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Modélisation Mathématique et Analyse Numérique

CONVERGENCE ANALYSIS OF A LOCALLY STABILIZED COLLOCATED
FINITE VOLUME SCHEME FOR INCOMPRESSIBLE FLOWS

R. EymMARD!, R. HERBIN?, J.-C. LATCHE® AND B. P1ar*

Abstract. We present and analyse in this paper a novel cell-centered collocated finite volume scheme
for incompressible flows. Its definition involves a partition of the set of control volumes; each element
of this partition is called a cluster and consists in a few neighbouring control volumes. Under a simple
geometrical assumption for the clusters, we obtain that the pair of discrete spaces associating the
classical cell-centered approximation for the velocities and cluster-wide constant pressures is inf-sup
stable; in addition, we prove that a stabilization involving pressure jumps only across the internal edges
of the clusters yields a stable scheme with the usual collocated discretization (i.e., in particular, with
control-volume-wide constant pressures), for the Stokes and the Navier-Stokes problem. An analysis
of this stabilized scheme yields the existence of the discrete solution (and uniqueness for the Stokes
problem). The convergence of the approximate solution toward the solution to the continuous problem
as the mesh size tends to zero is proven, provided, in particular, that the approximation of the mass
balance flux is second order accurate; this condition imposes some geometrical conditions on the mesh.
Under the same assumption, an error analysis is provided for the Stokes problem: it yields first-order
estimates in energy norms. Numerical experiments confirm the theory and show, in addition, a second
order convergence for the velocity in a discrete L? norm.

1991 Mathematics Subject Classification. 65N12,65N15,65N30,76D05,76D07,76M25.

October 2006.

1. INTRODUCTION

The use of collocated finite volumes for fluid flow problems is appealing for several reasons. Among them, let
us mention a very inexpensive assembling step (in particular compared to finite elements, because there is no
numerical integration to perform), the possibility to use, at least to some extent, general unstructured meshes
with a low complexity of the data structure (compared with staggered schemes) suitable for the implementation
of adaptative mesh refinement strategies and, finally, an easy coupling with additional conservation laws solvers,
when these latters are developped within the finite volume framework. These features make collocated finite
volumes attractive for industrial problems, and they are widely used in Computational Fluid Dynamics, either
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in commercial (FLUENT, CFX, ...) or in proprietary codes, as encountered for instance in nuclear safety [1],
which is a part of the context of this study.

When applied to incompressible flow problems, cell-centered collocated finite volumes suffer from a lack of
coercivity, which was shown in [14,15] to be cured by a stabilization similar to the Brezzi-Pitkaranta technique,
well-known in the finite element context. When this stabilization is used, the existence of a solution to the
discrete problem (unique in the linear case, i.e. the Stokes problem) is ensured, together with its convergence
toward the solution to the continuous problem, in both the steady and unsteady cases; for the steady Stokes
problem and particular meshes, first order error estimates in natural (energy) norms are given in [14].

However, at high Reynolds numbers, numerical experiments show that the Brezzi-Pitkéranta stabilization
term necessary to avoid pressure oscillations severely reduces the accuracy of the solution. To overcome this
problem, the so-called ” Collocated Clustered Finite Volume scheme” was introduced [6]. The idea of this scheme
is to implement a stabilization designed to damp the short wavelengths oscillations of the pressure within a
given cluster (i.e. a small group of control volumes), since the original equations are indeed sufficient to control
the long wavelength ones. In fact, one could even imagine to consider pressures which are constant on the
clusters, but this turns out to be (numerically) not so favorable in terms of accuracy; moreover, the principle of
one pressure per control volume is easier to implement, as the pressure then shares the discretization of other
variables, and thus the same computer data structures. Following these ideas, the cluster stabilization which
was implemented in [6] consists in using a penalization of the pressure jumps only across the edges located
within each cluster. This scheme gives very high quality results both for the Boussinesq approximation at high
Reynolds numbers and the low Mach number approximation.

The goal of the present paper is to study the mathematical properties of this Collocated Clustered Finite
Volume scheme. Concerning the stability issue, our results are two-folds: first, we prove that a simple geometrical
property for the clusters is equivalent to the inf-sup stability (e.g. [19]) of the pair of approximation spaces
obtained by combining the standard cell-centered approximation for the velocity and an approximation of the
pressure piecewise constant over each cluster; then this property is shown to yield the stability of the scheme.
Under the same additional regularity property of the mesh as in [14], which seems in practice rather restrictive,
we prove, with the analysis tools of [10], the convergence of the velocity and the pressure toward the exact
solution as the mesh size tends to 0, for both the steady Stokes and Navier-Stokes equations. In addition, we
also obtain a first order error estimate in natural norms for the Stokes problem.

The paper is organized as follows: in section 2, we present the considered continuous problems and the weak
formulations which are used in the subsequent analysis. In section 3, we define the discretization spaces and
recall some fundamental results on the finite volume schemes. The Collocated Clustered Finite Volume scheme
is then presented and analysed for the Stokes problem in section 4, and for the Navier-Stokes equations in
section 5. Some numerical results are presented in section 6.

2. THE CONTINUOUS PROBLEM

We are interested in this paper in finding an approximation of the fields u = (ﬂ(i))izl,...,d Q) — ]Rd, and
p: Q — R, weak solution to the generalized incompressible steady Navier-Stokes equations which read:

d
nu +3 " aDa —vAu® + ;5 = £ inQ, fori=1,...,d
= (1)
diva =Y 0,2 =0 in Q
i=1
with a homogeneous Dirichlet boundary condition for @. In the above equations, @(®, i = 1,...,d denote the

components of the velocity of a fluid which flows in a domain 2, 9; stands for the partial derivative with respect
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to the " variable, p denotes the pressure, v > 0 stands for the viscosity of the fluid. In tensor form, the first
equation of (1) equivalently reads:
nu+(u-V)u—vAu+Vp=f

We make the following assumptions:

Q is an open bounded connected subset of R?, supposed to polygonal (d = 2) or polyhedral (d = 3) (2)
€ (0,+00), 1 € [0, +00), (3)
fel?(Q). (4)

We denote by x = (a:(i))7;:17,,.7d any point of , by | - | the Euclidean norm in R?, and by dz the d-dimensional
Lebesgue measure da = dz™ ... dz@.

The weak sense that we consider for the Navier-Stokes equations is the following one.

Definition 2.1 (Weak solution to the steady Navier-Stokes equations). Under hypotheses (2)-(4), (@,p) is
called a weak solution to (1) with a homogeneous Dirichlet boundary condition if:

a € Hy(Q)?, p € L*(Q) with / p(z)dz = 0 and:
Q

@, D)

n/ﬂa(m)-@(x)dazwfﬂva(m) B(z) dz + b(a, .
—/ p(x) divo(z / vo € Hy(Q)?
Q

/ §(x) divii(z) da = 0 g € L2(Q)
Q

where, for all w, v € H}(Q)¢ and for a.e. & € 2, we use the following notation:
d . .
Va(z): Vo(z) = > val(z) vo(z)
i=1

and where the trilinear form b(., .,.) is defined, for all w,v,w € H}(Q)?, by:
b(@, 5, @) zzz/um 59 () -<i>(w)da;=/(a-vw-mdx (6)
i=1 j=1 Q
The proof of existence of at least one solution to (5) can be found, for instance, in [23].

Before dealing with the Navier-Stokes equations, we shall first analyze a scheme for the related linear problem,
namely the generalized Stokes equations, which read:

nu—vAu+Vp=f in Q
(7)

diva = g in Q

where g is a source term supposed to belong to L?(£2) and to be such that / g(x)dx = 0.
Q
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We then consider the following weak sense for this problem.

Definition 2.2 (Weak solution to the steady Stokes equations). Under hypotheses (2)-(4), (@, p) is called a
weak solution to (7) if:

a € Hy(Q)?, p e L*(Q) with / p(z)dx = 0 and:
Q

u -v(x)dxe +v u(x) : Vo(x)dx — p(x) divo(x)dxe = x) - v(x)dx v 1 d
n/ﬂu(w) ()d+/QV<>V<>d /Qp()d (x)d /qu (x)dz Vo e HY(Q)

/ q(z) diva(z)de = / g(z) g(x) dx Vg € L*()
Q Q

(8)

The existence and uniqueness of the weak solution to (7) in the sense of the above definition is a classical
result (e.g. [23] or [3]).

3. SPATIAL DISCRETIZATION

3.1. Discretization of the computational domain

3.1.1. Admissible and super—admissible discretizations

We first enrich the definition of admissible discretization for a finite volume method given in [10] by intro-
ducing the notion of cluster. The first three items of the following definition are thus classical, and only the
last one is new.

Definition 3.1 (Admissible discretization). Let 2 be an open bounded (d = 2) or polyhedral (d = 3) subset
of R4, and 0 = Q\ Q its boundary. An admissible finite volume discretization of Q, denoted by D, is given by
D= (M,E,P,G), where:

- M is a finite family of non empty open polygonal (d = 2) or polyhedral (d = 3) convex disjoint subsets
of Q (the “control volumes”) such that Q = Uge pm K. For any K € M, let 9K = K \ K be the boundary
of K.

- £ is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that, for all o € &£, there
exists a hyperplane E of R and K € M with & = 9K N E and o is a non empty open subset of £. We
assume that, for all K € M, there exists a subset £(K) of £ such that 0K = U,cg(x)0. It results from
the previous hypotheses that, for all o € &£, either o C 9§ or there exists (K, L) € M? with K # L
such that K N L = &; we denote in the latter case o = K|L.

- P is a family of points of 2 indexed by M, denoted by P = (xx)kem. The family P is such that, for
all K € M, xx € K. Furthermore, for all 0 € £ such that there exists (K,L) € M? with o = K|L, it
is assumed that the straight line (xk, ) going through zx and xj, is orthogonal to K|L.

- G is a partition of M: the elements of G (the so-called clusters) are disjoint subsets of M, the union of
which is equal to M.

The set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), that is &y = {0 € &; o ¢ 00}
(resp. Eext = {0 € &; 0 C 90}).

For all K € M, we denote by N the subset of M of the neighbouring control volumes to K (i.e. the control
volumes sharing an edge with K) excluding K (i.e. K ¢ Nk) and by Gk the unique element of G such that
K € Gk. Let us note that the property (VK € M, Nx C Gk ) cannot hold, since (Gx)xen is a partition of
M while (Nx)genm is not. But, for any K € M, we suppose that Nx NG # 0.

Definition 3.2 (Super—admissible discretization). An admissible discretization is said to be “super—admissible”,
if, for any internal o = K|L, the line (xk,x) meets K|L at its center of gravity.
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Typical super—admissible cells are rectangles and triangles with acute inner angles. An example of two such
cells of a super—admissible mesh is given in figure 1, along with some of the notations introduced in the next
section.

mU )

/

Ko

FI1GURE 1. Notations for two neighbouring control volumes

3.1.2. Geometrical quantities

For each control volume K € M and each edge o € £ of the mesh, we denote by mg > 0 and m, > 0 the
measure of K and the (d-1)-dimensional measure of o, respectively. We denote by dk » the Euclidean distance
between xx and o. For each internal edge of the mesh 0 = K|L, d, is defined as the Euclidean distance
between i and xy; the notation is extended to any external edge o of a control volume K, for which we set
de = dg,o. For all K € M and L € Nk, nK|L stands for the unit vector normal to the edge K|L outward to
K (so npjx = —ngr). To refer to a geometrical quantity related to any internal edge o = K|L, we will use
indifferently in this paper the index o or the index K|L (i.e., for instance, d, or dg|z, ms or mg ... ).

For each edge o of any control volume K, we denote by Dk , the volume defined by:
Digo={tz+(1-t)zg, x €0, t€(0,1)}

The so—called diamond-cell associated with the edge o is defined by D, = Dk ,UDp » when o € Eing, 0 = K|L
and D, = D, when o € Eexg, 0 € E(K).

We define two parameters to characterize the size of the discretization, haq and hg, as, respectively the
maximal diameter of the control volumes and of the clusters:

hapm = sup hg hg = sup hg
KeM Geg

where hy and hg stand respectively for the diameter of the control volume K and of the subset (oo K of
R
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3.1.3. Regularity of the mesh

We assume that the clusters satisfy the following geometrical assumption:

VK € M such that ./\/K§ZGK, ( Z ar, nK‘L:0) = (VLGNK\GK, CLLZO) (9)
LeNK\Gk

In figure 2 below, we show examples of clusters which satisfy (top line of the picture) this property (for triangles
and rectangles), and which do not satisfy this property (bottom line). Roughly speaking, assumption (9) implies
that there should not be too many edges of a control volume which are external edges of the cluster to which
this control volume belongs. We will prove hereafter that this very simple geometrical relation is equivalent to

nNK|M
nNK|L

nNK|L

Nk

M

Admissible clusters:  arng, +aungy =0 = ar=ay =0

M L
nNKg|\Mm K NK|L

Non admissible cluster: gnmL + %Ean =0

FIGURE 2. Admissible and non admissible clusters. For a given cell K (in dark gray), the
set of cells defining the cluster Gx is colored in gray (and includes K), and the set N of
neighbouring cells to K is outlined with a bold line.

the inf-sup stability of the pair of approximation spaces composed of the classical cell-centered finite volume
approximation for the velocity and an approximation of the pressure which is piecewise constant over each
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cluster. We then set:

regul(G) = inf {Ix, K € M, Nx ¢ Gg} U {c G € G} with

b
ard(G)’

IK:inf{ | Z aLnK‘L|2, (aL)Le/\/K\GK C R and Z a%:l}
LeNk\Gk LeENK\GKk

(10)

We also define the function regul(D) by:

regul(D) = inf {%,%, KeM,ocel(K)} U

hi
U{—, KeM, Le U{—5—, K€
{hL M Nich {card(E(K)) M}
and, finally, the regularity of the mesh is measured through the function:
regul(D, G) = inf {regul(D), regul(9)} (12)

Super—admissible discretizations D such that regul(D,G) > 0 are easily encountered: for example, one can
consider in 2D a rectangular mesh, each cluster being defined by the rectangles sharing a same vertex. Another
example is a mesh of triangles with all angles acute, in order that the circumcenter of each triangle be located
inside the triangle, and the clusters are pairs of triangles. Both examples are depicted in the first line of figure
2. In 3D, the assumption of ”super—admissibility” is unfortunately only known to be satisfied by rectangular
grids. However, the scheme is shown to be stable without this assumption; indeed the super—admissibility
is only required in our convergence proof in order to obtain enough consistency on the divergence operator
(estimate (40) of theorem 4.7). Note also that adaptations of the scheme presented in this paper to circumvent
this limitation are under study [13].

3.2. Approximation spaces

3.2.1. The space Hp(12)

Let © be an open bounded polygonal (d = 2) or polyhedral (d = 3) subset of R%. Let D = (M, &, P) be an
admissible finite volume discretization of {2 in the sense of definition 3.1. We denote by Hp(Q) C L?(Q) the
space of functions which are piecewise constant on each control volume K € M. For all v € Hp(Q2) and for all
K € M, we denote by vk the constant value of v in K.

3.2.2. Bilinear forms, norms and semi-norms associated to Hp ()
For (v, w) € (Hp(£2))?, we define the following inner product, which is the discrete analogue of the canonical
H}(Q) bilinear form:

[v, w]p = Z %(UL—UK)(U)L_WK)‘F Z

0€&int, o=K|L i 0E€Eext, 0EE(K)

Mes

dKUUKwK (13)

We then obtain a norm in Hp(Q2) (thanks to the discrete Poincaré inequality (14) given below) by:

Jwlp = ([w, w]p)"/?
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These definitions naturally extend to vector valued functions as follows. For v = (v(i))i:17___7 4 € Hp(Q)4 and
w = (w)—1 4 € Hp(Q)?, we define:

d 1/2 d
v|lp = <Z[v(“,v(“]p> , [v, w]p = Z[U(v:)’w(i)]p
i=1 ‘
The discrete Poincaré inequality (see [10]) reads:
[wllLz (@) < diam(Q) [Jwllp, Yw € Hp(Q) (14)

We define a discrete H~(Q)? norm, which reads, for any function f of L2(Q)%:

/ f(x) v(x)dx
[fl-ip= sup <

vetp@?  IMlp
By the discrete Poincaré inequality, we obtain that this norm is controlled by the L? norm:

[Fll-1,0 < diam(Q) || f[|L2 ()

Finally, we define the three following bilinear forms over Hp(Q) x Hp(2) by the following relations, which hold
for any function v and w of Hp(Q):

(v,wym = % > mgqplhi + he)(vr — vg)(wr — wi)
) KeM LeNk

(v, w)g =3 Z mg(hx +hr)(vp — vk )(wp — wk) (15)
) KeM  LeNgNGg

(v,wirg = B > > mgplhi + he) (v — vi)(wr — wi)

KeM LeNk\Gk
Note that (v, w)m = (v, w)g + (v,w) s\g. Each of these three bilinear forms defines a semi-norm over Hp():

1/2 1/2 1/2
wlav = (w,w)yf |wlg = (ww)gd?  wlag = (ww)lg (16)

3.2.3. Interpolation operators

We define the interpolation operator Pp, mapping C(2) onto Hp(2), by setting (Ppy)x = p(xk), for all
K € M, for all p € C(). Tts natural extension to vector valued functions, also noted Pp, maps C(Q)? onto
Hp ()4, by (Ppp)x = @(xx), for all K € M, for all ¢ € C(Q)%.

We also define two additional interpolation operators, Py and Pg. The first one maps L2(£2) onto Hp (),
the second one maps L2(£2) onto the sub-space of functions of Hp(£2) which are constant over each cluster:

ummK=J;Ly@Mx (Po)x () dz (17)

mg

1
a Z mr, /ULEGK

LeEGK

The operator Py, satisfies the following continuity result, the proof of which easily follows from estimates
(59) and (60) (see appendix, lemma A.3).
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Lemma 3.3. Let assumption (2) hold, let D be an admissible discretization of 2 in the sense of definition 3.1
and 6 > 0 be such that regul(D) > 6. Let v € Hy(Q)9. Then the following bound holds:

[Prm(o)llp < ¢ [v]m ()

where c only depends on Q and 6 and | - |g1(q)ye stands for the H! seminorm on Q.

4. APPROXIMATION OF THE GENERALIZED STOKES PROBLEM

To perform the convergence and error analysis for the generalised Stokes problem, we implement in this paper
a step-by-step process, which has been described for a standard elliptic problem in [12]. The main advantage of
this approach is that consistency residual estimates can be recast under a generic form, suitable for reutilization
in subsequent works. These residuals are specific to the considered regularity for the continuous function, the
projection operator onto the discrete space and the equation. With respect to this latter point, they may be
decomposed as the sum of elementary consistency residuals, each one corresponding to a term of the equation:
for the generalized Stokes problem addressed in this study, the zero’th order, diffusion, gradient, divergence and
stabilization terms. We thus provide here an estimate for each of them, for the above defined (usual in the finite
volume context) projection operators. Note that, by this last point, the results of this paper differ from those
presented in [14], where the interpolation operators were built by a quasi-interpolation technique & la Clément
(more classical in the finite element context).

The present section is built as follows. The finite volume is first defined (section 4.1), then its stability is
proven (section 4.2). Residual estimates are given in section 4.3; they are based on consistency results for local
quantities (in particular, the finite volume fluxes) which are provided in the appendix. These bounds allow to
prove the convergence of the scheme (section 4.4), and then to obtain, for regular solutions, error estimates
(section 4.5).

4.1. The finite volume scheme

Finite volume schemes are classically presented as discrete balance equations with a suitable approximation
of the fluxes, see e.g. [10]. However, in recent works dealing with cell centered finite volume methods for elliptic
problems [11,12], an equivalent variational formulation in adequate functional spaces is introduced, and this
presentation is probably more convenient for the analysis of the schemes, as it is a natural starting point to
derive stability estimates. We follow here this latter path.

We begin by defining a discrete divergence operator divp, the expression of which is the same as in [14], and
which maps Hp(2)? to Hp(Q) and reads:

dr.o dK o
Vo € Hp(Q)4, divpw(z) = (divpv)k Z mg|L NE|L- L, v};—i— K va Ve e K, VK € M (18)
K LeNk KL

The adjoint of this discrete divergence with respect to the discrete L2 inner product defines a discrete gradient
Vp, mapping Hp(Q) to Hp ()¢, which takes the expression:

Vg€ Hp(2), Vopq(x)=(Vpexk Z mK|L
LGNK

L_QK) NK|L, Ve e K, VK ¢ M (19)
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Since Z me N, = 0, this discrete gradient equivalently reads:
ce&(K)

1 .
(V'DQ)K = — Z Fgrad,K\L + Z Fgrad,a with

MK | ey G €E(K)NEuxt (20)

dx k1 9k +dr KL 9L

Fgrad,K\L = MmgK|L nK|L, Fgrad,a = Mo 4K No

dkL

in which we recognize a classical ”flux-based” finite volume formulation, with, however, a rather unnatural (and
only first order consistent) interpolation of the pressure on the edge.

The discrete solution is then defined as the pair of functions (u, p) such that:

u € Hp(Q)%, p € Hp(Q) with / p(x)de = 0 and:
Q

n/ﬂu(ac) -v(z)de + v|u, v|p — /Qp(w) divpv(z)dx = /Q f(x) v(x)dx Yo € Hp(Q)? (21)

/ divpu(z) q(x) dz + A(p, q)g = / g(z) q(x) dx Vq € Hp(Q)
Q Q

where A is a positive parameter. The term A(-,-)g corresponds to a ”cluster-wide” stabilization, in the sense
that it involves pressure jumps only across the internal edges of the clusters.

System (21) is equivalent to searching for the family of vectors (ur)rxeas of R?, and scalars (px)xem
solution to the system of equations (written under flux form) obtained by writing for each control volume K of

M:

Mgy me
nmg ug — VvV Z d—(uL—uK)—V Z (O—UK)

- dKO’

oc€&mNE(K), 7€€exNE(K) ’

o=K]|L

dr Pk +drL &
R R T . T
dy K
TEEmNE (K), oCEaNE(K) )
oc=K]|L

dr sug +dg su
oo ome L Kd A ) > mK|L(hK+hL)(PL—pK)=/ g(x)dx
0EEMNE(K), o LENKNGx K
oc=K|L

supplemented by the relation:

> mrpk=0 (23)

KeM

4.2. Stability of the scheme

This section is aimed at proving the stability of the scheme. It is worth stressing that, to this purpose, the
mesh is not required to be “super—admissible”, but only admissible in the sense of definition 3.1.

We first begin by a (partial) stability result for the discrete gradient operator, which is not specific to a
clustered approximation, and may be seen as the ”finite volume analogue” to a lemma already known in the
finite element context [17, lemma 3.3].
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Lemma 4.1. Let D be an admissible discretization of Q in the sense of definition 3.1. Let 6 > 0 be such that
regul(D) > 0. Then there exists two strictly positive real numbers $1 and B2 depending only on d, Q and 0 such
that the following property holds:

Vp € Hp(Q) with / p(z)dx =0, Jv e Hp(Q)?
Q
|vllp < BillpllLz@) — and (24)

such that ) 9 9
/Q p(x) divow(@) de > [[p)2sq) — Fo 1ol

Proof. Let p € Hp(2) be given. We apply a classical result (e.g. [19, Corollary 2.1]), the proof of which relies on
arguments which may be traced back to Necas [20]. Because p(x) is a zero mean-valued function, there exists
car, which only depends on d and €2, and v € H}(Q)? such that divo(x) = p(z) for a.e. € Q and:

19/l ()¢ < car [IPllL2(e) (25)

We then set: .
i) = m—/'ﬁ(i)(m)d’y(m), Vo e i=1,.. . .d

(note that 'v((,i) =0forall 0 € Exs and i =1,...,d) and we define v € Hp(Q2)? by:

; 1 . )
vggz_/v(z)(w)dw, VK eM, i=1,....d
mKg Jk

As proved in the appendix (relation (59)), we know that there exists ¢; only depending on d, Q and 6 such that:
2 hx PNT
VK e M, Vo € E(K), |vk —v,|"<a o |Vo(x)|”de (26)
o JK

In addition, by the continuity of the interpolation operator Pas (lemma 3.3), there exists another real number
co once again only depending on d, ) and € such that:

[vllp < c2 [0l (@) < 2 car P2 (27)

‘We then have:

. dr VK + di oV
/ p(x) divpy(x)de = E DK E My My - 22K TR0 4,
Q d(r
KeM  oefmne(K),

oc=K]|L
where:
L=k Y mencv=Y o Y [e@) i)
KeM o€EinNE(K), KeM c€EMNE(K), V7
oc=K|L o=K|L
= [ ple) divo(a) do = Iplisqo
and:

T

Z . Z - <dL,(7'UK;' dK,oVL 'v{,> n,

KeM g€€inNE(K),
o=K|L

_ dr,VK +di,.vr,
- Z mo(pK - PL) d — Vs | "Ny
0€Eint, 0=K|L 7
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We then have, thanks to the Cauchy-Schwarz inequality:

Mo dr,ovK + di,svL
T2 < o h h _ 2 5 5 — v,
2 < E me (hx +hr) (pxk —pr) E e+ L . v
o0€&int, o=K|L 0€Ent, o=K|L

We now remark that, since, for any internal edge 0 = K|L, di,» < do, dr,o < do and dy = dg o + dr 0

|dL,<7'UK +di,ovL

g —v,2 <2 v — v, P+ 2 v —v,|?
o

Using inequalities (26) and (25) and noting that, thanks to the assumption regul(D) > 6, the maximum number
of edges for a control volume is bounded, we get:

Ty < c3 |plm 19]lur e < c3 car [Pl Pl (o)

where c3 only depends on d, 2 and 6. Collecting terms, we obtain by Young’s inequality:

(3 car)

. 1 2
| @) divpo(a) do > 3 Iplfa — 2510,

which, together with relation (27), concludes the proof. O

The following result is an essential stability feature of the scheme. It proves, in particular, that the simple
geometrical condition regul(G) > 6 > 0, where regul(G) is given by relation (10), yields the inf-sup stability of
the discretization with cluster-wide constant pressures (see remark below), provided that the mesh is regular.

Lemma 4.2. Under hypotheses (2)-(4), let D be an admissible discretization of Q in the sense of definition
3.1. Let 0 > 0 be such that regul(D,G) > 0. Then there exist two positive real numbers, again denoted by (34
and Bo, depending only on d,  and 6, such that the following property holds:

Vp € Hp(Q) with / p(z)de = 0, Fv € Hp(Q)?
Q
[vlp < Bilplliz@ — and (28)

such that ) 9 9
/Q p() divpv(e)de > ||p|2s) — o [pl3

Proof. Let p € Hp(Q) be given. We define v € Hp(Q2)? by:

dr,Kk|L
VK = Z MK|L | (L — PK) MK|L

d—2 d
K LeNk\Gk KIL

As the discrete divergence is the transpose of the discrete gradient, we have:
/ p(x) divp(—v)(z)de = / Vop(x) - v(x)de =
Q Q
dr.K|L
)SRTRED DR

KeM LENK\Gx | LENKNG K

T: T i

s

dr K|L
(rr — pK) ng|L + Z Mg|L dK\l (rr — pK) NK|L ]
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1
Remarking that vg = ] Tk, we have by Young’s inequality:
K

1 2 2
@) divol-i@)ie = 5 3 sy (Tul = Ta)

KeM

Thanks to the regularity assumption on the mesh (in particular the fact that the quantity regul(G), defined by
relation (10), is greater than ), the first part of this summation satisfies the following estimate:

2

1 1 dr KL
9 Z hd 5 1T, K|2 =35 Z hd 2 Z MK|L 4 (rr — rr) KL
KeM KeM LeNk\Gx K|L

0 1 5 dp K|L ? 2
=3 > hi—2 >, mig (dKL) (pr — PK)

KeM ""K  LeNxg\Gk

0 m d ?
5 > > —— < L’KL> m L (hi +he) (pr — pr)?

KEM LENK\Gx h?{ 2 (hg+h) \ dg|L

and thus, by regularity assumptions on the mesh, there exists ¢; > 0 depending only on 6 such that:

1 1 9 9
B Z na=2 T, k|" = e |plng
KeM
By a similar computation, we get:

1 m d 2
Z —= [T2x|? <5 Z Z ) KL ( g’KlL) mr (hix + he) (pr — px)?
2 Kem N 2 i rermncy M (hi +hi) K|L

<c2 |p|g

where, once again, ¢y only depends on the regularity of the mesh. Thus, collecting the bounds, we get:

/Q p() divp(—v)(@) dz > e1 [pRag — o [pl3 (29)

On the other hand, because, by assumption, the number of edges of the control volumes is bounded, we have:

lelp <2 30 T (P Py D T P

0€Eint, U:KlL Uegextﬂg(K)
me (mK\M)Q 2 9 (leju)? 9 9
sc Z - Z (a3 (PK T Pu)+ Z —5(ay (PL+Pu)
0€Emt, o=K|L ¢ LMeNk s MeNy 'L

My (mrim)® 5
tc Z e Z T2 (Px +Pur)
0EEextNE(K) MeNk "K

Reordering the summations, the above relation takes the following form:

ol < > wk pk
KeM
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and the regularity of the mesh implies that each coefficient ux < ¢ mg where ¢ only depends on 6 and d; note
that we use here the assumption that the ratio of the measure of two neighbouring volumes is bounded. We
then get:

vl < es IplE2q) (30)
Hence, estimates (29) and (30) prove the existence of v; € Hp(Q)? such that:

/p@%h@m@MMZﬂﬂM%m—%uﬁy o113 < e5 [1pllea)
Q

where the real numbers ¢, and c5 only depend on the regularity of the mesh. Let v € Hp ()¢ be such that
the estimate of lemma 4.1 holds; then the desired result is obtained with v = v, + vs. O

Remark 4.3. We easily note that |p|g vanishes for pressure fields which are constant over each cluster. The
previous result thus shows that combining an approximation of the velocity by the space Hp(Q)? and an
approximation of the pressure by the functions in Hp(£2) which are constant on each cluster yields an inf-sup
stable discretization, which should be quite usable in practice. However, letting the pressure vary within the
clusters and adding a stabilization term is both easier to implement and, from numerical experiments, more
accurate.

This result suggests that the scheme under consideration may be in some particular cases obtained via a minimal
stabilization procedure as defined in [4]; an example of such a derivation is given in [16].

We are now in position to prove stability estimates for the velocity and the pressure. In the following result,
we split the right-hand side f in two parts and we control the unknowns by the L2 norm of the first one and
the discrete H™! norm of the second one; this decomposition is here rather artificial, but will be crucial further,
when applying this stability result to derive error estimates.

Theorem 4.4 (Estimates for the velocity and the pressure). We suppose that hypotheses (2)-(4) hold. Let D
be an admissible discretization of ) in the sense of definition 3.1 and let 6 > 0 be such that regul(D,G) > 6.
Let X € (0,+00) be given. Let (u,p) € Hp(Q)? x Hp(Q) be a solution to (21). Then, for any f, and fy in
L2(Q)? such that f = f1 + f5, there exist two constants co and cs together with two positive real numbers c
and ¢4 depending only on d, Q) and 0 such that the following inequality holds:

ax[r],y 1/

C3
?Hfl“LQ(Q)d + ;”fz”gmp +camax [, v, 1/ [|g][F2 (o)

lullZaqoye + vlullp + Ipl=(@) + Alplg <

(31)

Remark 4.5 (Dependence of the stability estimate on the stabilization parameter). We note that the bound
for the L? estimate for the pressure blows up when X tends to zero, as | - |g is a very weak seminorm which
vanishes for any constant-by-cluster pressure field: the stabilization of the scheme is thus necessary to control
the pressure.

Proof. First, we chose w € Hp(Q)? such that both estimates of (28) hold. Taking w as a test function in the
first relation of (21) yields:

Pl = lplE < ol [ @) w(a) o)+ slfuwlpl + | [ £1(a)-w(@)dal +] [ fo(e)- wia)do
Using the discrete Poincaré inequality (14) and Young’s inequality, we obtain:
1 . 1
HPH%z(Q) - »32|P|é < g”PHiz(Q) + 2772d13m(9)25%||u||iz(9 a Tt —HPH%?(Q + 2V25%H“||%

1 .
+ gllplliz@ + 2diam(Q2)? ﬁl”fl”]ﬂ(ﬂ)d +3 ||p||L2 @ T 26¢[1f20121,p
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Let & and & be the positive parameters given by:

¢ . 1 1 1 ¢ (11 A € 1 ¢
= mn|——————— = — _— =min |—, — N )
! 8diam(Q)25? 842 7 2[5 2 v ST max (v, 1/A]
Note that & only depends on 6 and Q. From these definitions, we get by multiplying (32) by &o:
fg A n 1% 1 1
§||p||iz(9) - §|p|é < ZHUHiz(Q)d + ZHUH% + E|\f1||i2(9)d + EHsz%,p (33)

Then, taking v = w in the first relation of (21) and ¢ = p in the second one and summing, we obtain, because
the discrete gradient is the transpose of the discrete divergence:

el oy + vlully + A0 = [ £1(@)-u@)de+ [ f@)-u@)do+ [ o) pa)de
By Young’s inequality, we then have:
nllwl?za)e + viullp + Alplg <
1 n 1 v 1 & (34)
5|\f1||iz(n)d + ZHU’H%P(Q)" + ;||f2|\31,p + ZHUH% + 5—2H9|i2(9) + Z”p“%ﬂ(ﬂ)
Summing (33) and (34) yields the desired result. O

We can now state the existence and the uniqueness of a discrete solution to (21).

Corollary 4.6 (Existence and uniqueness of a solution to the finite volume scheme). Under hypotheses (2)-
(4), let D be an admissible discretization of Q0 in the sense of Definition 3.1. Let A € (0,+00) be given. We
suppose that the following compatibility condition holds (which is nothing more than the compatibility condition
associated to the continuous problem):
/ glx)de =0
Q

Proof. We define the following finite dimensional vector space:

Then there exists a unique solution to (21).

V = {(u,p) € Hp(Q)? x Hp(Q) such that / (@) da = 0}
Q

Let F be the linear mapping which associates to (u,p) € V the pair (@, p) defined by the following discrete

variational identity:

1 [ ) o) do +fu.olo |

p(x) divpy(x)de = / u(x) - v(z)de Vo € Hp(Q)?
Q

Q
/ divpu(z) q(x) dz + A(p, q)g = / p(x) q(x)dx Vg € Hp(Q)
Q Q

It is easy to check that this system has a unique solution (choosing as test functions the characteristic function
of each control volume yields a linear system the matrix of which is the identity). Taking for ¢ the constant
function equal to 1 (which lies in Hp(Q2)) in the last relation, we check by conservativity that the integral of p
over () is zero, which means that (@, p) € V. Theorem 4.4 then implies that the kernel of F' is reduced to (0, 0),
which proves that the mapping F is one to one from V to V. As by assumption the integral of g over Q is zero,
the pair of functions defined by the right hand side of (22) belongs to V', and this concludes the proof. O
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4.3. Estimates of consistency residuals

We define and estimate in this section the consistency residuals appearing in the convergence and error
analysis of the scheme.

Let v be a function from €2 to R, the regularity of which will be made precise hereafter; for the moment, we
only suppose that the following definitions make sense. For an internal edge o = K|L, we set:

1 1
[v(wL) —v(zk)] -
K|L MK|L JK|L
dr K|L dr k|1 1
Rgraa mscjz (v) = =5 Paa(v)ie + —20% Py (0], - o(x) dy()
K|L K|L MK|L JK|L

R kL(v) = Vou(x) - ng dy(x)

dr kL 1
Rt (2) = G Pafoie + S P — i [ o) dnta)

d d 1
Ravcin(0) = ZE (ane) 1+ B ogy) 2 [ o) dr(a)
K|L MK|L

dg,K|L

Rgtap M, k|2 (v) = (hx +hr) (Pm(v)r — Prm(v) ki)

and, for an external edge o, 0 € E(K):

1
Rao(v) = — / V(@) - ny doy ()
dK o
Rgrad,./\/l,a( ) P./\/l K - _/
Rgrad,g,0(v) = Pg(v)x — —/

Rdiv,a(v) - Rstab,./\/l,a( ) =0

In addition, we define, for any control volume K of the mesh:

Ro k(v) =v(zK) — 1 /Kv(zc)dw

mkg

The consistency residuals of the scheme are now defined as follows:

Yo € H2(Q)?, Ro(v) € Hp(Q)?, (Ro(v)@))K = Rox(®®), i=1,....d

. 1 .
Yo € H2(Q)?, Ra(v) € Hp(Q)?, (RA(U)@)K = Y meRao(®), i=1,....d

ce&(K)
1
Vo € LQ(Q)v Rgrad,./\/l(v) S HD(Q)da (Rgrad ./\/l( = —K Z m‘T grad, M, 17( ) Neo
c€E(K)
1
Yu € LQ(Q)y Rgrad,g(’l)) S H’D(Q)dy (Rgrad,g(v))K = m—K Z moRgrad,g,o('U) No
ce&(K)
d
1 ,
Vv € HQ(Q)da Rdiv(v) € HD(Q)v (Rdiv(v))K = m— Z Mo ZRdivv”(’U(z)) 67;‘| ‘N
K see(k) i=1
1
Vv € LQ(Q)y Rstab,./\/l(v) S H'D(Q)a (Rstab,M (U))K = m—K Z mo’Rstab,M,o'(v)

ce&(K)
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The following theorem gathers the estimates of the residuals which will be useful in the convergence and
error analysis.

Theorem 4.7 (Estimates of the consistency residuals). Let assumption (2) hold, D be an admissible discretiza-
tion of Q in the sense of definition 3.1 and 6 > 0 be such that regul(D,G) > 0. Let (v,q) € (H*(Q)? N H§(2)?) x
H(Q). Then the following bounds hold:

[Ra(v)[-10 < ca b 0]z (35)

[Rgraa, m(@)|-1,0 < Cagraa,m fem gl (o) (36)

[Reraa,g(@)ll-10 < Cgrad,g hg lalmi () (37)

[Ro()llL2ye < co ha [[v]lm2(0)a (38)

[ Rstabm(@)llLz) < Cstab b |qlar (o) (39)

where cA, Cgrad, M, Cgrad,G, Co and Cstap only depend on d, Q and 0 and |- |y (o), || - |lm2Q) and | - [a2(Q) stand

for the usual Sobolev H' seminorm and H? norm and seminorm respectively.
If in addition the mesh is super—admissible in the sense of definition 3.2, then:

| Raiv(v) L2 () < caiv b [0|p2(a) (40)

where cqivy only depends on d, 2 and 6.

Proof. H,' estimates (35)(37)

The proof of the three discrete H™! estimates (35), (36) and (37) being similar, we shall describe the general
technique and then apply it only to obtain (37). Consider a consistency residual R € Hp(€)) under the general

form:
o 2 Mok
UEE( )
with, for any internal edge o = K|L, Rg|;, = —Rp k. Let v be a function of Hp. Then we have:
/R dw—ZmKRKvK—ZvK Z mgyR,
KeM KeM  oc&(K)

Reordering the sums, we get:

/QR(sc) v(x)dx = Z me Ry (Vg —vp) + Z Mo Ry Vi

0€€nt, 0=K|L 0€Eext, 0€E(K)

and, by the (discrete) Cauchy-Schwarz inequality:

12 1/2
2 Mo 2 Mo 2
|/ z)dz | < [Z doemes Ry Z Z(UK —vp)” + Z ZUK
oce& 0€€nt, 0=K|L 0E€Eext, 0EE(K)
1/2
lz demeR lvlp-
o€E
In order to obtain an estimate in the || - | _1p norm of R, there only remains to bound the sum Y __. dymqR2,

which must be done thanks to elementary (i.e. local to each edge) residual bounds, stated here in lemma A.2
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or corollary A.4. Let us now, for instance, apply this technique to the estimate of Rgaq,6. Let ¢ be a function
of HL(2) and v a function of Hp(2)¢. By definition, we have:

1
‘/QRgrad,g(q)(w) : ’U(ZB) dz = Z me— Z mURgrad,g,o'(q) Ns - VK

By the computation described above, we thus get:

1/2
I/QRgrad,g(q)(w) -v(z)de | < lz dgmo Rgrad,g,a(q)ﬂ
oe€
1/2

D (T R D DI ol VS S

0E€Emt, 0=K|L ° 0E€Eexs, 0EE(K)  ©

Now, since Va € R?, a - n < |a|, we get:

1/2
IARgrad,g(q)(w)-v(w) de | < [Z dgmg Rgrad,g,a(q)ﬂ [vllp

ocel

Using the elementary residual estimate (63) of corollary A.4 in the appendix yields:

1/2
|| Runas(@(@)-v@)de | < olo [Zd o 2 ol ]

ol

where, if 0 € Eine, 0 = K|L, C, stands for the union of the clusters including K and L (i.e. Co = Upre(arua,)M)
and, if 0 € Eext, 0 € E(K), C, stands for the cluster including K (i.e. Cy = Upreg M). Thanks to the regularity
assumption on the mesh, for a given control volume K, the number of domains C, including K is bounded by
a constant c.j; the term |q|%11( K) thus also appears in the above summation only ¢ times and we obtain:

I/ Ryraa.(a)(@) - v(@) dz| < ¢ [|[v]lp ca (max do hp)'"? |alw (@)
0 [ea

which yields the desired estimate for Rgraq,g-

L2 Estimates (38)—(40)

Estimates of the consistency residuals in L? are obtained in a straightforward way from the bounds of the
elementary consistency residuals estimates of lemma A.2 or corollary A.4 in the appendix. As an exemple, we
detail here the bound (40); the bounds (38) and (39) are obtained in a similar way.

Let v(.) be a function of H2(Q)?, and the mesh be super-admissible. By definition, we have:

2

d
HRle ||L2(Q Z mg m— Z me ZRdiv,n(v(i)) ei‘| ‘MNgo

KeM oeE(K) i=1

Expanding the sum, we have:

> m

oc€E(K)

d
Z Rdiv,a(v(i)) ei] ‘MNgo S Z 2 Z Rdlv (7 'U( )

i=1 oEE(K)
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where ¢ only depends on the number of edges of a control volume and on the space dimension d. Since, by
definition, Rgiv,, vanishes on external boundaries, we then get:

mg mr

d

11 )

[ Raiv (v)[[F2() < ¢ ) (— 4+ —) m2 ) _ Raiv,o(v?)?
0€Eint, U:K‘L i=1

The bound (57) thus yields:

d 4
1 1 (hr +hr) :
_ 2 I e ik +1L) | (3))2
[ Raiv(v)[[f2(0) < ¢ E (mK + mL) mg E v 2, )

0€Eint, 0=K|L i=1

The estimate of Rqgiv(v) is then completed using the regularity assumptions for the mesh.

4.4. Convergence of the scheme

The aim of this section is to prove the convergence of the scheme (21) to the unique solution to the generalized
Stokes problem without any regularity assumption for this latter. This result is stated in the following theorem.

Theorem 4.8 (Convergence for the generalized Stokes problem). Under hypotheses (2)-(4), let (w,p) be the
unique weak solution to the Stokes problem (7) in the sense of definition 2.2. Let 6 > 0 be given and let
(D) men e a sequence of super—admissible discretizations of Q, in the sense of definitions 3.1 and 3.2, such
that, for all m € N, regul(D™),G(™) > 0 and such that lim,, . h(Dm) = 0. We denote by (ul™, p(™) ¢
Hp o) ()4 X Hpmy () the unique solution to (21) with the discretization D™, where the parameter X € (0, +00)
is independent of m. Then the sequence (w(™)en converges to w in (L2(Q))? and (p(™ ) men weakly converges
to p in L2(€2).

Proof. We first prove, under the hypotheses and with the notations of the above theorem, the existence of a
subsequence of (D(™)),, <y such that the corresponding sequence (u(™),,en converges in (L2(Q2))? to a function
@ € H5(Q)? and the sequence (p(™),,en weakly converges in (L?(2))? to a function p € L2(Q), as m — +o0;
then we show that the pair (@, p) is a weak solution to the generalized Stokes problem, in the sense of definition
2.2; finally, the convergence holds for the whole sequence thanks to the uniqueness of the solution to this
continuous problem.

By the fact that || u("™||pm) is bounded independently of m by the stability estimate (31), we obtain (see [10,
lemma 9.3, p. 770]) the following estimate on the translates of u(™) . For all m € N, there exists ¢, only depending
ond, Q, v, f, g and 6 such that:

/ [u<mﬂ?>(sc rE) - u(m’i)(sc)r de < ¢ |¢] [|g| n 4h<m>} . fori=1,...,d, VEeR% (41)
Q

where (™% denotes the i-th component of w(") extended by zero outside €, and k(") stands for the size of
the discretization D(™). We then apply Kolmogorov’s theorem (e.g. [10, theorem 14.1, p. 833]), and obtain the
existence of a subsequence of (D(™),,cx and of @ € LZ(2)? such that (u(™),,cn converges to @ in L2(Q)9.
Moreover, still using estimate (41), this limit @ is shown to belong to Hj(£2)? [10, theorem 14.2, p. 833].

In addition, thanks to the fact that ||p(m)||L2(Q) is bounded independently of m by the same bound (31), we
extract from this subsequence another one (still denoted (DU™),,cx) such that (p("™),,en weakly converges to
some function p in L2(12).

In order to prove the convergence of the scheme, we now must show that (w, ) is the solution to (8). By density,
it is sufficient to prove that this variational problem is satisfied for any test fuction in C2°(Q)?. This will be
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proved by passing to the limit in the scheme. We thus take ¢ € C°(2)¢, and suppose that m is large enough

and thus h(Dm) is small enough to ensure that, for all K € M such that KN support(e) # 0, 9K NI = (. Let
us take v = Ppm) ¢ in (21), which yields:

TI/ ul™ (x) - Ppom (@) da + v[ul™, Ppon @] pem
Q

- / "™ (@) divpm (Ppon @) () daee = / f(x) - Ppomp(z) dae
Q Q
We write this latter relation as follows:
77/ uw™ (x) - p(x)de — V/ u™ Apdz — / ™ () divep(x) de + Ry = / fx) - p(x)de+ Ry (42)
Q Q Q Q

where R; is the sum of three terms Ry = T, + TA + Tgraa Which are defined hereafter, together with Ry. We
first have:

- /Q W™ (@) - (Ppom p(@) — @()) da
and thus, by the Cauchy-Schwarz inequality and by theorem 4.7:
T <n Hu(m)||L2(Q)d HRo(‘P)Hm(Q)d <cal(p) h(m) Hu(m)”L2(Q)d

Using as in equation (22) the classical finite volume expression for the diffusion term, Ta reads Ta = Zle TX )

with:

i i Mg m,i m,i m,i i
R S LIS D SR T L SR ST Gl IRV LI L™
KeM c€E(K), o=K|L © KeM K

Reordering the sums, we get:

i myi Mo i i i
10— YWl Y @) - ¢ - [ Vel @) n,die)
KeM oc€E(K), o=K|L ¢ v

Using the definition of Ra fr, this relation equivalently reads:

0= Y e Rasnle®) = v [ uORale) da
KeM o€E(K), o=K|L Q

By the definition of the || - [|—1,p norm, then by theorem 4.7, we thus have:
Tal < v [[u™ [ pow | RA(P)]|—1,p0m < ca(p) A™ [ul™|p
The third term is defined and bounded as follows:

Terad| = | /Q P (@) Raiv()(@) da| < es(p) BT |IpT™ |10

and, finally:
|Ro| = I/Qf(w) Ro(p)(z) dz| < ca(e) BT || fllr2(e)
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We thus obtain that both R; and Ry tend to zero when m tends to 400, and passing to the limit in (42)
yields that the first equation of the generalized Stokes problem is satisfied. The last step to prove that (u,p)
is the weak solution to the Stokes problem is to show that div(@)(x) = g(x) for a.e. © € Q. Let us take now
@ € C*(2) and ¢ = Pgm ¢ in the second equation of (21), to obtain:

[ @ivpu™)(@) (Pome)(@) dw+ A", P fhgr = [ 0(a) (P (@) da

As Pgamp is constant over each cluster, the stabilization term vanishes. Using the fact that the discrete
divergence is the transpose of the discrete gradient, we get:

[ @vou™) (@) (Pourp)(@)de =~ [ (@) (ToPye)(e)de = - [ u(@) (Vo)) do+ Ry
Q Q Q

where R3 reads:

Ry=- Y uf™ 3" me Ryaagolp) ne = - / w™ () - Ryraa.o(¢) (@) da
KeM occ&(K) Q

By the definition of the || - ||—1,p norm, then by theorem 4.7, we thus have:

|Rs| < (@) h™ ™ |l pemy

As the convergence of/ g(x) (Pgem @)(z) da to / g(x) p(x) d is easily seen, this concludes the proof. [
Q Q

4.5. Error analysis

We prove in this section first order estimates in natural (discrete) energy norms for the discretization error
associated to scheme (21).

Theorem 4.9 (Error estimate). We suppose that hypotheses (2)-(4) hold. Let D be a super—admissible dis-
cretization of Q1 in the sense of definitions 3.1 and 3.2, and 0 > 0 be such that regul(D,G) > 0. Let A € (0,+00)
be given. We suppose that the solution to the continuous problem (7),(w,p), lies in (H2(Q)4NHS(2)?) x HY(Q).
Let (u,p) € Hp(Q)? x Hp(Q) be the solution to (21). Then there exists two positive real numbers c1 and ca
depending only on d,  and 6 such that the following two inequalities hold:

-_P —\ 112 1 _\ 112
= Po()|Eago-+ vl = Po(@)lfp + sl = Pt "
_ 1 _
< e hiy |(1+max[n,v,1/X)) @]y + (; + Amax [, v,1/]]) |p|H1(Q)]
nllw — Pp(@)]22 e + vl|u — Pp (@)% + ———————lp — Pg(p)]|q
) max [1, v, 1/] ) (44)

_ 1
<ot | maxl 13 laleoys + 5 Pl |

Remark 4.10 (Dependence of the error estimate on the stabilization parameter). Note that, in the latter
bound, haq is replaced by hg. In counterpart, this latter estimate is robust with respect to large values of
the parameter A, in the sense that the right hand side is bounded independently of A when A — +oc. This
behaviour is natural, since the limiting scheme in this case is obtained by replacing the standard finite-volume
approximation of the pressure by the approximation by cluster-wide constant functions, which, associated to
the cell-centered approximation for the velocities, has been shown to be inf-sup stable. The resulting flexibility
for the choice of A is of great importance in practice.
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Proof. Estimate (43)

We define e € Hp(2)? and € € Hp(Q2) by e = u — Pp(u) and € = p — Py(p). Substracting the same terms
from the left and right hand side of the discrete momentum balance equation, we get, for each control volume
K of M:

N mgex — v Z Mo (er —ex)—v Z o (—ek)

cEEMNE(K), GEE(K)NEoxt dK.o
o=K|L
dK o dr &
+ Z Me [ Z ex + 50 GL:| n, + Z Mo €K n[,:/Kf(w)dsc
o€&intNE(K), c€E(K)NEext
o=K|L
rs _ _ Mme _
—nmru(zg)+v Yy - (@) —ulzk)) +v > 7. (-ulex))
o K,o
oc€€inNE(K), c€E(K)NEoxt ’
oc=K|L
dK,U _ dL,o’ _
- Z mey d PM(p)K + d PM(p)L Ng — Z me PM( )K N
o€EMNE(K), 7 7 o €E(K)NEext
o=K|L

The regularity of w and p assumed in the statement of the theorem allows to integrate the continuous partial
derivative equation (7) over each element K:

0= [ a@actv [ Va@) ni@- [ pense [ @

0K

Substracting this relation from the previous one, we get, for each control volume K of M:

nMmrgex — Vv Z % (e, —ex)—v Z Mo (—ex)

d
cEEMNE(K), © cEE(K)NEext Ko
oc=K|L
dK o dL o
+ § me |: d’ €K + d’ €| ns + § Mys €K Ng =
o€EMNE(K), 7 7 0EE(K)NEext

o=K|L

1 [ R@@)da v [ Ra@(@)de - [ Ry do

Repeating the same process with the mass balance equation yields, once again for each control volume K of M:

dr.o Ko
Z ma(§7 6K+%BL)'TLU—A Z (hgx +hr) me (e, — €x) =
ocEEMNE(K), 7 7 LENKNG K

o=K|L
- / R (@)(@) d + A / Rutanpa(5) () da
K K

The result then follows by combining the estimate of the consistency residuals (theorem 4.7) with the stability
result of theorem 4.4, with the following choice:

.fl =" Ro(ﬂ)y .f2 = VRA(TL) - Rgrad,M (]5)’ g= _Rdiv(ﬁ) + )\Rstab,M (]5)

Estimate (44)

The proof of this estimate follows strictly the same line, replacing Pa(p) by Pg(p), so that the definition
of the pressure error becomes ¢ = p — Pg(p). We remark that the stabilization term vanishes when applied to
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Pg(p). The system of equations governing the errors is thus formally the same as in the previous case, excepting
for the stabilization residual which disappears, and the conclusion once again follows from theorems 4.4 and
4.7. O

5. THE FINITE VOLUME SCHEME FOR THE NAVIER-STOKES EQUATIONS

In this section, we extend the previous results to the Navier-Stokes equations. After presenting the scheme,
we prove stability estimates for the solution in natural norms, i.e. the discrete H! norm and the L? norm for
the velocity and the pressure respectively; by a topological degree argument, these bounds yield the existence
of a discrete solution. The remaining of the section is devoted to the convergence analysis.

5.1. The finite volume scheme

As in the section devoted to the generalized Stokes problem, we first write the finite volume scheme under con-
sideration in a variational-like setting. Under hypotheses (2)-(4) and D being a super—admissible discretization
of © in the sense of definitions 3.1 and 3.2, we look for (u,p) such that:

(1, ) € Hp () x Hp(Q) with / p(@) de = 0,
Q

77/ u(x) - v(x)de + v [u,v]p + bp(u, u,v) — / p(x) divpo(z) de = / f(x) v(x)de Yo e Hp(Q)?
Q

Q Q
/ divpu(@) g(@)dz + Ap, q)g = 0 g € Hp ()
Q
(45)
where ) is a positive real number and, for w, v, w € Hp(Q)¢, the trilinear form b(u, v, w) is defined by:
1 drourx +drour
wow) =y 3 X g | [ ] (46)
KeM oc€&intNE(K),
oc=K]|L

Remark 5.1 (On the construction of the trilinear form). Let us introduce the following notation:

drsurx +dgour

Go(u) =my, i ‘Mg

The natural discretization of the trilinear form is then:

by (u, v, w) = Z Z Go(u) VKt or CWg

KeM  ce&innNE(K),
o=K|L

Note that this discretization satisfies the antisymmetry property b, (u, v, w) = —bp (u, w, v) for any u satisfying
the non-stabilized continuity equation [, divpu(z)g(x) = 0 for all ¢ € Hp(2). An antisymmetrical discretized
form b3 (-, -, -) can then easily be obtained by defining b3 (u, v, w) = 1/2 [bp(u, v, w) — by (u, w, v)]. Computing
this latter expression, we get:

1

bp(u,v,w) = 1 Z Z Go(u) (v -wg — VK -wL)
KeM  oe&mne(K),

oc=K|L
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By conservativity, we have:

Z Z Go(u) (vp-wg +vg -wr) =0

KeM 0€ENE(K),
oc=K]|L

We thus obtain that the trilinear form b3 (-, -, -) is exactly the same as bp(-,-,). Therefore, bp(-,-,-) is antisym-
metrical, which also yields the property (47) below. Note that in [5] and [12], a slightly different discretization
of bp(-,-,-) was introduced, which uses the stabilized mass flux for the discretization of G, (u) on the control
volume boundaries. This discretization leads to a discrete trilinear form which also depends on the pressure
(i.e. Gy (u) becomes in fact G, (u,p)) and is also quite efficient (see [5]). However, its analysis in the context
of local stabilization studied here is quite technical because of the lack of estimate on the jump of the pressure
through the edges separating two clusters.

Using the discrete mass balance to transform the expression of the convection term, system (45) is equivalent
to finding the family of vectors (ur)xem C R?, and scalars (px)xem C R solution to the system of equations
obtained by writing for each control volume K of M:

me Mg
— — — — O —
N MK Ug —V Z 7 (up, —ug) —v Z dK.a( UK)
c€&inNE(K), 0€ExtNE(K) ’
oc=K]|L
drsuk +di sur ug +ur UK
+ Z Mg [ : ] ’ Uz T—)\ Z mpr (hix +hr)(pL — pK) N
oc€EmNE(K), 7 LENKNG K
oc=K]|L
dr.oPL + dK &
+ Z my — pLd KoK ng|L+ Z Mo PK Mo =/ f(z)de
oEEmNE(K), KL 0EEextNE(K) K
o=K|L
dr, sug +dg su
oo ome = Kd R P > mgr (hi +he)(pr — pr) =0
oc€&intNE(K), 7 LENKNG K
oc=K]|L

supplemented by the relation:

Z myg px =0

KeM
The above scheme is written in a conservative form except for the second term in the discretisation of the
trilinear form, i.e.:

ug
A Z mgr (hx +he)(pr — px) >
LeNkNGk
which stems from the stabilization term.

5.2. Stability and existence of discrete solutions
Let us first remark that bp(-, -, -) is such that, for all u,v € Hp(Q)%:
bp(u,v,v) =0. (47)

Let us also remark that, in a similar way as in [15, lemma 4.2], we have the existence of ¢, only depending on
d and €, such that:
bo(u,v,w)| < ¢ [lulp [vlp lwllp,  Vu,v,w € Hp(Q)". (48)
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Lemma 5.2 (Estimate for the velocity and the pressure). Under hypotheses (2)-(4), let D be an admissible
discretization of § in the sense of definition 3.1 and A € (0,400) be given. For p € [0,1], we assume that (u,p)
is a solution to the following system of equations (which reduces to (45) as p =1 and to (21) as p=0):

(1, p) € Hp(Q) x Hp(Q) with / p(@) de = 0,
Q

77/ u(x) - v(z)de + vu,v]p + pbp(u,u,v)
Q

(49)
—/p(ac) divpv(x)de :/ flx) v(x)dx Yo € Hp(Q)4
Q Q
/ divpu(@) g(z)dz + Alp, g)g = 0 W € Hp(Q)
Q
Then w and p satisfy the following estimates:
V2 [lull} + 20 Alplg < diam()? [|£]1F2 0y (50)

Moreover, let 6 > 0 be such that regul(D, G) > 0; then there exist ¢, only depending on d, Q, n, v, A, f, 0 and
not on p € [0,1] such that the following inequality holds:

IPllz(0) < ¢ (51)

Proof. The proof of (50) is first obtained by setting (v,q) = (u,p) in (49) and using the property (47) on the
discrete form bp(-,-,-). Then, by lemma 4.2, we know that there exists a function v € Hp(2)? such that:

lvllp < BilpllLz  and /Qp(ﬂc) divpu(x) de > [|p[|F2(q) — B2 [plE

where 8, and (2 are two positive real numbers only depending on d, €2 and §. Choosing such a function v as
test function in the first equation of (49), we get:

IpllF2) < Ba G+ [ flz)-v(@)dz—n [ u(x) v(z)dz —pbp(u,u,v) - vu,v]p
@ 0 0
And thus, by the discrete Poincaré inequality and (48):

Ipl1E2) < B2 G + Br Ipllizqe) [diam(Q) [ fllzoy + 1 diam(2)? Jullp + pey [lullp + v [ullp]

and the estimate (51) follows by bounding p by 1 and using (50). O

We are now in position to prove the existence of at least one solution to scheme (45).

Theorem 5.3 (Existence of a discrete solution). Under hypotheses (2)-(4), let D be an admissible discretization
of Q in the sense of definition 3.1, and \ € (0, +00) be given. Then there exists at least one (u,p) € (Hp(2))? x
Hp (), solution to (45).
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Proof. Let us define the vector subspace V of Hp(Q))¢ x Hp(Q2) by:

V = {(u,p) € (Hp(Q))? x Hp(Q) such that /Q (@) da = 0}

Consider the continuous mapping F : V x [0,1] — V such that, for a given (u,p) € V and p € [0,1],
(@, p) = F(u,p, p) is defined by:

/ u(x) - v(z)de = 77/ u(x) -v(x)de + v [u,v]p + pbp(u,u,v)
Q

Q
- / p(x) divpv(x)dx — /Q f(z) v(z)dz Vv € Hp(Q)?

Q
/ (@) - qx) dw = / divpu(@) ¢(@)dz + Ap, q)g Vg € Hp(Q)
Q Q

It is easily checked that the two above relations define a one to one function F(.,.,.). Indeed, the value of ﬁ(I?
and pg for a given K € M and i = 1,...,d are readily obtained by setting in this system v(9 = 1, v(9) =0
for j # i, and ¢ = 1.

The mapping F'(.,.,.) is continuous, and, for a given (u, p) such that F'(u,p, p) = (0,0), we can apply lemma
5.2, which proves that (u, p) is bounded independently of p. Since F'(u,p,0) is a bijective affine function of (u, p)
from V to V (by corollary 4.6), the existence of at least one solution (u,p) to the equation F(u,p,1) = (0,0),
which is exactly (45), follows by a topological degree argument (see [8] for the theory and [15, theorem 4.3] for
a precise formulation of the abstract theorem used here). (]

5.3. Convergence analysis
We first begin by a technical lemma.

Lemma 5.4. Under hypothesis (2), let > 0 be given and let (D™),,en be a sequence of admissible discretiza-

tions of Q in the sense of definition 3.1, such that lim,, 4o h(Dm) = 0 and such that regul(D™) > 0, for all

m € N. Let (u\"™)en be a sequence sastisfying the following assumptions: ¥Ym € N, u(™ € Hpwm) (), there

exists U € H(Q) such that u(™ converges to @ in L2(Q) as m tends to +oo and ||u™|p remains bounded.
(1) For each edge o of the mesh and m € N, we define:

_ 1 m m
[fO' c gint; o= K|L (VDU'(m))G =d d_ [U(L ) _U(K )] No
1
dos

q

IfO' S gexta (S g(K) (v'Du(m))U =d [0 — Ug;n)] Ny

and we denote by Vpul™ the piecewise constant function equal to (@Du(m))g on the diamond cell D,
associated to o.
Then the sequence Vpu™ weakly converges to Vi in L2(Q)?.

(2) For each edge o of the mesh and m € N, we define:

dam dam
) _ Qo om) | AR m)

Ifo € Eny, 0 =K|L 7 up + 7 UL

If 0 € Eox, uf,m) =0

and we denote by Iém)u(m) the piecewise constant function equal to u((,m) on the diamond cell D, asso-
ciated to o.

Then the sequence Iém)u(m) tends to u in LP(Q), where 2 <p< 4o ifd=2 and 2 <p <6 ifd=3.



TITLE WILL BE SET BY THE PUBLISHER 27

Proof. The proof of item (1) is given in [9, lemma 2]. For the proof of item (2), we first remark that, thanks
to the discrete Sobolev inequalities [|ul|zqy < cf|ullpem for 2 < r < o0 if d =2 and for 2 <r <6if d =3
(see [7] or [10, p. 790]). We thus have:

T

m m)r dL,o' m dK,U m r m)r m)|r
ME ™ ey = D mp, | a4 ST <2 3T mp, a7+ )|
0€E&int 7 7 o€€int,
o=K|L o=K|L

=2 S 1N mp, | W) < el g
KeM |oce&(K)

where ¢ € Ry only depends on the parameter § and mp, denotes the measure of the subset D,; the sequence
(Iém)u(m))meN is therefore bounded in L"(€2). On the other hand, we also have:

™ — 12,00 < 3 mp, (W — u™)? < e hd o 1020,

Uegintv
oc=K|L
and so the sequence (Iém)u(m))meN tends to 4 in L2(£2), which implies the result. O

We can now state the convergence result for the scheme (45).

Theorem 5.5 (Convergence of the scheme). Under hypotheses (2)-(4), let (D™),,en be a sequence of super—
admissible discretizations of ) in the sense of definitions 3.1 and 3.2, such that h(Dm) tends to 0 as m — 400
and such that there exists 6 > 0 with regul(D™) G"™)) > @, for allm € N. Let X € (0,400) be given. Let, for
allm e N, (u™ p(™) € Hp ) (Q)4 x Hpm) (Q), be a solution to (45) with D = D). Then there exists a weak
solution (@,p) to (5) and a subsequence of (DU™))en, again denoted (D\"™),,en, such that the corresponding
subsequence (u™)en converges to w in L2(Q)¢ and the subsequence (p{™)men converges to p weakly in L2(9).

Proof. Thanks to the fact that the sequence ||u(™|pwm) is bounded independently of m (estimate (50)), we
obtain the existence of a subsequence of (D(™),,cy and of @ € H}(Q)? such that (u(™),,en converges to @ in
L2()4. We then again denote (D(™),,cy this subsequence. In addition, thanks to the fact that |[p(™||y2(q) is
bounded independently of m by the estimate (51), we extract from this subsequence another one (still denoted
(DU™),en) such that (p(™),,en weakly converges to some function p in L2(Q).

With exactly the same arguments as for the Stokes problem, we get diva(z) = 0 for a.e. = in .

In order to prove the convergence of the scheme, we now must show that (w,p) is a solution to the first
equation of the continuous problem (5). By density, it is sufficient to prove that this variational problem is
satisfied for any test fuction in C°(2)4. As for the Stokes problem, this will be proved by passing to the limit

in the scheme. We thus take ¢ € C2°(0)?, and suppose that m is large enough and thus h(Dm) is small enough
to ensure that, for all K € M such that KN support(e) # 0, IK NI = 0. Let us take v = Ppum) ¢ in (21),
which yields:

77/ w™(x) - Ppom o) dee + v[u™) | Py @] pom — / P () divpm (Ppem @) (x) da
Q Q
+bpem (W™ u™ | P @) = / f(z) - Ppomyp(x) de
Q

The convergence of the first three terms at the left hand side of this relation, together with the convergence
of the right hand side has been dealt with in the convergence proof for the Stokes problem. To conclude the
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present convergence analysis, it is thus sufficient to prove that:

lim by (™, w™ | Ppiy @) = b(a, @, @)

m——+0o0
We remark that, for any two neighbouring control volumes K and L:
up vk —ug -vL = (uL —uk) VgL + (Vk —vL) ug|L
where, for any function of Hpm) ()%, we introduce the following notation:

dr, o di &
Vo e £ oc=K|L, UV, = LoVK + dK.oVL

int

diL

The quantity bp(u(m), u™) | Ppm) ) then reads:

bo (™, u™ P o) = %Z 3 S om, {ugm.n”} {ugm,n So(i)(mK)}

i=1 KeM  o€&nnNE(K),
oc=K|L

S o [ul ne] [ oD wr) — ul o @)
0€Eint, 0=K|L

> ome [ugm) : na] [U(Lm) ufl" 1)} (Ppom ™)g
0€Eint, 0=K|L

I
(T
M=

s
Il
-

I
N[
M=

s
Il
-

+3 Z S me[ulong| [ @) - 0O ()] uim?

i=1 0€Eint, 0= K‘L

Tgmﬂ)
The term Tgm’i) equivalenty reads:
(m.d) ‘ ™ _ g, (md)
™" = Z mp, (PDW)SD(Z))U u{(fm). d %nn
0€Eint, U:KlL

= / Iém)PD(m,>go(i) (x) Iém)u(m)(sc) -V pemu!™ (z) da
Q

where, for the terms Iém)PD(m,>ga(i) and Iém)u(m), we use the notation introduced in lemma 5.4. The sequence
(Ppm) @) men can be seen to converge to ¢ in L2(Q2) and to be bounded in Hpm) (), thus, by the same

lemma 5.4, the sequence (I, ém)

(Iém)u(m))meN. Finally, still by lemma 5.4, (Vpnu™9),,en weakly converges to Va(? in L2(Q)?.
can pass to the limit in the above equation to obtain:

lim T(m D= / eV (x) a(x) - Va (z) dx
Q

m——+oo

Ppiny @™ )men converges to ¢ in L4(Q). The same holds for the sequence



TITLE WILL BE SET BY THE PUBLISHER 29

By the same arguments, we get:

lim Tgm’i) = —/ a(z) a(z) - Vo' (z) de
Q

m——+oo

Since diva = 0, both limits are equal and the proof of convergence is complete. ([

6. NUMERICAL TESTS

The aim of this section is to check the validity of the theoretical analysis against a practical test case for
which an analytical solution can be exhibited. This solution is built as follows. We choose a streamfunction
and a geometrical domain such that homogeneous Dirichlet conditions hold:

©=1000 [z(1—2)y(1—9y) > , Q=]0,1[x]0,1] , @=

we pick an arbitrary (zero mean value) pressure in L2(Q):

2

=100 (a? +y° - 3)

and the right hand side f is computed so % and p are solutions to the stationary Navier-Stokes equations,
written in dimensional form:

p (aV)u —pAu+Vp=§f

To obtain the numerical results displayed here, the practical implementation has been performed using the
software object-oriented component library PELICANS, developed at IRSN [22].

The velocity and pressure errors are defined respectively as:

el =ull —a(zk) . ex =px —plax)
This pressure error definition is not the same as in the analysis; however it is easy to see from theorem 4.7 that,
for a regular pressure field (for instance, in H2(2)), this definition equivalently leads to a first order convergence.

The partition of the computational domain in clusters is built by first splitting the domain into sub-squares
and then cutting each sub-square into 26 triangles, all having angles of at most 80° (corresponding to figure 5
— bbbb in [2]). The coarsest one is displayed on figure 3. Control volumes are then obtained by cutting each
cluster into four similar triangles, the vertices of which are located on the mid-points of each edge, as shown in
figure 4.

We first begin by the Stokes problem, obtained by setting the density p to zero and the viscosity p to 1.
The norms of the errors between the numerical and the exact solution are displayed on figure 5; we observe a
first order convergence for the velocity and the pressure in respectively discrete H' and L2 norms, and a second
order convergence for the velocity in the discrete L2 norm.

We then turn to Navier-Stokes equations, setting p = 100 and g = 1 which, in view of the value of the
velocity, leads to a Reynolds number Re in the range of Rex 1000. We observe a noticeable loss of accuracy
for the pressure, the convergence of which is, as a counterpart, faster than 1 at high value of the mesh size
hp. For coarse grids, pressure oscillations are observed, which do not affect the velocity field; these pressure
oscillations do not appear for the Stokes problem, neither for the Navier-Stokes equations when using a mesh
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0.5

FiGURE 3. Coarsest mesh of the computational domain in clusters

TK

Gx

FiGURE 4. Exemple of clustered simplicial mesh, as used in numerical experiments.

based on rectangles (to construct such meshes, clusters are built first by a structured gridding of the domain,
then control volumes are obtained by cutting each (rectangular) cluster in four, along the lines joining the
mid-edge points). Once again, a first and second order convergence is obtained for the velocity in respectively
discrete H! and L? norms.
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FIGURE 5. Errors for the velocity and the pressure obtained for the Stokes problem, as a
function of the mesh parameter hp.

Finally, numerical experiments show that the accuracy of the results is almost insensitive to the stabilization
parameter A, provided that A > 0.1: indeed, for the studied Navier-Stokes case and an intermediate mesh
(hp =~ 0.02), only a difference of less than 20% on the magnitude of the errors is obtained when varying A up
to 10. For lower values of A, the accuracy of the pressure first deteriorates, then the velocity is affected; for
A = 0.001, the error is multiplied by 2 for the velocity and by 7 for the pressure. These results are quite different
when using a stabilization a la Brezzi-Pitkéranta, as previously proposed [14,15]: for low values of A, results are
equivalent with the present scheme but errors dramatically increase when A reaches the unity. This behaviour
was already evidenced in [5], where the calculated reattachment length of the flow beyond a backward facing
step was shown to be very sensitive to the stabilization parameter with the Brezzi-Pitkaranta variant and quite
unsensitive with the clustered scheme.

Further tests of the scheme analysed in this paper can be found in [5,6]. They include comparisons to
analytical solutions, for the Stokes problem, for Navier-Stokes equations (the classical Green-Taylor vortex test)
and for an incompressible anisotherm case, together with classical benchmarks, as the two and three dimensional
lid driven cavity or the backward facing step, up to more ”industrial” natural convection flows.

7. CONCLUSION

We presented and analysed in this paper a novel cell-centered collocated finite volume scheme for incom-
pressible flow problems. This scheme is shown to be stable and convergent for the Navier-Stokes equations;
moreover, we prove that it is first-order accurate in natural energy norms for the Stokes problem. Numerical
experiments confirm the analysis and show, in addition, that the scheme is still first order accurate for a high
Reynolds number problem; in addition, a second order convergence for the velocity in a discrete L? norm is
observed in any case. Unfortunately, these properties only hold for a particular class of meshes, the so—called
super—admissible meshes, which is rather restrictive in practice; getting rid of these limitations is clearly a topic
of interest for future work, and results in this direction have already be obtained [13].
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FIGURE 6. Errors for the velocity and the pressure obtained in the Navier-Stokes case (Re
~1000), as a function of the mesh parameter hp.

One underlying argument of this analysis is that the pair of discrete spaces associating the classical cell-
centered approximation for the velocities and cluster-wide constant pressures is inf-sup stable; to our knowledge,
this is the first result of this type for finite volume collocated discretizations.

The present work is already extended in practical applications to unsteady problems, also involving heat
transfer, either within the framework of the Boussinesq approximation or using the more general asymptotic
model for low Mach-number flows [5,6]. These problems should deserve more attention in the future, both from
a theoretical point of view as for the design of efficient numerical solvers.

APPENDIX A. PROOF OF THE CONSISTENCY RESULTS
We begin this section by stating a trace lemma which will be used in the following developments.

Lemma A.1 (A trace inequality). Let o be a bounded measurable subset of an hyperplane of R3, x. a point of
R? located outside 0. We denote by dy._ , the distance from x. to o and by Dy 12 the volume defined by:
1
Da,l/Q = {tw + (1 —t):l}c, xeo te (5) 1)}
Let v be a function of H' (D, 1/2). Then the following bound holds:

1
[vllL2() < V10 7 [vllL2(p, . 0) + ho|VOlL2(D, | ) (52)

where hy = diam(o) + dq, o
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DU,l/Q

dmcva'

FI1GURE 7. Sketch of the geometrical configuration used for lemma A.1

Proof. Let o and x. be given, and v be a function of H' (Dg,1/2). Without loss of generality, we suppose that
o is a part of the plane (') = 0 and that @, is located at (—dg,.5,0,0)t. Let us define the following mapping:

[0,1] xo — Dga

F
(t,y) — x=ty+(1—1t)x.

where D, is the range of F' (see figure 7). This mapping is regular and we have: dz = t?d,_, dtdy(y). In
addition, the following elementary geometrical relation holds:

iE(l) + dmc_g dmc.n
t = 7dmc,n , and dtdy(y) = —(ac(l) o)’ dx
For any y on o, we have:
g
o(y)? = / 9 (2t — 102 (F(t, )] dt
=2 / A(F(t,y) dt +2 / (2t — 1) [Vo(F(t,y)) - (y — zo)] v(F(t,y))dt
1/2 1/2

Integrating on o, we thus get:

/{71)(y)2 dv(y) = 2/”/1;2 v} (F(t,y))dtdy(y)

T
+2 / / (@2t 1) [Vo(F(t,9)) - (y — zo)] v(F(t)) dtdy(y)
oJ1/2

T
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On one hand, the first term of this relation can be estimated as follows:

d
T =2 v(r)? ——=222 (g
' /D, @) G0+ d

AsVx € Dy, 12, x> —dg. +/2, the following inequality holds:

e, 4
Ve € D, /9, =
x 1/2 (V) +dg, 0)? ~ dp.o
and thus:
8
|T1| < d HU”%P(DgJ/z)

T ,0

On the second hand, as V& € D, 12, || — x| < diam(o) + dg, o = ho, the term T3 can be bounded by:

Ty <2h, / / VUEG I )] dir o)
dmc,o

—2h, IVo@)|| |o(@)] —p 2l d
8 Do.1/2 (m(l) + dmcﬂ)Q
< o [Volliao, ) lollzo, 10

Collecting the bounds for T7 and Ts, we get:

8
[olao) < (o2, , ) + o V002D, 000 [0l 0,00
T

C?U

and thus, thanks to Young’s inequality, we obtain Vo > 0:

[0lf2(0) <

o 1
< o | DR, 12 5 1900, )
Choosing o = 1/2 yields the result. O

In two dimensions, extending to this case the preceding notations, the following similar estimate is proven
in [24]:

1/2
Mg
lolhoto) < V2 (52 ) " [lolhaco, ) + hel Voo, ] (5%

o,1

We recall the following Poincaré inequality, proved by Payne and Weinberger [21] and valid for any convex
domain w:

diam(w)

V¢ € H'(w) such that / d(x)de =0, |[[¢]lr2w) < |lE (w) (54)

™

We are now in position to give a bound of elementary (i.e. related to a single edge or control volume)
consistency residuals; this is the aim of the following two lemmas.

Lemma A.2. We suppose that the assumption (2) holds. Let D be an admissible discretization of Q0 in the
sense of definition 3.1 and let 0 > 0 be such that regul(D) > 0. Let v be a function of H?(Q) NH{(Q). Then the
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following bounds hold:

[ > h (P

K 8.1. 0€&(K)

Vo € (gint U gext)v |RA,(T(U)| <ca 1/2 ,3/2 |U|H2(Dg) (55)
me = dy

VK € M, |Ro k()] < o hie mz? |0]lu2(x) (56)

where the positive real numbers ca and c, only depends on d and 6. In addition, if the mesh is super—admissible
in the sense of definition 3.2, we have:

[hr + hp)?

Vo € &int, 0 = K|L | Raiv,o (V)] < cdiv W

|vlm2(D,) (57)

where the positive real number cqiv only depends on d and 6.

Proof. By definition of Ra +(v), the bound (55) is proven in [10, pp. 786-789], and a stronger version of the
estimate (56) is given in [18, lemma 3.3, equation 3.26]. We now turn to the proof of (57). By definition of
Raiv,o, this bound is equivalent to:

dro dr,o 1 [hK + hL]
1 () + B2 v(en) — o [ (@) (@) < e TS oo, (58)

Let v be now a function of C?(D,). The two following Taylor expansions hold for any x of ¢ = K|L:
1
v(rg) =v(x) + Vu(z) - (xx — ) —|—/ [Huv)(te+ (1 —t)ex)(rx —x)] - (xx —x)tdt
0
1
v(zr) =v(x) + Vo(z) - (xr — @) +/ [Hw)(tx+ (1—t)zp)(xr — )] (L —x)tdt
0

where H (v)(x) is the Hessian matrix of v at point .
Multiplying the first relation by dr, »/ds, the second one by dk »/d,, summing, integrating over ¢ and dividing
by m, yields:

Ao .o | 1 i dico
L2 o(an) + T v(er) = - [ @) di@) + o [ Vele): (@6 - ) dr(@) + 5 Rio + S Ru

dO’ o mO’

Ty

d (oa g . .

;’ Tx g x, is the mass center of o, thanks to the fact that the mesh is assumed to be
(o2 g

super—admissible, and:

where g =

Ko _m // )(tx + ( 1_t)$K)(wK_w)]'(mK_il’)tdtd’y(m)
L,o _m // tﬁc-f— 1_t)mL)(mL_m)]'(wL_SU)tdtd’y(m)

The following bound of these quantities is given in [10, pp. 786-789]:

h? h?
|RK,U| < Clm |U|H2(DK,G), |RL,0| < C1m |U|H2(DL,{,)



36 TITLE WILL BE SET BY THE PUBLISHER

where ¢; only depends on the space dimension d. On the other hand, we have:

mU/Vv (xg — =) dy(z m{,/v (@) - (z¢ — =) dy(z)

for any linear polynomial p(-). Using the Cauchy-Schwarz inequality then the convenient trace lemma, i.e.
choosing either K or L and applying (53) for d = 2 and (52) for d = 3, both with @, equal to &k or x, we
obtain:

maX(hK,hL)
T < —=5 IV =D)llz@
meo

. max(hg, hr) 1 [
= C2 m};/Q maX(dK,mdL#T)l/2

V(v = p)llL2p,) +max(h, hr) [vlaz(p,)]

where ¢y only depends on the regularity of the mesh. Choosing for p(-) the function defined by:

d

p(@) = Zw(z mD/ 81:() (@) de

=1

and applying the Poincaré inequality (54) concludes the proof.
U

Lemma A.3. We suppose that hypotheses (2) holds. Let D be an admissible discretization of ) in the sense
of definition 3.1 and 6 > 0 be such that regul(D) > 0. Let v € H'(Q). Then, for each edge o of the mesh and
each control volume K such that o C K, we have:

— / o(@) dy(@) — Pr(v)xc| < ¢

Mo

1/2
—] ol e (59)

where ¢ only depends on d and 6. Consequently, for each pair of neighbouring control volumes K and L of the
mesh, the following estimate holds:

1/2
|PM(’U)L — PM(’U)K| <2c [7] |'U|H1(KUL) (60)

Proof. The results (59)-(60) are proven for d = 2 in [10, pp. 777-779]. We provide here a proof of this latter
estimate valid for d = 2 and d = 3. Let ¢ be an edge of the mesh, K one control volume such that ¢ C K and
v a function of H'(K). We have:

1 1
R=Pu()i— o [ @) dr@) = o [ (Pl - oe)) dr(a)
By the Cauchy-Schwarz inequality then the estimates (53) (for d=2) or (52) (for d=3) with x. = xx, we get:
Bl < —75 v = Pra()clliee) < &1 ——75 [l = Prm()xl] + || Vollee )]
i MmOl < e g =i M) K |2 (k) + i L2(K)
and thus, by the Poincaré inequality (54):

hi
|R| < c2 W VoL
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where both ¢; and ¢y only depends on d. The estimate (59) follows using regularity assumptions for the mesh;

inequality (60) is then an easy consequence of this result and the triangle inequality.
O

Corollary A.4. We suppose that hypotheses (2) holds. Let D be an admissible discretization of ) in the sense
of definition 3.1 and 0 > 0 be such that regul(D,G) > 6. Let v € HY(Q). Then the following bounds hold:

[ Z hK]l/Q

K 8.1. 0€&(K)

Vo € (Eint U Eext)s |Rgrad,M,n| < g M mflf/z |U|H1(UK 5.t aes(K)K) (61)
hi + hi]*?
Vo € Ent, 0= K|L |Rstab,./\/l,(7| < Cstab % |U|H1(KUL) (62)
me
1 7/2
Yo € (5int U gext)v |Rgrad,g,a| < Cg.G [Krél(aé{”)(hl() m_0:| |’U|H1(Cu) (63)

where the three positive real numbers cg am, Cstab and Cg,g only depend on d and 0 and, in the last relation, G,
and C, are defined as follows:

—ifo € Eng, 0= K|L, then G, = Gx UG and C, = UMG(GKUGL)M7

—if 0 €E&ext, 0 €EE(K), G, =Gk and Cyp = Uprec, M.
Note that, if o is an internal edge of a cluster, Gx = G,.

Proof. The estimate (61) is the same relation as (59) for an external edge or (60) for an internal one. The
bound (62) follows directly from (60). Let us prove the estimate (63). Let o be an edge of the mesh and K a
control volume such that o € £(K). First, we suppose that ¢ is an external edge of the mesh. By definition,
we have:

1 1
Ryracgo] = |m /ULEGK @) do — — /Uv(a:) ()|

LeEGK
Decomposing the first term, we get:

my, 1 1

Ranagal =1 3~ [v@)de - = [ (@) dr(a)

Leox ( Z mp) ML JL Mo Jgy
LeGk

_ _me L I

LeEGK

+mLK/Kv(w)dw—mia/av($)d’Y($)|
T

The latter difference T% is bounded by (59), and, if K can be chosen such that, for each L in Gk, K and L are
two neighbouring control volumes, each difference Tk r, in the sum is bounded by (60); otherwise, this difference
may be decomposed in a sum of differences of the mean value of v(-) over two neighbouring control volumes,
the number of terms of this sum being bounded by the number of control volumes in the cluster Gx. This
completes the proof of (63), in the case where o € Eext. When o is an internal edge of a cluster, the quantities
Pg(v)k and Pg(v)r are identical, and the definition of Rgrad,g,s is the same as in the previous case. Finally,
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when ¢ is at the boundary of two clusters, the bound (63) follows from the same argument, using the triangle
inequality. t
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