
HAL Id: hal-00530145
https://hal.science/hal-00530145

Preprint submitted on 27 Oct 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Asymptotic normality of the Parzen-Rosenblatt density
estimator for strongly mixing random fields

Mohamed El Machkouri

To cite this version:
Mohamed El Machkouri. Asymptotic normality of the Parzen-Rosenblatt density estimator for
strongly mixing random fields. 2010. �hal-00530145�

https://hal.science/hal-00530145
https://hal.archives-ouvertes.fr


❆s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ P❛r③❡♥✲❘♦s❡♥❜❧❛tt

❞❡♥s✐t② ❡st✐♠❛t♦r ❢♦r str♦♥❣❧② ♠✐①✐♥❣ r❛♥❞♦♠ ✜❡❧❞s

▼♦❤❛♠❡❞ ❊▲ ▼❆❈❍❑❖❯❘■✱

▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❘❛♣❤❛ë❧ ❙❛❧❡♠

❯▼❘ ❈◆❘❙ ✻✵✽✺✱ ❯♥✐✈❡rs✐té ❞❡ ❘♦✉❡♥

♠♦❤❛♠❡❞✳❡❧♠❛❝❤❦♦✉r✐❅✉♥✐✈✲r♦✉❡♥✳❢r

❖❝t♦❜❡r ✻✱ ✷✵✶✵

❆❜str❛❝t

❲❡ ♣r♦✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t♦r ✭✐♥tr♦❞✉❝❡❞

❜② ❘♦s❡♥❜❧❛tt ✭✶✾✺✻✮ ❛♥❞ P❛r③❡♥ ✭✶✾✻✷✮✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ st❛t✐♦♥❛r② str♦♥❣❧②

♠✐①✐♥❣ r❛♥❞♦♠ ✜❡❧❞s✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ▲✐♥❞❡❜❡r❣✬s ♠❡t❤♦❞ r❛t❤❡r

t❤❛♥ ♦♥ ❇❡r♥st❡✐♥✬s s♠❛❧❧✲❜❧♦❝❦✲❧❛r❣❡✲❜❧♦❝❦ t❡❝❤♥✐q✉❡ ❛♥❞ ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥ts

✇✐❞❡❧② ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ♦♥ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❢♦r s♣❛t✐❛❧ ♣r♦❝❡ss❡s✳

❖✉r ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ♦♥❧② ♠✐♥✐♠❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜❛♥❞✇✐❞t❤ ♣❛✲

r❛♠❡t❡r ❛♥❞ ♣r♦✈✐❞❡s ❛ s✐♠♣❧❡ ❝r✐t❡r✐♦♥ ♦♥ t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤

❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❜❛♥❞✇✐t❤✳

❆▼❙ ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥s ✭✷✵✵✵✮✿ ✻✷●✵✺✱ ✻✷●✵✼✱ ✻✵●✻✵✳

❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✿ ❈❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✱ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t♦r✱ str♦♥❣❧②

♠✐①✐♥❣ r❛♥❞♦♠ ✜❡❧❞s✱ s♣❛t✐❛❧ ♣r♦❝❡ss❡s✳

❙❤♦rt t✐t❧❡✿ ❑❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s✳

✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧t

❚❤❡ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t♦r ✐♥tr♦❞✉❝❡❞ ❜② ❘♦s❡♥❜❧❛tt ❬✷✵❪ ❛♥❞ P❛r③❡♥ ❬✶✽❪ ❤❛s r❡❝❡✐✈❡❞

❝♦♥s✐❞❡r❛❜❧❡ ❛tt❡♥t✐♦♥ ✐♥ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t✐❡s ❢♦r t✐♠❡

s❡r✐❡s✳ ■❢ (Xi)i∈Z ✐s ❛ st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❛ ♠❛r❣✐♥❛❧

❞❡♥s✐t② f t❤❡♥ t❤❡ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t♦r ♦❢ f ✐s ❞❡✜♥❡❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n



❛♥❞ ❛♥② x ✐♥ R ❜②

fn(x) =
1

nbn

n
∑

i=1

❑

(

x−Xi

bn

)

✇❤❡r❡ ❑ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧ ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ bn ✐s ❛ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❝♦♥✈❡r❣❡s

s❧♦✇❧② t♦ ③❡r♦ s✉❝❤ t❤❛t nbn ❣♦❡s t♦ ✐♥✜♥✐t② ✭t❤❡ ❜❛♥❞✇✐❞t❤ ❞❡t❡r♠✐♥❡s t❤❡ ❛♠♦✉♥t

♦❢ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❡st✐♠❛t♦r✮✳ ❋♦r s♠❛❧❧ bn ✇❡ ❣❡t ❛ ✈❡r② r♦✉❣❤ ❡st✐♠❛t❡ ❛♥❞ ❢♦r

❧❛r❣❡ bn ❛ s♠♦♦t❤ ❡st✐♠❛t❡✳ ❚❤❡ ❧✐t❡r❛t✉r❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ fn

✇❤❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s (Xi)i∈Z ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐s ✈❡r② ❡①t❡♥s✐✈❡ ✭s❡❡ ❙✐❧✈❡r♠❛♥ ❬✷✶❪✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ P❛r③❡♥ ❬✶✽❪ ♣r♦✈❡❞ t❤❛t ✇❤❡♥ (Xi)i∈Z ✐s ✐✳✐✳❞✳ ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ bn

❣♦❡s t♦ ③❡r♦ s✉❝❤ t❤❛t nbn ❣♦❡s t♦ ✐♥✜♥✐t② t❤❡♥ (nbn)1/2(fn(x0)−Efn(x0)) ❝♦♥✈❡r❣❡s ✐♥

❞✐str✐❜✉t✐♦♥ t♦ t❤❡ ♥♦r♠❛❧ ❧❛✇ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ f(x0)
∫

R
❑2(t)dt✳ ❯♥❞❡r

t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜❛♥❞✇✐❞t❤✱ t❤✐s r❡s✉❧t ✇❛s r❡❝❡♥t❧② ❡①t❡♥❞❡❞ ❜② ❲✉ ❬✷✹❪ ❢♦r

❝❛✉s❛❧ ❧✐♥❡❛r ♣r♦❝❡ss❡s ✇✐t❤ ✐✳✐✳❞✳ ✐♥♥♦✈❛t✐♦♥s ❛♥❞ ❜② ❉❡❞❡❝❦❡r ❛♥❞ ▼❡r❧❡✈è❞❡ ❬✼❪ ❢♦r

str♦♥❣❧② ♠✐①✐♥❣ s❡q✉❡♥❝❡s✳ Pr❡✈✐♦✉s❧②✱ ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞ P❡❧✐❣r❛❞ ❬✸❪ ❡st❛❜❧✐s❤❡❞ ❛

❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t♦r fn ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡ (Xi)i∈Z ✐s

❛ss✉♠❡❞ t♦ ❜❡ str♦♥❣❧② ♠✐①✐♥❣ ❜✉t t❤❡ ❜❛♥❞✇✐t❤ ♣❛r❛♠❡t❡r bn ✐s ❛ss✉♠❡❞ t♦ s❛t✐s❢②

bn ≥ Cn−1/3 log n ✭❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C✮ ✇❤✐❝❤ ✐s str♦♥❣❡r t❤❛♥ t❤❡ ❜❛♥❞✇✐t❤

♣❛r❛♠❡t❡r ❛ss✉♠♣t✐♦♥ ✐♥ ❬✶✽❪✱ ❬✼❪ ❛♥❞ ❬✷✹❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡st❛❜❧✐s❤

P❛r③❡♥✬s ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✭s❡❡ ❚❤❡♦r❡♠ 1✮ ❢♦r r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ s❤♦✇ s♣❛t✐❛❧

✐♥t❡r❛❝t✐♦♥ ✭r❛♥❞♦♠ ✜❡❧❞s✮✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t tr✐✈✐❛❧ s✐♥❝❡ Z
d ❞♦❡s ♥♦t ❤❛✈❡ ❛ ♥❛t✉r❛❧

♦r❞❡r✐♥❣ ❢♦r d ≥ 2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠❛rt✐♥❣❛❧❡✲❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ✭❲✉ ❬✷✹❪✮ ❢♦r t✐♠❡

s❡r✐❡s s❡❡♠s t♦ ❜❡ ❞✐✣❝✉❧t t♦ ❛♣♣❧② ❢♦r r❛♥❞♦♠ ✜❡❧❞s✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ♦✉r ♠❛✐♥

r❡s✉❧t✱ ✇❡ ✉s❡ t❤❡ ▲✐♥❞❡❜❡r❣✬s ♠❡t❤♦❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✾✷✷ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❡♥tr❛❧

❧✐♠✐t t❤❡♦r❡♠ ❢♦r ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ s✉❝❝❡ss❢✉❧❧② ❛❞❛♣t❡❞ ✐♥ t❤❡ s♣❛t✐❛❧

s❡tt✐♥❣ ❜② ❉❡❞❡❝❦❡r ❬✻❪✳ ❖✉r ❛♣♣r♦❛❝❤ s❡❡♠s t♦ ❜❡ ❜❡tt❡r t❤❛♥ t❤❡ ❇❡r♥st❡✐♥✬s s♠❛❧❧✲

❜❧♦❝❦✲❧❛r❣❡✲❜❧♦❝❦ t❡❝❤♥✐q✉❡ ❛♥❞ ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥ts ✇✐❞❡❧② ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ♦♥

♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❢♦r s♣❛t✐❛❧ ♣r♦❝❡ss❡s ✭s❡❡ ❬✹❪✱ ❬✺❪✱ ❬✶✷❪✱ ❬✷✷❪✮ s✐♥❝❡ ✇❡ ❛r❡ ❛❜❧❡

t♦ ❛ss✉♠❡ ♦♥❧② ♠✐♥✐♠❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜❛♥❞✇✐❞t❤ ♣❛r❛♠❡t❡r ❛♥❞ ❛ s✐♠♣❧❡ ❝r✐t❡r✐♦♥

♦♥ t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❜❛♥❞✇✐t❤✳ ❖✈❡r t❤❡ ❧❛st

❢❡✇ ②❡❛rs ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s ✭♦r s♣❛t✐❛❧ ♣r♦❝❡ss❡s✮ ✇❛s ❣✐✈❡♥

✐♥❝r❡❛s✐♥❣ ❛tt❡♥t✐♦♥ ✭s❡❡ ●✉②♦♥ ❬✶✶❪✮✳ ■♥ ❢❛❝t✱ s♣❛t✐❛❧ ❞❛t❛ ❛r✐s❡ ✐♥ ✈❛r✐♦✉s ❛r❡❛s ♦❢

r❡s❡❛r❝❤ ✐♥❝❧✉❞✐♥❣ ❡❝♦♥♦♠❡tr✐❝s✱ ✐♠❛❣❡ ❛♥❛❧②s✐s✱ ♠❡t❡♦r♦❧♦❣② ❛♥❞ ❣❡♦st❛t✐st✐❝s✳ ❙♦♠❡

❦❡② r❡❢❡r❡♥❝❡s ♦♥ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s ❛r❡ ❇✐❛✉ ❬✶❪✱ ❈❛r❜♦♥ ❡t

❛❧✳ ❬✹❪✱ ❈❛r❜♦♥ ❡t ❛❧✳ ❬✺❪✱ ❍❛❧❧✐♥ ❡t ❛❧✳ ❬✶✷❪✱ ❬✶✸❪✱ ❚r❛♥ ❬✷✷❪✱ ❚r❛♥ ❛♥❞ ❨❛❦♦✇✐t③ ❬✷✸❪ ❛♥❞

❨❛♦ ❬✷✺❪ ✇❤♦ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ ♥♦♥♣❛r❛♠❡tr✐❝ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s ❛♥❞

✷



❇✐❛✉ ❛♥❞ ❈❛❞r❡ ❬✷❪✱ ❊❧ ▼❛❝❤❦♦✉r✐ ❬✾❪✱ ❊❧ ▼❛❝❤❦♦✉r✐ ❛♥❞ ❙t♦✐❝❛ ❬✶✵❪✱ ❍❛❧❧✐♥ ❡t ❛❧✳ ❬✶✹❪

❛♥❞ ▲✉ ❛♥❞ ❈❤❡♥ ❬✶✺❪✱ ❬✶✻❪ ✇❤♦ ❤❛✈❡ st✉❞✐❡❞ s♣❛t✐❛❧ ♣r❡❞✐❝t✐♦♥ ❛♥❞ s♣❛t✐❛❧ r❡❣r❡ss✐♦♥

❡st✐♠❛t✐♦♥✳

▲❡t d ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ❧❡t (Xi)i∈Zd ❜❡ ❛ ✜❡❧❞ ♦❢ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❡❛❧

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❛ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② f ✳ ●✐✈❡♥ t✇♦ σ✲❛❧❣❡❜r❛s U ❛♥❞ V ♦❢ F ✱

❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ t❤❡✐r ❞❡♣❡♥❞❡♥❝❡ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❛r❡

✐♥t❡r❡st❡❞ ❜② ♦♥❡ ♦❢ t❤❡♠✳ ❚❤❡ α✲♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❘♦s❡♥❜❧❛tt

❬✷✵❪ ❞❡✜♥❡❞ ❜②

α(U ,V) = sup{|P(A ∩B) − P(A)P(B)| , A ∈ U , B ∈ V}.

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts α1,∞(n) ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♣♦s✐✲

t✐✈❡ ✐♥t❡❣❡r n ❜②

α1,∞(n) = sup {α(σ(Xk),FΓ), k ∈ Z
d, Γ ⊂ Z

d, ρ(Γ, {k}) ≥ n},

✇❤❡r❡ FΓ = σ(Xi ; i ∈ Γ) ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ρ ✐s ❞❡✜♥❡❞ ❢♦r ❛♥② s✉❜s❡ts Γ1 ❛♥❞ Γ2

♦❢ Z
d ❜② ρ(Γ1,Γ2) = min{|i − j|, i ∈ Γ1, j ∈ Γ2} ✇✐t❤ |i − j| = max1≤s≤d |is − js|

❢♦r ❛♥② i ❛♥❞ j ✐♥ Z
d✳ ❲❡ s❛② t❤❛t t❤❡ r❛♥❞♦♠ ✜❡❧❞ (Xi)i∈Zd ✐s str♦♥❣❧② ♠✐①✐♥❣ ✐❢

limn→+∞ α1,∞(n) = 0✳ ❚❤❡ ❝❧❛ss ♦❢ ♠✐①✐♥❣ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡ ✐s ✈❡r②

❧❛r❣❡ ✭♦♥❡ ❝❛♥ r❡❢❡r t♦ ●✉②♦♥ ❬✶✶❪ ♦r ❉♦✉❦❤❛♥ ❬✽❪ ❢♦r ❡①❛♠♣❧❡s✮ ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t

❉❡❞❡❝❦❡r ❬✻❪ ♦❜t❛✐♥❡❞ ❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r t❤❡ st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞ (Xi)i∈Zd

♣r♦✈✐❞❡❞ t❤❛t X0 ❤❛s ③❡r♦ ♠❡❛♥ ❛♥❞ ✜♥✐t❡ ✈❛r✐❛♥❝❡ ❛♥❞

∑

k∈Zd

∫ α1,∞(|k|)

0

Q2
X0

(u)du < +∞

✇❤❡r❡ QX0 ✐s t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❢♦r ❛♥② u ✐♥ [0, 1] ❜②

QX0(u) = inf{t ≥ 0 ; P(|X0| > t) ≤ u}.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❡♥s✐t② ❡st✐♠❛t♦r ♦❢ f ❞❡✜♥❡❞ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n ❛♥❞ ❛♥② x ✐♥

R ❜②

fn(x) =
1

ndbn

∑

i∈Λn

❑

(

x−Xi

bn

)

✇❤❡r❡ bn ✐s t❤❡ ❜❛♥❞✇✐❞t❤ ♣❛r❛♠❡t❡r✱ Λn ❞❡♥♦t❡s t❤❡ s❡t {1, ..., n}d ❛♥❞ ❑ ✐s ❛ ♣r♦❜❛❜✐❧✲

✐t② ❦❡r♥❡❧✳ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts

α1,∞(n) ❢♦r (ndbn)1/2(fn(xi)−Efn(xi))1≤i≤k, (xi)1≤i≤k ∈ R
k, k ∈ N

∗, t♦ ❝♦♥✈❡r❣❡ ✐♥ ❧❛✇

✸



t♦ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭❚❤❡♦r❡♠ 1✮ ✉♥❞❡r ♠✐♥✐♠❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡

❜❛♥❞✇✐❞t❤s ✭t❤❛t ✐s bn ❣♦❡s t♦ ③❡r♦ ❛♥❞ ndbn ❣♦❡s t♦ ✐♥✜♥✐t②✮✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

✭❆✶✮ ❚❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ Xk ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤

❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f ✳

✭❆✷✮ ❚❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ (X0, Xk) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤

❝♦♥t✐♥✉♦✉s ❥♦✐♥t ❞❡♥s✐t② f0,k✳

✭❆✸✮ ❑ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❦❡r♥❡❧ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞
∫

R
❑2(u) du <∞✳

✭❆✹✮ ❚❤❡ ❜❛♥❞✇✐❞t❤ bn ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛♥❞ ndbn ❣♦❡s t♦ ✐♥✜♥✐t②✳

❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶ ❆ss✉♠❡ t❤❛t ✭❆✶✮✱ ✭❆✷✮✱ ✭❆✸✮ ❛♥❞ ✭❆✹✮ ❤♦❧❞ ❛♥❞

+∞
∑

m=1

m2d−1 α1,∞(m) < +∞. ✭✶✮

❚❤❡♥ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k ❛♥❞ ❛♥② ❞✐st✐♥❝t ♣♦✐♥ts x1, ..., xk ✐♥ R✱

(ndbn)1/2







fn(x1) − Efn(x1)
✳✳✳

fn(xk) − Efn(xk)







L−−−−−→
n→+∞

N (0, V ) ✭✷✮

✇❤❡r❡ V ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts vii = f(xi)
∫

R
❑2(u)du✳

❘❡♠❛r❦ ✶✳ ❆ r❡♣❧❛❝❡♠❡♥t ♦❢ Efn(xi) ❜② f(xi) ❢♦r ❛♥② 1 ≤ i ≤ k ✐♥ ✭2✮ ✐s ❛ ❝❧❛ss✐❝❛❧

♣r♦❜❧❡♠ ✐♥ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ t❤❡♦r②✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ f ✐s ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③ ❛♥❞

✐❢
∫

R
|u||❑(u)|du < ∞ t❤❡♥ |Efn(xi) − f(xi)| = O(bn) ❛♥❞ t❤✉s t❤❡ ❝❡♥t❡r✐♥❣ Efn(xi)

♠❛② ❜❡ ❝❤❛♥❣❡❞ t♦ f(xi) ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧t ♣r♦✈✐❞❡❞ t❤❛t ndb3n ❝♦♥✲

✈❡r❣❡s t♦ ③❡r♦✳

❘❡♠❛r❦ ✷✳ ❚❤❡♦r❡♠ 1 ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞

P❡❧✐❣r❛❞ ❬✸❪✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ t❤❡ ❛✉t❤♦rs ♦❜t❛✐♥❡❞ t❤❡ s❛♠❡ r❡s✉❧t

❢♦r d = 1 ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜❛♥❞✇✐t❤ ♣❛r❛♠❡t❡r ✭t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts

❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t bn ≥ C n−1/3 log n✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✮ ✇✐t❤

d = 1 ✐s s❧✐❣❤t❧② ♠♦r❡ r❡str✐❝t✐✈❡ t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥
∑

m>n α1,∞(m) = o(n−1) ♦❜t❛✐♥❡❞

❜② ❉❡❞❡❝❦❡r ❛♥❞ ▼❡r❧❡✈è❞❡ ✭❬✼❪✱ ❈♦r♦❧❧❛r② ✹✮✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❚❤❡♦r❡♠ ✶ st✐❧❧ ❤♦❧❞s

✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
∑

m>nm
d−1 α1,∞(m) = o(n−d)✳

✹



✷ Pr♦♦❢s

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ k = 2

❛♥❞ ✇❡ r❡❢❡r t♦ x1 ❛♥❞ x2 ❛s x ❛♥❞ y ✭x 6= y✮✳ ▲❡t λ1 ❛♥❞ λ2 ❜❡ t✇♦ ❝♦♥st❛♥ts s✉❝❤

t❤❛t λ2
1 + λ2

2 = 1 ❛♥❞ ❞❡♥♦t❡

Sn = λ1(n
dbn)1/2(fn(x) − Efn(x)) + λ2(n

dbn)1/2(fn(y) − Efn(y)) =
∑

i∈Λn

∆i

nd/2

✇❤❡r❡ ∆i = λ1Zi(x) + λ2Zi(y) ❛♥❞ ❢♦r ❛♥② z ✐♥ R✱

Zi(z) =
1√
bn

(

❑

(

z −Xi

bn

)

− E❑

(

z −Xi

bn

))

.

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦t❛t✐♦♥s

η = (λ2
1f(x) + λ2

2f(y))σ2 ❛♥❞ σ2 =

∫

R

❑2(u)du. ✭✸✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ r❡s✉❧t ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ❛♥♥❡①✳

▲❡♠♠❛ ✶ E(∆2
0) ❝♦♥✈❡r❣❡s t♦ η ❛♥❞ E|∆0∆i| = O(bn) ❢♦r ❛♥② i ✐♥ Z

d\{0}✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ♦❢ Sn t♦
√
ητ0 ✇❤❡r❡ τ0 ∼ N (0, 1)✱

✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❢♦❧❧♦✇ t❤❡ ▲✐♥❞❡❜❡r❣✬s ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t

t❤❡♦r❡♠ ❢♦r st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞s ❜② ❉❡❞❡❝❦❡r ❬✻❪✳ ▲❡t ✉s ♥♦t❡ t❤❛t s❡✈❡r❛❧ ♣r❡✈✐✲

♦✉s ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣❛t✐❛❧ ♣r♦❝❡ss❡s

✇❡r❡ ❡st❛❜❧✐s❤❡❞ ✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❇❡r♥st❡✐♥✬s s♠❛❧❧✲❜❧♦❝❦✲❧❛r❣❡✲❜❧♦❝❦ t❡❝❤♥✐q✉❡ ❛♥❞

❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥ts ✇❤✐❝❤ ❧❡❛❞ t♦ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❜❛♥❞✇✐t❤ ♣❛r❛♠❡t❡r

✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✹❪✱ ❬✺❪✱ ❬✶✷❪✱ ❬✷✷❪✮✳ ❖✉r ❛♣♣r♦❛❝❤ s❡❡♠s t♦ ❜❡ ❜❡tt❡r s✐♥❝❡ ✇❡ ♦❜t❛✐♥

❛ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✇❤❡♥ t❤❡ ❜❛♥❞✇✐t❤ s❛t✐s✜❡s ♦♥❧② ❆ss✉♠♣t✐♦♥ ✭❆✹✮✳

▲❡t µ ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ st❛t✐♦♥❛r② r❡❛❧ r❛♥❞♦♠ ✜❡❧❞ (Xk)k∈Zd ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝✲

t✐♦♥ π0 ❢r♦♠ R
Z

d

t♦ R ❞❡✜♥❡❞ ❜② π0(ω) = ω0 ❛♥❞ t❤❡ ❢❛♠✐❧② ♦❢ tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦rs

(T k)k∈Zd ❢r♦♠ R
Z

d

t♦ R
Z

d

❞❡✜♥❡❞ ❜② (T k(ω))i = ωi+k ❢♦r ❛♥② k ∈ Z
d ❛♥❞ ❛♥② ω ✐♥ R

Z
d

✳

❉❡♥♦t❡ ❜② B t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ ♦❢ R✳ ❚❤❡ r❛♥❞♦♠ ✜❡❧❞ (π0 ◦ T k)k∈Zd ❞❡✜♥❡❞ ♦♥ t❤❡

♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (RZ
d

,BZ
d

, µ) ✐s st❛t✐♦♥❛r② ✇✐t❤ t❤❡ s❛♠❡ ❧❛✇ ❛s (Xk)k∈Zd ✱ ❤❡♥❝❡✱ ✇✐t❤✲

♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t (Ω,F ,P) = (RZ
d

,BZ
d

, µ) ❛♥❞ Xk = π0 ◦T k✳

❖♥ t❤❡ ❧❛tt✐❝❡ Z
d ✇❡ ❞❡✜♥❡ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ❛s ❢♦❧❧♦✇s✿ ✐❢ i = (i1, ..., id) ❛♥❞

j = (j1, ..., jd) ❛r❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ♦❢ Z
d✱ t❤❡ ♥♦t❛t✐♦♥ i <❧❡① j ♠❡❛♥s t❤❛t ❡✐t❤❡r

✺



i1 < j1 ♦r ❢♦r s♦♠❡ p ✐♥ {2, 3, ..., d}✱ ip < jp ❛♥❞ iq = jq ❢♦r 1 ≤ q < p✳ ▲❡t t❤❡ s❡ts

{V M
i ; i ∈ Z

d , M ∈ N
∗} ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

V 1
i = {j ∈ Z

d ; j <❧❡① i},

❛♥❞ ❢♦r M ≥ 2

V M
i = V 1

i ∩ {j ∈ Z
d ; |i− j| ≥M} ✇❤❡r❡ |i− j| = max

1≤l≤d
|il − jl|.

❋♦r ❛♥② s✉❜s❡t Γ ♦❢ Z
d ❞❡✜♥❡ FΓ = σ(Xi ; i ∈ Γ) ❛♥❞ s❡t

EM(Xi) = E(Xi|FV M
i

), M ∈ N
∗.

▲❡t g ❜❡ ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣ ❢r♦♠ [1,M ] ∩ N
∗ t♦ ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ Z

d ❛♥❞ (ξi)i∈Zd ❛ r❡❛❧

r❛♥❞♦♠ ✜❡❧❞✳ ❋♦r ❛❧❧ ✐♥t❡❣❡rs k ✐♥ [1,M ]✱ ✇❡ ❞❡♥♦t❡

Sg(k)(ξ) =
k
∑

i=1

ξg(i) ❛♥❞ Sc
g(k)(ξ) =

M
∑

i=k

ξg(i)

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ Sg(0)(ξ) = Sc
g(M+1)(ξ) = 0✳ ❚♦ ❞❡s❝r✐❜❡ t❤❡ s❡t Λn = {1, ..., n}d✱ ✇❡

❞❡✜♥❡ t❤❡ ♦♥❡ t♦ ♦♥❡ ♠❛♣ g ❢r♦♠ [1, nd] ∩ N
∗ t♦ Λn ❜②✿ g ✐s t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ s✉❝❤

t❤❛t g(k) <❧❡① g(l) ❢♦r 1 ≤ k < l ≤ nd✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✜❡❧❞ (τi)i∈Zd ♦❢

✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xi)i∈Zd s✉❝❤ t❤❛t τ0 ❤❛s t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧

❧❛✇ N (0, 1)✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✜❡❧❞s Y ❛♥❞ γ ❞❡✜♥❡❞ ❢♦r ❛♥② i ✐♥ Z
d ❜②

Yi =
∆i

nd/2
❛♥❞ γi =

τi
√
η

nd/2

✇❤❡r❡ η ✐s ❞❡✜♥❡❞ ❜② ✭3✮✳

▲❡t h ❜❡ ❛♥② ❢✉♥❝t✐♦♥ ❢r♦♠ R t♦ R✳ ❋♦r 0 ≤ k ≤ l ≤ nd + 1✱ ✇❡ ✐♥tr♦❞✉❝❡

hk,l(Y ) = h(Sg(k)(Y )+Sc
g(l)(γ))✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❝♦♥✈❡♥t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t hk,nd+1(Y ) =

h(Sg(k)(Y )) ❛♥❞ ❛❧s♦ h0,l(Y ) = h(Sc
g(l)(γ))✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✇r✐t❡ hk,l ✐♥st❡❛❞

♦❢ hk,l(Y )✳ ❲❡ ❞❡♥♦t❡ ❜② B4
1(R) t❤❡ ✉♥✐t ❜❛❧❧ ♦❢ C4

b (R)✿ h ❜❡❧♦♥❣s t♦ B4
1(R) ✐❢ ❛♥❞ ♦♥❧②

✐❢ ✐t ❜❡❧♦♥❣s t♦ C4(R) ❛♥❞ s❛t✐s✜❡s max0≤i≤4 ‖h(i)‖∞ ≤ 1✳

■t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ h ✐♥ B4
1(R)✱

E
(

h
(

Sg(nd)(Y )
))

−−−−−→
n→+∞

E (h (τ0
√
η)) .

✻



❲❡ ✉s❡ ▲✐♥❞❡❜❡r❣✬s ❞❡❝♦♠♣♦s✐t✐♦♥✿

E
(

h
(

Sg(nd)(Y )
)

− h (τ0
√
η)
)

=
nd
∑

k=1

E (hk,k+1 − hk−1,k) .

◆♦✇✱

hk,k+1 − hk−1,k = hk,k+1 − hk−1,k+1 + hk−1,k+1 − hk−1,k.

❆♣♣❧②✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇❡ ❣❡t t❤❛t✿

hk,k+1 − hk−1,k+1 = Yg(k)h
′

k−1,k+1 +
1

2
Y 2

g(k)h
′′

k−1,k+1 +Rk

❛♥❞

hk−1,k+1 − hk−1,k = −γg(k)h
′

k−1,k+1 −
1

2
γ2

g(k)h
′′

k−1,k+1 + rk

✇❤❡r❡ |Rk| ≤ Y 2
g(k)(1∧ |Yg(k)|) ❛♥❞ |rk| ≤ γ2

g(k)(1∧ |γg(k)|)✳ ❙✐♥❝❡ (Y, τi)i6=g(k) ✐s ✐♥❞❡♣❡♥✲

❞❡♥t ♦❢ τg(k)✱ ✐t ❢♦❧❧♦✇s t❤❛t

E

(

γg(k)h
′

k−1,k+1

)

= 0 ❛♥❞ E

(

γ2
g(k)h

′′

k−1,k+1

)

= E

( η

nd
h

′′

k−1,k+1

)

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥

E
(

h(Sg(nd)(Y )) − h (τ0
√
η)
)

=
nd
∑

k=1

E(Yg(k)h
′

k−1,k+1)

+
nd
∑

k=1

E

(

(

Y 2
g(k) −

η

nd

) h
′′

k−1,k+1

2

)

+
nd
∑

k=1

E (Rk + rk) .

▲❡t 1 ≤ k ≤ nd ❜❡ ✜①❡❞✳ ◆♦t✐♥❣ t❤❛t ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn ❛♥❞ ❛♣♣❧②✐♥❣

▲❡♠♠❛ 1✱ ✇❡ ❞❡r✐✈❡

E|Rk| ≤
E|∆0|3
n3d/2

= O

(

1

(n3d bn)1/2

)

❛♥❞

E|rk| ≤
E|γ0|3
n3d/2

≤ η3/2
E|τ0|3
n3d/2

= O

(

1

n3d/2

)

.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

nd
∑

k=1

E (|Rk| + |rk|) = O

(

1

(ndbn)1/2
+

1

nd/2

)

= o(1).

✼



◆♦✇✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇

lim
n→+∞

nd
∑

k=1

(

E(Yg(k)h
′

k−1,k+1) + E

(

(

Y 2
g(k) −

η

nd

) h
′′

k−1,k+1

2

))

= 0. ✭✹✮

❋✐rst✱ ✇❡ ❢♦❝✉s ♦♥
∑nd

k=1 E
(

Yg(k)h
′

k−1,k+1

)

✳ ❋♦r ❛❧❧ M ✐♥ N
∗ ❛♥❞ ❛❧❧ ✐♥t❡❣❡r k ✐♥ [1, nd]✱

✇❡ ❞❡✜♥❡

EM
k = g([1, k] ∩ N

∗) ∩ V M
g(k) ❛♥❞ SM

g(k)(Y ) =
∑

i∈EM
k

Yi.

❋♦r ❛♥② ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ R t♦ R✱ ✇❡ ❞❡✜♥❡ ΨM
k−1,l = Ψ(SM

g(k)(Y ) + Sc
g(l)(γ)) ✭✇❡ ❛r❡

❣♦✐♥❣ t♦ ❛♣♣❧② t❤✐s ♥♦t❛t✐♦♥ t♦ t❤❡ s✉❝❝❡ss✐✈❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ h✮✳

❋♦r ❛♥② ✐♥t❡❣❡r n✱ ✇❡ ❞❡✜♥❡

mn = max























[

b
−1
2d
n

]

,























1

b2n

∑

|i|>

»

b
−1
2d

n

–

|i|d α1,∞(|i|)











1
2d













+ 1























✇❤❡r❡ [ . ] ❞❡♥♦t❡s t❤❡ ✐♥t❡❣❡r ♣❛rt ❢✉♥❝t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✐s t❤❡

s♣❛t✐❛❧ ✈❡rs✐♦♥ ♦❢ ❛ r❡s✉❧t ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞ P❡❧✐❣r❛❞ ✭❬✸❪✱ ♣❛❣❡s ✽✽✲✽✾✮✳ ■♥ ♦r❞❡r

t♦ ❜❡ s❡❧❢✲❝♦♥t❛✐♥❡❞✱ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

▲❡♠♠❛ ✷ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✭❆✹✮ ❛♥❞ t❤❡ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥ (1)✱ ✇❡ ❤❛✈❡

md
n → ∞, md

nbn → 0 ❛♥❞
1

md
nbn

∑

|i|>mn

|i|d α1,∞(|i|) → 0. ✭✺✮

❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t

lim
n→+∞

nd
∑

k=1

E

(

Yg(k)h
′

k−1,k+1 − Yg(k)

(

Sg(k−1)(Y ) − Smn

g(k)(Y )
)

h
′′

k−1,k+1

)

= 0.

❋✐rst✱ ✇❡ ✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

Yg(k)h
′

k−1,k+1 = Yg(k)h
′mn

k−1,k+1 + Yg(k)

(

h
′

k−1,k+1 − h
′mn

k−1,k+1

)

.

❲❡ ❝♦♥s✐❞❡r ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣ m ❢r♦♠ [1, |Emn

k |] ∩ N
∗ t♦ Emn

k ❛♥❞ s✉❝❤ t❤❛t |m(i) −
g(k)| ≤ |m(i − 1) − g(k)|✳ ❚❤✐s ❝❤♦✐❝❡ ♦❢ m ❡♥s✉r❡s t❤❛t Sm(i)(Y ) ❛♥❞ Sm(i−1)(Y ) ❛r❡

F
V

|m(i)−g(k)|
g(k)

✲♠❡❛s✉r❛❜❧❡✳ ❚❤❡ ❢❛❝t t❤❛t γ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Y ✐♠♣❧② t❤❛t

E

(

Yg(k)h
′ (

Sc
g(k+1)(γ)

)

)

= 0.

✽



❚❤❡r❡❢♦r❡
∣

∣

∣
E

(

Yg(k)h
′mn

k−1,k+1

)∣

∣

∣
=

∣

∣

∣

∣

∣

∣

|Emn
k

|
∑

i=1

E
(

Yg(k) (θi − θi−1)
)

∣

∣

∣

∣

∣

∣

✭✻✮

✇❤❡r❡ θi = h
′
(

Sm(i)(Y ) + Sc
g(k+1)(γ)

)

✳

❙✐♥❝❡ Sm(i)(Y ) ❛♥❞ Sm(i−1)(Y ) ❛r❡ F
V

|m(i)−g(k)|
g(k)

✲♠❡❛s✉r❛❜❧❡✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❡①♣❡❝t❛t✐♦♥ ♦❢ Yg(k) ✇✐t❤ r❡s♣❡❝t t♦ F
V

|m(i)−g(k)|
g(k)

✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭6✮✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ h
′
✐s 1✲▲✐♣s❝❤✐t③✱ ❤❡♥❝❡

|θi − θi−1| ≤ |Ym(i)|.

❈♦♥s❡q✉❡♥t❧②✱

∣

∣E
(

Yg(k) (θi − θi−1)
)∣

∣ ≤ E|Ym(i)E|m(i)−g(k)|

(

Yg(k)

)

|

❛♥❞
∣

∣

∣
E

(

Yg(k)h
′mn

k−1,k+1

)∣

∣

∣
≤

|Emn
k

|
∑

i=1

E|Ym(i)E|m(i)−g(k)|(Yg(k))|.

❍❡♥❝❡✱
∣

∣

∣

∣

∣

∣

nd
∑

k=1

E

(

Yg(k)h
′mn

k−1,k+1

)

∣

∣

∣

∣

∣

∣

≤ 1

nd

nd
∑

k=1

|Emn
k

|
∑

i=1

E|∆m(i)E|m(i)−g(k)|(∆g(k))|

≤
∑

|j|≥mn

‖∆jE|j|(∆0)‖1.

❋♦r ❛♥② j ✐♥ Z
d✱ ✇❡ ❤❛✈❡

‖∆jE|j|(∆0)‖1 = ❈♦✈
(

|∆j|
(

IE|j|(∆0)≥0 − IE|j|(∆0)<0

)

,∆0

)

.

❙♦✱ ❛♣♣❧②✐♥❣ ❘✐♦✬s ❝♦✈❛r✐❛♥❝❡ ✐♥❡q✉❛❧✐t② ✭❝❢✳ ❬✶✾❪✱ ❚❤❡♦r❡♠ ✶✳✶✮✱ ✇❡ ♦❜t❛✐♥

‖∆jE|j|(∆0)‖1 ≤ 4

∫ α1,∞(|j|)

0

Q2
∆0

(u)du

✇❤❡r❡ Q∆0 ✐s ❞❡✜♥❡❞ ❜② Q∆0(u) = inf{t ≥ 0 ; P(|∆0| > t) ≤ u} ❢♦r ❛♥② u ✐♥ [0, 1]✳

❙✐♥❝❡ ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn✱ ✇❡ ❤❛✈❡

Q∆0(u) ≤
4‖❑‖∞√

bn
❛♥❞ ‖∆jE|j|(∆0)‖1 ≤

64‖❑‖2
∞

bn
α1,∞(|j|).

✾



❋✐♥❛❧❧②✱ ✇❡ ❞❡r✐✈❡
∣

∣

∣

∣

∣

∣

nd
∑

k=1

E

(

Yg(k)h
′mn

k−1,k+1

)

∣

∣

∣

∣

∣

∣

≤ 64‖K‖2
∞

bn

∑

|j|≥mn

α1,∞(|j|)

≤ 64‖K‖2
∞

md
nbn

∑

|j|≥mn

|j|d α1,∞(|j|)

= o(1) ❜② ✭5✮.

❆♣♣❧②✐♥❣ ❛❣❛✐♥ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r

Yg(k)(h
′

k−1,k+1 − h
′mn

k−1,k+1) = Yg(k)(Sg(k−1)(Y ) − Smn

g(k)(Y ))h
′′

k−1,k+1 +R
′

k,

✇❤❡r❡ |R′

k| ≤ 2|Yg(k)(Sg(k−1)(Y ) − Smn

g(k)(Y ))(1 ∧ |Sg(k−1)(Y ) − Smn

g(k)(Y )|)|✳ ❉❡♥♦t✐♥❣

Wn = {−mn + 1, ...,mn − 1}d ❛♥❞ W ∗
n = Wn\{0}✱ ✐t ❢♦❧❧♦✇s t❤❛t

nd
∑

k=1

E|R′

k| ≤ 2E

(

|∆0|
(

∑

i∈Wn

|∆i|
)(

1 ∧ 1

nd/2

∑

i∈Wn

|∆i|
))

= 2E







∆2
0 +

∑

i∈W ∗
n

|∆0∆i|





(

1 ∧ 1

nd/2

∑

i∈Wn

|∆i|
)





≤ 2

nd/2

∑

i∈Wn

E(∆2
0|∆i|) + 2

∑

i∈W ∗
n

E|∆0∆i|

≤ 8‖❑‖∞
(ndbn)1/2

∑

i∈Wn

E(|∆0∆i|) + 2
∑

i∈W ∗
n

E|∆0∆i| s✐♥❝❡ ∆0 ≤
4‖K‖∞√

bn
❛✳s✳

=
8E(∆2

0)‖❑‖∞
(ndbn)1/2

+ 2

(

1 +
4‖❑‖∞

(ndbn)1/2

)

∑

i∈W ∗
n

E(|∆0∆i|)

= O

(

1

(ndbn)1/2
+md

nbn

(

1 +
1

(ndbn)1/2

))

✭❜② ▲❡♠♠❛ 1✮

= o(1) ❜② ✭5✮.

❙♦✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

lim
n→+∞

nd
∑

k=1

E

(

Yg(k)h
′

k−1,k+1 − Yg(k)(Sg(k−1) − Smn

g(k))h
′′

k−1,k+1

)

= 0.

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✭4✮ ✐t r❡♠❛✐♥s t♦ ❝♦♥tr♦❧

F0 = E





nd
∑

k=1

h
′′

k−1,k+1

(

Y 2
g(k)

2
+ Yg(k)

(

Sg(k−1)(Y ) − Smn

g(k)(Y )
)

− η

2nd

)



 .

✶✵



❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✿

Λmn

n = {i ∈ Λn ; ρ({i}, ∂Λn) ≥ mn} ❛♥❞ Imn

n = {1 ≤ i ≤ nd ; g(i) ∈ Λmn

n },

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ Ψ ❢r♦♠ R
Z

d

t♦ R s✉❝❤ t❤❛t

Ψ(∆) = ∆2
0 +

∑

i∈V 1
0 ∩Wn

2∆0∆i ✇❤❡r❡ Wn = {−mn + 1, ...,mn − 1}d.

❋♦r 1 ≤ k ≤ nd✱ ✇❡ s❡t D
(n)
k = η−Ψ ◦ T g(k)(∆)✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Ψ ❛♥❞ ♦❢ t❤❡ s❡t Imn

n ✱

✇❡ ❤❛✈❡ ❢♦r ❛♥② k ✐♥ Imn
n

Ψ ◦ T g(k)(∆) = ∆2
g(k) + 2∆g(k)(Sg(k−1)(∆) − Smn

g(k)(∆)).

❚❤❡r❡❢♦r❡ ❢♦r k ✐♥ Imn
n

D
(n)
k

nd
=

η

nd
− Y 2

g(k) − 2Yg(k)(Sg(k−1)(Y ) − Smn

g(k)(Y )).

❙✐♥❝❡ limn→+∞ n−d|Imn
n | = 1✱ ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r

F1 =

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1D
(n)
k





∣

∣

∣

∣

∣

∣

.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ 1✱ ✇❡ ❤❛✈❡

F1 ≤

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1(∆
2
g(k) − E(∆2

0))





∣

∣

∣

∣

∣

∣

+ |η − E(∆2
0)| + 2

∑

j∈V 1
0 ∩Wn

E|∆0∆j|

≤

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1(∆
2
g(k) − E(∆2

0))





∣

∣

∣

∣

∣

∣

+ o(1) +O(md
nbn),

✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t

F2 =

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1(∆
2
g(k) − E(∆2

0))





∣

∣

∣

∣

∣

∣

❣♦❡s t♦ ③❡r♦ ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▲❡t M > 0 ❜❡ ✜①❡❞✳ ❲❡ ❤❛✈❡ F2 ≤ F
′

2 + F
′′

2 ✇❤❡r❡

F
′

2 =

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1

(

∆2
g(k) − EM

(

∆2
g(k)

))





∣

∣

∣

∣

∣

∣

✶✶



❛♥❞

F
′′

2 =

∣

∣

∣

∣

∣

∣

E





1

nd

nd
∑

k=1

h
′′

k−1,k+1

(

EM

(

∆2
g(k)

)

− E(∆2
0)
)





∣

∣

∣

∣

∣

∣

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ EM

(

∆2
g(k)

)

= E

(

∆2
g(k)|FV M

g(k)

)

✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛

❙❡r✢✐♥❣ t②♣❡ ✐♥❡q✉❛❧✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼❪✳

▲❡♠♠❛ ✸ ▲❡t U ❛♥❞ V ❜❡ t✇♦ σ✲❛❧❣❡❜r❛s ❛♥❞ ❧❡t X ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡

✇✐t❤ r❡s♣❡❝t t♦ U ✳ ■❢ 1 ≤ p ≤ r ≤ ∞ t❤❡♥

‖E(X|V) − E(X)‖p ≤ 2(21/p + 1) (α(U ,V))
1
p
− 1

r ‖X‖r.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ 3 ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ∆0 ✐s ❜♦✉♥❞❡❞ ❜② 4‖❑‖∞/
√
bn✱ ✇❡ ❞❡r✐✈❡

F
′′

2 ≤ ‖EM

(

∆2
0

)

− E(∆2
0)‖1 ≤

96‖❑‖2
∞

bn
α1,∞(M)

■♥ t❤❡ ♦t❤❡r ♣❛rt✱

F
′

2 ≤
1

nd

nd
∑

k=1

(

J1
k (M) + J2

k (M)
)

✇❤❡r❡

J1
k (M) =

∣

∣

∣
E

(

h
′′M
k−1,k+1 ◦ T−g(k)

(

∆2
0 − EM

(

∆2
0

))

)∣

∣

∣
= 0

s✐♥❝❡ h
′′M
k−1,k+1 ◦ T−g(k) ✐s FV M

0
✲♠❡❛s✉r❛❜❧❡ ❛♥❞

J2
k (M) =

∣

∣

∣E

((

h
′′

k−1,k+1 ◦ T−g(k) − h
′′M
k−1,k+1 ◦ T−g(k)

)

(

∆2
0 − EM

(

∆2
0

))

)∣

∣

∣

≤ E







2 ∧
∑

|i|<M

|∆i|
nd/2



∆2
0





≤ 4‖❑‖∞ E(∆2
0)

(ndbn)1/2
+

4‖❑‖∞
(ndbn)1/2

∑

|i|<M
i6=0

E|∆i∆0| s✐♥❝❡ ∆0 ≤
4‖K‖∞√

bn
❛✳s✳

= O

(

1

(ndbn)1/2
+
Md

√
bn

nd/2

)

✭❜② ▲❡♠♠❛ 1✮

❙♦✱ ♣✉tt✐♥❣ M = b
−1

2d−1
n ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t

∑

m≥0m
2d−1 α1,∞(m) < +∞✱ ✇❡

❞❡r✐✈❡

F2 = O
(

M2d−1 α1,∞(M)
)

+O





1 + b
d−1
2d−1
n

(ndbn)1/2



 = o(1).

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 1 ✐s ❝♦♠♣❧❡t❡✳

✶✷



✸ ❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ 1✳ ❋♦r ❛♥② i ✐♥ Z
d ❛♥❞ ❛♥② z ✐♥ R✱ ✇❡ ♥♦t❡ ❑i(z) = ❑

(

z−Xi

bn

)

✳ ❙♦✱ ✐❢

s ❛♥❞ t ❜❡❧♦♥❣s t♦ R✱ ✇❡ ❤❛✈❡

E(Z0(s)Z0(t)) =
1

bn

(

E (❑0(s)❑0(t)) − E❑0(s)E❑0(t)

)

❛♥❞

lim
n→+∞

1

bn
E (❑0(s)❑0(t)) = lim

n→+∞

∫

R

❑ (v)❑

(

v +
t− s

bn

)

f(s− vbn)dv = δst f(s)σ2

✇❤❡r❡ δst = 1 ✐❢ s = t ❛♥❞ δst = 0 ✐❢ s 6= t✳ ❲❡ ❤❛✈❡ ❛❧s♦

lim
n→+∞

1

bn
E❑0(s)E❑0(t) = lim

n→+∞
bn

∫

R

❑(v)f(s− vbn)dv

∫

R

❑(w)f(t− wbn)dw = 0.

❙♦✱ ✇❡ ♦❜t❛✐♥

E(∆2
0) = λ2

1E(Z2
0(x)) + λ2

2E(Z2
0(y)) + 2λ1λ2E(Z0(x)Z0(y)) −−−−−→

n→+∞
η.

▲❡t i 6= 0 ❜❡ ✜①❡❞ ✐♥ Z
d✳ ❲❡ ❤❛✈❡

E|∆0∆i| ≤ λ2
1E|Z0(x)Zi(x)|+λ2

2E|Z0(y)Zi(y)|+λ1λ2E|Z0(x)Zi(y)|+λ1λ2E|Z0(y)Zi(x)|.
✭✼✮

❋♦r ❛♥② s ❛♥❞ t ✐♥ R✱

E|Z0(s)Zi(t)| ≤
1

bn
E
∣

∣❑0(s)❑i(t)
∣

∣+
1

bn
E
∣

∣❑0(s)
∣

∣E
∣

∣❑0(t)
∣

∣.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥s ✭❆✷✮ ❛♥❞ ✭❆✸✮✱ ✇❡ ❤❛✈❡

1

bn
E
∣

∣❑0(s)
∣

∣E
∣

∣❑0(t)
∣

∣ = bn

∫

R

|❑(u)|f(s− ubn)du

∫

R

|❑(v)|f(t− vbn)dv = O(bn)

❛♥❞

1

bn
E
∣

∣❑0(s)❑i(t)
∣

∣ = bn

∫∫

R2

∣

∣❑ (w1)❑ (w2)
∣

∣f0,i(s− w1bn, t− w2bn)dw1dw2 = O(bn).

❙♦✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② s ❛♥❞ t ✐♥ R

E|Z0(s)Zi(t)| = O(bn). ✭✽✮

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 1 ✐s ❝♦♠♣❧❡t❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ✭7✮ ❛♥❞ ✭8✮✳

✶✸



Pr♦♦❢ ♦❢ ▲❡♠♠❛ 2✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ❜② ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❛♥❞ P❡❧✐❣r❛❞ ✭❬✸❪✱ ♣❛❣❡s

✽✽✲✽✾✮✳ ❋✐rst✱ md
n ❣♦❡s t♦ ✐♥✜♥✐t② s✐♥❝❡ bn ❣♦❡s t♦ ③❡r♦ ❛♥❞ mn ≥

[

b
− 1

2d
n

]

✳ ❋♦r ❛♥②

♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ ❝♦♥s✐❞❡r

ψ(m) =
∑

|i|>m

|i|d α1,∞(|i|).

❙✐♥❝❡ t❤❡ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥ ✭1✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
∑

k∈Zd |k|d α1,∞(|k|) <∞✱ ✇❡ ❦♥♦✇ t❤❛t

ψ(m) ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s m ❣♦❡s t♦ ✐♥✜♥✐t②✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

md
nbn ≤ max

{

√

bn, Cd

(

√

ψ
([

b
− 1

2d
n

])

+ 2dbn

)}

−−−−−→
n→+∞

0

✇❤❡r❡ Cd ✐s s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ d✳ ❲❡ ❤❛✈❡ ❛❧s♦

md
n ≥ 1

bn

√

ψ
([

b
− 1

2d
n

])

≥ 1

bn

√

ψ (mn) s✐♥❝❡
[

b
− 1

2d
n

]

≤ mn.

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥

1

md
nbn

∑

|i|>mn

|i|d α1,∞(|i|) ≤
√

ψ(mn) −−−−−→
n→+∞

0.

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ 2 ✐s ❝♦♠♣❧❡t❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❇✐❛✉✳ ❙♣❛t✐❛❧ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥✳ ▼❛t❤✳ ▼❡t❤♦❞s ❙t❛t✐st✳✱ ✶✷✭✹✮✿✸✼✶✕✸✾✵✱

✷✵✵✸✳

❬✷❪ ●✳ ❇✐❛✉ ❛♥❞ ❇✳ ❈❛❞r❡✳ ◆♦♥♣❛r❛♠❡tr✐❝ s♣❛t✐❛❧ ♣r❡❞✐❝t✐♦♥✳ ❙t❛t✳ ■♥❢❡r❡♥❝❡ ❙t♦❝❤✳

Pr♦❝❡ss✳✱ ✼✭✸✮✿✸✷✼✕✸✹✾✱ ✷✵✵✹✳

❬✸❪ ❉✳ ❇♦sq✱ ▼❡r❧❡✈è❞❡ ❋✳✱ ❛♥❞ ▼✳ P❡❧✐❣r❛❞✳ ❆s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❢♦r ❞❡♥s✐t② ❦❡r♥❡❧

❡st✐♠❛t♦rs ✐♥ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s t✐♠❡✳ ❏✳ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧✳✱ ✻✽✿✼✽✕✾✺✱ ✶✾✾✾✳

❬✹❪ ▼✳ ❈❛r❜♦♥✱ ▼✳ ❍❛❧❧✐♥✱ ❛♥❞ ▲✳❚✳ ❚r❛♥✳ ❑❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s✿

t❤❡ l1 t❤❡♦r②✳ ❏♦✉r♥❛❧ ♦❢ ♥♦♥♣❛r❛♠❡tr✐❝ ❙t❛t✐st✐❝s✱ ✻✿✶✺✼✕✶✼✵✱ ✶✾✾✻✳

❬✺❪ ▼✳ ❈❛r❜♦♥✱ ▲✳❚✳ ❚r❛♥✱ ❛♥❞ ❇✳ ❲✉✳ ❑❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s✳

❙t❛t✐st✳ Pr♦❜❛❜✳ ▲❡tt✳✱ ✸✻✿✶✶✺✕✶✷✺✱ ✶✾✾✼✳

✶✹



❬✻❪ ❏✳ ❉❡❞❡❝❦❡r✳ ❆ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞s✳ Pr♦❜❛❜✳ ❚❤❡♦r②

❘❡❧❛t✳ ❋✐❡❧❞s✱ ✶✶✵✿✸✾✼✕✹✷✻✱ ✶✾✾✽✳

❬✼❪ ❏✳ ❉❡❞❡❝❦❡r ❛♥❞ ❋✳ ▼❡r❧❡✈è❞❡✳ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥❞✐✲

t✐♦♥❛❧ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✳ ❆♥♥❛❧s ♦❢ Pr♦❜❛❜✐❧✐t②✱ ✸✵✭✸✮✿✶✵✹✹✕✶✵✽✶✱ ✷✵✵✷✳

❬✽❪ P✳ ❉♦✉❦❤❛♥✳ ▼✐①✐♥❣✿ ♣r♦♣❡rt✐❡s ❛♥❞ ❡①❛♠♣❧❡s✱ ✈♦❧✉♠❡ ✽✺✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥

❙t❛t✐st✐❝s✱ ❇❡r❧✐♥✱ ✶✾✾✹✳

❬✾❪ ▼✳ ❊❧ ▼❛❝❤❦♦✉r✐✳ ◆♦♥♣❛r❛♠❡tr✐❝ r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥ ❢♦r r❛♥❞♦♠ ✜❡❧❞s ✐♥ ❛

✜①❡❞✲❞❡s✐❣♥✳ ❙t❛t✳ ■♥❢❡r❡♥❝❡ ❙t♦❝❤✳ Pr♦❝❡ss✳✱ ✶✵✭✶✮✿✷✾✕✹✼✱ ✷✵✵✼✳

❬✶✵❪ ▼✳ ❊❧ ▼❛❝❤❦♦✉r✐ ❛♥❞ ❘✳ ❙✳ ❙t♦✐❝❛✳ ❆s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ❦❡r♥❡❧ ❡st✐♠❛t❡s ✐♥

❛ r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ❢♦r r❛♥❞♦♠ ✜❡❧❞s✳ ❚♦ ❛♣♣❡❛r ✐♥ ❏♦✉r♥❛❧ ♦❢ ◆♦♥♣❛r❛♠❡tr✐❝

❙t❛t✐st✐❝s✱ ✷✵✶✵✳

❬✶✶❪ ❳✳ ●✉②♦♥✳ ❘❛♥❞♦♠ ✜❡❧❞s ♦♥ ❛ ◆❡t✇♦r❦✿ ▼♦❞❡❧✐♥❣✱ ❙t❛t✐st✐❝s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳

❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✺✳

❬✶✷❪ ▼✳ ❍❛❧❧✐♥✱ ❩✳ ▲✉✱ ❛♥❞ ▲✳❚✳ ❚r❛♥✳ ❉❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r s♣❛t✐❛❧ ❧✐♥❡❛r ♣r♦❝❡ss❡s✳

❇❡r♥♦✉❧❧✐✱ ✼✿✻✺✼✕✻✻✽✱ ✷✵✵✶✳

❬✶✸❪ ▼✳ ❍❛❧❧✐♥✱ ❩✳ ▲✉✱ ❛♥❞ ▲✳❚✳ ❚r❛♥✳ ❉❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r s♣❛t✐❛❧ ♣r♦❝❡ss❡s✿ t❤❡ l1

t❤❡♦r②✳ ❏✳ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧✳✱ ✽✽✭✶✮✿✻✶✕✼✺✱ ✷✵✵✹✳

❬✶✹❪ ▼✳ ❍❛❧❧✐♥✱ ❩✳ ▲✉✱ ❛♥❞ ▲✳❚✳ ❚r❛♥✳ ▲♦❝❛❧ ❧✐♥❡❛r s♣❛t✐❛❧ r❡❣r❡ss✐♦♥✳ ❆♥♥✳ ❙t❛t✐st✳✱

✸✷✭✻✮✿✷✹✻✾✕✷✺✵✵✱ ✷✵✵✹✳

❬✶✺❪ ❩✳ ▲✉ ❛♥❞ ❳✳ ❈❤❡♥✳ ❙♣❛t✐❛❧ ♥♦♥♣❛r❛♠❡tr✐❝ r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥✿ ◆♦♥✲✐s♦tr♦♣✐❝

❝❛s❡✳ ❆❝t❛ ▼❛t❤❡♠❛t✐❝❛❡ ❆♣♣❧✐❝❛t❛❡ ❙✐♥✐❝❛✱ ❊♥❣❧✐s❤ s❡r✐❡s✱ ✶✽✿✻✹✶✕✻✺✻✱ ✷✵✵✷✳

❬✶✻❪ ❩✳ ▲✉ ❛♥❞ ❳✳ ❈❤❡♥✳ ❙♣❛t✐❛❧ ❦❡r♥❡❧ r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥✿ ✇❡❛❦ ❝♦♥s✐st❡♥❝②✳ ❙t❛t✐st✳

Pr♦❜❛❜✳ ▲❡tt✳✱ ✻✽✿✶✷✺✕✶✸✻✱ ✷✵✵✹✳

❬✶✼❪ ❉✳ ▲✳ ▼❝▲❡✐s❤✳ ❆ ♠❛①✐♠❛❧ ✐♥❡q✉❛❧✐t② ❛♥❞ ❞❡♣❡♥❞❡♥t str♦♥❣ ❧❛✇s✳ ❆♥♥✳ Pr♦❜❛❜✳✱

✸✭✺✮✿✽✷✾✕✽✸✾✱ ✶✾✼✺✳

❬✶✽❪ ❊✳ P❛r③❡♥✳ ❖♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❛♥❞ t❤❡ ♠♦❞❡✳ ❆♥♥✳ ▼❛t❤✳

❙t❛t✐st✳✱ ✸✸✿✶✾✻✺✕✶✾✼✻✱ ✶✾✻✷✳

✶✺



❬✶✾❪ ❊✳ ❘✐♦✳ ❈♦✈❛r✐❛♥❝❡ ✐♥❡q✉❛❧✐t✐❡s ❢♦r str♦♥❣❧② ♠✐①✐♥❣ ♣r♦❝❡ss❡s✳ ❆♥♥✳ ■♥st✳ ❍✳

P♦✐♥❝❛ré Pr♦❜❛❜✳ ❙t❛t✐st✳✱ ✷✾✭✹✮✿✺✽✼✕✺✾✼✱ ✶✾✾✸✳

❬✷✵❪ ▼✳ ❘♦s❡♥❜❧❛tt✳ ❆ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❛♥❞ ❛ str♦♥❣ ♠✐①✐♥❣ ❝♦♥❞✐t✐♦♥✳ Pr♦❝✳ ◆❛t✳

❆❝❛❞✳ ❙❝✐✳ ❯❙❆✱ ✹✷✿✹✸✕✹✼✱ ✶✾✺✻✳

❬✷✶❪ ❇✳❲✳ ❙✐❧✈❡r♠❛♥✳ ❉❡♥s✐t② ❊st✐♠❛t✐♦♥ ❢♦r ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s✳ ❈❤❛♣♠❛♥

❛♥❞ ❍❛❧❧✱ ▲♦♥❞♦♥✱ ✶✾✽✻✳

❬✷✷❪ ▲✳❚✳ ❚r❛♥✳ ❑❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ♦♥ r❛♥❞♦♠ ✜❡❧❞s✳ ❏✳ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧✳✱

✸✹✿✸✼✕✺✸✱ ✶✾✾✵✳

❬✷✸❪ ▲✳❚✳ ❚r❛♥ ❛♥❞ ❨❛❦♦✇✐t③ ❙✳ ◆❡❛r❡st ♥❡✐❣❤❜♦r ❡st✐♠❛t♦rs ❢♦r r❛♥❞♦♠ ✜❡❧❞s✳ ❏✳

▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧✳✱ ✹✹✿✷✸✕✹✻✱ ✶✾✾✸✳

❬✷✹❪ ❲✳❇✳ ❲✉ ❛♥❞ ❏✳ ▼✐❡❧♥✐❝③✉❦✳ ❑❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r ❧✐♥❡❛r ♣r♦❝❡ss❡s✳ ❆♥♥✳

❙t❛t✐st✳✱ ✸✵✿✶✹✹✶✕✶✹✺✾✱ ✷✵✵✷✳

❬✷✺❪ ◗✳ ❨❛♦✳ ❊①♣♦♥❡♥t✐❛❧ ✐♥❡q✉❛❧✐t✐❡s ❢♦r s♣❛t✐❛❧ ♣r♦❝❡ss❡s ❛♥❞ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡

r❛t❡s ❢♦r ❞❡♥s✐t② ❡st✐♠❛t✐♦♥✳ ■♥ ❉❡✈❡❧♦♣♠❡♥t ♦❢ ▼♦❞❡r♥ ❙t❛t✐st✐❝s ❛♥❞ ❘❡❧❛t❡❞
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