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Abstract

In this article, general estimating functions for ergodic diffusions sam-
pled at high frequency with noisy observations are presented. The the-
ory is formulated in term of approximate martingale estimating func-
tions based on local means of the observations, and simple conditions
are given for rate optimality. The estimation of diffusion parameter is
faster that the estimation of drift parameter, and the rate of conver-
gence in the Central Limit Theorem is classical for the drift parameter
but not classical for the diffusion parameter. The link with specific
minimum contrast estimators is established, as an example.

Key Words: estimating functions, diffusion process, parametric inference,
discrete time noisy observations, central limit theorem

1 Introduction

The aim of this article is to study estimating functions based on the ob-
servations of a noisy discretely observed one-dimensional diffusion inspired
by Sgrensen (2009). A one-dimensional diffusion process (X;) is considered,
solution of the stochastic differential equation

dXt = b(Xt, H)dt + O'(Xt, )\)dBt, X() =n (1)

where (By);>0 is a standard Brownian motion and 7 is a real valued random
variable independent of B. The functions b(x, k) and o(z, A) are respectively
defined on Rx©; and Rx©2 where © (resp. ©2) is a compact convex subset
of R% (resp. R%). For sake of simplicity, in the proofs, we assume that
dy = dy = 1. The true value of the parameter is denoted by 6y = (ko, \o)

and 0y € (2), where ® = ©; x Oy a product of compact subsets. The
expectation under the probability distribution Py is denoted Eg, for 6 € O,
and [y, for the expectation under the probability distribution Py,.
At time t; = idy,i =0,..., N, with § the sampling time, the observa-
tion Y5, is given by
Yisy = Xisy + PNEisy (2)



where py is the standard deviation of the observation noise, and (g5, )
is a sequence of independent and identically distributed centered random
variables, independent of the diffusion (X;), with unitary variance. Two
cases are considered for the standard deviation of the observation noise: in
the first case, denoted as (B1), py = p > 0 is constant, whereas in the
second case (B2), py — 0 as N — oo. Moreover, in the sequel, py is
assumed to be known.

In Favetto (2010), minimum contrast estimators based on local means
of the (Yjs5, ) have been studied: dividing the N observations into kx blocks
of py observations, such that N = pyky, and setting Ay = pydn, the
local mean on the jth block (starting at time jAy and finishing at time
(J+1DAN =N =jAN + (pv — 1)dn) i8

. 1 pNn—1
}/Oj = Z }/jAN-i-Z'(;]\m
PN 20

with the asymptotic framework: N — oo, dy — 0, ty = Ndy = knAny —
oo (high frequency sampling.) Moreover, the discretization step size and the
number of observations in one block are linked by éy = p®, where o € (1, 2]
is the local mean size parameter, which has to be tuned in practice. The case
« = 2 is specific because the variance p?\, has to be taken into account in
the results (see Favetto (2010) for a discussion on « based on simulations).

Our focus is on approximate martingale estimating functions based on
the (YJ). An exhaustive review on estimating functions for diffusion pro-
cesses can be found in Sgrensen (2010). The estimating functions G o
considered here depend on « € (1,2] and they are given by

kn—

GNal(f Z (O, Y =YY, Y0750, ) (3)

where the function g,(8,9,z;6, p), valued in R?, is such that G, is ap-
proximately a martingale estimating function. Hence, the aim of this paper
is to prove that the estimator 9N given as the solution of GNQ(HN) =0is
consistent and asymptotically Gaussian. Notice the lag in (3) that must be
introduced as (YJ) is not Markov.

The case of martingale estimating functions for discrete observations
of diffusion processes has been treated in Bibby and Sgrensen (1995), and
the case of estimating functions that do not have the martingale property
has been treated in Kessler (2000), with a fixed sampling time A. Kessler
and Sgrensen (1999) introduce martingale estimating functions based on
the eigenfunctions of the infinitesimal generator of the diffusion. Sgrensen
(2009) focuses on the high-frequency asymptotics for an ergodic diffusion.

The article is organized as follows: Section 2 is devoted to the presenta-
tion of the model and the assuptions, which are closed to those presented in



Favetto (2010). Section 3 contains the main results for the convergence in
distribution of the variation and the quadratic variation of the local means,
and the result of asymptotic normality for the estimators associated to the
estimating functions. Section 4 is devoted to the examples, some concluding
remarks are given in Section 5 and the proofs are gathered in Section 6.

2 Model and Assumptions
Consider the one-dimensional stochastic differential equation
dX; = b(Xt, K,(])dt + O'(Xt, Ao)dBt, Xo=n€ (4)

where B is a standard Brownian motion, 6y = (kg, Ag) is the true value of
the parameter, and 7 is a real valued random variable independent of B.

From now on, we set b(x) = b(x, kg) and o(x) = o(x, \g) and make clas-
sical assumptions on functions b and o ensuring that (4) admits an unique
strong solution (X¢);>0, defined on a probability space (2, F,P), and that
this solution is positive recurrent on R.

(A1) Functions b and o belong to C?(R), o(x) > 0 for all z, and there exists
¢ > 0 such that for all z € R:

[b(2)] + V()] + [b"(2)] < ¢
o(@) + |0’ (z)] + |o"(2)] < (1 + [2]).

(A2) For zp € R, let s(x ) = exp( Zfo ) denote the scale den-

Cr2
sity and m(z) = W the speed den81ty Assume [ s(x)dz =
f+oo dx—ooandf (x)dx = M < oo.

(A3) Let vo(dz) = &rm(z)dx. For all k > 0, vy admits a finite moment of
order k.

(A4) For all k > 0, sup;>q E(|X3[*) < o0.

(A5) The common distribution of the random variables ¢;5, admits a 8th
order moment, and is symmetric.

Assumption (A1) implies that (4) admits a unique strong solution on
R. Under (A1) and (A2), vy is the unique invariant probability of (4) and
(X¢) is ergodic.

Furthermore, Assumptions (A1)-(A3) imply (A4) if n has distribution
vy or 7 is deterministic (for the latter case, see Gloter (2006), Proposition
3).

Conditions on the function g, for optimality are stated now. The two
components of g, are denote by (g1.a,92.0)" , and we assume that g, (3, y, z; 0, p)



satisfies the conditions of Sgrensen (2009) recalled below. First, the condi-
tion for rate optimality is

ayQQ,oz(())O?x; 97P) =0 (5)

for all z € R, all p > 0 and all # € ©, where 0y92.4(0,0,;6, p) = 0 means
0y92,0(0,y,2;6,p) = 0 evaluated at y = 0. This condition is also called
Jacobsen’s condition in Sgrensen (2009), and corresponds to one of the con-
ditions obtained in Jacobsen (2002).

For directly observed diffusion models, rate optimality is important be-
cause the diffusion coefficient parameter can be estimated at a higher rate
than the drift parameter, and this result remains true for a diffusion observed
with a noise.

Setting c(z, \) = o(x, \)?, the second Jacobsen condition is

o Oebla, k) ) 9, p) = D@ )
0y91,4(0,0,2;0,p) = R and 8y292,a(0,0,$79,P) = WG)

for all z € R, all p > 0 and all § € ©. In Sgrensen (2009), this condition
ensures the efficiency of the estimators in the case of direct observations of
an ergodic diffusion.

The class Cp; py ps (Rt xRZx© xR, ) is defined as the set of real functions

f(t,y,x;0,p) satistying

1. f is p; times continuously differentiable in ¢, py times continuously
differentiable in y and p3 continuously differentiable in x and A ;

2. f and all partial derivatives of f are of polynomial growth uniformly
for 0 € ©.

The class Cp, p, ps (R?x © x R}) is defined in an similar way for functions
fly,x;0,p). A function f(y,x;6,p) is said to be of polynomial growth in y
and x uniformly for 6 € © (recall that © is assumed to be a compact subset
of R?) if there exists a constant ¢ > 0 such that, for all z,y € R and all
p >0,

sup | f(y, z,;0,p)| < (1 + [z]" + [y[%).
0co

From now on, R(4,y,z;0,p) denotes a generic function such that
’R(év Y, T 07 P)’ < F(y, T, 9, p)

with F' of polynomial growth in y,z and p, uniformly in . The function g,
is assumed to belong to the class C; 32 in the sequel.

Let H;-V be the o-field defined by H;-V =0(Xs,0 < s <jAN)Vo(eisy,i0n <
(j — 1)Ax + (py — 1)dy), such that Y7 is Hﬁl measurable.

The function g(9,y,x; 0, p) is assumed to satisfy the following condition

(D)



1. For all 8 € O,

. . - 92 1
Eo(g(0n, YIT = Y1, YJ750,pm)H}) = by “R(5N,Y]  Xjan:0,pN)
Y NR(6N, YI™h, Xjay: 0, 08),

2. The function g(d,y, x; 0, p) has an expansion in power of §: there exist
functions ¢ and ¢(® such that

(a) if a € (1, 3] or a = 2, the expansion is
9(6,y,2:0,p) = g(0,y, : 6, p)+8" "= g (y, 2; 0, p) +0°~ % R(6, y, 23 6, p);

(b) if a € (2,2), the expansion is

_1
90, y,2:0.p) = 9(0,y,2;0,p) +5' ag“)gy,w;&p)
+00 g\ (y, 230, p) + 6%~ @ R(8,y, 230, p)

with R(A,y,z;0,p) a generic remainder dominated by a function of
polynomial growth in y and x, uniformly in . (Remind that oy = py“~,

1
hence Ay = pNon = py * = 5]1\, > for a given a € (1,2].)

The condition on the expansion has to be precised: for a € (1,3], the
mequahty >2— 2 holds, and for a = 2, we have 1 — 1 = 1, Whereas for

o€ ( 2), the 1nequahty 2—= < <1—1 holds. Notlce that (5 =Apn

and ¢ j\*[ = A"‘ o=1 this term is needed to take into account the noise.

Finally, for any non-singular matrix My, the estimating functions Gy
and MyGn, give the same estimator, and the matrix My may depends
on 6. Therefore, a given version of an estimating function may not satisfy
the above condition, but the point is that one version, up to a matrix My
must exist and satisfy this condition. For example it may be necessary to

multiply one of the coordinates by Ay = 5

3 Rate-optimal estimating functions for local means

In this section, asymptotic results are proved for approximate martingale

estimating functions based on local means. In particular, it is shown that

the estimator of the parameter in the diffusion coefficient converges in dis-

tribution faster than the estimator of the parameter in the drift coefficient.
The infinitesimal generator of the diffusion (X;) is

d2

1
Ly = b(x, m)i + —c(x, )\)@

dr 2



For a function h(y,z) of two variables, Lyh is defined by
1
L9(h(57 9/7 p))(y7 l’) = b(,I, H)ayh((s’ Y, x; 9/3 p) + 56(1’, A)a§2h(6v Y, T 0,’ :0)

The modified generator is also introduced as

_ d 1 d2
L =
= Lo—Cy

with Cyp = %c(aj,)\)%. Indeed, it comes from Proposition 2 (proved in
Favetto (2010) and recalled in the Appendix) that, for f a twice contin-
uously differentiable real function with bounded second derivative, with

Ay = pady = 607
B, (f(YIT = YI)HY) = f(?) + f1(0)Eg, (YIF! = YIIHY)
5" (O)Bay (V3 = YIP1H)Y) + Anop(1)
= O+ AN OBKyay50) + 5 Oy 20
+ART " (0)pk + Anop(1)

by Taylor’s formula.
The following lemma provides an useful identity for the next computa-
tions.

Lemma 1. Under Condition (D), for allz € R, all 6 € © and all p > 0

(OOpr
(0,20, p

g0, 20, p

) = 0,

) = —Lg(9(0,0,p)(0,2) if a € (1,2),

) = —p°0529(0,0,;0,p) if% <a<?2,
)

W(0,2;0,p) = —Lo(g(0,0,p)(0,) — p*022g(0,0,,0,p) if o = 2.

Remark. This lemma has to be compared with the result in Sgrensen
(2009), when the diffusion is directly observed. For a € (1,2), the result on
g(l) is the same except that it involves Lg in place of Ly. For a € (%, 2), the
rate of sampling has to be taken into account, by the additional term ¢(®
which contains the variance p? of the observation noise. In the case a = 2,
the time-step of a block of observations is Ay = 101_\[1 and an additional term
is needed in g™,

Setting poo = limy—o0 pn, two cases are distinguished for the limit the-
orems: for the first one, Assumption (B1) holds, or Assumption (B2) when
a € (1,2), or a« =2 and ps = 0, and in this case, the variance of the noise



does not appear in the limit theorems. For the second case, Assumption
(B1) holds with o = 2, and p%, = p? > 0 appears in the limit theorems.
Let v(0, 00, po) be defined as

’Y(eveOapoo) = VO((b(v/iO)_b(wﬁ))ayg(ovow;apoo)) (7)
(el 20) = el 1)2%9(0.0,.56, ),

and the matrix

A( )_ 8nb(':“)aygl(0707-597[’) la)\c(w)‘)aj?gl(Qoa-;Hap)
o0\ P) = 0:b(., K)0yg2(0,0, .;0, p) %@\c(.,)\)azzgg((),o,.;9,,0) '

w

Notice that Agy(z, p) = dgLe(g(0, 8, p))(0,2) = 9gLy(g(0,8, p))(0,2)—9Cy(g(0, 8, p))(0, z).
Setting S = (A, (., o)), the following identity holds

999V (0,230,p) = —95L4(9(0,0,p))(0,z) — Lo(9sg(0,0, p))(0, )
+09Cp(4(0,6, p))(0,z) + Cy(g(0,0, p))(0, ).
With ¢(0, 6y, poo) defined by

¢(97 907 poo) = VO(EOO (899((); 97 poo))(oﬂ ‘)_E0(899(0§ 97 poo))(oﬂ ‘))_VO(AQ(w poo))v

and Jyg the matrix of partial derivatives with respect to x and A, the fol-
lowing lemma contains the main statements for convergence in probability
results (under Py, ).

Lemma 2. Under Assumptions (A1)-(Ab), for a local mean size parameter
a € (1,2] and Assumption (B1) or (B2),

En—2

1 . o Py,

E An. YTl _yi yi-l.g 0 0.00. pos 8
kNAN e g( Ny Le er1le ) 7pN) — ’Y( , 00, P ), ()
1 kn—2 .

Ong(An. YITL _yi yi—l.g ) 0.600. Doc 9
ey e e O

uniformly in 6 € ©.

Recall that, with b(.) = b(., ko), for a function f = f(.,6), the empirical
mean 7y (f), the variation Iy(f) and the quadratic variation Qn(f) of the
local means of the observations are defined by

| vl
()= 1 > FOV),
M =g X
kn—2
() = gy 2 A0 = = A
]_1 R i—1 i+1 i\2
A _ - +
(1) = gy 2o TOEI09T v



The convergence in distribution of the functionals Iy and Qp, which
are useful to study the asymptotic normality of the estimator 0y, is now
precised.

Theorem 1. Assume (A1l)-(A5) and (B1) or (B2). If a € (1,2] and

2

N(S?\,f" — 0, then

7 L
VINOININ(f) = N(0,10(f%0%)).
_2
A comment has to be done about the assumption N 5?\, * — 0: when
the diffusion is directly observed at time 0y, a similar result holds under
the condition N 512\, — 0. Here, the condition k:NA?V — 0 is needed, and

EnA3, = N&?V_%. When « = 2, the usual condition N5]2V — 0 is obtained,
but when « € (1,2), a stronger assumption is needed on the sampling rate
than if the discretized diffusion process were observed directly.

The convergence in distribution for the quadratic variation is precised
below.

1

Theorem 2. Assume (A1)-(A5), and N5]2Vfa — 0.

e If (B1) or (B2) with a € (1,2) or a =2 and (B2) (pny — 0), then

NER@N() — (T Co™ + 2305 ) £ MOl f20*)):
e Ifa=2and (B1) (pny =p) , then

Vnsg (@Nm — oy (f @UQ i 2p2))> £, N(O, wo(f2 (0 +40? 2 12p4)).

_1
In this second theorem, the condition N (5]2\, o« = k:NA?V — 0 is needed.

2
This is more stringent that N (5]2\,_5 — 0: N 5]%\, — 0 is needed in the case
a = 2, for example. Moreover, a distinction has to be done in the case
a =2, py = p, because the variance of the observation noise p? appears in
the asymptoti(i variance, which is increased significantly. Notice also that the

rate ky = N 51% is not classical : when the diffusion is directly observed, the

usual rate of convergence for a similar central limit theorem is IV, whereas
1

., . . .. 2—= .
here it is slower. That explains why the condition Nd, * is more stringent
in the case of diffusions observed with noise.
And there is the multivariate version of the two last theorems.

1

Theorem 3. Assume (A1)-(A5), and N5]2\,7°“ — 0. Then, for f a function
which satisfies (C1), and o € (1,2],



. VNGSNIN(f) e Y (( 0) < Wi(f)
\V Nog (QN(f)—z/N (f <§02+2Aﬁ,1p?\,)>) Ao ) 0
(10)
with, in the case o € (1,2) and (B1) or (B2), or in the case o = 2 with
(B2),
Wi(f) = w(f?0?) and Wa(f) = w(f?0")
and in the case a = 2, with (B1),

Wi(f) = w(f?0?) and Wa(f) = vo(f*(0* + 4p*0” 4 12p%)).

For the applications, the following corollary is needed.
1

Corollary 1. Assume (A1)-(A5), N5]2V_a — 0 for an o € (1,2]. Consider
a sequence of functions fy(x,0) and a function f(z,0) satisfying (C1), a
sequence vy — 0 such that, for all x,

sup ’fN(QS‘,H) - f(xa0)| < UN(l + |.CCD,
ISS]

then
VNGSNIN(fN)

( M(Qw(ﬂv)—m (fN <§g2+2AJf\xl‘Ip§V>>> ) LNy (( 8 )( Wlo(f)

(11)

The main theorem about the estimation of 6y = (g, Ag) and the asymp-
totic behaviour of the estimator 0y = (AN, S\N) is derived from the latter
results.

With the rate optimality condition and the second Jacobsen’s condition,
the Central Limit Theorem gives the optimal rate of convergence for the
estimator of the parameter involved in the diffusion coefficent.

Theorem 4. Assume (A1)-(A5), (D), and that the following identifiability
condition

{ VO((b('7 K‘O) - b(7 K:))aygl(oa 07 - 97;000)) ?é 0 fO?" K 7& R0
vo((el-s Ao) = €(; A0))05292(0,0, 50, po))  # 0 for A# Ao
is satisfied. Define S = vp(Ag, (., pso)). Assume that S is invertible, S11 #
0,52 # 0, and 8585292(0,0,x;0,p) = 0 for all 8, x and p, then there

exists a consistent estimator éN solution of GNA(GAN) =0, is unique with a
probability that goes to one as N — oo, and asymptotically Gaussian:

W1 (0 0,0,.;00,p00
\/W(I%N _ IQ()) . 1(9yg1( %11 0,00)) 0
ER — N | 0o, W2(82,92(0,0,-500,p00))
N(Sﬁ,()\]\f—)\o) 0 ] 152,

(12)

_1
as N — oo, with Noy — oo andN(S?V « — 0.

9

Wa(f)

Wa(f)



1

The assumption N 5?\;3 in this theorem corresponds to k:NA?V — 0. In
the case of direct observations, the usual condition is N3 — 0 (see e.g.
Sgrensen (2009)).

One of the main differences between the estimating functions built on
the local means (YJ') and those built on the direct observations (Xja,)
is that the approximation Yitt —vi s H;-VH measurable and involves the
random variables (j1,v and (} 5 y (see the Appendix) which have an MA(1)
structure, whereas the approximation X ;1A — XA involves the random
variable B 1)ay — Bjay and is gjf\il measurable. To avoid cumbersome

correlations between Y7 and Y.j +1, the estimating function for Ag

kn—2
1 . o
HN,C!{(G) = k/'NAN Z gQ,a(6N7Y03J+1 - Y03j7§/o3] l;e’pN)7 (13)
j=1

is considered, for a sample X5,,%7 = 0,...,3N of size 3N + 1 in place of
N + 1, with N = pykn. The results of uniform convergence in probability
under Py, remain valid:

Hya(6) = Swo((c(20) = ol \)3a02(0,0, 50, poc)) + 0p(1),

dHNa(0) = VO(Efo(QQ(anvaO))_E9(92(0767p00)))
—320(xe(, X)07292(0,0, 30, poo)) + 0p(1)

uniformly in # € ©. But for the convergence in distribution, the asymptotic
variance decreases.
1

Theorem 5. Assume that N5]2V_a — 0. Under (A1)-(A5), for a function
f satisfying Condition (C1),

kn—2
: 1 35—1\/v3i+1 _ 135\2
VVoy (,MN > O =)

j=1
k?N72 2—«

_i > f(Y.3j><§a<K3j>2+2p?vAm) 5 N0, (1))
=0

where W3 (f) = Svo(f?0*) if a € (1,2) and (B1) or (B2), or o = 2 and
(B2), and W3(f) = wo(f?(80* + 8p*)) if a = 2 and (B1).

Then, with an estimator A ~ of A\g based on the estimating function Hy
and a sample of size 3N + 1, the estimator Ay is consistent and asymptoti-
cally Gaussian:

1. L W3(022.g2(0a07';90ap00))
VINSZ(AN — o) —>/\/<0, K 157, (14)

10



_1
as N — oo, with Noy — oo and N5]2V “ — 0.

Then, for a € (1, 2), the estimator of Ay based on the estimating function
Hy o has a better asymptotic variance. If the second Jacobsen’s condition
holds, the asymptotic variance is

W3(8292(0,0, ; 6, poo)) (Oxe(20))2\ | "
TR = {n (5}

This is the same asymptotic variance as in the case of direct observations of
the diffusion, and the estimator is efficient.

4 Applications and examples

The main application of these results about estimating functions is the
asymptotic normality of the minimum contrast estimators built in Favetto
(2010).

Consider the contrast

s L -
- S { 3O W AT R A))}

= | 28x en(YN)
. (15)
where cx (., \) = ¢(., A) + 3p%, A", Then
kN72 —1
0 9:b(YJd™", ko) i+1 j i—1
>-En(b) = -3 — e (YT =YY = Anb(YI T Ko)) |
Ok ; en (Y3 o) ( )
k‘N—Q 1—1
0 8,\c(Y.j )\0) 3 ; 1 i
—En(by) = - * Y — Y7 — Anb(Y77E \))?
a)\ N( 0) st (CN(}/.]_]-,AO)Q 2AN( N ( 0))

k‘N72 —1
Oxe(Yd A
n ( hel 0)

_ 2-a
(YT )2> (c(YJ™1, X0) +3A%7).
N\le » N0

j=1

Hence, for o € (1,2], the associated estimating function Gy () is de-
fined by

8,ib(Y.j*1, K)

N
D vy (7 ¥ A )

(=¥ - A ) = S ) - AT )

1
with Ay =y =
Setting c,(z, ) = c(z,A) if 1 < a < 2 and c,(z,\) = c(x,\) + 3p? if
2—a
a=2,as |ey(z, ) —cp(x,N)] <3AY 'pyifa e (1,2) or o =2 and py — 0,

11



and vanishes if & = 2 and py = p, let G ,(0) be the estimating function
defined by

ke —2 j—
i 9:b(Yd " k) (W =¥ - anb(i T R)
1 j=1 ep(Y3 1, 0)

= kNAN ka 8>\C(Y.]_1,A) ( 3 ﬁc

p\le ’

j=1

This definition is justified by Corollary 1. The estimator Oy is defined by

Gho(On) = 0.
Setting
amb(xN%) 1—1
o 63 Y aea T —5 Qb 5 y
91,0(0,9,7;0,p) () (y (z,K))

‘ _ Oxe(x,k) )1 11 9 53 19
Qz,a(57y,$7970) = W §(y 6" ab(z, k) 3 c(z,A) —dap” o,
we have

(1) ) _ 0b(z, k)
gl,a(yaxaeap) - ¢, .Z',)\) b( ; )a
W) () _ ! ez, A) .
gz,a(y,x,ﬂ,l?) = BC(x’A)cp(x,)\)Q yb(z,k) fl<a<?2,
1 a/\C(.’,U,)\) .
T el NG e e
9 y.a;0,p) = 0, )
(Oé . _ 23)\0 .’E,)\
g?,a(y7x707p) - p CP(JJ,)\)Q

1 _2
and ¢(® is only needed if a € (%, 2]. Otherwise, 05 = 0(5]2\, “).

The estimating function G, , satisfies the rate optimality condition:
8y92,o¢(07 07 fIf, 97 p) = 0

and the second Jacobsen condition if ¢, = ¢, i.e. if @ € (1,2) or if « = 2 and
(B2). Hence, in this case, the following result holds.

Theorem 6. Assume that o € (1,2) and (B1) or (B2), or o = 2 and (B2).
Then the estimator On = (kn, AN) defined by G ,(On) = 0 is consistent,
and asymptotically Gaussian:

VNS (Ax — ko) \ £ (i (25)} !
e R Cl R SRS

_1
as N — oo, with Noy — oo andN(S]QV « — 0.
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In the case o =2 and py = p, with c,(x,\) = c(z,\) + 3p?, the second
Jacobsen’s condition is not satisfied. The estimator O is still consistent,
but we have

(Brb(,rx0))%e(,20)
VO( cp(20)? >

A Ki 2 2
(JW(M—@))AN o | (SEessT)

.
VNS (AN — o)

0

o [ acC:20)? (e +aep® +120%)
0 Cp(-J\O)4

0 9
1 vo [ @act:2002
cp(,20)2

_1
as N — oo, with Noy — oo andN5]2V « — 0.

An other estimating function can be considered:

k=2 i1
Oxb(Yd " Kk i j j—
C5al0) = — =
o EnAn kN*Qa o(YI71 1 ) . A ; =2
SOOI (L ey - A o)

=1

but G]?, . is not a gradient: there is no function V' such that G]?, o =
grad (V). Indeed, setting

Okb(z, k) 1
o : — IR sl
gl,a(é7y7x7 07p) - C(fl?, Y (y 6 b(l’, K/)))
one(z, \) [y? _1ce(x,N) 1
< . — AL A _s1-1a7, sl o9
927a(5,y,$,0,p) = C(IL‘,)\)Q < 5 0 3 C(l‘,)\) dap 1016(%,2]

it comes 8>\g§>,a #+ 8ﬁg§a.
However, gg satisfies the second Jacobsen’s condition. Setting 9AJ<\>, as the

solution of G%}a(Q) =0,

CRTE AN
s {o (555) } 0
( N(S]i(’fN — Kp) ) i)./\/’ 0, 9VO<(BAC(A,)\O))2(c2+4cp2+12p4))
\/N(Sﬁ,()\]v—)\o) 0 1
1

c(ag) ¥
c(., 2 2
u0<<62(A<’A2;)>> )
. 2—
as N — oo, with Noy — oo and Nédy * — 0.
Hence, the asymptotic variance obtained for the estimation of kg is the
same that in the case of direct observations of the diffusion process.

4.1 The Ornstein-Uhlenbeck diffusion
Let (X;) be the solution of

dXt = I'QXtdt + )\dBt,

13



with k < 0, A > 0 and X deterministic or distributed with the stationary
distribution of (Xy). Explicit estimators Ay and Ay are given in Favetto
(2010) and recalled here

kn—2

- 3 ; ; N i

Mo = gpoar 2o (W =Y = AR = 307 oy
J=1

k - i—1 +1 1
DS CAN FA )
kn—2 j—1
Av Py

KN =

For a € (1,2) or &« = 2 and py — 0, these estimators are asymptotically

Gaussian:
VNON(RN — Ko) r < ( 2k| 0 ))
Lo — N 0, 914
VST (An — Ao) 0 ZA

_1
as N — oo, with Néy — oo and Noy @ — 0.

4.2 The hyperbolic diffusion
Let (X;) be the solution of

dX; = kX;dt + )\\/ 1+ XEdBt, Xo=nmn€R, (16)

where 7 is a random variable independent of (B;), x < 0 and A > 0. In this
case, the model is positive recurrent if |k| + )‘72 > 0, and in this case, its
stationary distribution has density

1

vo(z) o —
(14 22)"x

If Xo = n has distribution vg(x)dz, then, /1 + %n has Student distribu-
tion. In this case,

X3 > 3+ %

Eys(Xg) =0 and E
0(Xo) an 0<1+X§

Then the estimators for ko and A3 are

ky—2 Yi! j+1 j
1 2% W(Y-j -YJ)

N AN ka—2 (YJ 12 ’
=1 T
. 3 NPyt v AnanY?TY?
2y = Y =l :
2kNAN = 1+ (Y.J )2

14



and they are asymptotically Gaussian

" 3/2
< \/N(SN(I%N—R()) )‘2(%—"_1)

c —= e 0
1 %N 07 3+M
VNS (AN — o) ) 0 94

_1
as N — oo, with Ndy — oo, 6y — 0 and N(5]2V * — 0, in the case a € (1,2)
or « =2 and py — 0.

5 Concluding remarks

In this article, the asymptotic normality of the minimum constrast esti-
mators of Favetto (2010) is proved in the context of estimating functions,
which correspond to the gradient of the contrast function. Two different
rates of convergence in distribution are obtained for the drift parameter and
the diffusion coefficient parameter. The drift parameter estimator Ay is
asymptotically Gaussian at rate +/NJpy, which is the usual rate for directly
observed diffusions, whereas the diffusion coefficient parameter estimator

1
b\ n~ is asymptotically Gaussian at rate \/ IV 5]5,: this is slower than the rate
of convergence v/N for directly observed diffusions, and depends on the lo-
cal mean parameter «. Finally, the results presented here show that even
for non-Markovian observations, it is possible to introduce an estimating
function, and obtain an estimator with good asymptical properties.
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6 Proofs

1—1
In the proofs, we use for sake of simplicity Ay = d, *.

Proof of Lemma 1.  Setting

Bj7N = EQ(Q(AN; Y.j+1 - Y?a }/;j_l; eva)‘va)>

15



we have, with Taylor’s formula,
Bin = 9(0.0 YI750, pn) + 0,9(0,0, Y7710, pn g (YIH — YIHY)
+= a%g(o 0,Y771,6 pNﬂEe((w“ Y9 [H})
+ANg< (0.Y8 4 0,pw) + AT (0,Y3 50, pw)

+A?VR(AN,Y3_1,XjAN79 pN) )
= (O 0,Y] J-1L. 0, pN) +8yg(0 0, inl eva)ANb(XjANv"i)
1

+= 6229(0 0,Y771.0 pN)(ANc( Xjan,A) + 2457 pw)
—i—ANg( )(0,Y7 710 pN)—i—A“ T (50, Y7710, py)
+A§VR(AN,YJ Xjnn: 0, pN)-

Then, replacing X;a, by Yo,

Bin = 9(0,0, Y7710, pn)
+AN(Lo(g(0,0, pn)) (0, YI) + g (0, Y710, o))
1

—'—AE( (L)(O Yj_l,e’pN)—|—IO%V8§29(O,O,Y.]_179710N))
+ALR(AN, Y ™Y Xjan: 0, pn)

where the terms
ANayg(Oa 07 Y;j_l; 07 pN)(b(X]ANa ’i) - b(Yoj_17 K’))

and
A )
= 0529(0,0. Y7716, o) (e(Xjan, A) = (Y37, N))

are H;-V measurable and negligible: their conditional expectation given H;-V, 1
is of order A?V. The proof ends with

Eo(g(An, YT =Y, Y7710, pn)HY) = O(AY)

and the identification of the terms. O
Proof of Lemma 2.  Setting A; v (6, 60) = Eg,(9(An, Vi —vi vt e, pN)|H§-V),

AjN(0,00) = AN(gl(l)(O Y750, pn) + Loy (9(0,0))(0, Y7L i)
+AR T (90, Y270, o)+ pR0329(0,0,Y4 7,0, px)
—I—ANR(AN,Y] XJAN,H pN)

= AN(Leo(( (0,0 pN))(O YI) = Lo(9(0,6, pn)) (0, Y77 )
+ALR(AN,YITY0, o).

Splitting the sum A ZkN 2 A;n(0,00) in three parts, we conclude for
the pointwise convergence Wlth Lemma 4 in the Appendix. For the uniform

16



convergence in 6, recall that © is compact and the functionals In(f(.,0))
and Qn(f(.0)) studied in Favetto (2010) converge in probability uniformly
in 6.

Thus, with Taylor’s formula, as ¢ admits a developpment in powers of
A,

gA YT =Y YIH0,08) = 9(0,0,Y771:6, o) ,
_’_(1}/0]_‘_1 - Yoj)ayg(07 07 Yoj_17 ‘95 PN)
+§(Y.J+1 - Yoj)28§29(05 07 Y;j_l; 07 pN)
+AngM(0,Y771 6, py)

1

1 .
+AL 70,5776, py)
+A?VR(AN7 Y;]+1 - }/.j’ Y;J_I; ‘97 PN)

Therefore, with g(l)(O,Y.jfl; 0, pn) = —Lg(g(0,0, px)), the convergence of

kn—2
1 . . . .
Ay 2o (009(0.0.Y0 50, o) (YU =YY = Anb(YY™ o)
j=1
; 1. . A . 1 ,
+0%9(0,0, Y7150, o) (G (W = ¥9)? = Se(v T ho) = AF g5 (0,¥7 71 0))

in probability is uniform in # € ©. O

Proof of Theorem 1. In this proof, we set b(.) = b(.,kp) and o(.) =
o (., Ao). Considering a function f satisfying Condition (C1) and the random
variables defined in Lemma 3, we have, for 1 < j < ky — 2,

FOITHEIT =Y = Anb(YI™Y) = fFTHYIT - Y — Anb(Xjay)
+AN(B(Xjay) = b(YIT).

With Proposition 2,

FYIHYIT =Y = Anb(Xjay)) = FOT Do(Xjay) (G + o n)
+YI ol —el)
+f (Y DN

Considering

4
VENANIN(f) =D RY

(=1

17



with

(1) 1 =

Ry = kNAN Ef YJ 1 Jo( JAN)(CJ+1N+C]+2N)
o 1 kN 2
RY = ——= 3 f0d pn(t - <),

N NNy P f( )on ( )

. 1 kn—2
RY = ——= > 1 7w,

N kNAN pt ( )]:N

1 kn—2

R = Y HAn(® —b(Y{

W= UinEy 2 J0TTAN 0Ky —b0)

let 7"](1]2[ be defined by

rﬁ’v = F(Y o (Xjan)Grn + FYT2)o(XG_nan)Cn

where the terms have been rearranged, to have r be Hj ', 1 measurable.
The first quantity of interest is

kn—2
_ 1 ,
RV __ - Y YT No(X; ; :
N kNAN ]:1 f( [ )0( ]AN>(C]+17N+<]+2,N)7
and
kn—2
R(l)

1
N m Z T+ op(1).
(1)

To prove the convergence in distribution of RN , a Central Limit Theorem
for martingale arrays (Theorem 3.2 in Hall and Heyde (1980)) is used. The

conditional centering E(TJ(IJ)V |H§V ) = 0 is ensured and the conditional variance
is
M \2y Ny i1 1 1 1
B = Ay (107020 (54 5+ o
1 1

HIYIT) 0 (X(j—nyay)? <3 " o + oL
N

0T 0 ) S0 o a) g (1= ) )
Hence
1 R Ny P 2 2
EnAN ]z:; E((r{ )2 HY) = wo(f20?).

18



We easily bound E( ( ) |HN ) with Proposition 2 and derive

[ P
1
A 2 Bl H) — 0.
N—N j=2
Then,
R £ N (0, 10(f202)).
We now prove that R%) = op(1) for £ = 2,3 and apply Slutsky’s lemma to

conclude. Dealing firstly with RE\?;),

E(f (YT D 7nHY)| < e(L+ YT DANAN (L4 X ay P) + 03 VE(D)Y).

Then, the tools are similar to the pointwise convergence: as 7; y is HﬁQ

measurable, Rﬁ) is split in three sums, in order to prove that it converges
in probability to 0 with Lemma 4. With the condition kyA%, — 0,

1 o P
Y VEANE( I M) 0.
NEN 93 <hn—2

It comes
E(f(YJ ) inHY) < e+ YIP) AN+ X ay” + pRE((€D)%)
< (AN (14 [Xjayl) + ok VE((ED)Y).

Hence, as N — oo,

1 kn—2 ‘
EvA Z E(f(y.3j 1) 37 N|H3]) —0
NAN

in probability.
p(2)

From now on, Ry’ is considered. Leet the 'Hﬁl measurable random
variable ) ‘ ‘ .
r2 = (PO = V) el
and then
p(2) _ &

Therefore E(rﬁ“?ﬁv ) =0 and

E((r202HY) = (F(V2) — f(VT)) 204 E((€D)?).
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L ) 1 R 43
22Ny = PN pyie2?y _ p(yi-1))2
ST ;E«w) R = 1 Z:; e S0 = 707)

and this quantity vanishes in probability, for a € (1,2], with Assumption
(B1) or (B2). Finally,

_ 1 ky 2 j— G—
R = NNy ]2 FYTTHAN(B(Xjay) —b(YTT).
For 2 <j<kny-—2,
FYVITHOXjay) —b(YI™h) = fYT)0(Xjay) —b(YT™)

H (Y2 ((XGnay) —bdh)
+(f(Y3 ) = FTT)0(X ) — (Y.

With Proposition 1 in the Appendix and the Cauchy Schwarz inequality, it
comes

E(f(Yd2)(0(Xjay) = 0(Yd)H)| <
cf (Y2 (An(1+ X7, 1)AN)+PN\/E(( ),
E(f (YT (b(X-1yay) = bYIH)IHL)| <
cf (VI (An(1+ X7 pay) +PNVE(ETHY),
E((f(YI™) = FOT72)(0(Xjay) = bYIHIHL)| <
(14 X3ay + VB (AN + Xay) + o3 E((ETHY).

_z _
With kyA3, = Ny © — 0, RY = 0p(1). O
Proof of Theorem 2. With the notations of Proposition 2,

(VI =Y = (Anb(Xjay) + 7 N2 +0(Xjan )Gy + Cpan)?

2 (el — &) + 2pn (AND(X ]AN)+TJN)<€]+1 =)
+2(Anb( ]AN) + TiN)o (XJAN)(gﬁlLN + o)
+2pN0—(X]AN)(C]+1,N + C]/'+2,N)(€Z+ — e’fj.)

20



Setting Un(f) = VEN(@n(f) — ox(f(20” + 203, A4 1)), we define

—
N

. 1 2
= f(w_l)U(XjAN)Z(TN(Cj+1,N + CJ/-+2,N)2 - 3)

U,N = 2
2 '
W= GFOTEE e - (1))
i 1 . ) 2-a
= PTG - ) - 2aR)

W~
=

= 2f(Yj 1)0( JAN)PN AlN (Cj+1 N+ C§'+2,N)(5Z+1 - 51)

=z
|

W = T AND(X ay) + i)’
6
iy = 2T ANE A + Tn)o (KA (Gan + Gran)
uRe = 2f (YT on (ANb(Xjay) + T ) (€5 — €d)
so that
1 En—2 7 ®
U = — u - .
() = 7= 2 ; N

Recall that ;11N is 'Hfﬂrl measurable and Cj’. toN I8 Hj]\er, N measurable,
so some terms have to be reordered to use a Central Limit Theorem for
martingale array. Then,

m_ 1 RS w1 kN_Q() e
vy = — T A p— s g op(1
N /kN pt 7,N kN = ]N z:: N
with )
1 — j+1,N
sy = FOTo(Xay ) ( JA )
TN
— 2 s /
00X a5 N)
9 f(yI—2 X QCZNC,]-&-l,N
P20 (X ya ) Y
2(1) 1 o 1 1 )
iy = fYI Ho(X; —
B = A (G +
1 1
Y Ng(X, . - 4=
02000 (e + )
where my = %+21%N+$ my = %721%1\7+@ and yn = ( —%) such
that C]-H N N(O mNAN) CJ+1 N~ N(O m’NAN) and COV (Cj+1,N7 C]/'Jrl,N) =

XNAN. AspN :Aa o=l < Ay, with kyA2 —N(5 L@ —>0, we deduce

kn—

*Z

j=2

ﬁ
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The conditional centering condition holds: E(s; (1) |HN ) = 0. With
(1) 2 j—142 CJ2+1N i
(B = FOE o (Xjan)" ( 4. mN)
2 2
+FY) 0 (Xonay)? <]+A1NN - m?v)
2

; GaCrin
HAF (YT 20 (X (joryay ) T

AR
/ ' G 41 N /
21 (V20 (X a2 F VT 0 (Xjan)? [ 222N —my | (22
AN AN
i— i C2+1,N GG N
FAF )0 (Xonyan) T Do (Njay)* | 307 —mw | =1 ==

/ 2 /
j j GNGi11 N
4 Y]*Q 2 X, . 4 j+1,N o JNGj41,
+ f( . ) U( (jfl)AN) < AN my AN

and
E((s\0)2HY) = 2f (Vi) 2o(Xjay) mk 2
F2I (V2P0 (Xay )
¢
YITPo(X o) R omly

YI72)o(X(j—yay) (Y o (Xa4) "X

+4f(

+4£(
Lemma 4 and (32) imply
1R

1
72 () ‘HN)—>V0(f2 4)
v o

in probability. The fourth conditional moment IE(( ) |HN ) is bounded
with Proposition 2 and

kn—2

1
2 2 E(s) 1) — 0

N j=2

in probability. Theorem 3.2 in Hall and Heyde (1980) can be applied to
obtain
") .

])V with Proposition 1,

U](Vl) i) N (Oa VO(

Considering now U?) = Z"W =2,
N \/ﬁ 4,

E@EIHD)] < e 7D AN+ X2a,) + AE(E))
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Q=
=
Z9
Il
=)
B
—
—
SN—

and with kyA2, = Noy
The third term is

(3) 1 iy (3) 1 fay (3)
U — E '), = st + op(1
N kN =~ 5,N Vkn = 7N (1)

| | . | o
S = (O3 + Fd 7))o A])V S AR S0

. . 4 ‘
E((Sg?J)\f)2|H§V) = 2(f(Yoj_2) + f(Y.]_l))2A%Z)?V +4f(yoj_1)2pjl\;7

Then, two cases have to be considered:

1. f « € (1,2) or py — 0 and o = 2, from the previous computation

kn—
LR B2 — o
e Z ((Sj,N) H;") = op(1),
j=2
2. If a =2 and py = p,
kn—2
1
e 2 BUSTRIHGY) = 1200(20%) + 0p 1)
j=2

In the case 1, Lemma 4 implies that U](\?) = op(1), but in the case 2, a
Central Limit Theorem for martingale array is necessary: using

1 kn—2
3
= O B0 1Y) = 0p(1),
N =2

we derive

Uy 55 N0, 120 (f2)).

Notice that, in this case, E(sglj)vs;g])vw-{éy) = 0, and then U](Vl) and U](\?) are
asymptotically uncorrelated.

Setting

4 - 1 . . .
551)\7 = 2f(WJ 2)pNO-(X(J'*1)AN)A7N (Ginvel + Cranel — G ned 1

J
. el
217 oo (X)) LY
N
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where 7“55% is Hﬁl measurable, with ]E(rj(%]va ) = 0, the fourth term is
reordered:

1 kn—2 1 kny—2
4
— u — E s +o
/kN = kN = ]N P

The conditional variance is

2 7—1\2
4)\2| yNY) _ i—2\2 2 2 C‘,N (e )
E ((Sj,N) ‘Hj > = 4f(YJ7) pno(X—1)ay) AJN m; TAn m?v)

HAL(YITH?
—8f (7!

pro(Xjay)*my
)o( ]AN)f(YJ72)U(X(j71)AN)p?VXN'

Hence, the same two situations have to be considered:

1. If e € (1,2) or py — 0 and a = 2,

1 g (4) \2| N
e ]Z; E((s\%) )Hj ) =or(1).

2. f a =2 and py = p,

kn—2

1

o 2 B0 HY) = an(70%0%) + op(1).
j=2

Besides, in case 1, using Lemma 4, U ](\;1 ) — op(1), whereas in case 2,

kn—2
k2 Z (680 #7Y) = o)
and the Central Limit Theorem for martingale array implies
U £5 N(0, 4u(f2p%02).
Finally,
1) (4 2) (4
E(s\hs M) = 0, B(sEsi ) =0

and U ](Vl ), UJ(\? ), U ](\;1 ) are asymptotically uncorrelated.
¢
To finish the proof, let U() mzkw 2 ]])V for ¢ = 5,6,7. With
Propositions 1, 2, and the Cauchy Schwarz inequality,

E(ulHY) < el f (Y YIAN+ X2, + pRE((ED)2)
X(AN(1+ Xja, + v VE((0)Y),

A f(YIHIAND+ [ Xjan > + onVE((€D)2))
< (VAN + X2+ pvE((ea)h)?).

IN

6 7
E(jul® | + Jul 7Y
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With kyA% — 0, we have U](\f) =op(1l) for £ =5,6,7.

O

Proof of Theorem 3. As we deal with martingale arrays, with the
notations of Theorems 5.1 and 5.2, it is sufficient to remark that

kn—2

1
ky Z 3(111753 N|HN) = op(1).

g
Proof of Corollary 1. As fy(z)— f(z) = vn(1 + |z|), we have

kn—1
N (fn) —on(f)] < kN ;) |fn (Y, YY)

kn—1

< v x— (14 Y]
kn =

—_

and the last quantity tends to 0 in probability. It is also sufficient to consider
the case f = 0.
Then, considering the proof of Theorem 1, and keeping the same nota-

tions for R%),K =1...4, we consider

kn—2
=(1) 1 - /
Ry = ——— Y/ X . i '
N = g PN (X ) (Grin + Graw)

Splitting the sum into three parts, using Lemma 4 and
E(f(Y )20 (Xjan)* (G +Cran) 2 IH) < con(1+YI o (Xjay)?An,

Rg\l,) tends to 0 in probability. The same argument is used for the other
terms in \/k:NANIN(fN) and \/k'NQN(fN)-

(]
Proof of Theorem 4. Consider the estimating function

fon—2

1 .
— E YJ+1 vJ yi—1l. )
GN(Q) kNAN ~ (5Nﬂ erle ) 97 pN)

By Lemma 2, we have Gy (6y) — 0 and dgGn(0) — ¢(6, 0o, pso) in probabil-
ity, under Py, , uniformly in § € ©. As ¢(6p, 0o, poc) = —S is invertible, this
implies the existence and the consistency of éN, with standard arguments
(see Bibby and Sgrensen (1995), Theorem 3.2).

A Taylor’s formula around O shows:

Gn(On) — Gn(6) = ( / OGN (0 + u(fn — 90))du> (On — bp).
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As 09GN (0) converges uniformly in probability to ¢(6, 6, po) and On con-
verges in probability to 6y,

1 R P
/ OGN (0 + u(On — 00))du —> $(60, 0o, pec) = —S.
0

With a second Taylor’s formula around Y.jJrl — Y.j :

9N YIT =Y Y7 00, 0n) = (Yf‘+1 —Y{)8,9(0,0,Y7 71600, pn)
+§(}/;j+l - Y3)28§2g<07 07 Yoj_17 907 pN)

+Ang (0,771, 60, pn)

1 .
_}_A]‘i‘/fl g(a) (07 }'/.j_l; 00a'pN)'
+ALR(AN, YT =Y, YI7 %00, piv).

Then, with Lemma 1,
90N, YIT =Y Y7 600, p8) = (YT = Y)8,9(0,0,YI 760, pv)
_ANb(Yo]_17KO)ayg(anayo]_l;eﬂva)
1, : A
+o (Y = Y)?02:9(0,0,Y7 71, 60, pv)
Ay
3 1
a1 2 92 j—1
_AN leang(OvoaY;A 7QOapN)
+A?VR(AN7YOJ+1 - }/;]7}/;]_1;007/)1\7)'

8529(()’ Oa }/;j_la 007 ION)

Thus,

9(5N7w+1_Y37Yj71;607pN): .
( By91(0,0,Y3 ™00, o) (VI — Vi = Anb(YI ™" ko))
0
0291(0,0, Y75 00, o) (3 (YT = YI)? = Se(¥d™H ho) = AR pR)

02,95(0,0, Y4~ 907PN)(%(Y0]'+1 - YJ)? - e M) - AF TR
+AVR(AN, I = Y7 Y71 00, pv).

The results comes from Theorem 3. O

Proof of Theorem 5. With the notations of the proof of Theorem 5.2, it
(1)

. . 1 . N ..
is sufficient to remark that u, SN 18 H3j o measurable, conditionally centered,
and

E((uf) ) 1Y) = cro(0") + op(1).

Then, the correlation between (41 y and C} f1N I8 avoided, and the asymp-
totic variance is reduced in the Central Limit Theorem. O
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Appendix
Consider the following random variables which will appear in some expan-
sions,
1 (j+1)AN( An) (a7)
EN=—%75 = / s — jAN)dBs, 17
’ A%z JAN
o= = [ G Ay gas. 9
o= _ / j+2)Ay — 5)dB.. 18
s AY? (G+)AN
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Analogously, define:

1 [IAN+H(+1)oN
5N JAN+idoN
, 1 FAN+(+2)0n .
gy = = | ey, AN H 20y 9B, (0
N JANT(? N

Some basic properties of these random variables are summarized in Lemma,
5 in the Appendix.
Define the following random variables:

1 vl LGrnAN
Gy = = / dB,, (21)
! PN iz; JAN+ISN °

1 (+1)AN+idy

pN—1
Ciran = — / dBs. (22)
o PN zz; (J+)AN

Notice that

1 pN—1 JAN+(k+1)0N
Cj—i—l,N = — Z (k‘—i—l)/ dBs, (23)
PN k=0 JAN+KON
1 pn—1 G+ AN+(k+1)N
G = L5 v T
DN k=0 (J+1)AN+koN
and that
1 Pl Ay Oy
— > (k+1)oy = S+, (25)
PN = 2 2pn
1 P Ay 6
— N n—k-1oy = - (26)
PN = 2 2pN
Lemma 3. The random variables (j11 n and C],'—O—l,N are G(j11)ay mesurable,

and C]’-+2,N is independent of G(j11)a,- Moreover, we have

E(GnIGY) = 0
E(C§'+1,N|gjv) =0

E(Gan)0Y) = Ay (1 TR 12)

11 1
E((G1n)*1G)) = A (3 Ty 6p>
N
A 1
E(Cj+1,NC§+17N|gJN) = TN <1 — p2>
N



Lemma 4. Let X , U be random variables, with X being QN measurable.
The following two conditions:

SINLEGNIGN ) S U,
Sk 1E<<xj )2 |g;i1> Lo

imply ZfNO ! X] Eu.
Proposition 1. Under (A1), we have for j < knx — 1,

Y] = Xjay = 0(Xjan)VANE § + €5 + pNE] (27)

with |E(€;N‘H§V)| <cAN(1+|Xjay]) and
4
E(ejn"[HY) < AR (1+ | Xayl"), By HY) < eAX (1 + 1 Xaxl).

If moreover (A5) holds, for k < 8, there exists ¢ > 0 such that, for j <
kny — 1:

E (17 - Xpaulf| 1)) < € (AP0 + X501 + oKE (I0F)) . (28)

Lemma 5. The random variables £ Ny and §3+1?N are independent and gaus-
sian; §5 N 18 g]]-\j_l measurable and independent of QJN; §§-+1 N 18 gﬁ_z mea-
surable and independent of gjf.YH. We will use the following expectations:

E(&n1G)) = E(¢ L N
(£2N!QN) E(¢S L N\QN)
E((&n—3)° IQN) ((§’j+1 N3
E(( ?,N —3)§ NIQN) E((¢7 1N — 5
E(&nEnIG)) = 5
This lemma, based on elementary computations, is mentioned in Gloter
(2000).

Theorem 7. Assume (A1)-(A5).

2IGY) = 3,

)

1. If 6n = py® with a € (1,2) (Ay = py ®) and (B1) (py = p > 0),

then
9 0)) = 1 £y YIi=1 gy (yItl —yi)? P 2 0)o2
QN(f('? ))_kNAsz::lf(. ) )(o - o) —>§V0(f('7 )U)a
(29)
2. If Sy = pp* (An = %) and (B1) (py =p >0), then
AN 0) - S, 00> + 208, 0),  (30)
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3. If oy = py~, o € (1,2] with (B2) (py — 0), then

AN (I(-0) 5 Sulf(.0)0%), (31)

where all the convergences in probability are uniform in 6 € ©, as N — oo,
with 6y — 0, py — o0, ky — 00, Ay — 0 and Noy — oo.

Lemma 6. Assume (A1)-(A3). Let f € CL(R x O), where O is an open
neighbourhood of ©, satisfy

zlelg{lf(:rﬁ)! + [0z f (2, 0)| + [0 f (z,0)[} < C(1 + [])
then:

kn—

*1 Z Xjan:0) — w(f(.,0)) (32)

N kn—o00
=0

uniformly in 0, in pr’obabzlzty.

In Favetto (2010), several properties of Y7 and some results of con-
vergence in probability for functionals of the blocks have been established.
Recall that the random variables (; n and (}; y are defined in (4.8), and
Lemma 4 is used to establish convergence in probability results.

Proposition 2. Under Assumptions (A1)-(A2) and (A5), we have
VI —Y] = ANb(Xjay) +0(Xjan) (Grin +on) + TN +on (el —€])

where T N 18 HE, S mesurable, and there exists a constant ¢ such that

E(rnIG)] < cAn(AnI+ [Xay ) + o3 VE(ED)Y),

E(r7nG]) < AN+ [Xjan + ANVE(ED) AN+ Xjay ") + oAV E(()Y),

E(rin|G)) < el + [ Xjanl* + PNE(ED )N AN+ [ Xjan[h) + ph VE((E)?)),
E(rnGnlG)) < eAn(+ [Xjayl? + pXE(ED) (AN + [Xjay ") + o3V E(ED)Y),
E(rnCaanlG)] < AN+ [Xjayl? + pXE(ED)*) (AN + [Xjayl") + ok VE(ED)Y).
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