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Abstract
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1 Introduction, notation and main results

Consider a bounded open set Q2 ¢ R". For a second-order elliptic operator, say A = —A,, Carleman
estimates take the form!

3 2 2 2
sl ulllzq) + slle*Viullzq) < lle¥Aullpy ), u € €°(Q), s> s0,

for a properly chosen weight function ¢(x) and s¢ sufficiently large (see e.g. [17]). It is common
to use a weight function of the form ¢(x) = e with 8 such that |8’] # 0 and A sufficiently large.
Including a second large parameter (see [16]), the Carleman estimate then takes the form

3 2 1 2 .
S PNe2 e ull ) + A2 eVl 20 < lle?Aullr, UE€ECQ), s> 50, 1= A.

(D)

For a parabolic operator, say P = 0, + A, on Q = (0,7) x Q, Carleman estimates can be derived
[16] in the following form

3/14 3 san 2 /12 i sanyy 2 < |le*@p 2
S (@) e Mullz gy + sA%(ag) eV llz gy < e PullZs g,

u € ¢7(Q), supp(u(t,.)) € Q, s> s9, 1= Ao,

for a(t) = (T — 1)), p(x) = e¥D, with B such that |'] # 0 and 5(x) = e¥® — ¥ < 0. In
this later case the weight function a(#)n(x) is singular at time t = 0 and ¢ = 7. For a review of
Carleman estimates for elliptic and parabolic operators we refer to [13, 24].

The estimates we have presented are said to be local, as they apply to compactly supported
functions in Q. So-called global Carleman estimates can be derived (see e.g. [16]). They concern
functions defined on the whole Q with prescribed boundary conditions, e.g. homogeneous Dirich-
let, Neumann. They are also characterized by the presence of an observation term on w C € on
the r.h.s. of the estimate, e.g., for the elliptic operator A = —A,

3954 §s<p2 2,4 s 2 sQ 2 34§sap2
s Ul e™ullpzq) + sANl@2 e Vaullpaq) < e Aullpa g + 5" Ulle2 e™ull 2y, 5= 50, 4= Ao,

for u € €*(Q), and upq = 0.

Note also that Carleman estimates can be patched together (see e.g. [17, 24]). If local estimates
are obtained at the boundary 9€2, then one can deduce global estimates from the local ones.

Carleman estimates have many applications. In 1939, T. Carleman introduced these estimates
to prove a uniqueness result for some elliptic partial differential equations (PDE) with smooth
coeflicients in dimension two [10]. This result was later generalized (see e.g. [17, Chapter 8],
[18, Chapter 28], [34]). In more recent years, the field of applications of Carleman estimates has
gone beyond the original domain. They are also used in the study of inverse problems (see e.g.
[9, 20, 19, 22]) and control theory for PDEs. Through unique continuation properties, they are used
for the exact controllability of hyperbolic equations [3]. They also yield the null controllability
of linear parabolic equations [29] and the null controllability of classes of semi-linear parabolic
equations [16, 2, 14].

Difficulties arise for the derivation of Carleman estimates in the case of non-smooth coefficients
in the principal part of the operator, i.e., for a regularity lower that Lipschitz. In fact, it is known

'a < b stands for a < Cb for some constant C > 0.



that unique continuation does not hold in general for a % Holder regularity of the coefficient
with 0 < @ < 1 [32, 31], which ruins any hope to prove a Carleman estimate.

In the present article, we consider coeflicients that are discontinuous across a smooth inter-
face, yet regular on each side. This question was first addressed in [12] for a parabolic oper-
ator P = 0; — V,(c(x)Vy), with a monotonicity assumption: the observation takes place in the
region where the diffusion coefficient ¢ is the ‘lowest’. In the one-dimensional case, the mono-
tonicity assumption was relaxed for general piecewise €' coefficients [6, 7], and for coefficients
with bounded variations [23]. Simultaneously to these results, a controllability result for linear
parabolic equations with ¢ € L™ was proven in [1] in the one-dimensional case without Carleman
estimate. This controllability result does not cover more general semi-linear equations. An earlier
result was that of [15] where the controllability of a linear parabolic equations was proven in one
dimension with ¢ € BV through D. Russel’s method.

The case of an arbitrary dimension without any monotonicity condition in the elliptic case
was solved in [5, 27] and in the parabolic case in [28]. In [25, 26] the case of a discontinuous
anisotropic matrix coefficients is treated and a sharp condition on the weight function is provided
for the Carleman estimate to hold.

The methods used in [5, 27, 28, 25, 26] focus on a neighborhood of a point at the interface
where the interface can be given by {x, = 0} for an appropriate choice of coordinates x = (x’, x,,),
x’ € R"!, x, € R. Then, through microlocal techniques (Calderén projector or first-order factor-
ization), a local Carleman estimate is proven. However, these methods require strong regularity
for the coefficients and for the interface. Moreover, they fall short if the interface crosses the
boundary. This configuration is typical in bounded stratified media such as those we consider
below.

In stratified media, a controllability result for a /inear parabolic equation in arbitrary dimension
was obtained in [8]. The approach was based on the 1D Carleman estimates of [6, 23] in the
parabolic case and a spectral inequality as in [29, 30, 21] for the transverse elliptic operator,
whose coeflicients are smooth. The precise definition of such stratified media is given below.

The controllability result obtained in [8] left the question of deriving a Carleman estimate open
for stratified media in dimension greater than two in both the elliptic and the parabolic cases.
This result is achieved here. One of the consequences of this result in the parabolic case is the
null-controllability of classes of semi-linear parabolic equations. We refer to [12] for these devel-
opments.

Remark 1.1. The following observation also provides hints that Carleman estimates can be de-
rived for stratified media [33]. As we shall assume below interfaces cross the boundary trans-
versely. Pick a point at the intersection of an interface and the boundary and choose local coordi-
nates such that the interface is orthogonal to the boundary. Assume that the coefficients associated
with the transverse part of the operator are flat at the boundary. Then, by reflection at the boundary,
the system under consideration can be turned into a problem with a smooth interface away from
any boundary which permits to use the results of [27, 28, 25, 26]. This situation is however not
general.

We finish this introductory presentation by pointing out the difficulty that arises when deriving a
Carleman estimate for the operator A = =V (c(x)V,) or P = 9;—V(c(t, x)V,) in dimension greater



than two, in the presence of an interface S. In fact, the standard Carleman derivation method leads
to interface terms involving

1. trace of the function us. Zero- and first-order operators in the tangent direction act on us.

2. traces of its normal derivative d,, us, , on both sides of S.

This interface contribution can be interpreted as a quadratic form (see [6]). In [27, 28] the authors
show that this quadratic form is only non-negative for low (tangential) frequencies. Here we shall
recover this behavior where the tangential Fourier transform is replaced by Fourier series, built on
a basis of eigenfunctions of the transverse part of the elliptic operator. For high (tangential) fre-
quencies, the tangential derivative term (i.e., the action of a the first-order operator on us) yields
a negative contribution, unless a monotonicity assumption on the coefficient ¢ is made as in [12].
In [5, 27, 28] the authors have used microlocal methods in the high frequency regime to solve this
difficulty, and more recently in [26, 25]. Here, because of the intersection of the interface with the
boundary, and because of the little regularity required for the diffusion coefficients, such methods
cannot be used directly. However, the separated-variable assumption made on the diffusion coef-
ficients allows us to use Fourier series and similar ideas can be developed: low frequencies and
high frequencies are treated differently. In the parabolic case the separation we make between the
two frequency regimes is time dependent. Here, the separated-variable assumption yields explicit
computations, which reveals the behavior of the solution in each frequency regime.

In the present article, a particular class of anisotropic coefficients is treated. The question of
deriving Carleman estimates for more general coefficients in the neighborhood of the intersection
of an interface, where the coefficients jump, with the boundary is left open.

1.1 Setting and notation

We let Q be an open subset in R”, with Q = Q' X (—H, H), where {’ is a nonempty bounded open
subset of R"~! with ¢! boundary?.

We shall use the notation x = (¥, x,) € Q" X (-H,H). We set § = Q" x {0}, that will be
understood as an interface where coefficients and functions may jump. For a function f = f(x) we
define by [f]s its jump at S, i.e.,

[f1s(X) = f(O)l,=0+ = f(X)]x,=0-
For a function u defined on both sides of S, we set

ws, = (g, s

with Q; = Q' X (0, H) and Q_ = Q' X (-H,0).

Let B(t, x), t € (0,T) and x € Q, be with values in M,(R), the space of square matrices with real
coeflicients of order n. We make the following assumption.

2Note that the derivation of a Carleman estimate in the case of singular domains can be achieved (see [4]). Address-
ing the more general case of Lipschitz boundary is an open question to our knowledge.



Assumption 1.2. The matrix diffusion coefficient B(t, x’, x,) has the following block diagonal form

B(t.x .z = (1O 0 )

0 co(t, x,)

where the functions c;, i = 1,2, are’ in (51((0, T) XQ_i) with a possible jump at x, = 0. We assume
Cy € Whe(Q, M,,_1(R)) and that C,(x) is hermitian. We further assume uniform ellipticity

0 < cmin < ¢i(t, xp) < Cmax <00, (1, x,) € (0,T)X (-H,H) and i = 1,2,

0 < cminldyy < C](X,) < Cmax Id,—1, X eq.

To lighten notation we shall often write ¢;_ := ¢;j,,=0- and ¢y := ¢jj, =+ fori =1,2.

Remark 1.3. Here, the matrix coefficient B is chosen time dependent in preparation for the Car-
leman estimate in the parabolic case. We shall also prove such an estimate in the elliptic case:
see Theorem 1.4 below and its proof in Section 3. For this theorem we shall of course use B
independent of time.

For the proof of Theorem 1.4 (elliptic case) we shall further assume ¢; = c¢;. In fact, this
simplification allows us to provide a fairly simple proof of the Carleman estimates that shows
the different treatment of two frequency regimes. These frequency regimes are connected to the
microlocal regions used in [27] and [25, 26]. Note however that the case ¢; # ¢, can also be
treated in the elliptic case. The proof is then closer to that of the parabolic case of Theorem 1.5 in
Section 4. We have omitted this proof for the sake of the clarity of the exposition.

Let T > 0. For each ¢ € [0, T'], we consider the symmetric bilinear H(I)—coercive form

a(u,v) = [(B(t,)Vyu) - Vyvdx,
Q

with domain D(a;) = H(l) (Q). It defines a selfadjoint operator A, = =V, - (B(,-)V,) in L*(Q) with
compact resolvent and with domain D(A;) = {u € Hé(Q); V.- (B(t,)Vu) € L*(Q)} (see e.g. [11],
p. 1211). In the elliptic case, we shall denote by || - [|;2q) the L? norm over Q and by [ [z2(s) the
L? norm over the interface S of codimension 1.

Weset Or = (0,7)xQ, St = (0, T)xS. We shall also consider the following parabolic operator
P =0, + A; on Qr. In the parabolic case, we shall denote by || - || 2oy the L? norm over Q7 and
by | - |z2(s,) the L? norm over the interface S of codimension 1.

In this article, when the constant C is used, it refers to a constant that is independent all the
parameters. Its value may however change from one line to another. We shall use the notation
a < b if we have a < Cb for such a constant. If we want to keep track of the value of a constant
we shall use another letter.

3Concerning the regularity of the coefficients c;, an inspection of the proof of the Carleman estimate in the parabolic
case shows that the time derivative of the trace of ¢, at x,, = 0 needs to make sense (see above (A.9) in Appendix A.S).
An alternative regularity is then W (0, T; W' (Q)).



1.2 Statements of the main results

We consider w, a nonempty open subset of Q. For a function 8 in €°(Q) we set
o(x) =¥ 1> 0,

to be used as weight function. We consider first a matrix coefficient independent of the parameter
t. A proper choice of the function 3, with respect to the operator A, w and Q (see Assumption 2.1
and Assumption 3.2), yields the following Carleman estimate for the elliptic operator A.

Theorem 1.4 (Elliptic case). There exist C > 0, Ay and sy > 0 such that

2,50, % 2 34snp§2 so % 2 so L 2
sA2(e* 07 Vull 2y + S A4 02 ull 2 + 54(le* @2 Vets |25 + le¥ 07 Dutts| s
3 2 2 3 2
+ S3/13|6W902M|S |L2(S) < C(HE‘WAM”Lz(Q) + s3/l4||ex&p(p2 ”HLZ(Q)))’
forallu € D(A), 1 > Ay, and s > .

Here, V. is the tangential gradient on the interface S. Note that belonging to the domain
D(A) implies some constraints on the function u at the interface S, namely u € H land BV,u €
H(div, Q). We shall first prove the result for piecewise smooth functions satisfying

ws_ =us,, (cOyu)s_ = (clgu)s,,

and then use their density in D(A).

With a function 8 > 0 that satisfies Assumption 2.1 below, we introduce 8 = 8 + m]|3||cc Where
m > 1. For A > 0 we define the following weight functions

e =¥, ) =P — ¥ a) = (T - ),

with ,E = 2m|Bll- (see [16, 12]). For j3 satisfying some additional requirements (Assumption 4.2),
that will be provided in Section 4, we prove the following Carleman estimate for the parabolic
operator P.

Theorem 1.5 (Parabolic case). There exist C > 0, Ag and so > O such that

- _1 2 _1 2 1o 2
s ](||6’W'(a¢) 200l 200y + lle*“"(ap) 2Atu||L2(QT)) + S/12||€san(a<;0)zvu||L2(QT)
3944, 5an 3 2 san 1 2 san 1 2
+ 57 le™ap) 2 ullp2 o,y + s/l(le (a@)>Veus 1y, +le (ago)26nu|sT|Lz(ST))
3 2 2 3 2
+ 50 ap) s lizgs ) < (I Pulliz g, + 5 Alle ™ ag) 2 ull 2o rxan )

forall u € C2((0,T) x Q.) such that Uy = Ust, (czaxnu)w; = (czaxnu)w;, A > Ay, and s >
so(T + T?).

By a density argument, we can extend this estimate to functions in [ ® DA, dinH ! o,T, LZ(Q)).
[0,7]
Larger function spaces, with rougher behaviors can also be handled such as explosion at times

t = 0and ¢t = T if they are compensated by the rapidly vanishing weight function ¢**7. The r.h.s.
of the estimate can be used to define a norm. The larger the parameters s and A, the bigger the
associated spaces will be. Such choices can be driven by applications.



1.3  Outline

In Section 2, we provide some spectral properties of operator A, which yields a Hilbert direct
decomposition of L*(Q) = ®en- Hy that reduces A. We also provide the precise assumptions made
on the weight function. In Section 3, we prove the Carleman estimate for the elliptic case. In
Section 4 we prove the Carleman estimate for a parabolic case. Some intermediate and technical
results are collected in the appendices.

2 Spectral properties and weight function

Similarly to A, = =V, - (B(t, x)V,), one can define the time independent selfadjoint transverse
operator on L*(QY’)

A ==V (C\Vy), DW@A’)={ueH)Q);Vy-(CVyu) e L*(Q)).

We consider an orthonormal basis of L>(€), composed of eigenfunctions (¢ )=, associated with
the eigenvalues, with finite multiplicities, 0 < ,u% < ,u% <. < ,u]% < ,u% o <o, with g — oo

With this basis (¢ )r>1, we build an unitary transform 7 : LX(Q) — ]§1L2(—H, H) defined by
(Fu)k, x,) ::g{ G (xXNu(x’, x,) dx’, (2.1)
with the following properties (recall that here V,» = V)
V) = 3 (050, B 03 = 3 5
Vor 5 = 3 9l 5 Vi)

We shall often write ¥y, = P(%, .).

As the family (C }/ 2V¢k)k is orthogonal in L*(Q) (Cyisa positive definite matrix) we have

172 2 = |a 12 2 o in
1€V xallpzyy = 2 100w ICY 2V o il ) = PRLCERITE

which gives

Pk, x| 2.2)

g R 2 o
(Cmax) lkzl 13 [k, x| < NIV k)l gy < (Eomin) lkzl 1

We choose a weight function § that satisfies the following properties.
Assumption 2.1. The function 8 € €°(Q), and Bia, €C 2(Q.) and

B>=C>0, [V,|>2C>0inQ\ w,
B=Cston Q' x{—-H} and = CstonQ' x{H}.
VeB=00n0Q x(-H,H),

dx,B>00nQ x{-H}, and d,B<00nQ x{H}.

There exists a neighborhood V of S in Q of the form V = Q' X (=6, 0) in which 8 solely depends
on x, and is a piecewise affine function of x,,.



In particular S5 is constant. As the open set w can be shrunk if necessary, we further assume
that w N (Q’ X (=6,0)) = 0.

Such a weight function 8 can be obtained by first designing a function that satisfies the proper
properties at the boundaries and at the interface and then construct 8 by means of Morse functions
following the method introduced in [16].

Here, in addition we assume that d,, 8 = 8’ > O on S, and S _, which means that the observation
region w is chosen in Q' x (0, H), i.e., where x,, > 0. There is no loss in generality as we can change
X, into —x, to treat the case of an observation w C Q' x (-H, 0).

Note that Assumption 2.1 will be completed below by Assumption 3.2 in the elliptic case and
Assumption 4.2 in the parabolic case respectively.

3 The elliptic case: proof of Theorem 1.4

As mentioned in the introductory section, we have consider only the case ¢; = ¢ = ¢ in this proof.
The case ¢ # ¢, can be treated following the lines of the proof of Theorem 1.5 in Section 4.

Local Carleman estimates can be stitched together to form a global estimate of the form pre-
sented in Theorem 1.4 (see e.g. [24, 28]). Such local estimates are classical away from the interface
(see [29, 16, 24]). To prove the elliptic Carleman estimate of Theorem 1.4 it thus remains to prove
such a local estimate at the interface S, for functions u € D(A) with support near the interface. We
shall thus assume that supp(u) C Q' X (=4, §), where the weight function 8 depends only on x;, and
is piecewise affine.

Piecewise smooth functions that satisfy the transmission conditions

ws_ =us,, (Oxu)s_ = (cOxu)s,, 3.1

are dense in D(A). We may thus restrict our analysis to such functions. Because of these transmis-
sion conditions we shall write ujs and (cd,,u)|s in place of ujs, and (cdy, u)s, respectively.

Applying the unitary transform of Section 2, the equation Au = f can be written
(=0, €0, + cHRin(xn) = fixa). 2, € (=6,0) U (0,0),
with supp iy C (=9, 9).

Our starting point is the following proposition.

Proposition 3.1. Let the weight function B satisfy Assumption 2.1. There exist C,C’,C" > 0,
Ao > 0, 59 > 0 such that

C(s2llpd 0y, 0l Lot el U
sA% |l x,,Vk”LZ(_(S,(s)"'S ll ,ukaHLz(—(S,é)"-s llp Vk“LZ(_(S,(S)

Y A~ A ’ ~ ’ 1 aso P2
+ sdgis (8105, %l s + 1sAgbus PIPB s — ludus LB s ) < C'lle* fllizsp) + 2 (3.2)

forall k e N*, ¥, = e*iig, A > dg and s > so, with Z = —C”s/lzt,0|5 Re[czﬁ'zaxnﬁk]sﬁ_km.



We emphasize that the constants are uniform with respect to the transverse-mode index k. Such
a result can be obtained by adapting the derivations in [12] for instance. We provide a short proof
in Appendix A.l. In particular we have

1Z) < CsXis (10, Drjs_| + 105, 9us.,1) s | (3.3)
Moreover, in addition to Assumption 2.1, we shall consider the following particular form of 8
Assumption 3.2. For K = f—; and some r > 0, we have
2 fK=1,

K ifK > 1, (3.4)
(r+1)—-rK ifK<l.

Remark 3.3. 1. With this assumption we note that we have L > 1l and L —» 1 as K — 1,
K # 1. Here we choose L = 2 if K = 1, to preserve interface terms in the Carleman
estimates even for this case that corresponds to coefficients with no jump.

2. The value r = 3 is admissible in (3.4) (see Lemma 3.6 and its proof). In the spirit of what
is done in [23] one may wish to control the jump of the slope of the weight function by
choosing other values for r.

3. To construct the weight function 8 we first choose its slopes on both sides of the interface
satisfying Assumption 3.2. Here the slopes are positive as we wish to observe the solution
in {x, > 0}. We may then extend the function 5 on both sides of the interface. The additional
requirements of Assumption 2.1 only concern the behavior of the 8 away from the interface.
The two assumptions are compatible.

We now set B(v) = sdgis ([¢*B'10, P15 + Isdgvis P[c*B]s ).

Lemma 3.4. We have
2

Bw) = sdpis e (Bily@)l + Balsdeiys ). y(iw) = ey, bus + cofls —— (sApi)s

with By :ﬁfS,(L - 1)>0, and

(L - K)?
1)

By = & (Bs (2L - K = =

(3.5)

For a proof see Appendix A.2. Note that L > 1 by Assumption 3.2.
We shall consider two cases: K > 1and 0 < K < 1.
Case K > 1. Then L = K and

~[*B1s = —ciBs (L—K*)>0, By >0, By=ci(Bs V’K*(K-1)>0.
The trace terms in (3.2) thus yield a positive contribution. We have
B(w) — sdgis ludgs P[PB s 2 (sAgis ) e Plitgs > + sgis € (ly@ol + lwdues )

3 dsoin 12 2 - A2
2 (sAgs) e liys|” + sdgse w(|3xnuk|s| + |updigs | )



In particular for s sufficiently large the remainder term Z estimated in (3.3) can be *absorbed’. We
thus obtain

2, 1 N 2 2 L 2 3.4, 3 A 2
sA ||¢25x,,vk||L2(_5,5) + s ||902,Ukvk”L2(_5,5) +5°4 ||902Vk||L2(_5,5)
3 2so1n 12 2 A2 A2 A2
+ (515 )’ € lings * + sAgys (10, s I + liiters ) < e filliz sy (3:6)

for all k € N*. Summing over k, using (2.2) we obtain the sought local Carleman estimate in the
case K > 1

2 Ao 34y 32
sA ||¢2VV||L2(Q'X(—§,(5)) + 5°A ”‘pzvlle(Q’x(_@ﬁ))

3 2 K K 2
+ (s4gis ) X s 7,5, + sAis €5 [Vus [ ) < 1€ fllp sy BT

The Carleman estimate of Theorem 1.4 can then be deduced classically. This case, K > 1 is the
case originally covered by [12].

Case 0 < K < 1. Then, either L = (r + 1) — rK > 1 or L = 2, which gives B; > 0. Lemma 3.6
below implies that B, > 0. Hence, for s sufficiently large the remainder term Z estimated in (3.3)
can be “absorbed’. We now aim to estimate the tangential term in (3.2).

Proposition 3.5. There exists C > 0, and € > 0 such that for all k € N we have

1
1+e¢

so £ 112 29021 0112 A2
+ C(lle* filliass) + SN2 s+ 105,062 s.5)

’ A N 2
sA@is (2B 1s s | < —— 415 Ba [sA(ehus | (3.8)

Proof. Let 0 < & < 1. The value of € will be determined below. We treat low and high values of
1y differently.

Low frequencies. Set k; as the largest integer such that (1 + e)|[c2,8’] s |/1,% < Bz(sﬂgo)lzs, that is

(1 + e < B V(sA9)ys %(2(1} - K% - M) (3.9)
IL - K2| L-1
We then have
(1 + &)sd@ys [ 28 1s | luedis P < sgis Ba [sA@dys [, k < k. (3.10)
High frequencies. Here we consider frequencies y that satisfy
(1 - & > sl0x, 015 | = sApis B _. (3.11)

We denote by k; the smallest integer that satisfies (3.11).

We write

0% — Uiy = -

10



As i (=0) = i(6) = 0, with the transmission conditions (3.1), the computations4 of Ap-
pendix A.3 yield

1 9 sinh (ug(6 — xp,))
(cy +¢c2) cosh(ugo)

Mk, =0+ = (c+8k(xn) + c-8i(=2xn)) dxp. (3.12)

‘We have

sinh (u(6 — x,)) @O — g=Wu(0=x1)
cosh(ued) oS + e~ (id)

< e HkXn (3.13)
‘We note that
L ol
90(0) - (,0(—)6”) = Xn f‘ﬁ (_xn + O-xn) do = Xn/lﬁw_ f(,D(—Xn + O-XH) do—a
0 0

as the weight function 8 = B(x,) is affine in (-6, 0). Since 8’ > 0, the function ¢ increases with x;,
and we have ¢(0) < ¢o(—x,) + xnxlgo(O),Bl’Si, if x, > 0. As we have assumed (3.11) here we obtain

5¢(0) = piXn < S9(=Xp) = kX, X > 0. (3.14)

‘We also have

SSO(O) = HiXn < s‘p(xn) — &k Xn, Xn > 0. (315)
From (3.12) we thus obtain

l

3 0
pi e ligs| < ——— 0f( e e_gi(=xo)| + € |e i)l ) pf € dx

(cy +co)
o }
< (le* 2ell2-s0) + ||e%k||Lz(o,5))(ofuke‘ )

_1 N _1 A R R
S & 2 8llzss) S € 2(||€Wfk||L2(_5,5) + AoVl 256y + ||ax,,vk||L2(,5,5)),
which leads to, for k > k»,
sdgys |[2B s | luibris
< (1= 8B ™" (B s |glows
s -ge g ]! |[C B ]Sl(”ewkaLZ( 55 TS 22 ||90Vk||Lz( 5 T ||3x,,Vk||Lz( 55))

We have thus seen that low frequencies in (3.8) are estimated by boundary terms and high
frequencies are estimated by the r.h.s. of (3.2) and "absorbable” terms. It remains to prove that we
cover the whole spectrum with the two estimates we have obtained. A sufficient condition is then

(L - K)
T

(1= &) (1) (B )* < 7~ wls )*(sdg)s T K2|(2(L3 - K% -

4This is the precise point where ¢; = ¢; is used. In the case ¢, # ¢, the result of Appendix A.3 cannot be used and
we have to proceed as in Section 4.
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that is

(1-2)

1+e¢

P(K,L):= —|L— K*(L- 1)+ (217 - KL~ 1) - (L* - K)*) 2 0. (3.16)

We recall that L = (r + 1) — rK if 0 < K < 1. The following lemma provides a positive answer
(see Appendix 3.6 for a proof).

Lemma 3.6. There exists gy > 0 such that for 0 < & < &,

e P(K,L)>20ifK =1,

o there exists r > 1 such that P(K,L) > 0 for K € (0,1). In particular the value r = 3 is
admissible.

In particular we have B, > 0.

This concludes the proof of Proposition 3.5. [ |

Arguing as we did for (3.7) in the case K > 1, we now obtain

Sl Vlos + S + (sAgis ) €255 |y
14 L2(QYX(~6,6)) P VL2 x(-6,6)) pIs IS172(s)
24 2 s@ £112 252 2 2
+ S/l(p|Se s |VM|S |L2(S) S ||e“pf||L2(Q/X(_§’6)) + 5 /l ”‘PV”U(Q,X(_IS’(;)) + ”6x’7v||L2(Q’X(—5,6))' (317)
The last two terms on the r.h.s. can be “absorbed” by the 1.h.s. by choosing s sufficiently large.
This concludes the case 0 < K < 1 and the proof of Theorem 1.4.

Remark 3.7. Here, the weight function does not depend on x’. Observe that the local Carleman
estimate that we obtain in Q" X (-6, 0) does not require any regularity for the boundary of the open
set Q’. The minimal regularity of the boundary 0Q to achieve a Carleman estimate remains an
open question to our knowledge.

4 The parabolic case: proof of Theorem 1.5

Here, the matrix coefficient B is assumed to be time dependent as stated in Assumption 1.2. The
coeflicients ¢y (¢, x,) and ¢, (¢, x,,) can be different.

We choose a function 5 > 0 that satisfies the requirements of Assumption 2.1 and we introduce
B =8+ ml||Bll, where m > 1. Observe that 3 also satisfies Assumption 2.1.

For T > 0 and A > 0 we define the following weight functions

o) =PV g =¥V —e® xeQ,  a®)=WT-0)", te0.T). (41
with 8 = 2m|Bl|,, (see [12]). Note that < 0. As in the previous sections we choose 8/ > 0 on S,
and S _ , which means that the observation region w is chosen in Q" x (0, H), i.e., where x, > 0.
It suffices to prove a local Carleman estimate at the interface S, i.e., for functions u with support
near the interface, supp(u) C [0, T] x Q’ X (=6, §), where the weight function 8 depends only on x,

and is piecewise affine.

12



We assume moreover that u satisfies the transmission conditions
wss =ust, (C20x,u)5- = (c20x, U5+ (4.2)
Applying the unitary transform of Section 2, the equation d,u + Au = f can be written
(0 — 0y, 20y, + cl,u%)ﬁk(t, X2) = fllt, x), 1€(0,T), x,€(=6,0)U(0,68), k>1,

with supp(itx) C [0, T] X (=6, 0). Setting grs = (0, T) X (=06, 6), our starting point is the following
proposition.

Proposition 4.1. Let T > 0. There exist C,C’ > 0, 1y > 0, 59 > 0 such that
-1 1 . 2 2 1 N 2 2 1 ~ 2
(s Iae) 20,0ll2gy,) + SAN@R) 0, Ball2gy ) + SR el 200,
2 A~ 2 r / A ~ /.
+ 8 a0) iz + 52 S agis (138105, 9P s + |sdalehis P37 s ) dt
0
| 5an £ 2 T s 2 ’
< CNe* fllizgyy) + SA S agis ludys, "lereaf’ls dt + Z,  (4.3)

0
forall k € N*, ¥ = e*Miyy, A > dg and s > so(T + T?), with

PR, . . 3 r .
121 5 s7AT Jagis (05,0l + 103, 9eli.) di + (s(T° + THA+ S TP2°) [ sl dr. (4.4)
0 0

We emphasize that the constants are uniform with respect to the transverse-mode index k. Such
a result can be obtained by adapting the derivations in [12] for instance. We provide a short proof
in Appendix A.5.

As in Section 3, we set

B,(0x) = sdagis (38105, 9l 1s + Isdagbis, P37 ]s),

L:ﬁ'/s* K = =9 K, = inf K, Ki= sup Ki(), i=1,2.  (45)
Bl l cir (1)’ ' el Ceor o .
and
K+ L(L-1) . —
B=B(L)= 1nf (c2+(t)) (Bls ) S — with L = max{K>, 2}, (4.6)
and finally
D =D(L) = sup (cr+c24 ) B (L + K K2) > 0. 4.7)

1€[0,T]
We make the following assumption on the weight function in addition to Assumption 2.1.

Assumption 4.2. The weight function j3 is chosen such that L > L = max{K,,2} and
/D 4 1 Xn)\?2
18 IS . fcl( xn)) (4.8)
tx,, co(t, xp)
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The coefficients ¢y, ¢, being fixed, the forms of the coefficients D and B show that this can be
achieved by first choosing the value of ﬂl’s_ > 0 and then picking a sufficiently large value for L.

Remark 4.3. To construct the weight function 8 we first choose its slopes on both sides of the
interface satisfying Assumption 4.2. Here the slopes are positive as we wish to observe the solution
in {x, > 0}. We may then extend the function 8 on both sides of the interface. The additional
requirements of Assumption 2.1 only concern the behavior of the S away from the interface. The
two assumptions are compatible.

Lemma 4.4. We have

B, (91) = sdagys e # (Bly(@)l® + Balsda(pine)s ),
. A A / 2— A
with y(fix) = (c20x,0)s + C2+ﬁ|s, %(s/lacpuk)m and where

(L* - K2<r>)2)
L-1 ’

If B satisfies Assumption 4.2 we have By > 0 and B,(t) > B, with B defined in (4.6).

Bi=f (L-1),  By(t)=c3, (0B (2L - K3(1) -

Proof. The proof of Lemma 3.4 in Appendix A.2 can be directly adapted and gives the first part of
the lemma. As L > 1 we have By > 0. A direct computation yields B,(¢) = c% +(t)(ﬂ|,s_)3w
with

P,(L,Y)=Y*(1-2L)+2YL* + L* - 2L°
=L3L-L)+L*(L-2)+2LY(L-Y)+Y>

AsL>2,and L > K> > K1) > K, > 0, we thus obtain P,(L, K»(1)) > K% + 3L - L). [ ]

We now prove the following key result, providing an estimate of the tangential derivative of v,
i.e., gk, in the Fourier decomposition.

Proposition 4.5. For a weight function B that satisfies Assumptions 2.1 and 4.2 there exists C > 0
such that for all k € N* we have

T . B 3. 2 A2
s [ agisllcicaB’Is | by Pdr < Z(S/l)Bl(a90|s)2Vk)|s 2oy + C(llemnfklle(qm)
0

3,2 Lo 2 o2
+ 8 @) lli2gr ) + SAU@)? 0, Wil 2y, + SAU@R) iPill1247.)- (4.9)
for A and s/(T + T?) both sufficiently large.

Proof. We fix k > 1 and we shall keep track of the dependency of the constants on k.

We have
l[c1c2B1s| < (crrc20)(®) Bl (L + K1 Ka(1) < D,
with D as defined in (4.7). We set

1 /B T
O1:5.2) 1= 5 sdaltips |5 and psn = @(E;s,a):t%r;)@(z;s,@. (4.10)

14
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0 1y % T-t T t

Figure 1: The function ®. The shaded region is treated in the first step of the proof.

If px > ., there exists # := (s, ) € (0,7/2) such that

ui = O(t; 5, ) = O(T = x5 5, A). (4.11)
For py > ps 2, we set
~ 1y 17
=0V T -0T),  Je=OD\L=0T-10., Jo=(5.T-3)
For i < ps 2, we set
I :=(0,T).
We then introduce
I(k; 5, ) := sAD [ a(t)gis i ows > dt, (4.12)
I
J(k; 5, ) == sAD [ a(t)ps plous | dt, (4.13)
Jk

so that the term on the L.h.s. of (4.9) is less than the sum of the two previous quantities.

The first term, I(k; s, 1), involving time ¢ close to 0 or 7', will be estimated by a trace term. The
second term, J(k; s, A), involving time ¢ away from 0 and 7', will be estimated by volume terms.

Step 1: uy < pspor t € I In the (¢, i) plane presented in Figure 1 this corresponds to the
shaded region. We thus treat low (tangential) frequencies here.

Lemma 4.6. For all k > 1 we have
|2

b}

A B A
Dluiis | < 7 [sAa(d)(@iis

with B as defined in (4.6), if either (1) px < psp or (2) p > pgand t € Ii.

15



Proof. The first point follows from the definition of 1, 4. The second point is a direct consequence
of the definition of #; in (4.11) as the function 7 — a(t) decreases on (0, 7'/2). u

For all kK € N*, we thus obtain

B 3 3. 2
I(k; s,) < Z(S/l) [(apys)2Vi)s |L2((O,T))‘

Step 2: pi > ps 4 and ¢ in a neighborhood of J, preliminary result. In each open set (0, 7) X
(=0,0) and (0, T') X (0, 9), the function #, satisfies the following equation

1 i O
P+ Lyt Lo =y P02 g, (4.14)
lo) o) o o
Because of the form of (4.13) we set
p(t; 5, 2) := sADa(t)p;s €*5Os (4.15)

We consider a cutoff function (0, 7) > t — x(¢), such that
xe=londi, 0<yi<1, supp(yr) CJi and |l < C/u,

and we introduce :

W= Witk X3 8, 4) = SxOp(s s, Dlidt, xa)l (4.16)
Note that y; depends on the index k. Yet, as this dependency will only appear below through the
estimate of ||/\(;(||oo we shall write y in place of y; for concision.

Observe that w > 0 and that it satisfies the same transmission conditions (4.2) as u. The function
w satisfies
c )24
aew—— ((2 ~ VM ~ —)w =g, (4.17)
(&) cp
with0 <y < 1 and

’

. 1 1 r—  CL Y . O o= X .
g = —xPpldx, il* — —0w + x—pRe friyx — — 1 = x pliel* + xp—— Re iy, ity + Z— plitg|*.
o o) c "2 2 2co
Lemma 4.7. There exist so > 0, g > 0, depending on L and vy, such that
2 24 0 .. Ik 1
c1p 2 2

for s > so(T + T?) and A > Ao.

See Appendix A.6 for a proof.
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Step 3: uy > .2 and ¢ in a neighborhood of J, conclusion. For 7 € J; we begin by replacing
the time-space dependent coeflicient %((2 —y),ui - %) by O'Z/Ji on the 1.h.s. of (4.17) (the constant
o is introduced in (4.8)). This will allow us to argue as in the elliptic case, viz. solving an ordinary
differential equation with constant coefficients.

We set ’
P Y
2 c1p
We have
& w = ougw = =g, (4.19)
with

B . 1 1 A— (] . 0y,C2 R —
gi=—qgw —)(Plﬁx,,uklz - —ow+xy—pRe firiy — —/\/Zp,ulzlukl2 +Xp—x Re 130, iy + X
2 2 2 ¢ 2

pli®.
2
Observe that Lemma 4.7 gives

1 1
q(t, x ke, 5,0) > 0, 5"<;<T—5", X € (=6,0), s> 50, 1> Ao

From (4.19) and Appendix A.3 we obtain

J(kys,A) <2 f,u,%wwdt
T

2ur ¢ sinh (op(0 = X))
=== a(t, +cp_2(t,— dx,dt. 4.20
Note that the introduction of J, instead of Ji, is due to the cut-off function y. Substituting g in
(4.20) we obtain seven terms. We shall provide the details for the contribution of ¢, &(t, x,,). For
the contribution ¢;_g(#, —x,) details are given if difference occurs. As in the elliptic case, we shall
use that the kernel =254 %’ﬁ;{;")) be estimated by the weight e,

1. We have
9 sinh(oui (6 — xn))

—qw = xplos, i) dxy < 0. 421
0o  cosh(ouo) (= gw = xpldx, ") dx 4.21)

The negative sign is fortunate as the absolute value of this term cannot be reasonably
bounded, i.e., by a term that can be “absorbed” by the l.h.s. of (4.3).

2. (a) Term c—lzatw. Because of the cut-off function y we have wy=;, 2> = Wy=r—;, 2 = 0 and
we get

sinh(ou(6 — xn)) Co+
By t, £x, d ndl
Co4 +C2-) cosh(o-,uk(s)( o w(t, £x )) X

6
K

g Sihem@ =), e
- t

t,+x,)dx, dt,
0 cosh(oud) (24 +C20)C2 )W( ) i
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(b)

and, by (3.13), we have

sinh(o (6 — X)) (- C2x

—ow(t, £ d dt
L o s en et~ o ot du

’llk f

< 54D [ f a()gys e~ S iy (1, +x,) doxy dit.
Ji 0

We shall thus obtain an estimate of this term by the r.h.s. of (4.9) if we prove
—o Xy + 2sa(t)ns < 2sa(tn(£x,),  Y(t, x,) € Ji % (0, 6). 4.22)

This is clear for the case + since ns < 1(x,).
The argument is different for the case —. Using that 5 is a piecewise affine, we have

N(=x2) = Ms = @(=x) = @15 = =X, ABLP)s,  xn € (0,6).

Therefore, (4.22) will be satisfied if
o 2 2sa(HABLe)g, Vte Jx,
which, by the definition of ® in (4.10), can be written as
o = 4B \/gqm; s, 4), Yt € Jy.

As max,. 7. O(t;5,1) = (D(%k; s, /l), it suffices to have

/ D_ /¢ -
oy, = oO(ty; s, 1) > 4,8’_|5 §(D(§k; s, /l), Yt € Jy.
This holds if we have
t 4B D
o), s VE (4.23)
a(3) o
Observing that 25 > 1, we find that (4.23) is fulfilled by Assumption 4.2.
Term y(LpRe fay — L1 plag ).

We shall prove that the associated term in (4.20) is estimated by ||e** f|? L2grs)" Apply-
ing the Young inequality, we obtain

i ~ sda 21
wiep Re frdiy - D S B c1 ysdagis pi i ‘

< - (4.24)
1) 2y infiefo,1) (c1¢2) &) 2

Observe that

~ /D -
e > sdaigs, te€Sy © =2 gq)(l‘; s,A),t € Jy.
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(©)

(d)

Arguing as above this will be fulfilled if

alty)
a(y)

>

D
B

which holds by Assumption 4.2. We thus find, for ¢ € Ji,

9 sinh(ouk(6 — x,)) 5 De 2 Frmsans) 5
- dx, < - dx,,
Hik ({ cosh(o7i20) ( P Re fiii 2 P,Uk|uk|) Xp ({ 2y it (clcz)|fk| Xn

and proceeding as in 2.(a) we find

f 9 Slnh(o-ﬂk(é - xn))
He 5.0 (c2- + c24) cosh(opd)

1 A2
exox( -pRe fud - Z—puk|uk| ?)dx, dt <11 fill gy,

xn
With the Young 1nequa11ty we find pyp Re iudy, iy < %ploy, inl® + 123 pliv>. With
(4.22), arguing as above we obtain

¢ sinh (O—ﬂk(é = X))

He J{ of (c24+ + c2-) cosh(opd)

0y, C —
2+XpL2 Re ﬁkaxn i dx,dt
&)

1 . 12
< S/lll(cup)zem"é)xnuklle(qw) + 54l1(a@)? Vil 24y )
1 2 3.3 3, .2 o, 2
< sAl(a@)? 0, Vil p2q, ) + 5" AN@@)? Villr2(g, ) + SA@Q)? piVillr2 (g -

Term zx—czplﬁklz.
As we have ||y'||, < C/t; we get

TO(t; s, 4 T
Wl < Ta() s Toin ) 8¢ The |2
sAp)s 5/190|5
We thus find

9 sinh (o (0 — xn)) ¥’ 2 [ D3 ¢ sinh (oux(6 = x»)) ) 2
= pli|” dx,, S p T t SIS | e |- dxy.
ue cosh(ouid) 2c2p|uk| s a®) f cosh(o o) " dx

Arguing as above with (4.22) we obtain

’

¢ sinh (ox(6 — x,)) X L2
we - o plinl? dy di < Tlla el

)
7. 0 (€24 + c2-) cosh(ouid) !

(gr.6)

1 2
< sAll(ap)? Vil 2, )

if s > 50T, with sg > 0, and A > Ag > 0.
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Collecting all the estimates we have obtained we conclude the proof of the Proposition 4.5. [ |
End of the proof of Theorem 1.5.
With Proposition 4.1, estimate (4.4), Lemma 4.4 and Proposition 4.5, for A and s/(T + T2)

sufficiently large, we obtain, for all kK € N*,
1 1. 2 2 1 . 2 1, 2 3.4 £ 2
@) 2 0l gy + SA2(a0) 2 D, Pull 2, ) + 100D iVl gy ) + S A N@R)? Pilli2qy)

Lo .2 2 3,2 an A2
+ S/l(l(awlS)zaxnvklp((oj)) + |(aQ0|S)2,uka|L2((0,T))) + S3A3|(a‘plS)2Vk|L2((0,T)) < ”ewnfk“LZ(qTﬁ)-
(4.25)

Summing over k, using (2.2) we obtain

-1 12 2 1 2 o2 3.4 3 2
s lae) 2 020, + A (I@)2 0Vl + 1@@)? vl gpy) + 57 A% (@@) VI 0y
1 2 2 3,3 3 2 san )12
+ S/l(|(aQDIS)ZaxWV|L2(ST) + |(a(p|S)2/1kV|L2(ST)) + 574 |(a‘10|S)2V|L2(ST) < lle f”Lz(QT)' (4.26)
The remainder of the proof of the Carleman estimate is now classical (see e.g. [24]).

Remark 4.8. It is important to note that Proposition 4.5 is not a trace result, otherwise a stronger
Sobolev norm would appear on the r.h.s. of (4.9). The L?-norm of the trace of the tangential
derivative is estimated by an L%((0, T); H'(Q))-norm, but this is valid only for solutions of Pu = f.
This result appears to us as an expression of the parabolic regularization effect.

Observe that the estimate of Proposition 4.5 is also valid in the case where ¢; and ¢, are smooth
if the weight function § is chosen with a discontinuous derivative across S according to Assump-
tions 2.1 and 4.2.

A Proof of some intermediate results

A.1 Proof of Proposition 3.1

For later use of this proof in Section 4 we consider the case ¢; # ¢> here. The inequality we prove
is uniform w.r.t. k. We shall thus remove the Fourier notation i, and simply write (—=0y,c20x, +
cip®)u = f. We introduce v = ¢*¥u and g = ¢* f and we obtain

(= 0y, c20y, — cr(s@')? + el + 25¢2¢" Dy, + 50y, (c29)))v = g,
which, following [16], we write M v + Myv = g, with

M) = =0,,c20,, — cz(sgo')2 + cl,uQ, My = 2sc¢' 0y, + speay”,
g=g+(p-Dscrp”’v—500y,c2)¢'v, 1<p<3.

The introduction of the parameter p is for instance explained in [24]. Following the classical
method to prove Carleman estimates we compute

12117250y = 1MV 2 gy + IMVIT o) + 2ReE(M 1y, Mav) 2z, (A.1)
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considering only the region {x, > 0} for now. We focus on the computation of the third term which
we write as sum of 4 terms /;;, 1 <i <2, 1 < j <2, where [;; is the inner product of the i term
in the expression of M;v and the j™ term in the expression of M,v above.

Term I1;. With an integration by parts we have

I = —2Re [ s5¢'(0y,c205, )20y, vdx, =— [ sgo’axnlcz(?xnvl2 dx,
x,>0 x,>0
= sgo'lczﬁxnv||2x"20+ + [ s¢”|cad VI dix,.
x,>0
Term I5;. Similarly we find
by =Re [ (—ca(s¢) + scip¢’) c20y, v dox,

x,>0

= (ca(s¢')’ = sy’ )bl oo + [ 2357 ca(@)¢” = scy’ @)V dix,
0

X >
+ [ (2c2dy,c2(5¢) = (c10y,02 + €20, c1) s> )V dx.
x,>0

Term I1;. We have

Iip = —spRe [ (dy,c20x,v)c29"V dx,

X, >0
=sp [ <,0"|cz8xnv|2 dx, + spg” Re(c20y,v)c2Vjx, =0+ + spRe [ 0y, (c29” )20y, v)V dx,.
x>0 x>0
Term I;. We directly find Iz = sp [, .o c2(— c2(s@")? + cyu®)@” vI? dx,,.
Collecting together the different terms we have obtained we find
l ~112 2 d a 2 d 2 a 2
18117 sy = f aolv]” dx, + f ailcy xnvl Xn +70|V||x -0+ +v1lez an||x —0+ +X+7,
2 L (R ) n n
x,>0 x,>0
with

@y = s(p — Derea@” + (3 = p)si(cap) ¢, a1 =s(p+1)g”,

Y0 = (N, _or — CLO2SIPP _ger V1 = 56,
X =spRe [ 0y (c20”)c20x,v)V dx,

x>0

+ [ (2c20y,c2(5¢))} = (c18y,02 + €205, )P s ) dx,

x,>0

Y = spcy” Re(dy, V)Vix, =0+
Because of the form of ¢, a direct computation shows that
o 2 sxlzuzgo + s3/l4t,03, a2 CS/lzgo,
for A chosen sufficiently large. Recalling that g is affine in the region we consider we find

X =spRe [ (c%/l3,3’3 + cz(axan)/lzﬁ'z)go(axnv)i dx,

x,>0

+ [ (2026,;};2(&1,[5”90)3 —(c10y,¢2 + czaxncl)uzs/lﬁ’go)lvlz dx,,

x,>0
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and

18125 o, S llglZas, + $2(A+22) [ @V
L*(R*) L*(RY)

x>0

Choosing s and A sufficiently large, with the Young inequality, we obtain
CIIgIIiZ(R+) >C [ (sA2Pp+ S dx, + C [ A%, v dx,
x,>0 x>0
+ Yol _or + Y1le20e VI, _ge + Y. (A2)
The same type of estimate can be obtained in the region {x,, < 0} with opposite signs for the trace

terms. The sum of (A.2) from both sides yields the result. [ ]

A.2  Proof of Lemma 3.4
Here we drop the ¥ notation and simply write v. It follows that
cdy, v = e*¥(cOy,u + cs(0y,o)u) = *(cdy,u + B (sdpu)).
We set a = cd,,u and b = sdpu. We then have
lled., P8 15 = (18 Islal® + (8 s IbI* + 2[c(8')* | Re ab).
We thus obtain
Bv) = sdgs > (Aw, w),
with w = (a,b)" and where A is the following symmetric matrix

a=(WBls LBl ) _ o (L=D c+f(L? = K)
(8] 2A3B)1s) "Bl = K) 2N - KD

‘We then see that

(Aw,w) = BL(L - D]a + .. LZ - le|2 + B (2 BOXL - K~ (c+,8’_)2%)|b|2.
which gives the result. |
A.3 Traces of the solution
We consider the following ODEs

Vv —Pv=F, se(=60)U(0,6), (A.3)
V(=0) =v(0) =0, Vjs=0- = Vjs=0+s V- = CVI,s:O*' (A.4)

Here ¢ > 0. The solutions of (A.3) can be written as

v(s) = A, cosh(us) + By sinh(us) + u~! fssinh (u(s — o))F(o) do, s€(=6,0)U(0,0).
0
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We then have A, = v+, uB:+ = vjs—0= and

6 ginh (u(+6 — o))

_ -l
v(26) = pi”" cosh(uo) (A + uB. tanh(u6) + Of oot (a5} F(0) do).
The boundary conditions (A.4) then yield
9 inh (,u(é—o‘))
(/J tanh(uo) )(V+(O)) B _Of cosh(ud) ~F(o) do
—% tanh(ud) ) \V.(0)) ~ | ~Fsinh (u(=s- '
#om e tanhwo) W0 ) Ur2) po) dor
We observe that the determinant of this system,
D = —cZ" tanh(ud)u(cy + c_),
is non zero as y > 0. It thus follows that
cy 9 sinh (u(6 — o)) c_ =9 sinh (u(=6 — o))
~(0)=v4(0) = —— F(o)do - — F(o) do.
-0 =) = = S coshe) T @ 47~ e T e coshs) T O 4o

A.4 Proof of Lemma 3.6

We first consider the case K = 1. Then L = 2 and P(K,L) = —(1 + €) + 5(1 — &)>. The result is
clear for ¢ sufficiently small.

We now consider the case 0 < K < 1. Then L > 1; we have L — K% > 0 and thus
_ 2 (1-87 3 2 2 2
P(K,L) = —(L — K*(L-1) + T(2(L - K)(L-1)- (L7 - K)?).
e

For convenience we write (1 — £)?/(1 + &) = 1 — @ with 0 < o < 1. We then find
O(K)=P(K,(r+1)—rK) = —(K - )’S(K), S(K)=aK?+bK +c,
with

a=-1-a)*<0, b=20-a)F*+r-rH-1-2a)r,

c=—(1-a)*+2r =) +r* + (3 -2a)r.
As S is a concave quadratic polynomial it suffices to prove that S (1) < 0 and S’(1) > 0. We find
S =QRa-Drr +2r+1-a, S'(1)=r(1 -alr* =21 —a)r—(1 - 2a)).

We see that S(1) < 0 and S’(1) > 0 if @ = 0 and r = 3. It thus remains true for « sufficiently
small. [ ]
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A.5 Proof of Proposition 4.1

The inequality we prove is uniform w.r.t. k. We shall thus remove the Fourier notation & and
simply write (9; — 0,¢20,, + cip®)u = f. We introduce v = ¢*“y and g = ¢*“ f and we obtain

(6, — 0y, 20y, — co(san’)? + e + 2scran’ 0y, + sady, (con’) — sa'n)v =g,
which we write M|v + M,v = g, with

M = —0y,c20y, + [—ca(san’)? + cip®] — sa'n, M, = 2scran’dy, + spcaan” + 0y, (A.5)
g=g+(p-Dscaan”v —s(dy,c)an’v, 1<p<3.

In preparation for what follows we observe that
1sT%, ld|sTd, 1" s T, i< ¢
We have

2094, 2y 3 o2
||g”L2((0 T)xXR+) ~ ||g”L2((O T)xR*) + 5 (/1 + A4 )T ||a2‘p2v”L2((0,T)><R+)-

We compute

||M1V|| + ||M2V|| +2Re(M)v, M2V)L2((0,T)><R+), (A.6)

||g”Lz((O T)xR*) L2((0,T)XRY) L2((0,T)XR*)

considering only the region {x, > 0} for now. For the computation of the last term in (A.6), we set
Iij, 1 <i<3,1< j< 3, where [;; is the inner product of the i term in the expression of Mv
and the j™ term in the expression of M,v above. For the computations of 111, I12, I>; and I, we
refer to the computations performed in Appendix A.1 (simply replacing ¢ by ay and integrating
in time).

Term I13. By integration by parts we find

T
I3 =Re [ [ —(04,c20x,v)0:v dx,dt
0x,>0

1T

=3 [ [ C2(9t|(9xnv| dx,dt + Ref((czaxnv)a,v)lx —o+ dt
0x,>0
1
2

T

i f (8:¢2)|0y, V> dx,dt + Re f((cz(')xnv)atv)|x o+ dt.
0x,

We have

17 T
3 [ [ @)l v dxpdt] S T? [ [ ald, v dxdt.
0x,>0 0x,>0

Term I,3. By integration by parts we have

Iy = 2 1 (—extsany + eyl duadi = £ ] [ caaa WP dxuds
2 0x,50 0x,,>0

*s LI T WO sar Y - @t Inf d,d
0x,>0
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We thus find

T T
3l S (T +THSP2 [ [ PP dxndt +T? [ [ ap® v dxyd.
0x,>0 0x,>0

Term I33. By integration by parts we find

N

N T , T 77
Iy == [ andh dxdt =3[ [ a"nhf dxdr.
0x,>0

0)(,,>0 n

This yields

T
I3 S T2s [ [ @@ dxdt.
0x,>0

Terms I3; and I33. We have

T T
Ly=-s[ [ czaa/nn'axnlvl2 dx,dt = s> [ [ aa/(')xn(cym')lvl2 dx,dt.

0x,>0 0x,>0

We find directly 15, = —ps® fj [, .o c2aa’n"|v|?* dx,dt. We then obtain

T
1] + T3] S Ts*(A+ A% [ [ @@ dxdt.
0x,>0

With the computations of Appendix A.1 we find, for A and sa 2 s/T? sufficiently large,

T T
>C' [ [ (sXptap + s 14 (ap) )P dx,dt + C' [ [ sA%agldy, vI* dx,dt

Cligl,
LHO.T)xR™) 0x,>0 0x,>0

1 2 foo 0 2
+ §||M2V||Lz((0 ey F SO0Vl or +71leOx VI _o0) di + X+ Y + 113 + I3 + Is3 + I3y + I3,
: 0
with
2 2
%0 = (sa¢ ), o — Cre2s8agl i 1 = sag,

T
X =spRe [ [ ady, (c29”)(c20y,v)V dx,dt

0x,>0

T
+ [ [ [2¢2(0x,c2)(sag") = By, (cre)u* sag’ IV dxdt,
0x,>0

T
Y=sp/f c%ago” Re(dy, v)Vix, =0+ dt.
0
For A and s/(T + T?) sufficiently large, the estimations we found above yield,

T T
CllgllF2 0.7z el (s%Pag + s A% (ap) )W dxudt + C' [ [ sA%ag|d, vI* dx,dt

x>0 0x,>0

1 T .
+ §||sz||iz((O,T)xR+) + ({(ymv@n:m +y1le2du VI, o) di+ Y, (A7)
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with

T T
Y=sp/f C%d(p” Re(dy, v)Vix, =0+ dt + Re [ ((c205, V)0 V)x, =0+ dt.
0 0

The same type of estimate can be obtained in the region {x, < 0} with opposite signs for the trace
terms. The sum of (A.7) from both sides yields

C(s2lap)a, v, 2\ ag) ol 301 ag) ol
©)20,, V120, + SAN@R) vl g, + S AN a@) V2o,

1 r / / v
+ S IM 1y + 52 Jags (138105, 915 + |sdagvis, P[c387]s ) dt + ¥

T
< Clle™ I3, + $A S agis luvis, PleicsBls di,  (A.8)
: 0
with Y = V| + Y5, where

~ T p—
¥, = spA® Japs Re [c%ﬁ'zaxnv]svm dt,
0

and
N T
Y, = RC({[Czaxnv]Satﬂgr dt.
‘We have
~ 1 T
Y1l < 524 [
0

T
i 2 2 333 2
3290|5(|6an||5; + |axnv||s;) dt + s22° [a2gis VI, dt
0

A

1 r 3 T
s2AT fatp|g(|8xnvlzs, + |8an|2S+) dt + s2 2°T3 fa390|5|v||23 dt.
0 | T | T 0 T
As u = ey we have cdy,u = c2(0y,v — sa(i’)v)e”**" and thus
[c20y,v]g = salcan|gvis, = sAalcoB' s (ve)is -

By integration by parts, we thus have

- 1 T 1 T
Y, = Esﬁofa[czaxnﬁ]sgqsa,leIZST dt = —Es/lof[at(acz)axnﬂ]sqg Ivllst dt.

We thus obtain

~ T
Vol < (T + THA [ &gy Vg, dt. (A.9)
0

Finally, from the form of M> in (A.5), we have

1,2 _1 2 1 2 i 2
I(sa@)™2 0Vl 20.r)xrry S Isa@)™2 Mavll 2o ryxrry + I(sa@)2 A0,V 120, ) + ||(sa¢)ZAZVIILz<QT,§>
2 2 1 2 4 12
S UMV o ey + SA2M@0) D, V2, ) + 5A%M@0) 201
2 2 Lo 2 34 3P
S ||M2v||L2((O,T)XR*) + SA ”(a(p)zaxnvlle(QTﬁ) + 5 /l ”(a(p)zvlle(QT,&)’

as here sa > s/T? > s, for some so > 0 and =1
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A.6  Proof of Lemma 4.7
Computing p’(¢) = sAe*“Os ¢/ ()5 [1 + 2sm5a(t)]D, we have
’ al
P o= Lo +2sa0ms],
P a
If 5 T <t < T - %, because of the form of 1 in (4.1) we find ’; < 0, for sa(f) > s/T? and A both

sufﬁ01ent1y large ThlS implies that inequality (4.18) holds for these values of 7.

We now consider the case % <t< % Note that % is nonnegative, for s/72 and A large, as here
a’(t) < 0. Setting ¢; = inf;,, ¢i(t, x,), and using the definition of # in (4.11), it suffices to prove
Tk

T
<@ —y)(I)Z(tk;s, A), ) <t< 7

p'(1)
c1p(t)

For all s, A, we have

p@ 2t- 2t —
= [ZSnSa(t) +1] < 2s175a(t) < —2Ts175a (0.
p@ (T = " (T -0 |
As we have | ® B 3
1 s, t
1_ s, ) alt) 23 (A.10)
2 D/2;5,0)  at/2) 4
it is sufficient to prove
2T 1 t T
—msd @) < ~(1 = )1 /2;5,), T <t<=. (A.11)
¢ 4 2 2
As the function @ decreases on (0, 7'/2), (A.11) holds if we have
2T 1 t T
—5—1s17|5a2(t) < 4_1(1 —y)®(1; 5, A), Ek <t< 5
With the definition of @, this reads
s 2
1—y)=sAa
2 < 32T( 7) s
or equivalently
AB-2Bs) _ ,~ABs < 1 =v)—s2.
¢ © s 32T( 7) .
As B < 2Bjs by construction of 3 (see the beginning of Section 4), this will hold for A and s/T
sufficiently large. [ |
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