N

N
N

HAL

open science

Characterization of bounded uncertainties

Olivier Adrot, José Ragot, Jean-Marie Flaus

» To cite this version:

Olivier Adrot, José Ragot, Jean-Marie Flaus. Characterization of bounded uncertainties. Complex
Systems Intelligence and Modern Technological Applications, CSIMTA, Aug 2004, Cherbourg, France.

pp.CDROM. hal-00530400

HAL Id: hal-00530400
https://hal.science/hal-00530400

Submitted on 9 Apr 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00530400
https://hal.archives-ouvertes.fr

CHARACTERIZATION OF BOUNDED UNCERTAINTIES

0. Adrot*, J. Ragot*, J-M. Flaus*

* Laboratoire d’ Automatique de Grenoble - UMR 5528
ENSIEG, BP 46, 38402 St Martin d’Héres Cedex, France
E-mail: {Olivier.Adrot, Jean-Marie.Flaus} @lag.ensieg.inpg.fr

¢ Centre de Recherche en Automatique de Nancy - UMR 7039
ENSEM, 2, avenue de la Forét de Haye, 54516 Vandceuvre-lés-Nancy Cedex, France
E-mail: Jose.Ragot@ensem.inpl-nancy.fr

Abstract. Parameter estimation based on set-membership
approach is a non-probabilistic method for characterizing
the uncertainty with which each model parameter is
known. Only a class of uncertain static models containing
several input-output relations is considered in this paper.
Every equation error is bounded while parameters
fluctuate inside a time-invariant domain represented by a
zonotope. The proposed method helps to find the
characteristics of this domain by taking the couplings
related to bounded variables common to model output
equations into account.

Keywords. Uncertain model, interval, estimation theory.

1 Introduction

This paper focuses on a set-membership parameter
estimation computing the bounds of the uncertain
variables occurring in a model, such that this one explains
a given data set. This model is affected by uncertainties on
both the additive equation error and multiplicative model
parameters. The equation error is assumed to belong to an
orthotope while parameters fluctuate inside a time-
invariant bounded domain. The objective of this paper is
to characterize this domain and to extend the method
detailed in [1] to models containing several input-output
equations. In this way, the study of all couplings between
model equations due to bounded variables (called
common variables) appearing in several relations at once
is justified in the next [2], [3].

This paper is organized as follows. The section 2 reminds
the context of this work and the principle of a
characterization procedure. The problem formulation
concerning a model composed of several input-output
relations is detailed in section 3. A solution based on the
generation of strip constraints due to the elimination of
some common variables is presented. At last, an example
illustrates the proposed method in section 4.

2 Principle

The set-membership parameter estimation started in the
eighties and was originally designed to deal with a
discrete-time model characterized by an unknown but
bounded equation error. To summarize, this problem
amounts to the determination of the set of parameter
values called Feasible Parameter Set (F.P.S.). In others
words, each point of this domain explains all the available
observations which are consistent with data, bounds of the

equation error and the model structure. Models linear in
uncertain parameters lead to a theoretic F.P.S. in the form
of a convex polytope. At first, the objective consists in
circumscribing this domain by a simpler form as an
ellipsoid [4] or an axis-aligned orthotope [5]. Later, the
objective consists in exactly determining the F.P.S. by
working on polytopes [6], [7], [8]. The next step takes
bounded noises on model outputs [9] and on both sensor
observations and equation error [10] into account. In case
the model is dynamic, the F.P.S. is no more a convex
polytope and only an approximation can be determined
[11]. Moreover, the set-membership parameter estimation
can be viewed as a set-membership inversion problem
[12]. A paving method is used in order to compute an
overestimation of the F.P.S. Some of these works are put
together in [13].

As explained later, the problem considered in this paper is
different. Time-variant uncertain parameters are defined
by random variables with bounded realizations and the
objective is to characterize the time-invariant domain in
which they fluctuate. In fact, the proposed method is a
non-probabilistic technique for determining the inaccuracy
with which each model parameter is known. At first, if &
is a bounded vector, then S(6) designs the value set of &

corresponding to the set of all admissible values of 8.

Only structured models linear in uncertain parameters and
measurements (topped with the tilde symbol) are
considered. The term “structured” indicates that uncertain
parameters are localized in mathematical model equations.
Moreover, at the time k, these ones are represented by the
bounded vector ;. By using analogous notations to those
detailed in [1], the output vector y; obtained at the time £,
Vke]l,.. h}, is given as:

yk = )~(k0 +Ek yk GIRm, yk,i eR
. ~:T . Xk ERmXp, 'ik,i EIR‘D . (1)
Vii |=| %ki |0 +| ki | g, eR?,

& €R" & ; eR

The scalar & defines the i™ independent equation error
and corresponds to a bounded variable comprised between
—0.; and J,;, where 55,1~EIR+ is assumed to be chosen by
users for instance. Thus, the value set S(¢) of the vector &
is an axis-aligned orthotope. The term %, ; represents the
regression vector (composed of measurements) associated
with the i™ model output y;,. Then, let us consider a data
set y,, ke{l,...,h}. The aim is to determine the



characteristics of a domain S(6) (center, range) such that
Fr=X.0, + &, with .€5(0), g€ S(¢). In others words, the

problem is to characterize S(6) such that at each time :
Vi e S(X’ké’k +&, )with 6,e5(0), g,es(¢) (figure 1).

In order to simplify explanations, only the i™ equation of
the model (1) is considered in the rest of this section.
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Fig 1.  Principle of a characterization procedure

It leads to both following inequalities:

~ T
J’kt 551 —xkiek Vkell,.. h}. @)
XL O < Tpy+0,,

This system generates at each time & a pair of half-spaces
D, and D, whose frontiers define two parallel

hyperplanes in the parameter space:

2, ={9’EDO / Vi §gl_xk,l»0’} {0 €Dy /x,”& <Yy i+, }

where D, is the domain of investigation (taken as a simple
orthotope). Since 2, "D, =@ at each instant k by

construction, then it must always exist at least one element
8. of 5(6) satisfying the pair of inequalities (2). The
intersection of several half-spaces being convex, both
following domains are convex too:

h h
2 :ﬂgk . D :ﬂék :
k=1 k=1

If S(6) exists, the domain s(8)n2, (5(8)nD,) defines
the value set of 8" (8") leading to a major 3, ; (minor

Y ) of the measurement y, ; at each instant £:
=k, 4

_ ~T _ -
Vki =xk19'+5 o Vi 2 Vi

w1th SO N ke{l,. R},
Vi —xklé’" ki S ki t !

In this way, all constraints (2) are satisfied if:
5(60)nD, =D and 5(0)nD, =D . 3)
Now, let us assume that a nominal (invariant) value 6, of

8, is known. Otherwise, 6. can be obtained by using an
estimator minimizing some a-norm of the equation error:

o.=go] S, -0

Then, let us consider the error & in the sense of the

)

infi

infinite norm:

Eimgi(0c)= i efgaxh}(‘f’k,i -,

If o, >5mf,(t90), then at least one value of the

parameter vector (for example @) satisfies all the 24
inequalities (2). This case corresponds to the
determination of the Feasible Parameter Set noted 2y,. In

this way, D, "D, #Q and this intersection gives all

invariant parameter vectors @, each of them explaining all
available observations y; ;, ke {1,...,h} (figure 2).

If 6, <£,,,f,(6’c), no constant solution exists since 2,

and 2, have no common point (the 2/ constraints (2)

cannot be simultancously verified). In this case, the
method proposed in [1] consists in finding a time-
invariant convex zonotope S(6) satisfying (3), in which 6,
fluctuates such that all the 24 constraints (2) hold. The
idea is to add to the nominal value 8., in fact the center of
5(6), some time-variant uncertainties explaining the

observation y; ; (figure 2). The zonotope S(6) is defined
by:
6, =0,+ATyv;, vy €RY, Ty eRP*I, 1 eR™, o] <1. 4)

The normalized bounded vector v, which represents
mutually independent bounded variables, is assumed to be
independent from the equation error & ;. The chosen

matrix 7 and the computed scalar A impose respectively
the shape and the size of S(6). In order to increase model
accuracy, S(6) must be the smaller domain centered on 6,
and containing at least one point of 2, and another one of

5;, according to its shape imposed by (4) [2].

5 <gmf1(00)
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Fig2. Influence of the bound & i

To conclude, if §,;>&;,/;(6.), the error between y; ;

and xk,,-BC is contained in the equation error, what leads to

A=0 and to compute the F.P.S. Each of its points satisfies
all inequality constraints (2), which is restrictive for a
model. If parameters can fluctuate inside the F.P.S., they
can also be taken as time-invariant (i.e. certain)
parameters. Otherwise, if &, <&;,/;(6,), the value of 1 is

different from 0 and the parameter vector 6, necessary
becomes uncertain and time-variant since no constant
point of 5(6) can verify all considered constraints at the
same time. This explains the difference between set-
membership parameter estimation and the work proposed
in this paper about -characterization of bounded
uncertainties.

3  Characterization procedure

3.1 Basic solution

By using the relation (4), the output vector y; of the model



(1) is expressed as:
yk=X~']ngc+ﬂX]zTol)k+3k. (5)
In the paper [1], authors proposed a solution in order to

compute the coefficient 4 (when 6. and o, ; are fixed)

such that the obtained single output model most precisely
explains all the observations on the time horizon /. The
same method is here applied by considering individually
the m equations (i.e. the m single outputs y; ;) occurring in

%)

~T ~T .
yk,i = xk,lﬂc + ﬂxk,l-Tol)k + 5k,i , 1 E{l,' . ~,m} . (6)
The principle consists in expressing S(y;), in others
words s(fc,{ 0.+ /132,{, Tovy+ gk,,-) , by using interval

analysis [14], [15], what leads to m two-sides inequalities
at each time ke {1,...,h}:

T T T
—/1”xk,iT0H1 =04 S Vi — X0, < /1”xk,iT0H1 +0.- (7)

In order to be consistent with (6), every observation j, ;
must belong to S(y;;) by verifying (7). Thus, 4 must
satisfy the following inequality for ke{l,...,h},
ie{l,...,m}:

~T ~T ~
Vi —X1,i0 —0gj X160 —Vi, —0gj

A>maxq0,—
’ ~T ’ ~T
L A % )

Only the most accurate of models (1) interests us. Since
the scalar A imposes the size of S(6) and adjusts model
uncertainty, the most precise model, which corresponds to
the smallest domain S(6), is obtained by minimizing A:

~ =T
‘yk,i =X i0.|—0;
A= sup {max| 0, —
ke{l,.‘,h} ka,iTO ‘
iel,...m} 1

3.2 Dependence problem

The dependence phenomenon met in interval analysis
follows from couplings between model equations due to
common bounded variables. Assume that a vector field @
depends on a bounded vector v: @=f(v). If no component
u; of v intervenes in several functions &, of @ at once, that
is to say if every component of @is independent according
to v, then S(6) is an axis-aligned orthotope (or box).

If at least one variable v; is common to several functions
6, the shape of 5(6) is modified because of couplings
between these & [3]. Since only models linear in
uncertainties are considered, S(6) corresponds necessarily
to a convex zonotope [16]. It is included in its axis-aligned
circumscribed orthotope, noted O5(6), which corresponds
to the smallest box containing S(6). In fact, the domain
O.5(6) is built by assuming no variable is common, that is
to say by treating independently each function 4.

For the treated problem, it is important to notice that the m
single model outputs y;; defined in (6) are linked through

some components of the bounded vector v, at the time £.
Unfortunately, the basic method does not take couplings
between these outputs into account. Therefore, S(6) is
computed such that the measurement vector y; belongs to
the axis-aligned orthotope [S,(y;), instead of the
zonotope S;(yr) defining the true set of feasible output
vectors according to S(6). More exactly, since S;(yx) is
included in OS,(y;), y; does not necessarily belong to

S,(yy); therefore, our objective is not reached.

4
WiD)

2
Os; (y)

%) yk,1=
-2 2

Fig3. Domains S,(y;) and O5;(y;)

In practice, since O.S,(y;) is an overestimation of S,(yy),
using the former domain increases the inaccuracy of the
model, and thus reduces the quality of the procedure based
on this one. For example, in fault diagnosis [2], [16], [17],
[18] where 5() makes it possible to define the set of all
feasible behaviors of the monitored system, working on
Os() instead of S() increases the number of no-
detections. But, in order to be able to use S(), the
characterization procedure must take couplings between
common variables into account. Taking them into
consideration only in the following step (as a fault
detection procedure) is not sufficient. That is the reason
why the following section proposes a multi-
characterization procedure well suited to models
composed of several output relations.

3.3 Improved solution

The objective consists in taking the couplings between
model output equations into account. In fact, the shape of
S,(yy) is influenced by all common variables and since yy
is linear in the bounded vector u; (5), this domain is
necessarily a convex zonotope. In other words, it is a
convex polytope obtained by the intersection of half-
spaces delimited by two by two parallel hyperplanes
defining a strip constraint S; (figure 3). The method
proposed in [17] to construct such a domain consists in
determining some combinations of the model output
equations (6) making it possible to eliminate at least one
common variable v;, je{l,...,q}. This procedure
generates the strip constraints S;, which describe the
relationships between all output relations and define the
Cartesian equation of the frontiers of the zonotope.

For example, let us consider the following model:

EARHEE A

By working individually on each single output y;; and by



using interval analysis, the following two-sides
inequalities describing the box O.5,(y,) are obtained:

—ZSyk,ISZ
_2Syk,2 <2

Moreover, two linear combinations of both components
.1 and y,, make it possible to eliminate respectively each
common variable v and vy ,:

Vidt V2 =201 o |25Vt 2 <2 5
Vi1~ V2 =20 2y 1= kp <2 5,

The intersection of both strip constraints S; and S,
described by previous two-sides inequalities with .S ,(y;)
gives the zonotope S;(y;) on figure 3.

The method proposed in the following for automatically
computing all inequalities associated with strip constraints
is based on the results detailed in [17]. By using the model
(1) and the expression of 6, (4), the matrix MyA)
associated with the bounded vector vy is defined:

Vi — X6, =& + My (A)v, with M(2)=2X,T,.  (8)

The matrix M(A) is assumed to be full row rank;
otherwise, redundant equations of (5) are eliminated since
they do not give more additional information. At the time
k, the elimination procedure consists in determining all the

combinations ¢;, i e{l,...,¢721_1 } of m—1 indexes among

q. A matrix defined by:

My (2)=[my;, (2) -~ my; (D)) <en

composed of m—1 columns of Mj(1), whose indices
correspond to the combination ¢;, is created. If M (A1) is
full column rank, a row vector h,f ; 1s computed such that:

M (2)=0.

In fact, due to the particular structure of My(A), the
parameter A does not modify the rank of M) (1) when it is
different from O (i.e when some parameter uncertainties
exist). Since A is unknown during this step, the projection
vector Ay ; is found by imposing arbitrary A=1 and working
on M, (1) instead of M, (1).

In fact, the vector h;; describes one linear combination
of outputs y;;, i€ {1,...,m} making it possible to eliminate
all the common variables, whose indices belong to c;.

After multiplying (8) by h,Z ;» interval arithmetic is used to
express the following two-sides inequality:

T
- ‘hk,i

53_”h1{,iMk(/1)Hl Shl{,i<yk_)2kac)ﬁ--- o

with S(gk):[—é‘g,é‘g],with 552[“' S, ]T

At the time £, the expression (9) defines one of the strip
constraints S; describing S,(y) (excepted those common
with O5,(y;) previously given by (7)). In order to test if

the sensor vector belongs to the value set of the unknown
output vector, y; is replaced by y, in (9). Let n; be the

number of the obtained strip constraints, then A verifies:

nEs (31 - X0, )|l
A > max<0, o S
i)
Vke{l,-, h}
Vie{l,-'-,nk}'

At the time £, the parameter A has to verify an inequality
system composed of the m constraints (7) and the n; other
ones (9). By assuming that the coefficients 6. and &, are
fixed, the optimal value of the parameter A corresponds to:

}k,j _"NCIZ;,‘I‘BC _6€,j
A= sup max|0,--
e J&£.m|
kegl,m,h} k.jrol, ) (10)
je l,w,m% T/~ B r
el ‘hk,i(yk _ngc) _‘hk,i S,
x|
hy; AVk2
f i 4] 1 %0
h . X,0.
S R ki kYe i
%’% &M () ‘1 i X6,

Fig4.  Width of a strip constraint S;

In this way, every observation y, belongs to all strip
constraints defining S;(y;). Moreover, if the center 8, and

the bounds &, are a priori fixed, the most precise model
with respect to the data set is obtained since parameter
uncertainties are minimal.

To conclude, it is possible to optimize the (p+1+m)-tuple
of coefficients (6.,4,8,) if a criterion J is chosen. Thus, the
chosen solution is the sum of the widths wy, of all the
strip constraints of S,(y;) (figure 4) given by (7) and (9):

wk)j(ﬁg,/t)ZZé'g’j+2/1“i:,€jT0“1, Vel m),

i (82.2) = 2|

5g+2“h,{[)~(kTOH A, Vie{lm)
’ 1

On the horizon 4, the criterion J becomes:

ny+m

D wii(8,,4). (11)

h
J =
k=1 i=l

Even if 6. does not appear in (11), J depends implicitly on
it by means of constraints (9) to be satisfied since the
value of . directly influences the parameter A as shown
on the figure 2. In fact, this is a well-known linear
optimization problem under linear inequality constraints.



< Differen.t Vqlues of]
the criterion J

l

Convex polytope 2 due
to inequality constraints

Solution minimizing J given
by one vertex of 2

Space (6,.6,,1)

Fig 5.  Linear optimization problem
4 Example

For example, consider the following “physical” system,
whose “sensor” outputs are simulated on the time horizon
h=100 and are represented by symbols “+” in figure 6:

Vi1 |_[07,[0.8 12T k1] [ k1] 6.:=02
|:)7k,2:|_[0]+[1 —1}[')/(,2}[8/(,2}1'6{1,2} ' (12)
The model used for the characterization procedure is
slightly different and is given as:

Vi1 |_|0 11| okr |, | &ka | 06i=01
[yk,z}_[o}ﬂi[l _J[Uk,2}+{5k,2}i€{l’2} - 19
o= -

6. T,
which corresponds to the following constraints:

yk,l -0.1< /?'(Uk,l +Uk,2 ) < yk,l +0.1

. 14
yklz—O.IS/l(uk,l _Uk,Z)Syk,Z +0.1 ( )

In a general manner, the time-variant regression matrix
X, depends on measurements, and thus the size and the
shape of S,(yi) change at each time & on the time horizon
h. In this example, X, is reduced to the identity matrix in
order to simplify the representation of S,(y;). In this way,
this domain is time-invariant and only one value set is
drawn for the whole time horizon #; thus it is easier to
verify if all the observations y, belong to S,(yx).

4.1  Basic method

At first, the basic method is applied to previous relations
(13) and gives the following result: 1=0.98, what leads to
both domains 05, 3(y;) and S;—99s(y) drawn in figure
5.

Measurements situated outside S ;-0 og ( yk)

0% I N = — —

2 S2=0.98 (1) 4 %—F“WO'QS(M)
s \;\ R\ X
3 T) /' + #
= B L
2 g p Aﬁﬂi+ 1,
5g 0 _:{ + H# )i
T I NN ’
g3 N
i LI P X
E i ++ ++ //
S Y A

2 PN

2 -1 0 1 Yk
Fig 6.  Results of the characterization procedure

Measurements belong to the axis-aligned orthotope
Os;-0.0s(yx) but, as expected, some of them are not inside
the characterized zonotope S;-0s(yx). Due to the structure

of the matrix T, both bounded variables vy ;, ie {1,2}, are
common, that is the reason why some dependencies exist
between both equations (13).

The value set associated with the simulated model (12) is
also represented. Because of the limited size of the data
set, if all measurements are logically found inside this
domain, none of them is located on one of its frontiers
since the number of points is low.

4.2 Improved method

Let us consider the model (13) used for the
characterization procedure. Two linear combinations of
both components y;; and y;, make it possible to eliminate
respectively each common variable v, and vy ,:

Vi1t Vi =240+ e &k (15)
Vi1~ Vi =240 &1 — &k’

what leads to the following two-sides inequalities:

{yk,l +yk,2 —02 < Z/h)k,l < yk,l + yk,2 + 02 (16)

Vi1 = Vk2 022405 5 S yp i~y p 027

Let us notice:

o 11
Mk(/I):AXkTO:}L[l _J.

The numeric algorithm reminded in section 3.3 makes it
possible to generate systematically expressions (16). At
first, the combinations c;, ie{l,...,CZ’fl} of m—1=1
index among ¢g=2 indices are determined. In our case,

one index among the set {1,2} gives two combinations
ci={1} and ¢,={2}. For each combination c;, if the matrix
composed of the columns of M (1), whose indexes

correspond to the elements of ¢;, is full column rank, then
a vector h; orthogonal to this matrix is computed.

Numerically, the following results are obtained:

T
B =[1 1], yi1=iep =200 + &1 — &2

T
By =[11],  yei+Yk2 =240 + 61 + 62

which corresponds to previous expressions (15). At the
end, by replacing y; by y; in (14) and (16), the following
two-sides inequalities must be satisfied at each time &:

)7]()1 -0.1< ﬂ’(Uk,l + Uk)z ) < j}k,l +0.1

.):/k,z —E)l < E(Uk,l _Uk,2 ) S~)~}k,2 +~0.1 )
):k,l +)~/ka -0.2< 2/11)](’1 < -)ikvl + .)ik’z +0.2
Vi1 =Yk 025205 5 < yp i =Yg p +0.2

According to (10), the constraints to be respected are:

A= sup {max 0’|fk,1|_0~1,|fk,2|_0~1’m
ke{l,....h} 2 2

|J7k,1 + k2 | -0.2 |)7k,1 k2 | =02
: , >




The value of the parameter A is 1.08. Moreover, zonotopes
S,-1.08(7) and S,-9.03(yx) are represented in figure 7.

The farthest measurement imposing the value of 4

Vk2 PN Sa-0.98 (Vi)

Value set associated with the
simulated model

-2 -1 0 1 Vi1
Fig7.  Results of the multi-characterization

As expected, S;-;03(y) contains all measurements. For
the imposed values of 6. and J,; ie{1,2} (13), the
characterized model is the most precise one since a
smaller value of A leads to some measurements, which
cannot belong to S;(y;). The difference between S, o3(¥x)
and the value set associated with the simulated model is
due to the small number of data samples and the different
values of the matrices T, used in (12) and (13).

Now, let us consider another simulation. The matrix T, of
the characterized model (13) is the same as the one of the
simulated model in order to easily compare the obtained
results:

0.8 1.2
Vi :00+ﬂ“|: 1 _1:|Uk + & - (17)

The (2+1+2)-tuple of coefficients (6.,4,0,) has to
minimize the precision criterion (11). The data set is
composed of 5.10° measurement vectors 3. By assuming

that both bounds J,; are equal, the results are given as:

[~11072
6, = Iy , 2=098 and 5, =0.19. (18)

The difference between (18) and the theoretic values:

0
6. = 0}, A=land 6., =02,

is due to the finite size of data samples. Despite of this
difference, the model (17) with estimated parameters (18)
fully explains all measurements.

5 Conclusion

An algorithm for characterizing uncertainties in static
linear models containing several output relations is
proposed. The main contribution of this work concerns the
taking into account of the couplings between bounded
variables, which impose the shape of the studied value set.
A precision criterion is defined in order to compute the
most precise model. The proposed technique may be
extended to dynamical systems provided that they are not
represented by a recursive form. Moreover, it is possible
to apply different weights A; to each column of the matrix

T, and thus to adjust the shape of the value set S(6).
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