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THE SCHRODINGER-POISSON SYSTEM ON THE SPHERE

PATRICK GERARD AND FLORIAN MEHATS

In memory of Naoufel Ben Abdallah, with our friendship

ABsTRACT. We study the Schrodinger-Poisson system on the unit sphere S? of
R3, modeling the quantum transport of charged particles confined on a sphere
by an external potential. Our first results concern the Cauchy problem for this
system. We prove that this problem is regularly well-posed on every H*(S?) with
s > 0, and not uniformly well-posed on L*(S?). The proof of well-posedness re-
lies on multilinear Strichartz estimates, the proof of ill-posedness relies on the
construction of a counterexample which concentrates exponentially on a closed
geodesic. In a second part of the paper, we prove that this model can be obtained
as the limit of the three dimensional Schrédinger-Poisson system, singularly per-
turbed by an external potential that confines the particles in the vicinity of the
sphere.

1. Introduction and main results

Let S C R? be the unit sphere. For functions defined on S?, one considers the
operator G defined by

1 1
G =— | —— d 1.1
(@) = 3= [, T f@otw). (1)
where o denote the surface measure on S? and | - | is the Euclidean norm on R3.
In this paper, we are interested in the following Schrodinger-Poisson system on
S2:
i0pu 4+ Agu = G(|ul?)u, u(t =0) = ug. (1.2)

Here A, denotes the Laplace-Beltrami operator on S?. This system models the
transport of a gas of quantum charged particles confined on a surface, here the
sphere, and interacting through the Poisson potential, which is the Coulombian
interaction in the Hartree approximation. Our purpose in studying this ideal system
is twofold.

First, we are interested in understanding the wellposedness of the Cauchy problem
for (1.2): choice of the function space, local in time or global in time solutions,
stability of the flow map, ...From this point of view, this paper comes in the
continuity of several recent works concerning the nonlinear Schrédinger equation on
Riemannian manifolds or in inhomogeneous media |9, 10, 11, 12, 13, 19, 20].

Second, we wish to justify this system for modeling a quantum gas via some as-
ymptotic analysis, starting from a more conventional 3D Schrédinger-Poisson sys-
tem with a singular perturbation which stands for a strong confinement potential.
Strongly confined Schrédinger-Poisson systems have previously been studied in Eu-
clidean spaces: in [5, 16| for the confinement on a plane and in [3| for the confine-
ment on an axis. The idea here is to investigate the influence of the geometry on
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2 PATRICK GERARD AND FLORIAN MEHATS

the confinement procedure. The case of the sphere can be seen as a step before
more general manifolds, which can be interesting in some applications in the field
of nanoelectronics. Quantum dynamical systems confined on a surface have been
studied previously in [15, 17, 28| in linear situations. Starting from a similar scaling
on the transverse Hamiltonian, these authors consider the linear Schrédinger equa-
tion with a confinement on a general surface and derive an effective Hamiltonian
which locally depends on the curvature properties of the surface. Here our approach
is mainly concentrated on understanding the nonlinear effects.

Our first result states that this problem is locally well-posed in H®, s > 0 and
globally well-posed in the energy space:

Theorem 1.1. Let s > 0 a real number. For every bounded subset B C H*(S?),
there exists T € (0,4o00] and a subspace X1 of C((=T,T), H*(S?) such that, for
ug € B, the Cauchy problem (1.2) admits a unique solution u € Xrp. For all
0 <T' < T, the application ug — u € C([=T',T"], H*(S?)) is Lipschitz continuous
on B. Moreover, if s > 1 one can choose T' = +00 and this global solution satisfies
the following two conservation laws:

[u®lliz = Q0. [Voul®lF 45 [ GluPlafdo =B (13
S2

Let us now deal with the limit case s = 0: after Theorem 1.1, the question
whether this system is well-posed on L?(S?) is natural. In the case of a plane, the
answer is positive thanks to Strichartz estimates in dimension 2. Our second result
is that, in the case of the sphere, this system is not locally (uniformly) well-posed
on S?. The precise statement is as follows.

Theorem 1.2. For all ball B of L*(S?) centered on 0 and for all T > 0, the
application ug — u is not uniformly continuous from B N H(S?), endowed with the
L? norm, into C([-T,T], L*(S?)).

Our third result concerns the asymptotic analysis. The starting model is the
Schrédinger-Poisson system (or Hartree equation) in R3 with a strong potential
that confines the particles near the sphere. We consider the following system, on
the unknown u®(t, z):

10 = —Aut + VEus + V(Juf|?)us, ut(t =0) = ug, (1.4)

where V¢ and V(|u|?) are respectively the applied confinement potential and the
selfconsistent Poisson potential, given by

V) = 5V (‘””’E‘ 1) (15)

and
V(uP)@) = 3= [ ol e’ (16)

The parameter € > 0 is the order of magnitude of the width of the confined gas,
compared to a typical length, for instance the radius of the sphere. The square of €
also denotes the ratio between the kinetic energy of the particles and the confinement
energy. One refers to [5] and [16], where similar singularly perturbed systems were
derived and put in dimensionless form, starting from systems in physical variables.
Our aim is to derive a simpler asymptotic system satisfied by u® as € — 0.
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The function V. is fixed, independent of ¢, and is supposed to go to infinity at the
infinity, faster than the harmonic potential, as stated in the following assumption.
Note that we do not solve the asymptotic problem in the precise case of a harmonic
confinement potential, due to a lack of a priori estimates (Assumption o > 2 is used
several times in the proofs of Lemma 3.1 and Proposition 3.5).

Assumption 1.3. The confinement potential is a C°° function such that

Vz e R Ve(z) > Cz|°, (1.7)
where o > 2. Moreover, it satisfies the following condition:
oFV,
VEeN, 3Cp>0:VzeR ‘ 5k (2)| < CpVe(2). (1.8)

Let us define the energy adapted to our system. We set
Bl = {u e HY(R?) : (V5)V2u e LQ(IR{?’)} :
equipped with the norm
lulf = [VulF2 + (V) ?ull7.. (1.9)

The two conservations laws associated to (1.4) are the conservation of mass and the
conservation of energy:

lu® (D72 = llugIZ (1.10)
1
VU @72 + IV 2uf @I + S 1VV (w172

1
= [IVu§lze + 1V 2ulize + S IVV ()72

The scaling (1.5) of the confinement potential suggests that, if ||u§||2, is of order 1,
it will be natural to start with an energy of order 5% Consequently, the solution of
(1.4) will satisfy the following natural bounds:

[ull2 <C, eljulpr < C.

From Theorem 1.2, one can guess that these bounds will not be sufficient in order
to analyze the limit of w as & goes to zero. Consequently, we shall assume some
regularity of the initial data with respect to the angular variable o. To be more
precise, let us introduce the spherical coordinates (r,o) € R x S? defined for all
r €R3\ {0} by r = |z| and 0 = ﬁ We recall that the Laplace operator has the
following form in spherical coordinates:

1 1
A= ﬁar (r*0,) + ﬁAg.

In particular, a remarkable property is that this operator commutes with A,. This
property will be crucial is our nonlinear analysis. In the sequel, we shall set (V) =
(1 —A,)Y2. We introduce a last notation. The transversal confinement operator is
the following operator:
1 2
H, =~ 50, (20,) + V(). (1.1)
with domain

1
D(H,) = {u € L*(Ry,r2dr) : ﬁar (r*0,u) € LA(Ry,r2dr), Viu € LQ(R+,r2dr)} .
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Assumption 1.3 implies that H, is self-adjoint on L?(R,,r2dr), with a compact re-
solvent. We shall denote by (E})pen, (¥5)pen its eigenvalues and its eigenfunctions.
We make the following assumptlon on the initial data.

Assumption 1.4. The initial data ug satisfies
Vo)l + elluglla < C, (1.12)
where C' > 0 is independent of € € (0,1]. Moreover, we have
lims(l)lp (IMezpr, > (Vo)ugllz + 11w, y>r (Vo)ugllz) — 0 as R — +oo.  (1.13)

E—

Let us comment on these assumptions. In (1.12), the L? bound of (V,)ug means
a supplementary decay at the infinity for this quantity, compared to a H' norm
which would only control the L? norm of %(V(,)ug. The second assumption means
that (V,)u§ is partially relatively compact in L? with respect to the ¢ variable £2-
oscillatory with respect to the operator H,. defined by (1.11) (see [18] for an abstract
definition of e-oscillatory sequences with respect to a self-adjoint operator).

Our third theorem is the following one.

Theorem 1.5. Under Assumptions 1.3 and 1.4 on the confinement potential and the
initial data, for all € > 0, (1.4) admits a unique global solution u® € C(R, L? N By).

Moreover, the following equation admits a unique global solution v° € CO(R,B!)
such that (V,)v° € CO(R, L?):

i0pv° = Hyo® — Agv® + G (Jof?) oF, v (t=0) =ug, (1.14)

where G is the following generalization of the operator G defined in (1.1): for func-
tions defined on R3,

1 oo 1 ! _IN,I2 / /
G(f)(ro) = E/o /S2 mf(ra)r dr'do’. (1.15)

Finally, we have the approzimation of (1.4) by the limit system (1.14): for allT > 0,
lim H<VJ>(’LLE — UE)HLOO([—T,T},LQ) =0.
e—0

Notice that, in (1.14), the nonlinear Schrédinger dynamics operates only in the
o variable. Indeed, the function w® defined by

W (t,r, o) = e Hrf (t, 7, o)
solves the system
0w = —Apw® + G (|o]?)w,  w(t=0)=uf, (1.16)

which is a "mixed-state" version of the scalar equation (1.2). Indeed, let us decom-
pose the function w® on the eigenvectors of the confinement operator H.,., setting

“(t,r, o) Zw (t, o) (r
ie.

“(t,r,o) Ze ZtEPw (t, o) (r).
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Then each component wy, satisfies

+o00 oo
i@tw; = —AUW;“‘G Z‘wZ‘Q w;” w;(t = 0) — A o w;TQdT'.
q=0

Notice that the components wy, are only coupled through the selfconsistent potential.
In particular, if the initial data is polarized on a single eigenmode, i.e. u§ = vy ¥y,

then the solution of (1.14) remains polarized on the same mode pg, for all time:

ve(t,r o) = e_ithio/EQw;O(t,a)qb;O (r) and wy satisfies (1.2).

2. The Schrédinger-Poisson system on the sphere

This section is devoted to the analysis of the Schrédinger-Poisson system (1.2) on
the two-dimensional sphere S?. As announced in the introduction, we will prove that
this system is locally well-posed in H*(S?) for all s > 0, but not for the critical case
L?(S?). To make precise this statement, let us recall the notion of well-posedness
that is meant here.

Definition 2.1. Let s € R. We shall say that the equation (1.2) is, locally in time,
uniformy well-posed in H*(S?) if, for any bounded subset B of H*(S?), there eists
T > 0 and a Banach space Xt continuously embedded into C([—T,T], H*(S?)), such
that

(i) For every Cauchy data uy € B, (1.2) admits a unique solution u € X,
(ii) If up € H(S?) for o > s, then u € C([-T,T], H° (S?)),
(ili) The map ug € B — u € X is uniformly continuous.

The proof of Theorem 1.1 uses essentially the techniques developed in the works
of Burq, Gérard, Tzvetkov [9, 10, 11, 12]. It can be decomposed into two main steps:
the proof of well-posedness under the assumption of a multilinear estimate and the
proof of the multilinear estimate itself. More precisely, we follow the work of Gérard
and Pierfelice [20], who have adapted the methodology to the particular structure
of Hartree-type nonlinearities as in (1.2). The analysis relies in a crucial way on
a quadrilinear estimate. For the sake of completeness and readability, we sketch
all the steps of this proof, although the new contribution in this proof essentially
concerns the quadrilinear estimate proved in subsection 2.2.

More precisely, Theorem 1.1 can be seen as a direct corollary of the following
Propositions 2.2 and 2.7, completed with the conservation laws (1.3) (which are
very classical are will not be proved here).

2.1. Well-posedness via quadrilinear estimate. The following proposition re-
duces the study of wellposedness for (1.2) to a quadrilinear estimate.

Proposition 2.2. Suppose that, for every x € C5°(R) and for all € € (0, %), there
exists Cz > 0 such that, for any f1, fa, f3, f1 € L*(S?) satisfying

1\/1—A06[Nj,2Nj](fj) = f]? j = 17273747 (21)
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one has the following quadrilinear estimate:

4
sup / /2 ZtTG U1UQ)U3U4 dodt < C ( (Nl,NQ,N3,N4))EH ||fj||L2(SQ)
(2.2)
where uj(t) = S(t)f; for j =1,2,3,4, S(t) = €A denoting the free evolution, and
where m(Ny, No, N3, Ny) denotes the product of the smallest two numbers among
Ny, No, N3, Ny. Then the Cauchy problem (1.2) is locally uniformly well-posed in

H*(S?) for any s > 0.

Proof. We follow the steps of the proof of Theorem 1 in [10], see also [12, 20].
Proposition 2.2 will be proved thanks to a fixed point procedure formulated in the
Bourgain spaces X*?.

Step 1. Reformulation of the problem in the Bourgain spaces.

Following the definitions in [7] and [12], we introduce the following family of Hilbert
spaces

X5 = {u €S'(RxS?) : (1+]id, + A, %)

(1 - Ap)*?u € LA(R x 82)} ,
(2.3)

for s,b € R. For any T" > 0, we also denote by X;’b the space of restrictions of
elements of X*® to (—T,T) xS?. We gather in the following lemma some interesting
properties of these spaces.
Lemma 2.3. The Bourgain space X* satisfies the following properties.

(i) Vf € H%(S?), ¥b > 0, the function S(t)f belongs to X*?.

(i) Vb > 5, X% G(IR{,HS(SQ)).

(iii) Let b, b’ such that O <¥<io< b < 1—1V". There exists C > 0 such that,

if T € (0,1] and w(t fo (t —7)f(r)dr, then

HwHX;,b < CTl—b—b’HfHX;,_b/ :

Proof. The first property (i) stems directly from the definition (2.3) of X*b. Re-
marking that

[ullxse = 0] o w5 (s2) where v(t) = S(—t)u(t), (2.4)

the second statement (ii) is obvious and the last statement (iii) appears to be a
consequence of the following elementary result, proved e.g. in [21]:

t
if g(t) = /0 h(r)dr then | glgo—rm) < crt=r? 1 Wl v~y -
U

As a consequence of this lemma, it is easy to prove by a standard contraction
argument that the Cauchy problem (1.2) is locally uniformly well-posed in H*(S?),
s > 0, as soon as the following result holds true:

Lemma 2.4. Assume that the quadrilinear estimate of Proposition 2.2 holds true.
Then for all s > 0, one can find b,V satisfying 0 < b <1/2 <b<1—1V" and such
that we have the estimate

G (urug)usll s~ < Clluallxsplluall xsolluslxse, (2.5)
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IG(u)ull oo < Cllul%ssllull xon  foro>s. (2.6)

The end of this section consists in the proof of this lemma.

Step 2. Quadrilinear estimate in X*°.

Let us first give without proof two estimates on the operator G. These results
can be obtained straightforwardly using Hardy-Littlewood-Sobolev inequalities in
dimension 2.

Lemma 2.5. The operator G defined by (1.1)satisfies the following estimates:

1 1 1
16N Iagz) < Clifllree),  forl<p<2ond_=_—5,  (27)

p
p—2

IGUN gy < C I W) I 15y Jorp>2 and 0 =

We now reformulate the quadrilinear estimate (2.2) in the X*? spaces.

Lemma 2.6. Under the same assumption as in Proposition 2.2, let w1, us, us, uy
satisfy

1 ﬁl—Aoe[Nj,ZNj](uj) = uj, 7=1,2,3,4. (2.9)
Then, for every s > 0, there exists 0 < b’ < 1/2 such that
4
/ 2G(U1U2)U3U4d0’dt‘ S Cm(Nl,NQ,N3,N4)SH||UJ||XO’b/. (210)
R JS i=1

Proof. The desired estimate (2.10) can be obtained by interpolation between the
two following inequalities:

4
/ G(u1u2)U3U4 dO’dt‘ < Cm(Nl, No, N3, N4)1/2 H Hu]'HXo,1/4 (2.11)
R JS2

=1
and, for any b > 1/2 and 0 < & < 1/2,
4
/ G(U1UQ)U3U4 dO’dt‘ < Ce m(Nl, NQ,Ng, ]\74)8 H HUJ'HXO,I) . (212)
R JS2 =1

Let us prove the first estimate (2.11). By symmetry and self-adjointness
of G, only two cases have to be considered: m(Ni, No, N3, Ny) = N;No and
m(N1, No, N3, Ngy) = NiNs. In the first case, we deduce from Holder and from
(2.8) that

/R g G(uruz)uguy dadt‘ < |NG(urua) || L2 (r, noe s2)) lustuall 2w, 21 s2))

2/3 1/3
< Cllurus | 7ot ooy 1]l ot 1 soyy sl p2e 1 s2))

4
< CN/*N,"? H llujlla(r,£2(s2)) 5
=1

since [lu;||zs(s2) < C’Ni3/4\|ul-||L2(Sz) due to the spectral localization. Hence, to get
(2.11) in this case, it suffices to remark that

lwjllza,z2s2y) = 1S(=Owsllpaw r2s2)) < CIS(=0wll griram, r2s2y) = Cllwgll xo.1/4,
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where we used the isometric action of S(t), a Sobolev embedding in dimension one
and (2.4).

The second case m(Ny, No, N3, Ny) = N1N3 can be treated as follows. Using
(2.7), we have

< |Gurug) || 2 r, as2y lusuall 2 m, /3 (s2))

/G(U1UQ)U3U4dO'dt
R JS2

< Clluvrug || po(m,rars(s2)) lusuall L2 m, a3 s2y)

< Clluallpaw, cas2yllvzllpaw, cos2y llusll par, pasey) lwall par, 22 s2y)

4 4
1/2 nr1/2 1/2 A71/2
< CN1/ Ng/ | | HWHL‘*(R,B(S?)) < CN1/ NQ/ H sl xo01/4 5
i=1 i=1

where we used [[u;|pa(s2) < CNi1/2\|ui||L2(g2).

We now sketch the proof of the second estimate (2.12), for all b > 1/2, which is
directly inspired from [12, 20]. Let us start by proving in a first step the result for
the special case where the u; are supported in time in an interval of size 1, say (0, 1)
after translation. Let v;(t) = S(—t)u;(t) and let f;(7) = 9;(7) denote the Fourier
transform in time of v;. Applying the inverse Fourier transform, we get

/ Gluruz)uguy do = //// (T +T2 T34 Ta) o
(2m)2 R4

xG(S(t) fr(m)S(t )f2 72))S(t) f3(73)S(t) fa(Ta)dodTidTadT3dTy.

Hence, the quadrilinear estimate (2.2), applied pointwise in 71, 72, 73, 74 and after
having chosen x € Ci°(R) such that y =1 on (0,1), gives

G u1u2)U3U4 dO’dt' < C. m(Nl,NQ,Ng,N4 / HUJHL2 Sz
2

< C:m(N1, No, N3, Ny)* HH UjHL?(RXS?)

i=1
4

= Com(N1, Nz, N3, No)* [ ] lull o ,
=1

where the Cauchy-Schwarz inequality could be applied since b > 1/2.

To treat the general case, it suffices now to introduce a function ¥ € CF°(R)
supported in (0,1) such that ) _,(t — §) = 1, to decompose u; = > 7 Ujn,
with uj, = ¥(t — §)u;(t), j = 1,2,3,4, and to apply the result of the first step to
the functions u;,. The conclusion follows from the almost orthogonality property
satisfied by the Bourgain spaces

Z ||an||§(0b < CHUJ'H?)(M .

nez
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Step 3. Proof of Lemma 2.4 by dyadic decomposition.

We have now the tools to prove Lemma 2.4. We shall only prove (2.5), the proof of
(2.6) being similar. By duality, we have to show that, for all uy € X—%?

2Gu1u2)u?,m;dadt‘<C’ HHU]HXsb || y—sr- (2.13)
S

7j=1
Let us perform a dyadic decomposition of the wu;’s, setting u;ny =

LA evan (uj). We have

lujlReen 2 D N2l lion = Y llugn[Fen (2.14)
N N
where N are dyadic integers. Proving (2.13) is equivalent to estimating the sum

Z J(N15N2yN3aN4)a
N1,N2,N3,N4

where

J(N17N27N3=N4)://2 G (u1, Ny u2,N, s, Ny ua N, dodt.
R JS

We now remark that in the above sum, all the terms with Ny > 4 max(Ny, Na, N3)
are zero. To prove this point, we first claim that the operator G is a function of
A,, more precisely, that we have for all f

Gl =3 [ fdot) = =48 2. (215)

The proof of the claim is done below. Moreover, from spectral localization
uj N; is the sum of spherical harmonics of degrees between /N;/2 and /2Nj.
One can deduce from properties of products of spherical harmonics that the
product G(uq,n,u2,N,)us N, is a sum of spherical harmonics of degrees less than
\/2 max (N7, No, N3), so orthogonal to ug if Ny > 4 max(Ny, Ny, N3).

Hence, by symmetry, it suffices to consider the terms with N7 < Ny < N3 and
N4 < 4Nj3. Pick s’ such that 0 < s’ < s. By Lemma 2.6, there exists 0 < b’ < 1/2
such that

> IV, Ny Ns, Ny <C Y > NINQHHULNHXW

N1,N2,N3,Ny N1,N2,N3 Ny<4N3
<o | IS8 il | 5 5 (5 liam s sl
j=12 N; N3 N4<4N3

where we used (2.14). The series in N; and Ny converges easily. Denoting Ny = 2"
and N3 /N4 = 2™, the series in N3, N4 can be bounded by a simple Cauchy-Schwarz
argument. Indeed, this series reads

S o S fug gy fuaon |

m>—2 n>max(0,—m)
1/2 1/2
| X (Zuus,znuis,w> (Z\\u4,znlr§s,bf>
m>—2 n n

< Cllus|l xser [luall x o -
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The proof of Lemma 2.4 is complete, so Proposition 2.2 is proved.

Proof of the claim (2.15). We use a very old argument that can be found, e.g., in
Poincaré’s works [25]. Let us compute explicitely the action of G on a spherical
harmonic Y;™. We define the following function on R3:
u(r,o) = r'y;"(o) for r < 1, u(r,o) = r~ =1y (o) for r > 1.
It is readily seen that u is harmonic on R3\ S2, so by computing explicitely the
jump of d,u on S? we obtain
—Au=(20+1)Y"do

in the distribution sense, where do is the surface measure on S?. Since u is decreasing
at the infinity, this means that
1 1
——(20+1)Y,"do’

ureo) = 3= [ (e + Y

thus
u(l,0) = (20 4+ 1)G(Yy™).
Denoting A = £(¢ 4 1), we have 2/ + 1 = /1 4 4\, so we have
1
GO = =57
1+4A

and (2.15) is proved. O
2.2. Quadrilinear estimate. In this section, we prove the quadrilinear estimate
(2.2) which is, thanks to Proposition 2.2, the core of the proof of local existence
result in Theorem 1.1. The main result of this section is the following proposition.

Proposition 2.7. There exists a constant C' > 0 such that for any fi1, fo, f3,
f1 € L2(S?) satisfying

1M€[Nj72Nj](fj) = f]7 j = 17273747 (216)

and for all £ €]0, %[ one has the following quadrilinear estimate

4
/ /2 ZtTG U1UQ)U3U4 dodt| < C, ( (Nl,NQ,Ng,N4))€ H Hfj”LQ(SQ)
S .

(2.17)
where ui(t) = S(t)f; for j =1,2,3,4, S(t) = A7 denoting the free evolution, and
X € CF(R) is arbitrary.

sup
TER

Proof. Let us decompose the f;’s on spherical harmonics:

> Hj,  with A H) +nj(n;+1)H) =0,
nJ=NJ/2

so that
2N

u; (t) _ Z efitnj(anrl)H?]l'. )
J
The quantity to estimate can be written as

// ”TG (uyug)usuy dodt = Z Wnymamsma (T)I (N1, 12,13, 14)
SQ

ni,n2,n3,n4
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where

4

Wnyngnana(T) = X | T— Zgjnj(nj +1) with €; = (_1)j+17
j=1

X being the Fourier transform of y, and
_ 1 772 \773 774
I(nly na,ns, ’I’L4) - /2 G(Hanng)Hn3Hn4dU .
S

By symmetry and self-adjointness of (, assume for instance that N3 =
min(Ny, No, N3, Ny). Let us estimate I(nj,ne,ng,ng) by adapting the proof of
multilinear estimates in [10, 11, 12, 20|. One can decompose Hﬂlj using a microlocal
partition of the unity with semiclassical cut-off of the form x;(z,h;D) (with small
support):

H). =oj+ Y xj(z,h;D)H},
k

where ; is regular (for all s, ||| D*|p;|12 < CS]]H%j ||z2) and where the sum is finite.
Thus, we only have to estimate some terms of the form

I= | G(V1Vy)V3Vido,
SQ
where Vj is of the form V; = Xj(m,th)Hij. The key point, from Burq, Gérard,
Tzvetkov 10, 11, 12] is that, using semiclassical Strichartz estimates in dimension
one, for each choice of (x;);j=1234 one can find a local system of linear coordinates
(z,y) such that, for all p, q € [2, 0] satisfying % + % = %, we have

1 1 .
Villigng < CNYPIH] gy, for j =1,2,3,4. (2.18)

The proof of this result uses the fact that the function H} ; satisfies

1

2 J - ; 2 _
WAH], + H), =0, with hf = s

2
NNJ?

which can be locally seen as an evolution equation where the well-chosen variable x
plays the role of a time.
In local coordinates we have

1] < CIGViIV2) e L Vsl /e g [IValla

with s = & and 1 = 1 — 2¢. Since
2e r 2

1
+ 1y — /|

G < [ — ViVal (e, o)’y

a Hardy-Littlewood Sobolev inequality gives

1
IGOiVa) iz < Csmp [ [ViVa(a!, )l s o’

_ 1./’1—26

< CSHV1HL30L§HV2HL30L§7
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where we used the fact that all the functions are compactly supported. Then we
apply (2.18) with the pairs (p,q) = (00,2) and (2,7):

1< CellVillzong IValiong IVall e IVall a2z

4
< Ce(N3)* [T 113, N -
j=1

To conclude, it remains to estimate uniformly with respect to 7 the quantity

ni,n2,n3,ng

4
Q) = Z |wWni 2 ms,ma (T)] H HH%J 2
j=1
where, in the sum, nq, no, ng, ny satisfy
N.
Vi€ {1,2,3,4} 7] <nj <2Nj. (2.19)

This quantity has already been estimated in [20], but we reproduce again this proof
here for the sake of completeness.
Denote by A(k) the set of (nq,ng,ns,ny) satisfying (2.19) and

4
Zajnj(nj +1)=k.
j=1
We deduce from the decay of x at the infinity that

0 <ol S T

tez. A(T]+e )j=1
<05upZHH e
KE€Z A (k) j=1

Let us denote by «, 8 the two indices such that m(Ny, Na, N3, Ny) = (Na, Ng) and
by v, d the two other indices: {v,d} = {1,2,3,4} \ {«, 5}. Then we introduce the
set

N; N
I'(k,i,7) = {(nz‘,”j) Y <n; <2N;, 7J <n; <2N;

and e;n;(n; +1) +en;(n; +1) = k} :

Now, denoting
S(k,l,j) = Z HHZLZHL2 HH7JLJ ”L27
L'(k,i,5)
we split the sum as follows:
Q(r) < Csup > _ S(k,a,7)S(k — K, 8,5).
kEZ k'eZ

Then we apply the following elementary result of number theory (see e.g. [10]).

Lemma 2.8. Let 0 = +1. For all € > 0, there exists C. > 0 such that, given
M € Z and N € N*,

#{(k1,ko) eN?: N <k <2N, ki+oki =M} <C.N=
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Hence we get

sup#L(K, a,7) < C-NS,  sup#D(k — ¥, 8,6) < C-N§,
k! k,k’

and by Cauchy-Schwarz
> S(k,0,7)S(k = K, 8,8) < Ce(NaNp)*x

k'eZ
1/2 1/2
")
X:Z\IH%MM§ STO>T HE 131113
k' T(ka.) k' T'(k',5,8)
4
< CE(NaNB)E H ||fj||L2a
7j=1

where we used the orthogonality of the spherical harmonics. The proof is complete.

O

2.3. An instability result in L?. In this section, we prove Theorem 1.2 and
exhibit a high frequency instability for the Cauchy problem in L?(S?) for the
Schrodinger-Poisson system (1.2). Consider the following spherical harmonic on
82

Yn(z) = (21 + ix2)" (2.20)

where (1, 79, 73) are cartesian coordinates on R?, §? = {22 + 23+ 2% = 1}. Remark
that this function concentrates on the equator {z3 = 0} as n — oo.

In the case of the cubic nonlinear Schrédinger equation on S%, an instability in
some H?® space has been shown in [13| (see also [2]| for a more precise result) by
finding an ansatz for the solution of the equation with an initial data proportional
to 1, and of order 1 in H®. A different approach has been presented in [19] in order
to exhibit the same instability. It consists in constructing a stationary solution for
the nonlinear Schrodinger equation, rapidly oscillating in time, by minimizing the
nonlinear energy of the problem. The point is to estimate precisely the correspond-
ing nonlinear eigenvalue as n goes to infinity. Let us adapt this argument to our
case.

Lemma 2.9. The function v, defined by (2.20) satisfies

C -
Iz = 71 +0(n2), IVetnlfe = nln+ Dl (2.21)
1 C. 1
|Gl a —@%”+§Mﬂﬁ> (2:22)

where C1, Cy, C3 are constant real numbers.

Proof. The first estimates (2.21) are immediate. Let us prove (2.22), writing

2n+1 N2n+1
/ G<wn12>!wnr2da:/(' _ (cos6)™ (cos &) d0de' dpdy’
SQ

cos 0’ — cos 8¢’ |? + (sin 6 — sin 0')%)"/?

2n+1/2 N2n+1/2 1-— COS(@ — (9/) , —1/2 , ,
= /(COS 0) (cos @) T eosOcosd +1—cos(p—¢) d0d0’dedy’,



14 PATRICK GERARD AND FLORIAN MEHATS

where the integration domain is (0,6, ¢, ¢’) € [—7/2,7/2] X [-7/2,7/2] x [0, 27] x
[0,27]. As n — +oo, the main contribution in this integral is near the equator
6 =0, 0" = 0. Hence some elementary analysis using

27 27
/ / (t+1—cos(p — @’))_1/2 dede' = alogt+b+0O(t) ast— 0+,
o Jo
yields (2.22). O

Now, for all 0 < § < 1 we introduce the function ¢,, = ¢, 1, such that ||¢y, |72 = 9.
We deduce from Lemma 2.9 that

IVodnllZe = n(n +1)8% (2.23)

4
/ G(’¢n‘2)‘¢n’2 do = Cy5*logn + C56* + O (6_> ’ (2.24)
S? n

for some constants Cy and C5 independent of n and §. We will see that this factor
log n is at the origin of the high frequency instability.
Let us define as in [19] the space

L2 ={feL*S*):VaeR foR,=em"f},

where R, denotes the rotation of angle o around the z3 axis. Since the spherical
harmonics take the form

Y™ = ¢y P} (sin 6)e™,

in spherical coordinates (f is the angle between the vector x and the equatorial plane
{x3 = 0}), where P;" is a Legendre function and ¢, ¢ is a normalization factor, it
is readily seen that the space L2 is characterized by

L? = span {y',, keN}, (2.25)

where n is fixed. Therefore, we have a characterization of ¢, (up to a phase factor)
as the minimizer of the Dirichlet energy on L2:

¢n, = argmin {||Vou||%2 for u € L? such that ||u|| 2 = 6}

Let us now minimize the energy associated to (1.2):
1
£(u) = Vol +5 [ GluPlul? do

on the sphere of radius § of L2. It is easy to prove the compactness of minimizing
sequences and to obtain the existence of a minimizer f,, to this problem. The Euler
equation reads

—Asfn + G(|fn|2)fn = wnfn,
with
1
on = 55 (I bulle + [ GURPIEE do) o0 (220
and the function
un(t,z) = e " f, (z)

is a solution of (1.2). The key of the method is now to show that f, is close to ¢,
up to a phase factor, and to give a precise estimate for w,,.
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Lemma 2.10. There exists a constant C' independent of n € N* and 6 € (0,1] such
that, for some ay, € R,

' 1 1/2
[ £ — €| o < OO <%) , (2.27)

1
wn = n(n+1) + Cy0%logn + C56% + O <53 slg/jf) . (2.28)

Proof. Since f, belongs to L2, let us decompose this function on the spherical
harmonics, according to (2.25):

0o
fn = aOgbn + Z akY7?+k 5 (229)
k=1

the Y, being chosen normalized in L?. One can deduce from the normalization
conditions that

a0’ + ) |ag|* = 6° (2.30)
k=1
and the property E(f,) < E(¢y) reads

lao28%n(n + 1) + 3 lag (0 + k)(n + k + 1) + = / G fal2)|fal? do
Pt 2 /g (2.31)

1
<+ 1)+ 5 [ GllonPlenl do.
S2
By substracting n(n + 1)x(2.30) to (2.31), we obtain

S k(@0 + b+ 1)]ag? < %/ Gllom D) bnl do < C5Ylogn, (2.32)
k=1 s

where we used (2.24). Hence we have

> logn
an - aO(an%2 = E ‘ak‘z < 054% (2.33)
k=1

Inserting (2.33) in (2.30) leads to
1
0<1— |ag? < 052221 (2.34)
n

and (2.27) follows, setting ei®r = 20,

= aol”
Let us now prove (2.28). By combining the two inequalities

1 1
IVohulls +5 [ GURPIRE o < [¥atalls + 5 [ GllonPlonf do
S2 S2

and
IVotnllte < Vo falZe,
and by using (2.26) it comes

0 <¥abulta + [, Gllonlonl? do - s,

(2.35)
S/ (G160 ) dnl* do = G(| fnl*)] fn]?) do.
S2
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Moreover, for all M > 0 and for all u,v in the centered ball of L83(S?) of radius
M, we deduce from the estimate (2.7) on the operator G that

\ /S (GUuP)ul? = G0 of?) do| < OMPJlu = vl s (2.36)

Let us now estimate f,,, ¢, and the difference between these two functions in L%/3.
The key point will be the following estimate on spherical harmonics due to Sogge
[27]:

Y7 | s < CLVOYE 2. (2.37)
Therefore we have

bl ps/s < Cont/10. (2.38)
Moreover, from the decomposition (2.29) of f,, and by the Minkowski inequality,

| fn — € bnllss < ||| a0 — | én + !ak!H ekl s/
|ao| 3

L8/

By (2.37), (2.32) and Cauchy-Schwarz, we have

(n 4 RS 12 /o 1/2
n

< B A — k(2 kE+1) 2
Z|ak|” etk ll /s C( z 2n+k+1)> <kzl (2n + k + 1)]ay| >

logn
2
<Co 16

Hence, using also (2.34) and (2.38), we obtain

Za 1
[ fn — € Pl 155 < C6* 7/16 and | fullpss < Con'/16,

Finally, (2.36) leads to

logn
[ (Gt )ienl? = G PSP do < OB

By inserting this estimate in (2.35), then by using (2.23), (2.24), we obtain (2.28).
O

Proof of Theorem 1.2.

We now have the tools to prove the high frequency instability and Theorem 1.2.
Remark first that, replacing f,, by f,e '*", one may assume «, = 0 in (2.27). As
in [19], we consider two values of ¢:

571 - 507 5% = /fn(SOa

where 0 < 69 < 1 and Kk, — 1 as n — 400 in a way that is defined below (see
(2.39)), and we denote by f,, ¢, and f), ¢, the corresponding functions.
By (2.27), we have

logn

1/2
an—f,aumsufn—%um+rrf;—¢;rrL2+ran—5msc( ) 041 Al

whereas the corresponding solutions of (1.2)

_—itw o —itw! el
un—e nfn’ un_e nfn
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satisfy

e*l’tw;

—llfa = fallre

t logn 1/2
sin <§(wn—w,’1)> 60—C'< > 9o — |1 — Knldo.
n

1
wn = wp = Ca(1 = #5)d5 logm + Cs (1 = k)85 + O <#> .
n

ltm =z = [em e

>

By (2.28), we have

If now we define k,, by
1/2
Kp = <1 — (logn)*l/Q) (2.39)

and an observation time ¢, by
T B T
wp —wh  C463(logn)1/2

ln = (1 +0(1))a

we have clearly a sequence t,, — 0+ such that

(=) (b V22 = G0 —€ms N(um = w)(0, )2 < 2,

where &, — 0 as n — +o0. Since u, and u}, are in the ball of radius &y of L*(S?),
this contradicts Item (iii) of Definition 2.1, which means that (1.2) is not uniformly
well-posed on L2(S?). O

3. Asymptotic analysis

The aim of this second part of the paper is to prove Theorem 1.5, which justifies
the use of (1.2) (in fact, of the mixed-state version (1.14) of this equation) as a model
for quantum transport on a surface by means of asymptotic analysis, deriving this
system from a well-established model, the three-dimensional Schrodinger-Poisson
system (1.4). The Cauchy problem for this system without the confinement potential
was studied in [8, 24] in the energy space, and in [14] in L.

3.1. Estimating the Poisson nonlinearity. In this subsection, we obtain some
estimates on the Poisson nonlinearity for functions confined near the sphere by the
confinement operator V°. We will see that the following family of norms is well-
adapted for the study of the singularly perturbed nonlinear problem (1.4):

(Vo) ull L2 + ellullz1,

where s is a positive integer, whereas the following family of norms is well-adapted
to the limit problem (1.14):

(Vo) ull g2 + (|1 + &2 Hy) ™ a2,

where s; and sy are nonnegative integers and where we recall the definition (1.11) of
the Hamiltonian H,., which is nonnegative thanks to Assumption 1.3. The nonlinear
analysis of (1.4) will be based on Lemmas 3.1 and 3.2.
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Lemma 3.1. Let u € B!, such that (V,)*u € L? with s > 1. Then there erists
v >0 and a constant C > 0 such that, for all € € (0,1], the nonlinearities V (|u|?)u
and G(|u|2)u respectively defined by (1.6) and (1.15), satisfy the tame estimate

(Vo) (©(uP)u)ll2 < CIV )l (Vo) ullze (3.1)
v (|m>m2sc@wmmﬁﬁme®Mwwmm@m

where C is independent of €. Moreover, if u,v € Bl are such that (Vo )u, (Vy)v €
L?, then
(Vo) (G(lu*)u = G(|v[*)v) || .2
< C(I(Vo)ull?z + (Vo)ol72) Vo) (u = v)]l 2,
(Vo) (V(ul?yu = V(jo o) || 2
< 0 (I ulls + 200 ullys + I(Vo)0l2 + 20 Jolfa, ) x (3.
(V= 0)lz2 + €20 [ = o1
Finally, if (V)?u € L?, then we have
(Vo) (V(Iul)u = G(juf*)u) || . < Ce (I{Va)*ull2 +° Jull31) - (3.5)

(3.3)

Proof. Step 1. Sobolev embeddings. Let us first write some anisotropic Sobolev
embeddings that will be useful several times in the proof. In spherical coordinates
(recall that x = ro), we shall denote

00 a/p 1/a
Vp,q € [1,+00)  lullppreg = </ (/ \Uqu0> r2dr> ;
0 g

Vg e[l +o0)  ullpeerg = Supess|lu(r, )| -

r>

By Sobolev embeddings in dimension 2, we have
[ullpzry < Coll(Vo)ullL2 (3.6)

for all p € [2,00). Moreover, since the H! norm reads in spherical coordinates
2

)

1
il = ol + 10l + 29

L2
we deduce from the Hardy inequality
15] ., < civuls
rilre
that "
|var (%)), < Clulln. (3.7)
Hence, by Sobolev embeddings, we get
u
I7],,0p < Gl < Cpllulsn (3.8)
for all p € [2,00). Finally, we claim that
u
|57, = ClToullze +C*ulan, (3.9)
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for some v > 0 independent of €. In order to prove (3.9), let us split the integral on
{r>1/2} U{r <1/2}. We get

u ey u
7], = lmtrl g + [t
\/_ 1/2-1 w 1/2
< HU1T>1/2HL2L4 +C HU17’<1/2H Hu17"<1/2HL2L’71 17"<1/2‘ L2

1/2—
< OI(Voull 2 + C Julpcy ol Vo Vo )ull s full s

where we used a Holder inequality for the second inequality and (3.6), (3.8) for the
third one. Here n € (0,1/2) is a parameter that will be fixed later and p; = 2+1/n.
It remains to use the properties of the confinement operator. From Assumption 1.3,

we deduce
2 2 2 r—1\"?
[ulrcryal 2 < 2% H 1)/ ‘LQ < Ce/ Vc< . ) u
L2
< Ce'™2||u|g. (3.10)
Hence,
u — o
W‘Lng < Cl{Vohul g2 + CeM2mDAF2 |y |5 (W, a2,

To conclude, we choose 1 small enough such that (1/2—7)(14+«/2) > 1—mn. This is
possible thanks to the assumption o > 2. The Young inequality finally gives (3.9).

Step 2. Proof of (3.1). Let s > 1. From the Littlewood-Paley theory and the
Mikhlin-H6rmander multiplier theorem |1, 26| applied on the sphere, we have
1Vo)® (G(ul)u)[| . < ClGUu)| oo 1{Vo) ull 2
+C H<VJ>SG(|U|2)HL’; lullp2 e (3.11)
for all pair (p, q) such that p > 2 and %—l—% = 1. The L* norm of G(|u|?) is easy to

estimate. Indeed, this function is independent of the variable r and we notice that
G is linked to the operator G defined by (1.1) thanks to the relation

—+00
G(luf*) = ; G([ul?(r',-)) r"dr,

Pick a real number p > 2. From (2.8) and the Holder inequality, we deduce

0< () < c/ L a2 gy
< Clu ||ii/L§5 ? Hunff*‘”/@p*?)
< CI{Vo)ulZs (3.12)

where we used the Sobolev embedding (3.6).
Let us now estimate the L L5 norm of (V,)*G(|u|?), where p > 2 is given. Since,
from (2.15), we have

+oo
G(Juf?) = /0 (1 - 48,)"Y2(uf2)2dr,



20 PATRICK GERARD AND FLORIAN MEHATS

the operator —A, commutes with G and therefore

(Vo) G(|ul*) = G (Vo) (Jul*)) -
Thus, by (2.7),

IOy < € [ T )i
+oo 9
< € [T U gy g
< Cl(Ve)® uHL2 HUHL2LP (3.13)
where ps was chosen such that p% = 5 + 5 and where the Mikhlin-Hérmander

multiplier theorem on the sphere was used again. Finally, from (3.11), (3.12), (3.13)
and (3.6), we deduce (3.1).

Step 3. Proof of (3.2). Let s > 1. By the Mikhlin-Hérmander multiplier theorem,
we have

(Vo) (V(uP)u)|| . < C[V(Iul?) HLoo (Vo) ull 2

1/2 7
P2V )V ([uf? HLW 1/2‘ PURCAt)
Let us first estimate the L> norm of V'(|u|?), written in spherical coodinates:
1 1
2 2 72
V(|ul*)(ro) = E/mm&la'ﬂ r“dr'do’ . (3.15)
Since o and o’ are unitary, we have (o — ¢') - (0 + 0’) = 0, thus
N 2 AN
lro —r'o’|? = <T —g T ) o —o'|> + <7" 5 - > o+ d'%, (3.16)
which yields
1 2 1
. 3.17
|ro —r'o’| — max(r,r’) |o — 0| (3:17)

This enables to estimate V (Ju|?) by using again Lemma 2.5. For all p > 2, we have

+oo
0<V(juf®) < / Z G0, ) rar’

< C/ _H HQP/ 2p—2) Hu( H(Qp 4)/(2p—2) ,er,.

Hence, by splitting the integral on r» > 1/2 and r < 1/2 and using the Holder
inequality,
0< V() < Clul 2p/(2p-2) 1.1 (2p—4)/(2p—2)
= (’u‘ ) Hu r>1/2HL2L2p Hu r>1/2HL2

2/(2p—2)

ulpcio| 30 [utca ol | 0/

+C|| T parz |

2/(2p—2) (2p—4)/(2p—2
< Cl(Vohulza + Cllullm [{Va)ull 7% flutcyol| 7~

where we have used again the Sobolev embeddings (3.6) and (3.8). Finally, (3.10)
yields

0< V(’u‘z) < C”<VO'>U’H%2 +C€(1+a/2)(1*2p 3 HUHB 2p 2 H( > H2/(2p 2)
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To conclude, we choose p large enough such that (1 + o/2)(1 — 5= 725) > 2 — 2p 5.
This is possible thanks to the assumption « > 2 and we obtain finally, using the
Young inequality,

0 < V(lul*) < Cl{Voyulzz + Ce* M fullf,. (3.18)

Let us now estimate the L°L% norm of r/2(V,)*V(Ju?). Since V(|u?) =
(—A)~1(Jul?), the operator —A, commutes with V and we have

(Vo) V([ul) =V ((Vo)*([ul?)) -
Therefore, we deduce from (3.15), from (3.17), from (2.7), and finally from the
Mikhlin-H6rmander theorem on the sphere that

too q
1/2 s 2 2
AV, < c/o AR e
oo s u(r,-) 2
< O [ MUy |5
s u
< OV ulia |37, (3.19)

Finally, we deduce (3.2) from (3.14), (3.18), (3.19) and ( ) The proofs of (3.3)
and (3.4) are very similar to the proofs of (3.1) and (3.2), with s = 1 and we leave
the details to the reader.

Step 4. Proof of (3.5). In order to estimate the L? norm of
(Vo) (V([ul*)u — G(Jul*)u), let us introduce
1 1
5 / / = _
(rr,0,0) lo —o'| |ro—r'd’|’
such that, for all function w, we have
+oo
(V(w) = G(w))(ro) = —/ 5(r, 7, o, 0w o) dr' do’. (3.20)
SQ

From (3.17), one deduces directly that

lo—o'| : o'l <1+ m> (3.21)

Moreover, by using (3.16), one can decompose d(r, 1, 0,0’) = §1 + d2 with

((r+7")2—4)|o —o)?
dlro —r'o'||o — o'|(|ro — r'o’| + |o — d’|)

|6(r, 7’ o,0")| < ———

01 =

and
(r—7")2lo +o'|?
dlro —r'd'||o — o'|(|[ro —r'd’| + |o — o)

09 =

Let x be a continuous function on R, positive for z # 0, such that x(z) ~ |z| as
z — 0 and x(z) =1 for |z| > 2. From (3.17), one deduces that

(x(r=1) +x(r'=1)) 1
= C lo — o] <1+max(r,r’)>'

Furthermore, since by (3.16) we have

Ir —1'||o +o'| < 2|ro — 1o’



22 PATRICK GERARD AND FLORIAN MEHATS

we can estimate d9 as follows:

! ! -1 -1 1
s < r=rlo ol b= 1) () |
2|ro —r'o’||o — o| max

We have thus proved that

rr' oo (x(r = 1) +x(r" ~ 1)) !
|o(r,r",0,0")| < C o — o2 <1+max(r,7°')>.

By interpolating between this inequality and (3.21), one gets finally, for alln € (0,1),

|5(r, v, o, 0/)| < C’% (3.22)

where we have set

r(r,r') = ((x(r = )"+ (x(r' = 1))7) (1 + ¥> :

max (7, 1")

Next, we claim that one can adapt Steps 2 and 3 in order to prove that, for n > 0
small enough,

(Vo) (V(Jul)u — G(lul)u)]| .
smnwﬂmwwmﬂ<mmﬁ+&ww oullds +eulld) . (3.23)

Let us prove this claim. We have
(Vo) (V(Jul*)u = G(luf*)u) || .

1/2
2
SC(A V() = GG 1l r2ar
1/2

+C</O V(Yo (ul?)) - G(<va>(\u12))|yigHuyyiydr) (3.24)
By (3.20) and (3.22), we have
+o0
V() = Gk <C/ /g o — /\1+n [u(r'a")|* do'rdr’

(I+n)p (1-n)p—2

+o00
<€ [0 =0 O ) () 5 el

(A+n)p (1-n)p—2

+o00 s
<O =1 e =) 5 Il

1/2 1 (1+n)17 , (I*n)z{*2 P
+C/ —Hu |lu(r ')HL?,p_ redr

where we used the Hélder inequality and where p > 1 . The first integral in the

last inequality can be bounded as in Step 2, by using the Sobolev embedding (3.6):

400 , , (1+n1)p , (1—77)11)—2 oo
/ (Octr =)+ (O = 0)7) w27 Gl o7 rdr

1/2
< (x(r = D)V )ulZe + (" = D) (Vo)ull g2 [{(Vo)ul 2.
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The second integral can be bounded as in Step 3: by using (3.6), (3.8) and (3.10),
we get, for 17 small enough and p large enough,

1/2 1 / (1+n1)p / % 12 3.1 2 2 2
/0 Sl g Nt )l rPdr < Ce? (IK{Vo)ullzz +*llullz) -

Finally, the first term in (3.24) can be estimated as follows:

+00 ) 1/2
(/ V() - G 107 >uuLgr2dr)

< Clix(r" = ))"(Vo)ull2[(Vo)ullfz + C=7 (I(Vo)ullz +%ullf) . (3.25)
Let us now estimate the second term in (3.24). Setting
1 2
w(r',o) = /S2 m(vomu\ )(r'a’)do’,

we deduce from (3.20), (3.22) and from the Minkowski inequality that

+oo ) ) ) ,
[ IV 1) — ST W ol

<o ([ asoont -1t ->\\L§,r’2dr')2 ([ a2 lutrl, ar)
o ([Tas o, ->HLgr’2dr')2 ([0 Zomt =1t v ).

By Hardy-Littlewood-Sobolev, one has
lw(r’, )zs < CHWJ(!UP)HLFA*% < ClVorulzzllull sy

o o

and, by adapting the proof of (3.9), one can prove that there exists v > 0 such that,
U

for n small enough,
‘ VT L%L;f%

Finally, using (3.6) and (3.26), one gets
+00 5 1/2
([ IV CTab )~ a2 il 2

< Clix(r = D)"(Vo)ullz2 (I(Vo)ullzs + Ce 2 |ul3) (3.27)

and the claim (3.23) can be deduced from (3.24), (3.25), (3.27), the Young inequality
and the Holder inequality.

We are in position to conclude the proof of (3.5). By using an interpolation
inequality on the sphere and the properties of the truncation function y, we obtain

Ix(r = D{(Vo)ull2 < Clix(r = Dl M2 1(Vo)2ull 15
< Cfllr = 12 Al (o) 2l 1

Can1/2 || Me
v (r 1> "
£

« 1-1/«
CeV? (elullp )V (Vo) 2ul 15

< ClVo)ullzz + C lull:. (3.26)

Ce/? ul| 252 (V) 23

IN
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where we used Assumption 1.3 and the fact that o > 2. Finally, inserting this
estimate in (3.23) and using the Young inequality leads to (3.5), up to changing the
value of ~. O

Let us now state another estimate, where we recall that the operator H, was
defined in (1.11).

Lemma 3.2. Let u be such that (V,)u € L? and Hf/Q(V(,W € L? with s > 1 an
integer, then

|+ e2E)°/2(90) (1)) |, < OV U2+ 2H) (T yul 2. (3.28)

Proof. Since the operator H, only acts on the variable r and since G is independent
of the variable r, we have, for all s > 0,

11+ 2H)72(90) (C(uP)u) 2 = Vo) (G(u?)(1 + €2 Hy) %) |

IV o)ullZ: (1 + e2Hn)* 2 (Vo )ull 2,

where we used (3.12) and the following inequality, that can be proved as (3.1) with
s=1:

IN

(Vo) (G(lul*)o) || 2 < CIVoullZ (Vo )vll 2.
O

We end this section with the following lemma, which will enable to deal with
more convenient norms than H(l +e2H,) S/QUHLQ

Lemma 3.3. Assume that the confinement potential satisfies Assumption 1.3 and let
H, be defined by (1.11). Then H, is a positive selfadjoint operator on L*(R.,r?dr)
and, for every integer s > 1,

D((1+ H,)*?) = {u € L2(Ry,r2dr) : (V)T 0F(ru) € LA(Ry,dr), 0< k < s} .

C

Moreover, the following norms are equivalent, with constants independent of €:

)

(1+2H,)%u

L2

+&°|(Ve) 2ull 2,
L2

1
lull 22 + & ||~ 07 (ru)

(9k(ru

~—

and
L2

L2
where || - HLz denotes the L?(R .y, r%dr) norm.

Note that proving this result is equivalent to proving the equivalence of the fol-
lowing norms in dimension one:

|+ e2-02 + vien il

L2(Ry dr)’

lull 2@ ar) + €° N0 ull L2, ar) + € I(VE) 2ull L2 ar)

S
—k
lullpoe, ary +* || (V)3
k=0

" ‘ L2(Rydr)’
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s s L c s—k
lull 2y ary +€ ;}\@" (Vc) ’ u)‘LQ(R+,dT)

Now, recalling that VZ(r) = E%VC(%I), let us apply the dilation r’ = “=1. The
above norms become

H(1 — 32+ V)u(

L2(-L400))’

lell 21 toopy + 1072l Log -1 4oop + ||(‘/C)%UHL2(]7%,+00[)’

lell 21 yoop + Z H(v(:)%afu(
k=0

)

L2(]— £ +00)

lullz2g-1 4oop + kzz;) ‘ o <V‘:)%ku) ‘ L2(|—L+o0))

Hence, Lemma 3.3 is a consequence of Proposition A.1 proved in Appendix A.

3.2. Approximation by an intermediate model. In this subsection, we make
a first step towards Theorem 1.5. We obtain a priori estimates for the singularly
perturbed system 1.4 and prove that it can be approximated by the following system,
where we only pass to the limit in the nonlinear term:

i = —Aw® + Viw® + G (Jwf]?) we, w(t =0) =ug, (3.29)
where G is defined by (1.15).
Proposition 3.4. Assume that the confinement potential and the initial data satisfy
Assumptions 1.3 and 1.4. Then the following holds true.

(i) For alle € (0,1], (1.4) admits a unique solution u® in the energy space CO(R, B).
Moreover, there exists T > 0 such that

P (ellw | Lo .81y + (Vo) Lo ((-177,22)) < +00. (3-30)
ec(0,

(11) There exists T > 0 such that, for all € € (0,1], (3.29) admits a unique solution
w® € COU([~T,T),BY) with (V,)w® € CO([~T,T|,L?), and with a uniform bound:

Stlopl] (ellw|| oo (1,77, 81) + Vo)W || oo ((mr 1, 12)) < +00. (3.31)
ee(0,

(11i) Assume that eg € (0,1] and T > 0 are such that

sup (el|w® || oo (mr,81) + (Vo)W || oo (=117, 12)) < +00. (3.32)

e€(0,e0]

Then, one has
tim (V) (" — )0l o (—ry718) = 0. (3.33)

Proof. The well-posedness of the Cauchy problem in the energy space B! for (1.4),
for all fixed € > 0, is very standard. It can be proved by using standard techniques:
local in time existence by a Banach fixed-point procedure, then global existence
thanks to the conservation laws (1.10) and (1.11).

Step 1: a priori estimate (3.30). Let us now prove the existence of 7" > 0 such that
the a priori estimate (3.30) holds. Thanks to Assumption 1.4, we have

C
IVl + V) 217z < il < (3.34)
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and

IVV (jug )72 = /RS V(jug Mg Pde < IV (jug )l [lugliz: < C,

where we used (3.18). Thus, the energy conservation law (1.11) yields, for all ¢,
2
€
w5 < e¥lluollz: + S IVV (51172 < C. (3.35)

Apply now the operator (V,) = /1 — A, to the Schrodinger equation (1.4). Since
this operator commutes with the Hamiltonian, we get for all ¢
It]
{Vo)u (@)l < [(Vo)upllre +/t| (Vo) (V([uf[*)us)]| 1 (7) dr

[l
<CHC [ (Ve + € 0l ) 10T zadr
—[tl

where we used Assumption 1.4 and (3.2). Using the estimate (3.35) and a stan-
dard bootstrap lemma, this yields a local in time estimate: there exist 1" and Cp
independent of & such that

Vt e [-T,T) (Vg )us(t)||L2 < Cr. (3.36)
The proof of Item (i) of Proposition 3.4 is complete.

Step 2: the Cauchy problem for the intermediate model. Let us now consider the
Cauchy problem for (3.29). By using (3.1) with s = 1, it is easy to prove by a
fixed-point procedure that, for all € > 0, (3.29) admits a unique maximal solution
w® such that (V,)w® € CO((~T%,T¢),L?). Note that, by a bootstrap argument
similar as above, one can prove that T¢ is bounded from below independently of ¢:
there exists 1" > 0 such that
sup (Vo) w® || poo(—7,1),L2) < +00.
e€(0,e0]

Moreover, this solution w® also belongs to the energy space for all time and satisfies
the mass and energy conservation laws:

lw? ()72 = llufl72 (3.37)
1
IV ()17 + [1(VE) Y 2ws (#1172 + 5/ G(jw® (t,2)[*)Jws (t, ) dx
R3

1
= [Vuglzs + IV uflize + 5 /RS G(Jug|*)ug|*d.
Notice that this energy is finite and of order 8% at the initial time. Indeed, the
two first terms in the right-hand side are bounded by (3.34) and the third term is
bounded thanks to Assumption 1.4 and (3.12):

/RS G(|ugl) g dz < |IG(Jugl*)llz=luglz. < C.

Notice also that, to solve this problem (3.29), it was crucial to bound the L® norm
of G(|ul?), at the initial time and during the evolution, locally in time. Thanks to
(3.12), such estimate is available as soon as (V,)u belongs to L2. This is the reason
why we introduced Assumption (1.12) on the initial data. It is not clear whether
the Cauchy problem for (3.29) is well-posed on H' (or B') only.
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Step 3: regularization and approzimation result. Let us now prove (3.33). Let g9 > 0
and T' > 0 be such that a uniform bound (3.32) holds. We set

M =1+ sup (el|w®|pee(—r,,81) + (Vo) || Lo (o117, L2)) < 00
€€(0,e0]

Remark in particular that [|[(V,)ugl|2 < M < 2M. Let T be defined as follows:
Tt =sup {7 € (0,T] : (Vo) || poo(mrr],12) < 2M } .

From Step 1, we know that 77 is bounded from below: there exists 77 > 0 such
that Tf > T for all € € (0,&9]. Moreover, by a continuity argument, one can prove
that if 7f < T', then
(Vo )u[| Loo (- 15 15],12) = 2M.
Let 6 > 0. From Assumption (1.13) on the initial data, one can define a regular-
ized subsequence u8’5 of the initial data such that

sup (V) 2u5” |2 + ellug o ) < +o0 (3.38)
15

and
lim sup [[(Vo)(u§ — ug®)|| < 6. (3.39)
e—0
Let v, w9 be the solutions of (1.4) and (3.29) with u8’6 as initial data. By
standard arguments, using (3.3) and (3.4), one can prove that these solutions depend
continuously on the initial data: for § small enough, (3.38), (3.39) yield

limstl)lpwvaﬂwe’é—we)HLoo([—T,T},B) < 0, (3.40)

E—

hmsélpH<va>(u€’6_UE)HLOO([—Tf,Tf},LQ) < 0, (3.41)
E—

where C' is independent of ¢ and where we used that e||u9|5: and e|u||g: are
uniformly bounded. In particular, if ¢y and 6 have been initially chosen small
enough, we have the estimates

sup ||(VU>U€’6||L00([—T16,T16},L2)+ sup H<Vo>w€’5||L°°([—T,T],L2)§4M- (3.42)
€€(0,e0] €€(0,e0]

Next, applying the operator (V)2 to (1.4) and (3.29), then using the tame estimates

(3.2) and (3.1), with s = 2, one deduces thanks to (3.42) and the Gronwall lemma
that, for all £ € (0,e¢],

0V o) 20| poo (e 1), 22) + (Vo) 205 || oo (7, 12) < Onl{(Vo)2ug’llz2 < Carg

(3.43)
where C)y; and Cjy 5 are generic constants which only depend, respectively, on M
and on (M, 0), and where we used the bound (3.38).

Let us now write the equation satisfied by the difference z = u® — w®?:
iz =—Az+VEz + V(u®|P)u® — G(|u®*)us?
+ G([u®’P)u? — G(|w°|?)w. (3.44)

From (3.5) and (3.43) (and using also the energy estimates), we deduce that
(Vo) (V (Ju P)u® = G([u™*)u™) | 2 < €7 Cus.
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Moreover, since (Vy)uf? and (V,)w®® are uniformly bounded in L2, one deduces
from (3.3) that, for all ¢ and ¢,

(Vo) (G (1™ P)u™® = G([w™ P)w™) | 2 < Cur (V)2 (1)l 2
Finally, since z(t = 0) = 0, applying (V) to (3.44) leads to

lt]
(Vo) 2(t)[ > < &7 CM,5T+CM/| ‘ (Vo) 2(7)| L2d,
—|t

and a Gronwall lemma enables to conclude that
{Va)zl|Loo (=12, 1e),22) < €7 Cms T M7,

From this inequality and from (3.40), (3.41), letting § tend to zero, one deduces
that

ii_{% (Vo) (u® — w)|| oo (-5 ,75,12) = 0.

Finally, by fixing ¢; € (0, p] small enough such that
M
sup [[(Vg)(u® — wa)HLOO([fo,Tf],L?) < o
e€(0,e1]

we ensure that

3M
sup H<VJ>U]€||L00([_T157T15LL2) S T <2M
e€(0,e1]
(since M > 0). We deduce from this inequality that, for all ¢ € (0,¢;], IT5 = T
The proof of the proposition is complete. O

3.3. Proof of Theorem 1.5. In order to prove Theorem 1.5, it remains to prove
that the solution of the intermediate model (3.29) can be approximated by the
solution of the limit model (1.14). Notice that (3.29) reads

1
10w® = Hyw® — ﬁAow6+G(|w5|2) we, w(t=0) =ug.

Proposition 3.5. Assume that the confinement potential and the initial data satisfy
Assumptions 1.3 and 1.4. Then the following holds true.

(i) For all € > 0, the limit system (1.14) admits a unique global solution v¢ such
that (V,)v® € CO(R, L?). Moreover, the following conservation laws are satisfied for
allt € R:

o @22 = g3 (3.45)
100 (@) 22 + 1VEV* D122 = 10052 + (V) 2|2, (3.46)
1 1
nvﬂw;+5/’GOfFNfﬁm:= mu%ﬁg+5/'GO%FN%FMx@4n
R3 R3

(i1) Let T > 0. Then there exists ey > 0 such that the intermediate model (3.29)
admits a unique solution w® on [—T,T| with a uniform bound (3.32). Moreover, one
has

lin (V) (w° = 0°) (0| e (-:7,22) = 0. (3.48)

e—0
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Proof. Thanks to (3.1), (3.3) and (3.28) (with s = 1) it is easy to prove that the
Cauchy problem (1.14) is well-posed locally in time. In fact, the solution will be
global thanks to (3.45), (3.46) and (3.47). Let us now prove these conservation laws.

The first one (3.45) is the standard conservation of the L? norm. The second one

(3.46) is the conservation of the L? norm for the equation satisfied by HY e

i@tHg/Qva = 1[1017-177}/21)‘2 — AUHT%/ZUE +G (|v’3|2) Hg/Qva, Hg/Qva(t =0)= Hﬁ/zug,

recalling that G(-) is independent of r and that
1
Ho = —50,(70,) + Ve I(H)Pulfe = [0rullF + 11V 3.

The third identity (3.47) is obtained by multiplying (1.14) by d;v%, integrating on
R3, taking the real part of the equation and finally using (3.46).
Let us now prove Item (i1). Let T > 0 and denote

1
My =1+ sup <||u8||%2 + IVou§li2s + —/ G <|u8|2) |u8|2dx> < +00.
£€(0,1] 2 s
By (3.45) and (3.47), we have, for all € > 0,
(Ve )v® | oo ((=17),22) < Mo. (3.49)

By Proposition 3.4, the Cauchy problem for the intermediate model (3.29) is locally
well-posed for 0 < £ < 1, with a uniform bound of the form (3.31). Denote by w®
its solution and set

Ts =sup {T € (0,7 : |(Vo)wS | poo((—rr,12) < 2Mo } . (3.50)

We already know that 7§ is bounded from below: there exists 7 > 0 such that
T§5 > T for all € € (0,1]. Moreover, by a continuity argument, one can prove that
if Ty < T, then

H<v0>w€HL°°([—TOE,TOE],L2) = 2Mp.

Let us now regularize the initial data as follows. From (1.13) again, we deduce
that, for all & > 0, there exists a subsequence of the initial data ug, still denoted

u8’5, such that

sup (I1{7)05 2 + (1 + e H) (T 12 ) < +00 (3.51)
€
and
limsup [[(V) (u§ — ug®)|| < 0. (3.52)
e—0

We denote by v°° the corresponding solution of (1.14). By standard arguments,
using (3.51), (3.52) and (3.3), one can prove that

lim sup || (Vo) (v5° — V)| Loo ((—y17,12) < CO. (3.53)

e—0

In particular, for § and g¢ small enough we have the estimate

Sup H<VU>UE’6HLOO([—T,T},L2) < 4Mp. (3.54)
e€(0,e0]
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Next, applying the operator (V,)% to (1.14), then using the tame estimate (3.1)
with s = 6,

1t
(V)0 (W)l2 < C|I(Ve)° 66”L2+C/ Y(P)I7211(Vo) v (7) | dr

< Cus+ O / 7))
—|t

Hence the Gronwall lemma yields
H<Va>6ve’5HLoo([—T,T},L2) < Chgy, - (3.55)

Similarly, applying the operator (1+eH,)%?(V,) to (1.14), then using the estimate
(3.28), with s = 4 leads to

I(L+2H)* 2 (Vo)o™ ()2 < ClIA+ & H)Y (Vo )ug”|| 2

It]
e / S22 )11 + €2H, )2 (Vo )o=0 () |dr

It

< Ciat Can / 11+ 2,200}
— It

The crucial point for this estimate was that the operators (1 + eH,)%?(V,) and
H, — A, commute together (whereas (1 + ¢H,)%?(V,) does not commute with the
complete Laplace operator A that appears in the intermediate model (3.29)). Hence
the Gronwall lemma yields

(1 + €2 Hy)* 2 (Vo )v™ || oo (—r1,12) < Cgos- (3.56)

With these estimates, we are now ready to conclude. Let us introduce a smooth
function y, defined on R, such that 0 < x <1, x(r) =0 for r <1/3 and x(r) =1
for r > 2/3. Since the support of 1 — y is {r < 2/3}, one has

11 =X (Vo)™ 2 < Clllr = 1*(Vo)v™ |12
Ce®|[*VE (Vo) o™ || 2
Ce?||(1 4+ €2Hr)<vg>?}6’6HL2 <e*Crps  (3.57)

where we used Assumption (1.7), Lemma 3.3 and (3.56). Moreover, the function
xv=0 satisfies the equation

0™ = Ho(x0™) = A (x0™) + G ([o72) (x0°%) + R°

where the remainder

IN A

2
RE = _2X/arva,6 _ <X” + _X/> ve,é
r

can be estimated as follows:

1
(Vo) Rl < C \7"—1!“<Vo>;3r(rv€’5) 2+C\H7“—1!“<Va>ve’5HLz
L
1
< et ESVCE<VU>;37»(TU6’6) —|—C€‘XH52V;6<VU>US’6HL2
L2
< Ce (1 + 2H,)3 2 (V )00 || 2 (3.58)
< e Cuyys (3.59)
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where we used again Assumption (1.7), Lemma 3.3 and (3.56) and the fact that the
supports of the functions x” and x” are {1/3 <r < 2/3}.

Let us now estimate the difference y = yv° — w®. This function satisfies the

equation
, 1 r?—1 s
Zat<v0>y = Hr<va>y - T_2A0<Va>y - X(T)TAO’<VO’>U ’
(Vo) (G0 )™ = G(lwP)ur ) + (Vo) R (3.60)
with y(0) = ué’é —ug. By (3.3), (3.50), (3.54) and (3.57), for ¢t < T§ we have

[0 (G0 Pxw™? = Gl Pyw?) (&)

1o < Ol (Vo) (®)12 +=*Co .

Moreover, by interpolating and using that x(r) vanishes near 0, one gets

r2—1 1/2 1/2
AJ VJ €,0 < C 1 67(5’ H VJ6 €,
A I M REE
1/2
1 1/a
< 81/20M0,5 VC<T ) 1)6’6
£ 12
r—1\"? e 1/2—1
S L G I I T Pl
£ 12
1/a 1/a
< 20 (1004 2H) 20 ) oY

S 81/20M075.

In this series of inequalities, we used (3.55), Assumption (1.7), a Holder inequality
(note that o > 2) and, finally, the conservation laws (3.45) and (3.46) for the
regularized function v

|+ 2 H) 2007 = (1 + €2 H) V2|2 < C.
Finally, the L? estimate for (3.60) yields

Vo)y@)lle < Vo) (ug® = ug)llzz +/*Crtgs + ¥ Cay o

|]
+Cu, / Tyl

We conclude by using the Gronwall lemma. We obtain

lim sup [(Vo )yl Lo (12 1),22) < C6.

e—0

Hence, using (3.53), (3.57) and letting 0 tend to zero yields
il_)l’% H<v0—>(’06 - ’U}E)HLoo([,TS,TSLLQ) = 0.

In particular, from (3.49), we deduce that, for £ small enough, we have

2 M,
Vo) llzee (-5 151.22) < =5

which implies that T = T'. The proof of Proposition 3.5 is complete. U
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Proof of Theorem 1.5.

Theorem 1.5 is a direct consequence of Proposition 3.5, combined with Proposition
3.4. Indeed, Prop. 3.5, (i), states that the limit system (1.14) is globally well-posed.
Let T' > 0. Prop. 3.5, (ii), says that the intermediate system (3.29) is well-posed
on [—T,T] (for e small enough), is uniformly bounded and converges to (1.14) as
e — 0. Therefore, Prop. 3.4 (iii) can be applied thanks to this uniform bound:
(1.4) is asymptotically close to (3.29), thus also converges to (1.14). O

Appendix A. Proof of Lemma 3.3

In this appendix we identify the norm on the domains of iterates of the operator
H, used in Section 3. The lemma is a consequence of the following result.

Proposition A.1. Let W € C*®(Ry) be a real valued potential such that W(x) > 1
for every x € R and satisfying

Vk e N,3C, > 0: Ve e Ry, [WH (2)] < CLW (z) . (A1)
Consider the following unbounded operator on L*(R.),
D(A) ={u € H*(Ry) : u(0) =0,Wu € L*(Ry)} ; Au:=—u"+Wu.
Then A is a positive selfadjoint operator and, for every integer s > 1,

D(A%?) = {u e L2(Ry): W u® € LARy), 0< k<5

d? P s—1
B = <p<
and( de—i-W) u(0) 0,0_p_[ 5 ]}

and, on this space, the norm ||A%/?u|| 2 is equivalent to
S
525 )
YW=
k=0

with constants only depending on the constants Cy in (A.1), for k in a finite set.

Proof. For simplicity, we denote by || f]|| the norm of f in L?(R,), and by (f|g) the
corresponding inner product. We shall proceed in several steps.

Step 1. The case s = 2 and selfadjointness. In view of the definition of A, the
symmetry identity

(Aul\uz) = (ul\AuQ) , U, U € D(A)

is merely an integration by parts. We now pass to a priori estimates. Firstly,
integration by parts also implies

(Aulu) = [[o/|]* + [VWu|* , w € D(A) . (A-2)
In view of the assumption on W, this implies in particular
[Aull = [Jull, uwe D(A) . (A.3)

Next we derive a more precise estimate on ||Au|| by computing

[Aull® = Jlu"|I* + [Wul* - 2Re(u"|Wu) .



THE SCHRODINGER-POISSON SYSTEM ON THE SPHERE 33

Introducing x € C§°(R) , x >0, x =1 near 0, we get

(! _ 1 E ” R
(u'|Wu) = Rh_r)]réo . X <R> u' ()W (z)u(x) dx
and, after an integration by parts,
1 -
~(w[ W) = Jim [ <§X/ (%) W@ +x(3) W’<x>> o (@u@)+x (5) W@l () do

Since v € L? and Wu € L?, the first term in the right hand side tends to 0 as
R tends to infinity. Since moreover W' = O(W), the second term has a limit.
Consequently, the third term also has a limit. By Fatou’s lemma, we conclude that

VW € L?, and finally
[Aul® = [Ju”|[* + [Wul® + 2|VW'||* + 2Re(u/|W'u) . (A4)
Because of the Cauchy—Schwarz inequality and of (A.1),

1
2Re(u/|W'u) > =2Ci [/ [ [[Wul > —2CF[/||* = 5[ Wull®

v

1
=5 (17 + Wull?) = Cflu* ,
where C] only depends on C;. Combining this inequality with (A.3), we infer
[Aul| = e (lu”]] + Wl + [VIV]) (A.5)

where ¢; > 0 only depends on Cy. We therefore have proved the statement for
s = 2. Let us use this inequality for proving that A is selfadjoint. Recall that

D(A%) = {$ € L2(Ry) : 3C > 0,Yu € D(A), | (Ault)| < Clull} .

The symmetry of A already implies that D(A) C D(A*) and that A*u = Au for
every u € D(A). Therefore we just have to prove that D(A*) C D(A). We claim
that it is enough to prove that ker A* = {0}. Indeed, from estimate (A.5), it is
easy to prove that the range of A is a closed subspace of L?. Since its orthogonal
is ker A*, the cancellation of ker A* would imply that A is onto. Consequently,
for every 1 € D(A*), there would exist u € D(A) such that A*y = Au, namely
1 —u € ker A*, hence ¢ = u € D(A).

We now prove that ker A* = {0}. First of all, we observe that, for every ¢ €
D(A*), in the distributional sense 1" — W1 € L*(R.), hence v € H?((0, R)) for
every R > 0. Moreover, by integration by parts, for every u € D(A) supported into
[0, R] for some R > 0, we have

(Aultp) = u/'(0)(0) + (u| — ¥" + W) = «/(0)¥(0) + O([[ul))
and testing the information (Au|y) = O(||u||) on u(z) = xx(nx) for large n imposes
¥(0) = 0. Assume moreover that ¢ € ker A*, namely that

V' —=Wip=0.
By the Sobolev embedding, we infer that ) € C*°(R,). Set
v= Y.
Then v € C®°(R,) N L'(Ry) and v(0) = 0. Plugging the differential equation

satisfied by 1), we get
v =2Wu+ 2|2 > 0.
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In other word, v is a convex function. Since v is integrable at infinity, this implies
that v is non increasing and tends to 0 at infinity. Since v(0) = 0, we conclude
v =0 and hence ¥ = 0.

Step 2. The case s = 1. The domain of V/A is characterized as the subspace of
vectors u € L?(Ry) such that there exists a sequence (u,) of D(A) which tends to
w in L? and which is a Cauchy sequence for the norm

Ni(v) = V/(Avfv) = [[o" || + [[VIWo| .
This clearly implies that, if u € D(v/A), then u € H}(R,) and vVIWu € L*(Ry).
Conversely, if u € Hi(Ry) and vWu € L?(R;), a simple cutoff shows that u can
be approximated in the N7 norm by elements of Hol (R4) with bounded supports.

Then the claim reduces to the standard characterization of H{(R,) as the closure
of C§°((0,00)) for the H! norm.

Step 3. The general case. We just prove the description of D(Ag), the corresponding
equivalence of norms being proved in the same way, by keeping track the constants.
We proceed by induction on s. Let s > 3 such that the claim is proved for every
s’ < s—1. Then u € D(A3%) if and only if u € D(A) and Au € D(A°T). Using
the induction hypothesis, the latter condition is equivalent to the following two
conditions :

° W#(Au)(k) € L? for every k < s — 2. Expanding (Au)®) and using

(A.1), we observe that this is equivalent to

k s—2—k

w2k w2 e 2 k<s—2,

since the error terms are controlled by the fact that u € D(A%). In the

special case k = 0, using again (A.1) and u € D(A™= ), we observe that
this condition is equivalent to

"+ Wo e L?

for v := W2 u. Since u € D(A), v € H?*(0,R) for every R > 0 and
v(0) = 0. Moreover, since u € D(A%l) and by the induction hypothesis,
v € HY(R,). Hence, by computing (Au|v) for u € D(A), we have v €
D(A*), which, by the first step, implies Wv € L?, or Wiu € L2. Combining
with the other conditions for £ < s—2, we eventually obtain W u® € 12
for k£ < s.

e The boundary conditions

(—dd—;+W>p(Au)(0) —0,0<p< [?] :

Since Au = —u” + Wu and since u(0) = 0 from u € D(A), this leads to the
claimed boundary conditions at rank s.
The proof is complete.
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