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Abstract: We prove a Liouville Theorem for a semilinear heat equation with absorp-
tion term in one dimension. We then derive from this theorem uniform estimates for
quenching solutions of that equation.
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1 Introduction

This paper is concerned with quenching solutions of the following nonlinear heat equation

1
O = 0%u— i in R x [0,7), (1)
u(z,0) = wo(x) >0 for x € R,
where 3 > 3 and
1
up, — € L™(R). (2)
Uo

We say that u(t) quenches in finite time 7" if u exists for ¢ € [0,7T) and

lim inf u(x,t) = 0. 3
tLTrERu( ) ( )
Hereafter we consider a solution w of (1) which quenches at finite time 7. A point a is
said to be a quenching point if there is a sequence {(ay,t,)} such that a, — a, t, — T
and u(ap,t,) — 0 as n — oo.

Quenching phenomena play an important role and have many applications in physics,
chemistry and biology ( see Salin [Sal04]). It may arise for instance in the theory of
combustion and population genetics (see Galaktionov and Vazquez [GV02]), in population
dynamics (see Gaucel and Langlais [GLO7]), in connection with the diffusion equation
generated by a polarization phenomena in ionic conductors (see Kawarada [Kaw75]), in
connection with phase transition, when we study the motion of the borderline between
liquids and solids (see Fila and Kawohl [FK92a]) and also in vortex reconnection with the



boundary in type IT superconductors (see Chapman and all [CHO98] and Merle and Zaag
[MZ97)).

The study of the quenching problem (1) was initiated by Kawarada [Kaw75]. There is
a considerable litterature on parabolic problems with strong absorption that deal with the
precise description of the qualitative behavior of solutions near quenching. Typical ques-
tions in this respect concern the existence of quenching solutions as well as the quenching
rates and profiles (see Deng and Levine [DL89], Fila and Kawohl [FK92a], Fila, Kawohl
and Levine [FKBL92], Merle and Zaag [MZ97], Levine [Lev93] and Davila and Montenegro
[DMO5]). Recently, equation (1) was numerically studied by Liang, Lin and Tan [LLT07].

The quenching rate as ¢ — T of the solution u of (1) near a quenching point is among
the important issues. It was obtained by Guo on bounded domains [Guo90], [Guo91la],
Fila and Kawohl [FK92a]. For the higher-dimensional radial problem in [Guo91b] and
Fila, Kawohl and Quittner [FHQ92], under some restrictions on initial data.

In [Guo90], Guo showed that if

"

uo—uaBSO,

and a is an arbitrary quenching point, then

thrr% u(z,t) = Up(t), uniformly for |z —a| < C(T — t)%,

where C' > 0 and Up(t) = (ﬁ—i—l) L(T—t)p+1 ¥ is the solution of Up = —# and Up(T) = 0.
T

In [FG93], Filippas and Guo were able to obtain a precise description of the profile of
the solution in a neighborhood of the quenching point. They proved the following;:

Let uw be a solution of (1) defined for x € (—1,1), with the boundary conditions

(:I:l t) = 1, which quenches at the point a at time T. Moreover, we assume that
uo — =5 < 0 and that ug has a single minimum. Then, we have that
uo
u(a,t) — 0

u(z,t) — u()ast—>Tzfx7£a ) (@)

u*(z) = [(ﬁ ;—ﬁl) ] (G2 (“O|:;|;Li‘2a||> ey (1+0(1)),

as |z —al — 0.

However, the result of Filippas and Guo is not uniform with respect to the quenching
point or initial data. We aim in this paper at obtaining uniform estimates on u(t) (defined
on R) at or near the singularity, that is as t — 7T". In order to do so, we introduce for each
a € R the following similarity variables:

T —a 1

= , 85 =—log(T —t), we(y,s) = (T —t) B+
e (1= ), waly. ) = (T 1)

The function w, (= w) satisfies for all s > —logT, and y € R:

u(x,t). (5)

1 w _



The study of u(t) near (a,T’), where a is a quenching point, is equivalent to the study of
the long time behavior of wy.

If we introduce v defined by

v=1, ™

then, we can see easily from (1) and (3), that v satisfies the following equation:

o 2
O = 02v — 2ﬂ + 0P in R x [0,7), (8)
v
We note that u quenches at time 7' if and only if v blows up at time 7', and that a is a
quenching point for u if and only if @ is a blow-up point for v.

As we did for u, we introduce for v the following function:
zaly,s) = (T — t)ﬁv(x, t), where y and s are defined as in (5). (9)

1
Note from (5) and (7) that z, = p— We get by (8) and (9), that z,(= z) satisfies for all

s> —logT, and y € R,

1 0yz)? z
882—852—2y-8yz—2( yz) —m—i—zﬂﬂ. (10)

We note by Lf) the Hilbert space defined by;

y|?

e 4

2 _ 2 N 9 _lu? _
L3 ={g € Lj,.(R",C), /RN lg|“e™ 4 dy < 400} where p(y) = @m)N2°

If g depends only on the variable y € RY, we use the notation
2 o v
A N
If g depends only on (y,s) € RY x R, we use the notation
lv|?

It = [ lotw.s)Pe " dy.
RN

1.1 A Liouville Theorem

Our aim in this paper is to prove estimates for quenching solution of (6)), uniform with
respect to the space variable z. The following Liouville theorem is crucial for that purpose.

Theorem 1 (A Liouville Theorem for equation (6)) Assume that 8 > 3. We consider w,
a global nonnegative continuous solution of (6), satisfying

|Oyw(y, )| +

1
<M, for all (y,s) € R xR, where M > 0. (11)
w(y, s)



Then either
(i) w =k, or
(ii) there exists so € R such that for all (y,s) € R xR, w(y,s) = ¢(s — so), where

o(s) = k(1 +€")5r (12)
is a solution of (6) independent of y and satisfies

' P -B

=15 p(—00) =K, p(+00) = +o00. (13)

Remark: If 0 < 8 < 3, we don’t have an explicit result for the global stationary solution
of (6) as for the case 8 > 3, the only result that we know is that there exist slow orbit,
for more details see Guo [Guo91lal, [Guo91b] and Fila, Kawohl and Quittner [FHQ92].

Theorem 1 has an equivalent formulation for solutions of equation (1):

Corollary 2 (A Liouville Theorem for equation (1)) Assume that u is a nonnegative
continuous solution of (1) defined for (xz,t) € R x (—o0,T). Assume in addition that
1

u(z,t) > B(T —t)@F for some B > 0 and ||0zu(.,t)||fee < M (T — t)ﬁ_%, for M > 0.
1
Then, there exists To > T such that for all (z,t) € R x (=00, T), u(z,T) = k(Tp —t) B+ .

1.2 Application to quenching

We note that in the blow-up recent litterature ([MZ00], [MMO00] and [MZ08]), Liouville
Theorems have important applications to blow-up. In the quenching problem we can get
similar results. In the folllowing, we will say that a solution w is of type I, if it satisfy

1
u(.,t)

where M is a positive constant.

(T = )5 4 (|0, )| ooz (T — £) 742 < M, (type I)  (14)

Lo (R)

Note that several authors proved the existence of type I solution (see for example Guo
[Guo90] and [Guo9la]). We wander whether the bound on ||Oyu| L~ in (14) follows from
the bound on |1 z«. In other words, we wander whether we can charecterize the set of
type I solution only by the fact that

1

(T — t)"/B+Y) < M for some M > 0.
u

LOO

In the following, we derive from the Liouville Theorem some uniform estimates of type I
quenching solutions of equation (6).

Theorem 3 i) (Uniform bounds on u(t) on quenching time) Assume that u(t) is a non-
negative solution of equation (1) that quenches in finite time T > 0 with initial data g
satisfying (2). Then, we have

inf u(z, 1) ~ Ur(t) = (8 + V)51 (T — )77 ast — T,
e



and
F+3 T+ 52
(T = )35 9,00 )| ogry + (T — ) 020, 8) | ory — 0 as ¢ — T.
Equivalently, for any a € R,

inﬂgwa(y,s) — K as s — 400 and ||0yzq(., 5)| L~ + H@Zgza(.,s)HLoo — 0 as s — 400,
ye

where k = (1 +ﬁ)#.

T
it) (ODE-type behavior) For all € > 0, there exists C. > 0, such that, for allt € [5, T)

and x € R,

ou
— —uh < b4 1
r U ' elul C. (15)

1.3 Strategy of the proof of the Liouville theorem

Our method is inspired by the one of Merle and Zaag [MZ98a] and [MZ00] developed for
the semilinear heat equation

ou = Au+ |[uPlu (16)
where
N +2
N -2
However, our contribution is not a simple adaptation of the proof of [MZ98a] and [MZ00].

In fact, in these papers the authors strongly rely on two blow-up criteria for the selfsimilar
version of (16)

w:(z,t) eRY x[0,7) = Randp>1, p< if N > 3.

1
ws = Aw — §y8yw - p%l + [w]Ptw. (17)

e Criterion 1: For nonnegative solution of (17) such that

1
| ooy > (- 17,
RN
for some sy € R, then w blows up in some finite time s > sg.

e Criterion 2: (with no sign condition) Assume that w is a solution of (17) such that

pt+1

(p—1) 2
Guwloo) < 572 ( [ Jwlso)Powy)

for some sy € R, where £ is the following Lyapunov functional defined by

2
R et

£lw) = /]R (%\Gywﬁ * 2(pw— ) p+1 >p(y)dy vt ) = N

Then, w blows up in finite time s > so.



Note that in [Zaa0l], Zaag obtained a Liouville theorem for the non-gradient structure
system

- A P = A q

{ Oy u+ P, Ow v+ U (18)

u(.,0) = uo, v(.,0) = vy,

where p — ¢ is small. There, he adapts the proof of [MZ98a] and uses an infinite time
blow-up criterion in similarity variables.

In our quenching problem, there is no way to find any equivalent blow-up criterion. We
need new ideas which make the originality of our paper. From this point of view the
difficulty level is similar to the case of the complex valued equation with no gradient

structure
O = Au+ (1 +46)|ulPu (19)

where v : RY x R — C.
treated in [NZ10]. We proceed in five parts.

e Part 1, we show that z (= 1/w) has a limit 21, as s — £00, where 24 is a critical
point of the stationary version of (10) or 0. That is, 2400 = &K' OF 2400 = 0,
thanks to Guo. Then, we rule out the case where z_,, = 0 with sophisticated
energy argument. The following parts are dedicated to the non trivial case where
Z oo =K L

e in Part 2, we investigate the linear problem (in w) around x as s — —oo and show
that w behaves at most in three ways:

— (i) w(y,s) = k + Coe® + o(e®) as s — —oo, for some constant Cy € R.

— (ii) w(y, s) = k + C1e®/? + o(e*/?) as s — —o0, for some constant C; € R\ {0}.

— (iii) w(y,s):f@—i—z;S(; 2—1) —i—o(i) as § — —o0.

In these cases, convergence take place in L>°([—R, R]) for any R > 0 and in Lf,.

e In Part 3, we show that (i) corresponds to w(y,s) = ¢(s — so) or w(y,s) = , for
some sg € R, where ¢ is defined by (13).

e In Parts 4 and 5, we rule out cases (ii) and (iii). In [MZ98a] and [MZ00], the authors
shows that for some ap € R and sg € R, wq,(y, s) = w(y + ape®, s¢) satisfies one of
the blow-up criteria stated in page (5), which contradicts the fact that w exists for
all s € R. In our case we don’t have any blow-up criterion. It turns out that this is
the major difficulty in our paper, as in [NZ10] for equation (19). Following [NZ10],
we will use a geometrical method where the key idea is to extend the convergence
stated in (ii) and (iii) from compact sets to larger zones, so that we find the singular
profile for w. It appears that in both cases, for larger |y|, this profile becomes strictly
inferior to 47, where M is defined in (11), which is a contradiction. The originality of
our paper is based on Veldzquez’s work in [Vel92], where he extends the convergence
from compact sets to larger sets to find the profile for solutions of (17). Note that
the fact that w is not in L> makes it delicate to use the estimate of [Vel92]. More
precisely, we obtain the following singular profiles



— If case (ii) holds, then

lim  sup |w(y,s) = ((5+1) — CunPyes/?) | =0
S§——00 \y|§Re*S/2

with 0 < R < 25 and €y #0.

— If case (iii) holds, then

lim sup
T yI<v=sR

. [ 43

Then using condition (11), case (ii) and (iii) are ruled out, which ends the proof of
our Liouville Theorem.

wly,s) - ((ﬂ+ D+ v

(B+1)2y2\ 71
S5y

Our paper is organised as follows:
In section 2, we prove the Liouville theorem.
In section 3, we prove the uniform estimates for quenching solutions of (6) in Theorem 3.

2 Proof of the Liouville Theorem for equation (6)

We assume that 3 > 3 and consider w(y, s) a nonnegative, global solution of (6) satisfying
(11), defined for all (y,s) € R x R. Introducing z = <, we know that z satisfies (10) on
R2.

Our goal is to show that w depends only on the variable s.

2.1 Part 1: Behavior of w as s — L+

The main results of this part are consequences of the parabolic estimates and the gradient
structure of equation (6). Let us recall them.

Lemma 2.1 (Parabolic estimates) There exists My > 0 such that for all (y,s) € R x R:

() 10,0009 + o

)
(i) |2(y,s)| +19yz(y, s)| + 195 2(y, s)| < Mo and |9sz] < Mo(1 + [y]).
(iii) For all R > 0, z, 0yz(y,s), 852 and Osz are bounded in CO([—R, R)?) for some
a € (0,1), where

< My and w(y, s) < w(0,s) + Molyl,

CO —R,R 2y I,® —R,R 2 |¢(£7T) B ¢(§/77/>‘
ol P {w e L=l a (f,T),(E’,i];l)Ié[—R,R]Q (€ =&+ |7 — T|1/2) =

(iv) [0sw(y, s)] < Mo(1 + [y])(w(0,s) + |y])*.



Proof:

(i) See (11).

(ii)and (iii) See the proof of Lemma 3.2 from [Guo90].

(iv) If we write Osw = —0s2/2? = —0szw?, then we get the result by (i) and (ii).

Lemma 2.2 (Gradient Structure)
(i) (Gradient Structure for equation (6)). If we introduce

_ 2 1 2 1 ~(8-1) - _ e
E(w(é’))—/R@yw pdy 2@“)/Rw pdy /8_1/Rw pdy with p(y) = )t
(20)

then, for all s1 < s2 € R, such that
0 <w(y,s) <ci(s)(L+|y|) for all s1 < s < sy (with c1(s) > 0),

we have
/ /R (Osw)2pdy = Bw(s1)) — B(w(s)) (21)

(ii) (Gradient Structure for equation (10)).If we define for each z solution of (10)

[ 9,7 1 1 1 51
E(Z(S))—/R 24 pdy — 2(ﬁ+1)/Rz2pdyﬁ—1/RZ pdy, (22)

under the same conditions in (i), we obtain:

/ab/R <61322>2 pdy = E(z(a)) — E(2(b)), for any real a <b. (23)

Proof:

(i) One may multiply equation (10) by ds;wp and integrate over the ball B = B(O, R)
with R > 0. Then using Lemma 2.1 and the Lebesgue’s theorem yields the result. (see
Proposition 3 from Giga and Kohn [GKS85] for more details).

(i) Since E(z) = E(1), this immediately follows from (i).H

We now give the limits of z as s — 400 in the following:

Proposition 2.3 (Limit of z as s — +o00) The limit z100(y) = limg_ o0 2(y, ) exists

and equals 0 or k~'. The convergence is uniform on every compact subset of R. The

corresponding statements also hold for the limit z_s(y) = lims—, o 2(y, 5).

Proof: It follows from the following:

Lemma 2.4 Consider any increasing (respectively decreasing) sequence such that s; —
+00 as j — co. Then:
(i) there is a subsequence (still denoted by (sj)) such that

2(y,5+ 8;) — 1 in C2([=R, R]) for all R > 0, where | =0 or k™.
(i) If L = 0, then E(z(s;)) — —oo, if | = k1, then E(z(s;)) — E(k™1).

8



Indeed, from Lemma 2.4, in order to get the conclusion of Proposition 2.3, it is enough
to show that the limit in Lemma 2.4 is independent of the choice of the sequence. We
consider the case s — oo, the other case being similar. Suppose that (s;) and (5;) both
tend to infinity. Up to extracting subsequence, we assume that for all j € N, s; > 5;
and proceeding by contradiction, we assume that

zi(y,s) = z(y,s + s;) — &~ and Z;(y,s) = 2(y, 5 +3;) — 0 as j — oo.
By (ii) of Lemma 2.4, we have
B(z(s)) — E(x ™) and E(Z;(s)) — —oo,
hence, for j large enough, we have
s> %5, E(z(s;)) > E(x™Y) = 1> B(=(5,)),

which contradicts the monotonicity of . Thus the limit in Lemma 2.4 is independent of
the choice of the sequence and the whole function z(y, s) converges as s — oo. It remains
to prove Lemma 2.4 to finish the proof.

Proof of Lemma 2.4:
(i) We only present the case s; — +o00, the analysis for s; — —oo is the same.
Let us recall that for all (y, s), z(y, s) satisfies (10), which is:

1 0y2* z
sz = ajz — §y8yz -2 yz 331 + 2218, (24)

0,2)? O,w)?
From condition (11), we get 0 < (9y2) = ( yzg) 2 < Czand 0 < 22TP < Cz, hence we
z w
obtain:

1
Loz — Cz < 05z < Loz + Cz where Loz = 852 — §y8yz. (25)

Using the semigroup Sp(7) associated to Lo:

o (ye = )
O e e el e G i LGRS (26)
we see that for all s > s/,
O 805 — )2, ) < 12, )10 < CCa(., ) 1o (27)

Let (sj) be a sequence tending to 4+o0, and let z;(y, s) = 2(y, s + ;).
From Lemma 2.1, up to extracting a sub-sequence (still denoted by (s;)), z; converges to
7100 in C?Y((=R, R)?) for any R > 0 and we obtain that Z, ., satisfy (25).

In the following, we will prove that the limit Z, o is either 0 or x~!. We have to consider
two cases. .

Case 1: There exists (yo, s0) € R? such that Z1s(yo,50) = 0
We claim first that
Yy €R, Zioo(y,s0) =0. (28)



Indeed, if for some y; € R, we have Z;(y1,50) > 0, then since we have from (11)

1 1
zj(yo,50) ~ 2j(y1, 80)

A

+ M|y1 - y0|7

letting j — oo, we get a contradiction. Thus (28) holds. Using (27), we conclude that
z =0 on R? (indeed, by (27) for s > sq, 2(.,s) =0, and for s < sq, So(s0 — 8)z(.,5) =0,
hence z(.,s) =0).

Case 2: For all (y,s) € R, Z,o(y,s) >0

Let us introduce w;(y, s) = w(y,s + s;). In this case,

wi(y,8) = 1/2j(y,8) — Wioo = 1/Z100(y,8) in C*'((—R, R)?), for any R > 0.  (29)

Since z; and w; are solutions of (24) and (6) respectively, the same holds for Z, ., and
W0 Tespectively. Our goal in this step is to prove that 7, (y,s) = x~ 1. First, we prove
that Z;~ is independent of s, then we conclude using the result of Guo concerning the
stationary global solution of (6). We will proceed as in Proposition 4, page 308 in [GK85].
We claim the following;:

Claim 2.5 (i) For all (y,s) € R?

10yw; (y, 8)| +[L/w;( 9)] < C1, Jw;(y, s)] < Cully] + D1o0(0, 5))
and |9swj(y, s)| < C1(1 +[yl) (Jyl + ©+00(0,5))",

where Cy > 0 independent of j and W4 is a solution of (6).
(ii) For all (y,s) € R?,

’ayw+oo<ya 3)‘ + ‘1/711-&-00(% 3)’ < (h, ’w+oo<yv 3)‘2§ CI(‘Z/| + w+oo<07 3))

and |Osso (. 5)] < Cr(1+ [y]) (4] + 100(0, 5))° . (30)

Remark: To make the notation legible, we will note the partial derivative in time and
space of the sequence w; (or z;) and the limit W~ (or Z4) respectively dsw;, dyw; and
OsW o0, Oyyoo-

Proof of Claim 2.5: (i) Integrating the inequality |0,w;(y,s)| < M (by (i) of Lemma
2.1) in space between 0 and y, we obtain |w;(y, s)| < M|y| +w;(0, s). Then using the fact
that

w;i(0,5) = Wi00(0,5)(=1/21(0,)) < +00, as j — 00,

we get the second inequality of (i) in Claim (2.5). Using Lemma 2.1 and the identity

Osw;(y, s) = —0s2(y, 5) /2 (y, 8)* = =0s2;(y, s)w;(y, 5)*,

we obtain the third inequality in (i).
(ii) Using (i) and the convergence (29), the result comes immediately.ll

Up to extracting a subsequence, we can assume that s;y; — s; — oo. Therefore, using
(21) with w = wj, a =m, b=m + s;41 — s;, where m € Z, we get:

10



Si+1—S;+m
/ L@y = Blwym) = Bwym+ s =s)
= E(wj(m)) — E(wjt1(m)).
Using (i), (ii) and (iii) of Claim (2.5) together with Lesbegue’s Theorem we have

/ dyw’ pdy — / Dy o pdy, / w?pdy — / W o pdy,
R R R R
and /wj_(ﬁ_l)pdy — / uijr((ﬁ_l)pdy as j — oo.
R R
Therefore, E(wj(m)) — E(i4o(m)) as j — oo (well defined by (iii) of Claim 2.5). In

particular, the right-hand side of (31) tends to zero. Since sj4+1 — s; — 400, it follows
that for every integers m < M

M
on the one hand lim / / 05w |* pdyds = 0, (32)
m R

J—00

On the other hand, by the third inequality in (i) of Claim 2.5 and the continuity of
Wio00(0, s), we obtain

(y,5) € R x (m, M) |0sw;(y, s)| < C(m, M)(1 + [yl)°.

Since Osw; converges simply to Ost4oo by (iii) of Claim 2.5, we conclude that:

M M
/ /|85wj|2pdyds—>/ /\8stb+m|2pdyds. (33)
m R m R

Using (32) and (33), we get
M
[ [ 1ouivscPoyds 0.
m R

Using the fact that m and M are arbitrary, we conclude that dsis = 0 on R? and
Wioo(Y, S) = Wioo(y) is independent of s. Since W4 is a solution of (6), it follows that
W10 Solves the following stationary equation

Yy eR, 0=uw"— Zyuw' + ——w—w’. (34)

We recall that by (ii) of Claim 2.5 we have W4 (s) > 1/C and Wio0(s) < C(1 + |y]).
Now we recall the result of Guo gived by Theorem 2.1 in [Guo90]):

The only global solution of

1
w”—gyw/—kﬁ—ew_ﬁ:(),yélk,

which is greater than or equal to some positive constant ¢ and which grows at most poly-
1
nomially as |y| — oo, is w = (e(f+ 1)) B+

11



Using this result, it follows that @ . = #x and we conclude that Z,,, = x~!. This
concludes the proof of (i) of Lemma 2.4.

(ii) We recall from Lemma 2.2 that

[ 9,2 1 1 1 51
B(:(6) = | Wpdy = g [ ot o [ 39)

1

If z; converges to k™, using Lesbegue’s Theorem and Claim 2.5, we obtain

E(zj(s)) = B(w;(s)) — B(x™") = E(x).

In the case, where z; converges to 0, we write from Lemma 2.2 and Claim 2.5

B(35() = By (9) £ € = 5 [ Doy (36)

Since the integral in (36) tends to infinity as 7 — +o0o we have:
B(z(s)) — —o0.

This concludes the proof of Lemma 2.4 and Proposition 2.3.1

To end this part, we recall the result obtained by Proposition 2.3, which says that
Zioo(y) = lims_ 100 2(y, 5) and z_ o (y) = lims__ 2(y, s) exist and equal 0 or k1. Now,
we will prove that the case z_,, = 0 can’t occur.

Indeed, suppose that z(y,s) — 0 as s — —o0, by (ii) of Lemma 2.4, we have:

E(z(s)) — —o0 as s — —00.
Therefore, there exists s; < 0, such that for all s < s1, we have
s < 0and E(z(s)) < E(2(0)).

which contradicts the monotonicity of E. Thus, the case z_o, = 0 is ruled out. In the
following, we will study the case where w_., = K.

2.2 Part 2: Linear behavior of w near x as s — —o0

In this part, we assume that
W — K as § — —00 (37)

in L/QJ and uniformly on every compact sets, and we classify the Lf, behavior of w — K as
s — —oo. Let us introduce v = w — k. From (6), v satisfies the following equation:

Y(y,s) € R? 0,0 = Lv — f(v), (38)
where
Ly = 851} — %yayv + v and
_ B _ ;B 4 B (B+D) (39)
flv) = (v+k) k=P + Bk v.

Concerning the non-linear term of equation (39), we have:
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Lemma 2.6 There exists s1 € R such that for all s < s1:
0 < f(v) < Myv® and f(v) < Mal|. (40)

Proof: Using Taylor’s formula, we obtain

B
(B+1)

for some 6 between 0 and v. Therefore
1 3
f)=c(0.8)v*,  c(0.5) = 5B(8+1)(0 +r)"2

If v > 0 then 0 < ¢(0, B) < (3/2)(B+ 1)x™P772 = 5/(2k).

If v < 0, recalling that B < v+ k < 6 + K we obtain 0 < ¢(0, 8) < (3/2)(8 + 1)B~572.
Thus (40) was established. To show the second inequality in (40) we observe that if v < &,
then it follows from (40). If v > & then from (39) and the lower bound of v, we have

3 1
f0) < 573~ 57

(v 07 = 10— Esu e SAE D0+ R, (1)

K+ B_’g < MQ’U,
for some constant C5.H

In the following, we will discuss general properties of the operator £. At first we note
that it is self-adjoint on L%. Its spectrum is spec(£) = {1 — §|m € N}; it consists of
eigenvalues. The eigenfunctions of £ are simple and derived from Hermite polynomials.
For 1 — & corresponds the eigenfunction

2
1nm—2n‘

The polynomial h,, satisfies f hphmpdy = 2"n!0p,. Let us introduce ki, . Since

— __hm
= bl
m L%

the eigenfunctions of £ span all the space LQ, we expand v as follows:

Z U (S) - )+ v_(y,s) (42)

where vy, is the projection of v on h,, and v_(y,s) = P_(v), with P_ is the orthogonal
projector on the negative subspace of L.

Now we show that as s — —o0, either vg(s), v1(s) or ve(s) is predominant with respect
to the expansion (42) of v in L%. We have the following:

Proposition 2.7 (Classification of the behavior of v(y,s) as s — —00) As s — —00, one
of the following situations occurs: ,
(i) [o1(s)[+|v2(., $)[+lv- (. 8)ll 2 = o(vo(s)), [[v(., s)=Coe’|[12 = O(ez®) for some Cp € R.

(i) [00(5) + 1020, )|+ [0 (. 5)l122 = 0(01(5)), 10(., ) — Crye*?ll 3 = (A=) for some
Cy € R\ 0 and any e > 0.

(i) [oo ()| + or ()] + o= )z = ol[ozlc, 8)123). 0. ) — 25 (42— 2) |3 = O(22D).
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2.3 Part 3: Case (i) of Proposition 2.7: Js; € R such that w(y,s) =
(s — s0)

In this part, we prove the following:

Proposition 2.8 (The relevant case (i) of Proposition 2.7) Assume that case (i) of Propo-
sition 2.7 holds. Then there exists so € R such that for all (y,s) € R%, w(y, s) = p(s—sg),
where p(s) is introduced in (12).

Proof: First we recall from (i) of Proposition 2.7 and the definition of v that
lw(.,s) = {r+ Coe’} |12 < Ce?? as s — —o0. (43)

Let us remark that we already have a solution ¢ of (6) defined in R x (—o0, 1] for some
s1 € R and which satisfies the same expansion as w(y, s) when s — —oo:

(a) if Cp =0, just take ¢ = &,

1
(b) if Cy >0, take ¢ = ¢(s — sg9) where sg = —log (B+1)

K CO )

. ) (B+1) (44)
(c)if Cp <0, take ¢ = ¢o(s — sg) where s = —log | ———=C)

K
and ¢o(s) = k(1 — es)ﬁ
is a solution of (6) that quenches at s = 0 but there exist C' > 0 such that ¢y > C for
all s < —1. If we introduce V' = w — ¢, then we see from (6) that V' is defined for all
(y,s) € R x (—00, s1] and satisfies
ov

Sy = (LHUNV = F(V), (45)

where £ is given in (39)

F(V)=|p+ V[P =@ +pp- 0ty

and
I(s) = 0 if o =k,
_ et L
l(S) - (ﬁ 4 12@(1 + 65) if Y= ()0(8 80)7 (46)
s) = Do i = (s — s0).

(B+1)(1 —es)
We note that |I(s)| < Ce® for all s < s; and some C' > 0 and there exist M;=; 2 such that

0< F(V)<MV?and 0 < F(V) < M|V (47)

We omit the proof of (47) since it is quite similar to the proof of (40). Let us introduce
I(s)=|V(, S)HLE, multiply (45) by Vp and integrate over R. Using the fact that 1 is the
greatest eigenvalue of £ and (47), we obtain

I'(s) < (14 1(s))I(s) + C/V4(y,s)pdy.

Now, we recall the following from [Vel93]:
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Lemma 2.9 (Regularizing effect of the operator L) Assume that 1(y, s) satisfies
Vs € [a,b], VyeR, 9 < (L+0)p, 0<1h(y,s),
for some a < b and 0 € R, where
1 1.
L0 =0 = 3y O+ = div (D) + . (48)

Then for any r > 1, there exists C* = C*(r,0) > 0 and s*(r), such that

1/r
wsefarstl ([lowaro)  <Clots- Ol @9

Proof of Lemma: See Lemma 2.3 in [HV93]H

Using the lemma above, we obtain the existence of C* > 0 and s* > 0, such that
||V(.,s)2\|L% < C*|[V(.,s — s%)||2,. Then we obtain for some sy < sq:
P

Vs <s9 I'(s) < SI(s)+CI(s—s*)2 (50)

| Ot

Since I(s) < Ce®/?* from (43), the following lemma from [NZ10] allows us to conclude.

Lemma 2.10 (Lemma 3.6 of [NZ10]) Consider I(s) a positive C1 function such that (50)
is satisfied and 0 < I(s) < Ce3/%5 for all s < so, for some sy. Then, for some s3 < sa, we
have I(s) =0 for all s < s3.

Using Lemma 2.10, we obtain V' =0 on R x (—o0, s3]. Consequently, we have
V(y,s) € R x (—o0,s3], w(y,s) = ¢(s). (51)

From the uniqueness of the Cauchy problem for equation (6) and since w is defined for
all (y,s) € R x R, ¢ is defined for all (y,s) € R x R and (51) holds for all (y,s) € R x R.
Therefore, case (c) in (46) cannot hold and for all (y,s) € R, w(y,s) = k or w(y,s) =
(s — sp). This concludes the proof of Proposition 2.8 and finishes Part 3.

2.4 Part 4: Irrelevance of the case (iii) of Proposition 2.7

We consider case (iii) of Proposition 2.7. In this part, we will proceed like in Step 4 in
[NZ10]. The following proposition allows us to reach a contradiction.

Proposition 2.11 Assume that case (iii) of Proposition 2.7 holds. Then, there exists
lim sup

g0 > 0 such that
Y
w(y,s) — G ( )
Tyl <e0v/—s VS !

where G(&) = ((ﬁ +1)— %@)W .

=0,

(52)
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Indeed, let us first use Proposition 2.11 to find a contradiction ruling out case (iii) of
Proposition 2.7, and then prove Proposition 2.11.
We fundamentally rely on the following Lemma:

Lemma 2.12 (Lemma 2.11 from [MZ98b]) Assume that (&, T) satisfies for all || < 4By
and T € [0, 7y]:
{ oY < O+ M+,
¢(£70) < ¢0; ¢(€77) < B2a

where T < 1. Then, for all |§| < By and T € [0, 7],

B(€,7) < (o + p+ CBae Pi/Y),

Let us define ug, by

uSO(EvT) = (1 - T)mw(yas) where Yy =

g /=
: w and s = s9 — log(l — 7).  (53)

We note that us, is defined for all 7 € [0,1) and £ € R, and that us, satisfies equation (1).
From Lemma 2.1, we have

1
V7 € [0,1), |usy(.,7)] > M(1 —7)5+1. (54)
The initial condition at time 7 = 0 is us,(£,0) = w(§ + F+/—50,50). Using Proposition
2.11, we get:

€0

sup uso(g,O)—G<2

)‘ = g(s0) — 0 as sp — —oo. (55)
|€]<4]so|1/4

If we define v, the solution of:

v' = —v7? and v(0) = G (@) )

2
then 1
1)eg F
(1) =k <1 - (ﬁ;ﬁ)éo - T) , (56)
which quenches at time 1 — (8 EB)‘% < 1. Therefore, there exists 79 = 79(g¢) < 1, such that
M 1
v(79) = 3(1 - 7’0)’3}”- (57)

Now, if we consider the function
= [usy — vl (58)
then the following claim allows us to conclude:
Claim 2.13 For |sg| large enough, T € [0,70] and |€] < 4|s0|*/*, we have:
(i) Db < 02 + Cleo)¥,

(i) (&, 0) < g(s0),
(iii) (&, 7) < C(e0)]s0|"/2.
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Indeed, using Lemma 2.12 with By = |so|'/4, By = C(eo)|s0|"/?, 7 = 70, Yo = 9(s0),
A= C(gp) and p = 0, we get for all 7 € [0, 7],

lsol'/2
sup  Y(&, 1) < C(eo) (g(so) + |so|V2e™ 3 ) — 0 as sg — —oo.
| <Iso[/*
M 1/(B+1)
For |so| large enough and & = 0, we get: (0, 79) < 3(1 —70) and by (57)

2
|lus, (0, 70)| < v(70) +(0,70) < gM(l — o)D)

which is in contradiction with (54). To conclude, it remains to prove Claim 2.13.

Proof of Claim 2.13: (i) If we note by ¥ = ug, — v, then we get

0.0 = 92U — <u;f _ v—ﬂ) :
= 85\11 + BWOPHL for some 6 between Ug, and v.

Using (54), (56) and (57) , we have for all 7 € [0, 7] and £ € R

1 e <1 1
0~ up(&,7) v(7)

Since ¢ = ||, using Kato’s inequality, we conclude the proof of (i).

(ii) It is directly obtained from (55).

(iii) Using the definition (58) of v, (53) and (56), we write for all 7 € [0,79] and |£| <
4|S()’1/4,

) < C(gp), for some positive 6.

W&, 1) <wugy(§,7) + (1) <w(y,s)+ K, where (y, s) are defined in (53). (59)
Since we have from Lemma 2.1, (37) and (53) for |sg| large enough
[w(y, s)| < [w(0, )] + Moly| < C(1+ |y[)

and

£+3v TR0l _ dlsol” + 3V _
Vi—-1 Vi—-19 -

the bound on v follows from (59). This concludes the proof of claim 2.13. B

ly| < C(e0) 50/,

It remains to prove Propossition 2.11 to conclude Part 4.
Proof of Proposition 2.11: Consider some arbitrary gy € (0, R*), where

«_ | 4B
R _,/ﬂﬂ. (60)

The parameter g will be fixed later in the proof small enough. If we note

rs =6 (). (61)
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and

K
F(y’ S) - f(yu S) - 27687 (62)
then f satisfies
Y 1 -3
—Z Oy f+ ———=f- =0.
and we see from (iii) of Proposition 2.7 that
log |s
1(F(s) = 0l 9) (= g = O () s = o (63)
where
] > 3eo and zero otherwise. (64)

XSO (y7 S) = 1 lf
Vs|

The formal idea of this proof is that F' solves in an approximate way the same equation
as w for s — —oo. By (63), w and F' are very close in the region |y| ~ 1. Our task is to
prove that they remain close in the larger region |y| < g9y/—s, for some g chosen later.
Let us consider a cut-off function

Y
S 65
(Y, 8) =0 (\/:S) , (65)
where vy € C®(R) is such that vo(§) = 1 if [£] < 3gp and (&) = 0 if |£] > 4eg. We
introduce

v=w—F and Z = yv|. (66)

Our proof is the same as Veldzquez [Vel92] and Nouaili and Zaag [NZ10]. As in [NZ10],
we need to multiply by the cut-off, since our profile F'(y, s) defined by (62) is singular on
the parabola y = R*\/—s. The cut-off function will generate an extra term, difficult to
handle. Let us present the major steps of the proof in the following. The proof of the
presented Lemmas will be given at the end of this step.

Lemma 2.14 (Estimates in modified L% spaces) There exists eg > 0 such that the
function Z satisfies for all s < sy and y € R:

1 241 :
asZ—ajZ—l— iy-ayZ— (1+0)Z<C <Z2 + y =2 ) +(1+ \/—S)Xe()) —2div (|v] - 9y7),
(67)
where s, € R, 0 =1/100 and xg, is defined in (64). Moreover,
2 _ _
N250\/H(Z(S)) =o(1) as s — —o0, (68)

where the norm N (1) is defined, for allT >0 and 1 < ¢ < 0o, by

q _ q _(y_g)Q Ha
Vi) = s ([ wopres- @5 mw) (69)
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Using the regularizing effect of the operator £, we derive the following pointwise estimate,
which allows us to conclude the proof of Proposition 2.11:

Lemma 2.15 (An upper bound for Z(y, s) in {|y| < eo/—s}) We have:
sup  Z(y,s) =o(l) as s — —o0.
lyl<eov/—s

Thus, Proposition 2.11 follows from Lemma 2.15 by (66), (62) and (61). It remains to
prove Lemmas 2.14 and 2.15.

Proof of Lemma 2.14: The proof of (67) is straightforward and a bit technical. We
leave it to Appendix B. Let us then prove (68). We take sy < s* and sp < s < s* such

that e 2 < /—s. We use the variation of constant formula in (67) to write

Z(y,s) < Sy(s—s0)Z(.,50)
/5 - ( {Z?+(y2;1)+(1+ﬁ)x€0}—2div (|y|ay7)> dr,

where S, is the semigroup associated to the operator L,¢ = 8§¢ — %y8y¢ + (1 4 0)o,
defined on L%)(]R). The kernel of the semigroup S, (7) is

(140)T ‘ —7/2 _ |2
e ye z
S = e T>>1/2€Xp[ =) ] i
Setting . .
r=r(s,s0) =2c0e 2 = Rie 2 (71)

and taking the N2—norm we obtain
N%(Z(.,s)) < N2(S,(s — 50)Z(.,50)) + C’/ N2(Sy(s —7)Z(.,7)%)dr
2 (y>+1)
+C/ NZ( —7) < = >)d7’

+C’/ NE(SU(S — 7)1 4+ vV—=7)Xe, (y, T))dT + C/ NTQ(SU(S — 7)(div (|v|0y7))dT
S0 S0
=L+ o+ Js3+Js+ Js.

In comparison with [Vel92], we have a new term J5 coming from the cut-off terms. There-
fore, we just recall in the following claim the estimates on Jj...Jy from [Vel92], and treat
Jo and Js, which are new ingredients in our proof:
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Claim 2.16 We obtain as s — —o0

| < Celiols-so1oglsol

|sgl

s0+((s—Ro)=s0)+  (1+0)(s—7—Ro) ) ) e(s—s0)(1+0)

’J2| S C . (1_68—T—R0)1/20 (Lr(z(aT) )) dT—I—CTa
with R(] = 450,
e(s—s0)(1+0)
|5 < 0572 (1+(s—50))vV—50,
0

] < Celm500F9)eas yhere o > 0,
1J5] < Celts=s00+9)eBs yhere 3> 0.

Proof: See page 1578 in [Vel92] for Ji, J3 and Jy.
To obtain the bound on Js, we need the following inequality, which will be proved in
Appendix B

2, 1 (v*+1) o
S = €0 Yy 9
0Z =07+ 5y Z<C(Z+ 55—+ (1+V=s)x 2div ([v| - 9y) (72)

then, we proceed exactly as in page 1579-1580 in [Vel92] and we obtain the wanted esti-

mation on Js.
Now, we treat J5. We have from (70):

So(s —7) (=div (|vdy7)),
CQ(S—T)(H‘U) (ye—(S—T)/Z _ /\)2 ‘
Qe /]Re P\ = 4q ety ) v (v1dmdA

Cels—7)(1+0) (ye—(s—r)/Z _ )\) (ye—(s—T)/Q _ )\)2
o (1 _ 65—7)1/2 /IR_ 2(1 _ e—(S—T)) eXp | — 4(1 _ e—(s—'r))

(73)

> |v|OyydA.

We have from Lemma 2.1 and (37)
[w(y, s)| < [w(0,5)] + Moly| < C(1+ [y]).
Since F' is bounded for \/‘% < R*/2, where R* is defined by (60) and supp(0y,y) C
(—4eg/—T7, —3e0v/—7) U (3eov/—T7,4e0/—T), we have
[v[Oyy | < C‘V‘H{gs <¢‘LL<450}7

< OOV ) < OO+ VT

Using Cauchy-Schwartz inequality, we obtain:

Ce(s T) 1+0'( +\/j’7’)

So(s — 1) (=div ([v|9y7))] < (1= es—7)3/2

11127
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where,

1/2
—(s—7)/2 _ )\)2
I ~=T2 2, [ Y€ A
1 (/]‘Q(ye ) €xp 4(1 _ 6_(S_T)) )

1/2
B (yef(sf‘r)/2 _ )\)2
I, = (/R exp (— 11— ) XeodA .

Doing a change of variables, we obtain Z; = C'(1 — e_(S_T))3/4. Furthermore, we have:

2\ 12
15 < I3 </ xsoewdA) :
R
(ye—(=1/2 )2 »2 1/2
I3 = (/ exp (— 21— ) + 4) d)\> .

We introduce 6 = ye=(5=7)/2 by completing squares, we readily check that:

where,

92
2(14 e~ (=)’

1/2
1—e(577) 62
72 = (A—e™7) . —
o ((1 ¥ e<“>>> o (=)

<o TUAVED e
= (1+ e G—)I/B(1 — e—(—7))5/8 XeollL2

A 0=N  (I+et) 26

= — \ — 2
T 2i—et ) ai—e T @re ey T

then we obtain:

Therefore,

|N2(Sy (s — 7)div ([v]8,7))] I,

B y26—(s—7')
where 7y = N? (exp(8(( ))))> .

1 — e (s—7
Let us compute Z4. Using the fact that

(y—w? N yle =)
4 4(1 — e~ (=)
1

2
7 (_ <y(1 Femm Y2 e—(s—T))l/Q) +M26—(s—7)> :

and doing a change of variables, we obtain:
(y—p)? | yle 7
— d
/ReXp ( FETr R e R
2,—(s—7) 1 2
< Cexp </¢e4> / exp <—4 (y(l +e ()2 1+ e_(S_T))1/2> ) dy.
R
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Hence Z; < C(1 + e~ (=7)1/8 and

(87T)(1+0’) 1 — 9
N2(S,(s = 7)div ([v19,7)) < O S 2/7) / erd) | .
(1 - emtmm)e/ NV

This gives
sl = / N7 (So(s = m)(div ([v[9yy)) dr < C(n)els—s0) ) easo,
50

where a > 0. This concludes the proof of the claim 2.16.
This concludes the proof of Claim 2.16.H
Summing up J;—1.5, from claim 2.16 we obtain

N (Z(.,s)) <
s—17—Ro)(1+0)

so+((s—Ro)=s0)+ o
s—so) (140 log [so| ’ € 2 2
ool g Izl 4 ¢ / T e mym (V2 m)) .

Now, we recall the following from [Vel92]:

Lemma 2.17 Let €, C, R, 0 and « be positives constants, 0 < a < 1 and assume that
H(s) is a family of continuous functions satisfying:

6(5—7)(1+0)H(T)2
(1 _ e(s—T—R))a

(s—R)+
H(s) < ees1F9) 4 C/ dr for s > 0.
0

Then there exists € = £(R, C, a) such that for any e € (0,e1) and any s for which ees(1+9) <
&, we have
H(s) < 2ee*0%9).

Proof: See the proof of Lemma 2.2 from [Vel92]. Note that the proof of [Vel92] is done in
the case 0 = 0, but it can be adapted to some ¢ > 0 with no difficulty.ll

We conclude that NE(T SO)(Z(., s)) < Ce(S*SO)u‘FU)IOgsiLSO‘ as s — —oo. If we fix s = —e(s750)
) 0

. ! 1
then we obtain s ~ s, log|s| ~ log|sp| and Nél\/js(Z(., s5)) < Cslte Ogslg)so‘ <C ;ﬁ'i' —0

1
as s — —o00. Since o = Too’ Ve get N}Qﬁ\/_—s(Z(.,s)) =o0(1), as s — —o0.

This concludes the proof of Lemma 2.14.1

Now we give the proof of Lemma 2.15.
Proof of Lemma 2.15.
We aim at bounding Z(y, s) for |y| < Rav/—s in terms of Np —(Z(s')), where Ry = €g
and Ry = 2¢, for some s’ < s. Starting from equation (72), we do as in [Vel92]:

Z(,s) < {e“™S(Ro)Z(.,s — Ro)}
. {C / Lo g(s — 1) (@ﬂ LD I ﬁ)xg()) dT}

—Ro T

_ {2/ CE=8(s — 7) (div(|u|8y7))d7'}
s—Ro
= M+ My + Ms, where Ry = 4eg,
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where S is the semigroup associated to the operator £ defined in (48). The terms M; and
My are estimated in the following:

Claim 2.18 (Veldzquez) There exists so, such that for all s < sg

sup  [My| = supj,<p, 5 €“0S(R)Z(., s — Ro)| = o(1) as s — —o0,
ly|<R2+v/—s , (74)
1
sup M| = SUP|y|<Ry/—5 fSS,RO (|y|52+ +(1+ \/—T)XEO) < %
ly|<Rav/—s

Proof: See page 1581 from [Vel92] and Lemma 6.5 in [HV93] in a similar case.ll
It remains to estimate Ms. Proceeding as in page (73) and using the fact that v(y,s) <
C(1++/—s) for all |y| < Cy/—s (obtained from (i) of Lemma 2.1) we write

15(s = 7) (=div ([v[9,7))]

S—T —(s—7)/2 _ \)2
_ Ce/exp e a) )div(|y|8y7)d)\ ,
R

(1 —es—7)1/2 4(1 — e~ (=)
Ces5™T (ye—(S—T)/2 . )\) (ye—(s—r)/Q . )\)2
=\m——miz | - - 0,vdX
(1 —es—T)1/2 / 2(1 — e=(s77)) exp 4(1 — e=(5=7)) ([v]0yydA
Ces™T7 (e (ye_(s_T)/2 — )\)2
s (s—7)/2 _ _
= (1 —es—7)3/2 /R lye Alexp ( 4(1 — e=(5=7)) Xz,

Ces™T /—T(l + /_7.) / (yef(sz)/Q _ )\)2
< — .
- (1 —es—7)3/2 R P 4(1 — e~ (s=7)) XeodX

We make the change of variables z = (1 — e~ (5=7))~1/2(X — ¢~ (7=9)/2y)) and we obtain

—(s=7)/2 _ )2
/exp <_ (ye )\) )XEod)\ < (1 _ 65—7—)1/2/ €_Z2/4d2,
R

4(1 — e=(5=7)) .
where,
R e (R R EE SIS e

Since |ye~("=9)/2| < g9y/—s, we readily see that ¥ C {z€eR:|z| > e0v/~s}. Then we
conclude that

065—7—
(I—e7)

|S(s — 1) (—=div (|v]|0y7))] < e’ where > 0,
and we obtain

1
sup |Ms| =o(+—) as s = —o0.
ly|<Rav/=s 5]

Putting together M;—; 3, the proof of lemma 2.15 is complete. This concludes also the
proof of Proposition 2.11 and rules out case (iii) of Proposition 2.7.H
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2.5 Part 5: Irrelevance of the case (ii) of Proposition 2.7

To conclude the proof of Theorem 1, we consider case (ii) of Proposition 2.7. We claim
that the following proposition allows us to reach a contradiction in this case.

Proposition 2.19

1
lim sup  |w(y,s) — Glye™*/?)| =0, where G(§) = (1 - Cmﬂf) . (75)

S§——00 |y|§80€75/2

As in the previous part, first, we will find a contradiction ruling out case (ii) of Proposition
2.7 and then prove Proposition 2.19.
Let us define ug, by
_|_ @6—80/2
v1i—rT

We note that us, is defined for all 7 € [0,1) and £ € R, and that us, satisfies equation (1).
From Lemma 2.1, we have

usy (§,7) = (1 — T)ﬁw(y, s) where y = and s = sp — log(1 — 7). (76)

Vr € [0,1), [usg (-, 7)| > M(1 — )7+, (77)

The initial condition at time 7 = 0 is us,(£,0) = w(§ + %06750/2, s0). Using Proposition
2.11, we get:

sup  |us(&,0) — G (5—())’ = g(so) — 0 as sg — —o0. (78)
lel<de-s0/1 2
If we define v, the solution of:
r_ _, -8 _ (&
v’ = —v 7 and v(0) G(Q)’
then 1
— Oy rPEL )P
o(r) = & (1 CirS 7) : (79)

which quenches at time 1 — C; P % < 1. Therefore, there exists 7o = 79(€0) < 1, such that

o(m) = 5 (1~ 7). (30)

Now, if we consider the function
¥ = [usy — vl (81)

then the following claim allows us to conclude (we omit the proof since it is the same as
the proof of Lemma 2.13):

Claim 2.20 For |sq| large enough and for all T € [0, 7] and || < 4e=°0/* we have:
(i) 0 < 02 + Clo),

(i) 1¥(&,0) < g(s0),

(iii) (&, 7) < Clea)e /.
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Indeed, using Lemma 2.12 with By = e %0/4 By = Cl(eg)e /2, 7. = 10, Yo = g(s0),
A= C(gp) and p = 0, we get for all 7 € [0, 7],

e—S /2
sup ¢(§77—) < C(€0> (9(30) + 6_50/26—74O ) — 0 as sg — —o0.
|¢|<e—s0/4

(1 — 7)Y B+ and by (57)

M
For |sg| large enough and & = 0, we get: (0, 79) < 3

2
[s (0, 70)| < v(70) +9(0,70) < M (1 — 70) M/ (PHD,
which is in contradiction with (54).

Proof of Proposition 2.19: The proof is very similar to that of Proposition 2.11. If we
note f(y,s) = G(yes/2), then f satisfies

—3sf_;y‘ayf+5_f'_1 —f7=o. (82)

. p
Consider an arbitrary ¢ € (0, %), where R* = g— go will be fixed small enough later. Let
1

us consider a cut-off function v(y, s) = ~o(ye*/?), where vy € C®°(R) such that vo(£) = 1
if |€] < 3gp and (&) = 0 if |§] > 4ep. We note v = w — f and Z = ~|v|. From (ii) of
Proposition 2.7, we have

1Z]lzz < Ce*179) as s — —o0, for some € > 0. (83)

As in the previous part, we divide our proof in two parts given in the following lemmas.

Lemma 2.21 (Estimates in the modified L% spaces) There exists g > 0 such that
the function Z satisfies for all s < s, and y € R,

1
0sZ — 0,7 + FV 072 —(1+0)Z < C(Z% + e + (14 e ?)xe,) — 2div (|v]0yy), (84)
where s, € R, 0 = ﬁ and

Xeo (0, 8) = 1 if [y|e®/? > 3eq and zero otherwise. (85)

Moreover, we have
N? (Z(s)) =0(1) as s = —o0. (86)

2ege—5/2

As in Part 4, the following lemma allows us to conclude the proof of Proposition 2.19:

Lemma 2.22 (An upper bound for Z(y,s) in |y| < gge~*/?) We have:

sup  Z(y,s) =o(1) as s = —oc. (87)
lyl<eoe=/2

25



Remains to prove Lemmas 2.21 and 2.22 to conclude the proof of Proposition 2.19. Here,
we only sketch the proof of Lemma 2.21, since it is completely similar to Part 4. We don’t
give the proof of Lemma 2.22. We refer the reader to Part 4 and Proposition 2.4 from
Veldzquez [Vel92] for similar situations.

Proof of Lemma 2.21: As in the previous step, we leave the proof of (84) to Appendix B.

Let us now apply the variation of constants formula and take the norm Nf(s 50)? where

r(s,50) is as in (71). Assume that sg < 2s,, then for all sp < s < 3, we have
N2(Z(.,s)) < N2(S,(s—50)Z(.,50)) —|—C’f N2(S, (s —7)(Z(.,7)%))dT
+c/ N2(S(s — 7)(e"))dr
+C / N2 (S5 = 7)((1+ ) ()i
N,?(S(,(s = 7)(div (¥[9y7)))dr
50

= Ji+J+J3+Js+ Js.

Arguing as in Part 4 and using (83), we prove:

Claim 2.23
Al < (3=30) (14) g0 (1—2)
so+((s—Ro)=s0)1  y(s—7—Ro)(1+0)
2| < C/ (1 — es—7FRo)1/20 (L (2 (., 3)2))dT
+Ce3=50) 040 s ith Ry = 4eq,
Js| < Celsms0)(H0)es(] 4 om5/2),
|y < Celsms00+9)e=ee™ yhere a0 > 0,
15| < Celsms00+0)c=8™ yhere g > 0.

Proof: To estimate Ji—1 34, see page 1584 in [Vel92]. To treat Jo and J5, we proceed as
in the proof of Lemma 2.14 of the previous part.Hl
Summing up J;—1.5, we obtain:

NZ(Z(.,s)) <
Clels—s0)(1+0) o (1— ss+0f80+ ((s—Ro)—s0)4 _els—7—Fo)(1+2) (Lg(Z(.,S)2))dT,

(1 es—T— R0)1/20

then using Proposition 2.17, we get NT( 0)(2( 5)) < Cels=50)(1+0)(1-6)s a5 5 — — o0 for
sp < s < 2. If we fix s = 50/2, then we obtain N(SS )(Z(.,s)) < Ces2-8)=(140)) <

Ces(1=(2e40)) _, () as s — —o0, since e is small enough and ¢ = —L-. This concludes the
proof of Lemma 2.21.1

As announced earlier, we don’t give the proof of Lemma 2.22 and refer the reader to Part
4 and Section 2 from [Vel92]. This concludes the proof of Proposition 2.19 and rules out
case (ii) of Proposition 2.7.

Conclusion of Part 3 and the proof of the Liouville theorem
We conclude from Part 4 and 5 that cases (ii) and (iii) of Proposition 2.7 are ruled out.
By Part 3, we obtain that w = k or w = (s — s¢) for some real sg, where ¢ is defined in
(12), which is the desired conclusion of Theorem 1.
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3 Uniform bounds on u(t) on quenching time and ODE type
behavior

We prove here Theorem 3. Let us first state the following convergence result which derives
from [Guo90).

Proposition 4 (Guo) Consider u(z,t) a type I solution of (1), which quenches in finite
time T'. Then, for any quenching point a

limu(a, £)(T - £) P = &,

t—

Proof: See Theorem 3.10 page 77 in [Guo90]. Although Guo studied equation (1) on a
finite interval with Dirichlet boundary conditions. One can easily check that this method
holds on the whole space R, whenever the solution is of type I. B

Consider u(t) a nonnegative solution of type I of equation (1) that quenches at time
T and

|0yw(y, s)| + < M, for all (y,s) € R x R, where M > 0. (88)

1
w(y, s)
In this section we proceed as in the proof of Theorem 1.1 in [MZ98a]. In the following,
Part 1 is devoted to the proof of (i) of Theorem 3. In Part 2, we will prove (ii) of Theorem
3.

Part 1: Uniform quenching estimates
From the definition (6) and (10) of w, and zg, it is enough to prove the second statement
of i) for some a € R.

Consider a a quenching point of u. For simplicity, we assume that a = 0 and write w
(respectively z) instead of w, (respectively zg).

We want to prove that inf,cr w(y,s) — « and ||0yz(.,s)||r + [|0y2(., )|~ — 0 as
s — 400 (where z = 1/w).

Using Proposition 4, we know that w(0,s) — k as s — +00. Since infycr w(y,s) <
w(0, ), we obtain

limsup inf w(y, s) < k. (89)
s—+oo YER
and
lim_&nf I2(., 8) ||l L > k71, (90)
hence,

liminf |[2(., 8) | 2o + [0y 2 (-, )|z + 105 2(-, 8) | > w7
S$—+00
The conclusion follows if we prove that

limsup|2(., s[> + [9y2(-, 8)ll= + 1052(., 8) Lo < w71
S—1T00

We argue by contradiction and assume that there exists a sequence (sy,), such that
Sp, — +00 as n — +oo and

m [|z(., s0) ]|z + 10y2(., s0) oo + 1022(., 8n) || e = &7 + 3z,

n—-+4o0o
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where €9 > 0. Up to extracting a subsequence, we have either

lim ||z(., 8n)||pe > &1+, or

Jim_ i 0,25l 2 €0, 0r Tim 9y (sl 2 s

We deduce the existence of (y%);=1.3 such that

12(s sn)llzee = F < 2(yn, sn),
or ||z (., sn) || Loe — 5 < 19y 2(yz, sn),
or [0z (., sn)llLoe — F < 1052 (yn, sn)l-

Introducing y,, = %%, where i = 1,2 or 3, we define for each n € N

2_

Wy, s) = w(y + yne*’?, s + s,) and Z,(y,s) = 1/ Wi (y, ).

We can see that W, satisfies (6) and Z, satisfies (10). More precisely, we claim the
following:

Lemma 3.1 (Z,), is a sequence of solutions of (10) with the following properties:

i) limy oo [ Zn(0,0)| > k71 4€0/2, orlimp oo [0y Z(0,0)] > €0/2 , orlimy, o0 |05 Z,| >
60/2.

ii) For all R > 0, there exists ng € N, such that for all n > ny,

- Zy, is defined for all (y,s) € [-R, R]? and W,, = 1/Z,, satisfies

|0y Wi (y,s)| + < M.

Wa(y, s)
- Zn 2 0 and || Zy (., 8) || Lo (- r,r12) T 10y Zn (., 8) || oo (- R,R12) < M.

- There exists m(R) > 0 such that || Z(.,s)|c21(—r,r2) < m(R), where C*'([~R, R]?)
stands for the functions which are continuously differentiable twice in space and once in
time.

Proof of Lemma 3.1: We give the following version of Lemma 2.1,

Claim 3.2 (Parabolic estimates) For all (y,s) € [~ R, R]?:
(i) 1Zn(y, $)| + 10y Zu(y, s)| + 105 Zu(y, s)| < M and [9sZn] < M(1+ [y]).

(ii) For all R > 0, Z,, 0yZy(y,s), 8§Zn and 0sZ,, are bounded in CO(|—R, R)?) for
some a € (0,1), where

CO —R,R 2y I,° —R,R 2 |w(£?7—) — "‘ﬂ(f/ﬂ'/”
ol P {w e L=l a (5,7),(5/787%2[—3,312 (€ =&+ |7 — T|1/2) =

Using the fact that u is of type I and claim 3.2, we proceed as in the proof of Lemma
2.2 in [MZ98a. &

Now, using the compactness property of (Z,), shown in Lemma 3.1, we find Zp €
C?*Y([—R, R]?) such that up to extracting a subsequence, Z, — Zg € C%([-R, R]?).
Using a diagonal process, we find Z € C%1(R?) such that Z, — Z in € Cfocl (R?). From
Lemma 3.1, we have
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(a) Z satisfies (10) for (y,s) € R x R.
(b) Z >0 and || Z|| oo rxr) + 10y Z || oo (rxr) < C.
(¢) Z(0,0) > k1 +20/2, or |0,Z(0,0)| > e0/2, or |85Z(0,0)| > 0/2.

Now, we have to consider two cases:
Case 1: If there exits (yo, sg) such that Z(yg,sp) = 0. Then, doing as in the case 1 of
proof of Lemma 2.4, we obtain Z = 0, which is impossible because of (c).

Case 2: For all (y,s), Z(y,s) > 0. In this case, we have W,, = 1/Z, — W = 1/V in
Col(R2) and 9,2, (0, 0)[2/Z,(0,0) — |9,2(0,0)2/Z(0,0).

Since W, satisfies (1), the same holds for W. Using ii) of claim 3.2, we see that

< M.

1
Y(y,s) € R |9,W(y,s)| +
( ) ’ Yy ( )| W(y,S)
Using our Liouville theorem, we get W = k or W(y,s) = ¢(s — sg), where p(s — sg) =
r(1+4¢e*)/B+D) | In all cases, this contradicts (c). This concludes the proof of i) of Theorem
3. 1

Part 2: ODE type behavior
Consider a type I solution u(t) of (1), that quenches in finite time 7' > 0, with initial
condition satisfying (2). We know from (88) that:

_% 1
+1
u(x,t)

D=

vt € [0,T), z € R, Jug(z, t)|(T — ) (T — )71 < M, where M > 0. (91)
Let us prove now the uniform pointwise control of the diffusion term by the nonlinear
term, which asserts that the solution u(t) behaves everywhere like the ODE v’ = —u ="
(up to a constant).
Since ug € L, hence

[ult, )z < lluollzee,

from equation (1), it is enough to prove that

Ve, Jce > 0 such that for all (x,t) € R x [T/2,T),
|00 — 0¥ 0| < e P 4 ¢, where v =1/u.

The plan of the proof is the same as in [MZ98a| and [MZ00]. However, the Giga-Kohn

property ”small local energy implies no blow-up locally” breaks down. We proceed as in
[NZ10], where the authors proved that ”small L?) norm implies no blow-up locally”. In
our case we have the following Lemma:

Lemma 3.3 For all M > 0, there exist positive ey, Cy and My such that if U is a type I
solution of (1) and

Vlzol <1, [[Ze (-, 0)ll 2 <, (92)
for some 0 < e < ng, where
T — X0 11
= =-1 1-1%), Z = (1 —t)B+1
y 1 — t7 $ Og( )7 zO(y7 8) ( ) U(x,t)’
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then:
(i) For all |xg| <1 and s € [0, +00),

1Z25 (- 8)ll 3 < Coee” 7. (93)

(ii) For all |x| <1 and t € [0,1), we have |U(x,t)| > My.

Proof: The idea of the proof is the same as in the proof of Proposition 3.3 in [NZ10].
(i) For simplicity, we write Z instead of Z,. Since Z is a solution of (10), we multiply
(10) by Zp and integrate to get

<= [~ +2 [ 120050 o)y, where 1) = [ Z(3.5Pplu)ay. (94
We note by (0,2)?/Z = (0,w)*Z3, (10) and (91) that Z satisfies
1
057 < (OSZ 3y OyZ + Z) + o Z, where o is a positive constant.

Using Lemma 2.9 (for Z), we see that there exist C*(M) > 0 and s* = s*(p+ 1) > 0 such
that for all s > s*

[ 12090 styyay < € 25— P (95)

Now, we divide the proof in two steps:
Step 1: 0 < s < s*. Using (94) and the fact that Z is bounded by M > 0 (see (92)), we
get

I'(s) < M (s) for some A = A\(M) > 0,

hence I(s) < e*1(0) < eMe? < %3626_%, where we define Ca = 25", This gives
(93) for 0 < s < s*.

Step 2: s > s*. In this step, we argue by contradiction to prove (93) for all s > s*. We
suppose that there exists s; > s*, such that

I(s) < (006)26_%, for all s* < s < 51 (96)
2s
I(s1) = (Coe)%e 1. (97)

Let F(s) = I(s)(C’oe)_Qe%. From (94), (95), (96) and Step 1, we have for all s* < s < s1,

/ 2s
Fl(s) < C(Coe)2em1I(s—s") 5
< C’*(Coe)ﬁﬂeﬁl () BT < C*(Coe)?~ LG s,
Since F(s*) < % from the step above, we integrate the last inequality to obtain
F(s1) < CHCoF e (e — e ) + F(sY),
< g <,
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for € < €g(M) small enough. This contradicts (97). Therefore, (93) holds.

(ii) Applying parabolic regularity to equation (6) and using estimate (92), we get for all
lwo| <1, R> 0 and |y| < R, |Za,(y,s)| < Mpe 7+, hence for all ¢ € [0,1), |U(zo,t)| >
My, for some My = My(M). This ends the proof of Lemma 3.3.1

We argue by contradiction and assume that for some ¢g > 0, there exists (2, tn)nen, a
sequence of elements of R x [g, T'), such that

vn € N, [020(xn, tn)| > eolv(@n, tn)|*° + n. (98)

From the uniform estimates of i) of Theorem 3 and the parabolic regularity, since ||0zv(.,t)|| Lo
is bounded on compact sets of [%, T), we have

T—-t,—0,as n — oo.

1
We note that i) of Theorem 3 implies that v(xy,t,)(T — t,)#+ is uniformly bounded,
therefore, we can assume that it converges as n — +o0o. Let us consider two cases:

1
i) Estimates in the very singular region: v(xy,tn)(T — t,)?1 — ko > 0. From (98), it
follows that

Ko\ 2 _B+2
150tz 2 1030, )] 2 eo(5) (T = ta) 7557,

with t,, — T, which contradicts i) Theorem 3.

1
ii) Estimates in the singular region: v(zp,t,)(T — t,) 5+t — 0.

We consider n large enough, such that

1

V(Tp, tn)(T — t,) 7+ < no/3, where 1y is defined in Lemma 3.3.

We take t) — T such that
_B+2
(T —19)" 51 = /n. (99)
Using (98) and i) of Theorem 3, we obtain:

B+2

n < 10%0(wn, t,)| < Co(T — )~ 711,

hence t9 < ¢,. Now we distinguish two cases:
Case 1. We assume that (up to extracting a subsequence) there exists t/, € (t9,t,), such

1
that v(zn, th,)(T — t},) 7+ = Zng. If we consider

vn(6,7) = (T — )75 0(@n + E/T — U, 1, + 7(T — 1)), (100)

then, we have from i) of Theorem 3,

2
vn(0,0) = gm0, [|0vn(., 0)llze + 102 vn (., 0) [z — 0. (101)
If we note by u, = 1/v,, then we have from (2) and (91):
11 1 1
Vr <1, £ €R, ]8§un(§,7)](1—7)é 7 4 G )(1—7')541r1 < M and dru, = 02u,—u,”.
un (&,

(102)
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Then, we can see that v, is bounded and satisfies (8). Using parabolic regularity,
we can extract a subsequence (still denoted by t,) such that, v,(&,7) — ©(£,7) in C%1
of every compact set of R x (—o0,1). We note that if there exists (£, 79) such that
(&0, 70) = 0, then 0 = 0 (see case 1 in the proof of Lemma 2.4). This case is imposible
because ©(0,0) = 3/2ng. Therefore, it holds that for all (£, 7), 0(£,7) > 0. Recalling that
un(&,7) = 1/v,(&,7), we have

U (&,7) = 1/va(&,7) — (€, 7) = 1/9(&,7) in C? of every compact set of R x (—o0, 1)
and by (102), we get

1
(s, )

NI

3 __1 1
drit = 02— 4P, 4(0,0) = 3y @0 06 (6,7)|(1 = 7) BT 4 (1—7)5 < M.
0

Using the Liouville Theorem (see Theorem 1), we get

—(B+1) 7
ﬁ({,T)—/i((i;Z) —7’) .

We claim that it is enough to prove that the convergence of u,, — 4 takes place in
C?*'((—1,1) x [0,1)) to conclude. Indeed, if we have this extended convergence, then we
write from (98) and the definition (100) of vy,

(T — )55 |9 0(0, ¢
n 5{”( ) TL)

1020,(0,7)

o —
N

+

> eo[v(0,t,)[TF(T — t,) 7
= eolvn(0,7)]**7
> gomil ¢, v (0, 7) [P,
with 7, = tT*f:tt," Letting n — oo, we obtain
8521)”(0,7”) —0and min |v,(0,7)*? — min |o(7)]**7.
7€[0,1] T7€(0,1]
Hence
0> ¢eo min [o(7)[>"F = |0(7)>TP > 0 (103)
T7€[0,1]

which is a contradiction.
Let us then extend the convergence. If we consider the following similarity variables,

_ £-%

then, we see from (101) that for all |{o| < 1, || Z¢,(.,0)[[ ;2 < 1o, for n large enough. Using
)

s=—1log(l = 7), Zne,(y,5) = (1 — 7) 5T, (€, 7), (104)

Lemma 3.3, we get for all |{| < 1 and 7 € [0,1), |v,(§,7)| < Mio Using the parabolic

regularity, we can extend the convergence, and then reach the contradiction (103). This
concludes Case 1.

Case 2. We assume that for some ng € N, for all n > ng and ¢ € [t2,t,], we have:

1 2
(@, ) (T — 1) FH < .
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Then, we take ¢/, = t) and introduce v, by (100). As in Case 1, we obtain by Lemma 3.3
and the parabolic regularity:

ty, — 0
V£ <1and 7 €[0,1), |v,(&,7)| < 1/Moy, |0£2vn(0,7n)\ < Conop where 7, = %tg.
—n

Therefore, we get from (98), (100) and (99):
_b+2 _B+2
n < |fon(n, tn)| = (T = t3)” F10Fvn(0, )| <o mo(T — t5)” 1 = Conov/n,

which is a contradiction, as n — oo. This ends Case 2 and concludes the proof of Theorem
3.

A Proof of Proposition 2.7

We proceed as in Appendix A [MZ98a], the most important difference, is that in our case
we have not w bounded. Let us introduce some notations,

v1(y,5) = vo(s)ho(y) +v1(s)h1(y),  Vnun(y, s) = v2(s)ha(y).

We divide the proof in two parts: in part 1, we show that either v,y or v is predominant
in L?) as s — —oo. In part 2, we show that in the case where v4 is predominant, then
either vg(s) or v;(s) predominates the other.

Step 1 of the Proof: Competition between v, v,,; and v_
First, we recall from (38)

Y(y,s) € R, 9,0 = Lo — f(v). (105)
Let us introduce some notations
2(s) = llve (o 9)llz  2(s) = llonun(-s 8) 1z and y(s) = [[o-(., 8)ll2-

Projection (105) onto the unstable subspace of £ forming the L%—inner product with vy,
and using standard inequalities, Lemma 2.6 and (40). We get

1
zZ> 52—]\7, where N = ||v2||L%.

Working similarly with v,,; and v— we arrive at the system

z > %z — N
[# < N, (106)
jy < —3y+N.
If we knew for |s| large enough
N<e(zx+y+2), (107)

we could use ODE techniques to conclude the step. However, we do not have this infor-
mation at this stage. We thus estimate N proceeding as in Section 4 in [FK92b]. We
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note that in [FK92b] (107) was proved under the additional assumption that v(y,s) is
uniformly bounded. One can check in [FK92b| that this assumption is only used for the
derivation of the estimate |f(v)| < c|v|, which in our case is true by (40). Then, we get

by (107) and (106),
1

i > (3—¢)z—c(z+y)
2] < e(z+y+2), (108)
g < —(3+e)yte(z+2).

Now, let us recall Lemma A.1 from [NZ10].

Lemma A.1 (Merle-Zaag) Let x(s), y(s), and z(s) be absolutely continuous, real-valued
functions that are nonnegative and satisfy

(i)(x,y,2)(s) = 0 as s — o0, and Vs < s*, x(s) + y(s) + z(s) # 0, and

(1i)Ve > 0, Isp € R such that Vs < s

2 > coz—e(x+y)
[# < elz+y+2) (109)
y < —cyte(z+y)

Then, either © +y = o(z) or y + z = o(x) as s — —0o0.

Applying Lemma above to (108), we get either

[o- (92 + Mo+ 8)l ez = ollvnuu(-, 5)l2),

or
lo— ()22 + Nlvnun (-5 9)l[ Lz = oo (., 8)ll22)-

Step 2 of the Proof: Competition between vy and v

In this step we focus on the case where ||v_(.,s)[|r2 + [[vnau (-, )l 12 = o([[v4 (-, )l 12)-
We will show that it leads to either case (ii) or (iii) of Proposition 2.7. We want to derive
from (105) the equations satisfied by vy and v;. For this we will estimate in the following
[ f()km(y)p(y)dy, for m = 0,1 where

kn(®) = han () /| B (9) 13-

Lemma A.2 There is ¢ > 0 and an integer k' > 4 such that for all § € (0,dp), Isp € R
such that Vs < so, [v2|y|¥ pdy < co(K')6** 2(s)?

Poof: This lemma is analogous to Lemma A.3 p 175 from [MZ98a], it have been proved
under the additional assumption that v(y, s) is uniformly bounded. One can check that
this assumption is only used for the derivation of the estimate f(v) < C'v, which is in our
case true.ll

Proceeding as in Appendix A from [MZ98a] and doing the projection of equation (105)
respectively on ky(y) and k1(y), we obtain

vh(s) = vo(s) — 7;2(8)2(1 +af(s)). (110)



Using the same type of calculations as for [ v3pdy and Lemma A.2, we can prove that
[v?k1(y)pdy = O(z(s)?). Therefore, (105) yields the following vectorial equation:

vl (s) = 01(s) +1(5)z(s)”, (1)

where 7 is bounded.
Proceeding as in [MZ98al, we get:

Ve > 0, vo(s) = 0(e=9%) and v1(s) = Crez + O(e179)%)

and

Ve > 0, vo(s) = —5101\2868(1 +0(1)) + Coe® + 0(e*179)) ag s — —o0 (112)
Two cases then arise:

o If C) # 0, then vy(s) = Crez > vy(s))O(se®), from (112). We note that applying
Lemma 2.9 to |v|, we have for s large enough (and s < 0),

N = [ ot o) oty < Clules = 5013, (13)
for some positive sx and C*.
Recalling (105) and using (113), we obtain § < —3y + c*[Jv(,, s — s¥)||2, < —3y +
P
ce’. Then, we obtain z = ||vnuu(.,s)||L% = O(e®). We conclude that [jv(.,s) —
CleS/QyHL% = O(e*1=9) as s — —o0, for some € > 0. This is case (ii) of Proposition

2.7.

e If C; = 0, we obtain case (iii) of Proposition 2.7. Indeed, let us first improve the
estimate of v. In fact, from (112) we have vy = Cpe® + O(e*/?*) and from (111)
v; = O(e%/%%).

Recalling (105) and using (113), we obtain § < —1y+c*|jv(., s—s*)Hig < —Sytce®.

Then, we have y = O(e3/2%). Similarly, we obtain that x = O(e%/?%) and we conclude
that
lv(.,s) — U()(S)HL% — 0(63/25)'

This is case (iii) of Proposition 2.7.

Step 3: Case where v,,;; dominates

In the following, we prove that (iii) of Proposition 2.7 holds. First, we prove the
following Lemma:

Lemma A.3 Assume that
o ()l + o= (s )2z = ollvmua s 9)122) (114)
holds, then

v<y78) = & (y2 - 2) +0(%)7

m LZ as s — —oo.
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Proof: Since vpun(y, s) = va(s)ha(y), we note that va(s) = [wvka(y)p. Using (41), we
rewrite equation (105) as follows

B s

v = Lv — 7Y + g(v), (115)

where g(v) = O(v3). Projecting equation (115) onto ha(y) we get

o = 4 [hty ><>+/< 2 ()6l)

- / oot — %) ka)ply) + / 9(0)ka(y)p(y)
= —%81}%—%%514-527

(116)
where we use the fact that [vpuukep = v% i h%kgp = 81}%. we next estimate £ and &s.
For this we need the following lemma

Lemma A.4 There exists oy > 0 and an integer k' > 4 such that for all a € (0,qyp),
there exists sg € R such that for all s < sg,

/\vlzly!’“’pdySCO(k) - ’“/ o2 updy.

Proof: See Lemma C.1 in [MZ98a] (page 187).1
Recalling that v = vy + vnyy + v—, we write on the one hand:

IN

& / oy + v_| X [0+ vmatllk2 ()]0,

c </ vy + v!2p> v {(lei‘%(@/)p)l/2 + (/ viuzzk§p>l/2} :

We know by (114) ([ vy +v_|*p ) = o(v2) and

1/2
1/2 1/2
(22 (y)p) " + </viuuk§p> < (2K2(y)p) " +clval.
——

1

IN

To treat I, we have from Lemma A.4

[0 [P+ [Pl < ce v < i

we conclude that & = o(v3). It remains to estimate £, we consider a € (0, ) and we
proceed as in Appendix C from [MZ98a], (page 189). We write for m =0 or m = 2:

S 1oPPly™pdy - < / |v|3|y|mpdy+/ [ ly|™p,
pi<a" 2ot
< e | 1vady+0Mak’—m—1(1+a)/ll> Pl
Yylsa— ylza~

< C(ea™™ 4 Mco(K)a*™™) /viu”pdy,
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where, we used the fact that [v| — 0 as s — —oo in L> (B(0,a™1)), [v(y,s)| < M(1+y]),
Lemma A.4 and [ |v|?pdy < [v2,,,pdy. We can then choose € and « such that for s < s,
[vPly|™p < e [v2,,; an we get E2 = o(v3).
So finally, we have

2

Osvy = —§4v§ + o(v3).
Solving the above, we obtain
K 2
= 1 1 —2).
Unull 463 ( + 0( ))(y )

This concludes the proof of Lemma A.3.H

In order to finish the proof of (iii) of Proposition 2.7, we need to refine the estimates
of Lemma A.3 to catch the O(log(|s|)/s?). Recalling system (106) and using (113), we
obtain,

- 1 < 1 1
7% —gurelels = sl S gy e

C
Then, integrating (yes/ 3 < C’ 5 between —oo and s, we get y < —. Doing the same for
52

z = ||v+(.,s)HL%, we obtain (ze /2y > C—, integrating between s and sy > s, we get
C
s
Proceeding as in the proof of Lemma A.3, we write
p g
Ovz = —o— Vnaik2(y)p(y Y+ oo (vian = 0%) k2(9)o(y) + | 9(0)ka(y)p(y),

. Baa, B
= —2R8U2+2/€51—|—52.

(117)
Then, we have

&) < / oy + v x [0+ vt 2o,
1/2 1/2 1/2
< C</|v++v—!2p> {(v2k§(y)p) +(/U72mllk%p> }
<

(o) ") (1))

Using the fact that ||vpu(., s)||L% ~ % and (113), we have

4y < e (v?(,s— 2o ¢ . °
/vp_c(v(,s S*)p) S Py ol
Thus, & < 8% Similarly, we obtain & < 8% Then, we have from (117):
45 1 4ﬂ
Osvg = ——v%+0(8—3) 1+O( )
By integerating, we obtain the desired estimation
— 1 .
va(s) = 46 + O(log(|s[)/s7)

This concludes the proof of Proposition 2.7.1
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B Equations of 7 in Parts 4 and 5

Equation of Z in Part 4: In this part we establish the equations (67) and (72) satisfied
by Z and finishes the proof of Lemma 2.14 and Claim 2.16. If we recall from (66) that
v =w — F, where F is defined by (62), then we see from (6) that v satisfies the following
equation for all (y,s) € R x R, such that for |y| < 4egy/—s.

Osv = Lv +U(y,s)v — B(v) + R(y, s), (118)

where £ is defined in (48),

l(y,s) = (_% + gF—(ﬁH)) ,
B(v) = (F+uv) P —FF4pp-(Bthy, (119)
R(y,s) = —0F+05F - Jy-0,F + g5 — F~P.

Using Taylor’s formula, the fact that F' is bounded for |y| < 4e9y/—s and proceeding as
in the proof of Lemma 2.6, we readily obtain for all s < sp and |y| < 4e9y/—s

2 1 2
B)| < ClvP, |R(y,9) < C (‘y'sj 1 +x€0) iy, )] < Cmin [‘ﬂ"’) 1}

with x¢, defined in (64). Therefore, we write for |s| large enough and |y| < 4eg/—s:

1+ &2ls
‘l(yws)‘ < C{(|S|OH)+X50} < 0{25%+X€0}'

Using Kato’s inequality, we obtain for z = |v/|, |s| large enough and |y| < 4eg/—s:

1 241
852—8§z—|—2y-8yz—(1+a)z§0(22+(y =2 )+X€O);

where we fix €9 small enough so that o = C&?% < ﬁ (use the fact that X7 < 7% + Xeo)s

with the cut-off function 7 defined by (65).
We define Z = z7y and we obtain for |s| large enough:

1 2
832—8§Z+§y'8y2—(1+a)2 §C<Z2+M+X80)

s2

+z (857 — 657 + % . @ﬂ) — 20y - Oyz,

(here, we used the fact that v22 = Z2 + (y —7?)2% < Z2 + Cx,)- The last terms in this
equation are the cut-off terms. By (i) of Lemma 2.1 and (37), we get

z2(y,s) < C(1+ v/—s) for all |y| < 4egv/—s,

then we obtain using the fact that z(dsy — 8§7+ 4.0yy) —20,70yz < C(1+v/=8)X= —
2div (20,7), we obtain for |s| large enough:

2
0.7 — 027 + %y 0,7 —(1+0)Z<C (22 LW S Yyas \ﬁ—s)xgo> —2div ([v|9,7),
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which is the desired equation (67) in Lemma 2.14.
In the following, we will establish inequality (72). Let us rewrite (118) as follow

osv = (E - %) v — Bi(v)+ R(y,s),

where

where By(v) = (F +v)™? — F7% and R is defined in (119)

Proceeding as in the proof of Lemma 2.6, we get |B(v)| < C|v|. Now, we do as in the
proof of (67), and we obtain the wanted result (72).

Equation of Z in Part 5: In the following, we determine the equations satisfied by
Z in Part 5. We note by v = w — f. We can see from (82), that v satisfies the following
equation for all (y,s) € R x R, such that for |y| < 4ege™"/?

osv = Lv+I1l(v)— B(v)+ R(y,s),
where
uw::(—3%i+ﬂf‘W+”)v==M%5ﬁc
BW) = ((f+v) @ = 7848/,
R(y,s) = es(?gG(yeS/Q).

Using Taylor’s formula, the fact that f is bounded for |y| < 4epe®/? and proceeding as in
the proof of Lemma 2.6, we prove that for |s| large and |y| < 4ege™%/?

[B(w)| < Clvl?, [R(y, 5)| < Ce® + xe, (y, 9),
with ., is defined by (85). We obtain for |y|e®/? < 4ey and s large
Uy, )| < Cmin |Jyle”%,1]

If we consider ., defined in (85), then, we write for |s| large and |y| < 4ege*/?:

1< C{lyle’ +xep | < Ceo+xe0} -
Using Kato’s inequality, we obtain for z = |v|, |s| large enough and |y|e® < 4ey,
1
852—8§z+§y-8yz—(1+0)z§ C(®+e"+ xe)

where 0 = Cgg = ﬁ. Now, we consider the cut-off function v, we define Z = 2z and we
obtain for |s| large:

1
&Z—%Z+¥r@Z—ﬂ+aﬂ
<C (Z2 +e° + Xso) —z (857 — 857 + % . 0y7> + 20,70y 2.

The last terms in this equation are the cut-off terms. By (i) of Lemma 2.1 we have
lv| < C(1 + e™*/2) .Then, using z(9sy — 2y + 4 - 9yy) — 20,79yz < Cxey + 2div (287),
we obtain for |s| large:

1 s .
0s7Z — 8ZZ + JY- 0yZ —(14+0)Z<C <22 +ef+(1+e /2))(50) —2div ((|v|0yY) ,

which is the desired equation in (84).
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