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Let us now prove approximation properties of the characteristic function defined in (4.2)
and also properties on the change of variables.

Lemma 7.5. The functions f:, X, and Iy, defined by (4.3), (7.2) and (7.3)) respectively,
satisfy the following estimates:

N —k
||Xh - XhHLQ((’))z < C(At2 + hAt + AtHUZ — u]fiHL?(O)?
VAL IS 20 tptaary? ) (7:28)

90~ Ty < €A UL = 0]y + VA2 01001
+ALC(H) - ¢hl), (7.29)

with

ou
10511 L2 (O (tr,trrn))? < C’AtH ot (7.30)

LZ(OX(tk,tk+1))2

Proof. Analogous to the proof of Lemma we define the characteristic function Eﬁ asso-
ciated with the fully-discrete velocity field as the solution of

d= —
awi(t; L1, X) = Ulfi(wl}i(ta tk+17x))a (7 31)
Pl (trp1stern, X) = x

and we denote _ _
XF(x) = Pr(tr;thrr,x) Vx€O. (7.32)

With a very slight modification of the proof of Lemma 6.5 in [18], we get
H)/ih — XZHLZ(O)Q <C (AtQ + VAt ||61€||L2(O><(tk,tk+1))2) . (733)

Let us observe that the characteristic equations (4.2) and (|7.31)) can be written as follows:
for any t € [tx,tx4+1], we have

t
P (titren,x) = X—uﬁ(Cﬁ)AtﬂL/ P(Ch)uf (¥ (siths1,%)) ds

trt1

—P(CH)uf ()t — thg),

Phltitii,x) = x4+ [ UE@(sitre1,%)) ds.

tht1

Subtracting the previous identities, we obtain

Bh(t i1, %) = Bh(t b1, %) = —uf (CAL = PCHUECH) (E — try)

[ (Pehub (st x) - VS @ (situn %)) s,

te+1

then taking the L2(O)%-norm, we deduce that
Halfz(t’ tt1, ')_Eﬁi(t; lt1, ) HL2(O)2 < C|“§(C;€L>|(t_tk)+c‘ (UE—P(CZ)UZ) (C]Ifb) ‘ (thrl_t)

tk+
+ /

P(CH)uh (B (5 trn. ) — PCHUL (st )|

L2(0)2
bt kT T (27K k(pk
’ /t P(C)UL(4n(siths1, ) = Up(dp (st ))’ L2(0)?
T I— k(Tk
+/t Us (¥ (sithra:-)) = Up(Pn(si trra, '))‘ 12(0)2
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7 PROOF OF THE SECOND MAIN RESULT

By using (5.9) and the hypothesis (3.12), the above estimate yields

5t i1 ) =Bkt trr )| ooy < CIE(ER) =) +C | (wh—P(¢)u ) (¢ (tisr =)

+ Huﬁ - UﬁHL2(O)2(tk:+1 - t) + HP(CZ)U’;; - Uifz‘ L2(O)2(tk+1 - t)
tht1
+c/
t

P (s5the1,) = P (s3 tera, ')‘
Then, applying the Gronwall inequality to the above estimate, for all t € [tg,tx+1] we
deduce that

||E§(t7 tkt1, ')_Eﬁ(t; tkt1, .)HL2(0)2 < C|u’§((£)|(t—tk)+0’ (uZ_P(CZ)uZ> (CZ)‘(tk?Jrl_t)

+ [0f = Ukl agopetin = 1)+ [PChYUE ~ U], (trsr —1)

+ 0N (Juf(Ch) + | (wh Pt ) (<)

+ [k = U2 o + [ PUCHIUE - U]

L2 (0)2

L2(0)2>’
and in particular, taking ¢ = t;, we get
X5 = Xh| o 0 < CALIuE(CH) + CAL(| (wh — P(¢huf ) (¢h)]

o+ [l = U2 o + | PUCHIUE - U]

L2(O)2)
< CAP|Ufllza(0p2 + CAH[uf = UL | (s + CAL|P(CHUE — UF|

LQ(O)Q.

Combining the above inequality with the estimates (7.33) and (7.23]) from Proposition
and using the hypothesis (3.12), we conclude (7.28).

The proof of (7.29) is completely similar to [I8] eq. (7.6)].

O

Let us recall an approximation property of the projection on K} (¢) x Mp(¢) (see [18]).
Lemma 7.6. Suppose that V € K(() and that P € M((). Then there exists a unique couple
(Vi, Pp) in Kp(¢) x Mp(¢) such that:

{Q(V_thﬁo)"r‘b(@vP_Ph) =0 Ve € Kn(Q), (7.34)
b(V=Viq) = 0 Vge M) '

Moreover, if we suppose in addition that V|o\p() € H? ((Q\B(C))2 and that Po\p¢) €
H' (O\ B(C)), then there exists a positive constant C, independent of h, such that

HV — Vh”LQ(O)Z < Ch.

7.2 Error estimate

In this section, we give the proof of our second main result stated in Theorem First of
. . . —kFT —k+1
all, let us observe that according to Lemma there exists a unique couple (UhJr ,Ph+ ) €

KCn(CFTY) x My (¢F) such that

—k+1 —k+1
a(Uz-H_Uh 780)+b(‘Pva]f+1 —kpq ) =0 Ve € Kn( ];L+1)v (7.35)
p(UM —T, " q) = 0 Vge Mu(¢ht)

and moreover, there exists a positive constant C, independent of h and k, such that the
following estimate holds:

—k+1

IO =0 [l 202 < Ch. (7.36)
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7 PROOF OF THE SECOND MAIN RESULT

Subtracting the equations (@.7)-(.8) from and using the definition of the

projection (Uh—ir1 P:H) on the finite element spaces ICh(ChH) x Mj,(¢CFTY) given in (7:35),

we get

1 1l Tkl Sh+l
& (AU = uf ) 0) + a0 —uft ) + e, P - pt)
1 <k
= A7 (thJh (U’C o Xh) — pflﬂuﬁ o X}, cp)
+ (o™ =P @) + (AL @) Ve e Ka(hM),
whHl
b(U, —ufg)=0 Vg M.
We choose the test functions
=T, —uf" €Ki and  q=P," —p}" € Mu(CE),
then we obtain the following identity
k —k+1 k-‘r k-‘rl
(Ph*H (Ut —uf™). T, u’;“) +Ata(T, " - T g

~ ~ htl
_ htl k+1

+ At (ot - p’Z“)f;’f“ U, ’Z“) +AHAL T, —upth,

which can be written as follows:
( k+1(ﬁ2+1 k+1) ﬁ’;H UZH) LAt a(UZH _ k+1 U’f+1 Z+1)
k+1A k < k+1 FTh+1 k41
k+1 —k+1
+( k+1(Uh UIZH) U, uk+1)
At (o =R T -t ) + AnAL T - uft),

By using the Cauchy—Schwarz inequality, there exists a positive constant C, independent

of h and k, such that
< H’/ k+1(Jh (Ut o X)) fuhoXh)‘

+ C(HUkH UkHHLZ(@)2 + AthkH - ph+1HL2((’)) + AtHAk

H k+1 k+1 k+1 ‘

L2(0)2
lpaops)- (7:37)

Let us now estimate the first term in the right hand side of the inequality - To this

end, we remark that since \/pﬁi = \/E o XZ (see (5.8)), one can write
\/T“<Jh(U’,j °oXp) ~ufoX;) = Vo @n — 1)UL 0 X,
+ k+1(U o X — Uk oX’;)
/o (UL —T}) o X,y

+(\/eh (T} — ) 0 X}

Then, by using the hypothesis (3.12) and the fact that det Jg» = 1, we deduce the following
h
estimate:

it (3 X)) —uboX )‘
H Ph ( h o h uho h L2(0)2

< O[T~ 1d] a0 + O Ko =K

(0)?

—k K
+C|[T), - UZHLZ(OP + ||\/;§(Uh —uy) HLQ((Q)Q' (7.38)
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7 PROOF OF THE SECOND MAIN RESULT 22

Combining the estimates ([7.37)) together with (7.38)), we deduce that

<ok (T~ ub) s o

—k
o (/3. - IdHLz o T 1K =X ooy + [0 = Ukl oy

e P

H k:+1 *k+1 k+1 }

+ At||A

h+1HL2(O) HL2(O)2)'

Due to Lemma [7.5] (see (7.28)—(7.29)) and Lemma[7.4] the above estimate yields

ok (T ) ooy < ||\/;’,z(U’,j—uﬁ)||L2(O),_,+C(At|<(tk)—42|+AtHU§—u§||L2(O)2
+ \/E”‘skHL?(Ox(tk,tkﬂ))2 + A2 + AtVh

k+1
R +AtnA,’anz<O)2)-

—k
+ [0 = Ukl 2oy + [0

Let us now use the estimate of the projection, the estimates and (| of Aﬁ,
respectively &g, then the above 1nequahty becomes

—k+1
1/ (O — ul+) M 20 < (14 CAY) \}\/7 Uh ||L2((9)2
+ C(At2 + AR+ b+ A[C(t) — CE| + At[¢( tkﬂ — ¢k

+ (At 3/2H 3/2H 5 ‘ 7.39
L2 OX(tk tk+1))2 dt2 /l,b:l ( )

LQ(Ox(tk,tkH))z)'
We also recall (see [18, Eq.(7.9)]) that
C(try1) = i < IC(t) — ChI + CALUE — uf||2(0)2 + CAL,

then since the estimate of the projection (7.36) holds, we get

L2 (o) + ChAt + CA#?. (7.40)

[C(trs1) = S < [C () — il + CNH\F )],

Therefore, taking into account the inequality (7.40) in the estimate (7.39)), one can deduce
that

H /Plfiﬂ(ﬁzﬂ— k+1 HL2 2+\C(tk+1)—<:§+1|
< (1+0an)([y/oh (T, — ). o + 1600) ~¢h))

+ C(At2 + AtVR+ b+ (At)?’/QH‘a—“

LQ(OX (trstr+1))?

+ (A2 == [uo 4] (7.41)

H dt2 L2(O><(tk,tk+1))2>.

By applying the discrete Gronwall Lemma in (7.41)), there exists a positive constant
independent of h such that

1A = W) oo + 1€ (E) — €I
h 3/2 3u
gcl(At+\/E+Kt+(At) H—

LZ(Ox(o,T))z

+ (At)3/2 uo{/?}‘

(7.42)

H dt? L2(0x(o,T))2)’
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for all k € {0,...,N}.
Using the hypothesis (3.12)), the estimate of the projection ([7.36)), Lemma 5.6 in [18], and
the fact that \/pF > min{,/p7, /ps} > 0, we get

|u(te) — uﬁHLz(O)Q + ¢ () — CF| < C(At +vVh+ %) Vke{0,...,N}.  (7.43)

Then, for At small enough and h < CyAt'T® with 0 < o < 1, we conclude that the estimate

(7.43) becomes
||u(tk) _uZHLz(O)? +|C(tk) _C;ﬂ < CAt*® Vk € {07"~7N}7 (744)

which is the conclusion of Theorem [4.1]
O
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